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The Relationship Between Probability and Inferential Statistics

Probability

(deductive
reasoning)

Population Sample

(inductive
reasoning)

Statistics






L. Probability
A. Basic Concepts
1. Petroleum accumulation classification hierarchy
Pool: An individual accumulation or reservoir of oil or gas.

Field: A set of one or more pools of oil or gas that are related to a single

structural or stratigraphic feature.

Prospect: A potential oil or gas field.

Play: A set of one or more prospects that are geologically related in their
hydrocarbon sources, reservoirs, traps, and geologic histories.

Province (or basin): A set of one or more plays that are hydrodynamically
related.

Region: A set of one or more provinces that are geographically related.

O — Prospect



2. Experiment, sample space, and event
Experiment: any process or action that generates observations.
Experiment: Three-prospect assessment
Suppose we are assessing three prospects in a new play. Each prospect
results in one of two possible outcomes. Let “success” (S) denote having an
oil or gas field and “failure” (F) denote being dry.
Sample space: a set of all possible outcomes (sample points) of an

experiment.
Sample Space
5SS
SSF
SFS
SFF
FSS
FSF
FFS
FFF

Event: a subset of a sample space.
Let event A: Exactly one field

A = (SFF, FSF, FFS}
and event B: At least one field

B = {SSS, SSF, SFS, SFF, FSS, FSF, FFS}



3. Venn diagram

Sample Space

* 5SS

¢ FSS

4. Tree diagram
First Second Third Sample
LProspect Prospect Prospect Point
S 5SS
S <
F SSF
s S SFS
F
F  SFF
S FSS
S <
F < F FSF
F< S FFS
F FFF

Event
A

Event
B




5. Eventrelations
a. Union of events

The union of two events A and B, denoted by AUB and read "A or B," is

the event containing all outcomes in A or B or both.
Let A = {SFF, FSF, FFS} and B = {SSS, SSF, SFS, SFF, FSS, FSF, FFS},
then A UB = {SSS, SSF, SFS, SFF, FSS, FSF, FFS}

b. Intersection of events
The intersection of two events A and B, denoted by ANB and read "A
and B," is the event containing all outcomes in both A and B.
Let A = (SFF, FSF, FFS} and B = {SSS, SSF, SFS, SFF, FSS, FSF, FFS},
then A NB = (SFF, FSF, FFS}

¢. Complement of event
The complement of an event A, denoted by A' and read "not A," is the
event containing all outcomes of the sample space that are not in A.
Let A = {SFF, FSF, FFS},
then A' = {SSS, SSF, SFS, FSS, FFF}

d. Mutually exclusive events
Two events A and B are mutually exclusive or disjoint events
if A and B have no outcomes in common, i.e., ANB=O
Let A = {SFF, FSF, FFS} and B = {SSF, SFS, FSS},
then ANB=0O

Therefore, A and B are mutually exclusive events.



6. Combinatorial analysis (counting techniques)

a. Fundamental principle of counting
If an operation can be performed in n, ways, and if for each of these a
second operation can be performed in n, ways, and for each of the first
two a third operation can be performed in nyways, and so forth, then
the sequence of k operations can be performed in n;nz...nk ways.
Experiment: Three-prospect assessment
Number of sample points in sample space =222 =8

b. Combinations
A combination is any unordered subset of r objects taken from a set of n
distinct objects.

The number of combinations of r objects taken from n distinct objects is

n) n!
(r)— ri(n—r)!

where "n factorial" is n! = n(n-1)(n-2)e ¢ ¢(3)(2)(1) and 0! = 1.

!
Number of sample points in event A = G)=3—= 3e2e1_ 3
1121 1e2e1

3\ (3} (3
Number of sample points in event B = (1)+(2)+[3)= 3+3+1=7

¢. Permutations
A permutation is any ordered subset of r objects taken from a set of n
distinct objects.

The number of permutations of r objects taken from n distinct objects is
n!
BT (1)

The number of ways of selecting with order (permutations) 3 prospects

from a set of 5 prospects is
St 5!
P3g=—>—=2=54443=60
35763 2



7. Definitions of probability

Idea of probability: |

The probability of an event is a numerical measure of the likelihood that

the event will occur.

a. Classical definition of probability
If an experiment can result in any one of N different equally likely
outcomes, and if exactly n of these outcomes correspond to event A,
then the probability of event A is

n
P(A)= N

Example: Suppose four of ten prospects have petroleum fields. If
three prospects are selected at random to be explored, what is the
probability of getting exactly two fields?

Let A: Exactly two fields

()(6) 4! 6!
P(A) = T TANTE 0.3

10!
3171

b. Relative frequency definition of probability

Consider a sequence of repetitions of the same experiment under

identical conditions. Let fn denote the number of occurrences of the
event A in the first n repetitions of the experiment. The ratio fn/n then
gives the relative frequency of occurrence of event A in the first n

repetitions. The probability of event A is

P(A) = lim 0

n-e n
i.e., the limiting relative frequency of occurrence of event A in the long
run.
The relative frequency definition is more general than the classical

definition.



The relative frequency definition includes the classical definition.
Example: The probability of a dry hole in a particular explored basin is
0.8 from past statistical data.
. Subjective definition of probability
A personal opinion (depending on the information held by a person at
some time) of the likelihood that an event will occur. Subjective
probability includes the case where past statistical data are not available
and/or the information available is of an indirect nature.
The subjective definition is more general than the relative frequency
definition.
The subjective definition includes the relative frequency definition.
In petroleum resource assessment the application, assignment and
interpretation of probability is based on the subjective definition of
probability.
Example: The probability of recoverable petroleum in an unexplored
play is 0.3 without past statistical data.
. Axiomatic definition of probability
The probability of an event A is the sum of the weights of all sample
points in A. Therefore,

0<P(A)<1,P(J)=0,and P(S) =1
where & denotes the empty set and S the sample space.
The theory of probability is based on the axiomatic definition of
probability.
The classical and relative frequency definitions of probability can be

derived as theorems from the axiomatic definition.

