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FEMFLOWS3D: A FINITE-ELEMENT PROGRAM FOR
THE SIMULATION OF THREE-DIMENSIONAL
AQUIFERS. Version 1.0

By T.J. Durbin and L.D. Bond

Abstract

This document describes a computer program that simulates three-dimensional ground-
water systems using the finite-element method. The program was developed to simulate
regional ground-water systems, but it can be applied to small-scale problems as well. This
program can be used to simulate both confined and water-table aquifers.

The program simulates a linearized three-dimensional free-surface ground-water system
with a fixed grid. FEMFLOW3D is applicable to the simulation of various free-surface
ground-water systems for which the change in aquifer thickness is small relative to the
overall aquifer thickness.

The finite-element method provides flexibility in the design of a geometric grid that
represents the physical dimensions of an aquifer system. For example, features that can be
well represented with a finite-element grid include irregular, random geographic and geologic
features; irregular boundaries; and increased detail within localized areas of particular interest
within the study area.

The structure of the computer program consists of a main program, which serves as a
simple driver, and a set of subroutines in which the calculations are performed. The
background, mathematical basis, structure, and inputs for each of the subroutines are
described in the document where applicable. Each subroutine generally handles (1) a part of
the mathematical calculations related to the finite-element method, (2) a specific feature of the
hydrologic system, or (3) special features related to the management input or output data.

Hydrologic features that can be represented with the program include stream-aquifer
interactions, phreatophytic evapotranspiration, highly permeable fault zones, land subsidence,
and land-aquifer interactions associated with land-use activities. The program can also
represent the primary features associated with complex irrigation systems, such as irrigated
agriculture, and can calculate the ground-water recharge that results from these activities.
Three boundary conditions, including specified-head boundaries, specified-flux boundaries,
and variable-flux boundaries, can be represented with the program. The program also
provides a method for identifying aquifer and river-bed parameters that can be used in the
calibration of models.
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This document also includes model validation, source code, and example input and output
files. Model validation was performed using four test problems. For each test problem, the
results of a model simulation with FEMFLOW3D were compared with either an analytic
solution or the results of an independent numerical approach. The source code, written in the
ANSI x3.9-1978 FORTRAN standard, and the complete input and output of an example
problem are listed in the appendixes.

1.0 INTRODUCTION

“This document describes the computer program FEMFLOW3D, which is a finite-element program
for the simulation of three-dimensional aquifers. The document is divided into three principal
sections: Section 3.0, which describes the mathematical basis of the program; Section 4.0, which
describes simulations that have been made with FEMFLOW3D for problems that have a known
solution and describes the comparison of the simulations with the known solution; and Section 5.0,
which describes the input formats for the program FEMFLOW3D. The mathematical descriptions in
Section 3.0 are more detailed than some readers may require, but these descriptions are necessary for
the complete documentation of FEMFLOW3D. Most readers can skip Section 3.0 and can proceed
directly to Section 5.0, which tells how to prepare the input files for FEMFLOW3D.

The program FEMFLOW3D simulates the three-dimensional flow of ground water. The program
was developed to simulate regional ground-water systems but can also be applied to small-scale
problems. The program can be used to simulate confined or water-table aquifers for problems at
regional or smaller scales.

FEMFLOW3D uses an iterative procedure to simulate the hydraulic response of a three-
dimensional water-table aquifer. However, the simulation of a water-table aquifer has been done by
others using other approaches. The most commonly applied approach represents a ground-water
system as a quasi three-dimensional system of two-dimensional aquifers connected hydraulically by
leakage through interaquifer aquitards. To solve this problem, Bredehoeft and Pinder (1970) used the
finite-difference method and Durbin (1978) used the finite-element method. Finite-difference
algorithms for simulated quasi three-dimensional ground-water flow are documented by Trescott
(1975) and Trescott and Larson (1977). In each of these methods, the free surface is represented by
applying the Dupuit assumptions to the upper layer of a model. For the upper layer, transmissivity is
a function of calculated head, and the storage coefficient is set to a value representing specific yield at
the free surface.

In some fully three-dimensional representations of a ground-water system, the effect of the free
surface can be approximated by keeping the geometry of the flow domain fixed while assigning a
storage-coefficient value representing specific yield to the upper parts of the model grid. Using this
approach, the large storage effect at the free surface is represented, but the nonlinear effects of the
changed saturated thickness are not. Another approach uses fixed geometry to represent the
free-surface problem as a saturated/unsaturated flow simulation. Freeze (1971) used the fixed
geometry approach within a finite-difference approximation, and Frind and Verge (1978) used it within
a finite-element approximation.

The effects of geometry changes in the flow domain can be represented by using a deforming
model grid. Leake (1977) used this approach by eliminating or adding blocks to a finite-difference
grid as the calculated heads within the aquifer changed with time. Leake demonstrated his algorithm
for the two-dimensional x-Z case, but the approach can be extended to the three-dimensional case. By

2 FEMFLOWS3D: A Finite-Element Program for the Simulation of Three-Dimensional Aquifers. Version 1.0



using this approach, the effects of storage changes at the free surface and the deformation of the flow
domain are included. However, a more rigorous approach was taken by Neuman and Witherspoon
(1971). Starting with the governing equation for ground-water flow and with a linearized partial
differential equation describing the free-surface boundary condition, Neuman and Witherspoon
developed a finite-element algorithm for the two-dimensional x-z case that uses a deforming grid.

The finite-element program FEMFLOW3D is based on the application of the work of Neuman and
Witherspoon (1971) to the three-dimensional case with a fixed grid. Thus, the model simulates a
linearized three-dimensional free-surface ground-water system. Neuman and Witherspoon (1971) uses
this system in their analytical solution of the problem of pumping from a partially penetrating well
within a three-dimensional free-surface aquifer. The use of a fixed grid within FEMFLOW3D
disregards the effects of a change in aquifer thickness on ground-water flow. However, FEMFLOW3D
does represent the effects of a free-surface boundary condition. For most free-surface ground-water
systems, the free-surface effect is a more important phenomenon than is the saturated-thickness effect.
Accordingly, FEMFLOWS3D is applicable to the simulation of various free-surface ground-water
systems, and it is particularly applicable to ground-water systems for which the change in aquifer
thickness is small relative to the overall aquifer thickness.

2.0 GENERAL FEATURES OF FEMFLOW3D

The finite-element program FEMFLOW3D has several general features that aid the three-
dimensional simulation of either regional or small-scale ground-water systems. These features include

1. Grid specification. Specification of the finite-element grid is done in terms of triangular
prisms instead of tetrahedrons, although the internal model calculations are done using
tetrahedral elements. Additionally, triangular prisms with zero-height edges can be used to
represent particular hydrogeologic units that pinch out or can be used to make geographic
changes in the vertical discretization of the grid.

2. Specified-head boundaries. Specified-head boundary conditions can be imposed with
boundary heads that are either constant with time or vary with time. In the latter case, the
boundary heads are specified in terms of tables representing the hydrograph of the boundary
heads. Additionally, drainage nodes can be specified that allow discharge from the modeled
flow domain, but that do not allow flow into the domain.

3. Specified-flux boundaries and internal source-sink terms. The specified-flux boundary
conditions and internal sources-sink terms are defined in terms of a group of various data sets
that can be combined in different configurations for each time step.

4. Variable-flux boundaries. The variable-flux boundary condition can be imposed to simulate
time-variant boundary fluxes in response to changing boundary heads. This is a boundary
condition that allows the finite volume of the modeled flow domain to be extended to infinity
by attaching the analytical solution for a semi-infinite linear aquifer to the boundary of the
flow domain.

5. River-aquifer simulation. To simulate river-aquifer interactions, riverflow is routed through a
main channel and its tributaries. The exchange of water between the local river-channel reach
and the ground-water system depends on the wetted width of the reach, flow depth, river-bed
elevation, river-bed thickness, and river-bed hydraulic conductivity. Additionally, when water
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seeps from the river reach to the ground-water system, the simulation allows a break in the
hydraulic connection between the river and the ground-water system. The break occurs where
the depth to the water table below the elevation of the river bed is greater than the thickness of
the river bed. For this condition, the rate of ground-water recharge from the river is
independent of the depth to the water table. This condition occurs when the hydraulic gradient
from the river to the water table reaches unity in the vertical direction.

6. Phreatophyte simulation. The evapotranspiration of ground water from a shallow water table
owing to phreatophytes can be simulated by specifying the maximum evapotranspiration rate
and the extinction depth.

7. Fault-zone simulation. The effect of highly transmissive fault zones can be simulated without
a representation in the finite-element grid, but poorly transmissive fault zones can be simulated
only by an explicit representation in the finite-element grid. The representation of highly
transmissive fault zones is done by specifying linkages between particular node pairs that allow
the movement of water along the links, in addition to the movement of water through the
aquifer continuum. These linkages can also be used as a convenient method for specifying the
hydraulic condition in a well that pumps from multiple layers in the finite-element grid. The
linkages distribute the discharge from individual layers to maintain nearly identical hydraulic
heads in each layer, which represents the condition in a well casing where hydraulic heads
typically are nearly uniform throughout the water column within the casing.

