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Figure 1.6. A graphical depiction of a detrended series. 

The effect of detrending data is shown graphically in figure 1.6. The original time series, shown in gray, 
displays an erratic upward trend. The first step in the process of detrending is to fit a simple function of time, in 
this case a straight line, through the data (see the upward sloping line in the figure). A constant is then subtracted 
from the function of time to create an adjustment function to be applied to the original series; the constant used 
to create the adjustment function is chosen to make the adjustment function equal to zero for a particular point in 
time, , referred to as the ‘base date.’ The detrended series is then obtained by simply subtracting the 

adjustment function, a function of time only, from the original series. In the figure, the subtraction of the 
adjustment function produces the erratic but non-trending series shown in red. Note that the effect of the 
adjustment is to shift the original positive trending series upward for periods before the base date  and 

downwards for periods after the base date ; the value of the series is unchanged for the base period, . The 

detrended series can be interpreted as the series that would have been observed if the dynamic factors causing 
trend, whatever they might be, were held constant throughout the entire period, equal to the values they had on 
the base date ; all other dynamic factors determining the short-term variations in the series are left unchanged. 

This is a purely counterfactual scenario, a ‘what-if’ exercise in which the factors determining trend are frozen 
for all time at their base period values. Thus, for example, peak flow events affecting the original series would 
remain in the detrended series; however, gradual improvements in water quality resulting from the adoption of 
improved technology over time would be substituted for technology that was in place on the base date, . 
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In mathematical terms, the process of detrending can be described as follows. Let h(t) be the function of 

time used to describe trend through the original series X(t). The detrended series X*(t) is given by  
 

(1.1) ( ) ( ) ( ) ( )( )0*X t X t h t h T= − − . 

In equation (1.1), the term ( ) ( )0h t h T−  is the adjustment function and the constant  is the constant that 

causes the adjustment to equal zero for the base date, . 

( )0h T

0T
It is important that the function of time ( )h t  used to detrend a series not be so variable that it removes 

cyclical or short-term variations. In the parlance of spectral analysis, detrending only filters out the power in the 
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lowest frequencies of the series, the frequencies corresponding to the long-term variation in the data; detrending 
should not affect the power of the higher frequencies associated with the short-term variations in the data. 
Simple functions that meet this requirement are the linear and quadratic functions of time. A step function in 
time would also be acceptable, as long as the number of steps is not too large. Another common filter for 
removing trend is the first difference, in which the previous value of the series is subtracted from the current 
value. This method is not typically used for detrending water-quality data because the data are not sampled with 
a fixed frequency. 

Because the function that describes trend, ( )h t , must be estimated from the data, the act of detrending 

necessarily introduces uncertainty into the analysis. This uncertainty can be reduced by estimating the trend 

function as accurately as possible. Generally, this implies the estimation of ( )h t  in the context of a model that 

explains as much as possible the variation in the original series, . For many applications, the requirement 

that a model be specified in order to remove trend introduces little additional burden into the analysis; if  

is a water-quality variable, a model is already required in order to extrapolate the infrequently sampled water-
quality data to other periods so as to obtain a better estimate of long-term mean flux. The only additional 

consideration arising from trend removal is that the specified model must include a time component, 

( )X t

( )X t

( )h t . For 

other analyses, such as the detrending of streamflow, the data are often continuously available. In these cases, 
the specification and estimation of a model represents an additional step that would otherwise not be required. 

The detrending of water-quality flux serves another purpose that is perhaps more useful than its role in 
equalizing station records. In forming an estimate of the long-term mean flux, it is advantageous to base the 
estimate on a long and rich history of hydrologic events. Many streamflow stations, in fact, have very long 
records to support this objective. The same is not generally true, however, for water-quality stations. A conflict 
arises if the relatively short water-quality record expresses a trend: How reliably can the trend estimated from a 
short water-quality record be extrapolated to the entire period for which streamflow data are available? 
Detrending provides a conservative means of extrapolating the water-quality model without having to accept a 
potentially misspecified relation with trend. If the trend relation is not misspecified, detrending reduces the 
sampling error arising from excessive extrapolation of the model beyond the conditions under which it is 
estimated. Conversely, if trend is misspecified, the process of detrending effectively erases the bias induced by 
improper extrapolation of trend. The final result is an estimate of flux having reduced error. 