10



8. DProbability of event relations
Suppose we assume equally likely sample points for the experiment: three-

prospect assessment.
Sample Space
SSS
SSF
SFS
SFF
FSS
FSF
FFS
FFF

a. Given event A: Exactly one field
A = {SFF, FSF, FFS},
then P(A) =3/8
b. Given event B: At least one field
B = {SSS, SSF, SFS, SFF, FSS, FSF, FFS},
then P(B) =7/8
c. Given AUB = {SSS, SSF, SFS, SFF, FSS, FSF, FFS},
then P(AUB) =7/8
d. Given ANB = {SFF, FSF, FFS},
then P(ANB) =3/8
e. Given A' = {SSS, SSF, SFS, FSS, FFF},
then P(A') =5/8
f. Given B' = {FFF},
then P(B") =1/8

11



9. Conditional probability
Notation P(A | B) denotes the conditional probability of event A given that
the event B has occurred.
Given that B has occurred, event B becomes the new reduced sample space.
Conditional probability:
For any two events A and B with P(B) > 0, the conditional probability of A

given that B has occurred is defined by
P(A|B) = DANB)
P(B)
Consider the experiment: three-prospect assessment with equally likely
sample points.
P(ANB) _ 3/8 -
PB) 7/8

P(AIB) = 3/7

Independence:
Two events A and B are independent if P(A | B) = P(A) and are dependent

otherwise.
Consider the experiment: three-prospect assessment with equally likely
sample points. Since
P(A|B) =3/7 and P(A) = 3/8 = P(AIB) # P(A),
events A and B are dependent.

Remark: If two events are mutually exclusive, then they are dependent.

12



10. Probability rules
a. Addition rule
If A and B are any two events, then
P(AUB) = P(A) + P(B) - P(ANB)
b. Special addition rule
If A and B are mutually exclusive events, then
P(AUB) =P(A) + P(B)
c. Complement rule
If A and A' are complementary events, then
P(A) + P(A') =1
or
P(A)=1-P(A")
d. Multiplication rule
If A and B are any two events, then
P(A nB) =P(A|B)P(B)
and
P(ANB) =P(A)P(BI1A)
e. Special multiplication rule
If A and B are independent events, then
P(ANB) =P(A)P(B)
f. Another special multiplication rule
If A and B are mutually exclusive events, then

P(ANnB)=0

13



11. Applications of probability rules
a. Equally likely

First Second Third  Sample Event
LProspect Prospect _Prospect _Point A Probability

0 5.5 SSS 0.125
0.5 SSF 0.125
SFS 0.125
é SFF * 0.125
FSS 0.125

0.5 S<
< 05 FSF « 0125
FFS * 0.125
F FFF 0.125
1.000

P(A) = P(SFF U FSF U FFS) =3/8 =0.375
or =P(SFF) + P(FSF) + P(FFS) = 0.125 + 0.125 + 0.125 = 0.375
or = P(S)P(F)P(F) + P(F)P(S)P(F) + P(F)P(F)P(S) = 3(0.5)3 = 0.375

14



b. Bernoulli process

First Second Third  Sample Event

Prospect Prospect Prospect Point A
S SSS
SSF
SFS
§ SFF *
0.2 FSS
02__S <
F< 0.8 F ESF *
0.8 F{ S FFES *
0.8 \F FFF

P(A) = P(SFF) + P(ESF) + P(FFS)
= P(S)P(F)P(F) + P(F)P(S)P(F) + P(F)P(F)P(S)
= 3P(S)P(F)P(F) = 3(0.2)(0.8)2 = 0.384

15




¢. Independence
First Second Third Sample Event

Prospect Prospect Prospect _Point A
S SSS
0.1 SSF
SFS
SFF *
< FSF .
09 NF < FFS *
0.7 FFF

P(A) = P(51F2F3) + P(F1S2F3) + P(F1F2S3)
= P(S1)P(F2)P(F3) + P(F1)P(S2)P(F3) + P(F1)P(F2)P(S3)
=(0.2)(0.9)(0.7) + (0.8)(0.1)(0.7) + (0.8)(0.9)(0.3) = 0.398

16



d. Dependence

First Second Third  Sample Event
Prospect Prospect Prospect Point A

03,5 SSS
S <
0.25 0.7°NF SSF
0. F
0.75 S3~p  SEF .
02_-s FSS
0.8 0.15_-S <
F< 08™NF FsF *
0.85 F0< S FFS ‘
09NF FFF

P(A) = P(S1F>F3) + P(F152F3) + P(F1F>S3)
= P(51)P(F2 151)P(F3 | S1F2) + P(F1)P(S2 | F1)P(F3 | F1S2) +

P(F1)P(F2 | F1)P(S3 | F1F2)
= (0.2)(0.75)(0.8) + (0.8)(0.15)(0.8) + (0.8)(0.85)(0.1) = 0.284

17



12. Bayes' rule
Rule of total probability:
If the events B, By, ..., Bk constitute a partition of the sample space such

that P(Bj) # 0 fori =1, 2, ..., k, then for any event A
k k
P(A) = Y PBinA)= Y P(B;j)P(AIB;).
i=1 i=1

Example: Three-prospect assessment with two hypothesized possible
states of nature
B1: Exactly one field; estimated prior probability P(B1) =3/4
Bo: Exactly two fields; estimated prior probability P(B2) =1/4
Let event A: First wildcat well drilled results in a dry hole
Conditional probabilities: P(A|B1) =2/3 and P(A|B»)=1/3
Therefore, P(A) = P(B1)P(A | B1) + P(B)P(A | Bp)
=(3/4)(2/3) + (1/4)(1/3) =7/12
Bayes' rule:
If the events By, By, ..., Bk constitute a partition of the sample space, where

P(Bj) #0fori=1,2,..,k, then for any event A such that P(A) #0,

P(B,NA) __P(B)P(AIB;)

k
PR S peypaB)

i=1

P(BrlA) =

forr=1,2,..., k.

