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FIGURES

Figure 1.--Index map of south-central and southeastern Alaska showing 
location of calving glaciers

Figure 2.--Center!ine water depth and calving speed for glaciers in table 2. 

Figure 3.--Map showing surface topography of lowest 16 km of Columbia Glacier. 

Figure 4.--Surface and bed profiles used in the calving model. 

Figure 5.--Cross-sectional area lost due to calving or to thinning. 

Figure 6. Longitudinal profile of the lowest 4 km of Columbia Glacier. 

Figure 7.--Longitudinal profile of velocity from the adjusted data set.

Figure 8.--Predicted time profiles of terminus positon and calving flux 
as functions of calving-law coefficient for 1978-88.



TABLES

Table 1.--Current activity, width, and water depth at terminus; size;

and accumulation-area ratio for 33 large calving glaciers

of Alaska. 

Table 2.--Water depth, ice surface height, calving speed, rate of

advance, and buoyancy ratio at the termini of 12 glaciers. 

Table 3.—Calving-law forms and coefficients, fitted to the data given

in Table 2.
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EXECUTIVE SUMMARY

Grounded, iceberg-calving glaciers terminating in shallow water 

advance or retreat slowly; those terminating in deep (>80 m) water 

retreat rapidly (>.5 km/y, table 1). Columbia Glacier is retreating 

off a terminal-moraine shoal so that the water depth at its terminus 

is deepening with time. This report predicts that the rate of retreat 

of Columbia Glacier will accelerate during the next two or three years, 

and that the annual discharge of icebergs will increase to a peak of 

about 8-11 km 3 /y (6-8 times the 1978 value) in the period 1982 to 1985 

(figure 8). This prediction has an uncertainty of timing of at least 

one year. The maximum rate of calving is expected to be in late summer. 

It is expected that the glacier will have retreated about 8 km by 1986, 

and that retreat will continue for several decades. This prediction 

could be refined markedly by comparing the predictions with new monitoring 

activities on the glacier.
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This prediction is based on observations of all 52 calving glaciers 

in Alaska. Quantitative measurements of calving variables on 12 glaciers 

(table 2) yields a very simple calving law (figure 2, table 3): Calving 

speed (discharge/area) in m/y = 17 +_ 1 times centerline water depth in m at 

terminus. This law was used in a new calving model based on mass continuity 

and an assumed, but glaciologically reasonable, future retracted profile. 

A dynamic model was used to confirm the calving model. The calving model 

results also match the present thinning and retreat of the glacier.

	SYMBOLS USED

Symbol Name Dimensions

A Parameter in ice flow law bar^y' 1

a Parameter in calving law —or m/y

B Vertical surface of a grid cell m 2

6 Annual balance rate m/y

c Parameter in calving law y~

e. Error in value of h or h m n w

e Error in value of V m/y
V \+

F Variance reduction fraction

f Velocity shape factor

f* Flux shape factor

G Glacier volume at time 0 m 3

GT Glacier volume at time T m 3

g Acceleration due to gravity m s~

h Glacier thickness m

h' dh/dt . m/y



Symbol Name Dimensions

hf Thickness at floatation m

h Altitude at ice surface at terminus m

h Water depth at terminus m w

A Boundary of grid cell on horizontal plane m

n Parameter in ice flow law

n Outward -directed normal unit vector

0 Initial time y

o Initial or unadjusted value

P Horizontal area of a grid cell m 2

Q Volume (total) flux m 3 /y

Q, Balance flux m 3 /y

Q Calving flux m 3 /y
L»

,Q, Thickness-change flux m 3 /y

Q Volume flux per unit width at centerline m 2 /y
*
Q Volume flux in stream sheet m 3 /y
* *
Q Q at terminus m 3 /y

Q Volume flux vector m 3 /y 

R, Residual in Equation lla m 3 /y

R, Residual in Equation lib m 

R Residual in Equation lie m/y
/\

R Residual in Equation lid m/y
»/

S Cross-sectional area at terminus m 2



Symbol Name Dimensions

T Final time y

t Time y

V Speed at the surface m/y

V L Basal sliding speed m/y
D

V Calving speed m/y
\+

V. Speed due to internal deformation m/y

V x-component of V - m/y x

V y-component of V m/y
J

V Velocity vector at the surface m/y

W Width m

X Position of terminus on x-axis m

X dX/dt m/y

x Horizontal coordinate in direction of flow m

y Horizontal coordinate perpendicular to x m

z Vertical coordinate directed up m

a Surface slope angle

Y Ratio of V to speed averaged through depth

e Shear deformation rate y"

C Horizontal coordinate orthogonal to £ m

£ Horizontal coordinate in direction of flow m

£ Value of £ at terminus m

p. Density of ice Mg/m 3

p Density of water Mg/m 3
W



Symbol Name

or. Error in P(b-h)

a

a.

