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PRIOR TUOESTI 

subjaat of Vka ::lost extensive sty;c1 be3n in thl r.eld of 

iorizontal beddin; attezpts have hmen :lade at cp.ahtitative 

int,erpretation in the case of a ;::,-111 nuYber of beds. Irt each case, 

t'ne :o_rob19r1 is one cf derivinc; a suitaLlo oc,mssiori 

for Via pt tent!.al due to a soiree of current in presence of 

tetrIloture 

fli.f:noll has obtaj.ns3d a coLipletd for-tulation for t:Ie s....:211..)le case 

of two layers, t:o lower one of wnicn extends infinit41y- Oornrard. its 

.:,at': involves, ho qsr3 an infirtfie series of .a as, -rilse strolpths 

rusitione are eheser: in rich a way LW to satisfy tho bOLUidar;; 

iii -:,ions. In the 23:1'2C 9a;,,t- r, he Rave, without derivatim, arx icceripl,ate 

ex.,1...1ssiGn for t:le ce.L;(3. ';')-L•efanesco and tne Suh1lL.:11,s,er 

hroLilers2 have solved tae 1a-titer proble;:i (;o7.1p1-ite1j t.;0 

- o IVferonbial Me solutions -Nora first, obtained as lets 

of two Jr t2t- ee.3 infirLitis inte7ra-j..s whose inte7ranciz) ccentairzyd 

zero i•;rder. Thy', authors ;m1:;ood. each cif t .:iiss(i 

to an Lnf.lnite soriIf5 -„hen procecied snov t'At teir solutions 

were equivalent to those of Ilthriel.• 

qornan3 7)resehterl a complete treat-lent of nes t!Toe-laysr proble:1,. 

each layer betn;:: of different resistivity frola .ot1,erirs and the 

lower la:.ror t' :apt paper, t' , e antor 

uceO 1:13(;e3 :av-63 cl::crni.len 5, hito4F7ol1a-:d for -tIte 

1. 1932. 
2. ntelanesao al.) 1)30.
3. romuL, 1233. 
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ivo1oi ent t 5thJd. Previo u31;"„ F..hrerthur a.nc, Wats:m:4 haz.1 con— 

ei;tored the pro'.)1c7r. of aJ.rrent flow td-o:2:!i '-etliqra ,..3orlposed of 1a:-3r8 

acr,a1 r,cle_noss. 211E: • is iT.:.iicat,r3d :or an arbitrar: 

ri-o - - g y for th,..gio :!1 3::it,er of layers, 1,11t e-:.c1.1.1it results •are ;-,..iver,.A9A 

i).2.1 to five ez42.2.ally tuici-: layers. 

14 ,1•-iorical .;a1c-......lata:i.ory.; were ancomplisnod only- to a very limited 

ext,crit in tile a7-lov3 refren•es. ra iz5 was tile fIrst to prepare a 

se,t 0::rvas, h,lin4 :or t}4 trif)—laier ease. ills ietod 01 izi— 

tar:retation is o5s,3:Itially one of s:-.)1viw sinultaanooits equatic,ns 

Ta:.2Aical:1;,, to ciotorniiiie +Aio rquisti.vity of tiA3 low,3r 'ood a:icl Vito do-i -th 

of tis 1.)0i.v).dar:.;. To u.se Llatilod.„ vile must preraro a field - trArve 

of apparont rosiotivity as a r.1.tion of electrode ser.laratioa at a 

,von tttic'. Fro.r. this c can be *tallied tine re3i.stivity of tho 

1."2:171e C.tzrve ad as7gis ..iaJter ciirvfm are then 4.ised together 

to '..)litain a thin!. set of c iv Co1.103 intersoction tho iesirt)ci 

Ro:za1A6 jyrcrxed. a :3(;:teat, 11-ster,:retation 

for t...1 two—la.:er prepared a Eet of aor ilyy!:.(111 

?)e advi.aes hs trai.4forre,1 to a trarsparerit, ;)lasr,i c ::i.neot for 

field liso. T21;3 ric-ice3mari tab-Isti are aiso 7.1\rell so that or,o 

: rodare his otai r,3ferenc plots U5 field curve to 

c‘arrosponci to t.le aster curvos; after which, he 

t:.1s rosistivitios aaki dvti: by noti.);. -

t'Ar: sta:Aclard nurves most1-1,3arly :ratc:es is fluid plot. 

Lt• Ehrent--7,-; a 01 eiats-y.i, 1_231. 
itg, 

5. Roman, 1934 alel 1941. 



 

It Jhoul.: he notAld cfx4;vt of Lae aovo ,,ijs 

c.Assiono eq:all; well to 1,ota tne. .4.m.rior and Lei 

w!ion wipl'ayed in vortical pro:::;_li7,„ ::owever, ,:urn :1•Ist, be taken 1;r•-

al.nio i.:en,:walization is valid only if then) af,2 NO 

oilait.:08 in t:ie re.V3 
N 

*Me • :otT),:03 c) L3! tti bi3 

to ritlatia:•ie in arc vortl..eal 1)ount?ari.es 

'1E7.1.-xmon 1- - •iowe ,:c;as j -iaterlais of =:."..f.roren'._., -- ox!,enslx.) 

a;.::)Ltre to have benn thebo. 1.:...ritl?;; only the 

si.77)1.r3:.it 1.1.11;::1'.1 1:::31.1:1Ciar7 -1.r4t1r1113 :if two clifforerit 

.''as pi a 5.3; :as of 

c7;rvos aopare.lt reci as ;leter.:.1:1.1c1 by t ,c 

rattan Ivied in borizoatal for va.rion.s t.lo two 

(-,•irv;18 nave berm 1-penorited for t;.:1 ',-e%ner 

t: iNi3o 1,1a 1e, vertl.cal and 

s , .!ots arr• trabed:ted in a 7latort.il atilertir5.5e ulifono. 

1,3sistivity.7 

Til d- ,:amiilioa:Ad. L attextpt...'ob7:em of dipliivoi bo. s is more 

'oeen AD:re:1%e6 ;.4.1-Li otilers tio nethol ir-z -,-.;;; to naive 

-LT.: carat o a 5.1.m.3e, betwaen tuo %_atorjalti 

(liff,Lirent resThtivi.tte:3. It appc;ars t;lat t.•,?4e results may be (Jonei(lereJ 

0:11:,- as a.a A;)proAinat-don 17,9.-st, vince t:•ie ;i31,..4,ti ,-)ri is mstrictod to 

File effect r'"a fi:lite of Tea, -th :.1.t': 

of 1-; evon for arbitrary anzles. "Gre0Vers .t: atttior 

i-,..at 7.,;z:e treat-int is valid only all cler;lx,)des aro in tee ii-vor-

ljin; 

7. i!unert, 1934. 
3. Aldred, ;e, 1)37. 
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ordinats in elctrs',;Lic: pro'llorls 

thc vasl uh7,Are Cn1 in :!4_3 

ht) 18'.:5* titc *".30 ul a 111.ried Jct.-

in, r...t)rri..o In a r.,-m.stivit.y s Arvey. .."( I 31S 

..,r, ,t 

ha;-, calo:Oations, •- r,3s,!nted a new sot 
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0115 On. Of U..1 rt:s.istivity hietn:As o pr(bnactin.,:. 

th-,oretr.i_cal - ., 

3.n Pact Three of tat raper. ]-1,Awv., 7)r,;s1i-
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543141:...; '•,•) ckscrLDe bar=e..: El Cr:i Sharil • 

.1 A.4, f.f !CO :a:47- 2.1.5o be 1:.se(1. 

ar9 arrrfroximal..et.1 oj' 

is do 7otou 0 a .iino.,intiion tplat class • 

conal has noecn no 

rapre.lEol.t.s - '1us, of 

-:orros;;ondtnr: 11;;;Tfrholeisl i•robleA) cor pro'731cni has been 

inc7A.cied 341,1 :18 .Z.11i.1 t:1(1 6111.)j ect or kart iotir. 

)clteral att-,e'aptc are .713:ie ua shol various -eaffs, in thri lirc.ser.t 

,zay be uscd.. In Part Throe, Eons a () la ill 5 i01111 are drawn o•incern— 

in;.r the 1!.:.1its or direct. current, nathxis of pror.rdectin,:. In Part-

it DS pointed. out ilmr one ir4ay a: k;.,ro):1.71ate 

hyperbolic ais ontinui ti?9 :ran re atii. te in -,,•lvic.us c A J 29 

whole ()I' Part, Six it.§ clo.vot-ui to rilsodosion ,)17 al4)lication j 

of sarroys ();.' fillcd sinks, 

er.lph;sis fp.Z1..(1 e:Tcan.plos. 

f 
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Pt.7ZT. TWO 

ELLIPS6ID1.— flinJARiES 

VI 

PROLATE SFaaOLIAL 

fi,-;:lre two in Tirticl a set of confocal ellipses and liy-

perholc,as ara s1!,1,7n to t1 o XZ,?-pLind. tle foci of both o11ip5es 

an.it ITLTerbola;,-; al-) at i=t b t.,ese curves are rotatod about 

the 7,—aL.-i.8 p the:: will 7erl'aisate sitrfaces w;Lichp iii vlinqrical coordinates, 

can be expressed In f3r11,: 

421 
= 1 

-

descril)ed. 

if u2 . 1,xeater h2, the eq 'ation represents ti•,,e ellipsoids. 

:inoe the covIplete poriitive ran-,e chi' cc.)-rere all or the t_'.•Jasible 

el?..i4.)sof,..ds, it no-1, necessary to 1,Insidi.r tho nei:ative values of 71. 

A3 id becomcs tits s. .trface :cpproac!ies a spherical Com; as 

u is pai-arncter deterainine; w.iich of the a._:rf.aces is %)•,in,„; 

u appro3c'nee bp t.::o s. :_rface (le:e:,crato.s into. part, of the Z—axis 

between plaa b ainu.s b. u Udr b 7 , Ichnre /4 <a, 
oT,:ation for t..e:.;,.? bsi;o•es: 

wIRPO(5) fs I: 61 eil21.1)b 

ALLArl;i4 if 1.12 is 1038 b2, tam equ,-Ation reI*1•01-:,?nts t)7.0 

hyporboloids. In ti: 1.1..8 caSily Ala U approauhes b, tYi surface de:eneratoe 

into t pit portion of tne z is;''cater than olue 1) or 

less t.iar. ainlX b accorAinK ae u is po5itive or As:ative. 
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h wrIer. 1 'a e:n f)r ''-r,-ofrrb 5 1)12 103- • 

pa _ 
— 1

6 F 61 CZ -

T/±1 cocxclinite is id3n-Lical wit!1 ar.r.lea 4' fro!ri tine 

courdinat:x. .%(' -. 4_el in turn corn3zr anthi t,..e lon@tadt:za 

ailiTla of spherical coorlinatos. 

It Mai ")C3 :laceNsary later Lo teanslomi Lhosc eoordin;itas to cylin— 

lrical coor.Linatos. This tra.1::...•;37.71a0.or,. inciicated by solvir., a.i.w.— 

tiona L auri. 5 sin-.11.tanlous1y far z. One 

3 = b t7.e 
(7) 

p7. 6 v (1- .e)(rt -1) 
.. 

Tn tarns of tie variables r( r - anii (I) , Lapiliaels es-14.1a tian 

wri Lten:' 

- l c)LA- +, Of: s?-:14- z 0
(17 Ju-.1)D7d +Dr P- (1-o022--/) ai9L 

conponenLs t r • t, re : 

/-7-7---e'(C7C4 viz — (9,1 

1
( 114 

b er(r22 -1) 

ythe, 3j .1.67-16. 

https://es-14.1a
https://tra.1::...�;37.71a0.or


 

VI I 

oalataE 

In orr to con2)1ete t',e ranr,o of ocssible cl1ipao.di of revolu— 

ion iici ay he e:ca.n.irie:d, it. ec:es ....<,essar;,, to Lt,tro:-In ,.:e ,-)blate 

sp]teroiW-11 coordinetos. tio S:yste-;71, t axie of nrvrolution 

4:;:e .:f t1 oallipsoic,s; in tia) ::resent case, t!ze 

ax.is of re7ol•:tion fs td) shortcot, tike 1lips. Si 

the •c.oput cI.1y alic1 ti2at 4"6`.19 prolate :3phor(;id,11 co-

-rny of tle details arc o.-ritted. 

ff.kire 4,;)-:rf_.c; in viiich t coordinate s:-7steTa as. 

a?paars in tile nerf,.dian plane C) • Tile complete coordinate sys— 

ten is obtainod if to curves sh.civai are rotated teoout 

fLrst vartal)le f_e Ase-,ish varlit3s iron zero to infinity aivplich for:1s 

to ,..ura•leter in Vie fa...ti-.1.y of oblate s,:theroicis. .2ne sec,lat. 

p_ wttich vrs bet/;;e;1 1)1:11.-t and minnl one., and cohstit,ites the 

'rater in ti-Jo set of hyperl)cloids of one sheet., And, tlle 

airain the lonvit. :(iinal varie:3 from zero 

2 /7% . It s ;een that =0 is reprcieentod by a circtlar disk ra6lue 

b, in the ecl.lat- ro-7Jr.l.al plane with its ceiiter at the oriinj t 

tLe eqqat:)rial ,ilano is de:icribed by /4-4-'67. (A. polar 

trlo alwn -61(;11 rt=1- 1. IA rliatL:. ; ticoe corLiinat:es to 

cylirical coordinates, it fonmi t,ut tio correct Gormmundenoe is 

4ivoli 

r h.,ce(1.0) 
b*-174 V

2 -14 

1. 5q1,:la, pp 15u-16Y. 

https://cl1ipao.di
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-1 6 

i0entical ift but]l £3;8;30:18. 

In terz's of tiess variables, Laplacers equation becaaest 

f9( 3cp? 

aryl t,fe thrro ceponents of craClont aro: 

11- -41— /
- 6 S -Aft 

LZ. 

VTIT 

SOLUT ION OF Lkk& GE Fe:CAT:LA; 

LaiAactils equatio% 7:*olate sphoroidal 000rdinAtes itJ set down 

in equation 3 in sectiorl VT. Ti-41 variables in this equation !iay be 

so2arated by the asw2apt-lon of a solution in the fonat 

0.3 ) = ( H (I?) c5 (9) 

in terra of b!iti new dovindent variTplos„ ecuiation INecomost 

I ci (re- c2J 
H citz chpzciP (1- f 2gr12.--1)Gc d 

The first stop in tile :,olatim QC the ej iation as it tun: stands 

:1 r 0 set tne te)1q equal to a cons} =it so teats 

in 2- 0 



 

 
 

,

11 

C 0 td 10 of ;.;o1.114...i.on is ,-;ivon 

(16) COS 04 Sin rhcP 
m 

t'::e 15 is v...:1,-)otit baz.,? into equ.atiOn 

it is rolv.,.1. that C, anJ. bo-ta szitivly an w.);.ation of t;:a 

In the. elr:ILI) of r,), the eq:;.ation ;,.L: 

t. 

rni 

1-
►:411-.1.cil is t:../a asso(aated W.,,Antiro octlat,i.ca-i. t'ao de")endeica tA..10 

solution upon and r? is ..*;1*.ren by: 

G- Linn D cr(e)h. 

(r) Amr1 62:(12) 

wi,ero p:„.1.( ) and 411( ) are thc, assoniated 1,0:79,1dre 

first re5p9otive1y. In t:-.ece ox-onzszions, b..3-4t.41 ar.ui 

:Tlot e ..Lit4L43,-,;(3m; :racia the absL)11.1.1.to vaile a ;11 can be no 

thc! Vail.) of n. 