8. Land-subsidence simulation. The subsidence of the land surface as the result of aquifer
compaction is simulated by specifying the elastic and inelastic specific storage of the fine-
grained beds and by specifying the initial preconsolidation heads within the ground-water
system. Accordingly, the elastic and inelastic release of stored water and the elastic uptake of
water are simulated; correspondingly, the cumulative change in storage within an aquifer
column is used to determine the cumulative change in the elevation of the land surface.

9. Water-use specification. Ground-water pumpage and recharge for an irrigated-agriculture
system can conveniently be simulated. Input files consist of a data-management system for
the storage and the retrieval of well-site data, ground-water pumpage data, irrigated-area data,
crop-inventory data, and surface-water delivery data. The data is processed by an algorithm
that calculates the consumption of water by crops and the recharge of ground-water that results
from precipitation and the application of irrigation water. Data can be organized on the basis of
geographic or political boundaries and are not restricted by the layout of the model grid.

10. Parameter estimation. The aquifer parameters for the model can be estimated using a
weighted least-squared procedure. This procedure uses information on the expected value and
variance of the expected value for hydraulic conductivity, specific storage, and specific yield,
along with information on the measured ground-water levels and the variance of the
measurements, to estimate the maximum likelihood values of hydraulic conductivity, specific
storage, and specific yield.
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3.0 DESCRIPTION OF FEMFLOWS3D

The finite-element program FEMFLOW3D consists of the main program and a set of subroutines
(fig. 1). The main program is a simple driver; the various subroutines perform the model calculations.
The primary calculations are done in the subroutine MODEL. The FORTRAN source code for
FEMFLOWS3D is on the diskette in the pocket at the back of the report. The files that contain the
source code have the extension .FOR. The source code for the program FEMFLOW3D is written in
the ANSI x3.9-1978 FORTRAN standard. Two compiler specifications must be included when
compiling the FORTRAN source code: (1) The compiler must accept "ENTRY" statements that have
a different argument list than the argument list for the main subroutine call, and (2) the internal
variables within the subroutines must be saved.

Description of FEMFLOW3D 5
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3.1 Program FEMFLOW3D
3.1.1 Background

The finite-element program FEMFLOW3D derives its name from its main program called
FEMFLOW3D. This main program is the driver program that makes calls only to the subroutines
MODEL and SEARCH. Unless specified as the driver program, references to FEMFLOW3D refer to
the finite-element program, including all of its subroutines.

3.1.2 Mathematical Basis

No calculations are done in the driver program, FEMFLOW3D.

3.1.3 Structure of Subroutine

The driver program, FEMFLOW3D, executes two alternative sets of subroutine calls. A call is
determined by parameter estimation. Subroutine MODEL is structured into three basic blocks,
MODELI, MODEL2, and MODEL3. If parameter identification is not done, the driver program calls
MODEL! and MODEL3 in sequence, and then stops. If parameter identification is done, the driver
program calls MODELI and SEARCH in sequence and then calls MODEL2 from subroutine SEARCH.

3.2 SUBROUTINE MODEL

3.2.1 Background

Subroutine MODEL is the central module of FEMFLOW3D. This subroutine controls data input
for FEMFLOW3D and executes the principal calculations relating to the implementation of the finite-
element method. Data are input below the primary entry point MODELI either directly as read
statements or indirectly as calls to the primary entry points of other subroutines. The finite-element
calculations are executed below the secondary entry point MODEL2 or MODEL3. These calculations
include calculating volume and surface integrations, assembling elemental and global matrices, and
solving a system of linear equations that yields the calculated hydraulic head for each time step. The
progression of the calculations through time is controlled below the entry points MODEL2 or
MODELS3.

3.2.2 Mathematical Basis
3.2.2.1 Governing Equation

The calculations in subroutine MODEL are based on the three-dimensional equation of ground-
water flow in the form

d

X, %) +—§Z—(KZZ 7Z) -5, 2 ew=0,  (3.2-1)

e A1
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where

h is hydraulic head [L],

K, is the hydraulic conductivity in the x direction [L/t],

K,, is the hydraulic conductivity in the y direction [L/t],

K, is the hydraulic conductivity in the z direction [L/],

S, is the specific storage [1/L],
is the source injection rate per unit volume (L per L3 or 14),
is the coordinate in the x direction [L],
is the coordinate in the y direction [L],
is the coordinate in the z direction [L], which has the same datum as the hydraulic head, and
is time [t].

“N%HE

The form of the governing equation assumes that the coordinate system is aligned with the principal
components of the hydraulic conductivity tensor.

The governing equation is subject to the water-table boundary condition in the form

oh oh oh hy 3.2-2
Kna_-nx+1(),y®-ny+Kzz—§nz=—Sy—5nz ( )
and
= 2-3
hfxy. = hxyznly, (3.2-3)
where
n, is the x component of the outward normal vector on the water-table surface I'z [dimensionless],
n, is the y component [dimensionless],

n, is the z component [dimensionless],
S, is the specific yield [dimensionless],
h; is the elevation of the water table [L],
T'; is the water-table surface [L?],

t s time [t],

and the specific-flux boundary condition in the form

gzl_ n =g (3.24)

where q is the inward discharge normal to the boundary surface [L/t].
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3.2.2.2 Finite-Element Approximation

In FEMFLOW3D, Equation 3.2-1 is solved using the Galerkin finite-element method described by
Durbin and Berenbrock (1985). In this method, the exact continuous solution to Equation 3.2-1 is
replaced by an approximate piecewise continuous solution. This piecewise continuous solution is
defined by coefficient values specified at nodes. in the model grid. Solution values between the nodes
are calculated using piecewise continuous interpolation or basis functions that depend on the
coefficients and are defined over the elements in the grid. FEMFLOW3D uses tetrahedral elements
and linear interpolation functions.

Application of the Galerkin finite-element method to the spatial domain results in a system of
ordinary differential equations in time. To solve this system of equations for each time step, the time
derivative is approximated using a first-order, implicit, finite-difference scheme. Corresponding to the
implicit approximation of the time derivative, the coefficients of the system of equations generated by
the finite-element method are evaluated for each time step at the end of the new time step.

The coefficients of the system of equations are dependent, in part, on calculated hydraulic heads,
causing the system of ordinary differential equations to be nonlinear. Specifically, nonlinearity results
from (1) the use of the drainage node form of the specified-head boundary condition, (2) the
representation of river-aquifer interactions, (3) the representation of evapotranspiration from ground
water, and (4) the simulation of land subsidence. Because the nonlinearities are not severe, a solution
to the nonlinear system of ordinary differential equations can be obtained by simple iteration, which is
sometimes referred to as Picard iteration. At each iteration, a system of linear equations is generated
using the hydraulic heads from the last iteration to evaluate the coefficients of the system of equations.

Application of Galerkin method.—~To apply the finite-element method, the linear operator L{ )
from Equation 3.2-1 is defined as

Lih) = 2 (Kn 5’1')+ _‘7(1( 5’")
& &) ¥ (3.2-5)
+_5(Kzz 5’") 5. w0
Z\ 2 & &
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To solve L(h) = O, interpolating function is used in the form (Pinder and Gray, 1977)

h'(xy,zt) = Z;Hi(t)cpi(x,y,z), (3.2-6)

where
K 1is a series approximation to h [L],
H; are the undetermined coefficients [L}],
"¢, are linearly independent interpolating functions defined over the flow domain Q
[dimensionless],
n is the number of nodal points [dimensionless], and
Q s the three-dimensional flow domain [L?].

The series approximation to Equation 3.2-5 will provide an exact representation as n approaches
infinity. For a finite series, however, the approximation will not satisfy exactly Equation 3.2-5 and a
residual R will result. The residual is defined by

. (3.2-7)

R(xyz1) = L[i; Ht)¢(x,y.2)

If the trial solution was exact, the residual would vanish. For the trial solution, however, the average
residual within the domain is forced to zero, in an average sense, through the selection of the
undetermined coefficients H,.

The undetermined coefficients are calculated by setting the weighted integrals of the residual to
zero. In the Galerkin method (Pinder and Gray, 1977), the interpolating functions are used as
weighting functions, that is, the inner product of the residual with each linearly interpolating function
is set to zero, or

f L 21 H(t)¢(xy.2)| $(xy.2)d2 = 0
J.