Example: Posterior probabilities are

P(B,)P(AIB;)+ P(B,)P(AIB,)
o Gy 62
@B/H2/3)+A/HA/3) 7/12
P(By | A) = P(B,)P(AIB;)
P(B,)P(AIB,)+ P(B,)P(AIB,)
woyy  _yn_

S BIH2ID+AIHA/3) T2

18



B. Random Variables and Probability Distributions
A random variable X is a function that associates a real number with each
element in the sample space.
1. Discrete random variables
a. Binomial random variable

Bernoulli process

First Second Third  Sample
Prospect Prospect Prospect _Point Probability x _

0. S  sss 0.008 3

SSF 0.032 2

SFS 0.032 2

0< SFF 0.128 1
< FSS 0.032 2
< 08 FSE 0128 = 1
FFS 0.128 1

0.8 F  FFF 0.512 0

1.000

Let random variable X: Number of fields (successes)

Possible distinct valuesx =0, 1,2, 3

Note that P(X =1) = P(A) = 0.384

A discrete random variable X can take on a countable number of values.

b. Examples of discrete random variables
Number of discoveries

Number of dry holes

Number of prospects

Number of petroleum accumulations
Number of oil fields

Number of gas fields

Number of exploratory wells

19



2. Discrete probability distributions
Probability distributions can be expressed in the form of tables, graphs, and
formulas.
Binomial distribution

a. Probability mass function (pmf)

f(x) =P(X =x)
X £(x) 1+
0 0.512 f(x)
1 0.384 05T 1
2 0.096 b,
3 0.008 L
01 2 3

b. Cumulative (less than) distribution function (cdf)
F(x) =P(X < x)

¢. Complementary cumulative (more than) distribution function (ccdf)

R(Xx)=P(X>x)=1-F(x)

1 forx < 0
0.488for0 < x <1

R(x) = {0.104 for1 < x < 2
0.008for2 < x < 3
0 forx = 3

20



3. Graphs of discrete probability distributions
Binomial distribution

a. Probability histogram

Area represents probability

L %

1 23

o 4

b. Cumulative (less than) distribution function (cdf)

E(x)
1+ ——
—
o—
—t— X
0o 1 2 3
c. Complementary cumulative (more than) distribution function (ccdf)
R(x)
1--
P
e
} r T X -
0 1 2 3
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4. Continuous random variables
a. Concept of a continuous random variable
A continuous random variable X can take on a continuum of values.
X = x where x is a real number in an interval, e.g., 0 < x < o0 or any

positive number.

p is area between x ; and x3.

Total area under curve equals 1.

P(x1 <X <x9)=p
b. Examples of continuous random variables
Oil field size
Gas field size
Area of closure
Reservoir thickness
Reservoir depth
Effective porosity
Hydrocarbon saturation

Reservoir pressure

Reservoir temperature



5. Continuous probability distributions
Uniform or rectangular distribution

a. Probability density function (pdf)

1
b-_a fora<x<b
f(x) =
0 otherwise

Parameters: a and b real numbers with a <b

b. Cumulative (less than) distribution function (cdf)

F(x) =P(X £x)

0 forx < a
F(x) = x-a fora <x<b
b-a
1 forx > b

c. Complementary cumulative (more than) distribution function (ccdf)

RXx)=P(X>x)=1-F(x)
1 forx< a

R(x) = b-x fora< x <b
a
0 for x > b
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6. Graphs of continuous probability distributions
Uniform or rectangular distribution
a. Probability density function (pdf)

f(x)

b-a ! |

| |
| I
| |
a b

0
b. Cumulative (less than) distribution function (cdf)

F(x)
1k

|
0 a b

c. Complementary cumulative (more than) distribution function (ccdf)

R(x)
1‘
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7. General graphs of continuous probability distributions
a. Probability density function (pdf)
f(x)

ptq=1

Xo

b. Cumulative (less than) distribution function (cdf)

F(x) =P(X<x)
E(x)

c. Complementary cumulative (more than) distribution function (ccdf)

Rx) =P(X>x) =1-F(x)
R(x)
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8. Monte Carlo simulation

a. Binomial distribution

X: Number of fields (successes) in 3 prospects (x =0, 1, 2, 3).
P(field) = 0.2 and P(dry) = 0.8

X = X1 + X2 + X3 where

X1: Number of fields in prospect 1 (x1 =0,1),

Xp: Number of fields in prospect 2 (x =0, 1),

X3: Number of fields in prospect 3 (x3 =0, 1).

1
l =
0.8
0 0 1 X1
Prospect 1

U
1
0.8
Uy
—>
001
Prospect 2

X

1. 3
0.8
Us
—>
0 0 1 X3
Prospect 3

Make 5000 simulation passes and compute X each pass.

On each pass, select 3 random numbers (U1, Uz, U3) between 0 and 1.

Ui is uniformly distributed over the interval [0,1].
If 0 £Uj < 0.8 assign 0, and if 0.8 <Uj <1 assign 1.

Generate a relative frequency distribution from the 5000 values of X.

For example,

PassNo.| Ujp Uy Us X1 Xz X3 X
1 0.56 0.82 0.12 0 1 0 1

2 0.71 0.63 0.29 0 0 0 0

3 0.89 0.95 0.38 1 1 0 2
5000 047 0.08 0.69 0 0 0 0
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A relative frequency distribution of X from an actual simulation,
compared to the exact probability distribution of X from the analytic
method:

b. Probability distribution for field size
X: Oil field size (barrels),
X = X1 * Xp ® Xgwhere
X1: Area of closure (acres),
X2: Reservoir thickness (feet),
X3: Oil yield factor (barrels/acre-foot).

0 X3 X3
Qil Yield Factor

X1 1
Closure

Make 5000 simulation passes and compute X each pass.

On each pass, select 3 random numbers (Ui, Uz, U3) between 0 and 1.
Ui is uniformly distributed over the interval [0, 1].

From U1 determine Xj, from U determine X3, and from U3
determine X3, using their ccdf curves as inverse functions.