It _is nodestis• at Ulla po.',.nt to doffne who ettisociated 1,&:70111ret 

Q . ons • may de find 13 3,-3! to in t:-,0 above so ir.,:2 - ,;;;;.mezie 

rvrtals 
rzs r 

(195 7n ()() 
0 °

r (11-rE(t1-20 x 

-,•;h4n.e3 es is rk/2 or (ri 1)/2, w1Lichovor an irtic.er. 

oxp,.-cbsion is Rodr1i.71,310 rormula:2 

1. A:4 . p 
2. p 1:35. 

https://irtic.er
https://�;h4n.e3
https://po.',.nt
https://absL)11.1.1.to


 

 

 

 

1 c0 (X 
n. n! d 

.,:lt.Lar. 12 or 20 x, 

.j and n ara iiitei-;-!rs.2 If anti •ai!.'11-; 

poly-rt..xlihl is ciel-3..-1:.1.1 

m rrvz ciny,(x) 

eq, !,ar,:s..7..:ss of 

'21) (x) X Z/n dx r)"1 

1.'orine.:1 by aul::ttitl:tivr. exprossix, -Lrto.. on t.' le 

sor.v.itri:). 17 for exzi:a?lo. If the valac of 

function r Ulan one, po1;s-no--.1ta1 i 

as: 

nvz cin PIN)prn(A)(22) in , -1--" ,,( z---1) clX n1 

raw klf„s other 3.-yurces havo bcicm tal-scrt fizi,o this papwa, or 

coir:41,rnd with resu.l'kis in th.f.r.; paver, )o.:3 11,31,311 

t.; .to t,he abwe equations. ,'or exa•:...)1o, the Jx-pmesicy) 

Oil t 3 idd o. (.3quoli.on 21 til.f.f,icrs fron given Nobson3 

-17..7 Gs Mir! Tr:S.35'1CM it': equal.A.on 22 to delsi. i-;1(x) :or :till 

I; 0.t th() ar,711lent • 

Loi.,,ondre oi: tio soorzr.:1 k3.rai, one.c brritst2 

(n+s).1(rti-2S)/ 
X 

5./(2,.n --2s4/)/ 

11. associated 1' or t.:43 :lay be dr.'fir.ed. by eq:. -1,-

iors 21. awl 22 if tic Pis aro re:::_z_cod by • 

3 90. 

https://dr.'fir.ed
https://equal.A.on
https://3quoli.on


 

 

 

 

  

1 ) 

(; 1, "3 L.:LCL 01' 1i '.b19 ,-sol 

frx a various val.'..L:s i;:rui i,,Az-03 
yr) z 4 h. 

/4?-ri COS t7") c9 + 6,11 9 112 krnpl 
nzo -

. rY) ' 

ry, D 0'107Lr- (1?)+•1 7 Einn 

....4 - ittior1 2!. .i tc . _1 uf c._ 

prolc.- clad. r, • -2: ..n th.Lc ri art: 

O3.".hO j1 or :•.; ; i ri it 

fro-7. a acfl fart • 

lfL1 S01 Ira? t,1,1:11/1:3;teLlt:_ori Lara:tou 

•_; ,•••ordta.;zt,.:.!50 t i, -011...,:o i'oa— 

sM WS :;$ ITt C: 

• - a. 

:10.1•Jt-lort s 
co rnz )1. 

1205 /1,43 _y_ sin hl ci • • •— 
,20 

( 2 ) 

at,ci,)Js 4, ;')t&.J.; are 

• 

• 

„ -i:1; z.e)7.• ;...• • 

Le: a hy..):' ;')5 J."7* .1.31 

all'. t:;,_)..,:itl•- )r.1 1, -it t;ttis 



 

 
 

 

• 

to PJAprolal 

t....latie fcc ,.::t•lorgrs• 

jarol4tilt Lipheraitial 000r(antAtos, lot tiA-.4 coorcia..3t-13 of a or.)tiroti 

otren,ti ,qo , d • :to lu of 

tbdt, it t.,uqtaips ;.:41.1r; 

0Q1117e:rlfa4lt tit 4,110 .r:,i rti 1;40 

Tyrof.a1 to. uctcr of • Trioroi9re, ba 

ioarod .rro.3 ovation 

Zt I:; ”.01. IlOWS;;a17 tO• fiXa. 11!, Q ?LI( And t( ) to loarn ;11 ,?,t;•or 

av!:,, :irupc.r1;" t!,.9 ra-trozi thelr t'tio 

arti knovrajl both .f.u).^:ct; arr.i 

uur yr..titn. the 1- 1..43 -.1.'.- respectivo rui. Yor ar.7.1..tent 

14,
z.cro, both ':4.a.tetionri for Azi,.;ittent • ) 

1..ut 41.1( ) l‘n( ) ht in... 

4n. ( ) (n-1-1) 

JI1 - V:11 it b.'i ...test:all- to ci.ivitit rmaceb!(1T7 abv 1.o -

tp.,3 firs! r which ri qb aryi a oeco. ,-. for wJh 

12151Sil <a, • !hen, ir. L fi.rt roJof., Dotn ai,L1 17 re 

p 1-1,41 

01 

( 
co5 rnsfp(26) L/1 12 

m, r1 

u.trire ;10 1 in aeli.tral.--/ function of anfl n. 

t: ti 3.4t cntiv 

V-2.1 p, tcritial writtez.• a3: 

Y, 
(27) LL P n1( LyiL (fro Cos niep 

1. :).:kitera l, IT 1147-153. 

https://irupc.r1
https://Tyrof.a1
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w.lore i.s a b,Jcoi.tcl ari•iitrar;,- .3'L.TI:tion - 4' CL • 

P.,t 4.; -1 J. !.L is 11:-xerznary La/t 

be from c.nditio:1 it is 

oi 

(2 ti-) = 9 N6 

boar). 1. *e_ ,13.tin dor1,-.a /41 1. 

as: 
t 

(2)) k fr'16-20 ) rxnPt 
► ( Via) 

;.,0/. Eic.lcoti(i. t• o: ,-.4- ;-.i— 

n:ttna at t.)Q uo.t.rce. '21118 lioAroe ricnr cc:1;43.11cm.: t(4 aat" 

ovor a ver/ arQa oil the eurfaile Yl= qo p ke61:%::_ng ti i 

avol-a 7.2 v7,11.1ceN of Vie coordillat*?s it.ren abov(3. (rip nut.7 ocristri;.e.r:is 

a t;Itolaning arci LN 5 , the total :r..t.r.reTit., flo-.;s out— 

ward LI:roli.1 :sur.faco 71..z> cr.lsaal to 

11; or.:ItIr to oixl(iso socroe iu thc provont twc., non — 

2..rtors;)otint; si.x.frim:s are i.1::;od, one- el skkBraid ti= tio - g aiva 

otior t;ra spheruid inarc::;:ant e ohNio% to tv.) 

vanitAvirw,ly snail ti--it it can 1-x3 kiejler:c,Jd. in eval-aatin t:10 variols 

.:*-Inctixla on t;•!el two oltriales. Using the 9.-.4;,provsio,):3 Ji os.v.tation 9, 

the (.;;S!.r.,.-01it outlarc,i the volume eioloset:1 by ti o two el,;;Ix3roltis, 

is calrmla Led ar.d fow:d. 

_ 
()Cos r)14

) 
r1-7no rn, 

WI ;.'t3 iltrod;,:ua1 /4i v n by: 



 

 

 

 

 

(31) 
1/0 = e0/0) //tiTO) 61,?/-20) 

an,T T) (3 rou .t,:) 4"..11.13 tiV, ',LAW at • 

2 .
3'i7.. :3, t.:!1 for (s) .:v; _at, 3 I.,71T)11.1..i 

for p,rpt-)8e:3, aissJciaL,oci rk••Ik`.1 

al;; ) 1 ,3-t,t1 evatix. that" -a • 

1-1/ ) j_,L7( ) -7 

-7171_7 2) d +-
)1(ri+1) -

d dp 1- I2 

tht. 5ecor,,', ,; ;, 

fr,x4 -611(.. 1,1.4 te.r...13, One 

IL at the 

(2,:o cir 

2.•17,), 1 fo7lowt: 

, 
hi( C 

rn 
I 072-1)(Y, (`79 -

n 

Ir. tlie saru;c3 t -4-

Iti1 i.-..eis or.n w Ti; val-ao be (..cit.lrinecl. by 

veal) . in tiie •)r 

)1.1:0 —,():; ) 0110 r:It".;-t,.. 

2. 'tcf:obert, pp 
p 



 

 

 

 

 

:( (--n)/ 
nru 

(v n)Ipfrt 410,2) 
,2n(11-016-1-ry1)1 

(35) 

— 0141) 
/lfrkz Qm01) 

(n.t.2 )6):102) (-4)711(n+i)/(1447-1)) Qn 

S,Almtitatirlr, as;' .mitotic values 1.71to eq...:atton 341 o j'eta 

L 
-

nzfor 

ed)m 
(n m)/ 

/77/No.'s *t.; :e% ox,)38'01-1 for (G)Is .110ified•• $ r -

(1-1-m)/ (-1)"'
(k) = (vi-m) (rv-i) Q:070) 

111,3 tlax-t stfip in tho devolcx.). lont is to Ilultiply ogo.ation 3C by 

r.1 
6 

)oos ',11 cp tiseo -er•irlds spocifi4 inte:ofs in t:!-ie outs 

of tn, and teTral of Vic ird't, 'lilt) erg-oat-do:1 

ovor sltrfa.1 /-4* of -Vo sp'. -Aroid iv= qp. 111-4 value of tile 

aoro overyktiiciNi on the s-arfa(le oiur the AS 

o 
)cos 'uo 7-7-,,tEra :Its value tit, the coon-lir-laws (-)f tite aparooP12* 

rti :mod fro.T. r,raIl contribution 

to 0,_niro'it flow talz: 11:3uncieci rolian occurs in ,the 

viainit- eci...•31::, the to cal., of AS 

it; ro:wener.it-Ai bye s 

https://ro:wener.it


 

 

 

 

  

   

va4 ), ( r) cos fr-r)/ op cis 
f° ,c1(vut ) -

tt„ 

(33) 

= 

Into 7:-..tion r.: „do or -a MCI' ti ., :u 0.f* 

th,.) !):7 t:•c.; o' t,1*.to Grt?1,). o 

Or ru ICtiOn3 iltV011,0(.! • Mtitl :..).13 • 

casmQ COS m'cl) chp rijninv 4 r frY)1 4-7 
1711-tc1onv)cc,,,), 

0 (Pgclryin,' --gor 

(,r) 
ijn ( 

r)-7 , 

1 )/..), d 
r 0/.n -̀t-1 frw)./ 

,
u hn 

-1 

arici,:t in ',I._ oatie bys 

U S -2) 2) d d c1) 

First, in. rt:zi,)c.,,(;t; to Op to t,hat,. 

does not equal mt tItip to 

to lal t:337. ,3 far not. oqc,a1 ni p one firlds
.2.17 01' 

it m(p , (0 cos ri e cos micp d
07 2-1 ) E 1710 

P m( 

t)) 
P i 

P ° 
042) ) (n'-/-m)

6 07 2-1) 0„) Tr(1-'-a0P-)// 772.1-17-i--1)(e47-7)1P ° ' 

')poratiallti 3 .; an.1• 

;•.:a.i•ns 7.1 rn ar,(.1 n, arid. • Drx J.* 

(43 
.2)77- .6( -kiok,7)(V - 1) (r)+,-)i)l p: Mu ) . 



 

 

 

;lest of ".1.1%kin 

2), 37, arid 113 are all. uubr:tit:lt.e:l is ttn 1;1 i3 J-Ci GA— 

rn 
u2)

, 

fr.) (.q_,5;,,„) p.71.1) (-7 CO3 rr7 (f)(-l-m), 
P (1 ()

err L~ h(-1)-7 !) n 00 kt 

PND) t,t)(0: 

! I 1;A Vit% c 

ix,. a 13.1)-)rfrai ora t,;;, 

2ur 7q„ . 

71Lis e,-_nsintent, '3itn t'aia e;:py-euzzio-yl for r3cipromil 

Ln prc:7;.i:te 3;:hcroLc;a1 01.:..)..3%;1132-c; tv cw 

%to 

uiwvo ":b5L:," bO *‘`, in • 

•. t.o 0: tilt:: t)IcIa-r,(3 

,owe-itsr t. :1.<! 33f.lry t,o tne 

pn 

fityLo,',ions 1.3arn their It ij forx..1. that 1--(4 in 

in all f. i t re;:io!135 V-Y)t -;.:,hat it buct.vos jarinite ar, 

. 1,, .tic ) ti is 
fI 

t..10 •!)otri -r- -:1 

1.'or 0 and itt:=0. 

.a ncy.tr,rJ o.. c,'14- k Ic.crtte(1 at „51-Jr.t5 -)f ttreri;t:, 

o , ALI:, 42-dzi '.1,:),..zo,-70fleosIn d Izlotropic •-.:1,11;.1-1. oan 1,1zerip 
tai on 1,4,3 .; • 

2 rtm~C dD) 
COQ hiT

\ 2)1-fi)(z-S,,,P1 -011.-rn), 11)7 ) )7p) rri 
L (1' f)())n (1t-01+"1)1 P n 

"at.; 'Y;) 20i 
• 1,1422. 



 

 

 

- • ...a • / 

Com;.1.c,(;r a point scrirce 31 c.,..1-rer.t, inside or c,itside of a:1 

e - - -or .:.iatorial ,)f resistivityA oL.:.1.10ed. in ;.1 .1 3 di LL:: 

resit,tivi 2 • ..'ho potential ..Las the (73.v3ri e-.1ther e 

()). •(.., e•Ii.la,,a.on. 2.:-) eziss be, when-) telt; coritit;arts 7.Tust 

evairatec; for Hall of thu two 

nrou.,hc--t tho rtripihin7 discussion, a uniform syst3 of sub:;crip.Ls 

is imed Lc 1 itf'd t,; .t! vArious potential fAnctione. The untlir!rit "1:- 1 

indlr;ates solrue ir iv tLe re,-ion of rig.;intivity 11 ; 

nn. !rteas that the iiourtle !c loaated in 'vie :3ecorui re do':. sqb— 

scrit "1" 1-Abels the putt tial runction in the first r,J4o1,; villoroas 

"2" in6icates Zunntf,.on in the sec-n ru.,71:un. TL!se 

su'iscripts are 'Isod the a2propriato combiaatiuns. 

As in rJvi(rts nstanoGs, ty-:•e of Idounary ei.ch :;a;1 ho 

decrLxId in prelate siTheroie_al coorditos are treAted first; ard, tne. 