1.3.1.1 Model specification for monitoring station flux estimation 

The extrapolation of infrequently sampled water-quality data and removal of trend dictates the 
specification of a model of flux. To be used for extrapolation, the model must relate infrequently measured data 
to variables that are measured continuously over time, and to accommodate detrending, the model must include 
a function of time. For water-quality applications, these requirements suggest a model that relates infrequently 
measured concentration to the variables streamflow and time. The inclusion of streamflow as an explanatory 
factor serves another purpose in the analysis. Because flux is typically positively related to streamflow, it has 
become common practice to bias water-quality sampling towards high flow events. The inclusion of flow in the 
water-quality model effectively conditions the estimation of flux so as to remove the effects of high-flow 
sampling bias. 

The estimation of mean flux by a station-specific model need not account for all the processes affecting 
flux within a basin; this task is assigned to the SPARROW model. All that is required is that the estimated mean 
flux at a station be reflective of long-term average processes within the basin. This association with process 
could be realized by explicitly accounting for processes via the inclusion of explanatory variables; but it is also 
implicitly revealed in the values taken by the estimated coefficients of a less refined station-specific flux model. 
Thus, the station-specific flux models need not be structurally accurate; they need only be predictively accurate. 
A causal explanation of flux is ultimately obtained through application of a SPARROW model, whereby 
variations in mean flux conditions across stations, estimated either explicitly or implicitly, are correlated with 
variations in basin attributes across space. 

There are a number of ways to specify the relation between water-quality data and the explanatory 
variables streamflow and time. Cohn, Caulder, and others (1992) have suggested a simple seven-parameter 

 
 



 The SPARROW Surface Water-Quality Model: Theory, Application and User Documentation 22

model in which the logarithm of contaminant concentration c is related via a linear model to an intercept, the 
logarithm of flow , the square of the logarithm of flow, decimal time T  (decimal time is time expressed as a 
decimal number, with whole numbers representing the year and decimal numbers representing the fraction of the 
year), decimal time squared, and a seasonal harmonic consisting of two trigonometric terms—the sine and 
cosine of 2 times decimal time. The quadratic flow term is included to account for nonlinearity in the water-
quality/flow relation; for example, it is common to observe the percentage increase in sediment concentration 
from a percentage increase in flow become greater for very high flows. 

�
q�

π

The seven-parameter model for period t is written as 
 

(1.2) ( ) ( )2 2
2 2

0 sin 2 cos 2t q t t T t t s t c tq T
c q q T T T Tγ γ γ γ γ γ π γ π= + + + + + + +� � � te

c

, 

where  are coefficients to be estimated, and  is an independent, normally 

distributed error term, uncorrelated with each of the predictor variables, having mean zero and variance . 

Higher order harmonics, given by 

2 20 ,  ,  ,  ,  ,  ,  and q T sq T
γ γ γ γ γ γ γ te

2
eσ

( )sin 2 tj Tπ  and (cos 2 t )j Tπ  terms, where j is an integer greater than 1, 

could be included in equation (1.2) to account for more complex seasonal patterns. 
Vecchia (2000) has argued that there are important long-term lags affecting the relation between water 

quality and flow. He suggests a specification that relates the log of contaminant concentration to a set of 
compound flow terms consisting of moving averages of flows, of various lengths, in addition to time trend 
terms. A specification that generalizes both the seven-parameter and the lag flow models takes the form 

 

(1.3) ( ) ( )t t Q t T t Xc T= + +M Q β h β X β� te+ , 

where  is a p-element row vector consisting of current and lagged logarithms of flow, ; tQ { }1, ,t t t pq q − +=Q � �…

( )tM Q  is a vector function that transforms the p-element logged flows into a qK  element row vector;  is a qβ

qK  element vector consisting of coefficients associated with the transformed flow terms;  is a  

element row vector function of decimal time;  is a  element vector of coefficients associated with the 

transformed decimal time terms;  is a element row vector of other exogenous variables affecting water 

quality;  is a  element vector of coefficients associated with the other exogenous variables; and  is the 

normally distributed error term, independent over time and uncorrelated with each of the predictor variables, 
having a mean of zero and variance . In the sequel, a model variable displayed in bold font pertains to a 

vector or matrix. 

