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Port VI I I. Analog Techniques 

Introduction 

In Part VIII we consider another tech- 
nique of obtaining solutions to the differen- 
tial equation of ground-water ilow. This is 
the method of the electric analog. It (is a pow- 
erful ‘technique which has been widely used. 
The technique depends upon the mathemati- 
cal similarity between Darcy’s law, describ- 
ing flolw in a poro,us medium, and Ohm’s law, 
describing flow of charge in a conductor. In 

the case of nonequilibrium modeling, it de- 
pends also upon the similarity between the 
ground-water storage+head relation and the 
equation describing storage of charge in a 
capacitor; and upon the similarity between 
the electrical continuity principle, involving 
the conservation of electric charge, and the 
equation of continuity describing the con- 
servation of matter. 

1 0 

Ohm’s law states that the electrical cur- 
rent through a conducting element is direct- 
ly proportional to the voltage difference, or 
potential difference across its terminals. The 
sketch represents a conducting element, or 
resistor, across which the voltage difference 
is +1 - &. That is, the voltage at one terminal 
of the resistor is +1, while that at the other 
end is &. The current through the resistor 
is defined as the net rate of movement of 
positive charge across a cross-sectional plane 
within the resistor, taken normal to the di- 
rection of charge flow. The standard unit of 
charge is the coulomb, and current is nor- 
mally measured as the number of coulombs 
per second crossing the plane under consid- 
eration. A charge flow of 1 coulomb per 
second is designated 1 ampere. The symbol 
Z is frequently used to represent current. 

Symbol representing a conducting element, 
or resistor 

\ 

R represents value of resistance (ohms) 

For the resistor shown in the diagram, 
Ohm’s law may be stated as follows 

1 

where Z is the current through the resistor, 
and +1 -&, as noted above, is the voltage 
difference across its terminals. The term 1/ 
R is the constant of proportionality relating 
current to voltage ; R is termed the resist- 
ance of the element. It depends both upon 
the dimensions of the element and the elec- 
trical properties of the conductive material 
used. The unit of resistance is the ohm. A 
resistance of 1 ohm will carry 1 ampere of 
current under a potential difference of 1 
volt. 

QUESTION 

Suppose the voltage at one terminal of a 
500-ohm resistor is 1’7 volts, and the voltage 
at the other terminal is 12 volts. What would 
the current through the resistor be? 

Turn to Section: 

10 amperes 19 
0.10 ampere, or 100 milliamperes 8 
0.01 ampere, or 10 milliamperes 6 

0 
163 
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Your answer in Section 22 is not correct. 
The finite-difference form of the equation 
for two-dimensional nonequilibrium ground- 
water flow i.s 

&‘a2 Ah, 
h,+ h,+h,+;h,-4h,=-, 

T At 
while the equation for our resistance- capa- 
citance network is 

Comparison of these equations illustrates 
that resistance, R, may be considered to be 
analogous to the term l/T; voltage, 4, is 
analogous to head, h ; and capacitance, C, 
may be considered analogous to the term 
Sa2. 

In the answer which you selected, voltage 
is treated as analogous to transmissivity, in 
that the procedure calls for increasing volt- 
age in areas of high transmissivity. 

Return to Section 22 and choose another 
answer. 

3 0 

Your answer in Section 6, 

x- --$+#d, 

not a valid statement of Ohm’s law in any 
case, for Ohm’s law in terms of resistance 
was given in Section 1 as 

is not correct. The idea here is to obtain an 
expression for the current which involves 

z=$#&d. 

the resistivity, pe, of the material composing 
the resistance. Your answer involves the re- Return to Section 6 and choose another 
sistance, 22, rather than the resistivity. It is answer. 

Your answer in Section 9, 

$r,., =c$ 

is correct. The quantity C, as we have seen, 
is actually the derivative de/d+, ; thus C (d+,/ 
dt) is equivalent to (&/A/+) * (&,/dt), or 
simply &/dt. 

Without referring to it explicitly, we 
made use in Section 9 of an electrical equiva- 
lent to the hydraulic equation of continuity. 
In an electric circuit, charge is conserved in 
the same way that fluid mass is conserved in 
a hydraulic system. KirchotF’s current law, 
which is familiar to students of elementary 
physics, is a statement of this principle. .In 
the circuit of Section 9, we required that the 
rate of accumulation of charge in the capa- 

citor be equal to the time rate at which 
charge was transported to the capacitor 
plate through the resistor-that is, to the 
current through the resistor. In the circuit 