[eff

Error in estimate of c 

Error in h

Error in V x

Error in V

Shear stress

Local basal shear stress

Regional basal shear stress 

Effective basal shear stress

Variable used in Equation 5

Variable used in Equation 5

(Superscript) designates value at center!ine

Dimensions 

m 3 /y

y" 1 

m

m/y 

m/y

bar 

bar

bar 

bar

varies 

varies



/INTRODUCTION

Nearly all grounded, iceberg-calving glaciers have experienced 

large-scale asynchronous advances and retreats. This behavior is apparently 

not directly related to climatic variations. The term calving glacier 

as used in this report refers to a glacier that ends in water and dis 

charges icebergs but is grounded (not floating). A critical factor is 

the water depth at the terminus, as instability results when the glacier 

retreats even a short distance into a deep fiord or basin. The glacier 

may then retreat rapidly and irreversibly as unusual volumes of ice break 

away.

Columbia Glacier, near Valdez, Alaska, is a large calving glacier; 

it is 67 km long and 1,100 km 2 in area. It now ends on a moraine shoal in 

shallow water, but upglacier from the terminus the bed is about 400 m 

below sea level. Although the position of the terminus has been in a 

state of near equilibrium since 1794, evidence now suggests that rapid, 

drastic retreat may be imminent (Post, 1975; Meier and others, 1978; Meier 

and others, 1980). Small icebergs, bergy bits, and growlers drift from 

Columbia Glacier toward and occasionally into Valdez Arm. Drastic retreat 

would substantially increase the discharge of ice and would thus increase 

the iceberg hazard to shipping. In order to determine when this might 

happen and how much the iceberg discharge would be increased, an intensive 

study was begun by the Geological Survey in 1977.



This document presents a prediction of the iceberg-discharge rate 

to be expected in the next decade, together with brief descriptions of 

the analysis and modeling methods. For further information see Post, 

1975; Meier and others 1978; Mayo and others, 1979; Sikonia and Post, 

1979; Hodge, 1979; and Meier and others, 1980. Further documentation 

of the new methods and contributions to scientific knowledge resulting 

from this study will appear in forthcoming publications.

Prediction of the future discharge of icebergs from a calving glacier 

requires the solution of two interconnected problems. First, the future 

location of and the flow of ice to the terminus must be predicted. Second, 

the iceberg calving flux must be determined at the future terminus location. 

The first is a problem in glacier-flow dynamics, but an unusual one because 

the location and the geometry of the terminus depends on the rate of 

iceberg calving. A calving law, which relates the rate of calving at any 

instant to certain characteristics of the terminus at that instant, must 

be used as the terminus boundary condition for the ice flow analysis, and 

also must be used to provide estimates of the future iceberg discharge 

that are required for practical applications (Meier and others, 1978, p. 4, 

5).

CALVING LAW 

General Observations on the Calving Glaciers of Alaska

Of 52 tidewater iceberg-calving glaciers in Alaska, seven are 

currently advancing, 31 are stable, and 14 are retreating. Information 

on 33 large trunk glaciers is listed in table 1. These glaciers are 

scattered over southern and southeastern Alaska (figure 1). Between 1960



and 1980, aerial observations and photography, generally annual, were 

obtained of the terminus position and activity of all of these glaciers. 

During the field seasons of 1977, 1978, and 1979, the Geological Survey's 

Research Vessel Growler together with the radio-controlled skiff Bergy Bit 

were used to collect data on water depth at the termini of these same 

glaciers and in the bays and fiords formerly occupied by these glaciers 

(Post, 1980a, 1980b, 1980c, 1980d, 1980e, 1980f), and also served as a 

base for studies of recent glacial histories. These observational data 

show that:

(1) All glaciers with stable, advancing, or slowly retreating 

(<50 m/y) termini end in shallow water (generally less than 80 m) in either 

a retracted position (at the head of the bay or fiord) or in an advanced 

position ending on a terminal-moraine shoal. All glaciers that are 

presently at their retracted positions have retreated from advanced Neo- 

glacial positions; the earliest of these drastic retreats occurred about 

2,500 years ago, and the latest about 75 years ago. Only one glacier is 

still in an advanced position: Columbia.

(2) All glaciers that are or were rapidly retreating (0.5 to 10 km/y) 

end in water more than 80-m deep, and, in general, the deeper the water 

the faster the retreat. All of the glaciers observed in the process of 

rapid retreat had retreated from terminal-moraine shoals upon which they 

terminated not more than 100 years ago.

(3) The rate of retreat of a rapidly retreating glacier is also 

influenced by channel shape. Shallows, narrows, and sharp turns in the 

channel all reduce the rate of retreat; a temporary halt in the recession 

lasting several years may occur at such a location. As a result, a glacier

8



typically retreats by sudden, rapid recessions in broad, deep reaches 

interrupted by periods when the terminus is temporarily stationary where 

the channel is confined. As long as the water depth exceeds 80 m, however, 

calving ice is discharged more rapidly than it accumulates and the surface 

is lowered until the glacier makes another catastrophic recession to the 

next constriction in the channel.

