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Abstract
Elastic properties of gas hydrate-bearing sediments 

(GHBS) are important for identifying and quantifying gas 
hydrate as well as discriminating the effects of free gas on 
velocity from that due to overpressure. Elastic properties of 
GHBS sediments can be estimated from elastic inversion using 
the elastic impedance. The accuracy of elastic inversion can 
be increased by using the predicted S-wave velocity (V

S
) in the 

parameter k, which is k = (V
S
 / V

P
)2. However, when V

S
 is less 

than about 0.6 kilometer per second, the inversion is inaccu-
rate, partly because of the difficulty in accurately predicting 
low S-wave velocities and partly because of the large error 
associated with small k values. A new formula that leads to 
estimates of only the high-frequency part of velocity is pro-
posed by decomposing V

S
 into low- and high-frequency parts. 

This new inversion formula is applied to a variety of well logs, 
and the results demonstrate its effectiveness for all ranges of 
V

S
 as long as the deviation of V

S
 from the low-frequency part 

of V
S
 is small. For GHBS, the deviation of V

S 
from the low-

frequency part of V
S
 can be large for moderate to high gas 

hydrate saturations. Therefore, the new formula is not effective 
for elastic inversion for GHBS unless the gas hydrate effect is 
incorporated into the low-frequency part of V

S
. For inversion 

of GHBS with V
S
 greater than about 0.6 kilometer per second, 

the original formulation is preferable.

Introduction
Identification and quantification of gas hydrate present 

in sediments are important research areas (Collett, 2002), and 
detailed seismic analysis is necessary to detect gas hydrate-
bearing sediments (GHBS). Gas hydrate increases the seismic 
velocities of sediments; therefore, the effect manifests itself in 
the amplitude and traveltime of seismic data. By comparing 
seismically driven interval velocities to those for sediments 
without gas hydrate, GHBS can be identified and quanti-
fied (for example, see Tinivella and Lodolo, 2000; Lu and 
McMechan, 2002; Jin and others, 2003).

Detailed velocity information for sediments is 
essential to accurately estimate the amount of gas hydrate. 
Arrival times provide the low-frequency velocity informa-
tion, and amplitudes provide the high-frequency information 
of velocities. By combining the amplitude and traveltime 
information, detailed interval velocities can be estimated. The 
high-frequency part of velocity information can be deduced 
from the amplitude-versus-offset (AVO) intercept and gradient 
or elastic impedances calculated through angle stacks.

Elastic impedance (EI) is a generalization of acoustic 
impedance (AI) using a three-term approximation of reflec-
tion coefficients (Connolly, 1999). AI has been used success-
fully to derive P-wave velocities for GHBS (Sakai, 1999; Lu 
and McMechan, 2002; Jin and others, 2003). However, more 
detailed seismic-attribute analysis for GHBS can be accom-
plished by estimating S-wave velocities from the seismic data 
using elastic inversion (Mallick and others, 2000; Lu and 
McMechan, 2002).

Elastic inversion can be calculated in different ways—for 
example, by full prestack inversion (Mallick, 1999), by post-
stack inversion using AVO (AVO-inversion), and by poststack 
inversion using elastic impedance (EI-inversion). Although 
computationally expensive, the full prestack inversion is 
optimum for obtaining elastic parameters from seismic data. 
Many good results are obtained, however, by using AVO-
inversion (Mallick, 2001) or EI-inversion (Lu and McMechan, 
2004).

Detailed inversion methods using the elastic impedances 
are discussed in Lee (2006), where predicted S-wave velocities 
are used to increase the accuracy of inversion without assum-
ing V

S
 / V

P 
= 0.5 or some constant (Connolly, 1999; Mallick 

and others, 2000; Mallick, 2001). The inversion proposed by 
Lee (2006) is problematic, however, when V

S
 is less than about 

0.6 kilometer per second (km/s), which is the velocity range 
for most GHBS in marine environments.

