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Space Administration
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Atmospheric Administration

nm - —-nanometre
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activity

0) o) « part per billion
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Systéme International
(International System)

standard mean ocean water
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population standard deviation

United States Pharmacopeia

______ Universal Transverse Mercator
var . ____._._ variance
W oo watt
W/V oo weight per volume
ya o yard E

the concern that our reference in the “Journal of Research of the U.S. Geo- i

logical Survey” (Vol. 3, No. 1, p. 9) has caused them. We had no intention

of misquoting or misconstruing what they had written but intended to refer
to their discussion on concepts of mining whole rocks or large parts of the
Earth’s crust. The reference was misplaced in the sentence that reads:
“Some (Govett and Govett, 1972, p. 285) hold that the resource base
of a commodity is the total amount within all the Earth’s crust.”
The sentence should read :
“Some hold that the resource base of a commodity is the total amount
within all the Earth’s crust as discussed by Govett and Govett (1972,

p. 285).”

Norman J Page.
S. C. Creasey.

Any use of trade names and trademarks in this publication is for descriptive purposes
only and does not constitute endorsement by the U.S. Geological Survey.

II



Jour. Research U.S. Geol. Survey
Vol. 3, No. 5, Sept.—Oct. 1975, p. 505-512

THE DISTRIBUTION OF SEEPAGE WITHIN LAKEBEDS

By M. S. McBRIDE and H. O. PFANNKUCH,*

Saint Paul and Minneapolis, Minn.

Work done in cooperation with the U.S. Environmental Protection Agency

Abstract.—The mutual exchange of water between lakes and
contiguous permeable ground-water bodies, which are thin
relative to the diameter of the lakes, was modeled digitally. A
significant rate of seepage was found to extend only a rela-
tively short distance from shore, thus forming a narrow band
around the lake’s perimeter. This near-shore concentration of
seepage is an effect only of the geometry of the ground-water
flow system, which is governed by the geometry of the body of
permeable material, the spatial distribution of permeability
within it, and the form of the water table. Near-shore seepage
occurs independently of the presence of fine-grained, low-
permeability sedimentary bottom materials in the central part
of the lake. Digital modeling indicates that the velocity of
seepage generally decreases at an exponential rate as a fune-
tion of distance from shore. Field measurements of seepage
rates through the bottom of Lake Sallie, west-central Minne-
sota, confirm the model results by demonstrating that both
the near-shore seepage band and the exponential decrease in
seepage velocity actually exist.

Recent field studies (Allred and others, 1971; Sloan,
1970, 1972; and Shjeflo, 1968) have demonstrated sig-
nificant interchange between lakes and ground-water
bodies in hydrogeologic situations where such inter-
change might intuitively seem unlikely. From these
studies and others, we are convinced that lakes, rather
than being isolated from ground-water bodies by lake-
bottom sediments, are generally in close connection
with them, forming integral parts of dynamic ground-
water flow systems.

This paper deals with seepage in the sense of water
moving across the interface between a porous medium
and open water or air. Its purpose is to consider how
such seepage 1s distributed over the bottoms of natural
lakes; that is, to determine where the rate of seepage
is greatest and where least. We determined this first by
use of simple but realistic mathematical models and
second by field measurements of seepage rates.

The present studies apply to situations in which the
width of the lake is greater than, or at least comparable
to, the thickness of permeable material underlying the

1 Department of Geology and Geophysics, University of Minnesota.

lake. This is generally the situation in Minnesota and
Wisconsin, where the glacial drift is seldom more than
150 m thick and where most lakes are greater than
150 m wide. In many places, moreover, a low-permea-
bility layer within the drift may form an effective
base for the near-surface ground-water flow, and the
thickness of permeable material beneath the lake may
be considered to be much less than the total thickness
of the drift. Freeze and Witherspoon (1967) have
shown that a layer only one order of magnitude lower
in permeability than the surface layer can form an
effective lower limit to a near-surface ground-water
flow system. '

FORMULATION OF MATHEMATICAL MODELS

The relation between ground-water flow systems and
lakes is shown diagrammatically in figure 1. Flow sys-
tems are bounded above by the water table and below
by low-permeability materials. Ground-water flow
diverges from ground-water divides, converges on
some lakes, and diverges from others. Many lakes prob-
ably receive inward seepage through part of their beds
and discharge water to the ground through another
part.

To evaluate the distribution of seepage through a
lake’s bottom, we first calculated the distribution of
head within the permeable materials near the lake and
then calculated the rate of seepage to or from the lake,
as a function of position on the lake bottom, by Darcy’s
law.

The modeling approach used assumes the following:

1. Ground-water flow is two dimensional, as would
occur if the lake shores and ground-water divides
were straight, parallel, and infinitely long.

2. The principal axes of permeability are everywhere
alined with the coordinate axes; that is, maxi-
mum permeability is always in the horizontal
direction and minimum permeability in the verti-
cal direction.
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Land surface

FIcURE 1.—Relation between lakes and ground-water flow. Two
regions appropriate for modeling are shown by dashed lines

3. While layers may be present with permeability dif-
.. fering from layer to layer, within each layer the
permeability is everywhere the same. :

:isthus steady. state.

5. The permeable materials are thin in comparison to
the width of the lake.

6. Under steady-state conditions, the distribution. of

head conforms to a generalized form of Richards’ ™

equation (Richards, 1931):

_a__ I:Kac(m 2) o¢ :l +1[Kz(m,z) o¢ } =0
Yol4 Yo -] o2

oz

(1)

«in Wh1ch ¢=hydraulic head, defined as the height-

- above some arbitrary level to which water
will rise in a tube whose lower opening is

at the point where head is to be-specified,
Kz (z2) =hydraulic conductivity at pomt (w ) in”

the «-direction, and

Kz (z,2) =hydraulic conductivity at point-(z,2) in -

the z-direction.

This equation can be solved to give head as a func-
tion of # and z within a region, if boundary conditions
are specified along the region’s edges. The boundary
conditions imposed are shown in figure 1, in which two
appropriate regions for modeling are bounded .by
dashed lines. Along the water table; the head (that:is,
the altitude of the water table) is known from field

“Along’ the bottom of each region, an impermeable
- ~boundary is-assumed.

Side boundaries are not so easy.to define. Places
where ground-water flow ‘diverges, as at ground-water
divides, or converges, as at the center of the middle
lake in figure 1, are modeled as impermeable (imagi-

nary) boundaries. As a first approximation: ‘we have -
assumed such boundaries to be straight-and‘vertical. -

Beneath a Také both fed from and feeding a ground-
water-body; there-must-be an equipotential line having
the same head as the lake.-In situations where- the

lower boundary is close to horizontal, this equipotential

DISTRIBUTION OF SEEPAGE WITHIN LAKEBEDS

line is nearly vertical. (In the absence of field data it
may be modeled as being at the center of the lake.)

*The smodeling#program was constructed so that any
_vertical bound‘mry could be made either impermeable
--orconstantsheéadiz: :

In this: study, Rlchfmrds equat“"'n was'solved numeri-
cally, using the point successive over-relaxation
method, details of which may be found in standard
texts (von Rosenberg, 1969; Mitchell, 1969). The
mathematical methods are not new, being based on the
work of Freeze and Witherspoon (1966).

SEEPAGE AS PREDICTED BY MODELS
The: results;obtained: from :the: models -may best be

+ uniderstood by.examining one ‘model in detail. Figure
w4, . Position of the water table is constant. The model'

24 illustrates a model with isotropic porous materials,
horizontal lower boundary, and impermeable side
boundaries. Numbered lines are equipotential lines;
the units of head are arbitrary.

- Except for equipotential 10 which is affected by
vertical flow near the divide, the equipotential lines are
nearly vertical ; thus, ground-water flow is nearly hori-
zontal through most of the section.

Figure 2B represents the left third of figure 24,
with the vertical exaggeration adjusted so that flow
lines ~orthogonal -to ‘the-equipotential lines may be

shown in greater 'detail near the lakeshore. Note in

figure 2B that flow lines that emerge beneath the lake

" are concentrated close to shore, where most seepage

enters in a’narrow band, rather than being distributed
uiniformly over the entire bottom.

Concentrated - seepage -below lake level may be
quantitatively evaluatéd:by determining the relation
between seepage rate and distance from shore. The
numerical method used in this study yields values of
head at a finite number of nodal points, which cover
the region of interest in a regular rectangular grid.
Therefore, in figure 2B, imagine one column of nodes

~to the right of the lake edge and an adjacent column

to.the-left. The flux from a node in the right column

observations or is assumed for hypothetical problems. to.the adjacert:node-ifi‘théileft 'column is the difference

“in-heads ‘divided by ‘the-hotizontal distance, multiplied

by the vertical distance and by the horizontal hydraulic
conductivity. This is simply an application of Darcy’s
law. Fluxes so calculated for each pair of nodes along

. the columns are summed to:give .the total horizontal _
:flux between the two columns.

- “Horizontal fluxes can'be calculated in the same way

‘between all pait's of*nodal columns lying beneath the

lake. Fluxes'so calculated are plotted against distance

. from shore on a semilogarithmic grid in figure 2C. A

straight line seems to fit the data satisfactorily, imply-

~ing that flux decreases exponentially with distance.
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near-shore concentration of flow lines. €, Relation between horizontal flux (or seepage rate) and distance from shore.