(4) The advance of calving glaciers is relatively slow, generally 

about one to about three km per century. No calving glaciers have been 

observed advancing rapidly. The rate of advance is evidently controlled 

by how fast a terminal-moraine shoal can be moved ahead by erosion on 

the trailing slope and deposition on the leading slope. The internal 

structure of the moraine at Columbia Glacier is that of beds parallel 

to the leading slope, abruptly truncated at the trailing slope. This 

indicates that the moraine has been eroded on the trailing slope and 

sediment has been deposited on the leading slope.

(5) Advances or retreats of calving glaciers are not directly 

related to changing climate. This is indicated by: (a) Calving glacier 

variations are rarely synchronous with changes of other calving glaciers 

or with the variations of glaciers ending on land, whereas the latter 

generally occur simultaneously or at least in a consistent sequence.

(b) The advances and retreats of calving glaciers show little relationship 

to their accumulation-area ratio (AAR), which is an index of mass balance.

(c) The area and volume of calving glaciers change enormously between 

advanced and retracted positions, in some cases several-fold, (d) 

Various calving glaciers have made different numbers of advances and 

retreats during Neoglacial time, from only one to three or more.



Calving glaciers have advanced and retreated asynchronously for many 

centuries, the nature of the changes being controlled by the terminus 

properties and the configuration of the channel. Slow advances take place 

until the glacier reaches an extended position, where only a small retreat 

into deeper water behind the terminal shoal can trigger a drastic, 

irreversible retreat to the head of tidewater, whereupon a new cycle of 

slow advance commences.

Data Relevant to the Calving Law 

The continuity equation for the terminus is written

SX = Q - Qc (1)

where X is the time rate of change of the position of the terminus X on 

the x-axis, which is horizontal and positive in the direction of the flow 

and has x=o at the head of the glacier; S is the area of the projection 

of the terminus onto a vertical plane normal to the x-axis; Q is the 

volume flux of ice to the terminus; and, Q is the iceberg calving flux

from the terminus. The ratios Q/S = V and Q /S = V are defined to be,
w V*

respectively, the average glacier speed at the terminus and the calving 

speed.

The calving law relates V to geometrical or other measurable prop-
w

erties of the terminus, so that Q can be calculated. The geometrical

properties of the terminus thought to be most important include water 

depth h and ice-surface height h , where h = h + h is the total ice
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thickness. Center! ine (or maximum) values are here designated with (~); 

the absence of a superscript designates a total or an average over the

width. Also of interest is how close the terminus is to floating, which
/\ /\ 

can be measured by a buoyancy ratio p h/p.h where p and p. are the

densities of water and ice, respectively.

Data sets were obtained for V, X, h , h , and S from recent observa-g w
tions on 12 important calving glaciers; Q, Q , and V were then calculated

v* v*

These results are listed in table 2.

Few of these data cover the upper range of values pertinent to a 

very rapid retreat phase of Columbia Glacier. Therefore a method was 

devised to estimate values of the variables from certain past rapid 

retreats, as follows. The continuity equation integrated over the entire 

glacier surface gives

Jo (b-h)Wdx = Q (2)

where b is the balance rate (in m of ice-equivalent per year) and h is 

the time rate of change of the surface elevation (positive in the case 

of thickening), both measured in the vertical, and W is the width. 

The integral in equation 2 can be partitioned into the sum of the balance 

flux Q, and the thickness change flux Q, ,

X . X . 
Q = Q b + Q h = / 0 bWdx - /o hWdx (3)

The balance flux is calculated using a known b(z) function. The only 

available b(z) data for a maritime glacier in Alaska is that collected 

at Wolverine Glacier for 1966-1980, The average Q b over the time interval

11



of measurement is taken to be the average of the integral evaluated at 

the beginning of the period of observation (time t = 0) and that at the 

end of the period of observation (t = T). Because b(z) is not known at 

any other particular glacier, nor is its variation with time known, Q, 

calculated this way is only a crude estimate. For the rapidly retreating 

glaciers of greatest interest here, Q, is very small compared with Q,,

and only provides a small correction to the total flux.

The average thickness change flux Q,, is determined from

Qh = -(GT - GQ )/(T - 0) (4)

where G and G T are the volumes of the glacier at t = 0 and T respectively. 

The average calving flux is then calculated from equation 1, where S as 

well as h and h are taken to be averages over the distance of retreat 

from time 0 to time T. These results, listed in table 2 under method 2, 

are inherently less accurate than those taken from modern observations 

because of the averaging procedure.

Form of the Calving Law

An intuitive consideration of the stress distribution in the ice 

at the terminus of a calving glacier suggests that the calving speed is a

function of some combination of the variables h , h , h, the force on theg w'
bed g(p.h - p h ) where g is the acceleration of gravity, and/or on the i w w
ice thickness necessary for flotation, hf = p h /p.. Thus the calving

T W W 1

law is assumed to have the form

V = <:*/¥ (5)
w
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where $ = 1, h, h , h , or hf , and ¥ = h or (p.h - p h ), and c is a 

coefficient to be determined.