In this paper, a new effective formula for elastic inver-
sion for low S-wave velocities (less than about 0.6 km/s) is 
proposed by decomposing V

S 
into low- and high-frequency 

parts. The new formula is applied to well logs acquired at the 
Keathley Canyon 151-2 well, Gulf of Mexico; Alpine-1 well, 
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North Slope of Alaska; and Mallik 5L-38, western Canada, 
with promising results. By using the new formula for V

S 
less 

than about 0.6 km/s and the original formula for V
S
 greater 

than about 0.6 km/s, accurate S-wave velocities for GHBS 
can be estimated at the Mallik 5L-38 well.

Theory

Elastic Impedance

Impedance is generally defined as a product of P-wave 
velocity, and density and is related to a normal-incidence 
reflection seismogram. However, this definition cannot be 
applied to far-offset data. In order to generalize the normal 
incidence impedance concept, Connolly (1999) defined EI 
as follows:

	 EI V Vp s
k k( ) ( tan ) sin ( sin )θ ρθ θ θ= + − −1 8 1 42 2 2 	 (1)

with the parameter k = (V
S
 / V

P
)2. V

P
, V

s
, r, and q, are P-wave 

velocity, S-wave velocity, density, and angle of incidence, 
respectively. The dimension of EI in equation 1 varies with 
respect to the angle of incidence. In order to avoid this dimen-
sion change in EI, a normalized elastic impedance concept is 
used in this report (Whitcombe, 2002).

Original Formulation of EI-inversion

A detailed description of EI-inversion is given in Lee 
(2006). A practical way of EI-inversion is using a sequential 
inversion of AI and EI (Lu and McMechan, 2004; Lee, 2006). 
P-wave impedance is estimated from the AI-inversion using 
EI(0), and the shear wave-velocity is estimated from the fol-
lowing equation using EI(q),

	 ln( )
( tan ) ln( ) ln( ( )) ( sin ) ln( )

sin
V

V EI k
ks

p=
+ − + −1 1 4

8

2 2

2

θ θ θ ρ
θ

.	 (2)

EI-inversion using equation (2) requires a good estimate 
of k, and it is particularly important to estimate reliable 
S-wave velocities at shallow depths, where small k values 
are required.

The error associated with error in k can be derived by 
writing equation 2 as

	 ln( ) sin ln sin ln
( )sin

V V Q k k
k ks s+ = − −

+
∆ ∆

∆
4 4

8

2 2

2

θ ρ θ ρ
θ

	 (3)

where Q = (1 + tan2 q)1nV
p
 – 1nEI(q) +1nr. When k >> Dk, 

equation 3 becomes

	 ln ( / ) ln ln( ) (ln ln )( )V V V V V k
k

k
ks s s s s1 1

2
1+ = + + ≈ − −∆ ∆ ∆ε ρ .	 (4)

Therefore,

ln( ) ln ln1
2

+ ≈ − +





ε ρV k
ks

∆

	 ε ρρ= − ≈ − +





− +e V k
k

V k k
s

s(ln ln / ) / ln ln2 1
2

∆ ∆
	 (5)

When Dk >> k, the error can be written as

	 ln( ) ln ln ln1 1
2

1+ = −





− − −





ε ρk
k

k
k

V V k
ks s∆ ∆ ∆

.	 (6)

The error of S-wave velocity associated with error in k in the 
case that an error in k is much larger than k itself is given by

	 ε ρ= −− +e Vs(ln ln / )2 1 	 (7)

Errors calculated from equations 5 and 7 are shown 
in figure 1A. When the error in k is small, the errors in the 
estimated S-wave velocities are also small. However, when the 
error in k is larger than k itself, figure 1A indicates a large error 
in the predicted S-wave velocity. Note that when Dk >> k, the 
error is independent of k and dependent only on the S-wave 
velocity and density of the medium. This kind of error occurs 
when S-wave velocities at shallow depths are estimated using 
EI-inversion. For example, the P- and S-wave velocities at 
100-m subbottom depth are typically 1.55 km/s and 0.15 km/s, 
respectively. This gives a value of k of about 0.1. If k of 0.21 is 
used for the inversion, the error in k is about 0.2, which is 20 
times larger than the true k. Assuming a density of 1.66 g/cm3, 
the error from equation 7, or approximately from figure 1A, is 
about 4, yielding the estimated V

S 
= 0.15 km/s × 4. = 0.6 km/s. 