That is, the flux can be represented approximately as
a function of distance from shore by an equation of
the form f=f,e—<X, where f is the total flux across a
vertical line through the aquifer at a distance X from
shore, f, the flux at the shoreline, and —¢ is the slope
of graph of flux against distance on semilogarithmic
coordinates, as shown in figure 2C. However, seepage
into or from the lake is of primary interest, rather
than horizontal ground-water flux in the aquifer. The
seepage into or from the lake, per unit width of lake-
bed,-is equal to the rate of change of the horizontal
flux with distance, since change in flux implies a loss
or gain in flow which can occur only by seepage
through the lakebed. In equation form,

I/w= (foe—°%) = —cfoe—cX

-

where 7/w is the seepage rate per unit width of lake-
bed, and the term —e¢f, is equal to the seepage rate at
the lakeshore.

These equations show that a plot of seepage rate per
width of lakebed against distance from shore, on semi-
logarithmic coordinates, will be a straight line having
the same slope as a plot of horizontal ground-water
flux against distance from shore. If the flux and seep-
age terms are plotted in dimensionless form, by divid-
ing each flux by the flux at the shoreline, f,, and each

seepage rate by the seepage rate at the shoreline, —cfo,
the two plots become identical. In equation form,

FoL/w

fo (I/w)o

Thus, a plot of horizontal flux in dimensionless form
against distance from shore, such as that shown in
figure 2C, can be taken equivalently as a plot of seep-
age rate in dimensionless form against distance from
shore.

Ten model runs for selected parameter values are
illustrated in figure 3 to show the effect of the shape of
the water table and subsurface hydraulic conductivity
variations on the near-shore concentration of seepage.
In these illustrations, the vertical scale has been exag-
gerated about 16 times. However, because the ratio of
horizontal to vertical hydraulic conductivity has been
assumed equal to 10 for each model, the vertical exag-
geration for equivalent isotropic models would be
about 5 times. Because of this scale distortion, vertical
flow components are less pronounced than might be
anticipated. Data points represent flux values on the
graphs accompanying the models, but the straight lines

=g—°X,

‘through them can equally well be taken to represent

seepage. Table 1 summarizes hydraulic conductivities
of the various layers and boundary conditions in the
models, as depicted in figures 2 and 3.
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A Equipotential line
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TABLE 1.—Parameters used in theoretical models
[I, impermeable; C, constant head]

Figure Hydraulic conductivity (arbitrary units) Boundary
No. in Larger layer Smaller layer condition
text  "Horizontal Vertical Horizontal Vertical Left Right

100 _——— — I I

100 ——— — I C

100 ——— — I I

100 —— _— I I

100 ——— —- I C

100 1 1 I C

100 1 1 I C

100 ——— —- C C

10 1,000 100 I I

10 1,000 100 I C

1 1,000 100 I C

Figure 34 is identical to figure 2, except that the
depth of the section is greater. Note that the seepage
rate in figure 34 falls off more slowly with distance
than in figure 24 because of greater transmissivity.

Figure 38 and 3¢ differ only in the forms of their
water tables. In figure 3B the water table is a parabola
and in figure 3C a straight line. The graphs of seepage
are similar. Evidently here the concentration of seep-
age 1s controlled by a constant-head boundary at the
lake bottom, rather than by the form of the water table
away from the lake.

‘Figures 3D, £, and F illustrate the effect of low-
permeability bottom sediments. In D, such sediments
are absent. In £, they cover the central two-thirds of
the lakebed and in #, the entire bed. The seepage
graphs for D and Z coincide over most of their lengths.
Over 95 percent of the seepage enters the lakes in the
regions where the graphs are coincident. The end of
the graph in £ turns down sharply, evidently affected
by the edge of the sediments. ' shows a considerably
different result. The sharp bending of the equipoten-
tial lines near shore, where they pass from underlying
high-permeability materials into low-permeability lake
sediments, reveals that flow is much more nearly verti-
cal in the lake sediments than in the material below.
In effect, low-permeability sediments spread out seep-
age under more of the lake by slowing flow into the
lake. The result is clear from the seepage graph for #
whose slope is only half as great as those shown in
D and E.

Figure 3G shows a lake connected with a sloping
water table. Water flows into the lake on the right side
and out on the left. Note that the water table was
sketched so that the horizontal flux toward the lake
.. was greater than that away from it. Both in and out
- fluxes were made dimensionless by dividing them by
the flux toward the lake, so the two graphs are dis-
placed from one another. In a real lake, a difference
between ground-water fluxes toward and away from
the lake could be accounted for by losses from the lake
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by streamflow or evaporation. These components of a
lake’s water balance are not explicitly included in this
model.

Little of the ground-water flow passes beneath the
lake. Instead, most is diverted upward as it approaches
the lake, passes through the lake, moves downward,
and eventually comes back to the horizontal. The graph
of flux toward the lake shows that at 10 nodes from
shore, or 40 percent of the way across the lake, the
horizontal ground-water flux is 0.04, or only 4 percent
of its value at the lake shore. Thus, 96 percent of the
ground water has entered the lake prior to this point.
The same situation occurs on the outflow side of the
lake. The lake’s depth is 15 percent of the thickness of
the underlying materials and its width about 110 per-
cent if the materials are considered isotropic. These
figures are reasonable for a real lake. We believe that
1t is common for most ground water flowing in the
vicinity of a lake to be diverted through the lake,
because real lakes are commonly several aquifer thick-
nesses in width.

Figures 37, 7, and J have the same water table and
lower boundary as figure 3D, but differ in having in-
homogeneous permeable materials beneath the lakes.
In H, the high-permeability layer at the bottom of the
section serves to spread seepage somewhat more evenly
across the lake bottom than in D. This is reflected in a
smaller slope of the graph in H. A similar effect is
shown in 7, even though the high-permeability layer is
less extensive, covering less than half the bottom of the
section. In J, the high-permeability material forms a
lens and lies much closer to the lake bottom than in
H and /. Evidently, this lens has a strong effect on the
distribution of seepage, because here the decrease in
seepage rate is linearly related to the distance from
shore rather than exponentially, as in all the other
figures. Note that the graph’s grid is linear rather than
semilogarithmic.

It may be concluded from these theoretical models
that ground-water inflow is concentrated near the
shores of lakes under a wide variety of hydrogeologic
conditions and that in many places seepage rate will
decrease exponentially with distance from shore.

APPLICABILITY OF MODELS TO FIELD SITUATIONS

The models presented in figures 2 and 3, of course,
do not cover all hydrogeologic situations. We believe,
however, that the conclusions drawn from the models
are applicable to a wide variety of lakes for the follow-
Ing reasons:

First, the model sections are nondimensional. No
linear dimensions enter into Richard’s equation (eq 1)
or into any of the boundary conditions; thus, a given
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model may represent either a large field section or a
small one. Figure 2, for example, can represent a lake
a few tens of metres in diameter lying in permeable
materials a few metres thick, or it can represent a lake
several kilometres across lying in material hundreds of
metres thick.

Second, the distribution of potential does not depend
on magnitudes of permeabilities of the porous ma-
terials. This means in nonhomogeneous sections the
forms of the equipotentials are governed by relative
permeabilities of the various layers rather than by
absolute values.

Third, each model may represent a variety of aniso-
tropies and finite-difference grids. The horizontal flux
between adjacent nodes whose heads differ by a¢ is
given by Darcy’s law as:

Qe=K: wAz—A?—
A
where Axz=horizontal hydraulic conductivity,
Az=grid spacing in vertical direction, and
Az= grid spacing in horizontal direction.
The variables characterizing permeability and the

grid geometry may be isolated in a single constant,

Cu=Ku22
Ax
Similarly, for the vertical flux
Qz=Isza: a¢ and Oz=Kz ar_
Az Az

Each node of the model may, therefore, be charac-
terized by a value of Cx: (2, rather than by particular
values of Kz, Kz, Az, and Az. A given model can rep-

resent any combination of permeabilities and node
Kz (Az)?

Kz(Ax)?
‘is equal to the value of Cz: 'z characterizing that node.
In summary, the anisotropy can be varied as long as
the ratio of coordinate spacings is varied is a com-
pensating way. In all the models presented above, the
was set at 0.1 and the anisotropy _ifﬁa at
Az Kz

spacings for which, at each node, the term

ratio

10 for the largest layer; thus —Z—w was 0.1.
2

Situations certainly exist in which seepage is not
concentrated along lake shores. An example is where
the width of a lake is very small compared to the thick-
ness of the underlying ground-water flow system.
Freeze and Witherspoon (1966) have presented models
of this condition in which the water table is undulat-
ing. These could represent regions of hummocky topog-
raphy, where ground-water bodies are recharged in
topographic highs and discharged by evaporation from
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small ponds in intervening depressions. The ponds have
diameters much less than the thickness of the sections.
The models show flow lines rising almost vertically to
some of the depressions. Evidently, the seepage occurs
almost uniformly across the bottoms of these depres-
sions; thus, the concentration noted previously is ab-
sent.

The geologic possibilities are too diverse for a gen-
eral rule to apply; but we may venture, on the basis
of the models available, that near-shore concentra-
tion of seepage will be significant only where a lake’s
diameter is at least roughly comparable to the thick-
ness of the underlying permeable materials.