;.'osAts arc uarried over il:ty obl;Ae spi:eroidal coordinates wit,i:out 

repeain..; t:(e der.-'<i1& of t;:e arf'une:1 Let the bou 1Lry sGrface be tho 

spnoroid ; as in tie provieils section, t!IJ (7:;ordinates of 

the 3U fce are kel. aid 1. 2.)ok f!r.,it at t:-!o case in i!..eh te 
O 

soJrce located olit6iCto of the teroi6; or, 203 t,ire of the 

spheroid, in 'the radon of resi3tivit,i /0 , tLe pet,ential is :;_ven hi: 

1)b 7 P"1(qc„rhep)
(46) tItA LB n c-Z(y) q:yv 

• K 

uhere A0 xvi 1J4 :le::: ▪ sazIo si,';ii_fit:anue 3.3 1,hev 'tad i t t!lf-3 :)r0--

Vi 0:.1S se o Li on. lln is an arbitrary fu:Iction o ' A ilL n. vuri J 1.1.; 

https://Zunntf,.on
https://sub:;crip.Ls
https://e�Ii.la,,a.on


 

  

 

 

  

 

 

tcrls in eq.:ation 24 have boon cii,scalecl :or re“sons ntatod on na:e 2J; 

a:;t!, the seond ter in eq'.tation 46 'nas bee-, addeki to :inzuro tat tne 

expression dinplays a polo of the correct strqnj;th at t‘m doeition of 

t F3 0:_tr "V • 

InJitie of tho nphnroid, the ax -r(msion for t'ic r,otcritial is: 

kr) 

P (id 1-2 (v)(13) a ill, /I yt, 

tni 

cs.,.n1.-J.,a.:Its nov! te determinoci by appl:iinE tale boxidary 

Over t1A3 o-xfacn t' speroid, th# paticintial bo con-

conc.;ition 1,, ade to tiro fact that: 

(4..1) 8i7) (Q,,ThNi) ev?;74) = 1?„71,d) 

..ition that t43 nuflal co7Aponent of t•te 

rent denuity pa sin tarovh tklo bounrlary sirfa(:e gust li-ewiae be 

continlo,in, one arrives at the rulationsap: 

T!,y sat:i.sf:rilw, the 4on 4

n rYI 

IY7 h (16(49) /61 [I Y11n a7(Y1!) + 4 Ph:10(1)11 

;hen CA, last two oT4ations are solved simultaneously for :tom and 

the folloYdn;.Y. e.rt)rossions are dorivnd: 

A_EL:t.41(174): 1‹,,(ni).]
Ani L:(17,) -A Ki"10,21 ) 

AQ CA-A) k7/)L:_(.11) 
• H:(11i) 

(Ii)) th ::ci nln ,indicated in eq4ation 29 and 1:ne (r)i ) is
- c 

JLvon by: 



 

 

   

   

     

      

 

 

 

corn,kit ress'....4-4; for ):.-., ta.Aii:41 roil; be written 

33: , t„ w:"(ti) 
e.+0 / 7)11

(14- -P.1)1(„ ) Ljh (id 
l<„"('4-)4:0 ) 

(52) 

g L__4LiJaR)- ), / Cos )7) 42 
o 

14:1611) I. 

stoul-d poirited o-,st t:L2 t A0 ...Las the valua derived 

- in the ;,rrlviaib section — t!-.At jiven n eluation 143. 

soltrco is locItsed inside of re::ion of resistivit:74. 

the sa -,3 ict,ho,3 ar,plicable; /mu, one obtai.nfi for the 

l'inc,,iDns in t:Lio oases 

`40?) -enN) 

L,, ft) k: i?,) 

(3 

4) )ij F„. '"(q) 
( y)(206 

/q Z4 17/1) it ) 
K:(//0) 

In order to arrive at a conclusion korsoorning VA() CR56 V4i1011 C.1.6 

ellipsoid is cblat,e, -IA, is useful to liCiA3 the corres;:onden3e -bet7i.3(m 

ecitvitions L. The for 7-,r coliverted 

by rultipl;rinr by -Liu.) 1.!.41a4.nar:r i and by the fellowin7, 

31.24:!.11;08 ' 

torothar viLth identical substitutions fur speTial t!.ene 

csurryiit, the core resporscien,:.:e f-xt:lors s".10Tin th.at 

all qf the corrtis:lositiirL7 oq . ..)2.ato Spheroidal coortlin,Ates.ations ir, o' 
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obtaiiiod fron e'_ cations 52 aid ';',3 t,:e sa71. -,rocadurc. 

fc)re, t'ne ovations a'.of Nt3W case will not b, written cloral 

linitly. sane re.aarks apdly ev.ally well to an: further 

which :lay liee - .:.tten down jn prolate spi:croi.lal coordinatca. 

XI 

T:11 EVkTIONS APPLIM) 

In :. -7.1olectroal prospectinc.1 bota t4e c•Irrc.it and r)otential 

$31.1:ctrtAleo aro norally 515.i,-Jated or; to Bart;',' ,s smsface which as-

su, to •;e a :192izonta1 plane; c::rrent flows acros 

tUs sqrface. M7,:; in tre abo,,o proble.ns, :ui;' plane across I.:filch no 

c. xraiL.4 lams Nay be corieri to re p1 the s-zrface of to e.Irt. If 

alch a plane is chosen to IA the surface (:_f tno eartn, all of ttte cJrront 

I flas on onci sido of tho mel,aratin- plane; an., ol* above po-

ter!tial fqnctiaqs have to 'W Lncraased by a factor of tTfo when the:,are 

taken over into a upo0yrical problof2. 

rINo planes v4ilich satisfy tho above rouiroments are availablo in tho 

proluto sp;loroLdal case. Tha first Is tna :oriu'dan plam for v:Aich 

n, r/ if t4is plane is on %orizontally, anci t'ne upper half' 

of: :vac° is then discarded, t:ie res,2111,: picture 04n be used to ap-

proxiilate L_11,1 sink wno.)o outcrop elliptical in shape a!,(1 

1on7 u: .s is roui:hly an axis of revolon. 

If the i-)utfJntials in tvrations 32 and 53 ai-e doubled, may ho 

usci an toy aro for calcrAidtions of data alc)11,7 an. arbitrary travrse 

aorcus -iut, a particularly si:Lple. oaoe uxists, at least from 

t1.3 standpoint of cJv.:tations, when t!;(3 traverse nIns tios axis 

iof rvoli,,ion w'icro In this ..!)starce, t;.ru Is no 

do;v.ridance V-pat m can 1)e m;Ide z,iro in 52 

https://proble.ns
https://c�Irrc.it
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Vta ti. CIT.13 aro nov: re Iced Tie 81.1‘:.t.'ia-. 

iomer:berir to introdu:;e the fautur 0j: two, olio calt -write 11,0 

po!..entiale as: 

ko) ! 0(A--/1)107.6)L,117.) op -t- 2.1c/J,L,,,00-g H,o7,)n ii,(1.1.) Qn(ii 

.6.,Jid -Kani) ko) ,?(;)
-_-_-

it '0 ti. L14074)-w if„(i) 
, 

aAd: 
4L-L„Old -4 ' — kW] Apo 4,-(7)R1P

g 24„(1,) -g / OP 

L--J ° at4,1-Als,4) 1<,,(i/J 4?,(idj 

f.7; !wive TearifL.n,:s *le% !: oluais zero. 

"he sec:: 1...o!:s-ibility is to -. so the 0,:rt.:atOrj..a1 plane, for -which 

as trK3 earthts surfac.:. This :;rif.!ide r,igture of a Nlled 

w!!ich is 1li..;)4ua1 ill setion anri wlinne 51Ax7(..mum depth is ,7reaLer 

than the radi'l f _1•./fs oirenlar ollturv. ka clAqations 52 and 53 

ly. used to eo-Ipute data for an ar'dtrary travw-lo in plane. A 

si:91ification in t:.e aowirs tLis ci.i!.ta be-

ate Pn(0) vaniih,3r; wItolovar n A is odd. 

p 

Yi 

It to he that 4,1;(3 interfmetion of the '.1Joridir. X.10. clqua-

pineo ')Z a tmierfsn in oitAr of f,lin alyNo tvio caVeN; this 

is lino D ant 9=c,fi . IC tiiis travors3 in need, an .1utrin8ic 

aabir,uity aopoars tLe !ntor,",-itar,lon /-CC3.2.3t; t.co wirveyor can n)t 

cl..2tal-Trino over of LAA) t'1)1 he r 1. K;.:::. _`!cr,..tivor,, 1.t, is 

t'tiat s necond travarse rotat,ed fr,J7a ),,;.,tri4Ise4-

rom yrod f- it Wi 11 in ",%-. !ctually,,-.)v nl.yi 

https://CC3.2.3t
https://ci.i!.ta
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'lore two traveroee wo.dd 'De reTiired since earth conditions ;- ,ver 

daplicate these idealized circurista;,ces. 

sa..J sort of re .arks are v:ai in thf-4 ;:n1;ideration of oldata 

spheroids; the -Pir',dian and evat',,rial -:lay 'fle ,.:sera to rerese.it 

tne eartn's surface as outlined aboNe. -Plarter, any desi.red el-ation 

Agay (lorresondin4 ona in prolate vi-eroi.aal :Jordinates 

procedllre introdutld on pe.LJe 23. As poir.t)d out, is tLat dis-

cussion, the wiliations in the latter case will not be written down ex-

nlicitl:f in this paper. 

XII 

134:4.I-si-17...nia.LFirK 

In order to infer the validity of t:Iis development, as w311 as to 

intro co ar is special case, the exressions in equations 55 and 

56 will be l'educed to the accepted onss in spherical coordinates 1);:- lot-

tinr paraneter b go to zero. I,irst, consider the limittn process 

in gonaral. 

In tue faricii an plan© 4)= o, as shown in fir-ure 1, Yo,, conaj_dor 

follo4inr case of the ratio of z to i) : 

(5 i Z 

wLero r.) and z have the vain stated in aciation 7. S4 Lice the ratio 

appronciles a constant Vilch involval only 1, , it follows that a curvo 

of constant V Trast approaoh an asymptote whose evation is 

t'lus which passes throull the ori,,Tin:' Fart'ler, since the ratio% of 

to () iS te slope of t:le asy.aptote, the assalaption tilat is the sine 

of the JJ1;;71e will oh that line 'lakes with the in coapatible rri tic 

tl.e facts. In the 1imitin,7 cam.) when c i -Oes to zero, all these.k.por-

https://rerese.it
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loli.143 honor'," straiiL torou01 7Te1&ce, whey() 

Lc t!le polar ;t;I:le of unerical coordinates, it !men ftat: 

= COS &)
`t) 

Yrom eciAation_7, it is sAen that one can writs: 

(52) 

av b io ull4ris to approach hero, 7/ 1)eco,-J'es infinite 

'o- F -.7oovor, .)e .)1161E1 CO69 is Lhe saw:10 lindt„ the ratio of z to/a 

oeco:cs ti o raditie veltor of spherical coordinate s. Tierefort:: 

_ 

In ir,..or to atqdy of potential as I, 4nroaches 

t in aecessary to 1152 the as,,,mptotin exdrestiions for Vie Tow:mare 

funotions vr!Lich are ohtainod Sunticin 35 by settiyi;.; a 

zero. 

procos can best be illuetrated 1.%! 4zonsideria, first 

Onl,, the iiart of tfte potential to tlle ,joint so,iroo. 

ecioLion 44 1:y two an(i eipatin;7 m to zero, one rots for t no 

J-ae to a pot locatad on tho axis of nivolation in nrolats 

:iphf,troidal coord'Mates: 

oq,ation muid as oasiiy be estnblish3d wmaiderinr tne 

senona tern in .5Turtion 55 and by :aakillf; noce3sary substitution. 

fur A0 and Kn(i;t0. Wbea the litait in egaat ion 63 is substttld into 



 

 

 

 

  

33 

c(12:1tim 61 „,-Tropriate reductions are effected, ona obtaaz.s: 
)

n 
/4, #

10b;)-Z 
) ° /7 6 -).(3. 6b h (1!._ 

1,,flicA in turn, t!ie are of equations 56 and 60, can be reeAcod 

to too fort.'.: 

j 

/ /3-1, (Ca.'
; 63 ) 6 --->0 

t:Le r in this ex7)ression is the radial distance of spherical co-

ordinutes. of paring tAis equation with eTiation 1,1 it is founi that 

re lavc reproduced c:)rrectl: expausion in Lsosndr3 polynunials the 

reciprocal of te.distance between a point on the polar axis an() an 

arlAtrar:.,point.2 

:4Jw, if tie 1i tiny process is applied to ovations 55 and 96, 

taken in,Cieir complete forrqs, it is easily verified that the followin:7 

exisrossions for the potontial result: 

:2)141 

„,  r),-141
(4-i (2.1)( r0 

r )- (--r 
11 

( ,13.5e)
..2 g r. (.„. Lri+0(2.L.-1 °rz 

ft_41 .._7 -.An-t1 --- ( __r,L) 
LA B 

L-I'14-'x21 J r 
(COS a) 

r I---

4 ()_ „(C,O5 E4) 
,L • /44 z ,L h+c424. j r in41.7 77 

rtfiere the boundary surface is now the J::.hor© rrri . 'iore t.ie distance 

botwoon source skid the po!nt at wi-lich the 2ote7tti41 is to be coTli-

1. From to tie, reference is .Lade to e4lation 1 in com-
parison with a potential function based on the assumption that the 
current I flows outward in all directions. is such cases, the ex-
pression in equation 1 shauld be inained to Aave an additimal factor 
of two in the denotainator. 
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.)Vd red., to its close) i.x.m and is dtwi;:ned Tho now 

constLInts, introducod in t!Idert eTlAtiono, Oven by: 

( .1.1. • 

64 we '-)oen vcrid ci;.ct calculations iq sphe-

rical coordinat9sby freselit ulxthor. Also, the r,-”,,Ilts !nay be 

chcoked against corrospotldinl elactrostittic probliwn is workA 

(yit by tir;Ltton in sp;:erical •-

111 cwaontatiow; u.1,-;od on flqt!Iri,i,.):18 :)11 1 it i5 Lccosv. iA.,.ra-s to 

(J1-:H.Thr tAc :,o!,:roo to lie on tt-2 polar axis; Wach av,sqlptin in-

pos:-;iblu by 1.,e gymr.otry or the pro!- 1(3- 11. t:le traicrse passes througi: 

L; Lo ccrtt,er of hsmisdu.ure, tnero qo 

arciatiti m-Jtually aaiille a fem. On th,:: of er t:Ind, if 

tha travorsa ,..lotte not pans thro,i tt tn1 t7i.n, a spocial procJdure '1!3to 

be adopt,id in ord.E.n.- to MA 4;.!! th0 Jo7,potations. r,onsider wIch a :laso, as 

N, 
N 
N 
N 

N 
N, 

N, 
N, 

N 
4-Z 

I'i -4711 rolr k&itrar: Trvorse 

2. ItrAtten, 1 ij172-171 .. 
3. Vera, LT 201-20:7, 
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tie,3r fro abovo Ln ii -;are four. If t'le )olr a;,i is alwa:rs 

to be t.:1 1i;& joinin,; the suIrce and tJe ceriter of ,he ne.ais:;hure, 

r)eon at o;cE. a:zis rotates as the sJrce M0705 along" tie 

traverse T-T'. The pro,aem is now received into ono of deterni/lin ro, 

r, and 008 in to;--is of the otter dist,,L,,ces.s.1,-)mi in the dia,ira-3. Lc 

that z the .tistallee fro:1 trio source to tno point at ic:don te poten-

tial is desl-od and is positive to toe ri-ht of the source. Fron tine 

trio-,onctric rnlationships, express Lo-ls La's o.)-

tailted: 

r=: Cl÷(5*a) 4 

(C6) -m 41C-L4- SL 

, r ro 
rt,r 

Tn ir(ter to calculate the 2ctr_ntials at points 310'14',i.j:e trItv-Irsol 

Cris above r,T)stitutions mut be Tada in equations 61,. There is no 

listinetion to be :La'=:e in the :lubstitutions L.s for the cases when 

the source is outside of the s:l'aere and wlien the source is inside. 

Obviously, corilpltationn based en the assumdtion of an elliptical 

strtcture are ../uch store nomplivated than those in the rase of a hemi-

spqfical sink. In attad4in7 a problem, tie assumption of a 

hElnisrhoric41 shape nay be colisidaree to be a first approxi.lation; 

w;lile toe use of a spheroidal shape is in the nat'ro of a second ap-

proximation which, man,/ insta:Icen, is not worth the uxtra labor 

introucesa. 

.III 

001TUTATI9V 

It is not diffinqlt to coi)-,Ato :iata froia expressicris iltro-

ciuoel to tni7, voint. :Ibroyor, 1n ordor to Tlai:e the present iiisoission 

rlomplete, a brief outline of tho technique used to convert tie poton-
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tial ford lae into reeictivity curves is iLcluded. 

As a vc]Acle to ithatrate th3 method, consider a horizontal tra-

verse across tlia center of a omispIlerical sink, filled with a !Atli erial 

cf rosiL,tivity 1, in a country rock of resistivity 5; in which cane, 

equaticos 64 are applicable as tney stand. Lot the ele.ctrode se: ars-

tion equal the radius of the ilerdsph5re, which for einplicity may b 

assimed tho valaa unity. Further sinplification can be attained by 

lettin the current be num:::rically:L/7. realning co:istants re- • 

(faired are colplItmd to he s 

PA1 
(67) 

axid the working equations beco-2: 

r7Pt+.1 7 ±1) 
.(63) z 6,it-ti 

s 1h r 7211 -/-1 / 

a /r 
_ 

S -7 PI 

V°s r) L-4//7471 (111) 

where the apper sign in (:il)rI is to be used when the current and !)otert-

tial elctrodus aro or Vie same side of the center of t;le hemisph3re 

t.11 nacative sib21 applies wIlen those two electrodes are separated by the 

origin. 