Therefore, inverting low S-wave velocities from the seismic 
data is not practical using equation 2 because the required 
accuracy of k may not be obtained.

Although k values can be closely estimated, the inversion 
is inaccurate when k is very small (less than ~0.07). Because k 
is in the denominator in equation 2, a small error in the input 
can be accentuated in the inversion results. Therefore, equa-
tion 2 is not a practical approach when using EI-inversion with 
low S-wave velocities.

New Formulation of EI-inversion

As mentioned previously, the inversion scheme shown in 
equation 2 is sensitive to k. Lee (2006) suggested using a more 
accurate k by using predicted S-wave velocity in the inversion 
scheme, and this approach works well when k is greater than 
about 0.1 and noise is small. However, modeling indicates 
that this approach substantially overestimates S-wave velocity 
when k is very small, less than about 0.07 as in unconsolidated 
sediments at shallow depths. Consequently, this approach is 
inadequate for the elastic inversion for gas hydrate-bearing 
sediments at shallow depths.

�    An Effective Method for Inversion of Elastic Impedance and Its Application to Gas Hydrate-Bearing Sediments



Elastic impedances consist of two components; one is 
a slowly varying or low-frequency component (sometimes 
viewed as a trend) and the other is a high-frequency compo-
nent. The primary function of the low-frequency component is 
the kinematics of the wave field, which controls arrival times 
of P- and S-waves. The high-frequency components control 
the amplitudes of waves. Therefore, it is useful to decompose 
the EI into two components, and equation 1 can be written, 
by taking the natural logarithm and assuming that density has 
only a low-frequency component, as

	

ln ln ( ) ln( ) ( tan )[ln ln( )]

sin [ln

EI EI V
k V

L
P
L= + + = + + +

−

θ δ θ α
θ

1 1 1

8

2

2
ss
L k+ + + −ln( )] ( sin ) ln( )1 1 4 2β θ ρ 	 (8)

where a = V
P

H / V
p

L, b = V
S
H / V

S
L, d = EIH / EIL, the superscript 

L is the low-frequency component, and the superscript H is the 
high-frequency component. The low-frequency component of 
EI due to the low-frequency part of V

S
 can be written as

	
ln ( ) ( tan )[ln ] sin [ln( )]

( sin ) ln(

EI V k V
k

L
P L S

L

L

θ θ θ
θ

= + −

+ −

1 8

1 4

2 2

2 ρρ)
	 (9)

with k
L
 = (V

S
L / V

P
)2.

By subtracting the low-frequency component of elastic 
impedance from equation 8 using equation 9, it is shown that 
equation 8 becomes

	

ln( )
ln( ) ( )sin ln( ) ( )sin ln( )

si

1
1 8 4

8

2 2

+ =
− + − − − −

β
δ θ θ ρk k V k k

k
L S

L
L

nn2 θ
	 (10)

The inversion method proposed here is based on the 
assumption that equation 10 can be approximated by the 
following equation:

	 ln( ) ( tan ) ln( ) ln( )
sin*1 1 1 1

8

2

2+ ≈ + + − +β θ α δ
θk

	 (11)

The purpose of this formulation is to mitigate the error associ-
ated with small values of k in equation 2. If a large k* for 
small V

S
 can be used in equation 11 and the approximation of 

equation 11 is valid, errors associated with small k values in 
the original formula can be reduced.

The parameter k* in equation 11 is different from the 
parameter k in equations 2 or 10. The k* is just a convenient 
parameter, and its value is chosen to yield accurate S-wave 
velocities from the inversion. Note that values for low-
frequency components are much higher than those for high-
frequency components in consolidated sediments. Therefore, 
in most seismic applications, a, b, and d are small numbers. 
However, b can be large because V

S
 is small at shallow depths. 