Generate a relative frequency distribution from the 5000 values of X
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c. Comparison of the analytic probability method and the Monte Carlo

simulation method
Difficulty of Problem
Tractable Partly Tractable = Totally Untractable
Analytic Exact Part exact No solution
Method solution Part approximate
Monte Carlo | Approximate Approximate Approximate
Method solution solution solution

Advantages of the analytic probability method over the Monte Carlo

simulation method

1.
2.

Exact or part exact solution

Much faster procedure on computer (possibly thousands of times
faster)

More flexible (separate system into modules)

Unique solution (whereas Monte Carlo method gives different
solution each time applied)

Dependency capability (whereas Monte Carlo method generally
assumes independence)

Mathematical equations describe probabilistic relationships among

the random variables.
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C. Descriptive Parameters
1. Measures of central location
Also called measures of central tendency
a. Mean

i. Probability density function (pdf)

PaN

mean
center of gravity

ii. Experiment: Three-prospect assessment

Binomial random variable X: Number of fields

Binomial distribution:

The mean or expected value of X is
p=EX) = Xxf(x)
X
= (0)(0.512) + (1)(0.384) + (2)(0.096) + (3)(0.008)
=0.6
iii. Uniform or rectangular distribution

The mean or expected value of X is
u = EX) = [T xf(x)dx

b1
Jx(—)dx
a —a
a+b

2

29



b. Median

i. Probability density function (pdf)
f(x)

0.5 0.5

median

ii. Cumulative (less than) distribution function (cdf)

F(x)
1+
05—~
1
1
1
0 i X
median

F (median) = P(X €< median) = 0.5

ili. Complementary cumulative (more than) distribution function (ccdf)

R(x)
1 r

0.5F--

0 1
median

R(median) = P(X > median) = 0.5
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c. Mode

i. Probability density function (pdf)
f(x)

max

Ol e e

mode

ii. Cumulative (less than) distribution function (cdf)

F(x)
1- =
Inflection point
$ X
0 mode

iii. Complementary cumulative (more than) distribution function

(cedf)
R(x)
1-

Inflection point. .

X

mode
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2. Mean, median,

and mode related to skewness

a. Symmetric probability density function (pdf)

f(x)

N

mean
median
mode

b. Positively skewed probability density function (pdf)

f(x)

/I

mode

median
mean

c. Negatively skewed probability density function (pdf)

f(x)

AN

mean
median
mode
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3. Measures of variation
a. Variance

i. Two probability density functions with different variations

f(x)

- X

Pdf A has more variation or dispersion or spread than pdf B.
ii. Experiment: Three-prospect assessment

Binomial random variable X: Number of fields

Binomial distribution:

The mean of Xis 1L =0.6
The variance of X is
o?= E[(X -p)] = z‘_,(x-,u)zf(x)
=(0 - 0.6)2(0.512) + (1 - 0.6)*(0.384) + (2 - 0.6)*(0.096)

+(3 - 0.6)°(0.008)
=0.48
Theorem: 62 = E(X?)-p?

E(X2) = (02)(0.512) + (12)(0.384) + (22)(0.096) + (32)(0.008)
=0.84
o = 0.84-(0.6)* = 0.48
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b. Standard deviation
i. The standard deviation of X is the positive square root of the
variance of X, i.e.,
o = o
ii. Experiment: Three-prospect assessment
Binomial random variable X: Number of fields
The standard deviation of X is
o = 1/0.48 = 0.69
iii. Chebyshev’s Theorem:

Given any random variable X with mean | and standard

deviation o, then

foranyk>0, P(u-ko <X <pu+ko)z21- I}z—
Fork=2, Plu-20<X<u+ 20)2

Fork=3, P(u-30c<X < u+ 30) 2

O |00 x|

iv. Experiment: Three-prospect assessment
Binomial random variable X: Number of fields
The mean of Xis p =0.6
The standard deviation of X is ¢ = 0.69

For k =2, P[0.6 - 2(0.69) < X < 0.6 + 2(0.69)]
=P(-0.78 < X < 1.98) =0.896 > 0.75



4. Fractiles

a. Fractiles are values of a random variable that correspond to “more than”
or excedence probabilities.
The p100th fractile (0 < p < 1), denoted by Fp100, is the value of a random
variable X such that P(X > Fp100) =p.
For example
The 95th fractile, Fgs, is the value of X such that P(X > Fgs) = 0.95.
The 5th fractile, Fs, is the value of X such that P(X > Fs) = 0.05.
The 50th fractile, Fsy, is the median.

b. Probability density function (pdf)

f(x)

o\

Bs

c¢. Complementary cumulative (more than) distribution function (ccdf)

R(x)

1
0.95+—=

e I

95
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]
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0.00 1 A e ————
{ |
Fas Fs
A QUANTITY OF RECOVERABLE RESOURCE

Fas Fs
B QUANTITY OF RECOVERABLE RESOURCE

Figure 8.--Typical conditional probability distribution of an undiscovered recoverable resource
shown as A, conditional more-than cumulative distribution function, and B,
conditional probability density function. Fgg denotes the 95th fractile; the
probability of more than the amount is 95 percent. Fg denotes the Sth fractile; the
-probability of more than the amount is 5 percent.

Source: Dolton and others, 1981
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1.0

] ESTIMATES
- MEAN = 1.08
o] MEDIAN - 0.73
z ] 957 - 0.18
E 757 = 0.40
g 0 507 - 0.73
g ] 2572 = - 1.32
5 J SZ - 3. 14
E ] MODE -  0.33
§ S S.0. = 1.19
2 E
a “: 4
o]
<
o T L T U ¥ ¥ T T T
0 .2 2.4 3.6 4.8 6.0 7.2 8.4 9.6 10.8 12.0
AF 95 Fs BILLION BARRELS RECOVERABLE OIL

ESTIMATES
MEAN = 1.08
MEDIAN = 0.73
957 - 0.18
75% - 0.40
507 - 0.73
257 - 1.32

YA - 3.14
MODE - 0.33
S.0. = 1.19
.6 60 7.2 B84 9.6 10.8 12.0

Fos

BILLION BARRELS RECOVERABLE OIL

Figure 9.--Conditional probability distribution of the undiscovered recoverable oil for the
North Atlantic Shelf province expressed as A4, conditional more-than cumulative

distribution function, and B, conditional probability density function,

Estimates

are mean, median, mode, standard deviation (S.D.), and fractiles that correspond to

the percentages listed.