C 

I- - - 

shown in the figure, in which four resistors 
are connected to a single capacitor, the net 
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inflow minus outflow of charge, through all 
four resistors, must equal the rate of ac- 
cumulation of charge on the capacitor. Let I, 
and I, represent currents toward the capac- 
itor, through resistors R, and R, ; and let 
I, and I, represent currents away from the 
capacitor, through resistors R, and R,. Then 
the time rate of inflow of charge, toward the 
capacitor, will be I, + I, ; the rate of outflow 
charge, away from the capacitor, will be I, + 
I,. The net inflow minus outflow of charge 
will be I, -Z,+Z,-I, ; and this must equal 
the rate of accumulation of charge on the 
capacitor. That is, we must have 

de 
I,-z,+z,-I,=-. 

dt 

QUESTION 

The diagram again shows the circuit de- 
scribed above, but we now assume that the 

four resistances are equal-that 
sume 

RI=R9=Rs=R1=R. 
Let +, represent the voltage on 

is, we as- 

the capac- 
itor platethis is essentially equal to the 
voltage at the junction point of the four re- 
sistors (the resistance of the wire connect- 
ing the capacitor to the resistor junction 
point is assumed negligible). The voltages at 
the extremities of the four resistors are 
designated &, +, &, and &, as shown in the 
diagram. If Ohm’s law is applied to obtain 
an expression for the current through each 
resistor and the capacitor equation is ap- 
plied to obtain an expression for the rate of 
accumulation of charge on the capacitor, 
which of the following equations will be ob- 
tained from our circuit equation 

I,-z,+z,-I,=‘? 
dt 

Turn to Section: 

91-62+$J3-b 
=c”Q” 15 

R dt 

5 0 

Your answer in Section 22 is correct. 
This is of course one indication of the power 
of the analog method, in that problems in- 
volving heterogeneous aquifers are handled 
as easily as those involving a uniform 
aquifer. Complex boundary conditions can 
also be accommodated, and three-dimensional 
problems may be approached by construct- 
ing networks of several layers. The method 
is applicable to water-table aquifers as well 
as to confined aquifers, provided dewatering 

is small in relation to total saturated thick- 
ness. Some successful simulation has been 
done even for cases in which this condition 
is not satisfied, using special electrical com- 
ponents which vary in resistance as voltage 
changes. 

Steady-state problems are sometimes 
handled by network models constructed 
solely of resistors-that is, not involving 
capacitors-rather than by analogs con- 
structed of a continuous conductive mate- 
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rial. Such steady-state networks are par- 
ticularly useful when heterogeneity is in- 
volved. 

In some cases, the symmetry of a ground- 
water system may be such that a two-di- 
mensional analog in a vertical plane-that 
is, representing a vertical cross section 
through an aquifer, or series of aquifers- 
may be more useful than a two-dimensional 
analog representing a map view. In this 
type of model, anisotropy is frequently a 
factor; that is, permeability in the vertical 
direction is frequently much smaller than 
that in the lateral direction. This is easily 
accommodated in a network by using higher 
resistances in the vertical direction; or, 
equivalently, by using a uniform resistance 
value but distorting the scales of the model, 
so that this resistance value is used to simu- 
late different distances and cross-sectional 
areas of flow in the two directions. 

An important special type of network 
analog is that used to simulate conditions in 
a vertical plane around a single discharging 
well. The cylindrical symmetry of the dis- 
charging well problem is in effect built into 
the network;, the resistances and scales of 

the model are chosen in such a way as to 
simulate the increasing cross-sectional areas 
of flow, both vertically and radially, which 
occur in the aquifer with increasing radial 
distance from the well. 

This concludes our discussion of the elec- 
tric-analog approach. We have given here 
only a brief outline of some of the more im- 
portant principles that are involved. The 
technique is capable of providing insight 
into the operation of highly complex ground- 
water systems. Further discussion of the 
principles of simulation may be found in the 
text by Karplus (1958). The book “Concepts 
and Models in Ground-Water Hydrology” by 
Domenico (1972) contains a discussion of 
the application of analog techniques to 
ground water, as does the text “Ground- 
Water Resource Evaluation” by Walton 
(1970). Additional discussions may be 
found in papers by Skibitzke (1960)) Brown 
(1962) Stallman (1963b) Patten (1965)) 
Bedinger, Reed, and Swafford (1970)) and 
many others. 

This concludes the studies presented in 
this text. 

Your answer in Section 1 is correct. 
The resistance of an electrical element is 

given by the formula 

RCPe.L 
A 

where L is the length of the element in the 
direction of the current, A is its cross-sec- 
tional area normal to that direction, and pe 
is the electrical resistivity of the material of 
which the resistor is composed. The inverse 
of the resistivity is termed the conductivity 
of the material ; it is often designated O; that 
is, ~=l/,+ Resistivity and conductivity are 

normally taken as constants characteristic 
of a particular material, ; however, these 
properties vary with temperature, and the 
linear relationships usually break down at 
extremes of voltage. Moreover, a small 
change in the composition of some materials 
can produce a large change in electrical 
properties. Resistivity is commonly ex- 
pressed in units of ohm *metre2/metre, or 
ohm-metres. With this unit of resistivity, the 
formula, 
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will yield resistance in ohms if length is 
expressed in metres and area in square 
metres. 