Therefore, a more accurate V
S
L is required for the inversion of 

sediments at shallow depth to reduce the magnitude of b, as 
shown in the next section.

The error of S-wave velocity associated with the  
uncertainty in k* using equation 11 when k* >> Dk* can be 
written as

	
∆ ∆∆V
V

e k
k

S
H

S

k k= − ≈ − +− +(ln( )) /
*

*

* *

ln( )1 1 1β β .	 (12)

Figure 1.  Error analysis. A, Fractional error in VS with respect to VS for a given uncertainty in k when 
using the original equation, equation 2. B, Fractional error in VS with respect to parameter b (b = VS

H / VS
L) 

for a given uncertainty in k* when using the new equation, equation 11.
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When k* << Dk*, the error becomes

	
∆V
V

eS
H

S

= −− +ln( )1 1β .	 (13)

Figure 1B shows calculated errors for Dk* / k* = 0.1 and 
Dk* >> k* with respect to the parameter b. The error increases 
as the magnitude of b increases, which is similar to the behav-
iors shown in figure 1A. However, the magnitude of error is 
small if the magnitude of b is small. In other words, if the low-
frequency part of the S-wave velocity is determined accurately, 
equation 11 yields more accurate S-wave velocities than those 
estimated from equation 2. Therefore, equation 11 can be used 
to estimate low S-wave velocities using EI-inversion if reason-
able values of k*, preferably greater than 0.01, can be obtained.

Results and Analysis

Noiseless Input

Figure 2 shows the estimated S-wave velocities using 
noiseless EI (0) and EI (25) at the Keathley Canyon 151-2 
well, Gulf of Mexico, and the Alpine-1 well, North Slope of 
Alaska. At the Keathley Canyon 151-2 well, there were no 

measured velocities, so velocities were predicted from porosi-
ties using the modified Biot-Gassmann theory by Lee (Lee, 
2002), referred to as the BGTL, with the BGTL parameter 
m = 1.5. The calculated velocities are denoted as synthetic 
velocities in this paper.

In order to estimate a reasonable k* for equation 11, a 
series of inversions using different values of k* was performed 

and k* was chosen based on the accuracy of estimated S-wave 
velocities. This exercise resulted in the following values of 
k*: k* = 0.1 when V

S
L <0.2 km/s, k* = 0.15 when V

S
L < 0.4 km/s, 

k* = 1.0 when V
S

L > 1.5 km/s, and k* is linearly interpolated 
between 0.15 and 1.0 when 0.4 < V

S
L < 1.5 km/s. The red dot-

ted lines in figure 2 show S-wave velocities estimated from 
equation 11 with these k*values. As indicated, the inverted 
S-wave velocities using equation 11 are similar to input 
S-wave velocities for V

S
 greater than about 0.25 km/s. Note 

that all inversion results, unless stated, were smoothed using 
11 points.

S-wave velocities less than about 0.25 km/s, shown in 
figure 2A, are not accurate. The smallest k* used in the inver-
sion is 0.1. In order to estimate very small S-wave velocities 
accurately, k* should be much smaller than 0.1. Small values 
of k*, however, yield large errors in S-wave velocities. As will 
be discussed, the error can be reduced by using the more accu-
rate low-frequency part of V

S
. The advantage of the new for-

mula is its ability to reduce errors by using the more accurate 

Figure 2.  Inversion results from the new formula using noiseless elastic impedance calculated at an incidence angle 
of 25°. A, At the Keathley Canyon 151-2 well, Gulf of Mexico. The synthetic velocity is the predicted S-wave velocity from 
porosity. B, At the Aline-1 well, North Slope of Alaska.
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low-frequency part of S-wave velocity without decreasing the 
k* value for small values of V

S
. The original formula is inde-

pendent of the low-frequency part of the S-wave velocity.
For comparison, the inversion results using the original 

equation 2 is shown as blue lines in figure 2. For S-wave 
velocities less than about 0.6 km/s, the inversion results using 
the original equation are inferior to those from the new equa-
tion, whereas the results are similar for S-wave velocities 
greater than about 0.6 km/s.