Source: Dolton and others, 1981
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0.420

ESTIMATES
© ] MEAN =~  0.45
0 : MEDIAN = 0.00
S 95y - 0.00
o] 757 -  0.00
19 ] 507 - Q.00
S ] 257 -  0.59

- S7 - 2.07
; MODE =~  0.33

0.94

0.168

\ S.D0.
N

\\\\\\\~‘~~_——~"——_-

1.2 2.4 3.6 4.8 6.0 7.2 8.4 8.6 10.8 12.0

A

It

PROBABILITY OF MORE THAN

0.000 0.084

0.0
BILLION BARRELS RECOVERABLE OIL
ESTIMATES

MEAN -~ 0.45

MEDIAN - .00

957, =  0.00

757 = D.00

S0Z -  0.00

o 254 = 0.59
5% S, = 2.07
MOOE 0.33

S.0. =  0.94

I T T | ¥ L lJ

T T
00 1.2 24 36 48 60 7.2 8.4 9.6 10.8 120

BILLION BARRELS RECOVERABLE OIL

Figure 10.--Probability distribution of the undiscovered recoverable oil for the North Atlantic
Shelf province expressed as 4, more-than cumulative distribution function, and B,
probability density function. A4 has the value of the marginal probability (0.42)
at zero resource. B has a spike at zero resource of probability weight 1-0.42=0.58
which represents the chance of no recoverable o0il being present. Estimates are
mean, median, mode, standard deviation (S.D.), and fractiles that correspond to
percentages listed.

Source: Dolton and others, 1981
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EXAMPLES

Examples of two probability curves on the same graph are (1) conditional and
" unconditional resource potential, and (2) recoverable and economically recoverable
resource potential. ‘

Example 1

LOGRAF is used to duplicate the probability graphs that were originally
generated by EXACTDIS for the national assessment of undiscovered conventional
oil and gas resources by the U.S. Geological Survey (Mast and others, 1989).

Figure 1a consists of cumulative probability distributions for undiscovered
recoverable and undiscovered economically recoverable conventional crude oil
resources of the United States. Figure 1a’ is a summary of the input and output of
the assessment, including the lognormal parameters and:the conditional and
unconditional estimates for each probability curve. The input into LOGRAF are
estimates of the following parameters for each distribution:

Recoverable resources—-p =1, 0 =0, F(9:5 =33.2, Fg =69.9

Economically recoverable-p =1, 6 =0, ng =20.7, Fg =53.8
and with units of billions of barrels.

Figure 1b consists of cumulative probability distributions for undiscovered
recoverable and undiscovered economically recoverable conventional natural gas
resources of the United States. Figure 1b’ is a summary of the input and output of
the assessment, including the lognormal parameters and the conditional and
unconditional estimates for each probability curve. The input into LOGRAF are
estimates of the following parameters for each distribution:

Recoverable resources—-p =1, 6 =0, F;S = 306.8, F; = 507.2
Economically recoverable-p =1, 6 =0, FC95 =208.2, F‘; =325.5

and with units of trillions of cubic feet.
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LOGRAF 92.7 15-Dec-1992

C: \LOGRAF\GEOTECH\USOIL.DAT

Title : Undiscovered Conventional Crude Oil Resources - Total U.S.
Subtitle : Recoverable and Economically Recoverable Resources

Units : BILLIONS OF BARRELS

INPUT: Probability curve #1

Marginal probability 1
Shift parameter 0
Conditional F95 332
Conditional FO5 69.9

OUTPUT:

Lognormal parameters
Mu 3.8748
Sigma 0.2263

Conditional estimates
Mean 49.423
Median 48.173
Mode 45.769
F95 33.2
Fo0 36.045
F75 41354
F50 48.173
F25 56.117
F10 64.383
FO5 69.9
S.D. 11.329

Unconditional estimates *
Mean 49.423
Median 48.173
Mode 45.769
F95 332
F90 36.045
F75 41.354
F50 48.173
F25 56.117
F10 64.383
FO05 69.9
S.D. 11.329

INPUT: Probability curve #2
Marginal probability 1

Shift parameter 0

Conditional F95 20.7

Conditional FO5 53.8

OUTPUT:

Lognormal parameters
Mu 3.5077
Sigma 0.2903

Conditional estimates
Mean 34.808
Median 33.372
Mode 30.674
F95 20.7
F90 23.003
F75 27437
F50 33372
F25 40.59
F10 48415
FO5 53.8
S.D. 10.322

Unconditional estimates *
Mean 34.808
Median 33372 ..
Mode 30.674
F95 20.7
F90 23.003
F75 27437
F50 33372
F25 40.59
F10 48415
FO05 538
S.D. 10.322

* Because the marginal probability is equal to 1, the unconditional and conditional estimates are equal.

Figure 1a'.--LOGRAF summary of input and output estimates for undiscovered recoverable
(curve #1) and undiscovered economically recoverable (curve #2) conventional crude oil
resources of the United States. For additional output see figure 1a.
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LOGRAF 92.7 15-Dec-1992 17:09:16 C:\LOGRAF\GEOTECH\USGAS .DAT

Title : Undiscovered Total Natural Gas Resources - Total U.S.
Subtitle : Recoverable and Economically Recoverable Resources
Units : TRILLIONS OF CUBIC FEET

INPUT: Probability curve #1 INPUT: Probability curve #2

Marginal probability 1 Marginal probability 1

Shift parameter 0 Shift parameter 0

Conditional F95 306.8 Conditional F95 208.2

Conditional FOS 507.2 Conditional FOS 325.5

OUTPUT: OUTPUT:

Lognormal parameters Lognormal parameters
Mu 5.9776 Mu 5.5619
Sigma 0.1528 Sigma 0.1358

Conditional estimates Conditional estimates
Mean 399.1 Mean 262.74
Median 394.47 Median 260.32
Mode 385.37 Mode 255.57
F9s 306.8 F9s 208.2
F90 324.31 F90 218.73
F75 355.84 F75 237.54
F50 394.47 F50 260.32
F25 4373 F25 285.3
F10  479.81 F10 309.83
FO5 507.2 F0S 325.5
SD. 61.341 S.D. 35851

Unconditional estimates * Unconditional estimates *
Mean 399.1 Mean 262.74
Median 394.47 Median 260.32
Mode 385.37 Mode 255.57
F9s 306.8 F9S 208.2
F90 324.31 Fo0 218.73
F75 355.84 F75 237.54
FS0 39447 F50 260.32
F25 4373 F25 285.3
F10  479.81 F10 309.83
F0S 507.2 F0S 3255
S.D. 61341 S.D. 35851

* Because the marginal probability is equal to 1, the unconditional and conditional estimates are equal.