FIELD MEASUREMENTS OF SEEPAGE RATES

Conclusions drawn from theoretical models are much
more convincing when supported by field observations.
Such observations of seepage were provided by Lee
(1972) as part of a study of Lake Sallie, Becker
County, west-central Minnesota. Lake Sallie has an
area of 5.2 km? and a mean depth of 6 m. It is kidney
shaped, 3.3 km long and 1.7 km wide, and lies in
sandy glacial outwash which has an average thickness
of 15 m and a hydraulic conductivity of about 0.1
cm/s. The outwash is underlain by a thick layer of
clay till having a hydraulic conductivity of 3.5X10—8
cm/s. Ground-water movement in the outwash is to-
ward the lake along almost all of the lake’s perimeter.
Fourteen percent of the inflow to the lake is ground-
water seepage.

Lee made several hundred measurements of the rate
of seepage into Lake Sallie at distances from 8 to
110 m from shore. The seepage meter used is illustrated
in figure 4. The end of a steel drum was cut off to form
a shallow metal collector pan that was imbedded, open
side down, a few centimetres into the sand on the lake
bottom. A thin-walled plastic bag, containing a
weighed amount of water but no air, was attached to
the tube. After a few hours or days, the bag was re-
weighed. Any water that seeped upward through the
area of lake bottom covered by the pan was trapped

Water surface\

p/ﬂastic bag
. Lake

bottom:‘ /) / l/ ) VPan

T f Ground-vl]v\ater flow ! T T

F16URE 4.—Operation of a seepage meter.
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and diverted into the plastic bag. The change in
weight was converted to an equivalent volume of
seepage which, when divided by the area of the pan
and time for which the bag was connected, gave the
seepage velocity.

A representative selection of the data is plotted in
figure 54 through 5F7. Data in each graph come from
measurements made close to a straight line extending
perpendicularly from shore out into the lake. All lines
of measurements are along a nearly straight part of
the southwest shore of Lake Sallie. The distance from
line A, on the north to line F, on the south, is about
800 m. As much as possible the data in each graph
are from a single month. When more than one measure-
ment was made at a location, the results were aver-
aged; thus, most data points in figure 5 represent two
or more measurements.

Although there is much scatter, a straight line seems
to fit the data as a satisfactory first approximation.
Thus, the seepage rate decreases as an exponential
function of distance from shore in the field examples,
just as it did in the theoretical cross sections previously
presented.

WIDTH OF THE ZONE OF RAPID SEEPAGE

The width of the zone of rapid seepage in a real

lake was investigated using field data from Lake
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Ficure 5.—Seepage rates as a function of distance from shore
at Lake Sallie.

Sallie. Consider figure 64 ; a strip of lake bottom
1 ym wide extends perpendicularly from shore into
the lake. The seepage velocity, S, is a function of the
distance from shore, X, for points along the strip.

At Lake Sallie (fig. 5) the seepage velocity decreases
one order of magnitude for every 60 m (6X10” um)
of distance, approximately. The seepage velocity is
about 0.6 um/s at the shoreline. Here then, log §=

~(X/6x10") + log 0.6, or § =0.6 (10—X/6x10"y
where § is expressed in micrometres per second and X
in micrometres. The total seepage rate from the strip,
between the shore and a specific distance Z from the
shore, is given by

X=L .
Q(L)=06]  10-cmxehax
X=0

where X is the variable of integration and L is the
upper limit.

Evaluating this integral analytically gives the
formula

@ (L) = —1.56X107 (10— (w/6x10) —1)
for total seepage rate as a function of L.
If L is taken at the center of Lake Sallie, about 1
km from shore, seepage through the entire strip
amounts to 1.56 X10" um/s. The percentage of this total

taking place within a given distance from shore is
shown in figure 6B. One-half of the discharge occurs

within 17 m of shore, 90 percent within 60 m, and’

99 percent within 120 m. Thus, at Lake Sallie, the
width of the zone of high seepage is, roughly, 100 m,
or one-tenth the distance to the center of the lake.
Note that the edge of the fine-grained sediments in
the center of Lake Sallie is 300 m from shore at the
location investigated. This again emphasizes the im-
portance of the geometry of the ground-water system
and the relatively small role that lake sediments may
often have in controlling the distribution of seepage
within lakes.

100
80 |
60 |

40t
20

PERCENTAGE OF
TOTAL SEEPAGE

0 S S S S 1 ioa 4
0 20 40 60 80 100120

DISTANCE FROM SHORE,
B IN METRES

Fi1cure 6.—Seepage from Lake Sallie. 4, Strip of lake bottom
used in calculating width of zone of rapid seepage. B, Per-
centage of total seepage occurring within a given distanpe
from shore.
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SUMMARY AND CONCLUSIONS

Digital modeling of lake-ground water systems
shows that seepage of water into or out of lakes tends
to be concentrated near the shore. The seepage rate is
greatest at the shore and decreases with increasing
distance from shore. In many places, the rate of de-
crease is exponential. Hydrogeologic conditions exist
where the decrease is linear, however, and, no doubt,
more complicated situations occur in nature. For seep-
age concentration, the width of the lake cannot be
much less than the thickness of the underlying per-
meable materials. This condition is not met in all lakes,
but probably holds for many, if not most.

Field measurements at Lake Sallie demonstrated the
existence of a zone of concentrated seepage near the
shoreline. The measurements showed much scatter but
indicated plainly that the decrease in seepage rate
with distance from shore was approximately exponen-
tial. The rate of decrease was one order of magnitude
for every 60 m of distance.

The investigations reported here suggest the possi-
bility of using seepage measurements to determine the
seepage component of lake-water balances independent
of other components. Such a procedure would be
cheaper and possibly more accurate than determining
seepage as a residual in a water budget.

Because of the narrowness of the zone of rapid
seepage, measurements of seepage rate can be confined
to a small fraction of the total lakebed. Furthermore,
this zone constitutes the shallowest and most accessible
part of the lakebed. In many lakes, seepage measure-
ments can be made by wading, rather than from boats
or by diving. However, uncertainties must be cleared
before this approach can be attempted with confidence.
In particular, the causes of the large amount of scatter
in the graphs of seepage rate against distance from
shore (fig. 5) are unknown. Some possible causes are
that (1) areal distribution of seepage may be irregular,
with considerable variations in seepage rates within
distances of a few metres, (2) unrecognized defects may
exist in the measuring apparatus or in the experimen-
tal technique, and (3) seepage rates may fluctuate
rapidly with time, perhaps as the result of changes in
lake level or barometric pressure.

Another uncertainty concerns distribution of seepage
throughout the year. Monthly water balances obtained
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by Mann and McBride (1972) suggest that almost all
seepage into Lake Sallie occurs during March through
June. Whether this is common or not is unknown. At
present, it is hard to predict how many and how fre-
quent seepage measurements should be made for ade-
quate definition of the total annual seepage in a given
lake.

Seepage has received less attention than some other
components of lake-water balances. We hope that the
results presented here will serve as steps toward obtain-
ing a greater knowledge of seepage mechanisms, both
through more detailed field studies and more realistic
mathematical models.
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EVALUATION OF STOCHASTIC MODELS DESCRIBING MOVEMENT OF
SEDIMENT PARTICLES ON RIVERBEDS

By PETAR TODOROVIC * and CARL F. NORDIN, Jr.
Montreal, Canada, Denver, Colo. '

Abstract.—Various stochastic models have been proposed to
describe the movement of sediment particles on the riverbed.
Here it is attempted to summarize in an integrated form and
to generalize the most important theoretical results in this
field. The approach adopted in this paper is based on the fact
that most of the stochastic models are only special cases of
a particular kind of random walk on the straight line.

This paper represents the authors’ attempt to review,
summarize, and generalize the major theoretical re-
sults in certain fields of sediment transport and disper-
sion. We do not, however, report all the studies that
have been published throughout the years on the topic
which we discuss.

Sediment transport rate and dispersion are relevant
to many engineering and environmental problems, such
as river basin management, design of various hy-
draulic structures, operation and maintenance of canals
and reservoirs, and so on. One of the major transport-
ing media of chemical and other industrial wastes in
natural waterways is sediment. There is considerable
evidence that these wastes are adsorbed by sediment
particles. Thus, in the event that some toxic material
1s discharged into a stream, the sediment may remove
most of it from the solution, and thereafter, the lateral
and longitudinal dispersion of sediment particles will
reduce the concentration level of the toxic substance.

Various methods have been developed for determin-
ing the transport rate and dispersion of sand by water
flowing over a sand bed (Einstein, 1937; Crickmore
and Lean, 1962 ; Hubbell and Sayre, 1964; and others).
All these methods are specific cases based on the gen-
eral theory of random walk on the line. In the follow-
ing, this fact is used to present these results in an
integrated and generalized form.

Acknowledgment.—The senior author was supported
in part by the National Research Council of Canada,
Grant: CNR-A-8959. The support is gratefully ac-
knowledged.

VARIOUS MODELS OF PARTICLE MOVEMENT

Suppose a set of tagged particles with identical
transport characteristics was released onto a strip of a
channel bottom (fig. 1) at time ¢=0. Let us single out
a particle and denote by X (¢) the traveled distance in
the downstream direction at ¢>0. It is assumed that

X(0)=0,0=X(¢t)=X (¢+At), and Az>0. (1)

Such a particle undergoes a particular kind of ran-
dom walk along the bottom of the channel. It moves
1n a series of steps of random length, with a rest period
of random duration between two consecutive steps. In
all models it is invariably assumed that

n(t)

X(t)= ;)éy (&=0) (2)

y=
where ¢,>0 is the length of +th step of the particle in
longitudinal direction, and »(#¢) is the number of steps
completed in [0,¢]. Tt is clear that the fraction F(z)
of the tagged particles on the distance less than >0
at time ¢ is approximately determined by
Fi(2) =P[X (¢)=a] (3)
where P denotes probability.