The accurate inversion results using equation 2 for 
V

S
 > 0.6 km/s are due to accurate k values in the inversion, 

which are possible because the predicted S-wave velocities were 
used in calculating k, as demonstrated in Lee (2006). The inac-
curacy of inversion results using equation 2 for V

S
 <0.6 km/s is 

due to the inability of obtaining accurate S-wave velocities suit-
able for the calculation of k as well as a small k value.

The accuracy of inversion using equation 2 can be 
increased with accurate k values, whereas the accuracy of 
inversion using equation 11 is obtained with an accurate low-
frequency part of S-wave velocity or with a smaller b. In ap-
plying equation 11, much simpler k* values were estimated and 
applied instead of using the predicted S-wave velocity. The 
smallest value of k* used for equation 11 is 0.15. Therefore, 
the inverted S-wave velocities using equation 11 at shallow 
depths are more stable than those estimated from equation 2, 
as demonstrated in figure 2A.

Noisy Input

Figure 3A shows the noiseless EI(25) and noisy EI(25) 
at the KC 151-2 well. The noisy EI(25) is generated by adding 
10 percent random noises to the noiseless EI(25). Figure 3B 
shows the inversion results using equations 2 and 11. The 
S-wave velocities estimated using equation 2 are much larger 
than the input velocities when S-wave velocities are less than 
about 0.4 km/s. Also, local variations of S-wave velocities 
estimated from equation 2 are much larger than those of the 
input data. However, the estimated S-wave velocities using 
equation 11 are similar to the input data and are close to the 
result of noiseless input.

Another example is given in figure 4 for the Alpine-1 well. 
In this case, the random noise is about 20 percent. The estimated 
S-wave velocities using equations 2 and 11 are similar and close 
to measured velocities at the well. The random noise effect on 
the EI-inversion using the original equation is not much affected 
when the S-wave velocities are greater than 0.7 km/s.

For the case where the error in EI is not random noise, 
the inversion results are shown in figure 5. The dotted line in 
figure 5A shows the inverted S-wave velocity at the KC 151-2 
well using equation 11 when DEI / EI = 0.1, and figure 5B 
shows the inverted S-wave velocity at the Alpine-1 well when 
DEI / EI = 0.5. Figure 5 indicates that the inverted S-wave 
velocities using equation 11 are shifted more toward lower 
velocities than measured S-wave velocities. However, the local 

Figure 3.  Inversion results using noisy elastic impedance (EI) calculated at an incidence angle of 25° at the 
Keathley Canyon 151-2 well. A, Noiseless EI(25) with a black line and noisy EI(25) with green line. B, Inversion 
results using the original and new formulas.
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Figure 4.  Inversion results using noisy elastic impedance (EI) calculated at an incidence angle of 25° at the 
Alpine-1 well. A, Noiseless EI(25) with a black line and noisy EI(25) with a green line, B, Inversion results using 
the original and new formulas.

Figure 5.  Inversion results from the new formula using noisy elastic impedance (EI). A, Inversion results at the 
Keathley Canyon 151-2 well in the case that the fractional error in EI is 10 percent. B, Inversion results at the Alpine-1 
well in the case that the fractional error in EI is 50 percent.
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variations of inverted S-wave velocities are similar to those 
of the measured S-wave velocities. Therefore, a correction 
term can be estimated by assuming that an average of inverted 
S-wave velocities is the same as an average of low-frequency 
part of S-wave velocities. The red lines in figure 5 are inverted 
S-wave velocities determined by matching the average S-wave 
velocities.

Comparison Between Original Inversion  
and New Inversion Equations

The original inversion formulation, equation 2, works 
well when S-wave velocity is greater than about 0.6 km/s or k 
is greater than about 0.1. However, the performance deterio-
rates when S-wave velocity is less than about 0.6 km/s.