QUESTION 

The sketch shows a resistor of cross-sec- 
tional area A and length L, composed of a 

material of resistivity pe. The potential dif- 
ference across the resistor is +1 - + Which 
of the following expressions is a valid ex- 
pression of Ohm’s law, giving the current 
through the resistor? 

Turp to Section: 

z= -$,_,,, 28 
Fe 
PA I=- L (h-42) 24 

A 
3 

Your answer in Section 28, the answer which you chose, flow is given as 

f&K.- 
LP inversely proportional to cross-sectional 

area, and proportional to the term L,/hl - h,, 
A, h+z which is actually the inverse of the negative 

is not correct. Darcy’s law states that flow is head gradient. 
directly proportional to cross-sectional area Return to Section 28 and choose another 
and to the (negative) gradient of head. In answer. 

8 0 

Your answer in Section 1 is not correct. pressed in volts and the resistance ohms, 
Ohm’s law was given as the quotient 

Z=$(d1-C), h-42 

R 
and the discussion pointed out that a resist- 
ance of 1 ohm would carry a current of 1 will give the correct current in amperes. 
ampere under a potential difference of 1 Return to Section 1 and choose another 
volt. Thus when the voltage difference is ex- answer. 
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Your answer in Section 21 is correct. 
If we monitor the voltage on a capacitor 

plate in a given circuit and observe that it 
is changing with time, we know from the 
relations given in Section 21 that charge is 
accumulating on the capacitor plate with 
time. An expression for the rate at which 
charge is accumulating can be obtained by 
dividing the capacitor equation by a time 
increment, At. This gives 

A< 
-C? -- IA- 

At At dt 

or, in terms of derivatives, 

d d+ 
-C-. -- 

dt dt 

The figure shows a hydraulic system and 
an analogous electrical system. The rate of 

Tank 

-- Pipe - 
- 

z-- 
31 tvvvm c 

R 

‘i 

I” 

accumulation of fluid in the tank is equal to 
the rate of flow of water through the pipe 
supplying it. Similarly, the rate of accumu- 
lation of charge on the capacitor plate is 
equal to the rate of flow of charge through 
the resistor connected to the plate. This rate 
of flow of charge is by definition the current 
through the resistor. (Recall that the units 
of current are charge/time-for example; 
coulombs/second.) We thus have 

where Z is the current through the resistor, 
and de/dt is the rate at which charge ac- 
cumulates on the capacitor. 

QUESTION 

Suppose the voltage at the left terminal 
of the resistor is 41, while the voltage at the 
right terminal, which is essentially the volt- 
age on the capacitor plate, is 4c. If we use 
Ohm’s law to obtain an expression for I, in 
terms of the voltages, and the capacitor equa- 
tion to obtain an expression for &/dt, which 
of the following relations will we obtain. (R 
denotes the resistance of the resistor, and C 
the capacitance of the capacitor.) 

Turn to Section: 

4 

R(4,-4,) =c; 

RC(4,-4,) =fk 
dt 

20 

18 

‘c 
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Your answer in Section 21 is not correct. 
The equation which we developed for the 
capacitor was 

where C was the capacitance, AC the quan- 
tity of charge placed in storage in the capa- 
citor, and A$ the increase in the voltage dif- 
ference across the capacitor plates, observed 
as the charge AC is accumulated. For the 
prism of aquifer used in developing the 
ground-water equations in Part V, we had 

aV=SAhh 

where AV was the volume of water taken in- 
to storage in the prism, Ah the increase in 
head associated with this accumulation in 
storage, S the storage coefficient, and A the 
base area of the prism. This equation can be 
rewritten 

&+!! 
Ah 

to faciliate comparison with the capacitor 
equation. 

Return to Section 21 and choose another 
answer. 

Your answer in Section 26 is correct. Note 
that this equation, 

Z 34 
-= --, 
w-b ax 

is analogous to the equation we would write 
for the component of specific discharge in 
the 2 direction, through a section of aquifer 
of width w and thickness b; that is, 

Q ah 
-a-K-. 
w-b 3% 

In practice, steady-state electric-analog 
work may be carried qut by constructing a 
scale model of an aquifer from a conductive 
material and applying electrical boundary 
conditions similar to the hydraulic boundary 
conditions prevailing in the ground-water 
system. The voltage is controlled at certain 
points or along certain boundaries of the 
model, in proportion to known values of head 
at corresponding points in the aquifer; and 

current may be introduced or withdrawn in 
proportion to known values of inflow and 
outflow for the aquifer. When the boundary 
conditions are applied in this manner, volt- 
ages at various points of the model are pro- 
portional to heads at corresponding points 
in the aquifer, and the current density vector 
in various sections of the model is propor- 
tional to the specific-discharge vector in the 
corresponding sections of the aquifer. 