In Crickmore and Lean’s version of the random
walk, steps are nonrandom and all are the same length
L. In addition to this, the time to travel L is a constant
T and the probability that the motion takes place at
any time 47 is a constant p. Hence we have

X(¢)=n(t)-L (3)
where t=n7
o ° I o ° x
o X(h
° ° ° ¢ Flow >

F16GURE 1.—Schematic presentation of dispersion of tagged par-
ticles on the bottom.

1 Ecole Polytechnique, Montreal, Canada.

513



514
and for any £=0, 1, ..., =,

PIX(2) =kL]=Ply(nl) =k]= (7 )prg"* (4)

where p+¢=1.

Einstein (1937) hypothesized that the step-lengths
&, &, . . . were mutually independent random variables
with the common distribution function

o (5)

— o=\
P(ﬁuém)=[(1),e w0

and independent of 5(¢), while for every ¢>0

M)
Pla(e) =n] =ent 2" (6)
n!
On the basis of these assumptions we have
n(%) n(?)
Ft(w ( Z S,,éﬂ?) { Z gu—wa U [n(t
=0 v=0 n=0
- ZP'(Zgyém) Pln(t) =n]. )
n=0 y=0
Since

n A" L
P<Z §yéw>= / wr—le= ey (8)
=1 T'(n)

after transformation, the dlstmbutlon function of
equation 7 becomes

du]
Vu

Fo(2) =e~M[1+\/\t / * 1, (2v/ At
' 0

where

5 2\ 2o
Iy(z) = Z (3)
=0 nl(n+p)!
is the modified Bessell function of the first kind and
order p=0, 1, . . .. The distribution function has a
discontinuity at =0 and therefore the corresponding
density function does not exist.
The most general form of the distribution #,(x)
(assuming that 5(¢) and u(2) are independent random
variables for every =0 and {=0) is

S Y PEOP@S (9

n=1 r=n

Fi(z)=P(E,)+
(Todorovie, 1970)  where P(E,')=P[y(t)=n],
P(G,7)=P[u(x)=v] and p(z) denotes the number
of steps of the particle in [0,2].

Another way to study the movement is to consider
the first passage time of the process X (¢). With regard
to the definition of equation 2, X (#) is a stochastic
process step (nondecreasing) sample function (fig. 2).

STOCHASTIC MODELS, MOVEMENT OF SEDIMENT PARTICLES ON RIVERBEDS

\X(t)

T(x) , —

A———>>1t

7(t)
Fi16URE 2.—Sample function of Z §.
0

The first passage time 7'(2) of the level x.is defined as
T (x) =infls; X (s) >]

and has the property (Todorovic, 1967) that

Q.(8) =P[T(2)<t]=P[X (¢t)>2] =1-F.(z). (10)

The first approach is frequently called Lagrangian
while the second one is termed Eulerian. Equation 10
relates these two descriptions. In contrast to the pre-
vious model, the distribution function @,(¢) is differ-
entiable for every ¢, and its density function ¢,(%) is

9o () =rexp[ — (Mt + ) 1 Lo (2VAA22) . (11)

SOME REMARKS ON THE PREVIOUS MODELS

If we denote by £(¢) the longitudinal velocity of the
particle, then bearing in mind that it moves along the
bed in a series of transport and rest periods, the veloc-
ity £(¢) represents a nonnegative intermittent stochas-
tic process (fig. 3) positive on random intervals of
time. Denote by (%) the right end of the kth interval
(as in the previous section 5(¢) is the number of steps,
or equivalently the number of (%) in [0,¢]). Since
physical intuition is not violated by assuming ¢(¢) to
be stochastically continuous, it represents a separable
and measurable random function (Skorokhod, 1965).
Thus, the following integrals exist:

X(¢) = fot £(s)ds and =]

) £(s)ds

[+(0)=0]. (12)
The first integral represents the distance traveled by
the particle at time ¢, and §&, is the length of kth step.

Write X (¢) as

7(t) ¢
fos(s ds-ng /TW)] £(s)ds  (&=0). (13)

This clearly implies that the sum in equation 2 repre-
sents an approximation of the actual traveled distance.
From the relation of equatlon 13, it easily follows that
(see fig. 3)
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&) .
ﬁ(s)ds

T (n)]

Fiqure 3.—Sample function of -the process £(%).

n(?) n(t)+1 .
k=1

The inequality (eq 14) 1s -very important because,

although we do not know how to determine the distri-

bumon function

P[/ﬂ’ g(s)dséx}i”

the distribution functions of the sums in equation 14
n(t)

are readily available. The distribution of Z & 1s given
0

by equation 9. The distribution of

n(t)+1
(g a=)
k=1
can be determined in the same way as F,(x). After a
simple transformation we have

F*(z)=3 Z PENP(GE).  (15)
n=—0 k=n-+1
On the basis of equation 14, it follows that
t
Ft(m)éP[f f(s)dsém:IéFt*(w). (16)

In figure 4, a graphical presentation of the inequalities
‘(eq. 14) is given. Finally; by use of equatlon 16, we
have. : :

r\x(f) s f E'(r)ds
o £ °
3 -
£, £ -
r' | ‘ n(n
e :, i Dk
— ol
1
oo e |
] 1 > 1
(1 7(2) 7(3)

n(t) 7(t)+1
Fi1GUrRE 4.—Sample funections of the processesz &, Z &,
0 0

t
and f £(s)ds.
o
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max {Ft(w) —P[[ot E(S)dsém] ,P[f £(s)dséw:|—

(o)} ZFu(e) = F @) =L PENP(@). (1)

ASYMPTOTIC PROPERTIES OF THE MODELS
On the basis of the previous analysis it follows that

t

not the sum (eq. 2) but the integral / £(s)ds repre-
0

sents the-exact distance traveled by the particle at

+time. ¢..Unfortunately, to our knowledge, the distribu-

tion function of the stochastic integral is not available.
However, as we have seen, the distribution functions
of the boundary sums in equation 14 are known and
(provided certain regularity conditions hold) can be
easily computed.

With regard to the inequality (eq. 16), either Fy(2). .
or Fi*(x) can be used as an approximation of

P [ [ &
tions: (1) Which of these two distributions represents
the better approximation? (2) What error do we make

utilizing either of these approximations?
An answer to the first question may be obtained

ds<m} This immediately raises two ques-

~ from figure 4. It seems to us that the sum (eq. 2)

approximates better the stochastic integral (eq. 13)
(81 ‘

than the sum & because for most applications,

0
a particle will spend more time at rest than in move-

ment. The answer to the second question is contained in
the inequality of equation 17.

In what follows we shall determine the error in
Einstein’s equation and investigate its asymptotic
behavior as ¢ »w. To this end, notice that for every

T >0

Plp(x) =v]=P(@,?) and P[p(z)=n] =P<Z g,,éa).
From this and equation 8, we have

’ n n+1
Pluni=p (32 620 )-P(3 e<o)

N[ e,
T(n+1) %

I‘(n) / ur—le— My —

Because

A [T g _MM
r(n)'[:ue"‘dulez ,

y=0

(A)™

it follows that P (@& :
n!

nw) =e—)\23‘

(18)
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We are now in position to evaluate the sum (eq. 17).
On the basis of equations 6 and 18, we have

(o)™
n!

3O P(ES) P(GrF) me= 00 S (ut

n=0 n=0

and by virtue of Holder’s inequality (Loeve, 1960) it

follows that
=[Z%] e

=11,(208) 1, (20a) ]%.
Therefore, if ¢ is large enough,

Z (/\1’5) (Azm)”

n=0

ZP(Ent)P(G”w)ée—(ht-*-)\w) Zy (2A0) 1o (200) )%

n=0

- 1
=a— Mt L P
=e [Lo(2M2) [~ (4mast) %
because for large £, [,(21¢)=~e®t(4xr2)%. Hence,

max IF,(m) —P[[o‘ g(s)dsém],PUo‘ $(s)dsém]

—-F* (w)} <—m >0 (19)

as ¢ »>c uniformly with respect to .
Before we conclude this section, we shall investigate

the asymptotic behavior of the distribution function
7(t)
(properly normalized and centralized) of Z & as

0

?>c0. Here we assume that [§]7 is independent,
identically distributed, independent of 5(¢), and
n(t) > in probability as ¢ »w. If

0<var(&) =o*<» and a=F(&),

then the simplest case of the central limit theorem
asserts that

P(X, mcr\/—+na) -)\/—/

as n >, where X, = Z &

k=1

7(t)
Consider P[Z E=xa\/n(t) +an(t ]
=>. P[Z &=zo\/n+an, n(t) =n:|

=Y P(X,Zwo\/n+an) P(E,).
n=g0

From this and the Toeplitz lemma (Hardy, 1949,
p- 49) it follows that

n(¢)
tin P[ 3 tiar/7(0) + )|

=lim P(X,Zzo\/n+na) =

n=>00

e—%¥dy  (20)

e—%udy, (21)

.
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ANALYSIS OF PARAMETERS IN EINSTEIN MODEL

As we have already seen, Einstein’s assumptions
imply the relations of equation 7 and equation 18. On
the basis of this, we have

2)* ('\2“7)"
n'

Fi(z) =exp[— (A1t+);2w) ii
i ()" (M) ®

and F*(z) =exp[ — (Mt+A2) ] Z Tl Rl

n=—0 k=n+1
Both distribution functions depend on the same two
parameters A, and A, which on the other hand depend
on the hydraulic conditions and properties of the
particle. Clearly, F,(z) and F,*(z) are completely
specified if values A, and A, are given.