As shown in figure 1A, the fractional error in the S-wave 
velocity due to a large error in k is large when V

S
 is less than 

about 0.6 km/s, whereas the error associated with a large error 
in k* is much smaller when b is small. The smallest k* used in 
the inversion for figure 1A is 0.1, whereas the smallest k used 
is 0.01. Equations 2 and 11 indicate that the S-wave velocity 
is inversely proportional to k or k*. Therefore, unless exact 
input and k are available, the fractional error in V

S
 increases 

as k and k* become smaller. The inversion method of the new 
formulation is stable because k* is greater than 0.1.

Figures 2 and 3 indicate that both inversion formulations 
fail to estimate S-wave velocities less than about 0.25 km/s. The 
P-wave velocity of water-saturated sediments is generally greater 
than 1.5 km/s. If it is assumed that the P-wave velocity is about 
1.5 km/s for sediments whose S-wave velocities are less than 
0.25 km/s, then the k value is less than about 0.03. For small val-
ues of k, a small error in k corresponds to a large fractional error 
in k. When V

S
 is less than about 0.2 km/s, the predicted S-wave 

velocities are much higher than the measured velocities, yielding 
a large error in k. Therefore, it is not practical to use equation 2 
for small S-wave velocities.

The failure of equation 11 for small values of S-wave 
velocity is partly due to its inaccuracy and partly due to 
the inaccuracy of the low-frequency part of V

S
. Figure 6A 

shows the input S-wave velocity and low-frequency part of 
S-wave velocity (V

S
L ) used in the inversion. Previous results 

are produced using the V
S
L shown as LSF1 in figure 6A. 

Inversion results with the V
S

L using LSF2 for depths up to 
40 m and LSF1 for depths greater than 40 m are shown in 
figure 6B. Use of the new formula leads to more reliable 
estimates of S-wave velocities, whereas the original for-
mula fails to estimate low S-wave velocities. Therefore, for 
low S-wave velocities, accurate V

S
L improves the accuracy 

of inversion using the new formula, but not for the original 
formula.

Figure 6.  A, The S-wave velocity simulated at the Keathley-Canyon 151-2 well and low-frequency parts of 
S-wave velocity used in the inversion; previous results are estimated using the least-squares fit (LSF), LSF1, for 
all depths. B, Inversion results using the new low-frequency part of S-wave velocities shown in figure 6A. The new 
low-frequency part of S-wave velocity is LSF2 for depths less than 40 meters and is LSF1 for depths greater than 
40 meters.
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The effect of V
S

L on the EI-inversion can be analyzed 
from the error analysis shown in figure 1. In the original for-
mulation, only k values control the accuracy of the inversion. 
As indicated previously, the desired accuracy of k may not 
be obtained in practice and a small error can be accentuated 
for low values of k. However, in the new formulation, error 
is dependent upon b. Therefore, by using an accurate V

S
L, the 

accuracy of inversion can be increased, even where there are 
large uncertainties in k*.

One problem in using the new equation is that the 
magnitude of parameter b should be small to estimate accurate 
S-wave velocities. In other words, the new equation requires 
accurate low-frequency part of S-wave velocity. Because 
of this requirement on b, the new equation is not optimum 
for the inversion of GHBS as demonstrated in a later section, 
“Inversion for Gas Hydrate-Bearing Sediments.”

Error in VS Associated with Error in Elastic 
Impedance

If there is error only in EI, that is EI ⇒ EI + DEI =  
EI(1 + DEI / EI) = (1 + l)EI, the fractional error in V

S
 (e) can 

be written as

	 ε
λ
θ= −

− +

e k
ln( )

sin
1

8 2 1,	 (14a)

	 and ε
λ
θ= −

− +

e k
ln( )

sin*
1

8 2 1.	 (14b)

Equations 14a and 14b are respective errors that occur 
when the original and the new equations are used. The S-wave 
velocity for a given error in EI is given by V

S
* = V

S
 (1 + e), 

where V
S

* and V
S 
are the erroneous and true S-wave velocities, 

respectively.
Figure 7 shows the gain factor (G), defined as G = 

(1 + e), with respect to fractional errors in EI for various k or 
k* values. The plot indicates that inverted S-wave velocities are 
less than the true S-wave velocities when the fractional error 
in EI is greater than 0.0. The fractional error in V

S
 increases as 

k or k* decreases. Because k values for the original formula-
tion can be much less than 0.2, the fractional errors in V

S
 can 

be large for low S-wave velocities. However, as shown in the 
model study, the scaling error in EI can be reduced by match-
ing the average S-wave velocities between the low-frequency 
input and inverted S-wave velocities.