QUESTION 

Suppose an analog experiment of this type 
is set up, and the experimenter traces a line 
in the model along which voltage has some 
constant value. To which of the following 
hydrologic features would this line corres- 
pond? 

Turn to Section: 
a flowline 16 
a line of constant head 21 
a line of uniform recharge 17 
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Your answer in Section 28, 

is not correct. Darcy’s law states that flow 
is equal to the product of hydraulic con- 
ductivity, cross-sectional area, and (nega- 
tive) head gradient. The gradient of head is 

by definition a first derivativethe deriva- 
tive of head with respect to distance. The 
answer which you chose involves a second 
derivative. The correct answer must either 
include a first derivative, or an expression 
equivalent to or approximating a first de- 
rivative. 

Return to Section 28 and choose another 
answer. 

13 0, 

Your answer in Section 21 is not correct. 
We have seen in dealing with the analogy 
between steady-state electrical flow and 
steady-state ground-water flow that volt- 
age is analogous to hydraulic head, whereas 
current, or rate of flow of charge, is analog- 
ous to the volumetric rate of flow of fluid. 
In the analogy between the capacitor equa- 
tion and the storage-head relation, voltage 
must still be analogous to head, or capacitors 

could not be used to represent storage in a 
model incorporating the flow analogy be- 
tween Darcy’s law and Ohm’s law. Similar- 
ly, charge must represent fluid volume, so 
that rate of flow of charge (current) can 
represent volumetric fluid discharge. Other- 
wise the storage-capacitance analogy would 
be incompatible with the flow analogy. 

Return to Section 21 and choose another 
answer. 

14 l - 

Your answer in Section 22 is not correct. 
Increasing both R and C, as suggested in 
the answer which you chose, has the effect 
of increasing the factor RC in the equation 

$Q++,+Q.++J~~+~=RC;. 

On the other hand, an increase in 2 in the 
aquifer causes the factor Sa2/T to decrease, 
in the equation 

Saa Ah 
h,+h,+h,+hd-4ho=--. 

T At 
Thus the proposed technique fails to simu- 
late the hydrologic system. 

Notice that head and voltage are analog- 
ous and that increases in T can be simulated 
by decreases in R. 

Return to Section 22 and choose an&her 
answer. 

0 - 
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Your answer in Section 4 is not correct. 
The rate of accumulation of charge on the 
capacitor plate must equal the net rate at 
which charge is being transported to the 
capacitor through the four resistors. To set 
up the problem, we assume that the current 
is toward the capacitor in resistors 1 and 3, 
and away from the capacitor in resistors 2 
and 4 in the diagram. The current to&rd 
the capacitor in resistor 1 is given by Ohm’s 
law as 

1 I- 1-F(rp1-90)v 
while that in resistor 3 is given by 

The current away from the capacitor in re- 
sistor 2 is given by 

1 I 

- - 

while that in resistor 4 is given by 

L=$,,o-,.,. 

If it turns out that any of these currents 
are not actually in the direction initially 
assumed, the current value as computed 
above will be negative ; thus the use of these 
expressions remains algebraically correct 
whether or not the assumptions regarding 
current direction are correct. 

The net rate of transport of charge to- 
ward the capacitor will be the sum of the 
inflow currents minus the sum of the out- 
flow currents, or 

Il+I,-z,-r,. 
This term must equal the rate of accumula- 
tion of charge on the capacitor plate, Wdt, 

de d+o 
-c-. -- 

dt dt 
That is we must have 

6 
z,+I,-I~-14=C-. 

dt 
The correct answer to the question of Sec- 

tion 4 can be obtained by substituting our 
expressions for I,, I,, Z3, and I4 into this equa- 
tion and rearranging the result. 

Return to Section 4 and choose another 
auswer. 