Q

(3.2-8)

fori =12..,n

Using Equation 3.2-8 n equations can be solved for the n values of H,.
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System of ordinary differential equations.--To solve the system of ordinary differential

equations, Equation 3.2-8 can be simplified. First, Equation 3.2-8 is expanded to obtain the system of
n equations

3 J <
3 (=2 5 o)

=]
_‘9[1( 25 : H,¢-]

Yy JT]
4 ¥ (3.2-9)
3 J <
-B—Z[Kzzé, Hl‘ﬁl}

dll
-8, 2 +W | ¢da =0

fori =12,...,n

Second, the second-order terms in Equation 3.2-9 are eliminated by applying Green’s theorem
(Pinder and Gray, 1977). By assuming that hydraulic conductivity is constant for each element and by
recalling that H; is a function of time only, the application of Green’s theorem yields

. 3¢6¢ <?¢3¢ op. A,
K it .
/5 K22

* /Ssqs,.%'da - Weda
2 Q2

b

(3.2-10)

Jori =12,..,n,

where

" is the overall boundary surface of the flow domain Q [L?],
I is the free-surface part of the boundary surface [L?], and
I, is the remaining part of the boundary surface [L*].

The integral over the surface I', represents the free-surface conditions on that boundary, and the
integral over the surface I'; represents a specific-flux condition on that boundary
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Third, by substituting Equations 3.2-2 and 3.2.3 into the last term of Equation 3.2-10 and by
replacing the partial derivatives of A with the general definition of the total derivative, the result is

- g Wgda - I{ qedr

n
/S 99, dH’n dr =0
I ?”

e dt

fori =1.2,...,n,

where
q is the inward discharge normal to the surface I" [L/t],
" is the overall boundary surface of the flow domain Q [L?], and
T, is the free-surface part of the boundary surface [L?].
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In obtaining Equation 3.2-11 from 3.2-10, the boundary integral represented by the last term of
Equation 3.2-10 is partitioned in the model domain for water-table surface.

The n equations of Equation 3.2-11 can be written in matrix form as

[A] {H} + [B] {%’} _{F} = 0. 3.2-12)

The typical elements of the matrices {A] and [B] and the vector {F} are

A'J = /(Kn%%? +Kyy %%
. Yy (3.2-13)
+ Kzz .% .aﬁ] d_Q,
X X
Bij = gsslf’id’jdg + I-{:Syd),-tﬁjdl', 3.2-14)
and
F,- = /W(ﬁid.() + /q¢ld1"; (3.2-15)
a Iy

which are referred to as the conductance matrix, the storage matrix, and the force vector, respectively.

Description of FEMFLOW3D 13



3.2.2.3 Interpolating Function

To generate the set of algebraic equations represented by Equation 3.2-12, integrations of the
interpolating functions must be carried out in the form

% %
/53

3, 3

dq,
X X

Joi944
fsd9,

[#:94r,

and

fodr

To facilitate these integrations, the interpolating functions are defined separately for each element,
but when combined produce the global-interpolating functions within the flow domain. The elemental
interpolating functions used in this work are linear and are defined for tetrahedral elements within the
interior of the flow domain and for triangular elements on the boundary surfaces of the flow domain.
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Volume integrations.--Within a tetrahedral element, the trial solution (Equation 3.2-6) can be
expressed as

4
h/ = 2 H,-¢f , (3.2-16)
i=l

where ¢ represent the elemental interpolating functions defined only within the element e. The
interpolating functions for the node i are given by the relation (Zienkiewicz, 1977)

e. L g ibxicy-d, 321
4 =<5 (a, + bx +cy +dgz), (3.2-17)

where the coefficients of Equation 3.2-17 are given by the determinants

X ¥ Z;
J 717
;= oo Ym 2o, (3.2-18)
xP yP ZP

1y z
b- i), 6219
1y,

%
E (3.2-20)
ZP

d = - ym 1, (3.2-21)
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5 X Vi 4

X: Vi Zi (3.2-22)

- i Yi %

6V = 1 X, Yo Znl
1 %52

and where V is the volume of a tetrahedral element [L3]. The indexes p, i, j, and m are the nodal
numbers for a tetrahedral element. The ordering of nodal numbers must follow the right-hand rule,
that is, the first three nodes (p, i, and j) are numbered in a counterclockwise manner when viewed

from the last (m).

Integrations using derivatives of interpolating functions from Equations 3.2-17 through 3.2-18 are

given by the relations (Zienkiewicz, 1977)

and

Finally,

a7 o5 - (3.2-23)
e/K"" i 36Vbb

/Kyy af; 8@ do - 5 (3.2-24)

36V

i 3 1, . K (3.2-25)
[Ka = &dn 36Vdd'
¢ 1
Aj = ——6— Kbb; + K, cc; + K dd) , (3.2-26)

where K, K,, and K, are assumed constant for an element, and Aj is the elemental contribution to
matrix [A°] for i = 1,2,3,4 and j = 1,2,3,4 locally.

The matrix [A] is obtained by summing the contribution from each node for each element matrix

[A®]. For example, if nodes i and j in the element nodal system correspond to nodes p and g in the
global nodal system, the Aj in the element stiffness matrix is added to A, in the global stiffness
matrix. This procedure is repeated for each node in an element and for all elements in the domain Q.
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Integrations with only the interpolating function, and not their derivatives, are given by the
relations (Zienkiewicz, 1977)

Bj = /S¢,¢,d!2 20 forz;é] (3.2-27)

and

(3.2-28)

Bj = /S $i9;dQ = forz =)

10

where S, is assumed constant for an element and ge is the elemental contribution to the matrix [B‘]
y

fori=1,2,3,4 and j = 1,2,3,4 locally. The matrix {B] is obtained by summing the contributions from
each elemental matrix [B*], as described above for matrices [A] and [A®].

Surface integrations.--On the free surface, it is necessary to perform integrations of the
interpolating functions in the form :

/. ¢i¢rdr,
e

where the two-dimensional functions are now defined on the free surface. Where the flow domain is
defined by an assemblage of tetrahedral elements, the free surface (and other boundary surfaces) can
be defined by selected triangular faces of those tetrahedral elements that form the free surface. In
other words, the free surface is defined by an assemblage of triangular elements representing the faces
of those tetrahedral elements. Furthermore, if the free surface is assumed to be approximately
horizontal, then the integrations can be carried out in the x-y plane according to the description below.
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Within a triangular element, the approximate solution (Equation 3.2-6) can be expressed as

3
h’ = 3 Hg, (3.2-29)
i=1

where ¢/ represent the elemental interpolating functions defined only within the element e. The
interpolating function for the node i is given by the relation (Zienkiewicz, 1977)

¢ = -2% (a; + bx +cy), (3.2-30)
where
R Y{VJ (3.2-31)
a- 32,
b= -1 (3.2-32)
i~ ] ym ’
% 1 ]
¢ = - L; 1 (3.2-33)
1 x;y,
24 =| 1%y, (3.2-34)
1x,y,

and where A is the area of a triangular element [L?]. The indexes i, j, and m are the nodal numbers
for a triangular element. The ordering of nodal numbers must follow the right-hand rule, that is, the
nodes are numbered in a counterclockwise direction when viewed from above the x-y plane.
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Using Equations 3.2-30 through 3.2-34, integrations of the interpolating functions are given by the
relations (Zienkiewicz, 1977)

B; = /S ,9i¢;dr = —-!A fori=j (3:2-35)
and

e . S .

B; ef S,¢idjdr = 24 fori =, (3.2-36)

where S, is assumed constant over an element and pge is the elemental contribution to matrix [B] for
i

i=123andj =123 locally. The matrix [B] is obtained by summing the contributions from each
elemental matrix [B¢], as described above for the matrices [A] and [A®].

3.2.2.4 Integration in Time

Although the matrices [A] and [B] and the vector {F} can now be evaluated, the system of
ordinary differential equations must still be solved. To do this, the time derivative is approximated
using the first-order, implicit, finite-difference scheme

[A]{H,.4 + —[BJ{ vae = H} - {F} =0, (3:2-37)

which can be rearranged to obtain

([A] P [B]){ roa) = Ait [B]{H} + {F}, (3.2-38)

where At is the time step (t]. By the implicit approximation of the time derivative, the matrices [A]
and [B] and the vector {F} are evaluated at the new time step 7+At.
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3.2.2.5 Iterative Solution

Because the coefficients of the matrices [A] and [B] and the vector {F} are dependent, in part, on
hydraulic head, Equation 3.2-38 represents a system of nonlinear algebraic equations. However, the
nonlinearity introduced by head-dependent sources and sinks and by land subsidence is not severe.
Therefore, the solution of Equation 3.2-38 can be obtained by a simple iterative procedure, in which,
at the k-th iteration, Equation 3.2-38 takes the form

( [AJ*D + Ait[B](k-l)) {Ht.m}(k) = _j_t [B](k-l){Ht} + {F)te-D). (3.2-39)

At each iteration, the matrices [A] and [B] and the vector {F} are updated, and a solution is obtained
the for new values of {H,,,} by the square-root or Cholesky method (Pinder and Gray, 1977). The
process is repeated until the absolute difference between {H,,,J® and {H,,,}*" at any particular node
is less than some specified value. In most applications, convergence is obtained in two to five
iterations.