( )tTh TK

Tβ TK

tX XK

Xβ XK te

2
eσ

The function ( )tM Q  is quite general and can accommodate many different specifications of the flow 

variables. For example, in the seven-parameter model p equals one,  equals , and tQ tq� ( )tM Q  is a two-element 

row vector function with elements { . In the compound flow model developed by Vecchia (2000), the 

function 

}2,t tq q� �

( )tM Q  forms various moving averages of the current and lagged flow terms. The only restriction to 

be placed on ( )tM Q  is that it be continuous in its arguments. 

The function  is included to account for long-run variations in water quality that are unrelated to 

flow. Typically, these changes are assumed to arise from management changes that affect water quality—for 
example, the construction of new wastewater treatment plants or the imposition of regulations that affect the 

runoff of contaminants from farms. In the case of the seven-parameter model,  consists of two elements, 

with 

( )tTh

( )tTh
( ) { 2,t t tT T T=h } . Alternatively,  could specify a step change function to account for one-time ( )tTh
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permanent changes in water quality within a basin. Note that  does not represent cyclical or other short-

term variations in time, such as the sine and cosine terms in equation (1.2); these variations are assumed to be 
included in the other exogenous variables, . 

( )tTh

tX
An important feature of equation (1.3) is that it is linear in its parameters. If no censored observations 

are included in the water-quality data, the model can be estimated easily using ordinary least squares. If 
censored observations are present, Cohn, Gilroy, and others (1992) suggest using the maximum likelihood 
method for parameter estimation. For Type I censored data, corresponding to data in which the censoring 
threshold is known, the appropriate maximum likelihood method is given by the Tobit model (Cohn, Gilroy, and 
others, 1992). The Tobit model is nonlinear and must be estimated using iterative methods (see section 1.5 for a 
description of nonlinear estimation methods in the context of SPARROW model estimation). Consequently, the 
small sample properties of the coefficient estimates are not easily obtained. However, being a maximum 
likelihood method, the estimated parameters are consistent and efficient in large samples. Moreover, it has been 
shown (see Maddala, 1983) that the model with linear coefficients, as in equation (1.3), has a single maximum, 
corresponding to its global maximum, assuring the convergence of iterative methods. 

The likelihood function of the Tobit model is given as follows. Let  represent the row vector of all 

explanatory variables in (1.3), so that 

tZ

( ) ( )t t tT t
⎡ ⎤= ⎣ ⎦Z M Q h X , and let Q T X

′⎡ ⎤′ ′ ′= ⎢ ⎥⎣ ⎦β β β β  be a 1K×  

vector of the combined associated coefficients; let the water-quality sample consist of N observations; let tc  

represent the censoring threshold (in logarithm space) for observation t; and let  be an indicator variable that 

equals 1.0 if observation t is censored and equals zero otherwise. In the context of estimating equation (1.3), the 
Tobit log likelihood function is given by 

td

 

(1.4) ( ) ( )ln 1t t t t
e t t

t e e

c cL N d dσ φ
σ σ

⎛ ⎞ ⎛− −⎟ ⎟⎜ ⎜⎟ ⎟∝− + Φ + −⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝
∑ Z Z ⎞

⎠

β β�� �� , 

where ( )Φ ⋅�  and  are the natural logarithms of the standard normal cumulative distribution and density 

functions.  

( )φ ⋅�

Estimation by maximum likelihood requires finding the values of the parameters that 

maximize equation (1.4). Because of the global convexity of  (Maddala, 1983), this is equivalent to finding 
the roots of the first-order partial derivatives . The covariance matrix of the maximum likelihood 

estimates, , is given by (Cramer, 1986) 

eσ
′⎡ ⎤′= ⎣ ⎦θ β

L�
0θ =L�

θ̂
 

(1.5) , ( ) ( ) ( )
1 1ˆ E L E L L

− −

′
⎡ ⎤ ⎡ ′=− =⎢ ⎥ ⎢⎣ ⎦ ⎣ θ θθθV θ � � ⎤

⎥⎦
�

where the expectation is over alternative realizations of the dependent variable sample, . For independent 
observations, the covariance matrix can be consistently estimated by 

c�

 

(1.6) ( )
1

1

1

ˆ ˆˆˆ
N

t t
t

N L L
−

−

=

⎡ ⎤
⎢ ⎥′=
⎢ ⎥⎣ ⎦

∑ θ θV θ � � , 

where, 
 

(1.7) ( )
ˆ ˆˆ ˆln 1

ˆ ˆ
t t t t

t e t t
e e

c cL d dσ φ
σ σ

⎛ ⎞ ⎛ ⎞− −⎟ ⎟⎜ ⎜⎟ ⎟∝− + Φ⎜ + − ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

Z β Z β� �� , 
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and  and  are the maximum likelihood estimates of the parameters β  and . Equation (1.6) is a popular 

estimator in applied work due to its ease of computation. 