Your answer in Section 11 Is not correct. which voltage is constant. In developing the 
In steady-state two-dimensional flows, one analogy between flow of electricity and flow 
can specify a function ‘which is constant of fluid through a porous medium, we 
along a flowlitie. However, this function- stressed that voltage is analogous to head ; 
which is termed a stream function-is not current is analogous to fluid discharge ; and 
analogous to voltage (potential) in electrical electrical conductivity is analogous to hy- 
theory; thus a flowline, or line along which draulic conductivity. 
stream function is constant, cannot cor- Return to Section 11 and choose another 
respond to an equipotential, or line along answer. 
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Your answer in Section 11 is not correct. 
The forms of Darcy’s law and Ohm’s law 
which we have used for comparison are re- 
peated below : 

Darcy’s law : 

Q 
-=-K? 
w-b ax 

where Q is the volumetric fluid discharge 
through a cross-sectional area of width w 
and thickness b, taken at right angles to the 
x direction ; K is the hydraulic conductivity ; 
and ah/ax is the derivative of head in the 
x direction. 

Ohm’s law : 
Z a+ -z-g- 

w-b 3% 

where Z is the current through a cross-sec- 
tional area of width w and thickness b, 
taken at right angles to the x direction; u is 
the electrical conductivity ; and a+/ar is the 
derivative of voltage, or potential, in the x 
direction. 

A comparison of these equations shows 
that voltage, or potential, 4, occupies a posi- 
tion in electrical theory exactly parallel to 
head, h, in the theory of ground-water flow. 
Current, I, is analogous to discharge, Q ; 
while c, the electrical conductivity, is analo- 
gous to the hydraulic conductivity, K. These 
parallels should be kept in mind in answer- 
ing the question of Section 11. 

Return to Section 11 and choose another 
answer. 

18 0 
Your answer in Section 9 iS not correct. 

The question concerns a capacitor which is 
connected to a resistor. The idea is to equate 
the rate of accumulation of charge on the 
capacitor plate to the rate at which charge 
is carried to the capacitor through the re- 
sistor-that is, to the current through the 
resistor. The rate at which charge accumu- 
lates on the capacitor plate is given by the 
capacitor equation as 

dc d+c 
-c-. -- 

dt dt 
The current through the resistor, or rate 

at which charge flows through the resistor, 
is given by Ohm’s law as 

z=-$-4Jc~. 

Return to Section 9 and choose another 
answer. 

19 0 
Your answer in Section 1 is not correct. 

Ohm’s law was given in the form 

Z=&V#J2~. 

in volts, current, Z will be in amperes. In the 
example given, +1 - (p2 was 5 volts and R was 
500 ohms. Substitute these values in the 
equation to obtain the amount of current 
through the resistor. 

Return to Section 1 and choose another 
If R is in ohms and the difference +,-4, is answer. 
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Your answer, in Section 9, 

is not correct. The rate of accumulation of 
charge on the capacitor, de/dt, is equal to C 
(d+,/dt), and this part of your answer is 
correct. However, the idea is to equate this 
rate of accumulation of charge on the ca- 
pacitor to the rate of transport of the charge 

toward the capacitor, through the resistor- 
that is, to the current through the resistor. 
This current is to be expressed in terms of 
resistance and voltage, using Ohm’s law; 
and this has not been done correctly in the 
answer which you chose. Ohm’s law states 
that the current through a resistance is equal 
to the voltage drop across the resistance di- 
vided by the value of the resistance in ohms. 

Return to Section 9 and choose another 
answer. 

97 0 

Your answer in Section 11 is correct. The 
line of constant voltage, or equipotential line, 
is analogous to the line of constant head in 
ground-water hydraulics. 

The analogy between Darcy’s law and 
Ohm’s law forms the basis of steady-state 
electric-analog modeling. In recent years, the 
modeling of nonequilibrium flow has become 
increasingly important; and just as Darcy’s 
law alone is inadequate to describe non- 
equilibrium ground-water flow, its analogy 
with Ohm’s law is in itself an inadequate 
basis for nonequilibrium modeling. The 
theory of nonequilibrium flow is based upon 
a combination of Darcy’s law with the stor- 
age equation, through the equation of con- 
tinuity. To extend analog modeling to non- 
equilibrium flow, we require electrical equa- 
tions analogous to the storage and continuity 
equations. 

The analog of ground-water storage is 
provided by an electrical element known as 
a capacitor. The capacitor is essentially a 
storage tank for electric charge; in circuit 
diagrams it is denoted by the symbol shown 
in figure A. As the symbol itself suggests, 
capacitors can be constructed by inserting 
two parallel plates of conductive material 
into a circuit, as shown in figure B. When 
the switch is closed, positive charge flows 
from the battery to the upper plate and ac- 