3.2.3 Structure of Subroutine
3.2.3.1 General Structure

Subroutine MODEL is structured into two basic blocks. The first block, which is entered by a call
to MODELYI, is for the input and display of data describing the ground-water problem to be solved.
These data are entered by read statements within the MODELI block and within the subroutine blocks
CHEADI, FLUX1, RIVER], EVAP1, VFLUX1, FAULTI, SINK1, WATER1, and SEARCH, which are
called in MODELI. Within the first block, switches are set for the display of the input data and of the
computational results.

Within the second block, which is entered by the call to MODEL2, the finite-element method is
implemented (fig. 2). The finite-element calculations are organized into two computational loops. The
outer loop is the time-step loop, and the inner loop is the iterative-solution loop, which relates to the
solution method described in Section 3.2.2.5. For each time step, the iterative-solution loop is
repeated until the solution converges. The closure criterion for convergence is that the calculated
hydraulic heads change less than a specified value between two successive iterations. The actual
closure criterion is

max ]H,-‘k) - H,-(k'ul <€ (3.2-40)
i
where
H, is the calculated hydraulic head at the node i [L],
k is the iteration counter [dimensionless], and
€ is the closure criterion [L].
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Figure 2. Structure of subroutine MODEL.
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3.2.3.2 Compressed Storage

A compressed storage scheme is used in subroutine MODEL for the matrices {A] and [B].
Because these matrices are symmetric, the storage requirement can be reduced. It is necessary to store
only the upper half or the lower half of a symmetric matrix. The half that is not stored can be
reconstructed at any time from the relation

which applies to any symmetric matrix. Besides being symmetric, the matrices [A] and [B] are
banded. Because it is necessary to store only part of the matrices within the band of nonzero
coefficients, minimizing the bands reduce the storage requirement for the matrices. The size of the
bands is minimized when the nodes are numbered to minimize the numerical difference between the
highest and lowest node within each element. Within a band, the element with the largest numerical
difference between its highest and lowest nodes determines the size of the band. Within the finite-
element grid, the band with largest size determines the storage requirement of the matrices for the
model. Band size is usually minimized when the nodes are sequentially numbered in stacks on
vertical planes across the shortest dimension of the grid.

Using matrix [A] as an example, figure 3 shows how the symmetric and the banded structure of
matrices [A] and [B] can be used to reduce the storage requirements. As indicated on the figure, the
diagonal of matrix [A] occurs in the compressed matrix [A”] as column 1. Accordingly, a column of
matrix [A] occurs in the compressed matrix [A”] as a diagonal where the diagonal runs downward
from the left.
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Figure 3. Compressed storage of matrix [A].
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3.2.3.3 Linear Problems

In some applications of FEMFLOW3D, the matrices {A] and [B], do not change during simulation.
This occurs when the coefficients of [A], [B], and [F] are independent of {H}, which means that
Equation 3.2-38 is linear. This linear equation occurs when (1) the drainage-node form of the
specified-head boundary condition is not used, (2) river-aquifer interactions are not simulated, (3)
evapotranspiration from ground water is not simulated, and (4) land subsidence is not simulated. If
each of these conditions is satisfied, the matrices [A] and [B] need to be constructed only once.
Further, if the time step is constant, the upper triangularization of the matrix

(147 + 031).

which occurs in Equation 3.2-38, needs to be done only once in subroutine BAND. Accordingly, a
switch can be set in subroutine MODEL to identify the problem as linear. In this case, the matrices
[A] and [B] will be constructed only once, which will reduce the computational requirements of the
application.

3.2.3.4 Finite-Element Grid

The finite-element grid defines the geometry of the ground-water system. The grid consists of a
solid configuration of tetrahedrons. Because tetrahedrons are difficult solids with which to work, the
actual grid is assembled from prismatic elements with a triangular cross section. The prismatic
elements are oriented spatially with subhorizontal triangular faces and subvertical quadrilateral faces.
Subroutine MODEL then automatically fits three tetrahedrons into each prismatic element (fig. 4).
However, to allow flexibility in the construction of three-dimensional grids, the subroutine also accepts
prismatic elements that contain edges of zero height (fig. 5). A prismatic element with one zero-height
edge contains two tetrahedrons, and an element with two zero-height edges contains one. These
special elements can be used to represent geologic features that taper to zero thickness or they can be
used to include a vertically fine grid in zones of particular interest. Without these special elements, a
vertical zone of fine gridding can be terminated only by carrying it to the edge of the grid.
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Triangular prismatic element

Figure 4. Disaggregation of triangular prismatic elements into tetrahedrons.
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Figure 5. Triangular prisms with zero-height edges.
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3.3 Subroutine CHEAD

3.3.1 Background

Subroutine CHEAD is used to represent specified-head boundary conditions, which can take three
different forms. In the first form, unlimited discharge can occur into or from the ground-water
system through the specified-head nodes. For example, this type of boundary condition is used with
constantly flowing rivers that maintain a hydraulic connection to the water table. In the second form,
unlimited discharge can occur from the ground-water system through specified-head nodes, but
discharge into the ground-water system through the nodes is limited. This boundary condition is used
when a water table periodically drops below a river or a lake. In the third form, unlimited discharge
can occur from the ground-water system through specified-head nodes, but no discharge can occur into
the ground-water system through the nodes. This boundary condition is used to represent drainage
systems. Such a condition might exist where ground-water can discharge to a subsurface drain pipe.
However, if water otherwise does not flow in the pipe, water cannot discharge from the pipe to the
ground-water system.

The heads specified in the subroutine CHEAD either may be constant or may vary with time. A
single head elevation for each specified-head node may be assigned for the entire simulation to
represent invariant conditions, such as the elevation of a subsurface drain pipe. Altematively, the head
elevation for each specified-head node may vary in time in accordance with a specified hydrograph,
which is input to the model as a table of hydraulic heads at specified times

3.3.2 Mathematical Basis

Discharge equation.--The equation for the discharge of water across the boundary surface owing
to specified heads is

gp(xyt) = %‘ Cp(Hg - H) 6(x-x) 6 (y-y), (3.3-1)

where
gs is the functional representation of ground-water discharges owing to the specified-head
boundary condition [L/t],
Cy is a coefficient representing the leakance of the specified-head boundary condition for the
node i [L¥t],
Hy, is the specified head for the node i [L],
H; is the calculated hydraulic head for the node i,
x; is the x coordinate for the node i [L],
y: is the y coordinate for the node i [L],
8 is the Dirac delta function {1/L], and
n is the number of nodes [dimensionless],

and where the coordinate system locally is oriented within the plane of the boundary surface. For a
drainage boundary condition in which the direction of flow across the boundary is outward, flow
occurs only when H, is greater than Hy, in Equation 3.3-1.
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The discharge g5 has a nonzero value at the specified-head nodes and a zero value elsewhere,
where the discharge g, is the discharge necessary to produce calculated hydraulic heads H; at node i
that are approximately equal to the boundary heads Hy, at the node i. This relation between specified
and calculated heads can be achieved if the coefficient Cp, in Equation 3.3-1 is sufficiently large. The
practical application of the specified-head boundary condition does not require the careful
determination of values for the coefficient Cy,. It is sufficient to choose a value that is large enough
that H; will be close to Hy,. Nevertheless, the value should not be so large that the difference between
H; and By is lost in the precision of the calculations.

Substitution into force vector.--Equation 3.2-15 is an expression for F,, which is the quantity
representing the internal and boundary fluxes for the model domain. Correspondingly, Equation 3.3-1
is an expression for the boundary fluxes representing specified-head boundaries. Equation 3.2-15 and
3.3-1 can be combined into the form

Fy=Fp;+Cy{Hy-H) (3.3-2)

where Fy; represents the internal and boundary fluxes associated with node i except for the boundary
fluxes associated with the specified-head boundary conditions.
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The right-hand side of Equation 3.3-2 includes the dependent variable {H} from Equation 3.2-38,
which is the system of algebraic equations representing the heads {H} at the end of the current time
step. With the substitution of Equation 3.3-2 for {F} in Equation 3.2-38, the dependent variable occurs
on both the right-hand and left-hand side of Equation 3.2-38 in the form

(v B, B il Colly-dig o O3
or
([A] +$ [Bl+diag{C B}){H teat)= é[B] {H 3 +{F B} +{C oH 8} (3.34)
where
{CpH p)=diag{Cg){Hp}. (3.3-5)

Equation 3.3-4 is equivalent to adding the quantities Cj; to the diagonal of the left-hand martix
(Al+—(B]
At
in Equation 3.2-38 and to adding the quantities Cp; Hy; to the right hand vector

1
IBYH P,
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3.3.3 Structure of Subroutine

Subroutine CHEAD is structured into three basic blocks. The first block, which is entered by a
call to CHEADI, is for the input and display of data for the identification of specified-head nodes in
the finite-element grid and the particular form of the boundary condition. The second block, which is
entered by a call to CHEAD2, creates the coefficients to be added to diag{A] and {F}, as described in
Section 3.3.2. The third block, which is entered by a call to CHEAD3, calculates the actual ground-
water discharge through each specified-head node.