Figure 1b'.--LOGRAF summary of input and output estimates for undiscovered recoverable
(curve #1) and undiscovered economically recoverable (curve #2) conventional natural gas
resources of the United States. For additional output see figure 1b.
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D. Some Continuous Probability Distributions
1. Normal distribution

a. Probability density function (pdf)

1 } . 2
f(x) = o (W 2Ix-p)/cl

2nto

~oo X <o

Parameters are the mean p (-0 < . < ) and standard deviation 6> 0.

68.26% within g+ &

Typical normal curve.

95.44% within 1 + 26
99.74% within 1 + 30

i L 1 1
u—20 p—0o u p+o p+2¢ X

b. Areas under the normal curve
Theorem: If X has a normal distribution with mean p and standard

deviation ¢, then

P(X<x) = P(Z < ’%‘%z)

where Z has the standard normal distribution (L = 0, ¢ = 1).
Example: Porosity

Suppose the distribution of porosity (%) from a well in the Denver-
Julesburg basin of southwestern Nebraska can be modeled as a normal
distribution with u =18% and 6= 3%.

X: Porosity (%)

P(X < 20) = P(Z < 20 - 18 _ 0.67) = 0.7486 from Table A.1

P(15<X<20)=P(X<20)-P(X<15)=P(Z<0.67)-P(Z<-1)
= (.7486 - 0.1587 from Table A.1
=0.5899

P(X>20)=1-P(X <20)=1-0.7486 = 0.2514



2. PROBDIST model selection menu

Select probability distribution model for

1 Probability Histogram F100 F95 F75 F50 F25 F5 FO
2 Probability Histogram F100 F50 FO
3 N 1

Truncated Normal

5

6 Lognormal F50

7 Truncated Lognormal . F100 Mean (normal) FO o
8 Exponential F100 FO

9 Truncated Exponential F100 FO B8
10 Pareto F100 FO

11 Truncated Pareto F100 FO d
12 Uniform F100 FO

13 Triangular F100 Mode FO

NOTE: F50 = Median and P ( X > F50 ) = 0.50

MOVE video bar to desired model. RETURN to select, CTRL-G to see sample graph.
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PROBDIST 89.11 FIGIS.PDL  14:38:33  3-May-1990

Project nsme : Open File Report
Bstimation nase : Test data
Units : none
Model : 7-fractile Probability Histograa

INPUT: PARAMRTRRS
Hin Hedian Nax
VARIABLE NAMR F100 P45 F75 F50 F2s F RO
Saaple data 0.00000 1.00000 3.,00000 6.00000 14.0000 19,0000 28,0000
QUTPUT: RSTINATRS
VARIABLR NAMR HRAN §.0. P00 £H F15 F50 F2§ 4] ({1
Saaple data 8.52500 6.52745 0.00000 1.00000 3.00000 6.00000 14.0000 19.0000 28.0000

1: Sample data
T-fractile probability histogran

]

|
0. 06000 3.0 HBDDD 14a600.ﬁl ZB.EDDD

1.00000 6 .00000 000
Any key to continue ...

Figure 15.  Output of PROBDIST for the 7-fractile histogram model.
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PROBDIST 89.11 PIGI6.PDL  14:39:16 3-Hay-1990
Project name : Open File Report
Bstisation name : Test data

Units : none

Nodel : 3-fractile Probability Bistograa
[NPUT: PARANBTERS

Nin Nedian Max

VARTABLE NANE F100 P50 4]
Saaple data 2.00000 8.00000 10.0000
OUTPUT: BSTINATES
VARIABLE NANB MBAN §. D, F100 P9§ R75 P50 F2s 4] 1]

Saaple data 1.37916 1.75230 2.00000 4.00000 6.50000 §.00000 8.66666 9.33333 10.0000

1: Sample data
3-fractile probability histogran

P Y

fom (enboos o (o
2.00000 | 6.50000 | 8.66666 10.6000

4. 00000 8.00000 9.33333
Any key to continue ...

Figure 16.  Output of PROBDIST for the 3-fractile histogram model.
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PROBDIST 89.11 PIGIT.PDL  14:39:43 3-Kay-1990
Project name : Open Pile Report
Bstimation name : Test data

Units : none

Model : Min/max Normal Distribution
[NPUT: PARAMBTERS

Min Nax

VARIABLE NAMR P100 4]
Jample data 2.00000 10.0000
OUTPUT: B3TIMATBS
YARIABLE NAMR KEAN §.D. k100 F95 R15 P50 25 PS5 ko

Saaple data §.00000 1.46074 2.00000 3.80666 5.10000 6.00000 6.90000 8.19333 10.0000

1: Sanple data
Min/nax nornal distribution

-,

F o~ s S \
2.06000 5.lébﬂﬂ 6.98000 10.6000

3.80666 6 .00000 8.19333
Any key to continue ...

T P N e ariayeyepi

Figure 17.  Output of PROBDIST for the minimum/maximum normal distribution model.