The possibility that calving is influenced by other variables such 

as accumulated strain, ice speed, water temperature, or state of the tide 

cannot be discounted. However, there is no direct evidence for Alaskan 

glaciers that these variables need to be separated explicitly. Studies 

at Columbia Glacier show that calving events are statistically uncorrelated 

with state of tide. On the other hand, seasonal runoff variations and 

lake-outburst events appear to cause sharply increased calving (Sikonia 

and Post, 1979). This difficulty is partly avoided here by considering 

only yearly averages; unpredictable future outbursts add some uncertainty 

to yearly average predictions.

Equation 5 was tested against the data shown in table 2. In addition,
^ ^ ^ /s .

the function V = c(2h - h ) and the two-parameter functions V = c(h or h V c w c w
^

and V = ch + a were included in this study. The results are shown in c w

table 3.

Surprisingly, one of the simplest of the possible calving laws

Vc - chw (6)

gives an excellent fit to the data, with a goodness of fit of 0.84. The 

best estimate of the coefficient c is 17.0 y~ . The power-law regressions 

show that the best-fit relation is very close to linear, and the two- 

parameter linear relation shows that calving is approximately zero when 

the water depth is zero, further supporting the simple one-parameter,

13



one independent-variable calving law. This calving law and the data on 

which it is based are illustrated in figure 2.

Obviously, such a calving law cannot be correct for a floating 

glacier. None of the calving glaciers observed were floating; the ratio 

of floating thickness to actual thickness does not exceed 0.93 for those 

glaciers listed in table 2. The calving speed to be expected if one of 

these glaciers were to float is unknown. Greenland outlet glaciers with 

floating termini exhibit high calving speeds; in the case of Jacobshavn 

Glacier the calving speed exceeds 7 km per year.

FLOW MODELING 

Data Acquisition Program

The speed of flow of a glacier depends, in general, on the thickness, 

surface slope, shape of channel, and the rheological properties of ice 

(e.g., Paterson, 1969). The discharge through a given cross section also 

is equal to the mass-balance rate minus the rate of change of thickness 

integrated over the surface area above that cross section (equation 2). 

The original objective of this project was to measure velocity, thickness, 

slope, bed topography, mass balance, and rate of change of thickness at 

a large number of points over the glacier in the hope that the numerical 

values of the flow-law parameters could be closely estimated and the 

modeling could be confidently carried out. Because of the complexity 

of this large glacier and some difficulties in the field work, it was not 

possible to achieve this level of determination of the flow modeling. 

Fortunately, sufficient data do exist so that gaps in coverage in important

14



areas can be filled in.

During the measurement year, defined as September 1, 1977, to 

August 30, 1978, a field program was undertaken to measure the flow, 

thickness, balance, and change in thickness at many points over Columbia 

Glacier (Meier and others, 1978; Mayo and others, 1979). Some measurement 

programs were extremely successful; for instance, surface velocity was 

measured about every 45 days at 200-300 points (Sikonia and Post, 1979). 

Some programs involved new procedures; for instance, mass-balance observations 

consider not only surface gains or losses and subsurface accumulation, 

but also subsurface melting due to loss of potential energy by the flowing 

ice (Mayo and others, 1979). Unfortunately, the ice-thickness measurement 

program, in spite of considerable effort, was not as successful; only 

about 110 good measurements could be obtained. Thus it was necessary to 

use velocity and other data to infer ice thickness over large areas.

The data requirements for this project are extremely stringent 

compared with those normally encountered in glacier modeling. Glacier 

models often begin with a prescribed bedrock configuration and a mass- 

balance function. The model then "grows" a simulated glacier; in the 

course of this growth over many simulated years, the condition of continuity 

and creep law of ice are obeyed. The resultant steady-state glacier is 

free of spurious transient effects. The Columbia Glacier prediction, on 

the other hand, begins with a markedly non-steady glacier, and then must 

simulate changes in the next ten years, as opposed to hundreds or thousands 

of years. If the data set does not obey continuity or the creep law 

throughout the solution region, then the ensuing simulation will include

15



spurious mass redistribution. Thus, a sophisticated and time-consuming 

data adjustment and balancing procedure was required.

Data Adjustment Using the Continuity Equation

The volume flux Q through the cross section at x is given by

VI h W 
Q(x) = / / V(z)dzdy = / YhVdy (7)

00 0

where V(z) is the magnitude at depth and V is the magnitude at the 

surface of the component of the velocity normal to the cross section, and 

Y is a parameter that relates V to the average value of the component 

over the vertical column. Combining this with equation 2 yields

x w *
/ (b-h)Wdx * / YVhdy (8)
o 6

The approximate value of Y can be inferred from other studies as about 

0.85 except in those local areas where almost all of the flow is due 

to sliding. Equation 8 was used to adjust the inferred distribution of
» •

b and h in unmeasured areas above cross sections where h(y) is known.

Following this procedure, equation 8 was used to estimate thickness 

at cross sections where it could not be measured.