In the third block of subroutine CHEAD, the discharge of ground water through individual nodes
in the finite-element grid is calculated from the expression

{Qp} = {Cy} - {Cy, H}, (3.3-6)

where an element of {Qp/ is given by

Qp = Cppi - CppHl;, 3.3-D

and where {Q,/ is a vector of inward discharges [L*t]. The cumulative discharge through all
specified-head nodes is given by

n
QB = 12; QBi’ (3.3-8)

where
Q; is the cumulative discharge [L*t], and
n is the number of nodes [dimensionless].

3.4 Subroutine FLUX

3.4.1 Background

Subroutine FLUX is used to specify values for the source-sink term W and the boundary-flux term
q in Equation 3.2-15. In subroutine FLUX, the boundary-flux term is for the specified-flux boundary
condition.
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3.4.2 Mathematical Basis

Discharge equation.--The internal source-sink fluxes and the boundary fluxes are both represented
by nodal values. Mathematically, the internal source-sink fluxes are given by the relation

Wp(xy.21) = ;;;QP,.(t) 8(x-x) & (yy) & (z-2), (34-1)

where
W, is the functional representation of internal source-sink fluxes [1/t],

Q, is the source-sink flux at the node i [L1t],
x;  is the x coordinate of the node i [L],

Y; is the y coordinate of the node i [L],

z;  is the z coordinate of the node i [L],

) is the Dirac delta function [1/L], and

n is the number of nodes [dimensionless)].

The discharge w, has a nonzero value at nodes where source-sink fluxes occur and a zero value
elsewhere.

Substitution into force vector.--Equation 3.2-15 is an expression for F,, which is the quantity
representing the internal and boundary fluxes for the model domain. Correspondingly, Equation 3.4-1
is an expression for the boundary fluxes representing specified fluxes. Equations 3.2-15 and 3.4-1 can
be combined into the form:

F, = Fp + Qp, (3.4-2)

where Fy, represents the internal and boundary fluxes associated with node i except for the boundary
fluxes associated with the specified fluxes. With the substitution of Equation 3.4-2 for {F} in Equation

3.2-38, the resulting expression is

1 1 -
([A]+E[B]){H,m}:A—t[B]{Ht}+{FP}+QP. (3.4-3)
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3.4.3 Structure of Subroutine

Subroutine FLUX is structured into two basic blocks. The first block, which is entered by a call to
FLUX1, is for the input and display of data on nodal fluxes for either internal source-sink fluxes or
boundary fluxes. The second block, which is entered by a call to FLUX2, combines data sets on nodal
fluxes to produce the nodal fluxes for a particular time step.

The nodal fluxes are input to subroutine FLUX as a series of nodal-flux data sets. Then, the nodal
fluxes for a particular time step are assigned to that time step by constructing a linear combination of
the data sets in the form

(Q4) =, é/@é}i , (344)

where
{Q»} is the vector of combined nodal fluxes for the time step [L*/t],
a is a multiplicative factor for the data set i [dimensionless],

n is the number of data sets [dimensionless], and

{Q@;}; is the vector of nodal fluxes for the data set i [L*t].

Each data set represents a set of fluxes for each node. The flux for a particular node is the sum of

the values from each data set multiplied by a factor for the data set, where the factor can be zero.

The cumulative discharge through all specified-flux nodes is given by

=X On. a4

where
Q, is the cumulative inward discharge [L*t], and
n is the number of nodes [dimensionless].
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3.5 Subroutine RIVER

3.5.1 Background

Subroutine RIVER is used to simulate river-aquifer interactions. The simulation is performed by
routing input inflows through a river network (or networks) that consists of a main river channel and
tributary channels, while accounting for riverflow depletions and accretions owing to the exchange of
water between the river and the ground-water system. Each river channel consists of a series of
reaches associated with nodes in the model. In subroutine RIVER, the exchange of water is dependent
on the river stage, river width, river-bed thickness, river-bed hydraulic conductivity, and ground-water
levels at each node in the model.

Section 5.2.11 provides a detailed example of a representation of river networks in a model.

3.5.2 Mathematical Basis

Discharge equation.--The exchange of water between the river and the ground-water system has
the general form

dg (x)8) = iZjI: Cr (Hy - H) 6 (x-x)) 6(y-y), (3.5-1)

where
gr 1is the functional representation of the exchange rate [L/t],
Cy is a coefficient representing the river-bed leakance associated with the node i [L%t],
Hp, is the stage in the river reach for the node i [L],
H,; is the calculated hydraulic head for the node i [L],
is the x coordinate of the node i [L],
y; is the y coordinate of the node i [L],
8 is the Dirac delta function [dimensionless], and
n is the number of nodes [dimensionless).

The exchange rate g, has a nonzero value at the river nodes and a zero value elsewhere.

Description of FEMFLOW3D 33



The coefficient Cy,; in Equation 3.5-1 depends on several factors, as indicated in the expression

/
Cu = LW, i;"; , (352)

i

where

L, is the reach length associated with the node i [L],

W, is the river width at node i [L],

K/ is the vertical hydraulic conductivity of the river bed at node i [L/t], and
B/ is the thickness of the river bed at node i [L].

Accordingly, the coefficient Cp, is the product of the wetted area of the river reach (L,W,) and the
river-bed leakance (X/B)).

River width.--The river width, in turn, is given by the relation (Leopold and others, 1964, p. 214-
241)

W, = (a, Qs i)’"w , (3.5-3)

where’
o, is a coefficient for the river width [(t/L2)"™],
Qs is the river flow [Lt], and
m,, is an exponent for the river width [dimensionless].

The values of o, and m,, are the intercept and slope of the log-log width-flow relation for the river.

Alternatively, the river width can be specified as a table of widths and the corresponding flows.
Then, the width for a particular flow can be obtained from the table by interpolation between the
tabulated values.

River stage.--The river stage Hp, in Equation 3.5-1 also depends on severz} factors, as indicated in
the expression (Leopold and others, 1964, p. 214-241)

Hy = Hpy + (a5 Q)™ (3.5-4)

where
Hp; is the stage in the river reach at the node i L],
H), is the river-bed elevation [L], which is measured from the same datum as H,,
o, is a coefficient for river depth [(t/1.2)"™p],
Q. is the river flow [L¥t], and
my, is an exponent for the river depth [dimensionless].

The values of o, and m,, are the intercept and slope of the log-log depth-flow relation for the river.
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Alternatively, the river depth can be specified as a table of depths and the corresponding flows.
Then, the depth for a particular discharge can be obtained from the table by interpolation between the
tabulated values.

Substitution into force vector.--Equation 3.2-15 is an expression for F;, which is the quantity
representing the internal and boundary fluxes for the model domain. Correspondingly, Equation 3.5-1
is an expression for the boundary fluxes representing river nodes. Equations 3.2-15 and 3.5-1 can be
combined into the form

F; <Fy; + C; (Hy - H), (3.5-5)

i

where Fy; represents the internal and boundary fluxes associated with node i except for the boundary
fluxes associated with the river nodes.

The right-hand side of Equation 3.5-5 includes the dependent variable {H} from Equation 3.2-38,
which is the system of algebraic equations representing the heads {H} at the end of the current time
step. With the substitiution of Equation 3.5-5 for {F} in Equation 3.2-38, the dependent variable
occurs on both the right-hand and left-hand side of Equation 3.2-38 in the form

([A]+ﬁ[B]){H,,A,}=é[B]{H,}+{F,;}+{CRHR} -diag{Cg}{H,.»}) (3.5-6)
([A]+Ait[B])+diag{CR}){H,§A,}=-;—t [B]{H,}+{F,;} +CrHpg), 357

where
{CrHp)=diag(CR){Hp}, (3.5-8))

Equation 3.5-7 is equivalent to adding the quantities Cy; to the diagonal of the left-hand martrix

1
Al+—
([ 1318
in Equation 3.2-38 and to adding the quantities Cg; Hy, to the right hand vector

1
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Several different conditions determine the values of Cg,. First, if water flows to the lower end of
the reach associated with the node i in the finite-element grid, then Cj, is given by Equation 3.5-2
where L; is the entire length of the reach. Second, if water does not flow to the lower end of the
reach, then G, again is given by Equation 3.5-2, except that L, is the wetted length of the reach.
Third, if no flow occurs within the reach, then Cg, equals zero. Finally, if the ground water at the
node i is below the bottom of the river-bed thickness B, then Cy; equals zero, but the coefficient F; in
Equation 3.2-15 is replaced by

F'y + CofHy - (Hpy - B,)],

where
Hp,;- B/ is equal to the elevation of the base of the river bed material [L].

For this condition, the lefthand side of Equation 3.2-38 is unchanged. The length L, is always the
wetted length of the reach.