cumulates on the plate in a manner analo- 
gous to the accumulation of water in a 
tank. At the same time, positive charge is 
drawn from the lower plate, leaving it with 
a net negative charge. Figure C shows a 
hydraulic circuit analogous to this simple 
capacitor circuit; when the valve is opened, 
the pump delivers water to the left-hand 
tank, draining the right-hand tank. If the 
right-hand tank is connected in turn to an 
effectively limitless water supply, as shown 
in figure D, both the volume of water and 
the water level in the right-hand tank will 
remain essentially constant, while water will 
still accumulate in the left-hand tank as the 
pump operates. The analogous electrical ar- 
rangement is shown in figure E; here the 
additional symbol shown adjacent to the 
lower plate indicates that this plate has been 
grounded-that is, connected to a large mass 
of metal buried in the earth, which in effect 
constitutes a limitless reserve of charge. In 
this situation, the quantity of charge on the 
lower plate remains essentially constant, as 
does the voltage on this plate, but the bat- 
tery still causes positive charge to accumu- 
late on the upper plate. The voltage on the 
lower plate is analogous to the water level 
in the right-hand tank, which is held con- 
stant by connection to the unlimited water 
supply. 
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FIGURE A 

FIGURE: C 
Tanka 

FIGURE D 

Limitless 
water 

+ 

SUPPlY 

FIGURE E 

/7 

In a circuit such as that shown in figure 
E, it is customary to designate the constant 
voltage of the ground plate as zero. This is 
done arbitrarily-it is equivalent for ex- 
ample, to setting head equal to zero at the 
constant water level of the right-hand tank 
of figure D. With the voltage of the grounded 
plate taken as zero, the voltage difference 
between the plates becomes simply the volt- 
age, 4, measured on the upper elate. In the 
circuit of figure E, this voltage is equal to 
the voltage produced by the battery. 

Now suppose an experiment is run in which 
the battery in the circuit of figure E is re- 
placed in turn by batteries of successively 
higher voltage. At each step the charge on 
the positive plate is measured in some way, 
after the circuit has reached equilibrium. 
The results will show that as the applied 
voltage is increased, the charge which ac- 
cumulates on the positive plate increases in 
direct proportion. If a graph is constructed 
from the experimental results in which the 
charge, E, which has accumulated on the 
positive plate is plotted versus the voltage 
in each step, the result will be a straight 
line, as shown in the figure. The slope of 
this line, AC/A+, is termed the capacitance of 
the capacitor, and is designated C; that is, 

OL 
&-!z, c=-, 

W @J 
or simply 

Capacitance is measured in farads, or more 
commonly in microfarads ; a farad is equal 
to 1 coulomb per volt. 

These equations serve to define the opera- 
tion of a capacitor and provide the analog 
we require for the equation of ground-water 
storage. It will be recalled that the rela- 
tion between volume in storage and head 
can be written 
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QUESTION 

Which of the following statements cor- 
rectly describes the analogy between the 
capacitor equation and the ground-water- 
storage-head relation? 

Turn to Section: 

I 
Voltage on capacitor plate #J 

where AV is the volume of water taken into 
or released from storage in a prism of aqui- 
fer of base area A, as the head changes by 
an amount Ah. 

Charge is analogous to head, voltage 
is analogous to volume of water, 
and capacitance, C, is analogous to 
the factor SA. 13 

Charge is analogous to volume of 
water, voltage is analogous to head, 
and capacitance, C, is analogous to 
the factor SA. 9 

Charge is analogous to volume of 
water, voltage is analogous to head, 
and capacitance, C, is analogous to 
the factor 

1 

G 
10 

22 0 

Your answer in Section 4, 

is mrrect In Part VII, we obtained a finite- 
difference approximation to the differential 
equation for two-dimensional non-steady- 
state ground-water flow, 

azh a2h S ah 
-+-=--. 
ax* ay2 T at 

This approximation can be written 
h,+h,+h,-t-h,-4h, S Ah, 

=--, 
a2 T At 

or 
Sa2 Ah, 

h,+hz+h,+h,-4h,=---. 
T At 

Y 

h I 
h,- ho.. h,, x 

a- 

a 



166 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 
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where h,, h,, h,, h,, and h, represent the head 
values at the nodes of an array such as that 
shown in the sketch; a is the node spacing; 
S is storage coefficient ; T is transmissivity ; 
and Ah,/At represents the rate of change of 
head at the central node. The circuit equa- 
tion which we have just obtained is directly 
analogous to this finite-difference form of 
the ground-water equation, except for the 
use of the time derivative notation d+,idt as 
opposed to the finite-difference form, Ah,/ 
At. In other words, the circuit element com- 
posed of the four resistors and the capacitor 
behaves in approxjmately the same way as 
the prism of confined aquifer which was 
postulated in developing the ground-water 
equations. It follows that a network com- 
posed of circuit elements of this type, such 
as that shown in the figure, should behave 