The first step in tho coalcAtution is to deter: ine the Irallio of ro 

and/or r for each electrod9 at o...to station which is to be considered 

6 
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aloe traverse. Me station is normally chcilen to ho tho position 

of P . 
0 

Next, for eac!: station, it le neces34ry to compute tle potential 

at each'pote;Itial el-)ctryde date to each current electrode. For tIvis 

purporo, if the current at C1 is I, the c,u-rent at J, is —I and allow— 

anco raluit be :ladu for the chane in fl:,71. All of the o- x,rutions ap to 

this point my conveniently be or'anizod Jnto a work stioat which is too 

buliv to be included in this report. Finall5(p tho cortputod potentials 

are tirliisforreA to a ftaal -cork sheet, such aye is shorn in fitclre five, 

fro n which the resistivities are computed. 

_ 
/ 1- ,3 4 .., 4 7 g 9 / 0 // /, /.1 /4,/S. /A //' /,' ho ..c'e 

, 
r i4 -b 

PCif enf;41› Lilac A ...:a ilitcais.a Celt. Ai L., d-' N t.' "4.
i / it r. 

-.- -I , .vt)al P at` t;', at e ,41,) at 1,,, at 1,/ .t..-. ,-

xy; A r 11 r Tz r w r; r if r r 1 r 5is T. t,-,,c 
, 

1.; . _-; 4.44 r' 333 .L 217 VI .S.- .1.qi .1i .-,- #. , to,- .4•k' ,,./, ,.,,r ,..,,,0.-
-

•/ l.,,i ,4 4.I6 .1 3.4'7 .6 i.cif 144. .1 i.E .1 3.;•-1 .8 3.,N /44 /45- ..?.,/ ,ii 4.0 

,..., /.4. . c,. #.5„ 4 3 1.4 •:' . •,..t: 'c .. .i.of ? /.M boy 1.0/ 4.14 .,.Pi .i.,1 

f-oo .t.zo,...; 1.r -. -1-'.l."50 •:.; 

2 S7 

Figure T.vo Gozaputation Sheet. 

In this tables x is the distanoe of Po from the cantor of the sin',7. 

The tl3cess3ry poteiltJal di;:furances aro obtained Ly combininj, 0,)rrectly 

th appropriate potniLtials ramemberinc that the (Jurr3Att at' C2 is n(12:ii—i 

tive. For exivapltil is the potential difference between P1 and Po, 

a is found by adding col. mns 6 and 15 and subtracting colulne 3 and 13. 

V02 is obtWned by addin 4 anti subtractir. 6 al..(t 11. 
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Wm that tIle potential diffor,3nees !lave boon marYiteu,. 

2 and. 3 are al)plicable to co- ute the r3sistivities. O'Jt! to t,AC 

Choi re of wArrent and clectro,le seoration, the last stop is 

almot For !J.he fir3t branch of the Lee coufiluratiorl, the 

apparent resistivity' (colann 19) is twice 111,,; *rile, for the other 

branch, the apparent resistivit:,, (coll'an 20) is twice V02. Thu 4;ppar— 

ont resistivity ns datermiriad by the Telaier coriftluration is ae.,ually 

tha avera.- of til000 two and it; calculated rest easi'?,7; by addin/7 oolumns 

16 and 17. 

The curves based on this complItation are presentsµ in Part Six. 
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nIPOLA.).Z C/3011D.C.IATtf:1 

In order to inventigate sitnations in -3!):--Icrical ntcF oi 

farei .11 r.,Aterial in r:oi.lplatel:r encloved by an otherwise h000r7ormous 

earth, it is rionessary to resort to 'Dipolar coJrdin%I.,38 w-illch are il-

1,1strated on the following page. If the ha.1.1 of that 

consintini7 of two sots of coaxial circles, be rotated about the r,olar 

Z-axis, it will :venerate two orthogonal fkrnilias o;' surfaces; the third 

fartily it; tile r,3t of half pl,ines whose corrton intersection is the polar 

axis. The azimuthal alizls is the parameter in trds set. of planes. 

T'Ae ranily of spheres those ce:.iters lie on the Z-axis nay ho cio 

fined in cylAndrtcal coordinates b1..r the equation: 

- b caii/ 6-) p CSCh 
2 
6 

At the point plus b, 07 is positive and infinite; tilo spLeres sur-

rvindin. . this point increase in radius as Cr decreases until Finally the 

equatorial plane represents the surface for which (7-- is zor:',. At the 

poi!lt minus b on ,he pollr axis, T is negatively in.fiaite; tate 

7-170,7rottsivoly sp:loros si.Irraanding this point rer..c.-usont is toreas _u 

vallea 6r- . Thu., tho ran:re of Cr in such 3-(x. 

Ti second fa u.iy of ortho7onal ru'faces, of tile intersectim; 

type, is so:lewhat riore complica',,ed than the first. In figure six, this 

faraily of: circles itJ given by Vie ovation: 



IT/b 

1 

/1,t‘,.1 
,re.( 
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/ • 
, 

('7.)) Cot /1 = b CSct 

:ire ,e only tile ri7ilt flail' of tie ciiaiTam is rotated, tho surfaces 

!,,(2..:1Jrato,-t aro not in ,7eneral s-47heres, lilll, ara instead sjrfacas of do -.ree, 

four -a'.:Lich -Tlobuon clesii.:;iatt_is as spindles. 

The waallest sphere which can possibly pass throufi'n tie two points 

for wilich s plan arid ninus b res-p.?ctively has its center at V'e 

and has the value • The spindles of incraasing radii 

re;)resent decroasinc values of -I- lv:Lile those inside the focal sphere 

/ - /2 ,Ifiva val,tes of • Finally, the nortian of the polar 

axis above plus h and below minus b is tile. two sepuent l ne V:=0 

'that part . lyirw -tystreen Plus aild vit_nus b the locus of points for 

r=77- . 

Tie followi;1,7, trAmfornations from cylindrical 000rdinates to bi-

polar coordinates are tiumotimas 

C c):))1, C- ccis*T-

b 

C d51 (7" - c05 %y 

1.;11 .; ch rolattonships ho got, by eq..iationa 69 and 70 53-i:ani-

-.Galidoucay for z and p 

In tens ():17 t'ilo variables , r" , and 43' , Lanlace's equation 

1 
i Irr-;_tten as: 

'c) 31.1] __L. r c)tt 6 __ )zt.L 0 
. 1 +16sn 

cam - Co3 J c. 31"i •!(- ---coscosia -r),)dr
()G(72) ----- -EH 

t!acRobort s p `6. 
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And the three co-ionents of tne ,-Tadient are: 

aa-

osh 7- ,)1,L,
1c7L),r,(73) (. 

• 

cosh - cos T-
eqi,L) 

6 6//6/' 

XV 

A tit/LOTION DI LAMAGLIS ETJATIOE 
in ni.Jolar Coordj,iatep 

A soparation of varialAes in equation 72 can be effected t:irotigh 

chancre of the lopendccit variable. To this end, let: 

1-- ,------ -
(74) yC61" — CDS I- w 

wdenco the diffomntial equation assuaes the forms 

a2.1,1/(75) \ a s i )11- .4_ 
op sin.2-r• ,../-r--c (7 -1 spt 

T.- an5unlp—.o variables in this ellzation 7lay no' be saa,)rated by 

bleu. of a oolution in the f.,rm oe: 

(76) v /
t 

In tams of tile component depindont variables, equation 75 becoest 

(77) -1-rd.c + - rs- ep. d 
Ldc-2 Jr sinl' d'7'' /1'1- 7c,i4 

An exmaination of equation 77 reveals that two parts of tilo ecrlation 

:say be eq,..atod separate consta-Its. The firest or these is the pixt 

1. MacRobert, p 226. 



 
 

14J 

Vien equated to a constam, loads to Vie eq,latioA: 

' (78) d + ryit __ 3 

4)1 

for vtliuh the sol'o.tion is known to be: 

(79) = ,114) 13,, sin fl) 

/low, t:,e part of eTlation 77 which. involves nay indopwAently be 

equatad to a secInd coroiLoht. This step leads to Li:.3 mflationt 

cps 
PO) — Ln(ri -H) g =0 

'_'1.try differgatial owhich, through the :aethods of ord- Ica _!3 to 

the solution: 

on CS - 1. 

to solution, in the case of S, in terms '.-Jf exl,onentials is ire— 

ferred to the fort involvin,: hy)erbolic sines and cosihes heoauso t4e 

former flu/litotes appliA;ation of t;Iti solution to re-,;o:Is in wAie'. 

become p9nitivo1y or negatively infinite. 

If V.I0 above cunstants are introdut-qd Lnto equation 77 throu- th the 

relutaons21..,ps of equatins 73 and ilOy on obLains for T: 

(82 ) it01-11)sins c:17-- L SiiiL 4*""J 

whioh ia reconized as ben t.i,) ordinary .ascociat2d Lo,7endro wrzation. 

Thus, the "- dope.Idence- t!ie solution by: 

P„`n(cOs Q„'"(co(;3) Tz: 

Aotally, all r...-ions, in Itioh this aoLation is useful, c)ntain 



 

 

points at which is z-3ro or pi. Since the Lecendro function Of the 

second And ecc.ies infinite at such port,ts, -t may tra a:. eluded eve.)r, from 

the ,7e:ieral solution. 

In the above solutions, the parameters n anq :a have thir most 

co:taon propHrties - i.e., n is an inteer which nay asswae CLIV positive 

value w!lilo also an intejer, is restricted to val,lAs betwoail and in-

c1.1,1in plus n and minus n. When m appears explicitly in a function, 

its absolute value is considered. 

Finally, ass(3::;bling the various cImpoilant parts, one o:Aains for 

the jeneral solution of ovation 72: 

_r---
1./ COJIL - C-657" ___, LAP/ OS kl7Q br r714)• ' 

n=o 

( 310 
h //2) 

- (it 4 I/2 
L42 fri-(c°5 

It is seen that the factor r.lultiplyini; the s9ries cicalles infinite 

as the points wh.ere Cr- 11401108 infirita, are appraoched. 

ever, further exa-aination shows that them is always a term in the 

summand which ;Toes to zero, at the sane ti: o, in cuch a away that the 

solgtion rellains finite but does not in general reduce to zero. 

XVI 

SPMIAL CA SF, JY f:VMC,TING ;PMR.E3 

A simple, but, very instr“Itive case rhich wan be treated in bi-

polar coordinates is that L:)3 a rer/L.4tivity surve;,r in the noichborhood 02 

a buried c,onduc:Un sphero. From a study of this si.t•Aation, one s able 

to 1.3arn soothin of tue of tie electrical .lethod of prospecti. 

liefore attackin the bothAdary value probler:1, is L8cessar; to 



 

ve an orpres:don for te reoprocal distal-Ice in ter...ir of the functions 

in eq:Ation L. The deairw.1 gxpanaion lic.s been otained Iv two taLie— 

2let'iods elsevelere; a:,,1 107,3 ai:14)17 irliroduce the rewalt at tla 

point without proof. r,libstituting the 0.;:panaior- for 1/11 in equation 1,3 

cr,,e zits for Lie pot,ential.due to a point so!lroe 1,$)c;atmd at ( Croy,;)C7 ) 

in a h07_10-;cineals modium: 

=-11COsh / (Cosi') Cos )cf.- Co'D(:35) Pt, 
i1-0 Thr 

7/:;ere ta upper w c iJuc f si:-Jle in t;16 expl:nential apply acoordix. as 

N lowi than and .T.Jater :.hail jk; respectively, In this tridation, ko is 

Given by tIta !yxpret;zion: 

2-y3 1 th (ni-Yz) Co-
C '-rn("clos/40

Ca5it GC) - Co S 7c, t 6.-- oorn)= 417 b 

Now corbider trio specific situation in vdlich the material within 

L'Afl L;plAres G'1 has comparativelzr low rr3sictivity, witichhas assIrned 

to he zero; that exterior t.o both spheres has ItaiZorm resis— 

tivity . PurthrJr, lot a point, source of current of streAr-th I be 

loaatod at the point ( 0, r ,e9 ). The sylnetry of t: be nl-oblen is now 

such that Lire potential ou;,aia the sp:Igres be oxpresned as: 

co n i i--(a+Mcr- oitvor 
146-031) C Fyitp

(3.0 a a-- —co.57- e +/47,2Le 
n=0 ra=t, 

;::ithin the spasms, the potential Aa:3 sold? c-ns.tant actually 

7ict to !A; daterinod ltut whilh for the cAOlent is considered to be zero. 

If tig) potential rithin the spnores were zero, :As apsumod, the potential 

;' ~.►;;ticn in c,ivation 87 cotild be eq!ated to 4ero at ourface . 

Froci his canAdtion, it i_s tsiat: 

I. ilobson•• p 450. 
2. Mac''.o-.ort„ lop 221-222..,0 
3. See foot,dotie 1, p 33. 



 

 

);b 

( ) (trt #.1) Cri-
e 

r-it;re ind:iflates that Vie co!isttwt door not have its true value. 

Gile reciprocal „lista:Ice to its closed Ilona, and introducin: 

the Value of A as it is g.I.ve,n by ciliation 36 for points on t'on boutidary• o 

tne poten-sial 

e-D5 7,;)(Cu Sit (7-- e651.) (7' — 000 )1-1)CAL 
ITT cR 6 

( 3)) 
(h+ VOcr- -(1 if 14.) 51i 11 frneLLee (C.GQ.) /JO)LDS »74 

(2 n-ti)
4- e 

In 1,- -;e problem of a tiiried spheres plane Ta. o is 

considered to be the surface 3i the earth. Let our attention be further 

restricted to poin'z alon; the line for which is zero or pi. 

berin!, to double Vic ox.preSeion for reasons .:1_*vi3r1 -in ouniiectiOil "Atli 

equ;ition 551 equation. 39 in triis lase redisces tot 

p f r-___ _ 
•

f2 b I (1-e0.51;3)(1 -cro?-) / (2 - cFe 

(90) 0 hi 
(n- v7.01 Zc-051:0 f;, (cosi / 

• .0 • (-±-1)fri(2h42)
01+ r))/ 

Tlie choice of positive or nisgative sign Is to be _Jade accordin;-- as 

th :)oint, at which, the potential is 'to be cornpute!, is on the same side 

or t.- ;.e onposite of the origin fron the source. 

An expression will nab; be obtained for tile apparent resietiviti as 

Ineas,x0d, by Vie Wenner conf:iff...tration oriented alorp, the line cp = O fr and 

3y. metrically sit:lated respect to the buried !ii,era. note that the 

Value of ci; is th.J oar:Le for both curmilt, sta:Les as is -Lie value of for 



4-r 

.tial electrodes. this 

witho.tt evor lulcv!• explicitly tree valaa Jr the co;istant, potential 

condlictinf7 sphere. To explain Lids fact, more fully, we resort 

to tc.e electrostatic analoy - or, more exactly to a serios of clectr.)-

static analo,:ies. 

Ooncider first a point c:larT, in t'Ic vicinity of a 7rinyjkid spore. 