For this latter condition, the hydraulic connection between the river and the ground-water system is
broken. The recharge rate to the ground-water system from the river is independent of the hydraulic
heads in the ground-water system. For the condition of hydraulic disconnection, the seepage through
the river-bed material depends on the head differential across the river-bed material. The head at the
upper surface of the river-bed material is the river-surface elevation H,. The head at the bottom
surface of the river-bed material is defined by the assumption of unit hydraulic gradient from the
bottom surface to the ground-water table. With that assumption, the head equals the water-table
elevation plus the distance from the water table to the bottom surface. However, the sum of these
quantities equals the elevation of the bottom surface of the bed materials H,,-B,

3.5.3 Structure of Subroutine

Subroutine RIVER is structured into three basic blocks. The first block, which is entered by a call
to RIVER], is for the input and display of data for the specification of the river network, the physical
properties of the river reaches, and the river inflow inputs. The second block, which is entered by a
call to RIVER2, creates the coefficients to be added to diag{A] and {F}, as described in Section 3.5.2.
The third block, which is entered by a call to RIVER3, calculates the components of the water budget
for the river network, including the exchanges of water between the river network and the ground-
water system.
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In the third block, the exchange of water between the river and ground-water system is calculated
from the expression

{(Qp} = {Crp} - (Cr H}, (3.5-9)

where an element of {Q,/ is given by

Qg = Crai ~ CruHl: (3.5-10)

and where {Q,/ is a vector of inward discharges [L*%t). The cumulative discharge through all nodes is
given by

n
Qi = § Qx» (3.5-11)

where
Qr is the cumulative inward discharge [L*t], and
n is the number of nodes [dimensionless].
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3.6 Subroutine EVAP

3.6.1 Background

Subroutine EVAP is used to simulate the discharge of ground-water from a shallow water table
owing to evapotranspiration from vegetated areas or evaporation from bare-soil areas. Simulation is
done by assuming that the discharge is linearly related to the depth below the land surface to the water
table. The linear relation holds until a maximum depth (extinction depth) is reached. If the water
table drops below the extinction depth, evapotranspiration (or evaporation) ceases. In subroutine
EVAP, the evapotranspiration rate depends on the local depth to the water table, the extinction depth,
the potential evapotranspiration rate, and the size of the discharge area.

3.6.2 Mathematical Basis

Discharge equation.--The discharge of ground water from a shallow water table has the general
form

qE(x)y:t) = g CEi (HEi - HJ 6(x - xi) é (y - y‘) , 3.6-1)

where
gg is the functional representation discharge of ground water [L/t],
Cy, is a coefficient representing the evapotranspiration at the node i [L¥],
Hy, is the extinction-depth elevation [L),
H, is the calculated hydraulic head for the node i [L],
x; is the x coordinate of the node i [L],
y; is the y coordinate of the node i [L],
& is the Dirac delta function [1/L], and

n is the number of nodes [dimensionless].

The discharge g, has a nonzero value for nodes where ground-water discharge occurs and a zero value
elsewhere.
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The coefficient Cg; in Equation 3.6-1 depends on several factors, as indicated in the expression

e o Alu 662
H, - Hg
where
A, s the discharge area associated with node i [L?],

E,.. is the potential evapotranspiration rate per unit area [L/t],
H,, is the land-surface elevation at the node i [L}], and
Hg; is the extinction-depth elevation at the node i [L], and is given by

Hy -Hy, -d,, (3.63)

o

where d, is the extinction depth [L].

Substitution into force vector.--Equation 3.2-15 is an expression for F, which is the quantity
representing the internal and boundary fluxes for the model domain. Correspondingly, Equation 3.6-1
is an expression for the boundary fluxes representing evapotranspiration nodes. Equations 3.2-15 and
3.6-1 can be combined into the form

Fi =F’Ei + CEi (HEi - Hi)’ (3.6'4)

where Ff; represents the internal and boundary fluxes associated with node i except for the boundary
fluxes associated with the evapotranspiration nodes.
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The right-hand side of Equation 3.6-4 includes the dependent variable {H} from Equation 3.2-38,
which is the system of algebraic equations representing the heads {H} at the end of the current time
step. With the substitution of Equation 3.6-4 for {F} in Equation 3.2-38, the dependent variable occurs
on both the right-hand and left-hand side of Equation 3.2-38 in the form

([A] + ﬁtB]){H,,M} - LIBYH) + (F'g + (Colg) - diag(ColiH,.,, B9

or

1’ . 1 , :
([A] + It[B] + diagiC2H, )} = _E[B]{H’} + [F'B+{(CeHg) , (3.6-6)

where
{C H E} = diag{C E}{H } . (3.6-7)

Equation 3.6.6 is equivalent to adding the quantities Cy; to the diagonal of the left-hand martix
[4] + -L[B]
At
in Equation 3.2.38 and to adding the quantities Cy; Hp; to the right hand vector

1
LIBIH) + B

Several different conditions can occur for values of Cy;. First, if the calculated hydraulic head H;
is above the extinction depth and below the land surface, then Cj; is given by Equation 3.6-2. Second,
if the calculated hydraulic head H; is below the extinction depth, then Cg; equals zero, and no
discharge occurs from the shallow water table. Third, if the calculated hydraulic head H, is at or
above the land surface, Cy; is set to a large value to create a specified-head boundary condition with
the land-surface elevation as the boundary head.
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For this last condition, the discharge rate from a shallow water table is greater than the potential
evapotranspiration rate and ground water seeps onto the land surface. The simulation assumes that the
seepage onto the land surface is removed from further interaction with the ground-water system,
which, for example, would occur if the seepage is collected into surface-water channels and then exits
the geographic area of the ground-water system as surface-water outflow.

3.6.3 Structure of Subroutine

Subroutine EVAP is structured into three basic blocks. The first block, which is entered by a call
to EVAPI, is for the input and display of data for the discharge of ground water by evapotranspiration,
including data on the discharge area, extinction depth, and potential evapotranspiration rate. The
second block, which is entered by a call to EVAP2, creates the coefficients to be added to diag{A] and
{F}, as described in Section 3.6.2. The third block, which is entered by a call to EVAP3, calculates
the ground-water discharge by evapotranspiration.

In the third block, the discharge of ground water by evapotranspiration is calculated from the
relation

where an element of {Qg/ is given by

Qu = Cep - CeH, (3.6-9)

and where {Q.} is a vector of inward discharges [L%t]. The cumulative discharge through all nodes is
given by

Q; = g}: Qs » (3.6-10)

where
Q; is the cumulative inward discharge [L*t], and
n is the number of nodes [dimensionless].
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3.7 Subroutine VFLUX
3.7.1 Background

Subroutine VFLUX is used to specify variable-flux boundary conditions. These conditions are for
the boundary fluxes that would result if the modeled flow domain was extended outward a large
distance from the actual boundary of the modeled flow domain. This is done by attaching the
analytical solution for a semi-infinite linear ground-water system to the boundary of the modeled flow
domain.

Section 5.2.13 provides a detailed example of a representation of variable-flux boundaries in a
model.

3.7.2 Mathematical Basis

Discharge equation.--The exchange of water at the boundary of the modeled flow domain has the
general form

qy(xyt) = é [Cu(Hy, - H) + Qy 6(X-X,) 8(Y-Y)], (3.7-1)

qy is the functional representation of the exchange rate [L/t],

Cy; is a coefficient relating to the effect in the current time step owing to the head change for
node 7 at the boundary in the current time step [L*t],

H,, is the steady-state hydraulic head for node i [L],

is the calculated hydraulic head for node i for the current time step [L],

v is the discharge across the boundary at node i in the current time step owing to head changes

at the boundary in past time steps [L*/t],

x; is the x coordinate of the node i [L],

y; is the y coordinate of the node i [L],

& s the Dirac deita function [1/L],

n  is the number of nodes [dimensionless],

i is the node number [dimensionless],

and where the coordinate system is locally oriented within the plane of the boundary surface.
Equation 3.7-1 applies only if the simulation starts with a steady-state initial condition. This

requirement eliminates the need for considering the time fluctuations of the boundary heads at time
prior to t=0 in the simulation.
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The coefficient Cy, and the discharge Q,; have nonzero values for nodes on the variable-flux
boundaries and zero values elsewhere. Correspondingly, the exchange rate g, has a nonzero value for
nodes where both Cy; and Q,/ have nonzero values.

The coefficient C,, for the effect in the current time step owing to the head change in the current
time step is given by the relation

_ 2 | KBW, 12
Vi T 7 ——”Ki 7 At7e,
)

(3.7-2)

K, is the hydraulic conductivity of the extended ground-water system for node i [L/t],
B, is the thickness of the extended ground-water system for node i [L],

W, is the width of the extended ground-water system for node i [L},

At is the time-step length [t],

S,; is the specific storage for the extended ground-water system for node i [1/L], and
i is the node number.

Semi-infinite aquifer.—~Equation 3.7-2 is derived from the analytical solution for the discharge at
x = 0 for a linear ground-water system that extends from x = 0 t0 x = o (Carslaw and Jaeger, 1959).
That solution is

_ KrBlW’l Ah

oi = [uK,-t]Ifz i 3.7-3)
S

si

where
g, is the instantaneous discharge rate [L%/t], and
Ahi is a step change in the boundary head at x = 0 in the extended ground-water system for
node i [L].

