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INTROCUCTION

Purpose and Scops

The basic ob jective of the Ground Water Branch is to evaluate

:the occurrence, availability, and quality of ground water. The science

of ground-water hydrology Is applied toward attaining that goal. Although
many ground-water investigations are of a qualitative nature, qiantitative
studies are necessarily an integral component of the complete evaluation

of occurrence and availability, The worth of an aquifer as a fully devel=
oped source of water depends largely on two inherent characteristics: its
ability to store, and its abillity fo transait water. Furthermore, quanti=

- tative knowledge of thase characteristics facillitates measurement of hydio-

logic entities such as recharge, leakage, evapotranspiration, etc. |t Is

recognized that thase two characteristics, referred to as the coefficients
of storege and trancmissibility, gensrally provide the very foundation on

which quantitative studies are constructeds Within the science of ground-
water hydrology, ground-water hydraulics mefhods are applied to determine

these constants from fleld data, :

Ground=water hydraulics, as now defined by common practice, can
be described as the process of combining observed field data on water
levels, water-level fluctuations, natural or artificial dlscharge“, etc.,
with suitable equations or computing methods to find the hydraulic charac=

‘teristics of the aquifer; it includes the logical extension of these data

and computing methods to the prediction of wate= levels, to the design. of-
vell flelds, to the determination of optimum well ylelds, etc., all under
stated conditions. The selection of equations or computing procedures to
be used for analysis is governed lairgely by the physical conditions of the
aquifer studied, insofar as they establish the hydraulic boundaries of the
systems The exfraordjnary variability in the coefficients of storage and
transmissibility, combined with the irregularity of shape of flow systems
encountered in many ground-water studies preclude uninhibited support of
calculated coefficients based on vegue or meager data. One quantitative
test does not satisfy the demand for a quantitative study of an aquifer.
It Is merely a guidepost, indicator, or segment of knowleédge which must

be supported by additional tests, Often the initlally calculated results
may recquire revision on the basis of the discoveries resulting from addi-
tional testing as the fleld investigation proceeds.

: Obviously the results from ground-water hydreullics must be com-
pletely In accord with the geology of the aquifer or of the area under in-
vestigation. Circumstance frequent[y demands that tests be conducted with-
out prior knowledge of the geology in the vicinity of the test sites To
varying degrees, lack of knowledge of the geology in most cases reduces
the reliability of the test results to a semiwquantitative category until
more adequate support is founds :

The principle method of ground-water hydraullics analysis is the
application of equations derived for particular boundary conditions. The
number of ecquations available has grown rapidly ond steadily during the
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past few years. These are described in a wide assortment of publications,
‘some of which are not conveniently available to many engaged in ground-
water hydraulics. The Ground Water Short Course lectures necessitated the
compilation of a number of the more useful equations, and afforded a start
toward a type of handbook which can be used as a convenient reference.

This report is not intended as an exhaustive or complete treatise on groynd-
water hydraulics. Indeed the science is advancing so rapidly it may be vir=-
tually impossible ever to prepare a complete treatise. So it should be un=-
derstood that in this report the essence of each of many hydraulics concepts
Is being presented and briefly discussed and frequent recourse should be
made to the more exhaustive treatment given in the cited references.

This report has been developed from a summary of the lectures on
ground-water hydraulics presented by John G. Ferris at Nashville, Tennessee,
June 18-23, 1951, and at Ground Water Short Courses held at Madison, Wis=
consin, September 3-15, 1951, and Baton Rouge, Louisiana, March 10-22, 1952,

The material has been arranged in two major parts so that the
theory behind many hydraulics concepts appears in Part |, to be fol lowed
by the applications to actual field problems in Part 2. Where the defini-
tion of a hydraulics or ground-water term is considered necessary, it is
stated where the term first appears and the symbol and units In which the
term is ordinarily expressed are given. This information is not necessari=-
ly repeated thereafter except at the end of the report much of the fermi-
nology Is convenlenfly listed under "Nomenclature."

Darcy's Law

. Hagen (1839) and Poiseuille (1846) were the first to study the
law of flow of water through capillary tubes. They found that the rate of
flow is proportional to the hydraulic gradient. Later Darcy (1856) veri=
fied this observation and demonstrated its applicability to the laminar
(viscous, streamline) flow of water through porous material while he was
investigating the flow of water through horizontal filter beds discharging
at atmospheric pressure. He observed that, at low rates of flow, the velo=
city varied directly with the loss of head per unit length of sand column
through which the flow occurred and expressed this law as

vef

In which v is velocity of the water through a column of permeable material,
h is the difference in head at the ends of the column, | is the length of
the column, and P is a constant that depends on the character of the mate=-
rial, especially the size and arrangement of the grains.