The data set resulting from this initial one-dimensional data 

adjustment was then used as input to a two-dimensional procedure. The 

continuity equation is written as

b-h = V-Q S YVh) (9)

16



where Qis the volume flux vector and V the surface velocity vector. 

This was then calculated over each cell of a horizontal 71-by-63 grid 

of cell size =762.5 m. Apparent flux divergence as high as 1000 m/y 

occurred when Vand h were taken from preliminary maps carefully pre 

pared from the field data, yet b-h is generally less than 10 m/y. This 

indicates the need for incorporating two dimensions in the adjustment.

Considering a vertical-column through a plan cell, the continuity 

equation in integral form is approximated as

// (b-h)dP = J/Q.ndB s f YhV.nd£ (10) 
P« B. Jtno

where n is the outward normal to tfte cell boundary, P is its area, 

B is the vertical column surface, and £ is the boundary of the cell on 

a horizontal plane. The following observation equations are formed

a1 $ yWlldA - // (b-h)dP
po 

for each cell, and

(Ha)

for each grid point. Here V = (VY ,V.,) and h are adjusted values of velocity* y
and ice depth, and V0=(VXO ,V ) and hQ , are the unadjusted values.

17



%' °x' ay* and ah are estimated errors associated with the continuity

equation and with V , V , and h that vary over the grid to account forx y

spatial variation in observational quality and density. R, , R , R , and R 

are the residuals and b and h are held fixed at the values resulting from

the one-dimensional adjustment. Adjusted values V , V , and h were thenx y

determined to minimize

K*) 2 (12)

the sum running over all observation equations for all cells or grid 

points, and with R one of R b , RX > Rys or R h$ and a the corresponding 

one of a s a , a y or a^. The b and h were adjusted slightly so that 

equation 10 was satisfied exactly when summed over the whole glacier, 

and the sum was equal to the total discharge from the terminus.

. f 
The result of this computation is a set of values of b, h, V , V ,

A J

and h that uses all measurement data and that is internally consistent 

with respect to the continuity equation, assuming Y to be constant. 

However, the flow law of ice is not necessarily obeyed. This slightly 

invalidates the agreement of the data through the continuity equation 

in that y actually varies over the grid to accommodate the correct 

ice flow, including the presence of sliding at the bed.

18



Extension of the Data Net to the Calving Terminus

Velocity and deformation increase rapidly as ice approaches to 

within 1000 m of the terminus of Columbia Glacier and could not be 

measured accurately, but ice surface altitude hg and water depth hw at 

the terminus were measured. Ice discharge along a transverse profile 

2.81 km upglacier from the terminus is known for the 1977-78 measurement 

year to an accuracy of about 5 percent as a result of the two-dimensional 

adjustment. A horizontal curvilinear coordinate system for use in 

extending the flow data to the terminus was constructed so that the 

coordinate £ everywhere follows the flow direction as defined by the 

adjusted data set; r, is the horizontal coordinate orthogonal to £.

The discharge component

Q = AcVhY (13)

is defined as the flow in a stream sheet bounded by two vertical surfaces 

parallel to the £-direction and separated by the width AC; it as assumed 

that the velocity vectors at depth are parallel to those at the surface. 

Q0 (c) at £ = 0 is obtained by matching the two-dimensionally adjusted 

values at the transverse profile 2.81 km upglacier from the terminus. 

The terminus position £ 0 (c) was measured from the six photogrammetric
C

determinations during the measurement year and then averaged. Because
*
Q(£) is constant except for the gain or loss of material at the surface,

the terminus discharge (L(c) is given by

Q(c) = Q(C) + /*Ac(b-h) d£ (14)

19



Values of h and h were measured at £ e (c); the average terminus 

advance X(c) was computed from

At ^oV*' ^pVS./ U^J

AL e 8/26/78 e 8/29/77_

At the terminus it is assumed that the speed at the surface equals that 

at depth, so ice speed V(c) is obtained from

V(C) = Qe / (hw + hg ) (16) 

The calving speed V (c) is defined by

VC (C) = V(c). - X(?) (17) 

Values of Q, X, V, V , h , and h at the tenninus were then found
C W y

integrating along the terminus face. Thus

Q = /Qedc,
(18)

X =

and similarly for other variables. Also, average ice surface altitudes 

at £ = 0, 1,2, and 2.5 km were obtained from photogrammetric data at 

various times by similar integrations with respect to £.

20



THE DYNAMIC MODEL

Predictions of the future behavior of Columbia Glacier were made 

using a one-dimensional numerical model of temperate-glacier flow 

developed by Bindschadler (1978). This model has been used successfully 

in modeling the motion of the surge-type Variegated Glacier in Alaska and 

the calving Griesgletscher in Switzerland. For each time step, the model 

calculates the motion of the glacier at a series of transverse sections, 

and from mass continuity calculates how the surface will change.