The discharge q,; is positive for discharge from the extended ground-water system into the modeled
flow domain.
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Equation 3.7-3 can be integrated over a time step to get the average discharge rate within the time

step. The integration of

73

__ 1 _KBW,
ot = At ;1/ r:K t Ahidt
( Ssi )
yields
~ _ 2 K.BW, 2 _ e
Q= - VT, W Ah(t; t7’),
=)
where

Q,; is the average discharge during the period ¢, to t, [L*/t],
t, is the time at the start of a step head change A#; [t],
L is the time at the end of a step head change [t],

and where

At =t, - t,.

(3.7-9)

3.7-5)

(3.7-6)

Equation 3.7-2 is obtained from Equation 3.7-5 by noting that the average discharge contribution for

Ah of the current time step m coincides with t, = At =t -t , and t; = 0.

Discharge owing to current step.--Equation 3.7-5 can be rewritten in the form for a particular

node i
Quy = Cy (- 4hy),
where
j is the index for time step (dimensionless)

which corresponds to Equations 3.7-1 and 3.7-2, where

—Ahij=HVi}-Hi}'
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Discharge owing to past steps. The discharge Q,/ across the boundary for a particular node i in
the current time step owing to head changes at the boundary for a particular node i in a past time step
is derived from Equation 3.7-5 in the form

m-1
Q, -- )y 2 | KW ahy (1, -t )7

o At 172
TR (.’éﬁJ (3.7-9)

N

= (tn )V - () + (1,107,

where m is the index for the current time step [dimensionless] and the index i has been dropped for
clarity from Q;, K, B, W, S, and Ah.

The indexes j and m refer to the time at the end of the indicated time step.

Equation 3.7-9 is based on the application of Equation 3.7-5 using the principal of superposition.
Equation 3.7-9 is the solution for the case, where

Ah; = 0 for t<t, -At,
Ah‘ = Hw - Hifor tm - Atststm
Ah‘ = 0f0r t>tm.

On the basis of this case, Ah, is the change in head from the steady-state head.

Substitution into force vector.-- Equation 3.2-15 is an expression for F,, which is the quantity
representing the internal and boundary fluxes for the model domain. Correspondingly, Equation 3.7-1
is an expression for the boundary fluxes representing variable-flux nodes. Equations 3.2-15 and 3.7-1
can be combined into the form

Fi = F’vi + Cvi(Hvi_Hi) +Q’ (3.7-10)

y ?

where F’,; represents the internal and boundary fluxes associated with node i except for the boundary
fluxes associated with the variable-flux nodes.
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The right-hand side of Equation 3.7-10 includes the dependent variable {H} from Equation 3.2-38,
which is the system of algebraic equations representing the heads {H} at the end of the current time
step. With the substitution of Equation 3.7-10 for {F} in Equation 3.2-38, the dependent variable
occurs on both the right-hand and left-hand side of Equation 3.2-38 in the form

([A] + KIZIB]){HMJ - CIBYH) + (F')+{CH) - digg(C){H,.} BTV

([A] + 21;[31 * dz‘ag{cv}){H,*A,} - zl-t[B]{H,} +{F }+{CH)} +Q,, (712

where

(C,H,} = diag(C ){H). (3.7-13)

Equation 3.7-12 is equivalent to adding the quantities C,; to the diagonal of the left-hand matrix

1
A] + L
([ ]+ t[BJ)
in Equation 3.2-38 and to adding the quantities C,; H,, to the right-hand vector

1
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3.7.3 Structure of Subroutine

Subroutine VFLUX is structured into two basic blocks. The first block, which is entered by a call
to VFLUXI, is for the input and display of data for the variable-flux boundary condition, including
data on the hydraulic conductivity, specific storage, aquifer thickness, and width of the extended
ground-water system. The second block, which is entered by a call to VFLUX2, creates the coefficients
to be added to diag(A] and {F}, as described in Section 3.7.2, and calculates the discharge of ground
water through the individual nodes in the finite-element grid.

The discharge of ground water through the individual nodes is calculated from the expression
{(Q.} = (Cp} - (CyH} + {Qp), (3.7-14)

where an element of {Q,/ is given by

Qun = Com - Coply + Qi (3.7-15)

where {Q,/ is a vector of inward discharges [L*/t]. The cumulative discharge through all variable-flux
nodes is given by

Q -X 0, (3.7-16)

i=1

where

Qy is the cumulative discharge [L*/t], and
n is the number of nodes [dimensionless].
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3.8 Subroutine FAULT
3.8.1 Background

Subroutine FAULT is used to simulate the effects of highly permeable features within the ground-
water system, but without an explicit representation of the feature in the finite-element grid. An
example of these features include fault zones, where ground water can easily move parallel to the fault
plane and well casings perforated over a long depth interval, where ground water can easily move
from one aquifer to another through the well casing. These features tend to short circuit the ground-
water system by providing high-permeability paths for the movement of ground water through a range
of lower permeability media that make up the bulk of the ground-water system.

Subroutine FAULT cannot simulate the effects of low-permeability fault zones. However, such
hydrogeologic features can be simulated by the assigning low hydraulic-conductivity values to the
elements that define the plane of the fault zone. The barrier effect of faults can also be simulated
using this approach.

3.8.2 Mathematical Basis

Discharge equations.—The simulation of the effects of highly permeable features within a ground-
water system is done in subroutine FAULT by allowing the direct exchange of water along a link from
one node in the finite-element grid to another node. In this simulation, ground water will flow from
one node to another node, where the outflow from the first node is equal to the inflow to the second
node. The exchange of water between the node pairs, which can be described by Darcy's (1856) Law,
is given by the relations

Qp = Cpy (H; - H) (3.8-1)
QFj = CFji (Hj - H.-), (3.8-2)
and
Coi=-Cgy»
where

Qr s the outflow for node i [L*t],

Cg; s a coefficient relating to the conductivity of the link between nodes i and j [L¥1),
H; is the hydraulic head at node j [L],

is the hydraulic head at node i [L}, and

Qr is the inflow for node j [L%t].
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The coefficient Cpy, which relates to the conductivity of the link, is given by the expression

T,B,
Cry = TyBy (3.8-3)

AL ’

where
T, is the transmissivity of the feature, parallel to the link of the node pair [L%t],
B; is the height or width of the part of the feature represented by the node pair [L], and

i
AL; is the distance between the node pairs that define the length of the feature [L].

v
“Two examples representing faults and well casings, as well as the configuration of node pairs and
their related parameters, are described in greater detail in Section 5.2.14.

If the highly permeably feature is a fault zone, a single layer of nodes defines the geometry of the
fault plane. The coefficients AL; and B; describe the spatial relations between the nodes that define
the fault plane. The transmissivity is the product of a unit thickness, normal to the plane of the fault,
and the hydraulic conductivity of the fault zone, parallel to the fault node link. To represent both
horizontal and vertical ground-water flow within a fault plane, two sets of fault links must be
specified: one set links nodes in the horizontal direction, and the other set links nodes in the vertical
direction.

If the highly permeable feature is a well casing, a single line of nodes defines the length of the
casing perforations. The coefficient AL; is the distance between nodes in the line of nodes that
represent the perforations, and the product of transmissivity times the width (diameter of the well) is
the conductivity of the well casing to vertical flow.
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Substitution into force vector.--Equation 3.2-15 is an expression for F,, which is the quantity
representing the internal and boundary fluxes for the model domain. Correspondingly, Equation 3.8-1
is an expression for the boundary fluxes representing fault nodes. Equations 3.2-15 and 3.8-1 can be
combined into the form

F; = F'p + CrfHp - H) (3.84)

and

F; = F'y + Cy{Hp; - H), (3.8-5)

where Fi; and F; represent the internal and boundary fluxes associated with nodes i and j except for
the boundary fluxes associated with the fault nodes.

The right-hand side of Equations 3.8-4 and 3.8-5 include the dependent variable {H} from
Equation 3.2-38, which is the system of algebraic equations representing the heads {H} at the end of
the current time step. With the substitution of Equations 3.8-4 and 3.8-5 for {F} in Equation 3.2-38,
the dependent variable occurs on both the right-hand and left-hand side of Equation 3.2-38 in the
form

CIBYHY + (F'a+{Cplly) - diag(C{H,..} ~ CF9

1 U1
([A] + ‘Z'I'[B]){Hmst} = —[B]
[A] + -L(B] + diag(CA\H,.,} = ~(BYH} + (F'a+CeHp + Q,,, @87
At 8{CR (st = BN + (F AH{CrTR + €
where
{CrHg) = diag{CgH ). (3.8-9)
Equation 3.8-7 is equivalent to adding Cy, or Cy; to the diagonal of the left-hand matrix
1
A —_
(w58
in Equation 3.2-38 and to adding the quantities Cy; Hy; or Cp; Hy; to the right-hand vector

Ait[B]{H,} + (B
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3.8.3 Structure of Subroutine

Subroutine FAULT is structured into three basic blocks. The first block, which is entered by a call
to FAULT], is for the input and display of data on the physical characteristics of the links between
node pairs. The second block, which is entered by a call to FAULT2, creates the coefficients to be
added to [A], as described in Section 3.8.2. The third block, which is entered by a call to FAULT3,
calculates the ground-water discharges through the links between node pairs.