48



PROBDIST 89.11 PIGIS.PDL  14:40:08  3-May-1990

Project naae : Open File Report
Bstimation name : Test data
Upits : none
Hodel : Mean/SD Normal Distribution

INPUT: PARAMBTERS
Hean 8.0.
VARIABLR NANB {Mu)  (Sigaa)
Saaple data §5.00000 1.00000
OUTPUT: BSTIMATES
VARIABLE NAMR MRAN §.D.  FL00 P95 P15 Fs0 F25 P k0
Saaple data §.00000 1.09555 2.00000 3.35500 4.32500 5.00000 5.67500 6.64500 8.00000

1: Sample data
Mean/SD nornal, Signa = 1

J I T ey R L L

/ s E
2.06000 4.35%00 2.67500 8.00000

3.35500 5.00000 6.64500
Any key to continue ...

Figure 18.  Output of PROBDIST for the mean/standard deviation normal distribution
model.
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PROBDIST 89.1! FIGI9.PDL  14:40:33  3-May-1990

Project naae : Open File Report
Bstimation name : Test data
Units : none
Hodel : Truncated Noramal Distribution

INPUT: PARAMBTERS
Kin Hean Hax 8.0,
VARIABLE NAME (F100) (Hu) (RO} (8igma)
Sample data 2.00000  5.00000 10.0000 1.00000
QUTPUT: BSTIMATES
VARIABLE RAME MBAN §.0, FI00 95 15 P50 F2s ] )
Sample data §.05290 1.23119 2.00000 3.36504 4.32778 5.00163 5.67623 6.6476% 10.0000

1: Sample data

11
[

Truncated nornal, Signa

L T T T N P U

e e meceann-.---
- - e .. .. .- ---

; e e '"'“-v—u._q_\_n_ i
2.06000 4.32778 5?g;623 10.6000

3.360504 92.00163 6.64769
Any key to continue ...

Figure 19.  Output of PROBDIST for the truncated normal distribution model.
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PROBDIST 83.11

Project name :

Bstimation name

Units :
Hodel :

INPUT:

VARIABLE NANB

Saaple data

QUTPYT:
VARIABLE NAMB

Saaple data

RIG20.PDL  14:40:57 3-May-1990
Open File Beport
: Test data
none
Lognoraal Distribution
PARAKETERS
Kin Hedian Hax

F100 F§0 Fo

2.00000  4.00000 £0.0000

BSTIMATES

HEAN §. D, FI00 F95 R15 r50 [Z4] 4]

§.29568 1.28129 2.00000 2.93519 3.46408 &.00000 ¢.73208 6.27719

1: Sanmple data

Lognornal distribution

T \
2.00000 | 3.48408 —;T;gzns 10. 0000
2.93519 4.00000 6.27719

Figure 20.

Any key to continue ...

Output of PROBDIST for the lognormal distribution model.
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PROBDIST 89.11

Project name

INPUT:

VARTABLE NAMR

Saaple data

OUTPUT:
VARIABLE NAMB

Sample data

FIG21.PDL  14:41:21  3-May-1990

. Open File Report
Bstiaation name :
Units :
Hodel :

Test dats

none

Truncated Lognoraal Distribution
PARAMBTERS

Hin  Noraal Mean Nax s.D.
P100 (Mu) ] (Sigas)

2.00000  5.00000 500,000 1.20000

BSTIMATBS
HBAN §.D.  FI00 P9% F15 50 F25 3] k0

158.630 125.516 2.00000 18.7198 S56.6487 117.261 223.345 411.409 500.000

1: Sample data

Truncated lognormal, Signa = 1.2

T

2 . 00000

— — T
5&?248? ﬂ%;;;?345 500?000

18.7198 117.261 411.409

Any key to continue ...

Figure 21.  Output of PROBDIST for the truncated lognormal distribution model.
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PROBDIST 89.11

Project name :
. Test data
Units :
Nodel :

Bstimation name

INPUT:

VARIABLB NAMB

Sanple data

OUTPUT:
VARIABLE NAMB

Sanple dats

PIG22.PDL  14:41:42
Open File Report

none
Bxponential Distribution

PARAMBTERS
Hin Hax
F100 F0

2.00000  10.0000

HBAN §. 0. Fi00

3.271798 1.38289 2.00000 2.05940 2.33316 2.80274 3.60549 5.46941

1: Sanmple data

Exponential distribution

31

3-Hay-1990

BITIHATBS

F1$

F50 (34

FS

= -ﬂ-u:::::_:;:::::::L_\_- Y
2 .00000 5753316 3.60549 10.&000
2.05940 2.80274 2.46941

Any key to continue ...

Figure 22.  Output of PROBDIST for the exponential distribution model.

53

PO

10.0000



PROBDIST 89.11

Project name :
Bstimation name :
Units :

: Truncated Brponential Distribution

Hodel

INPUT:

VARIABLE NAKE

Saaple data

QUTPUT:
VARIABLE NAKE

Sanple data

FIGZ3.PDL  14:42:06  3-May-1990

Open File Report

Test data
none

1: Sanmple

Truncated

[

PARAHRTERS

Kin Hax
F100 i Beta

2.00000  10.0000 3.00000

BSTINATES
HEBAN 8.0, F100 P95 k75 k50 F25 F5 ko

(.48180 2.02684 2.00000 2.14292 2.79435 3.87791 5.59086 8.46225 10.0000

data
exponential, Beta = 3

. I I N

2.00000

2.1

1
2q%3435 5. 5&086 10. 6000
292  3.87791  8.46225

Ainy key to continue ...

Figure 23.  Output of PROBDIST for the truncated exponential distribution model.
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PROBDIST 89.11

Project naae :
Bstimation name :
Units :

Mode) :

INPUT:

VARIABLE NAME

Sample data

QUTPUT:
VABIABLE NAME

Saaple data

PIGZ4.PDL  14:42:35  3-May-1990

Open Pile Report
Test data

none

Pareto Distribution

PARAXBTERS
Nin Max
P100 Fo

2.00000 10,0000

RSTINATRS

HBAN §.0. P00 1313 F15

P50 24 P

4.14582 1.16589 2.00000 2.02404 2.13864 2,35053 2.76251 4.01936

1: Sanple data
Pareto distribution

g e ——
2.03000 .ﬁ;TI§864 2.76251

2.02404 2.35053 4.01936
Any key to continue ...