It is well :morn that a char; distribution induced cr, no srface 

o- the spnoro, tat o potential ot that s.lrfaco is zero, and that the 

effect cas this induced char,Te on the potential in the exterior s2aue 

nay be 6eseribed in turms of a single taa,:e located at the point within 

the spilere inverse to poution of the true point char,:e. If the 

same situation oxist6 Hit the sphere is nut .7rwin:!oell a. :;ecx.I'd Lma;;e 

::olst he introduced at the center of the opLere• this ir,a:e has the 

sale strom7th as the first, but with opposite sin, and its purpose s 

to m(lic-,:ain conctart total .:T To on tae ::ph ere. 

k point ckarfie sitl!.ated equidistant from two :-,rounded spli6res 

prlseikts a picture analor::ous to the above 30ophysical.problen. In this 

electrostatic case, one may obtain an e::presion for the p)tential in 

the oxtorior reTion. Now, if the sane prob1,3s. he consdered wit,l in. 

sulated cprh an additional expression must he provided to account 

for the fact that the total chary 7,e on each splmv rust relain colant -

or, it: other rail4c tha potential of each sphore Lc :.ts pruoer 

va:Lue in tho field. A char7o placed at the center of one 13hera could 

produce tie correct. effect for that sphere; but, at ti e 5316 ti!lOt it 

wiqld adversol4 of!'ect t;,e scconq sphere. Therelore, as in tae stildy 

the affect of two cnar,,orl sT)noras on each .Jt.crs, one is comell3d 

both doto:- :r its "ue to use equation 90 

4. Smythe, pp 11-122. 

https://witho.tt
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to '_we ant infini to series a: T:lo point of Lilo ar•-u:.-141:,t is Vat 

all of t:lese :z.1. :c lie on t.ie.11-ine uent,ors of Lite spheres, 

no net effect on Give potential in the e:-,terior 

with respect to 41/-42,;.tt 

If this ar.,nuLent is carried over into the ciire...:t (•tirrent !)roblem 

X31 ~Or cmsidera t-on, 'loans that the ter::1 or terms, -A:iich 

olui,tod frJm eq.:a-Awls >9 ard )0 Y,OC3115$ the potential of tie ',ore v:as 

consid.,:rod to he zero, Lave an eT,a1 effect on tile two potential elect-

rodes. The fact that suuh u tem exists can not 'ae deternii.ed b:r a 

measurement of tree :potential differerice hAween these electrJues. Mds, 

the olTression in equation 39 in usable the present inveuti'atioli as 

though it wer© the correct one. 11ov:fevers it is to he noted that this 

arc-r-ant holds only ih t,a) present case and should note oarriod over 

into situations in which the present sy:TLeatry does not exist. 

In ol)tainin - an exFression for the apparwit runistivit:,-, it is seen 

5i'otuntial differaco h.etween 

due to U2 13 exactl,, samo as t.at :Ile to Cr Therefor, :;,_av'.der 

only- the potential difference duo to Cl and doubl-J trio resLitiv ex:Tea-

sioa. Furt'Ar, since t to 000rdinates of F and P are tne same excaTt 

in tsA uano n and 112 

1 2 

for ',,ho angle the potential difforenco betivaan these two points is 

differonue 'oetwt--,,In two slia.riatio:is which are alike except that; 3:10 

cont4ins ;;he factor (-1)-. rros, tbe toms for w-inh m is even vanish 

t!ione for wide. n is odd appear with an ad.litioual factor of 2. If 

taii cliz-starice be:4;,ween electrcxles is given Iv a, tie ,iifferonle between 

1/111 arvd 1/R2 is Flven 137 1/2a. Thus, the potential difference, due to 

both orrent electros, is :,:ven by: 

5. arra:1,:13:-.3nt in A..iu.re one. 

https://deternii.ed
https://41/-42,;.tt
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db V41-CLsi)(/ ,:: (LhfJ) 

odd 
The substitution of ,Lis azression into eq:ati5n 2 the 

desired ratio of the apparent resistivity. to tAe actual resistivity of 

th(3 earth, which :',9! 

)nl 

— i;1-1.)*(;110---co 700-cool-) '211/ -171'" (C1)?12:2---tn c4;
/n=1 m=t(14")! 

d 
As a re-nin1er, it if; i.olrAed out that is t.le coordiaate of Lc' 

current electro3e; 7' is the coordinate of the potential cleat/rot-lei and, 

41e-=cidescribes the surface of tAe buried sphere. 

%lertain couiplication exicts Jr. the conputatiolls„ based on this 

aquatioll, which ia vof present In w:ch work ae was described in section 

XIII. TlIls difficulty ;Arises chiefly frora tie non-linear traleormation 

from rir bipolar coordinates tojin ny'linariqal coordinatfis waan, 

in this special aaso, is given by: 

h t c as it-) 
()3) p 

.S/it 91-

rince the ratio of r for the current oleetrode to r for the po-
o 

tential electraje is fixed at 3 in the preserit sit::ation, it is not 

likely for a rational :lumber to be ciloSen for both 74 and 7' . There-

fore, Wi6 is faced with the problJm of interpolation. ;!er.3, we choose 

to take a sinFle interpolation rar each final result rather than to 

tnterpolate each tine a Lezendre flu:Gtion. :lust be drawn from tile tables. 

To this end, a ;Tspii based on eluatiou 93 is prepared for maon value of 

b use:1 - i.e., for each separate sphere treated. The derirahle values 

of a and r0 are eiloseu; a,,d, from the raph, the corres oadirti_: values 



of' /:,-1 to Lite nearest de:ree are calaulated. Me exalt valqc of r 

correspondirr, to eacr, rat!_olial /,") is c-o: putod; after which, tno two 

!. , 31reat values of r in whole (lc:Tees, are fou:id fron the -Taph. Tuca, 

two air,arwit r,3sistivities are coaputed lair each valuo -of 2; , ea:.)11 

baL3:.,I3 on a -.11,(3a value of 1- When -Lie final res'.A.11:s are :;)taincd for 

e..ch o_ t,nese wmpLitations, the correct vaiuo of t apparent resis-4 

tivity- Is(;a:Iputed !-)y i=iLerpolatin linearly i)etween the•two adproJ.Aate 

values. In this way, four sinificant figures are, ohtaineJ in the data 

althovh t'iroe are of use in plottinL: carves. 

In tnis work, tIte only availale tables of the .associated Leendre 

polynordals have been the Natio;ial i3ureau of v tandardt tables' wil!ch 

dive val,as for all .1"-i ;los in .,7tole Ue4reos frcra 0 to )0 ae:xues. For 

all ono of t) curves constructed, t:no series converi:e rapidly 

enout so that terrAs to 01=11-75 are s!:::Acient. :iowever, in Lae last 

case, it is aecessary to asa tors up to n...e.5" and m=3. 

XVII 

COti C:12.:‘1; IONS DI BURIED SPIE,HE PROBLE14 

If a is allowed to vary in eivation 92, a carve is obtained for a 

vertical y-ofala over the buried sphere. "r' gore seven displays carves 

re.;r'osentintj vertu cal profil,As over a :;et of buried conlactini spheres 

0,1: constant unit radius at varied .lepths. rnoludod is the li ;.hint; 

case of the nemiserioal sink, the computatioas for wAcn are based 

on co4uation 64. Alt:Aoa-41 it is recJ-;nize'd that no such i-oolo .ic situ-

ation as a cmk.ictin: wierical body actually exists in natare, sone 

intoresti: i.dplcations are ,resent and sme usef 2I ‘:oncllslons may be 

b. Lowun, 1245. 

https://i-oolo.ic


drawn 7ro:^_ theso c awls. 

PCn riE.;ure seven, t:. -Leratio is plotted against ratio of 

tl:e .31ectrode sei-aration to the radius of the spheres. The variGas 

cl.trvos are lcielled 7/1th a ulpth vfaich in reality is etpressoci as a 

factor .6i '.ies too radiJs of the sp;leres. Therefore, tile w foie dia•tra'-. is 

dinensionleso an.ci be apnliecl to any sp'Icific ca.se b:, intr:)( the 

correct scalp. 

;then Vie si.,:ere is 'definitely buried, the crirve starts, for z:ro 

./ cTi
5eleatro,fle separation, with 7egy.al to one. Eaoh curve displays a qiin-

imum, which represents tho electrode separation at which the sphere 

produess atiaxinuitt effect or the results; then. each curve tninds 

upward to aprro•ich one a.-7,ain asymptoticall;,, at electrode separa-

tions. 

On tie other na.,11, ir the s',1:ere is trurcated at all by the eArth's 

aortae°, corrosponding carve starts at zero, at the electrode sepa-

ration equal to the diameter of the circle of truni.:atirm, and then 

rises continuously to approach One asymptotically,. The curve for 

henlifvr/hrical case, for which the depth of - the spAere :!lay be said to be 

zero, is ono li-d.Un 7 °idyl, of this type. Tne curve represertin tne 

other case - that in widoli the sptc,3re ig tun-,ent to the sitertco 

of tn.° (art!. - starts at the This c4rve hfiOrk esti .rated and 

is shown in the diai,;rw.1 b:r. das.ied 

It shoitld be noted t;at the first fiire curves in t,le 

all; cross the uhninispheref' curve, in the ranre of the electrode sepa-

ration between 3.5 and 6, 1-),tt, do riot cross each other. ''''14 s fact iAplies 

that the tnried. sr;nores a ,treater effect at lags electrode eery,-

rationn than does the heinispilere; *r-ri.ch 1..hene:iionon is related to the 



a 

rircire Sever - Profiles over IMAried Cionductin Spheres. 
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volume of foreir,II which is .-resent in the field arid to 

ratio of this vole: e to tha volesm of space in which the T.Irrent don-

FAIty is arbitrarily appreciable, 

Tho pritivipc1 ooph/sical valae of these curves ste7;-,3 from the fact 

that, for a ,7,iven ;;-eolatrical rolati.)aship, the body of Lora reeistfcrity, 

ilas a rwAximun effect or. the - ii?asurement of the apparent resistivity. 

This is a valid assumptiQn at least if the resistivity of the listurb-

ing hot is sTialler than that or tile countr rock. 

ne first seful rTiplc:atioa lies in the a-ixilnura depth at which 

one can expect to locate a !Ierical mass of raatorial by direct current 

The fact that t:-p carve, for mtlicil the depth to the ce:tor or 

the sp'le.ro is twice the radius of the spheres has a minimum which i5 

nina-tenthe of As laximum loads one to the assumption tat it would not 

he safe to depend on finding such a feature when its depth is :rxeator 

titan this value. T'ais result, sosii, in the hatare of a prin-

ciple rather a hard fart, ray safely he exteriaed to boditA of arbi-

trary s:lape 2rovided that the variation betwesa tits ltaxi-mt:a and Animum 

di.aensions is not too extrs; a factor of two:light well be 

Bible. In sL.ch a case, the "riadrilliti depth to the center of the body 

emal to the nen linear tailension of the body would appear to he in 

order. Tnc flarther be e;:tdanded to ca;:. es in whiuh the forei.71 

bo'iy tas Idi4hgr resistivity thail nas the surrorslding material. The 

mtrves fur the ca:.e or hiller resistivity spheres will have maxima 

correspondin row'hly to tile 7.1inima in the previous case; ane, -t the 

variation in t.11 apnarent resistivity starve is small, the !'ax.iraa will 

be of tore saliAl order of Aafrlitude above one an the prciviwas minima wore 

below. 

https://forei.71
https://sp'le.ro
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tne ano.aly in a 'xirizontal traverso °slurs when 

,onfi,T.Iration is drectly aliove too foroizn neu s, t:11 ahove liseas-

sion applies in any direlt orrent technil4e of pros:)ectin:,. 

A second use of these cves, applioahle to horizontal profili, 

is in choesi;l: the prooftr electroJe separation in a 7ivon situation. 

Jhen oni entr3re a re,;ion tc perforn a srvey, he it e,kmerally advi36d 

by .:eolot-ists as to the approziAate depth at which lie should find a 

certain .:eolo -in conliAon. Six,yoo5c, for exa.:-.ple, teat ore is known to 

to associated with clay filled sin;ai about 100 feet in diaeter and 75 

feet in vertical .iillension, located in al) ancient 1.1- stone surface 

w!lich has later bean overlain with 1i= and sandstr.:ne to a depth of 25 

feet. Supposa ftrther t-iat the resstivity of the ()lay is ,:,or:aelly 

,- 3h less Lan one fifth that of the ctner rresant. In the 

diagram on page 52, one inlinan the curve for red& ti e depth Is ahont 

1.3 ties the radi!.;s and notas tat the rainizaun ccimirs at an olectre6e 

separation 1')out e,iLial to the radius or one-alf the avera:qa dinension 

32 the boay. Thamforn, it tould be concluded tnat a separation of 4J 

or l5 feet wolld be roost dseful. 

In deci'din:.; on the approriate spacin betwoan travaros, one 

woo c'. conclude tat the rule of piwm:!ssibla Cc:.)th col be !-,,encraliud. 

to ak test, if an anorauly is to he found alon„7 a 7Iven trfrforse, te 

traverse must 7ass within a „listae :1.071 the center of tae disturbing 

body ronhly (Null to the awirail3 dincion of the hody. In t!,o 433ve 

o:Ani)1n, this moans feot. Thorforo, in order for tte a-_).' ali in 

ths exa!ITqe to appear on at least two adjacent traversos, a traverse 

separation of no mro than 55 feet c:Aild ba tolerated. 

If tIK.: di.sturbin mass act tally ontorops, abo7,3 

mluit he altored accordingly. 



 

it'Z'f FOUR 

11:1E CONE PROT3Li:)11 

XVIII • 

A SOLUTL.:,N LAPLA,C,L 1 3 'EQUATION 
in Spi- rieal Aurdiratgs 

Irsasf:u•- :1 as -',J1ca case of t:-ie kiperbuloidal i.roblera is a 

one sphc.trical coordinates wherein the bowie ary aorfacas are 

cpricis, tba latter probio;a vd1.1 o trusted first. 1..1 this wa-, an in— 

sight into tile main issue will be t;,ained. 

The usual fora of Laplauele equation—in spherical 000rdinatea is 

::iven by: 

n • dillisg20 . = 0( r-sin 114— aeJ rzsm a Li) L 

W:101'4 a general 4o1ion is normally stated in the fom uf: 

i /II= rt.liqop 

7 L./_.'4,1 Cos, 174---,--„ .5-1;,, „„pil • - -(../L 
,..0 r,.„ 

95) 
ic j_ ' )71 

r D h r (CD5 60) F it(cob6)j 

n i.0 re:it,ric---;e1 to poitive intk),;.7,ers, the associated Legenctre 

fz.u.,-;tionv i.n t'.is solution fora a set • of functioas which arr.) ,oral 

over tna suh rioa1 sqrfaoes havo their cantors 

Howovor, ill the 1J:cc-di:de-A urivar ;:.ir..siAliaratiozi. s a set of f ,.nictions, 

are filial over the cci:lal tr,:rfaces, for which the polar u:2 1e e is 

thi.1 .para,tet(::, is ra:isiired. a act of i nc:tian, is o'Jtailioa in tne 

Smythe, p 25 d, problel 57. Tile a:-,swer derived in tills 
11apor fr,ra that give:o. z'Arthf3 in the) of h1B pr obit:177i. 
In a ;- has acknowl—.)ersonal co:ryunication, dated 21 "arch 1952, 
edged the error in 1U 9 01:4t1.3ft • -1:::erlfore, the ,):re.3out sot ztion is 
cunsiilered to be corre:Tt. 



2
radial icart of t'rla n is choeel to 1,e ip 1/2. !lore, n is 

real b'it assume any pocitivc or :-:(3.7ative value; and, the suia over 1-1 

must re7laced by an inte.,ration over p. Furt'ner, althou.-7,h 21 is still 

a positive inte,,er, it is no 1:)tv;:..ir restricted in its ralL-.0 of valdes. 

T,:orefore, tue ov3r r.ms frza tcro to in:inity. 

A ciefir,ition of the Le'.77endre fu,Iction of this order in t,i:o 

re -ion of cos 0 is Avert by tale iv,...)er,momotric, series:3 

(96) P (c.05 ,9) ,--r(fL-Lp,1-*Lp,i; 

And, '...;scaL;.,r,,e is a positive inte7er in this prob1e:71, L-rio associ-

atod Lel)ndre funoti-In may be defined by equation 21. 
.

Further, .411onevor n i!3 not an kntezer, Pri(x) anvi Pl(-x) are two 

indepen.dent solltionti of the assoc-..:_ated 1.aeL;endre equation. ...'nerefore, 

instea d of (cos e) we P (-COSt9) Tor the second independent fano-4P-4 1z ip -

tiur-, of 6) This function iaay be defined by replacine.; oos e 

by -oos II e,ii...atioas 26 anC., 21 above. 