G indicates grounded terminal 

in the same way as a two-dimensional con- 
fined aquifer of similar geometry. The non- 
equilibrium behavior of such an aquifer map 
be studied by constructing a model of the 
aquifer, consisting of a network of this type ; 
electrical boundary conditions similar to the 
observed hydraulic boundary conditions are 
imposed on the model, and voltage is moni- 
tored at various points in the network as a 
function of time. The voltage readings con- 
stitute, in effect, a finite-difference solution 
to the differential equation describing head 

in the aquifer. The time scale of model ex- 
periments is of course much different from 
that of the hydrologic regime. A common 
practice is to use a very short time scale, in 
which milliseconds of model time may rep- 
resent months in the hydrologic system. 
When time scales in this range are employed, 
the electrical excitations, or boundary condi- 
tions, are applied repeatedly at a given fre- 
quency, and the response of the system is 
monitored using oscilloscopes. The sweep 
frequency of each recording oscilloscope is 
synchronized with the frequency of repe- 
tition of the boundary-condition inputs, so 
that the oscilloscope trace represents a curve 
of voltage, or head, versus time, at the net- 
work point to which the instrument is con- 
nected. 

QUESTION 

Suppose we wish to model an aquifer in 
which transmissivity varies from one area 
to another, while storage coefficient remains 
essentially constant throughout the aquifer. 
Which of the following procedures would 
you consider an acceptable method of simu- 
lating this condition in a resistance-capacit- 
ance network analog? 

Turn to Section: 

Construct a network using uniform 
values of resistance and capaci- 
tance, but apply proportionally 
higher voltages in areas having a 
high transmissivity. 2 

Construct a network in which resist- 
ance and capacitance are both in- 
creased in proportion to local in- 
creases in transmissivity. 14 

Construct a network in which resist- 
ance is varied inversely with the 
transmissivity to be simulated, 
while capacitance is maintained at 
a uniform value throughout the 
network. 5 
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23 0 

Your answer in Section 26, 

Z a+ 
-=--9 
w-1 ax 

is not correct. The answer which you chose 
actually expresses the component of current 
density in the x direction.’ w * I is an area 
taken normal to the x direction. If Z repre- 
sents the current through this area, Z/w *Z 
will give the component of current density 
in the x direction ; and this should equal -U 

times the directional derivative of voltage in 
the x direction, 3+/3x. However, the question 
asked for the current density component in 
the x direction ; and in fact, the problem 
stated that the current flow was two dimen- 
sional confined to the x, y plane. This im- 
plies that the current component in the ver- 
tical direction is zero, and thus that a+/~ is 
zero as well. 

Return to Section 26 and choose another 
answer. 

24 0 

Your answer in Section 6 is not correct. 
Ohm’s law was given in Section 1 as 

Z=+-,*, 

where +1-+2 is the voltage difference across 
a resistance, R, and Z is the current through 
the resistance. In Section 6 the expression 

R=,,,.k 
A 

was given for the resistance, where pe is the 
electrical resistivity of the material of which 
the resistance is composed ; L is the length 
of the resistance, and A is its cross-sectional 
area. This expression for resistance should 
be substituted into the form of Ohm’s law 
given above to obtain the correct answer. 

Return to Section 6 and choose another 
answer. 

25 0 

Your answer in Section 26, 

Z a+ 
-=--9 
W-1 3Y 

is not correct. The component of current 
density in a given direction is defined as the 
charge crossing a unit area taken normal to 
that direction, in a unit time. Here we are 
concerned with the current density compo- 
nent in the x direction; we must accordingly 
use an area at right angles to the x direc- 

tion. In your answer, the area is w * I, which 
is normal to the x direction. Again, the com- 
ponent of current density in a given direc- 
tion is proportional to the directional deri- 
vative of voltage in that direction. Since we 
are dealing with the component of current 
density in the x direction, we require the 
derivative of voltage in the x direction. The 
answer which you chose, however, uses the 
derivative of voltage with respect to y. 

Return to Section 26 and choose another 
answer. 
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Your answer in Section 28 is correct. The 
term 

hl-h, 

LP 
is equivalent to the negative of the head 
gradient, -ah/ax, so that this formulation 
of Darcy’s law is equivalent to those we have 
studied previously. Now let us compare this 
form of Darcy’s law with Ohm’s law. 

Our expression for Darcy’s law was 

hi-h, 
Q-K.-.A,. 

LP 
Our expression for Ohm’s law in terms of 

electrical conductivity was 

41-h 
z= as--A. 

L 
In terms of electrical resistivity, we ob- 
tained 

I= 
1 h-42 

-.-.A. 
P L 

In these forms, the analogous quantities 
are easily identified. Voltage takes the place 
of head, current takes the place of fluid dis- 
charge and as noted in the preceding sec- 
tion U, or l/p, takes the place of hydraulic 
conductivity. We note further that since cur- 
rent is defined as the rate of movement of 
electric charge across a given plane, while 
fluid discharge is the rate of transport of 
fluid volume across a given plane, electric 
charge may be considered analogous to fluid 
volume. 