β̂ ˆeσ eσ

1.3.1.2 Monitoring station flux prediction (advanced) 

The coefficient estimates from the water-quality sample can be used to predict flux for every day in 
which there is a complete observation of the explanatory variables. A complication in making this estimate is the 
need to retransform the estimates from logarithm space, the space in which the model is estimated, back into real 
space, the space that supports mass balance. Because the model is estimated in logarithm space, the 
retransformation to real space requires an application of the exponential function. The convexity of the 
exponential function implies a random variable having a zero mean in logarithm space will have an expectation 
that is greater than 1.0 upon transformation into real space. This deviation from 1.0 of the expected transformed 
random variable is called retransformation bias. Two sources of uncertainty contribute to retransformation bias: 
uncertainty in the estimated model coefficients—sometimes called sample error because the error is eliminated 
in large samples—and uncertainty caused by model error, the variation in flux that is unexplained by the 
model’s explanatory variables. 

To demonstrate the full nature of the retransformation bias, consider first the unbiased estimate of flux 
in the case that model coefficients are known. In this case, the only source of uncertainty is the model error. 
Because model error cannot be removed, estimates of flux are expressed as expectations of flux conditioned on 
known components of the model. In logarithm space, actual flux in period t is given by 
 

(1.8) t t t tf q e= + +Z β � . 

The logarithm of actual flux depends on a modeled component, the modeled component of concentration , tZ β
plus the logarithm of streamflow (any conversion constants, in logarithm space being represented by additive 
constants, are assumed to be subsumed in the model intercept, an element of ), and a non-modeled tZ
component, given by the model error. 

Before deriving the conditional expectation of flux, we state a simple mathematical fact that is 
indispensable to understanding the retransformation problem. The fact is this: if x is a normally distributed 

variable with mean and variance μ 2
xσ , the expectation of ( )exp x  is ( 2exp 2xμ σ+ ) . From this fact, the 

conditional expectation of flux in real space is given by 
 

(1.9) ( ) ( ) ( )( ) ( ) ( )2exp exp exp exp 2tf
t t t t t tF E e q E e q σ= = + = +Z β Z β� � e . 

The conditional expectation of flux in real space is given by the conditional expectation of flux in logarithm 
space, transformed to real space (the first exponential term in the third equality in equation (1.9)), times a 
retransformation factor that depends on the variance of the model residual  (the second exponential term of 2

eσ

the third equality in equation (1.9)). Because the error variance  is necessarily positive, the retransformation 2
eσ

factor is necessarily greater than 1.0, and will be equal to 1.0 only if the model has no error. Consequently, 
unless the retransformation factor is included in the prediction, the estimated flux is biased downwards—a result 
that is obtained even if the coefficients of the model are known without error. 

We now extend the analysis by assuming the coefficients of the model are not known but must be 
estimated. Assume the water-quality data contain no censored values so that the water-quality model given by 
equation (1.3), with explanatory variables denoted by the row vector , can be estimated efficiently without tZ
bias using ordinary least squares. Let c  denote the N×1 vector of logarithm transformed water-quality �
concentration measurements, Z the N×K matrix of explanatory variables, and e the N×1 vector of independent, 
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identically normally distributed errors with variance . The predicted flux for period t in logarithm space is 2
eσ I

given by 
 

(1.10) 
( )

( )

1

1

ˆ ˆ

.

t t t t

t t t

tf q q

q

−

−

′ ′= + = +

′ ′= + +

Z β Z Z Z Z c

Z β Z Z Z Z e

�� �

�
 

A naïve estimate of flux in real space is simply an exponential transformation of the predicted flux t̂f  given in 

equation (1.10) 
 

(1.11) , ( ) ( )ˆ ˆˆ exp expt t tF f= = +Z β �tq

with expectation given by  
 

(1.12) ( ) ( ) ( )( )121
2

ˆ exp expt t t e tE F q σ
−′ ′= +Z β Z Z Z Z� t . 