Theory and experimental work indicate that the creep rate of ice can 

be expressed as

e = Ax n (19)

where e is the shear deformation rate, T is the corresponding shear 

stress, and A and n are the flow-law parameters. Within the ice the shear 

stress at a vertical depth z is

T = p n-gz sin a (20)

where p. is the density of the ice, g is the acceleration due to gravity, 

and a is the surface slope. When z=h, the ice thickness, equation 20 

gives the maximum shear stress at the bed. This must be modified by a 

multiplicative shape factor, f, to give the average base stress over the 

complete transverse cross section (Nye, 1965),

T b = fp.gh sin a. (21)
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Longitudinal stresses within the ice can be partially accounted 

for by averaging the local base stress (equation 21) over a region larger 

than ten times the ice thickness. For a fine grid spacing, use of the 

regional base-stress results in a numerical instability of the model, 

making it necessary to compute an "effective base stress",

Teff = .8 T+ .2 T b (22)

where T. is the regional base stress. This effective base stress linearly 

combines the regional and local stress values, preserving the basic 

smoothness of TL while allowing a numerically stable computation method.

Following customary practice (e.g., Paterson, 1969), equation 22 

can be substituted into equation 19 and integrated from surface to bed 

giving

V = v b + TJTT (fpgh sin a) " = V b + Vd (23)

where V is the velocity at the surface, V, is the sliding velocity at 

the bed, and V,-| is the deformational velocity. Basal sliding, significant 

over the lower glacier, was calculated by forming the ratio X=V,/V. 

The proportionality of V b to hT f corresponds closely to relationships 

suggested by Budd et al (1979) and Bindschadler (in preparation) where 

the effect of pressurized subglacial water is to cause increasing bed 

lubrication as the terminus is approached.

The volume flux is written as

Q = (f*Vd + AV b )S (24)
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where f*V. and AV, are the deformation and sliding components of velocity 

respectively, averaged over the entire cross-sectional area. The rate of 

ice-thickness change is obtained from the equation of continuity 

(equation 2):

This parameterization of glacier dynamics has the advantage that 

f and f* are insensitive to changes in glacier geometry and can therefore 

be considered constant in time. The sensitivities of A and A are less 

well known but were also assumed constant in time.

The position of the terminus was determined from the calculated 

volume flux (equation 24), a calving speed calculated from equation 6, 

and the cross-sectional area. During test runs of the model it was found 

that an additional constraint had to be imposed to prevent a submerging 

terminus, a behavior which occurred during the catastrophic retreat 

phase. When the terminus thinned below the flotation thickness, the 

floating ice was removed from the glacier end. In addition, a fraction 

of this ice was added over the last glacier section to prevent any 

discontinuities in the calculated volume fluxes associated with the 

removal of the floating ice.

The dynamic analysis followed this order of calculation: Field 

measurements, adjusted by continuity according to equations 10-12, 

provided values of b and h so that equation 25 could be solved for 

AQ/Ax and, assuming a boundary flux, integrated to calculate Q(x). 

Values of the flow-law parameters, n=3, A=.l bar"^" 1 were assumed.
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A profile of f(x) was estimated corresponding to theoretical values 

calculated for ice flow in a parabolic channel (Nye, 1965). Then by 

making the best possible initial estimates of h(x), V(x), f*(x), X(x)% 

and A(x) based on available data, these quantities were adjusted within 

specified error bounds to produce a set of profiles which satisfied 

equations 19 through 25. The non-linearity of the system (equation 19) 

resulted in a self-consistent solution without major alterations 

required within any of the profiles.

The region modeled was the lower 13.72 km of the glacier. Nineteen 

gridpoints were used at a spacing of 762.5 m. A constant volume flux 

of 1.343 km 3 /y was specified at the head of this region. Values of the 

calvtng coefficient (equation 6) used were 14.739, 16.9, and 20 y' 1 . 

The first value corresponds to an initial equilibrium of the terminus 

position while the latter two bound the region of c values deduced from 

measurements of other calving glaciers. Initially a time step of .01 y 

was used but during the catastrophic retreats this had to be reduced to 

.001 y (approximately 50 minutes) to allow the rapid retreat to be 

computed.
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THE CALVING MODEL

Another model was constructed in which the difficulty of properly 

applying the flow physics was not attempted. Instead, a glaciologically 

reasonable longitudinal profile for a retracted position is assumed; 

then, for any position of the terminus intermediate between its initial 

position and the retracted position, the corresponding longitudinal 

profile is simply interpolated between the initial longitudinal profile 

and the longitudinal profile assumed for the retracted position. Also 

assumed are two components of the flux at the upglacier end of the 

longitudinal profile for the retracted position: a flux that is constant 

in time and a reservoir drawdown volume that must be disposed of during 

the retreat by a flux that increases linearly in time. The model uses 

those two flux components along with equation 2 to determine the glacier 

flux to the terminus, equation 6 to determine the iceberg flux from the 

terminus, and equation 1 to determine the retreat rate.

This model was tested against McCarty Glacier 1942-50 data, a 

period when this glacier was undergoing rapid retreat. The resulting 

retreat scenario agrees with what is known about the glacier at that 

time.