Discharge through fault-node pairs is calculated using Equation 3.8-1 or 3.8-2. Cumulative
discharge through fault-node pairs is given by

QF = %\ QF‘, , (3.8-9)

where

Qr is the cumulative discharge [L%t] and
n is the number of nodes [dimensionless].

However, the cumulative discharge is zero (or very close to zero) because each fault node pair has
equal discharge in the opposite direction.
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3.9 Subroutine SINK
3.9.1 Background

Subroutine S/NK is used to simulate land subsidence that results from ground-water pumping.
This subroutine is based on the interbed compaction model of Leake and Prudic (1988). Pumping
causes storage depletion within the ground-water system, which is expressed in changes in the land-
surface elevation. Those changes are temporary if the ground-water system is responding within the
range of the elastic compressibility of the solid matrix. However, the changes are permanent if the
ground-water system is responding within the range of inelastic compressibility of the solid matrix.
An inelastic response occurs when the effective stress within the solid matrix of fine-grained
hydrogeologic units exceeds the preconsolidation stress.

3.9.2 Mathematical Basis

Relation of subsidence to specific storage.—-Chan‘ges in the elevation of the land surface
(downward or upward) occur in response to changes in the effective stress. Effective stress is given
by the relation (Terzaghi, 1925)

P’=P-U, (3.9-1)

where
P is the effective stress [M/Lt?],
P is the overburden or geostatic pressure [M/Lt?], and
U is the pore pressure [M/Lt?).

If lowering the hydraulic head in the ground-water system does not change the geostatic pressure,
which neglects the change in the buoyancy, the change in effective stress is then related only to the
change in pore pressure, or

AP’ = -y Ah, (3.9-2)

where
AP is the change in effective stress [M/Lt],
Y. is the unit weight of water [M/L’t’], and
Ah is the change in hydraulic head [L].
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Elastic compaction or expansion of the solid matrix is given by the relation (Riley, 1969; Helm,
1975)

AB = Ah Sg, B, , (3.9-3)

where
AB s the elastic change in thickness of the ground-water system [L], which is also the change in
the land-surface elevation,
S's. is the elastic specific storage of the ground-water system [1/L], and
B, is the initial thickness of the ground-water system [L].
The approximate inelastic compaction of the solid matrix, which occurs primarily within fine-
grained interbeds of the ground-water system, is given by the relation (Helm, 1975)

AB" = Ah Sg, B, , (3.9-4)

where
AB® is the inelastic change in thickness of interbeds [L], which is also the permanent change in
the land-surface elevation, and
S'g is the inelastic specific storage of the interbeds [1/L].

Equation 3.9-4 applies only when hydraulic head within the interbeds has gone below the previous
lowest head or preconsolidation head. Furthermore, because significant time is required for a pressure
change to propagate into an interbed, only some thickness intervals of an interbed may experience
inelastic compaction.

The time required for a pressure change to propagate into an interbed is given by the relation
(Riley, 1969)

S; B] (3.9-5)
4K’

T =

T s the effective time constant for the interbed [t],

S, s the effective bulk specific storage for the interbed [1/L],
is the initial thickness of the interbed [L], and

K is the vertical hydraulic conductivity of the interbed [L/t].

The time constant T is the time required for 93 percent of the pressure change to occur at the center of

the interbed. If the specific storage ', is used for the specific storage S, in Equation 3.9-5, then the
resulting time constant is the upper limit.
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Discharge equation.--On the basis of Equations 3.9-3 and 3.9-4, the rate of flow per unit volume
of water flowing into storage in compressible interbeds is given by (Leake and Prudic, 1988)

S"LI‘ S
;mt - Zkt (H4 - H;) . ASI;e (H; - HY, (3.9-6)
where
S . Ssie for H' > Hp ™ (3.9-7)
| Ssw for H* < Hp™
and

g, is the rate of storage change per unit volume [L*/t per L3 or '],
H is the calculated hydraulic head [L],

t is time [t],

H, is the preconsolidation head [L], and

At is the time step in the simulation [t].
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Modification of storage matrix and force vector.--The implementation of Equation 3.9-6 in the
finite-element method requires the modification of Equation 3.2-38 to yield

P .2 - (I
(A + 2] + 2y, .0 - L2 jmy

(3.9-8)
A D
+=[CI{H,} + ~{DI{H, - H,} - (F},
where p is the proportion of the local ground-water system that is occupied by interbeds
[dimensionless]. When p equals zero, Equation 3.9-8 reduces to Equation 3.2-38.
Typical elements of [C] and [D] are
C; = [Sasde, (3.9-9)
0
where S, is defined by Equation 3.9-7 and
/
D; = [Si.e,440. (3.9-10)
o

3.9.3 Structure of Subroutine

Subroutine SINK is structured into three basic blocks. The first block, which is entered by a call
to SINK1, is for the input and display of data for the simulation of land subsidence. The input include
data on the proportion of the local ground-water system occupied by interbeds, the elastic specific
storage of the interbeds, and the inelastic specific storage. The second block, which is entered by a
call to SINK2, is for constructing the elemental matrices for elastic and inelastic storage change within
interbeds, where the elemental matrices correspond to the matrices [C] and [D], as indicated in
Equations 3.9-9 and 3.9-10. The third block is for the calculation of change in the land-surface
elevation.
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In the third block, the change in land-surface elevation is calculated from the relation

AV, = p [IS3(H,.,,-H,) + Sg.(Hp-H,)]dz, (3.9-11)
B

where
AV, is the volume of storage change per unit area over the time interval Ar [L], and
B s the thickness of the ground-water system [L].

However,

AB; = AV, , (3.9-12)

where AB, is the change in the land-surface elevation [L].

Elastic and inelastic storage changes within interbeds are components of the water budget for the
ground-water system. The rate of elastic storage change within interbeds is given by the relation

Qsee = /P Ssie Eﬂj%ﬂda , (3.9-13)
o

. if H, is between H, and H,,,, where @', is the rate of elastic storage change [L*/t] over the time
interval. Otherwise,

/ / (Hm:t - Ht)
= So, L4 Yo, (3.9-14)
Qsze { P Ssie —
if H, is less than H,,,. The rate of inelastic storage change is given by
/ / (Htm: B Hp)
= S de, (3.9-15)
Osiv o/ P Osiy AL

if H, is between H, and H,,,, where (s, is the rate of inelastic storage change [L*/t]. Otherwise,

QL -0 (3.9-16)
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3.10 Subroutine WATER
3.10.1 Background

Subroutine WATER is used to simulate ground-water recharge and pumpage that result from the
operation of an irrigated agricultural system. First, the subroutine distributes irrigation water from
ground-water pumpage and surface-water deliveries to individual land parcels, which are referred to as
user areas. Second, through a call to subroutine LAND, evapotranspiration and ground-water recharge
are determined for each user area. Third, the ground-water recharge and ground-water pumpage are
distributed to nodes within the finite-element grid.

An irrigated agricultural system, represented by data inputs to subroutine WATER, is shown in
figure 6. The system consists of separate user areas that are irrigated either with surface water or
ground water or both surface water and ground water. The system includes wells that directly deliver
water for irrigation or that discharge into a canal system. In a typical application, the user areas
represent aggregations of farms at a scale that is appropriate to the problem being simulated.
However, user areas can also represent irrigated or nonirrigated parts of an urban area within the
model boundary.

Data inputs to subroutine WATER specify the total acreage of crops and the soil characteristics
within a user area and the precipitation on a user area. On the basis of these inputs, the actual
evapotranspiration and the deep percolation of irrigation water are calculated within subroutine LAND.
A representation of irrigation to a user area is shown in figure 7.

Recharge from a user area is calculated in subroutine LAND. Data inputs to subroutine WATER
specify the nodes within the finite-element grid that represent the recharge from the user area. A
representation of recharge to a user area is shown in figure 8. A user area that is arbitrarily distributed
geographically in the finite-element grid will be connected with several nodes, depending on the
geographic extent of the user area and the layout of the finite-element grid. The nodes and the
proportion of user-area recharge for each node are specified by data inputs to subroutine WATER.
Section 5.3.5 provides a description of the algorithm by which recharge is distributed to nodes in the
finite-element grid.

Data inputs to subroutine WATER specify pumpage from individual wells. A representation of
pumpage from a well is shown in figure 9. Additional data inputs specify the nodes within the finite-
element grid that represent the location of a well. Pumpage for a well is distributed to six or more
nodes, depending on the depth interval of the well screen. The nodes and the proportion of well
pumpage for each node are specified by data inputs to subroutine WATER. Section 5.3.1 provides a
description of the algorithm by which pumpage is distributed to nodes in the finite-element grid.
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