The velocity component in laminar flow is proportional to the
first power of the hydraulic gradient, |t can be seen, therefore, that
Darcy's law is valid only for laminar flow. The flow is probably turbu-
lent or in a transitional stage from laminar to turbulent flow near the
screens of many large=-capacity wells, Jacob (1950) agrees with Meinzer
and Fishel (1934) that because water behaves as a viscous fluid at ex~
tremely low hydraulic gradients, it will obey Darcy's law at gradients




. much smal ler than can be measured in the laboratory. He points out, how=
ever, that Darcy's law may not be valid for the flcw of water In sands
that are not completely saturated, or in extremely fine-grained materials.

Coefficients of Permeability and Transmissibllity

- The coefficient of permeability, P, of material :comprising a for=
mation, 1s a measure of the material's capacity to transmit water., The co=
efficient of permeability was expressed by Meinzer !Sfearns, N.D., 1928) as the

. v/ rate of flow of water in gallons per day through a cross-sectional area of
| square foot under a hydraullc gradient of | foot per foot at a tempera-
ture of 60° F. In figure |, then, it wauld be the flow of water through
opening A which is | foot square. In fleld practice the adjustment to the
standard temperature of 60° F, is commonly ignored and permeability is then
understood to be a field coefficient at the prevailing water temperature.
Thels (1935) introduced the term coefficient of transmissibility, T, which
is expressed as the rate of flow of water, at the prevailing water tempera-
ture, In gallons per day, through a vertical strip of the aquifer | foot
wide extending the full saturated height of the aauifer under a hydraullic
gradient of 100 percent. In figure | it would be the flow through opening
B which has a width of | foot and a height equal to the thickness, m, of
the aquifer. A hydraulic gradient of 100 percent means a | foot drop in
head in | foot of flow distance as shown schematically by the pair of ob=
servation wells in figure |. I+ Is seldom necessary to adjust the coeffi-
clent of transmissibility to an equivalent value for the standard tempera-

' ture of 60° F,, because the temperaturz range (and, hence, range in vis=
cosity) In most aquifers is not large. The relationship between the co=
efficient of fransmissibility and the field coefficient of permeability,
‘as they apply to flow in an aquifer, can be seen in figure |.

A useful form of Darcy's law that is of ten applied in ground=-
~water hydraulics problems is given by the expression

in which Qq Is the discharge in gallons per day, P is the coefficient of

permeability, In gallons per day per square foot, I is the hydraulic gra=
dient in feet per foot, and A is the cross-sectional area in square feet

through which the discharge occurss For most ground-water problems, this
expression can be more conveniently written as

- Qd = TIL

in which Q4 and I are defined as above, T is the coefficient of transmissi«
bility in gallcens a day per foot, and L Is the width, in feet, of the cross
section through which the discharge occurs. |In many field problems it may
be more practical to express I in feet per mile and L in miles. The units
for T and Qg will remain as already stateds The coefficlent of transmissi=-
bility may be determined by means of field observations of the effects of
wells or surface-water systems on ground-water levels. |t is then possible
: to determine the field coefficient of permeability from the formula P = T/m.
‘ Physical ly, however, P has limited significance under these conditions. |t
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merely represents the over-all average permeability of an Ideal aquifer
that behaves hydraulically like the aquifer tested.

Laboratory measurements of permeability, in general, shoulc be
applied with exireme cauticn. The packing arrangement of a poorly sorted
sediment is a critical factor in determining the permeability, and large
variations in permeability may be introduced by repacking a disturbed
sample. Furthermore, a laboratory measurement of permeabllity on one sam-
ple is representative of only a minute part of the water-bearing formation.
Obviously, therefore, if quantitative data are to be developed by labora=-
tory methods, it is desirable to collect samples of the water-bearing mate=-
rial at close intervals of depth and at as many locations within the aqi=
fer as is feasible.

Cocefficient of Storage

The coefficient of storage, S, of an aquifer is defined as
the volume of water it releases from or takes into storage per
unit surface area of the aquifer per unit change in the compo=
nent of head normal to that surface.

A slmple way of visualizing this concept is to imagine an arte-
sian aquifer vhich is elastic and is uniform in thickness, and which is
assumed, for convenience, to be horizontal. |f the head of water in that
aquifer is decreased there will be released frum storage some finite vol=
ume of water that is proportional to the change in head., Because the aqui=-
fer is horizontal, the full observed head change is evidently effective
perpendicular fo the aq ifer wurfece. Imagine further a representative
prism extending vertically fron the top to the bottom of this aqifer, and
extending laterally so that its cross-sectional area is coextensive with
the aquifer-surface area over which the head change occurs. The volume of
water released from storage in that prise, divided by the product of the
prism's cross-sectional arca and the change in head, results in a dimen=
sionless number which is the cocfficient of storege. |f this example were
revised slightly, it could be used to dononstirate the seme concept of co=
efficient of storzge for a herizontal water-table aquifer or for a situa=-
tion in which the head of water in the acuifer is increased.

As with almost any concise definition of a basic concept it is
necessary to develop ils full significance, its limitations, and its prac=-
tical use and application through eleborative discussion. The coefficient
of storage Is no exception in this respect, and the following discussion
will serve to bring cut a few ideas thet are important in applying the con-
cept to artesian and water-table aquifers in horizontal or inclinza atti-
tudes.