The model was applied to the Columbia Glacier by assuming two 

different longitudinal profiles (from x = 52.6 km to x = 57.1 km; see 

figure 3) for the retracted position, one corresponding to a 2.2 km 3 

drawdown of ice above x = 52.6 km and the other to 10.0 km 3 (figures 4, 5)
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Columbia Glacier is presently thinning, and the rate of thinning is 

increasing with time (figure 6) (Sikonia and Post, 1979; Meier and 

others, 1980). Also, thinning increases downglacier except within one 

kilometer of the terminus. The increase in thinning causes an increase 

in slope, which produced a slight but measurable increase in velocity 

from 1977 to 1978; from 1978 to 1979 the velocity remained about constant 

or decreased slightly (figure 7). From 1976 to 1979 the terminus position 

retreated about 180 m.

The predicted time profiles of terminus position X and calving flux 

Qc are shown in figure 8 for the 10.0 km 3 drawdown, for c = 15, 17, 

19, and 21 y' 1 . The effect of numerical error was nearly eliminated 

by examining the computations for grid spacings of Ax = 500 m, 250 rn, 

and 100 m.

The variation in the predicted profiles of terminus position and 

calving flux is obtained by varying c over a range of values that is 

broader than the likely range indicated in the estimation of that 

coefficient from studying all the other glaciers. However, other 

uncertainties in the calculations, such as errors in the bed topography 

or changes in the mass balance, should be accommodated by taking the 

entire range exhibited in figure 8 as representing the probable error 

in the predictions of X(t) and Q (t). When the computed terminus retreat
w

rates for the 2.2 km 3 drawdown case and the 10.0 km 3 drawdown case are 

compared with the observed retreat of the terminus since 1978, it is 

apparent that only the 10.0 km 3 case gives reasonable rates.
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A PERSPECTIVE ON THE PREDICTION

Dynamic modeling suggests that the retreat rate and thus the calving 

flux may not increase as fast during the initial phase as is indicated 

by the calving model. During this period the glacier thins at the terminus 

and steepens; the increased slope causes a velocity increase which is 

almost sufficient to balance the speed of calving, but such a condition 

cannot continue indefinitely. Drastic retreat and high calving fluxes 

would be expected to ^ccur before, or in the extreme case when, the ice 

thickness decreases to the point of floating. The predicted times, 

retreat rates, and calving fluxes for this extreme case are illustrated 

in figure 8. Alternatively, one might expect drastic retreat to occur 

when the ice cliff height is reduced to or below the 80-90 m height 

commonly observed at large calving glaciers. This produces a retreat 

rate faster than predicted by the calving model and faster than has been 

observed. The curve based on the initiation of floating can be considered 

as an indication of the maximum time before catastrophic retreat ensues. 

It is interesting that this occurs, for c = 17 y" 1 , at the same time as 

the maximum of calving flux (or greatest rate of retreat) predicted by 

the calving model. The initial retreat rates calculated by the dynamic 

model and by assuming the constant ice-cliff height criteria bracket the 

prediction given by the calving model, lending additional credence to the 

calving model.

The calving model predicts that the iceberg discharge from Columbia 

Glacier will increase to a peak in the period 1982-85, and that the peak 

discharge will be in the range of 8-11 km 3 /y, about 6-8 times the 1978
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discharge. By 1986 the glacier will have retreated about 8 km, and the 

iceberg discharge will have decreased to about three times that of 1978. 

Retreat will then continue for several decades.

Unfortunately, it is not possible to define the timing of the drastic 

retreat more precisely. This is due in part to inaccuracies in the basic 

data and the simplifications and approximations to complex physical 

processes involved in the models. The ablation rate on the ice tongue in 

the next few years may be very different from that measured in 1977-78 

(the 1979-80 winter was the snowiest on record), which will affect the 

timing of retreat. Perhaps most important, ice flow, calving, mass 

balance, and many other variables have very pronounced seasonal fluctu 

ations. For instance, the calving flux averaged over periods of about 

45 days in 1976-78 fluctuated between 0.5 and 2.8 km 3 /y* Yearly-averaged 

data were used in the models, causing an inherent error in timing of about 

0.5 y. Due to the seasonality of calving, rapid retreat is likely to 

occur in late summer, but predicting the exact year is more difficult.

The calving flux predictions given in figure 8 are smooth curves. 

It must be understood that not only should a seasonal fluctuation be 

superimposed on them, but also that calving is very sporadic and episodic. 

Thus days will go by with very little calving; in other days the calving 

may be orders of magnitude more intense. These fluctuations will raise 

the peak calving fluxes far beyond those shown in figure 8.
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As the glacier retreats, the terminal-moraine bar will form a 

natural barrier which will prevent the escape of extremely large icebergs, 

Bathymetric surveys of the moraine bar found water depths varying from 

awash to a maximum of 23 m at lower low water (Post, 1975), thus limiting 

the size of escaping bergs to those having a draft of less than 30 m. 

Larger bergs presently strand on the moraine, generally breaking into 

smaller fragments within a few hours which then drift over the moraine. 

The largest bergs noted outside of the barrier have been about 100 m in 

their longest dimension, corresponding to a weight of about 100,000 tons. 