To develop a method for evaluation of A, and A,
using experimental data, it is necessary to determine
relations between these two parameters and those
parameters of the distribution functions that can be
estimated with the highest possible accuracy. To this
end, denote by m(¢) and m*(¢) the mathematical ex-
pectation corresponding to F;(x) and F.*(x) respec-
tively; then we have (see for example Todorovic,
1970)

7(t)

n6)=2(3 & ) =Eln(H1E &)

7(¢) +1

m*(t)=E‘( 3

1

&)=E[n(t) +1]E(&).

On the basis of this and equations 5 and 6, it follows
that

M f(py =M pp 1
m () " ¢ and m*(¢) X ¢+ IV (22)
In the same way one can show that
1
e (23)
(8 +1

where V(¢

var(% r;‘,,) and V*(¢) = var(

3 s,).
1
From equations 14 and 22, it follows that
Mo, [t A 1
Az t_/o A2 Az
Taking into account the equality in equation 13, it
follows, after a simple analysis, that we have a situa-

tion as presented in figure 5. This follows from equa-
tion 13 because

(24)

_[ E[£(s)]ds= {f[ ] é(s)ds} (25)
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“t
F1cUure 5.—Actual and approximate average traveled distances.

The second term on the right side of this relation is
less than or equal to 1/A,. Equation 25 also implies that
the average velocity of the particle is approximately
A/ As.

SUMMARY

The subject matter of interest in this paper is the
movement of sediment particles. Since 1937 when H. A.
Einstein developed the first stochastic model to de-
scribe longitudinal movement of such a particle, the
problem area of sediment transport and dispersion has
been a source of continuing interest and disagreement.

Distinguished from a Newtonian particle (that is,
one where, given the present state, the future states
are uniquely determined) the law of motion of a sedi-
ment particle is stochastic in the sense that only prob-
abilities of the future states can be determined (for
instance, given that at the time ¢=0 the particle was at
the point =0, at time £>0 it will be in an interval
[@, + Ax] with probability F;(z+Az) —F.(z)).

In this paper, a unified treatment of various ap-
proaches has been achieved by noticing that the basic
model underlying all these approaches is that of a
random walk on the line defined by equation 2. The
differences among models were results of different
assumptions concerning ¢, and 75(¢) of this process.
Because, in obtaining the distribution function (eq. 9),
the only requirement was independence [ék]f and
n(Z), equation 9 represents the most general solution of
the problem.

It is of interest to point out that being discontinuous
at =0, the distribution function #,(«) is not differ-

517

entiable and the corresponding density function cannot
be obtained by formal differentiation of F;(z). Failing
to notice this fact, a number of authors have wondered
why the area under the “density function” was less
than 1. We conclude this comment on the models by
the remark that equation 10 relates Lagrangian and
Eulerian approaches.

It follows from equation 13 that the stochastic
process (eq. 2) represents only an approximation of
the actual motion of the particle. (If the steps of the
particle were executed instantly, then equation 2 would
be the exact traveled distance.) Inequalities of equation
14 offer an evaluation of the error. (See also fig. 4.)

The following facts with respect to asymptotic prop-
erties of the model have been established: First, the
relative error made by utilizing the process of equation
2 instead of equation 13, at least in the KEinstein
model, tends to zero as ¢ > uniformly with respect
to @. Second, assuming only that [&]T is a sequence
of independent identically distributed random vari-
ables, the distribution function F.(z), properly nor-
malized and centralized, tends to a normal distribu-
tion as ¢ »>c0. The same holds for F;*(2).

Finally, some relations between parameters of the
distributions /,(2z) and F.*(2) and parameters A,, A:
are established in equations 22 and 23.
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Abstract.—The Porcupine Mountains are the eroded remnants
of the upper limb of an anticline that is faulted along most
of its southern, overturned, limb. The exposed rocks include
about 5,000 ft (1,525 m) of middle Keweenawan intermediate
to mafic lava flows interbedded with subordinate lithic sedi-

mentary rocks and also include about 3,000 ft (915 m) of

overlying middle and upper Keweenawan sedimentary rocks.
The sediments are derived from lower Keweenawan and
older rocks. The structural relief is at least 8,000 ft (2,440 m)
between the crest of the Porcupine Mountains anticline and
the trough of the Iron River syncline about 5 mi (8 km) to
the south. The reverse fault along the southern, overturned,
limb of the anticline has a displacement of about 5,000 ft
(1,625 m).

Porcupine Mountains State Park, comprising more
than 58,000 acres (23,000 ha), is the largest of Michi-
gan’s parks. It is in the western part of the upper or
northern peninsula of Michigan, about 17 mi (27 km)
west of the village of Ontonagon (fig. 1). The park is
one of the few wilderness areas in the Midwest;
although most of the area has been logged,- several
square miles of virgin timber remain. About 80 mi
(130 km) of trails are maintained by the Michigan
Department of Natural Resources.

The area mapped, shown in figure 2, is about 55
mi 2, wholly within the park, and is bounded on the
south by lat 46° 45" N., on the east by long. 89° 37" W.,
and on the north and west by Lake Superior. It in-
cludes the parts of the Carp River and White Pine
15-minute quadrangles north and west of the South
Boundary Road. The investigation was done in co-
operation with the Geological Survey Division of the
Michigan Department of Natural Resources.

PREVIOUS WORK

Parts of the Porcupine Mountains have been mapped
by several geologists, most of whom have interpreted
the volcanic rocks as lava flows and the structure as
an anticline; a few, however, have interpreted the
felsite flows as intrusive rocks and the anticline as a

Jaccolithic dome: The ‘first éxtensive geologic examinas' -

tion of the area was made by R. D. Irving’s assistants,
W. M. Chauvenet, A. C. Campbell, B. N. White, and .
R. McKinlay. Using their notes and samples, Irving
(1883, p. 206-225) described the major features of the
structure and stratigraphy. Wright (1905, p. 35-44)
mapped the distribution of the bedrock in more detail .
and also described some of the glacial deposits. Butler
and Burbank (1929, p. 169-170), on the basis of limited
field work south and east of the mountains, in- .
terpreted the felsite as an intrusive rock and the struc-
ture as a laccolith. Thaden (1950) interpreted the -
felsite as a series of flows arched into an anticline.
Meshref and Hinze (1970, pl. ‘2),” in" a" geophysical
paper, considered .the felsite as an intrusive rock.
Chaudhuri and Faure (1967) dated the felsite at
1,042+32 m.y.

The stratigraphic nomenclature used in this paper

1is based on studies by White and Wright (1960) and

on unpublished mapping by the authors of White and
others (1971). Table 1 correlates the nomenclature
used herein with that of earlier writers.

GENERAL GEOLOGY

The rocks exposed in Porcupine Mountains are part . -
of the upper limb of an anticline. Although it is not .-

obvious from exposures, the southern limb probably
is overturned. A reverse fault having at least 5,000
ft (1,525 m) displacement is nearly parallel to and -
about 2 mi (3 km) south of the fold.axis. The bedrock - .
units include lava flows, sedimentary rocks, and small

bodies of mafic intrusive rocks; they .are assigned. to.. -

the unnamed formation of Johnson and White (1969),
the Copper Harbor Conglomerate, and the Nonesuch
Formation, all of Keweenawan age. These rocks are
part of a continuous sequence of interbedded sedi-
mentary and volcanic rocks. The thickness of the
rocks exposed in the area is more than 8,000 ft (2,440
m). Glacial deposits almost completely cover the area.
They are less than 20 ft (6 m) thick where dissected

by streams on the slopes of the upland and.are.thinner .-

on the small hills of the upland where. many. bold out-

‘crops- oceur-on- steep-slopes;’ - - -
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UNNAMED FORMATION

The unnamed formation is a sequence of subaerially
deposited andesite, felsite, and quartz-porphyry lava
flows interbedded with volcaniclastic lithic sandstone,
siltstone, and conglomerate. The unnamed formation
forms the knobby upland of the Porcupine Mountains.
Regionally, the formation is a volcanic pile; the maxi-
mum thickness measurable at the surface is about
8,000 ft (2,440 m) in the Bergland and Thomaston
 quadrangles about 5 mi (8 km) south of the park. Tt
wedges out in the Greenland quadrangle to the east
and in the Little Girl Point quadrangle to the west.
Only the upper 2,500 ft (765 m) of the formation is
exposed in the Porcupine Mountain State Park.

The unnamed formation is conformable with the
underlying Portage Lake Volcanics and is distinguish-
able from it by differences in rock type. The mafic
volcanic rocks of the Portage Lake are predominantly
basalts, whereas those of the unnamed formation are
predominantly andesites. The rocks of the unnamed
formation are finer grained and contain a greater
proportion of porphyritic and felsic rocks than do
those of the unnamed formation. The formation was
first recognized by Johnson and White (1969, p. 5-8),
near Oak Bluff in the Matchwood quadrangle 18 mi
(29 km) to the east, but they have not yet named it
formally.