The ratio of the actual conditional expectation of flux given in equation (1.9) and the naïve estimate in equation 
(1.12) represents the inverse of the retransformation bias factor associated with the naïve estimate. The inverse 
retransformation bias factor is  
 

(1.13) 

( )
( )( )( )121

2exp 1
ˆ
t

e t t

t

F

E F
σ

−′ ′= −Z Z Z Z . 

The term in the exponential function on the right-hand side of the equality in equation (1.12) can be positive or 
negative, implying the bias factor associated with the naïve estimator can be greater than or less than 1.0—
although it is likely to be positive if the model is not greatly extrapolated to conditions outside the range of 
explanatory variables for the sample. A somewhat more complicated expression for the inverse retransformation 
bias factor is obtained if the water-quality data include censored data.  

The problem of retransformation bias is solved if it is possible to derive a sample-based correction 

factor that is independent of t̂f  and has an expectation equal to the right-hand side of equation (1.12). Cohn, 

Gilroy, and others (1992) describe a method that can be used to remove first-order retransformation bias for 

cases with and without censored data. The method consists of first transforming the  vector so that it is β̂
uncorrelated with . The transformation takes the form , where  is the correlation coefficient ˆeσ ˆˆ ˆeσ= −w β γ γ

between  and  as determined from the covariances estimated in equation (1.6). For the case without β̂ ˆeσ
censoring, the ordinary least squares estimates of  and  are already uncorrelated, so no adjustment is β̂ ˆeσ

needed. In large samples,  and  are normally distributed so the lack of correlation between  and  β̂ ˆeσ ŵ ˆeσ
implies they are independent; because  is simply the squared value of , it must also be independent of . 2ˆeσ ˆeσ ŵ

It can be shown that the inverse retransformation bias factor for a naïve estimate of flux based on  ŵ
depends critically on  and , both unknowns. The retransformation bias problem is solved, therefore, by eσ

2
eσ

deriving a function  that has an expectation equal to the inverse retransformation bias factor. Finney ( )2ˆt ep σ
(1941) derives the appropriate function in the case of no censored data; Cohn, Gilroy, and others (1992) derive 
an analogous function to be used for data that include censored observations.  
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The unbiased estimate of flux in real space, for period t, is given by 
 

(1.14) ( ) ( )2*ˆ ˆ ˆexpt t tF p σ= Z w e , 

the expectation of which is equation (1.9). An estimate of mean daily flux is obtained by averaging these period 

t estimates over all days in the prediction period PT
N PT   

 

(1.15) 1* *ˆ ˆ
P

P
tT

t T

F N F−

∈

= ∑ . 

To ensure that seasonal patterns in flux are equally represented in the mean estimate, it is best to include 
predictions for only those days in which a complete year of estimates is available. 

Gilroy and others (1990) and Cohn, Gilroy, and others (1992) derive the standard error of the mean flux 
as 
 

(1.16) ( )*

1
ˆ

* *ˆ ˆCov ,P
P P

t sTF
t T s T

N Fσ −

∈ ∈

= ∑∑ F , 

where  
 

(1.17)  
( ) ( ) ( ) ( )

( )( )( ) ( ) ( )( ) ( )( )2 2

* * * * * *ˆ ˆ ˆ ˆ ˆ ˆCov ,

ˆ ˆ ˆexp exp .

t s t s t s

t s t e s e t s e

F F E F F E F E F

E E p pσ σ σ

= −

= + − + +Z Z w Z Z β

The second equality in (1.17) follows because (approximately)  and  are independent and the estimator ŵ 2ˆeσ
*
t̂F  is unbiased. Cohn, Gilroy, and others (1992) derive explicit expressions for the expectation terms in the 

second equality. 
The retransformation problem discussed above will be encountered again in section 1.6 where we 

discuss the prediction methodology for the SPARROW model. Many of the concepts developed here will 
reappear in that discussion, although a different method will be proposed for resolving the problem. The 
discussion of the standard error of the mean flux estimate given in equation (1.16) will also have relevance to 
SPARROW model estimation and prediction, as will be shown in sections 1.5.3.5 and 1.6.6.1. 