;in ex.3..ain:3tion of equa„ion 96, to,;ether with eqqation 21, rove:.als 

tItat Lp-icz e66) becomes infinite when wee; approaches azinus one; while 

p ( --ct)56,) does the sa:..e as cos d approaches p1.13 one. Both functions 

behave properly tarour,hout the rel.iinder ‘.)f the ranr:e of cos 9 

n to ip 1/2 in equation 95, an.-1 iekir..0 the 

chant;es indichted above, one 7ets for t Is correct i:eneral solLztion: 

2. pp 70 arid 155. 
3. itobso.., p 197. 



  

 

Ir/1 
ir )71 

,11.0 

a) 
f)-1 ;---,iiz. ,i Cp in r- ir- B 

... \ (co.5 411) + (p ii C-C(Xie3)je a Pp) hi, Cp -%2,)C' ( LP -Y.z. 
— 
-CO 

*lore An aaci ITiri are arhitrarLr constants dependin.; on 11; and Clu(p) and 

1)(p) are arbitrary .INio:ctions of I), also dependinp, on i. 

xrc 

EKPANSION OF T.ri, REcIP".;iCAL DISTP:ar, 
in Cone Functions 

'rho first step in V.le solution of the physical :),I.oble:1 is the 

derivation of the 3:%pression for the potential due to a point source 

of cli.rre.Lts sitt.ated in a honio,,,oneous spaces in ter:.:; or t..“:Lie .24110-

tions. Let tio so-..irce of strenIftii I be locator?. at (1,, j e, p ) as is 

s:,:yral in trio accoldanyinr; diai7a::.; and consi:ior ro: the 7loaint that the 

re:-:ion is one of suit. or-a resistivity. The results aro 01)i,4.1ned by fo1-

12 

I) 

hi o6s-3sotion of a 0o)Ible Gone 
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lowin saae real 551'.1.* which was %sed iii section P. 

?!ie orientation o: taa coordina0 sy.te.a so tho 5eurca 1. cis 

n the meridian plane eli-iaiition of tic sin) tem, fraa 

e%Tre3sien in slliation 73. l`artor, Jue to the belvlor Cl' t?).8 associ-

ated Le,-endre funciuns bet ar empluied, It i5 ofJnvorlient to divicle c,-ace-

into those rep-,ionz for which 49<00ans! 97eirc32Pctive1y. In the first 

tiaose r9frions, collianc that oart of the axis waere 0=0 , Vie 

potential 'las tic form: 

a) CO 1,7
I -7 

Co5 mf 90 (cob a) do, 
rYz p-Yz.09::o -CO 

Si -ilarl:ft in the secun.d. re -ion wAers cos !--2 r3ay be cone equal to 

Tainns one, the potontiAl is A.ven by: 

6D 
43° if) " (-C-45 19)Olpcos kri(29) Bo e 

Mz0 -03 

From to condition that the pctontial 111.!.it be,continuous across the 

surface of t.:e cone 6)=40 it is seen at once that the relationship 

between A and "  is:o 'do 

(10e) ki,"1(ca5 9) 

v:hare e(oost90) is defined by: 

(-COS&).11/p-14.(101) (c.0.5 frn 
yps op)c p-

In order to deteraine tie specific value of 11 lot as now exanine 

tao cctrrent density oribririatin,r, on tao surface which is ravcin by 

r_Fo 
ti p 

(Co5 d p 
00 /— oo 

https://111.!.it


  

 

  

 

 

 

 

•0114--,-,r..ii, _inalo7cs to• equation 31, (CobaJia defined as: 
I? ' t,t 

/72 rYI , f "1 (-- cos 4,)
(103) ( c 0 eg,,,) — K (cps (I) i-J (ico3 a.) ip--P L p - Yzi 

TA primes in tais ox2ressior, in:2icate difforentiati3n of a fun-

,ion with rospct to its OITTI arquaent. 

Iimitin;I, process Ilsed on pap.,1 21 of section I is olitted 'lerr.; 

but it should be re larked flat, in principle, the fonaer proceftiro is 

stjli ;meecisar;y. „-4? 
e C03If both sides of eqation 103 are multiplied by and 

r 2-

exreLsiolat; iLte7ratod over the wh,l(it fyl.rf3e of the ocne, 

dezAred reJult it obtaid. 7irvt, onn has on tile of the 

e 'station: 

mi.tv 17 ZZ,z)6, — (V/141. r1/2-
_zph,r;

(100 /it ra „, 
— e — (vim, (J.> r,YZ o

Yze 

Introducing the approprate ele7cent of area in 3pnerical uoordi-

Llt-s„ te right side of equation 102 hecoraes:
00 00 

c: r
drq p (COS 60(110Cap rn 4 CO6/114(105 ) 0 

i " 
. 

Integratin„T with respriot to 4 , Ind introducini,, the new variable 

, the exoreasion is red-Jcen to: 00 
f,a) 

(-1 -1- Sort,' )fl. \ o(cb .9„) cip(136) ) ° p 
-a) 

This Jultiple intarxal :.1a7 be evaluated through a 44:11 1(.:J.,,e of the 

Dirac delta fiLalcV.on4 eqlais zol.o when its 31...7usctt is aot, zero 

I. sohirr, pp 50,-51. 
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but beccip4es infinite fig its arilunt appmaehes biro. Thin infinity is 

such that Cie definite inte:ral of t:;.e delta function fro^: aew,ative to 

positive infinity is equal to one. As applied to t pre-Jeilt problem, 

ona moans of expressing this function is given by: 
co 

cL(p-p)
(10.n CC(P-P)=ar CI1 

f4;:ther property of th, delta function :s stited in the fol17.vinc; 

°um: 

(lo3) 

App1yin7 oqaatine 107 and 10'i, lay finally reduce the ex?res-

3ion in 106 to: 

(1-1- (-1-0,4 4 .5 n2 at, 12 1-0 rn 
(109) 4J0 41)

P' 

tejoinin.. the two s' des of ecrlatiori 102 after t.Jse operations, 

droppInw the priles on p and m, and.selvinr, tae resultin,7, dqlntion for 

-o' ones gets: 
_ 

pe
(110) ro (1-4-SO>n)r2 ,9„ ps a)) 

The expression for (2s4g)in equation 103 may be reduced to one 

of t .onvenient for is. The first may be dedaood by reasoninr, si71ilar 

to that used in :Aptaining evation 36. It can 1)3 show r. by the previous 

proceeoire that: 

/ tr) pr,M 
11) (C DS 8) (G D S B ))- ( p)

(111) sm. &/il ( - CDS6) Lp-V,
11.1)-1/2 J 

41)-

where(p) is indapendent of 5 hit may depe,id on in and p. This 

111 



 

colistant 7lost easily-oval- tat:ad at 0 = z whore it is found to bet 

(112) C (p) = P (a) P''(0) 

Direct differentiation of equation 21 with respect to x estab— 

lishus follovtin, • ree -rsion formula: 

r-z- '11(x) = — -r-- ( X

(113) 
X kt. 

which is valid or n aml integral, i?ositive T'nis rolursion 

/foaula &IOUr S that i•
i () 

,.aay he re2laeed in eTaation 112 b,•,-. 1),./,_//2(()) 

Ore then oAains: 

m ('o)
7 

(cos 4) 
shz2-4, ("1,60 

The second e:-..-prasl-iion for (cosiois obtained ti7roi) an alt3r— 

nate evalqation of the above tI7o:istant The: new result is expressec,' 

r 
as: 

-6'41 Sin (tIC -ill)(115) (p) 
.g/1 - %z•y'in) 71- p# ill) I ( 4 - ,fl) 

sirim -1 is an inte,;er, reduces to: 

(116) -02 

(1/z f tP -

Ly tuctious successive iipislicatiar,:.3 of tit° functional reLAti.)liship: 

(117) 

which the gacraa function satisfies, tie expression .-wkr be rthanrod tot 

frn r 04 -1•Zp 1'1 

(111) t A I • N*ip)177.2-zinizp--) 

5. snow, -) 54. 



 

  

  

6This result may nori be re.hced b7.,the rolationchip: 

(119) 
) /-7(7`j) 17 Sec /7:1 

A' fence olle arrives at t o axi:ression: 

"770.*Zio-,977) Cosh rj/,.(120) --;2d-J)(;n ("0) = 77,R,2_4"/P in) 
ThIls, the al-Arnate expression :or (C4-5 4)18 ;:iven by s 

02.44*Pift ce512(121) (-720fir 1(c65 eg.) 
!' 7 r(4 # - 07)sin200 cas ed). 

i`in Illy, the potential iri/v be el:pressed the form: 
17) \ ,44 ri/r 

1,f)COS t)-

/7 frit r 
J-f-,L(P) 

(122) . . . p (-- c0.54,) r ,,I 
(Cos 6) 

iia.Y2 ' L -112 
frrt ci pm 

(nos eadp (-cos 4c p - /4q,--64 
whore, dependin4 on whether cxyl chooses to ,ise equation 114 or 121, 

J (p) :my assune one of two for:7s. These are:
A 

Jew 

(123) (1 „,(,0) -77 /9 (o)
IP --Yz 

or: 

#4/' f`") cosh. fip
(124) 0„,(p) (-.0"1 

It lay happen that one of tAso exi-xesAons is Lore oonvonient for 

computations under a riven set of circunIsta:(cos; wnile the other is -..:nre 

applicW)le at other tiles. The first is indicated (vithout the onazve 

intro(luned between equations 112 and 1110 by the statement of Smythe's 

u. Jahnke ard p 12. 
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I . 
tne valility of tile ranults is iL-pl't!c: sthel t'20 

second forl corres;,:orals to tl.le expansion of CI::: reciprocal distance, 

in teras of tiie cone flmctions, 4von by llobson in a lore forlal 

7 
'qatical treat. It should be noticed tf:at: 

(, (.2)77 .1) 2-),,Tp. [pi 4_(125) --glpt7L] • •r(2 P -Th) -9 

If u is zero, the abova ratio is ono. retrAt :aay be of par— 

iLtflrest in comp:ttations '- asel on second fora :,reseated 

abovo. 

inasiuch, as all of the quantities ix elita-tion 122 aro even 27:Itions 

0: p except the ilainary part of the exponential, this part of the 

exponential vanishes in the intik-I.:ration over p. (7;71 the other and, the 

Leal part ;,riAcin a result which is Jouble that which vv.)uLl be obtained 

If the interation of .thAt real part were taken between the lirlits of 

zero and infinity. Thus, an alternits form of the potential is:of 

_CDS (P P4-0)62 -GC.r, CDs )7141
4 r ( 

ht 
(126) D (Cos 6,)

(- CP5 e) rip_ y2 
I p -Y2 dp 

rn ,hi , f2 (-CDS&
(C46 Go) 

-

XX 

7.!.NIOTt OF Trl. (..)LUTIOIJ AT TA ICA-14 

T; cone fduct;ons discl)nsod a';)ove rers introfilced in :::Drinectl 

',Tjth -Droblons in elcctroststics by hler;
I but, because of tqe apparent 

7. :lobson, p ,4Y. 
1. 7eiller, 1363. 
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sin;alariLy in tho ,I.r-laectient solutions at the ori:in„ the acts a1 
5.0,c 4,*es b een e5 "'flea/1 

valitiity of those solutions lias 1ettir--4/eett-4-1-do,11-41.2It will be shorn 

here, at least in a special case, that this o'):?oction is in ract un-

fots;:ied. 

Gonsider the expression for the reciprocal distance, as ,ievoloped 

in the previoas sect;ion: 

) Cos(Pln /11)1.7(:2L-1- LP -m)
(-1 ) cos »7,p 

rr Cosh 77p FN-i-lp +frz) 

t't ; hi(127) Pa . p - 112. (-Cos A ) RI p -Y.z (c0.56) , 
ORkrthi 

;P_ yfC-0.5 A,) p _ it Got 60 

If tile reference point be placod on tyre polAr axis so that4=0 

the expansion is iudependent o:.the angle 4J and th.as only the ter= for 

which m is zero need be. retained.. •Sinoe 0 must now always be greater 

than a, only the lower or the forms in eq.....ation 127 is :zsed. If the 

situation iz further restricted by the requireoent that the variable 

point 1io on the part of the polar axis( whoree9=Ar , the ex;.al.r;.;on is 

finally reduced to: 
ao 

n CPS( P r/rp /I/-
cash 77p 

9 C-asNote that t)(65 4)and y-4, .ate disappeared from tie expres-cp--1/2 

sion because they are both w.ity in this case. 

It is aavcrazi-:drc,-,d to shqw that 1 reduces to r plus ro as a reault 

of this expression, regardless of the point to r is measured 

within the. restrictions already imposed. The above inte,7a1 may readily 

be eval.taed and the desired result thus obtained. 

Hobson, p 443. 
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__ 

..;onsier o.)nt our irate :1.31 t -a) 

LICLS /4 4-6 d2 Cosep4t 12//2) i -- - ----- - -----, crp
(12?) cJ .r -

co 
Cos ; C0311. 11( pi1)CO3 k 

-m 

14i or© t4e -datb of inte:ration oncl,imeL; tLe infinite '-,oluitieci by 

Z aqaal to v ancl 2 90,1141 to p i. The cirids of the ntrip, -vesre p 

is infinite, acid no contribution to the iilte ra1. Introdcin- els-

nentary rolationsips involvirw the trionometric and hyperbolic tuna-
, 

dons of Lhe sun of two q-alntities, reveruin: li-aits 01: S.ate:xation 

in the seconu term, and notinr that the inteL!rands are even funi;tions of 

p 30 that lov:er can be chaneed to 0 tv Cie resultinj 

irate 'al, it can be shown tiat: 
40 

COS (CL6') 7__74:p) c)/ co, ( A ire)(130) 
CUs A, 17- cpsk. 

The new intejral on tha rizAt is identical to that rectlir,::-.1 in 

wuation T;.0 inte,7fal on 1,1:e loft may be evaL.ated Cauchy' t; 

inte:Tal theorem. tshat Vier%) is only one po-le enclosed by t: tie 

path of interation, it occurin - at eh equal to i/2 -,there residue 

is _CIP-A0:-W&), Vte ,ral is seen to be: 
17' 

CO5 ( /11(131) 
Cask T 

GonseqAently, the integral in ecoation 123 is found to eq,1511: 
00 err 

CO6 /tfr -Q) cip - ,Sec
(132) 

ca5k rrj 

and, as required; 

1 
(133 ) t; 

It iJ :Jo It that, ex: reu:Aoa sat4_3fies rit4ui,e Awits of t.le 
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pro:liera who ur r :L zero or very It ti. s _Colima that the ex— 

pacision 1:i 0.1:ation 12c3 - 1:;43 be valid in srite amlarwitTist li:_few- -

sin ;11.14.irity at t, in 

4,r) 127 as r approach's infinity. It is reasoned here that, 

were !mown about zi•Jantities _n the ey4---)an:tion as f,,Incti.)ns o1 

,7, 2 an inte7ration , o1.11.ci carrie in the limits Cenaral C 9..le 

c) "..111::,r to tile one above. And, thus, it cull shown by 0, single 

ar-,tirmi,t, that the expansien vanishes at infinity as, t.1,3 -r•der of 1/r 

'q .) 91'i appreafthin'- lir• 0 r 

'CCTAL 

Now, :1_3ttin:-ta 1.-,e(,o.:e 10 cle:0e3 ;:;onsicierink.:. the re,,ioLs 

different rosistivities as :illown in the dia!/,rara on page 57$ 01-10 can in— 

the potential dui to a point oouree under hose- ne3vi circum— 

stances. 7101 to tha cnnotry i)resent.e. by the problem, it is 1. ,-.:ce,:s.s.ry 

to set up axpreesiom-2 .;:or tite po•t(::11tial only within t}i3 Apper T,r ant'. 

for the re-;ion exterior to both r:onE!s. 

In the first re!-,ion of r-isititivityft where cos g be co:,:‘,es nlus 

one!„ the potential has the fDrri: 
br t -hter) CpC 

CO3 inf /71111 cp-(13h) Z/24 r / 
YY/ -

In t7ile re ::ion of resistivity/-1 v4--..ich coatailis no part of the 

polar axis, the potential '-.ay be wr.t.ten as: 
(c 4,560 

rep- ?4, ,40 1n r 

p (co)d)4Co3 )74\ (r)(.135) L/.14 r iP-vz !--

in=o AL 

In the above ex-nressions, Am(p) and Ti,-,(p) are arbitrar:t have to 

https://ce,:s.s.ry
https://o1.11.ci
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be detamined fro7a ,L1 bounuary oon:iitions; Ig  and Bo have l',Le valueso 

uer-.‘ced in section 7_7.. 