Most outcrops of the formation occur where streams
have cut through the mantle of glacial deposits. Ex-
posures of the felsite that underlies most of the knobby
upland are most common on the steep slopes of the
knobs.

Most of the andesite flows are less than 25 ft (8 m)
thick and have pahoehoe tops, but some have auto-
brecciated tops. Flow tops generally contain sparse
irregular vesicles filled with chlorite, epidote, quartz,
and calcite. The rocks are fine grained, medium dark
gray, grayish purple, greenish gray, and grayish red.
Most are porphyritic, and contain sparse andesine
phenocrysts generally less than 2 mm long. Thin sec-
tion study shows the rocks have trachytic to felted
texture. The rocks contain 50-66 percent oligoclase,
either no visible pyroxene or 8-20 percent clinopy-
roxene, and 10-30 percent opaque minerals including
ilmenite (altered in part to leucoxene), hematite, and
magnetite. A few flows contain sparse pseudomorphs
after olivine. The feldspars are cloudy and contain
epidote and fine-grained alteration minerals not de-
terminable by optical methods. The pyroxenes are
broken and have patchy twinning. The groundmass
1s nearly opaque and the minerals cannot be de-
termined by optical methods.

An aphanitic felsite lava flow underlies the knobby
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upland around Mirror and Lost Lakes. Although the
flow may be no more than 500 ft (155 m) thick, the
outcrop belt is about 2.5 mi (4 km) wide because the
flow occurs across the crest of the Porcupine Mountain
anticline. Nowhere does a completely exposed section
of the flow crop out, so the felsite could be two or
more flows of the same rock type; no features were
seen, however, to suggest that more than one flow is
present.

The upper part of the felsite flow is exposed in many
places; the lower part is exposed only in the southern-
most part of the area (secs. 3, 4, and 5, T. 50 N., R.
43 W., and in the valley of Lost Creek, sec. 31, T. 51
N., R. 42 W.). Massive rock forms the lower part of
the flow and is interspersed with vesicular rock in
the upper part, although few exposures contain more
than a third vesicular rock in the upper part, massive
rock predominates in exposures because it is more
resistant to weathering and erosion than the vesicular
rock. On lichen-covered surfaces the massive and vesi-
cular rocks cannot be distinguished, but on clean sur-
faces the vesicular rock is readily distinguished from
the massive rock because of color difference. The vesi-
cular rock is grayish pink; the massive rock is pale
purple to grayish purple or grayish-red purple in the
upper part of the flow and grayish purple to grayish
red to moderate-reddish brown in the lower part.

Vesicular felsite occurs in light-colored irregular to
disk-shaped small masses in a matrix of dark massive
rock and as narrow layers separated by wider layers of
massive rock. In a few places vesicular felsite forms
whole outcrops; most is in irregular to disk-shaped
masses that range from less than 3 mm to about 15
cm across. The large masses are usually platy or disk-
shaped and more or less alined, giving a poorly
layered to well-layered appearance to the rock. In
many places the vesicular rock was greatly stretched
and compressed; the porosity was lost, and the rock
now consists of alternating layers of grayish-red and
light-red felsite. Few of the light bands are more
than 5 mm thick and most are less than 3 mm thick.
Light-colored layers are a few inches to a few feet
long, and the layers overlap; consequently, in many
places layered rock breaks into plates several square
centimetres in area and less than a centimetre thick.
The layers of rock are folded, fold axes a few metres
apart vary greatly in orientation. Conspicuously
layered rock is interlayered with vesicular rock in
many places; layered rock is abundant in the central
part of the area, east and southeast of Mirror Lake
and Government Peak. An exceptionally good ex-
posure of it occurs on Inlet Creek near Trap Falls
(NW1, sec. 30, T. 51 N., R. 42 W.). Lithophysae
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TABLE 1.—Correlation of stratigraphic names used in the Porcupine Mountains, Mich.

Wright and Lane (1909) This paper
Irving (1883, pl. 19) Van Hise and Leith (1911, p. 384)
Red sandstone = Freda Formation
=
g L B
| 3 [T
QO @ 2 =
z £ S8
;g Dark-gray sandstone and black| £ Nonesuch Shale Series 3
shale 2 [ Nonesuch Formation
-+ 4]
5 g
Sandstonef contalmmg tthm bands S Outer Copper Harbor
oL conglomerate Conglomerate
Diabase, diabase-amygdaloid and Lake Shore Traps
@ melaphyr
£ 4 Copper Harbor
@» g Conglomerate
=
E Red sandstone broken by epidote 'g o
§ and calcite seams g g
E Sandstone and conglomerate § E é’
M o B Great Copper Harbor 3
.g g Conglomerate and sandstone E
£ g 52
b=} B @
] —
s i <
E Diabase, diabase-amygdaloid, @ g
_ melaphyr, and diabase- =
porphyry with one “porphyry| =
conglomerate”
g Unnamed formation of
Chippewa felsite and porphyry Johnson and White (1969)
Quartz porphyry and felsite

are well developed near the center of sec. 34, T. 51 N.,
R. 43 W.

The felsite contains very sparse quartz phenocrysts
‘in a devitrified cryptocrystalline matrix; the pheno-
crysts show evidence of partial resorption and are less
than 0.2 mm across. Epidote pseudomorphs of pris-
matic crystals were observed in a few thin sections.
Secondary quartz.is abundant; it fills vesicles and
forms many tiny veinlets. Some quartz in vesicles is
pseudomorphic after platy crystals of tridymite.

A pale-red to moderate-reddish-brown quartz latite
flow at the top of the unnamed formation crops out in
three places within the area (in sec. 24, T. 51 N, R.
43 W.; sec. 32, T. 51 N, R. 43 W.; and sec. 2, T. 50
N, R. 43 W.) and also in the Thomaston quadrangle to
the south of the study area. The rock ranges from uni-
formly massive rock to rock containing sparse to
abundant patches of compressed pumice. The flow re-
sembles quartz latite flows in the Ironwood area to

the west. Sparse broken feldspar phenocrysts generally
about 2 mm across and rarely as large as 5 mm across
are contained in the rock, as are sparse rounded quartz
phenocrysts, commonly about 1 mm across.

The sedimentary rocks of the unnamed formation
are similar to the coarser grained rocks of the over-
lying Copper Harbor Conglomerate, but the former
contain more matrix and volcanic debris. Most of the
exposed sedimentary rock is sandy conglomerate,
usually containing pebbles and cobbles less than 10 cm
across. Angular to subrounded boulders 3 ft (1 m)
across occur in exposures in sec. 20 and north of sec.
29, T. 51 N, R. 42 W.

COPPER HARBOR CONGLOMERATE

The Copper Harbor Conglomerate in the Porcupine
Mountains is composed predominantly of sandstone
and siltstone and subordinate beds of conglomerate.
Lava flows occur in the lower part. The Copper Harbor
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~ Conglomerate was named by Lane and Seaman (1907)

“for exposures near Copper Harbor, about 80 mi (130
km) northeast of the Porcupine Mountains. They
divided it into three members: The Great Conglo-
merate, the Lake Shore Traps, and the Outer Conglo-
merate. In the Porcupine Mountains, the lava flows
north of the Lake of the Clouds were called the Lake
Shore Traps by Wright and Lane (1909), by analogy
with lava flows at Keweenaw Point. White and Wright
(1960, fig. 3.2) showed that the Lake Shore Traps
are not persistent and that the Outer and Great
Conglomerates cannot be separated west of Portage
Lake, about 60 mi (95 km) northeast of the Porcupine
Mountains. Lake Shore Traps is not a useful term
for the lava flows in the Porcupine Mountains be-
cause lava flows occur throughout the lower 2,800 ft
(855 m) of the formation. On the geologic map (fig.
2), the part of the formation containing lava flows is
shown as lower Copper Harbor Conglomerate and
the remainder is shown as upper Copper Harbor
Conglomerate. The maximum thickness of the Copper
Harbor Conglomerate in the Porcupine Mountains is
about 5,000 ft (1,525 m) in the north part of the
area; it thins southward and is as little as 500 ft
(155 m) thick about 8 mi (13 km) to the south (White,
1972, fig. 3).

The Copper Harbor Conglomerate underlies the
lowland east of the mountains, the valley and ridge
north of the knobby upland, and part of the lowland
south of the mountains. Outcrops are common along
the shore of Lake Superior and in some places on the
ridge north of Lake of the Clouds; they are very sparse
on the north slope of the knobby upland and are
generally absent in low areas. The lava flows are
poorly exposed except on the crest and south side of
the ridge north of the Lake of the Clouds and locally
on the ridge between Scott Creek and Lake of the
Clouds in sec. 22, T. 51 N., R. 43 W.

Exposures in the region are not adequate to reveal
whether the Copper Harbor Conglomerate is conform-
able with, interfingered with, or disconformable with
the unnamed formation of Johnson and White (1969).
The base of the Copper Harbor was placed at the top
of the youngest quartz porphyry. Despite sparse ex-
posures, this quartz porphyry is mappable in the
White Pine, Carp River, and Thomaston quadrangles;
it is not exposed to the west in the North Ironwood
quadrangle where, if present, it occurs within a wide
band having no exposures.