In Part II, we noted that Darcy’s law 
could be written in slightly more general 
form as 

Q, ah 

q@=-T= -K- ax 
Qv -Kah 

qy=-= - 
A av 

and 
Q, ah 

q2=A= -K- az 
where q. is the component of the specific- 
discharge vector in the x direction, or the 
discharge through a unit area at right angles 
to the x axis ; qy is the component of the spe- 
cific-discharge vector in the 2/ direction, and 
qz is the component in the x direction. The 
three components are added vectorially to 
obtain the resultant specific discharge. ah/ 
ax, ah/& and ah/ax are the directional 
derivatives of head in the x, y, and x direc- 
tions ; and K is the hydraulic conductivity, 
which is ,here assumed to be the same in any 
direction. We may similarly write a more 
general form of Ohm’s law, replacing the 
term +1 - cp,/L by derivatives of voltage with 
respect to distance, and considering compo- 
nents of the current density, or current per 
unit cross-sectional area, in the three space 
directions. This gives 

Z 0 a+ 1 a+ 
A, 

r--s--- 
ax pe ax 

Z 

0 
a+ 1 a+ 2 y =-u--&=-,ay 

Z 

0 
a+ 1 a4 

A. 
c--s --m, 

a2 Ps az 

Here (Z/A) m is the current through a unit 
area oriented at right angles to the z axis, 
(Z/A), is current through a unit area per- 
pendicular to the II axis, and (Z/A). is the 
current through a unit area perpendicular to 
the z axis. These terms form the compo- 
nents of the current density vector. @/a%, 
a+/& and a+/az are the voltage gradients, 
in units of volts/distance, in the three direr- 
tions. These three expressions simply repre- 
sent a generalization to three dimensions 
of the equation given in Section 1 as Ohm’s 
law. 
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QUESTION 

The picture shows a rectangle in a con- 
ductive sheet, in which there is a two-dimen- 
sional flow of electricity. The flow is in the 
plane of the sheet, that is, the 2, y plane ; 
the thickness of the sheet is b, and the di- 
mensions of the rectangle are I and w. Which 
of the following expressions gives the mag- 
nitude of the component of current density 
in the x direction? 

Turn to Section: 

Z a+ 
-= -(I-- 11 
web ax 

I a+ -= -#J- 25 
W*l aTI 

I a+ -z-g- 23 
W-1 ax 

(I represents the current through the area 
utilized in the equation, we b or w -1.) 

27 0 

Your answer in Section 4 is not correct. 
The essential idea here is that the rate of 
accumulation of charge on the capacitor 
must equal the net inflow minus outflow of 
charge through the four resistors. The in- 
flow of charge through resistor 1 is the cur- 
rent through that resistor, and is given by 
Ohm’s law as 

The outflow through resistor 2 is similarly 
given by 

1 

The inff ow through resistor 3 is 
1 

za=- R (b-&J, 
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27 l -Con. 
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while the outflow through resistor 4 is 

L=$0-,,,. 

The net inflow minus outflow of charge to 
the capacitor is 

z,+z,-I,-I,, 

and this must equal the rate of accumula- 
tion of charge on the capacitor, dc/dt, that 
is 

z,+z,-I,-I,=&. 
dt 

According to the capacitor equation, de/ 
dt is given by 

de d+o - = IC-. 
dt dt 

The answer to the question of Section 4 
can be obtained by substituting the appro- 
priate expressions for I,, I,, I, I, and dc/dt 
into the relation 

I,+z,-I,-I,=? 
dt ’ 

and rearranging the result. 
Return to Section 4 and choose another 

answer. 

28 0 - 

Your answer in Section 6 is correct. 
Electrical conductivity, or l/resistivity, is 

the electrical equivalent of hydraulic con- 
ductivity. In terms of electrical conductivity, 
Ohm’s law for the problem of Section 6 be- 
comes 

z= $#d2, 

where u is electrical conductivity. 

The analogy between Darcy’s law and 
Ohm’s law is easily visualized if we consider 
the flow of water through a sand-filled pipe, 
of length L, and cross-sectional area A,, as 
shown in the diagram. The head at the in- 
flow end of the pipe is h,, while that at the 
outflow end is h,. The hydraulic conductivity 
of the sand is K. 

QUESTION 

Which of the following expressions is ob- 
tained by applying Darcy’s law to this flow? 
(& represents the discharge through the 
Pipe. 1 

Turn to Section: 

Q= -K.zh.A, 12 
ax2 

hi-h, 
&=&-.A, 26 

LP 

Qz-!!.- 
J% 

7 
A, h,-h, 
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