Fro-, condition that the poter,tial rluct bo continuous across, 

tha conal Noun; try 6)=0 it Is seen that: 

( 136 ) „Q„, (p) /5,„ 1:1 ,ef,ncp )=14 go 

where K (cose9) 'ilas its valua given in eqqaticn 101. 

And, in ordar that th; Ilbraal component of the (1- _:rret density ho 

coitii iols acroL-zi the galae 11;:undary, it is necessary that: 

(c~5(9,)](137 ) 12„,( p)=I), 4„v) 

wilere T m(,:osp) is dofined by* 
I 

n ' co.5a), )"/ /..fro -- _z(---(1.33) LP (Cos .0,) -7= , 
(C

, 
O35 A )

eP -1/ 2 
and trio urines indicate the differntiation of a functf._on -riith respect 

to its own arm: ant. 

If these equutions he solved simultaneously for A1„1(p) and talP), 

one arrives at .the followinc expressions: 

ht , )11 
1_ 2 (c W.1/J.. (ci,_5 A )4 4 

-7 

;139) 

- _ 
f_)-, 4. p, pni(eD5 0,) (cD6 A) 

The correct, ex:;resions for Vie potential :Jay now 1-4e writ1;en down 

by combinin7: neveral of to abOve results. Thee rertprooai c.istance is 

retlxned to its clonad form; Ito is evert is value fru:. eq, 10C 

a.0 110 (ass is written accordin to egiation 114; an(t, tAe iftte-
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irral is irritt:i in ar.a1pf7. With oTiation 126. Then, 2..e:Idri!)or.::_fl7 t'lat 

$ th potential 21z-tie-Lions beC7.43 1 

0-:.,'• 0-7,f • • • 
44-___1-̀ ig 77.117;-r-
nfPxolho , ,m 

pi pcp (6054)4-6ni(eD56,)1
P 

1" 
--- -----\/ 7C05 )4.0 c tr<W4)----- ,

('+ii2 47q A IL / L LI "kP 

anri: 

COS P7 
L14 kpm(ezo ) 4./oz Lmip(- ) ) 

cos (p Yr,l,r 
(ct)e) (-Ca E)) of' p 

-(6) LIP--/zi 
II: it is desired to at . ly this solntiisn to a prol-lera, 

only tie socor.r.? of Viese formulae need he -.‘onsi_dered. tie plane 61,-- 17/2 

assirced to be the siirfacr: of the earth, in *Lich oase Cos6 is zero 

for all poilito at which tlie potential is to be r,,-)asured. Dol,iblint; the 

value of the expresbion$ for reasons e-_,:plained at ts...le bc,3.ruiin ow` 

se(Ition one crets for ti_e 1.),A3ntial distribution over the s;trf'aoe 

of the earth: 

00.5 rinp
(f4 'JP PiS 4/4 /c,'"(cotte,)1-7-517 (k 4L,;(20 4i 

(1)42) 

d„,cos (p ))-1-

V-Lis e(riation in of sole ,iso Tatar in na,,Iputin?; tine asymptotic 

behavior of c11:-yes constructed for t:le hyperbololdal pro')1sri. 



Rri7tT FIVE 

HY7:11-1ik:ILOIDAT4 

3.40U ND j T ~1Jh0, LAPL:.: IS 1.;21V)T. 
in Prolate Spheroiaal Coordinates 

In t: cis paper, t'lere i.c,eront only in Ivper'.):)loi is or two sheetJ. 

Theref9ret t.:e discssion in tart Five it rentrctc'd to prolate 

roicial coorliha-,us. 

Ir. section VIII, it was sh()yin that Laplaoels equation in prolate 

sphoroidal coordinates :iolds a {general solutionl which contains f:inc-

tions orthoc7onal 0741r the ellipsoidal surfaces. In tree present section, 

we am lookini:: for a royal solution velich contains fancl;fons ortilo-

!onal over the h:ipertolic s,xfaces. The development of the solltion is 

jJertioal with the previous (lase, in nection VIII, down ix the point 

wr,ere the associatd Lem:enOre eqq:Ition mulct, ?to. solved. Consider ai:ain 

to, equation which 4) satisfies: 

0 
d -

1-

The brevis ciloice of n as a positive in-te-5,er :stemmed from a 

knowled-u te pro5rties of assoeiatevi Leen..ire 

pAynoutials. 13wever, sTac ortho.:onality preporties are no longer 

.desired; ;:nd, conse(!.e:Itly, n can ro lonz.er he ta<en to 'le an integer. 

On V.() oUer hand, the dependence of the bolutim on the an71 0 has 

not cLan!ed from the previous casc. Therefore, m is suili an inte:,:er 

.14,; via its rare e anrostricteds 

It was shown at t;1 hei-.;innin., of section Y.13 tiat a ,iven hipor-

1. Soe eqlation 24. 
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currespon..1.4 4 

paramet3r3 arr.: relatod 'oz., a) ;:eosafi. Hence, it is i.cpor.orl, tat the 

depee.lee of the ..re3e1.t OiOf1 yon r..4.y be t',L; sar.le as -t -Le d..)-

7e4.1(Elco UOflcrw, Si in t:te solution O the cone p.:.o'31en in s3ction 

Thus, aLi a solution of ..11•:i.t.1on 11, we try: 

k, fl-; 

!.;oloid is 3 3 y:nptot1c to a - ..w., cone 6=6, v3 /thorp the ty.,;, 

•( 1 3, C(p) (p) 

properides o1 thesil functionb were did in the oarlir 

section. 

vii3.:3 rr.aarkeci in uection VIII .G;tat 3(4) ) and HO? ) satisfy an 

sk.r.;abieli 0: the sa-Tx.) orn i.e., eq.•.ation 17. In cideriri tne 
rn 

0.11PJ. C/11 4.'or H(// ), it is noted that p and 

ar im'sde:1(lent ..;elutions - of the daffereatial etquation for. Lac rcaslns 

in tdiscr,ssion of the no ;:u.riotions. :iorawor, as it has pre-

\rio'IrsIii nctsd., p (i)) boc;orbos infinite as approaci/(is 

tiLds tai plug no Jtain any reon 1-olincled mly 
• 

1,!.)e cet 1.:o: which 3,3rvo:_i as IC 2arainu3r„ 

fiu-tar.(,ion c.y -t)ti !Icce r'Xl the solution at onco. Tan filrAltion 

4(1 aa ho torqed a 11 1-,:rcp,r6oloir; fuNctionn to diz-itin-li.e.:11 it fro. 
1 

the ,7,or.t; flul::tions t wiri.11 the ar-,7,unnnt ü Ioss tlian one. 

7:irouRlIouT, / the. hyper';)oloid tunction -iy be de-

fiaoti by: 

- 1 \• 
z:11- -11*14_1 .( ) );41

L -1/z I 

,̀v• 1,%) to 2,0ro. 

2. Ya.--;n:181 p 56. 
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An inte(val expression for the sane l'Anction is .-iven hy!3 

Coy px
/1, (1)) _ C,);) 77/0 C/ Xa(1h5) zp-1/2 I /7 )z)Yz( CoA X 

m Is a 1.oLiitive tie assoolated funrAion may be 

deft%ed by ftqlation 22. niers are iany other valid definitions wriich 

raid,' be adapted to the associ:Aed Leij,endre functions . 1/2.prder ip 

and for ,oresent ranc:e of /' 

A ,:wtoral solat:'.3n to Laplace's eq,Ation, in prolate 3phoro5dal 

coordilia-tess may Door be written down. It is iiucessary 0 sum ov©r ti 

zero to inanity; and, beca)se p mAy vary contim;o4Ay, an inte— 

:;rat,i.on is required over all posi-tive values of p. reoative values 

p aro not required because the liolution Is an even funcian: of p. 

solution 13: 

COS 1)-14f 1-"" 3/N tp1:1 
nizo

(1146) 

ty) Ill 

•• • 
) (̀l do 

tf2- 2 412 

XXIII 

ORMOWALITI OF 'TIE MT 11;1,..JID FliiscgioNs 

In order to ..se tlie solution in the type of problerrs beim?, con— 

iderads it is necessary to exa:ains the orthoonality of tine set . (?) 
Cit 

On- is lod to suopk,ct the orthooAality of thy' set IDOC,ISQ it 'Las been 

t'aat i4as an infinite nqmber of Zeroo he-,weun i/z/ ari 

3. 'Iobsun, p 451. 
4. Ideu, pp 1b9, 1')51 204, 209, 219, 272, etu. 
1. :.,lei, p 402. 

https://rat,i.on
https://solat:'.3n


 

 

 

 

 

72 

, r end is accollpliod in a strainti'oward Tanner. crsis.:or 

tx:o functions oc oet for ninplicity 1st the be ulvoted 

e; 0//) 

(147) 

P ()
- /4. 

inc-S3 each of theme functions it; a soltien of an equatill siilar 

to el tation 17, ono Trrtt 3 ; 

17( p,,7 j f/c ; Z 

( 
q9 -41+[6. t .4 t'17-2.] Fti z. 

Citl • / 

.,..1,111tirq:,111,7 the first ...,f_u:lation I12, the second by :1.1, 

tho frog; ttio s5corici, and inte,7ratin "1 /?. , one eta: 
7 

; ) 1-41, Z = N d 024 (71 
dij d12 

Ski 01 11,7 th,t di? (11 ( 
by into -,ration,of Moth ter.an on the right si.le by parts, is 

easily retcced to: 

q 

(150) (/?2 Pi!) PI (12-4
) 0 //z. _ //z. 

di?0/1/ 

(1) and (J) are finite, :ix exnrossion on tlinSi-: 00 

cp_yz JP -pi 
zero at ti lcr,cer Therefor°, thl: evaluation of the 

inte,ral on T,ilo loft i3 reduued to an ....nve;.;ti. ation of the aide 

of eiu,ition 150 an a fu:iction of • 



 

 
 

 

 

 

 

  

   

   

'.:•outrixier - : 

//in _p( p.)ci,os 
/7445 

(151) 

pibie _ f7 
(2PI G)Pt jop IP d7, ,

GO 

here .2(1)2) is atervtici to be ,.-•.rrapvriy boliaved. 

develop-1,1:A. 1. tha dt.xpecision o:7 

.i'unati•Ia vt11-:i.oL3 ar t11.1 argumertt. 71.1is :o:::2 

?-//21-7 riP-//2
(R----'[.(7 -m)

(152) 

r-7( 4;0 -

n,).11. - 1 :3.6 149 2...1 be Nctitttar, in bile farm: 

(153) P - y x,L:1;) 09) C 0(,014. ?) p) s1/12
2 = 

*rare 4.11(i comitanui ara ,iven by: 

4,,(p)= Re 

Correspon•linr, to e v.tat:Lon 153, 1.'Ach is t..o foln t.) he - .stir: t.trou.;,.!1-

oiL 1.3 rllatierzldp: 

[gm (p) _G2,84, „7,05(/,/„,)(
7,)73/ ).

c/7 

74- [2p /42 (p_g /fr, 7114. 0 (,-;-)J 

p 66. 



 

 

 

Subit".t- :tin:, tho forn o ^ aquatiot.vo- 1!;3 155 irr:,o 

eciliation 1511 (Jae qets, after r rran'-1n1; the ter ls: 
co 7 

r 00,) 401 1 11, A/to/7 
_co 

( 24)1<,00 Qiioz F(e,4,4 7- Or-Liji 
_00 

Eig,Q„,(e)g„( (4) - Pt ,42,„ (4) .8„. (R) 

z 

6g9c 05 (fi hodcos /h ?), 

(157) 

/Q(P), (/'1) i:t_7)_ce1221,7) -,6‘40,),42 ) (p.p.//1./* 

1_(e-R)/7V/4)-80,1a0.) 
(/!-/?.) 

T:Le first poi.nt he not,e..I is that the factor raw bo re-

moved from unl:er thi inte s.1.71 and beCalileil unity Vie 11.1ite i. 
,

seourc: point of irv.erest 15 that the terns or the order /ir vanish 

in t:ita Uore.rore, 'loft with VIe - sine artd cosino term 

to be invostirated• 

.n has boon sl-.:own that the Leztindre fanutIons are anal tic functlons 

cf their Order, in Lido oatio' of ip 'aithin the ra;,,e5 their 

.traentss for Vaal t.'io various ,I.finitions are v:tlid.3 It folloias 

ti:nt th:it A(p) and T(p) are I:Jim:an:x.3,y ans:"--tic.. It le .ClArt'.ur 35:1•1.-ned 

3. i lobN9ns 1C9. 

https://aquatiot.vo
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tact the pro:Acts of Ao(p), Tiljp)„ anJ 2(p) am inte,;ra!)1o. 

t;r1 this basis except, in Vi;) case for wnich opals p2, 

i'. is apparent that “pl,p2,1 revaint finite for all valuos pl and 

P2. It now necessary to ±avestii4ate, ter:' by tem, tho uxrmdtgion If 

oLn axL.ss. first tor:a in F(PloP202) lcui,s 463 an in;J4erminaneil 

az P2 aprrou,otes vi, wiliuh lay tie evallated by 11!Topitallt 

__/Zg/n(R)Sh 

e 2 e 
47(/91)&:,74) -RLz,&,(?)

. 

primiss in oq.,tatif./1 155 indiflato dIfferantlation vita ranpect 

et p2 wid 3,1(p) are anal:,-tic as t3xplainsti above, it 

lows th4t the firut fora F(PI,P2, remains finite as p2 alTroacnas 

1)1. A til'Ular ar;unent may be applied to tie second tera in the ex— 

pression. Ths third term rovire.5 no dinfrAssion of this kil.141. Now,. 

durin the intration Over pl, none of these terns adds a; :;,r loatri— 

butdon, be c).. t"le it,Levjral theorem wni,-th states thitt: 

, 
r'f //11/ P() 3/14 `7x 0/X = 

6'05
A --, )49 0 

4 

:oartn ter- in thi 0.4preLsion isresents a somewhat 11-abersnt 

pieturo. The ,d:f9ct thls axixeJsion on the vaLle of to 

is by one j;prn ue interTals, weigh ist5 

Aot 
Pr'x')

(150) p j X 
dx/ -7 1(09 

o 

TiiUrkfOrOp 0:13 finds that tw not value of the ihta,:ral in ova--
J 

;arc lair, p 358. 
• p 21). 



 

 

z.i 1% 16: 

//frfri., 
/ ' 

( g/ (p)-744?:(/.9ij kft) 
( 

It i!., now tise.t.%1 to (J17E:I.:late (3.:-.,)1:..citl:,- t:::,, 4. 4antity in brii.Salts 

ter -0 I. -11 arid p. end iu roaritly accor.r.:)lished b:, notiry 1"roari. 

oql-vrdon 11- 4 that: 

whic:h vndo,ces to: 

ilie:P)r-7/-/P) 
2 /n

) 

T c?...c.prciLuion in eination 163 rTiay he l'urtikir ruF,J6J by no 

re1atioAs:5 

) 
spih 7 7 p 

_ 

76- 7L4)) l)19 

finai1,:,- ,„ than, o'er 1 writet 

EVrotk 
11P/ 

r,ts corrospz.xtUn achtwolatwl 

funif,-,:ixratia anti 6,Atzt,itutiLi}; equa'..ion 16,5 into tiql,,Ition Tinda 

rahrtka and p 12. 
6. Sea siAitions 116-120 125. 
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)17 

/in. 
440 

az 
:/7.1 - ‘,A91 

( 17i 

ez)71t. 77)? 4x) 
e J/2 - frn 

Ao is (:...letoAary• for er.e..,:p1u ±XL ti•te oaao orth:ot.,ality 

ordinary- rtill'..tiOny we oan TN OrtiLo;rtial.it.r 

prJporty of the faw- tnzt!..ale s of tlio :Jima 

A f1.42 Crti '.,)11OWS 
(27 

I-91 1' a 
• e;.910y1.:ic rolationahl.:; round in eq,../.4.0.,Ion 1251 one sat 

nitern3;,ely: 

(//),(2#11 -C-1111 /72 z7, 2 7 . . 
(169) y. _J 

, z j 

;:-

in F,:;.peri- loloici 

rosults ti t•le soot:ion, it it no posnible to 

pl.tortial to a point source of c-,Lerrit, in a 

tet'..ii:1 or t:Ae funotions in og, i.:z.tieyn `;;anze t; .a 

reationin..! 14as bocli u3sd. woo proviolo, 04).“3:; presort r!3. r; 1E-* 

sior, :.;opt to a lini.rna. 