1.3.1.3 Mean detrended flux (advanced) 

There are two sources of trend in the standard water-quality model given by equation (1.3) and both 
must be evaluated in order to obtain estimates of mean detrended flux. The primary source is the time trend term 

in the model, represented above by the function . The second source is streamflow, the current and lagged ( )th
values of which affect water quality through the function ( )tM Q .  

Let the base year for detrending be denoted . The detrending of the time trend term in the 
00 tT T≡

water-quality model is straightforward; simply replace  with the constant  in the  vector used to ( )tTh ( )0Th tZ
predict water quality in period t. Because the standard error of the mean flux also depends on , use of the tZ
modified  vector in the standard error calculation (equations (1.16) and (1.17)) fully accounts for the effect of tZ
detrending the time trend term on the uncertainty of mean flux. 

The removal of trend due to streamflow is more complicated. One approach, which is consistent in large 

samples, is to replace the streamflow vector  in the function tQ ( )tM Q  with a detrended streamflow vector 
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D
tQ . This requires the estimation of a streamflow model that includes trend terms. Let the equation for the 

logarithm of streamflow in period t be given by 
 

(1.18) , ( )t t T t xq T= +g α x α� tu+

where ( )tTg  is a gK -element row vector of deterministic functions of time, excluding seasonal variations; xt is 

an exogenous process (possibly deterministic as well), including an intercept; and ut is a normally distributed, 
possibly serially correlated residual. 

The efficient estimation of the streamflow model coefficients requires specification of the serial 
correlation structure of the residual. Generally, it is our experience that a high-order autoregressive process is 
sufficient to capture the serial correlation in the daily streamflow residuals. A Box-Ljung chi-square test based 
on the estimated autocorrelations can be used to determine if a sufficient order for the autoregressive process has 
been specified (see SAS, 1993). If the streamflow record contains data gaps, then the estimation method may 
use a Kalman filtering procedure (see Hamilton, 1994). 

Let the matrix  represent a tG gp K× matrix consisting of the current and lagged row vectors of ( )tTg , 

and let  be the  matrix evaluated at the base period . We have, 0G tG 0t
 

(1.19) 

( )

( )

( )

( )

0

0

0

1 1

,
tt

t

t p t p

TT

T T− + − +

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥= = ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

gg
G G

g g

# # . 

Using equation (1.1), given estimates of the coefficient vector , the detrended streamflow vector ˆ Tα
D
tQ  is given 

by 
 

(1.20) . ( )0 ˆD
t t t= + −Q Q G G αT

Let  represent the row vector of detrended water-quality explanatory variables. ( ) ( ){ 0, ,D D
t t T=Z M Q h X }t

Detrended flux for period t is obtained simply by substituting the detrended explanatory variables D
tZ  for  in tZ

equation (1.14), and the mean detrended flux is obtained by using the detrended period t fluxes to estimate 
equation (1.15).  

The substitution of detrended streamflow for actual streamflow in the determination of mean detrended 
water-quality flux introduces two effects on the standard error of mean detrended flux. The first and most 
important effect is the change in the standard error calculation (equations (1.16) and (1.17)) caused by 

uncertainty in the  coefficients interacting with the change in caused by substituting the series of ˆ
Qβ tZ

detrended streamflow vectors D
tQ  for actual streamflow vectors . Because equation (1.17) is conditioned on tQ

tZ , the effect of this substitution is fully accounted for in the estimation of flux uncertainty.  

A secondary effect on uncertainty in detrended water quality arises because the  vector used to Tα
compute D

tQ  is estimated with uncertainty. There are two reasons why this effect is likely to be negligible 

relative to the first effect. First, the streamflow model is generally estimated with considerably more 
observations than the water-quality model, implying the estimates of  are quite precise relative to the ˆ Tα

estimates of . Second, if the streamflow equation consists of a simple linear time trend, the variance of the ˆ
Qβ

estimated trend coefficient is of order , where  is the number of streamflow observations, as ( 2
qO N− ) qN
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compared to ( )1O N−  for coefficients associated with non-trending variables. For these reasons, we do not 

derive a more complete estimate of uncertainty for the mean detrended streamflow to account for sample error 
in the  coefficients. ˆTα

1.3.1.4 Tools for flux estimation 

If the water-quality data do not include any censored observations, the water-quality models described 
above can be easily estimated using ordinary least squares. For cases in which the water-quality data include 
censored observations, Cohn, Gilroy, and others (1992) suggest estimation via adjusted maximum likelihood. In 
large samples, the method of maximum likelihood is consistent and efficient (Cohn, Gilroy, and others, 1992). 
The standard maximum likelihood method to apply to type I censored data (that is, data for which the censoring 
threshold is known) is the Tobit model, so named after its inventor, economist James Tobin (1958). The method 
of adjusted maximum likelihood combines the Tobit model with an adjustment to correct for first-order bias in 
the coefficient estimates caused by estimation using a small sample. 