A
10.6000

Figure 24.  Output of PROBDIST for the Pareto distribution model.
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PROBDIST 89.11 FIG25.PDL  14:42:56  3-Hay-1990

Project name : Open File Report
Bstimation nase : Test data
Units : none
Model : Truncated Pareto Distribution

INPUT: PARAMBTRRS
Hin Hax
VARIABLE NAMR F100 Fo d
Jaaple data 2.00000 10.0000 0.50000
OUTPUT: BSTIMATES
VARIABLE NAMB HBAN §. 0.  F100 21 15 F50 RS RS ]
Saaple data 4.54702 2.17003 2.00000 2.11531 2.69285 3.81966 5.83592 8.88975 10.0000

1: Sample data
Truncated Pareto, d = 0.5

' | E—

2.0 DDD 285 9.83592 10.0000

2.11531 3.81966 8.86975
Any key to continue ...

Figure 25.  Output of PROBDIST for the truncated Pareto distribution model.
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PROBDIST 89.11 PIG26.PDL  14:43:21  3-Hay-1990

Project name : Open File Report
Bstimation name : Test data
Units : none
Hodel : Uniform Distribution

INPUT: ' PARAMETBRS
Min Nax

VARIABLE NAME F100 F0
Saaple data 2.00000 10,0000
OUTPUT: BSTIMATES
VARIABLE NAMB MEAN 8. D. Rl p95 F15 P50 P25 P RO
Saaple data £.00000 2.30940 2.00000 2.40000 4.00000 6.00000 8.00000 9.60000 10.0000

1: Sanple data

Uniforn distribution

; 'h..h- '._-'... = J_p' --_,-' "
2.06000 4.06000 8.06500 10.6000

2.40000 6.00000 9.60000
Any key to continue ...

Figure 26.  Output of PROBDIST for the uniform distribution model.
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PROBDIST 89.11 FIG27.PDL  14:43:47  3-May-1990

Project name : Open File Report
Bstimation name : Test data
Units : none
Model : Triangular Distribution

INPUT: PARAMRTRRS
Hin Hax
VARIABLE NAMR F100 Hode RO
aaple data 1.00000 4.00000 10.0000
OUTPUT: E3TINATES
VARIABLR NAMB MRAN §.0.  FLO0 F9§ 15 P50 P25 3] RO
Saaple data $.36398 1.78678 2.00000 2.89442 4.00000 5.10102 6.53589 8.45080 10.0000

1: Sample data
Triangle distribution

.
PN

¢ | T

/1N
f.

|

|

|

|

! |
/ 1 \\\

' |

|

|

|

l

™~

2.00000 10. 0000
4. 00000
Press any key to continue ...

Figure 27.  Output of PROBDIST for the triangular distribution model.
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II. Statistics
A. Sampling Concepts
1. Populations
Population of units: a set of units having some common characteristic.
Example: The population of oil fields in a play.
Population of observations: the set of all possible observations or values of a
random variable X.
A population of observations is conceptualized from a population of units if
each unit (e.g., oil field) were to be measured according to some random
variable X (e.g., oil field size).
Population distribution: the probability distribution of a random variable X.
Example: Normal population means a population whose observations are
values of a random variable having a normal distribution.
Population size: the number of observations in the population.

Parent population: the population of observations that we are interested in

studying.

Example: The population of oil field sizes in a play. The parent population
distribution could be modeled as a Pareto distribution.

Sampled population: the population of observations from which a sample is
taken.

Sometimes, for various reasons (e.g., financial), the sampled population is
more restricted than the parent population.

Example: The population of oil field sizes in a play with the constraint of a
point of economic truncation. The sampled population distribution could be

modeled as a lognormal distribution.
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FREQUENCY

PARENT
POPULATION

~__INCRUMENTAL
DISTRIBUTION
 SEGIMENTS

SIZE ——

Figure 9.1. The progressive exhaustion of an oil and gas field size distribution by wildcat drill-
ing. Sy is point of economic truncation. W, to W, are sequential segments of the field size
distribution added with W, to W, wildcat wells.

Source: Drew, 1990
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2. Parameters
Population parameter: a parameter of the population distribution; i.e., any
numerical quantity that characterizes or describes a population
distribution.
Important: A parameter is a constant or fixed value.
Characterizing parameter: a population parameter that characterizes the
population distribution.
Descriptive parameter: a population parameter that is a function of the
characterizing parameters and describes the populatioh distribution, e.g.,
the population mean.
Population mean: the mean p of the population distribution.
Population variance: the variance 62 of the population distribution.
Population standard deviation: the standard deviation ¢ of the population
distribution.
For simplicity,
"parameters" will often refer specifically to the characterizing parameters;
"moments" will refer specifically to the population mean and variance.
a. Binomial population
Population distribution: binomial distribution
Parameters:
Number of prospects: n=3
Probability of field (success): p = 0.2
Moments:
Population mean: p= np = (3)(0.2) = 0.6
Population variance: 62 =np(1 - p) = (3)(0.2)(0.8) = 0.48
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b. Uniform population
Population distribution: uniform distribution
Parameters:
Minimum value: a=0
Maximum value: b =1
Moments:
a+b — 05

(b - a)

Population mean: p =

= 0.083

Population variance: 62 =
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3. Samples
Sample: a subset of a population.
Sample size: the number of members in a sample.
Sample of units: a subset of n units from a population of units.
Example: A sample of n oil fields in a play.
Sample of observations: a subset of n observations from a sampled
population of observations, i.e., a set of n random variables X3, X, ..., Xn.
Example: A sample of n oil field sizes in a play.

Physical sample: in geology, a single unit.

Examples: A core sample or a water sample.

Important: Unless otherwise stated, a "sample" means a sample of
observations—a set of data.

Two basic types of data

Discrete data: data resulting from a discrete random variable (count data).
Example: Number of new discoveries in each of the plays making up a
basin.

Continuous data: data resulting from a continuous random variable
(measured data).

Example: Discovered oil field sizes in a play.
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Example 1: Oil and mixed oil and gas field sizes
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