The Copper Harbor Conglomerate is a grayish-red
lithic sandstone containing beds of lithic siltstone and
conglomerate and six or more lava flows. Conglo-
merate is very subordinate in the Copper Harbor of
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the Porcupine Mountains; it is most abundant in the
rocks above the uppermost flow but even here it prob-
ably forms less than 10 percent of the thickness. In
contrast, in the Ironwood area to the west, conglo-
merate makes up more than three-quarters of the rock
in the 2,000 ft (610 m) of section above the upper-
most flow. Most of the sandstone is crossbedded. Low-
angle crossbeds fill spoon-shaped scours that are gen-
erally 2-5 ft (0.5-1.5 m) across and less than 9 in. (23
cm) deep. Some sandstone appears massive, but it
generally parts into layers about 1 in. (25 mm) thick.

The sand of the Copper Harbor is angular or sub-
angular, predominantly medium grained or finer, and
moderately well sorted. The pebbles and cobbles are
moderately well-rounded to very well rounded. Nearly
all pebbles and cobbles are less than 8 cm in diameter,
but cobbles 23 em in diameter occur in a conglomerate
bed near the mouth of the Big Carp River, sec. 33,
T. 51 N., R. 44 W. Most conglomerate beds are less
than 5 ft (1.5 m) thick, and some are only the thick-
ness of a single pebble or cobble; the thickest is about
25 ft (8 m). The lithic sandstone, siltstone, and con-
glomerate are composed of rock fragments, quartz,
feldspar, and small amounts of other minerals. The
composition of the sediments varies with grain size,
the relative proportion of quartz grains increasing
as the grain size decreases. Quartz grains form less
than 20 percent of the grains in medium-grained
sandstone, but two-thirds or more of. the grains in
siltstone. Plagioclase and less abundant microcline
form 2-15 percent of the grains, these feldspars are
somewhat more abundant in finer grained rocks. The
rock fragments are predominantly intermediate and
felsic volcanic rocks but also include metamorphic
rocks. Epidote, amphibole, and chlorite occur but are
not common. Matrix is abundant, but most of the
matrix cannot be resolved by optical methods. Some
quartz grains have secondary overgrowths of quartz.
Calcite cement occurs in some places, and locally
calcite forms veinlets and fills joints.

At least six lava flows are interbedded with the sedi-
ments. They range in thickness from about 15 ft (4 m)
to about 70 ft (21 m). The rocks are fine grained,
generally porphyritic, and black or brownish gray.
The pahoehoe flow tops contain irregularly shaped
vesicles, generally less than 6 mm across. The vesicles
are concentrated in lenticular areas near the flow tops
and are filled with chlorite, quartz, and epidote. The
rocks are andesites, except one flow that is a basalt,
and petrographically they resemble the flows of the
unnamed formation.

The Copper Harbor Conglomerate is probably a
fluviatile deposit derived from a highland to the south
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(White and Wright, 1960, p. B6). The volcanic detri-
tus was probably derived from the lower Keweenawan
-volcanic rocks (Hubbard, 1972).

NONESUCH FORMATION

The Nonesuch Formation was named by Lane and
Seaman (1907, p. 691). Irving (1883, p. 221-226)
called these rocks the Nonesuch Shale, but because

very fine to fine sandstone is more abundant than.

siltstone (the shale of Irving and many other writers),
the name Nonesuch Formation is preferable. The None-
such crops out 1n sec. 26, T. 51 N., R. 44., within the
area mapped and lies under Lake Superior north of
the area. It has been penetrated in drill holes near the
South Boundary Road and crops out along the Little
Iron River near Nonesuch and along the Iron River
about 2 mi (3 km) east of the area near Silver City
(fig. 2). '

The Nonesuch gradually thins from about 700 ft
(215 m) in thickness on Keweenaw Point, about 100
mi (160 km) east of the Ironwood area, to about
600 ft (185 m) thick near the Porcupine Mountains
(White and Wright, 1966, p. 1171) and to about 230
ft (75 m) thick on the Bad River, about 40 mi (65 km)
to the west. The formation thins from nearly 700 ft
(215 m) near Silver City, about 2 mi (3 km) east of
the area, to less than 500 ft (155 m) about 7 mi (11
km) to the south (W. S. White, written commun.,
1974). The base of the Nonesuch is not exposed in the
Porcupine Mountains. In the White Pine mine (sec.
4, T. 50 N.,, R. 41 W.) and elsewhere, the Copper
Harbor Conglomerate and the Nonesuch Formation
appear to be conformable.

The Nonesuch Formation is composed of thinly
laminated siltstone and very fine to fine-grained sand-
stone. The rocks are moderate to dark gray, light to
dark-olive gray, dark-greenish gray, grayish red, and
reddish brown. The finest grained rocks are the dark-
est and the grayest. The Nonesuch has been described
from drill core by White and Wright (1954, 1966).

The Nonesuch is a lithic sandstone and siltstone
composed predominantly of fragments of pre-
Keweenawan rocks, fragments of schists and other
fine-grained rocks, mafic, intermediate, and felsic
volcanic rocks, quartz, and a small proportion of felds-
par; opaque grains are abundant. Matrix, unidentifi-
able by optical methods, fills the interstitial spaces.

Although the Nonesuch Formation is structurally
concordant with the enclosing formations, it repre-
sents a different environment of deposition. The None-
such sediments are dominantly massive to evenly
laminated, whereas sediments of the Freda Formation
and sandstone of the Copper Harbor are dominantly
crossbedded. The graded beds and lack of evidence
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of disturbance in most of them suggest deposition in
quiet water. White and Wright (1954) and Moore and
others (1969, p. 384-386) have suggested an estuarine
environment of deposition.

FREDA FORMATION

The Freda Formation is composed of crossbedded,
moderately well sorted sandstone and coarse siltstone
interbeded with massive to laminated siltstone. It was
named by Lane and Seaman (1907, p. 680, 692), who
described it as red impure sandstone, locally a con-
glomerate interbedded with red shale. In the North
TIronwood and Little Girl Point quadrangles to the
west, nearly half of the Freda is inferred to be silt-
stone or siltstone and very fine to fine-grained sand-
stone. Much of the Freda is poorly exposed but where
exposures occur in these poorly exposed intervals, the
rock is siltstone to fine-grained sandstone. The Freda
that is better exposed is very predominantly fine to
medium-grained sandstone but includes more than 10
percent siltstone. Hamblin’s usuage (1965, p. 951) of
Freda Formation is followed in this paper.

The Freda is lithic sandstone and is a maximum of
12,000 ft (3,660 m) thick along the Montreal River,
which separates Michigan from Wisconsin. The forma-
tion is concealed by glacial deposits in the area mapped
but crops out and was penetrated by drill holes farther
south in the Iron River syncline, the axis of which is
about 3 mi (5 km) south of the area. The Nonesuch
and Freda are concordant. Where the contact zone is
exposed, predominantly gray siltstone grades into pre-
dominantly reddish-brown siltstone overlain by red-
dish-brown sandstone.

A layer of sandy conglomerate to conglomeratic
sandstone occurs about 500 feet (150 m) above the base
of the Freda in sec. 16, T. 49 N., R. 47 W, in the Iron-
wood quadrangle. This conglomeratic layer appears to
be very extensive. It was described by Noble (1965)
from drill holes near White Pine, where it ranges
from 12 to 67 ft (4-20 m) in thickness, and its base
1s from 621 to 809 ft (190 to 245 m) above the base of
the Freda.

The Freda was derived from a terrane of meta-
morphic rocks, lower Keweenawan volcanic rocks, and
iron-formation. The abundance of strained quartz,
quartzite, microcline, and sodic plagioclase suggests
that most of the Freda is derived from metamorphic,
plutonic, and intermediate and felsic volcanic rocks.
Sedimentary structures described by Hamblin (1961)
suggest the source area was to the south. The very
uniform character of the sediments and the very abun-
dant small channel scours suggest that the Freda was
deposited by braided streams.
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INTRUSIVE ROCKS

Two small bodies of diorite are exposed in the area.
The relations to the enclosing rock are not certain
because no contacts with other rocks are exposed. One
intrusive, in the north center of sec. 10, T. 50 N., R.
44 W., was described as a gabbro by Irving (1883, p.
213). The other is at the north end of the eastern
peninsula on the south side of Mirror Lake. The
Mirror Lake diorite is finer grained than the section 10
diorite; plagioclase crystals of the Mirror Lake diorite
range from 0.3 to 2 mm across, whereas those in the
section 10 diorite range from 2 to 5 mm. Modes of one
thin section of each diorite show about 60 percent
andesine and about 25 percent poikilitic pyroxene.
The andesine and pyroxene are fractured and altered
to chlorite and other optically undetermined minerals.
Opaque minerals form about 10 percent of the rocks.

STRUCTURE

The Porcupine Mountain anticline is a large fold on
the southern flank of the basin of the Portage Lake
Volcanics beneath Lake Superior. The Iron River and
Presque Isle synclines separate the anticline from the
northward-dipping middle Keweenawan volcanic rocks
of the unnamed formation about 8 mi (13 km) to the
south of the axis of the anticline. The Porcupine
Mountain anticline occurs north of a bend in the
strike of the northward-dipping rocks of the south.
The rocks near an axis that bisects this major bend are
uplifted more than those on strike to the east and west.
The Iron River and Presque Isle synclines appear to be
parts of a syncline that extends nearly parallel with
the shore of Lake Superior from Clinton Point, Wis.,
to an undetermined distance east of the Porcupine
Mountains. The structural amplitude between the
crest of the Porcupine Mountain anticline and the
trough of the Iron River syncline is at least 8,000 ft
(2440 m) and may be more than 11,000 ft (3,350 m).
The Porcupine fault, a reverse fault along most of the
anticline’s southern limb, has a displacement of more
than 5,000 ft (1,525 m). The Porcupine Mountain fold
is much larger than folds in the Portage Lake Volcan-
ics near Calumet, Mich., which are low swells found
only during detailed mapping.