Even bergs of this size melt rapidly in Prince William Sound; no bergs 

have been observed to survive more than a week, and no bergs have been 

observed at distances greater than about 30 km from the glacier. 

Although limiting the size and the distance icebergs can drift, the 

presence of the moraine will not greatly restrict the discharge of ice 

bergs. Thus rather than few giant bergs drifting out of Columbia Bay 

as they are released from the glacier, much larger numbers of smaller 

icebergs will be released over the moraine shoal more frequently.

The model results include prediction of slow retreat during the 

initial few years. A careful monitoring program, begun soon, could 

check these initial predictions. This would allow the predictions of 

rapid retreat and calving flux to be considerably refined.
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Columbia Glacier map area

f 3!C —*l^

W-^ <IS^, «L.., ^—^~*t .-^ v

Figure 1.--Index map of south-central and southeastern Alaska 
showing location of calving glaciers. The numbers 
refer to tables 1 and 2. Cities and towns are 
indicated by A (Anchorage), C (Cordova), J (Juneau) , 
K (Ketchikan), S (Seward), Y (Yakutat) , and 
V (Valdez).
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Figure 2.--Centerline water depth h and calving speed

Vc for the glaciers listed in table 2, 
together with the regression line (solid) 
corresponding to c=17.0, with 95 percent 
confidence limits (dashed). Error bars 
correspond to lone standard deviation.
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Figure 3.--Map showing surface (dashed lines) and bed (solid lines)

topography for the lowest 16 kilometers of Columbia Glacier, 

Also shown is the longitudinal coordinate system (heavy 

line) and the position of the crest of the moraine shoal 

(dotted line). The terminus is shown as of the end of 

the 1977-78 measurement year.
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Table 3.--Calving law forms and coefficients fitted to the data given in
table 2.—Continued. Also given is the standard error of estimate
of the coefficient ac and the variance reduction fraction

F = 1 - [Z(Yc1 - Vc ) 2 /Z(Vc . - VC ) 2 L where V Q is the value 

predicted by the relationship, Yc is the mean observed value, and 
the sum is over the observed Vci . For those two-parameter formulae 
equivalent to linear regressions (such as V^ = chu, + a or

* C w

vc = chwa )» F=r2 » tne coefficient of determination. Units of c
assume V G in m/y, and h, hw in m. For some cases, the coefficient 
c and statistical measures ac and F are calculated with weighted 
data from table 2, in which the weight = [c 2 eh 2 + ev 2 ] -1 where 
eh is the standard error in h or h and ew is the standard error 
in YC .

Method I1 
[12 cases] 

Unweighted " Weighted

Methods 1 and 2 1
T17 cases] 

Unweighted Weighted

Vc = c^w
N- W
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N* W

Vr = ch
\rf

Pw nw
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c p i h

/s /s

V = c(2h - h )
N- W

S\
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V = W
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V = ———————

p /s /sPi h - Pl,hl,
I \A/ \A/ 
1 W W
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c
F
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1.71

8.38
.68
.65

19.76
.81

1.47

27.86
.81

2.01

14.33
.74

1.22

4470.
.38

642.

10.97
.65

1.42

580.
.52 

67.

97008.
-.05

22695.

16.94
.84
.99

27.11
.89

1.95

9.08
.68
.70

'Method 1 uses equation (1) directly; Method 2 uses equations (3), (4), and (1)
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Table 3. --Calving law forms and coefficients fitted to the data given in 
table 2. Also given is the standard error of estimate of the 
coefficient ac and the variance reduction fraction

F = 1 - [?( vri - vr) 2 /?( v * - VJ 2]> where V is the value
-]*-' <- i C 1 C J C

predicted by the relationship, V is the mean observed value, and 
the sum is over the observed Vc j. For those two-garameter formulae 
equivalent to linear regressions (such as Vc = chw + a or 
Vc = chwa ), F=r2 , the coefficient of determination. Units of c
assume Vr in m/y, and h, h.. in m. For some cases, the coefficient t» w
c and statistical measures ac and F are calculated with weighted 
data from table 2, in which the weight = [c 2 e h2 + ey 2 ]" 1 where

is the standard error in h or hw and e is the standard error
in

Method I 1 
[12 cases]

Unweighted Weighted

Methods 1 and 2 1
[17 cases] 

Unweighted Weighted
/\

c h
V » = ——————

r> /\ /s

p i h -Pwhw

/\

c h
v - g

r* /s ^ 

Pi" " PnAi
1 W W

V = ch,,w

V = cha

V = ch+ aw

c
F

c

c
F
a

c

c
a
F

c
a
F

c
a
F

620.
.01 

121.

1354.
.19

220.

23.02
.95
.73

1.14
1.42

.72

16.53
258.

.78

520.
.60 

61.

1897.
.44

252.

23.27
.95
.79

1.66
1.36

.75

20.14
-84.

.81

Method 1 uses equation (1) directly; Method 2 uses equations (3), (4), and (1)
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