Inversion for Gas Hydrate-Bearing Sediments

The S-wave velocities for GHBS and host sediments can 
be very small as demonstrated at the Hydrate Ridge, Offshore 
Oregon, by Kumar and others (2006). Their S-wave velocities 
estimated from multicomponent ocean-bottom seismograph 
data are in the range of 0.15 to 0.35 km/s. Also, S-wave 

velocities analyzed from the multicomponent ocean-bottom 
cable data in the Gulf of Mexico by Hardage and others (2006) 
are in the range of 0.3 km/s. The well log S-wave velocities 
of GHBS at Hydrate Ridge that were acquired during Ocean 
Drilling Program Leg 204 vary from 0.25 km/s to 0.65 km/s. 
However, S-wave velocities of GHBS at the Mallik 5L-38 well 
site, Mackenzie Delta, Canada, reach 2 km/s. Therefore, in 
order to perform EI-inversion for GHBS, all ranges of S-wave 
velocities should be considered.

To investigate the performance of EI-inversion, synthetic 
P- and S-wave velocity logs were generated at the Keathley 
Canyon 151-2 well, and the data are shown in figure 8A. The 
gas hydrate saturations were calculated from the resistivity log 
and the velocities were computed using the BGTL with m = 1.5. 
The synthetic S-wave velocity varies between 0 km/s and 0.9 
km/s.

Figure 8B shows inversion results for GHBS using the 
same low-frequency part of the S-wave velocity used for 
figure 6, which is adequate for water-saturated sediments. The 
S-wave velocities estimated using the new formula (red line) 
are much higher for intervals containing moderate amounts 
of gas hydrate. Conversely, the original equation closely 

Figure 7.  Gain factor (G) with respect to the fractional error in 
elastic impedance. Fractional error in VS is given by G–1.
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estimates S-wave velocities for GHBS near 250 m below 
sea floor (mbsf) (black dotted line). However, like the previ-
ous example, the original equation overestimates the S-wave 
velocities at shallow depths where velocities are less than 
about 0.4 km/s.

The amount of error in S-wave velocities estimated from 
the new formula can be assessed using the parameter b. The 
V

S
L near 220 mbsf is 0.43 km/s, whereas V

S
 is about 0.9 km/s. 

Therefore, b near 220 mbsf is 1.0. Because the new equa-
tion 11 is accurate for small b, the estimated S-wave velocity 
near 220 mbsf is inaccurate. Gas hydrate in the pore spaces 
increases P- and S-wave velocities significantly for moder-
ate to high gas saturations, so b for GHBS can be very large 
unless the gas hydrate effect on velocity is incorporated in the 
V

S
L.

The results shown in figure 8 indicate a probable opti-
mum approach applicable for the inversion of GHBS at shal-
low depths. It is proposed that the new formulation be used 
when V

S
L is less than 0.4 km/s and the original equation be 

used when V
S
L is greater than 0.4 km/s. The blue line in fig-

ure 8C shows S-wave velocities estimated from the proposed 
method by combining the two equations. Almost the same 
results are obtained if the new equation is used when k is less 
than 0.07 and the original equation is used when k is greater 
than 0.07. Using k is preferable to using V

S
L to determine when 

to use the new equation or the original equation because k is 
estimated from the input data.

It is emphasized that the largest k values appropriate 
for GHBS are limited by the unconsolidated nature of GHBS 
(Lee and Collett, 2001). Because they are unconsolidated 

even at high gas hydrate saturations (Lee and Collett, 2001), 
the values of k for GHBS rarely exceed 0.25 (that is V

S
 / V

P
 

ratio of 0.5). When predicting S-wave velocity from P-wave 
velocity, it is generally assumed that the pore space is filled 
by water not by gas hydrate. Therefore, the predicted S-wave 
velocities for highly saturated GHBS are much higher 
than the actual velocity and yield higher k values for the 
inversion.