The Porcupine Mountain anticline is itself folded.
An arcuate anticline axis extends from about half a
mile south of Union Bay, on the north-trending seg-
ment of the South Boundary Road, across the northern
part of the felsite of the unnamed formation to near
Mirror Lake, where it bends southward. North of the
axis, the rocks dip lakeward with small regular
changes in strike and dip. South of the anticlinal
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axis is a shallow syncline having an axis parallel
to and about 0.5 mi (0.8 km) south of the anticlinal .
axis. Two structures bound the south side of the
shallow syncline; an anticlinal nose and a reverse
fault. The southeastward-plunging nose of the anti-
cline is east of Lost Creek. The anticline does not
extend westward; instead it is bounded by a fault
or a series of faults on the west and south. The
fault(s) is(are) related to the Porcupine fault, a
major reverse fault with a displacement of 5,000 ft
(1,525 m) or more, which truncates the south limb
of the shallow syncline farther west. The displacement
of the fault bounding the anticlinal nose decreases
eastward and the fault gradually dies out. A fault of
smaller displacement extends along the upper Union
River drainage and westward.

Many small faults probably occur, but few were
seen. Many of the faults shown on previous maps of
the area were not confirmed. Earlier interpretations
had followed miscorrelations of the lava flows; conse-
quently, some topographic lows that exist because of -
differential erosion of sedimentary rocks were ascribed
to erosion along faults.

The Porcupine Mountains anticline formed after the -
Freda Formation was deposited; the Freda is de-
formed along with the underlying older Keweenawan
rocks in the Iron River and Presque Isle synclines.
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LOWER KEWEENAWAN VOLCANIC ROCKS OF MICHIGAN AND WISCONSIN
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Abstract.—Unconformable sequences of Keweenawan vol-
canic rocks occur in Michigan and adjacent Wisconsin. The
sequences differ in types of rocks, magnetic properties, meta-
morphic grade, and pattern of structural deformation; they
had different vent areas and were deposited in basins that
were only partly overlapping. The older sequence includes the
Bessemer Quartzite and two newly named formations that are
here assigned to the lower Keweenawan. The younger se-

—quence—includes—the well-known Portage Lake Volcanics and
a younger unnamed formation, both of middle Keweenawan
age. Formerly the older rocks were interpreted as a fault-
repeated part of the Portage Lake Volcanics, but new evidence
indicates that these older rocks had been metamorphosed and
tilted and were being eroded in middle Keeweenawan time.

The lower Keweenawan is here redefined to include
a thick sequence of intermediate and mafic volcanic
rocks formerly correlated with the Portage Lake Vol-
canics of middle Keweenawan age. The lower Keweena-
wan rocks form a northward-dipping belt that extends
more than 100 mi (160 km) from Sturgeon Falls in
southern Houghton County, Mich., westward to Grand-
view, Wis. The field work on which this study is
based was done in cooperation with the Geological
Survey Division of the Michigan Department of Na-
tural Resources from 1965 to 1971,

TERMINOLOGY

Keweenawan rocks have been divided in several
ways, which are summarized in figure 1. The lower
Keweenawan rocks, as redefined here, include three
formations: the Bessemer Quartzite,! the Siemens
Creek Formation,? and the Kallander Creek Forma-
tion.? The Siemens Creek and the Kallander Creck
Formations make up the Powder Mill Group,? all three
of which are defined in this paper. Subdivision of
Keweenawan rocks in western Michigan is shown in
table 1.

1 Bessemer Quartzite or Sandstone of Seaman (in Snelgrove and
others, 1944) is herein adopted as Bessemer Quartzite for U.S. Geologi-
cal Survey usage.

3 New names formally proposed and adopted herein for U.S. Geologi-
cal Survey usage.

DISTRIBUTION

The distribution of the lower, middle, and upper
Keweenawan rocks in Michigan and adjacent Wiscon-
sin is shown in figure 2. Lower Keweenawan rocks
extend at least 100 mi (160 km) along strike, and
their western limit in Wisconsin was not determined.
Their distribution east of Lake Gogebic, Mich., was
based mostly on interpretation of geophysical maps.

Siemens Creek rocks crop out between Sturgeon
Falls and Silver Mountain, Mich., and Mellen, Wis.
Kallander Creek rocks crop out from the Black River
in western Michigan to Davis Hill, south of Grand-
view, Wis., and may extend farther west. Structural
complications occur near Mellen, Wis.; consequently,
correlation of the Kallander Creek rocks west of Mel-
len with similar rocks to the east is tenuous.

LOWER KEWEENAWAN
Bessemer Quartzite

The Bessemer Quartzite, named by Seaman (in
Snelgrove and others, 1944) for exposures near Besse-
mer, Mich., includes thin layers of laminated sand-
stones and crossbedded sandstone; the formation is
about 300 ft (90 m) thick. These rocks were called
lower Keweenawan or lower Keweenawan sandstone
by Van Hise and Leith (1911, p. 8376). The Bessemer
i1s exposed in sparse, small outcrops scattered from
Mellen, Wis. (Aldrich, 1929, p. 230, 246) to east of
Lake Gogebic, Mich. (Fritts, 1969). The Bessemer
Quartzite is unconformable with the underlying Tyler
Formation of Precambrian age. The two formations
seem almost concordant at nearly all exposures, but
regionally the Tyler is truncated. The Tyler is about
10,000 ft (3,050 m) thick at the state:line and thins
eastward and westward; it is completely eroded east
of Wakefield, Mich., and about 10 miles (16 km) west
of Mellen, Wis.

The Bessemer is a well-cemented quartzite composed
of subangular to subrounded quartz grains in a very
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Fiqgure 1.—Comparison of subdivisions of Keweenawan Series used for western Michigan. The Black Shales (Irving, 1883, pl.

22) are called Nonesuch shale in Irving’s text, Nonesuch

fine grained, optically unidentifiable matrix. The ma-
trix is not conspicuous in hand specimen, but is seen
in thin section to form 35-60 percent of the rock.
Eleven thin sections showed that the sand grains are
95-100 percent quartz, 0-1 percent feldspar, and 0—4
percent lithic fragments. In crossbedded layers, more
than 80 percent of the grains are fine- to medium-sand
size; in thinly laminated sandstone, more than 80 per-
cent of the grains are very fine to fine-sand size.

Belt on his plate 17, and Nonesuch Slate Belt on his plate 18.

Powder Mill Group

The Powder Mill Group of early Keweenawan age
includes two formations totaling about 20,000 ft (6,100
m) in thickness: The Siemens Creek Formation and
the Kallander Creek Formation. The names are de-
rived from streams that cross the outcrop belt of the
group (fig. 3). The type locality is along the Powder
Mill Creek valley and the hills to the east secs. 5 and
8, T. 47 N, R. 46 W., and sec. 33, T. 48 N., R. 4 W,
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TABLE 1.—Stratigraphic nomenclature for western Michigan

. ) . ) n . Thickness Predominant rock
Period : Series or :supergroup Group Formation (feet) types
Quaternary Pleistocene .
Unconformity -
Upper . | 8 & Frede Formation ' 12,0004-| Red lithic sand-
=T e stone.
e 9 ) Gray lithic sand-
Keweenawan S C] Nonesuch Formation 450-550 stone and silt-
e stone.
o Red lithic con-
Copper Harbor Conglomerate 1,600-6,000 glomerate and
sandstone.
Mafic to felsic vol-
: canic rocks;
Middle Unnamed formation O—QjOQO very minor,se ai-
Keweenawan mentary rocks.
Mafic volcanie
rocks and minor
Portage Lake Volcanics 8,000-13,000 sedimentary
ks ; felsic vol-
Upper Rocks of L ‘ o rocks ;
Precambrian Keweenawan Unéonformit n : canic rocks rare.
(Precambrian Y) age ncontormity { : K
Unnamed nonmagnetic rocks about 6.000| Frobably sedi-
T T ! mentary rocks.
Unconformity Unconformity —
Intermediate vol-
— . ., canic rocks;
= Kallander Creek Formation 15,000(?)|". subordinate
= a mafic volcanic
Lower 5 3 rocks.
Keweenawan 'g & . .
g Diorite 125| Diorite.
B Unconformity ( ?) -
. , Lo Mafic volcanic
Siemens Creek Formation 4,400 rocks. -
Bessemer, Quartzite. Quartzite.
* Unconformity
Baraga . Argillite and
Group ( ?) Tyler Formation siltstone.
Middle i
Precambrian M%{fﬁ’gegte § o Ironwood Iron-formation Iron-formation.
(Precambrian X) Supergroup g § _— d.
= - 5 rgillite an
%, <] Palms Formation quartzite.
Unconformity
Lower Metasedimentary
Precambrian metavolcanic,
(Precambrian W) and intrusive
complex.

Gogebic County, Mich. Formerly the group was called
the South Range Tr<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>