(al alf 13e be 'located at tit iti3 point ( c0 911.3 toa J • 

the oarrenponciazwo betf'tee.n Zakie 41.4 416/ p..:ohl..471 with raspie.,. 



 

 
 

to a.14:1 CURB • aIld with respect t,o the anr!le we asaune the two 

:lorr3spoLdin --. f•Jxpanr,ions to :lave a similar fur.ctional depencie:..ce 

these quantities. Thlrefore, .ore wriLe dorn t41.3 3tart,ln,7 

poiun u 411i., present developaent, wit'n the Dotential tho forint 

tp_7(z- 2
(170) Z-t - c5») E° (p) 

i-e/;-.2, )
11)=4 0 (-07

4eq/z
In ordJr to evaluate Cm(p), the flux. ooni1titer is em)14;,ed is be-

fore. We start with the expr38sion for the Qurrcht density originati 

ork the sarfae =fi; wl-ILc% is 7ivan by: 

/- 7-(9y4c) 
C0,5 • • •g,7z -

(171.) 

PIO eabscripts 1 arid 2 indicate that2P:and respectively -O , 

i.e., they indicate the .use a the upper or lower form, a tile case 

))6., in equation 170. Lqaations 103 and 121 .Lave 1: en used to elininate 

the derivatives Of the c-cale functions ar);,eared the expression 

on tne and J(p) :mould have its value riven equation 124. 

.creation 171 is now taultiplied byeo5tt/r (1/0/5 wlore the Ole-

--nnt of area is 4ver2 by: 

(172) .61s=6 1/0 - ,:)1/1z-1-;) s?de 

a:id booth sir 3s are ints;Tated over /7 Ana 0 i‘nalog.otts Lo ss.p4ations 

1O and 106, a:11 arrives at the result: 

(173) 17,) 17 ..246, jsi, (p)o/o/ 'fr 
Zfi 2// ( 

)0 / -
k.1 

ileitis the value of tie second into ,..ral as :,ivor. by evatior. 166, 



 
 

13 

rr'17,:iervi, tae 17 : 811.40...zi.:):1 

a:1 On t 1....1r..1 equaLft..oa to; 

( = C, „ ep) 

wkiJr* priMma OA V! arei i s have Wen dropped .-)6(.:auf1Q thv A.00 no lon:vr 

114;ueunary• .(..4olv.:c, for (p) ixt,rocklloi:::, the %.,41-%-.. ,- (r,.)r
ra' -a• 

in. . h 
Co. 511 Tip isyL, „ .,..y24.,„) ,,i, ..  /9, z 

.-lainh) ve-a-.11 returnad to evatiun lit:) yields tim :.103./.md sxpressica for 

f..e raciprooai .1.,itailue or far +.,:a putenti_al :1-Ji to a point rio,xce. 

K7s6.-;.';D stric.:ca%15.R.-r; 

,rliO nut set Ego tixtat prcble'ls 1 t'o irltnrestinr7 

f.,,r;:,t la a hurt:ILI stractiru in Which tr,e s 

lay iv aoproxLriate, by rQvolut.l.ou• 7e will cor:r114=1 614 

1-g. nroviotts casas by- norl31derin,1! cios to a 2o7'...3+., 

(//0)()
) D ) taw preserer, o 1)oun:laritie sat ri • ii i,:klat.crial la 

t.0.0 1.0/1 asa. 7E3C1 a resistivit;.: tno 

-t•te reet space?$ /0a. • 

,Auld to the oAxts sir: lee the sf.x.trQo irT•tted 611e 

p for tha paVintial nesd oAly. for 

reffiont, &1>(t ; ctotisici)ratf..o.:1 

co:,;_iiti:L1F, at the inerfu.ae 1.)3tutlit. these 

1...ttg-ir.qaa all of 4,}.o ar7 )-Itrary ocgAstarits. ",ireovors this j:Floph1s!_c;a1 

+appli.e.a;Aori .1 .13s..:LtatJ1.y 3y consf-lori:-.I, the pi.une a 

3art?..'n 64rfiv.:43 tan potaatial for ri5a,:,:)%9 !-Ivec 

https://inerfu.ae
https://103./.md
https://ve-a-.11
https://811.40...zi
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7s• i.,1 y.i re,cton.Q,7 ri...t..i.Lt,..1.7_`y/), , 1.1tpte .01.14,:i.31. y t 
a) OP 

_ \) ‘)
L E-41.5 o- 41 16,(f) fr)-7 ilam, . 

in =t) 

(176) 
.__,. -.c ,) '" 

*/),, (i) [i?,_y/) 4- /:, -72. (1-P1' Jj /' -7 (1' /Q/' 

Ta t,':,4 pocon-i rerioni, tl,,, potnlitial 1.:ie t/.3 foras 
an 

,Z1 rh /11 
. 

= )-7 .C /2,(1) C &I (f) R h (p/ ,, (72d/(-,(,171) „,_,-,z ,-;„---,4 
*I =v e) 

tht:13#3 expree Or ..x(? ank. Prl(p) are art+.7i.tr:ir... i'mt:',ions of 

nizo yq; ;i4As ciat:ble ite val)r,J -14r31: )73, 

175. Tit m.1..ar.11t,,lriz1oka4 ovation:it a-.1.1Ticrielit to 

detn-_- ant': p the bast-r.itkr,;.• ocrtlitirv.3 a:),1j.:Al itt 

A A.7.1.1'.f a00 

(17A) 

,
"p‘ ) ) risiv6 \3i roan eq,-.Aatio.-14 101 ;izict 

133. A ti cylutioq t.;;lasa for :4 1.1fr.)E3 t1:11 

NATransilras: 

;179) Al-,c,m(g) 2./ 1 (0 
ti 1,0 -------

') ) 
,i(r) 1/7 - (-,° 

4onceforttl, we a-..0 :t)raet, r :3,y 11'; eq:.:ati.or: salci in Vlat 

or,ly at points on t!le pLatie 1-:.owui.cil iF., u.:.iaki to reixesa:it t',.o yirraca 

0.!" ta.1`,"*";!i• A pri11.-.: .9ed to daztotot t4z.tt the pote-rtial ftLicAf..)11 i3 

https://eq:.:ati.or
https://01.14,:i.31


 

 

4 • " 1. id 

0,
f l I- • ;1 - -1_m 

03/ -117 _ _, t:.12 - • 
(11D 174( -Cc 

17°4 4/'•4;Z,) "?f,,17 (lc) 
l)) 

co.,— 13 - l;?;-,/-L(1/1.9) 

!it) taoll-rs • .111-1.ctiong r.lr the ) 

ir tc se,-) ..1%4.-1 /N5 ..i.Crifs 

of ;')..i.,)!1.tat,- - jut,-; iiI.i.ori.), NP. uli.3oba 

imift;-"ar3tion situ— 

tae ..-Anta:7 of rf.m.1.3:k,ivity t.3 vory C1,-4 STaaller 

than. ;it the , •.ou;ltry approd.IiaL.I.ont 3.4.a4.! 11.2. he zoro 

c•.....10111‘tion. 

1cf oft; ono it ta-„, (11.1412.2tativ,s1:: 

(Ia$.';i3V Arar;,* e'Vt.12 or 611.uetritx.ie eaparation.s• be— 

at N.,.-spAratt '1113 in )v t,'Lle 3 3 

title! .i,r~ 9: :oo,.u. As G dUr.1::0 a ui•,../ -
t approa(i',.o.5 V:1.9 i i c,i;.:1 rfnose 

ape.\. if.1 t Vie 40;1.1 tails 1;:purboloid aro re...,:it,act 

.....0 ._,. - . 0, -. , • ,,,),41 dr_.; , Cc, _, ,sivei ore: i,‘, ii.i.r:ie eincit.,ra.,0 neparatiar:3 1 •...• , .... 

rct.r. -1t t Iat. the 

tr- ,.1 .for 1'38 ti, 

tit',1, :Matori.," 1:10 Cf130 i.da(S:1 ;)tir4-3 • 

clirva n'^„;41.1 c!levtrcv:ic :•one— 

wo•A, /,)re At is tie.A 

3 

https://611.uetritx.ie


 

...ra a.1....arer.i. r."culd low; than tile 

Ioriv:intal Lod, ur Is,lose upper boaactary v0.1$ 3 :;:1.7-;.3.n1t,z11. 

plane tarir,ellt to apc17. is ol:t hotter 

in thci to follcu. 

r:ino aro a set 

o,r,ros and the ar;r6-coctions 3f t:Ie ,jorrolpmciln elu.rfa.:.os. 

depth to the top oi• -.1.c the Emile triE111 uasoa arid is 

arbitrarily ciAucen tclx! a kurlt distartee. 

r2he rerfirese.111,t, u ..a0-)er3Jolic surf aon„ (those 

at an ay, -1.n of 30 de rein, in tile en9 case arid the :iepth profile over 

surfLtco in t.43 other 3a3c. EV.A r 1: a co labelled "I's is a plauo, 

bouindari; "2" 1:11.);31_!.; th(i (tonal as;yuptot,l; and ILO 

ixr.Y. cat() up',u3ras of raJius 3 aact respeotively. oorrasf)or:Ati:.: 

c. tries ?lean t?la sane Ira.lberii• 

T1,4 atita cru;:-.fri tabliwo published by 

3 and 4 ara 1...)44904 equation ;:',3 aid ..d..ty he t iou 7ti f as be-' 

loo t:•.e set of c.. -rvls .f)resentisrl Tao ciiff:Ir-

tc-i,•!e betwcsr. tile Purner r:..;rv3s aza' tha proser,t (X.:3 tne coal"). 

Sn lr .prmvic).,,f; zaib.e.ance Was Va. radius of t. to sd?-orv; 

wtd).9 the ,r3ifi.t. t.:1 -Ira him, is the deptit to top of 

role. suaicts are the sivaa in boi.41 caocw. 

4.407c)latatit-no foi• 4..- - rva bwid on eq.tation 1'42, art-t .yore con— 

!akinc7. zero, artfutrii),.19-t,i1 the potontial au 

Wrik.3 :ion(' to obtain evaLiun 92„ it ,an --)e Liao4ri t"latt 
er ill • _.) iv 

02 --—, ? (cob g,) -i (6) CD5 ( /ip 3-)Je3 ......1-1- _ 1 ----`'---! _ ..----, Is/), /..,)- ,1.- / hi i
t" Pi 3 /4,1/ C, Ep,,, _ //,kp,,-4,) 4 _ 1- (-cc, .e.,)_ 7 Is- (49

C . p - //z
Odd 4 / 4 2 - I/4 

it. is notic...er.1 at anc.a th-it tliF) electrud.o uoidaration "al i;„:;1 bfarl 

1. .).07W.r.., :2:140 

https://notic...er
https://u.rfa.:.os
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tilht tne eltrvct :_s a holl...-

zontal a6 alloulci. tra ainao <:..i.setnido 

z;:st.!iitratir..)n ;11"!:: oril;r t7-) 31 ...".:alrit -3Xptt ri!'.11,11 It; Mt 

S (w3 t. flAne t•iati:3) dOriZI1 A01 

r:t. 1.15r - - .;-1.1%.. a .1cA:KrJA1:21(1t1).ta;i 

7197.1t Tor!) .;;J::1--

.f TortiirlAtti .1:1 1.t nas fcc,rie-7 t_.at 

ziy1 value6 of Li OpS 1/ to 1:). ii 

aAczp,ta• 

relic:1-63 b!,* t -.a 

: urfalc i; f3:•.-1.o-nri the hydr)rt)oi.oid. 

at a 'n-Jrizo.atal. d t.i.74tIoa o..7 3 •!r ..y, .-, 1%;,ref orot c ;rya 

1,Ass,f, le a 1.3-..3 1.-*Ci tr, irattal ..b 72" 3.t.* '7,i- a !- V.V2•3':',`**..: C 

allarazIt..x: frx.' the noinctrifiltae of! tin two a7.:rfarxis• 

contrcllin, point 1.4 traiJfricid notc4 tj/rt, 

seat!: suencu 3 only E 1 i s:xfac3 3 erosseil 4/ocrholoid. 

T:TlInt2orn, 1.15 4.; ,z-ct, . curv4.1 - 3 ini,u707ets thri 

at a r.Cfl..7.44.1.7 1:2tr -7-Ir scHiratiur. than 1.t 

raCt : 3 '..:130:1 oltst:Liate ho,; ounri) 

c: re. revul.%;; ar nao,,:, in 

CQIInlf!t..,)n i!Nulve4 

anbi . rvi.ty..011:1.4,111 

•to the ::6risc.a..ta.3. 

7)(nr, Er .l hat Tc11:1-1 t 116 

..kttorials AnLlt faCtip tilf) two el.L-vey upprottrEi 4,•.101. D=0 

r ;Ie et1•0,:cs T7ara V.' •• 'if f.lo..tmc , 14.11.e trnbi. 

j rmr,o7o;.1. if AtIctrJcal its 

po::ition of sz...7r.knry. 
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0? 

ins c '.‘1 7.1!•1 1..9,p!rit (A: : jr. 

7.3 — that --• tj.13 uit-.%.!'„ion in viich travfi.r3e inix• 7 IT: 

grol.r., -. of unifor7.-. raLlytiv:Ivy but wicse burfa:.1..i is xis 
• 

int,vmst arisoa lorL Jut t'lo anon. 

llilu .!'to :-Iol-y7ict Vir.)1 due Lo axtranJois 

pro?-:.Irtst can ba 11.1.19trat,i.f. the fra:r.tniork of t!ie Ares at 

(1-1.solssion ifalc. i.e tne klEtz• 3 aiic.f a,ssu;1-:s a :lir. 

s Jrfaea 

.,
&ri (..!: rJ,-iistivit,y above t. 7.1 - 01.P-,.ztki.*:„. '2'13 souroe rral;t. 41/4.1.a.:, be 

all --71-.1ini ;..o 411t-n' tre..bozvirtry; -1:111, fLazilly., :1.s 1,2acia t.0 s.:)prpach 

infia:s.t..7 /o tat ti•oa 12par rG.,. - If ,:,.( is..iri. ro,;.;.rae ,„ints t:143 atziosphore.. 
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.5n1n.111 1.-muted arbitrarily at ;1/0 i ro ) (1 r , ?Iron 

rs,• on cf` resiztiviti 7 , •,`It-i pet:II...tie...is: 
n, Ail 

cr 
Calir„. • 1 GP _ i/r. (-6) 4):fr'-'2._(C) 

_ m 
,/ ,yof / ..„--, ) 7 fi)e5"fr7.=49 

(.1.82) 4 21 fl,,,/ ,;,-.( - r / 

i- ',/,, 6e) /./:-.)4Y (P t-) //fd/ip - /4, ) 4f-

In tin ra,lx.5. lit:Agm p, gi 
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inr9, as in previous C1.I3O5o .4.11(p) ar.i.1 11(i-i) are art;itrar,;; ri..nc ..,,ions 

of p, a15f) tic:2210in:- on n; but, • -trill'..5 VII) praviall:.i tscicltion, Cyr(p) has 
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/17(4)7737 ;14C1 ) 14 
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di-4145:1 by 4 ar.1 tb4r.p, iAllrf od. 1,w:rut-am i.ithout 

thq rasllt: 
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7 ,Lv -crofri) Ila trIP 
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(160 
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Figure Seventeen - Theoretical Depth Profiles over Hemispherical Sink. 
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