Figure 9A shows the measured P- and S-wave veloci-
ties at the Mallik 5L-38 well and the calculated gas hydrate 
saturations from the nuclear magneto resonance porosity. 
As indicated, gas hydrate saturations in some intervals reach 
about 80–90 percent. Figure 9B shows the inverted S-wave 
velocities with k calculated from the predicted S-wave veloc-
ity assuming 100-percent water saturation. The estimated 
S-wave velocities for intervals with high measured S-wave 
velocities (or high gas hydrate saturation) are highly under-
estimated because higher values of k than actual k were used 
in the inversion. Therefore, it is erroneous to use predicted 
S-wave velocity for the inversion for highly saturated GHBS 
unless the effects of gas hydrate in the S-wave velocities are 
accounted for.

On the basis of an analysis by Lee and Collett (2001), the 
actual k appropriate for highly saturated GHBS is about 0.22. 
Figure 9C shows the inversion result by setting k = 0.22, if the 
calculated k values are larger than 0.22. The S-wave veloci-
ties shown in figure 9C indicate that EI-inversion by limiting 
the maximum value of k to k = 0.22 produces accurate S-wave 
velocities at the Mallik 5L-38 well.

Figure 8.  Inversion results for gas hydrate-bearing sediments at the Keathley Canyon 151-2 well. A, Synthetic P- and S-wave velocities 
predicted from porosity and gas hydrate saturations estimated from the resistivity log using the modified Biot-Gassmann theory by Lee 
(2002). B, S-wave velocities estimated from the new and original equations. C, S-wave velocities estimated from the proposed inversion 
method for gas hydrate-bearing sediments.
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Conclusions
Inversion of elastic impedance is problematic when 

S-wave velocities are smaller than about 0.6 km/s. The origi-
nal inversion formulation requires an accurate estimate of the 
parameter k. It is not practical, however, to obtain the accuracy 
required for the inversion when S-wave velocities are less than 
about 0.6 km/s. In order to mitigate this problem, the S-wave 
velocities are decomposed into the low-frequency (input) and 
high-frequency (inversion result) parts with appropriate low- 
and high-frequency parts of elastic impedances. Using low- 
and high-frequency parts, a new inversion formula is derived 
with a new parameter k*. This new inversion formula is an 
approximate solution of the original inversion formula, and k* 
can be large, ranging from 0.1 to 1.0 depending on the S-wave 
velocity. For S-wave velocities less than about 0.6 km/s, the 
new equation appears to be appropriate.

This new inversion formula was applied to well logs 
acquired in the Gulf of Mexico and the North Slope of Alaska. 
Inversion results indicate that this new formula yields accu-
rate S-wave velocities. When S-wave velocities are greater 
than about 0.6 km/s, both inversion methods yield accurate 
S-wave velocities. However, on the basis of model results, it 
is observed that the effect of noise in EI is less affected on the 
results from the new formula when S-wave velocities are less 
than about 0.6 km/s.

The accuracy of the new inversion equation can be 
increased by using an accurate low-frequency part of the 
S-wave velocity, even in the case that there are large uncertain-
ties in k*.

For low S-wave velocities less than about 0.2 km/s, an 
accurate V

S
L enables the new formula to estimate accurate 

S-wave velocity, whereas it fails to enable the original formula 
to increase the inversion accuracy. However, the new equation 
requires a rather accurate low-frequency part of the S-wave 
velocity. Because of this restriction on the low-frequency part 
of S-wave velocity, the new equation is not adequate for inver-
sion for GHBS with moderate or high gas hydrate saturations. 
For inversion of GHBS, using the original equation when k is 
greater than 0.07 and using the new equation when k is less 
than 0.07 appears to be appropriate. However, because GHBS 
is unconsolidated, the permissible largest k value is about 0.22.
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