The method of adjusted maximum likelihood is implemented within the recently released USGS 
program LOADEST 2000 (Runkle and others, 2004). In addition to estimates of the parameters and their 
covariance matrix, the program uses the retransformation methods described above to produce unbiased 
estimates of daily and annual flux. A simple averaging of the daily or annual estimates over all days or years 
yields an estimate of long-term mean flux. Unfortunately, the program does not compute a standard error for the 
long-term mean estimate, and detrending the estimates requires additional processing of the daily results. 

The estimation of the model used to detrend flow requires a maximum likelihood method capable of 
correcting for serial correlation in the errors. This capability is included in the PARMA model developed by 
Vecchia (2000), but can also be implemented using standard statistical packages such as SAS (SAS, 1993). 

More recently, a program called Fluxmaster developed by G.E. Schwarz (principal author of this 
documentation) includes methods to estimate the time-series flow model using maximum likelihood, detrend 
flow, and estimate the water-quality model via adjusted maximum likelihood. The program also computes 
unbiased detrended estimates of long-term mean flux, and provides an estimate of the associated standard error. 
The exact methods used to implement adjusted maximum likelihood and correct for the retransformation bias in 
Fluxmaster differ from those used in LOADEST 2000, but they are a close approximation and exactly the same 
if there are no censored observations. The difference pertains to parameter estimation arising from the correction 
of maximum likelihood coefficient estimates for first-order bias (the uncorrected parameter estimates of 
Fluxmaster and LOADEST 2000 are the same aside from slight differences due to differences in numerical 
optimization methods). The correction for first-order bias depends on an estimate of the parameter covariance 
matrix. Fluxmaster estimates the covariance matrix using a numerical method to estimate the expectation of the 
numerically approximated Hessian matrix; conversely, LOADEST 2000 estimates the covariance matrix using 
analytic derivatives of the likelihood function for individual observations evaluated at sample data values.  

The similarity between the LOADEST 2000 and Fluxmaster methods can be demonstrated via a Monte 
Carlo experiment. Figure 1.7 and table 1.2 present results from a Monte Carlo analysis consisting of 1,000 cases 
in which 365 days of streamflow and water-quality values are randomly generated. The logarithm of streamflow 
is generated from a standard normal distribution; the logarithm of water quality equals the logarithm of 
streamflow plus a standard normal random error. All values of the logarithm of water quality below zero are 
censored, resulting in a 50 percent censoring threshold. For each case, a sample consisting of 52 water-quality 
values, one value per week, was selected and used to estimate annual flux using the Fluxmaster and LOADEST 
2000 flux estimation algorithms. Figure 1.7 shows close agreement between the two algorithms. As is evident 
from table 1.2, both methods exhibit virtually identical bias and precision. 
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Figure 1.7. Monte Carlo analysis comparing flux estimates from the programs Fluxmaster and LOADEST 2000. The comparison 
consists of 1,000 replications of simulated streamflow and water-quality data, where the logarithm of streamflow is generated from 
a standard normal distribution and the logarithm of water quality equals the logarithm of streamflow plus a standard normal 
random variable, the sum of which is censored at zero (approximately 50 percent censoring). 

 

 

Table 1.2. Monte Carlo evaluation of Fluxmaster and LOADEST 2000 annual flux estimates. 
 
[Analysis consists of 1,000 repetitions, with 52 observations per case, 50 percent of which are censored; the logarithm of 
streamflow is generated from a standard normal distribution; the logarithm of water quality equals the logarithm of 
streamflow plus a standard normal random variable] 

 
  Fluxmaster LOADEST 2000 

Bias (percent) -4.1 -4.0 

Standard Error (percent) 66.4 65.3 

Ratio Standard Error to Mean Estimated Standard 
Error (percent) 120 114 

 

 
 