Observe that the statement of the stforage-coefficient concept
first focuses attention on the volume of water that the aquifer releases
from or tekes into storage. ldentification and measurenent of fhis volume
poses no particular protlen but it should be recognized that it is measured
catside he agrifer under the natural local conditions of fenperature and
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atmospheric pressure; It is not the volume that the same amount of wafer
wou ld occupy if viewed in place in the aquifer.

v Al though the exarple used to depict the concept of the storage
coefficicnt was arbitrarily developed around @ horizontal ly disposed arte-
sian acuifer, the concept applies ecqually well to water-table aquifers and
is not compremised by the attitude of the aquifer. This flexibility of
application relies importantly, rowever, on relzting the storage~-coeffi=
cient concept to the surface area of the aquifer and to the component of
head change that is normal to that surface. In turn this relationship pre=-
supposes that the particular aquifer prism involved in the movement of
water into or cut of storage is that prism whose length equals the satu-
rated thickness of the aquifer, measured normal to the aquifer surface,
and whose cross=sectional area equals the area of the acuifer surface over
which the head change occurs. Furthermore, water moves into or out of
storage in this prism in direct proportion only to that part of the head
change that acts to ccmpressor distend the length of the prism. In other
words, the component of the head change to be considered in the release or
storage of water is that which acts normal to the aauifer surface. The
mathematical models devised for analyzing ground-water flow usually re-
quire uniform thickness of aquifer. However, the storage coefficient con=
cept, as defined here, applies equally well to aquifers that thicken or
thin substantially, if the "surface area" is measured in the plane that
divides the aquifer into upper and lower halves that are symmetrical with
respect to flows The Imaginary prism would then be taken perpendicular to
this mean plane of flows

The Artesian Case

Consider an artesian aquifer, in any given attitude, in which
the head of water is changed, but which remains saturated before, during,
and af ter the change. |t is assumed that the beds of impermeable material
confining the aquifer are fluid in the sense that they have no inherent
ability to absorb or dissipate changes in forces external to or within the
acquifer. Inasnuch as no dewatering or filling of the aquifer is involved,
the water released from or taken into storage can be attributed only to
the compressibility of the aaiifer material and of the water. By definl-
tion the term "head of water" and any changes therein connote measurements
in a vertical direction with reference to some datum. In a practical field
problem the change in head very likely would be observed as a change in
water-level elevation in a well, The change in head is an indication of
the change in pressure in the awifer prism, and the total change in force
tending to compress the prism is equal to the product of the change in
pressure mul tiplied by the end area of the prisn., Obviously this change
in force is not affected by the inclination of the aquifer inasmuch as a
confined pressure system is involved and the camponent of force due to
pressure always acts normal fto the confining surface. Thus any .conven-
tional method of observing head change will correctly identify the chamge
in pressure normal to the amifer surface and may be considered as a com=
ponent of head acting normal to that surface.

Exomine figure 24 deplcting, in schematic fashion, a horizontal
arfesian aquifer. uhown within the acuifer is a prism of unit cross-sec~
fional erea and of height, m, equal to the aguifer fthickness. |f the
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piezometric surface is lowzred a unit distonce, x, as shown, a certain
amount of water will be releava>d fran the awifer prisms This occurs In
response to a slight expansion of the water itself and a slight decrease
In porosity due to distortion of the grains of material comprising the
aquifer skeleton.

Summary statement,~=- For an artesian aquifer, regardless of its attitude,
the water released from or taken into storage, in response to a change in
head, Is attributed solely to compressibility of the aquifer material and
of the water. The volume of water (measured cutside the acu ifer) thus re=
leased or stored, divided by the product of the head change and the area
of aquifer surface over vhich it is effective, correctly determines the
storage coefficient of the acuifer. Although rigid |imits cannot be estab=-
lished the storage coefficient may have an order of magnitude ranging from
say 0.000! to 0,001,

The Wafer-Table Case

Application of the storage coefflcient concept to water-table
aquifers is more complex, although reasoning similar to that developed in
the preceding paragraphs can be applied to the saturated zone of an In-
clined water-table aquifer. Consider a water~table aqifer, in any given
attitude, In which the head of water Is changed. Obviously there will
now be dewatering or refllling of the acquifer, inasmuch as it is an open
gravity system with no confinement of its upper surface. Thus the volume
of water released from or taken into storage must now be attributed not
only to the compressibility of the aquifer material and of the water, in
the saturated zone of the aquifer, but also to gravity drainage or re=-
filling in the zone through which the water table moves., The volume of
water involved in the gravity drainage or refilling, divided by the vol=-
ume of the zone through which the water table moves, is the specific
yleld. Except in aquifers of low porosity the volume of water Involved
in gravity drainage or refilling will ordinarily be so many hundreds or
thousands of times greater than the volume attributable to compressibility
that for practical purposes it can be said that the coefficient of storage
equals the specific yield. The conventional method of measuring change in
ldenfifles the vertical change in poslflon of the water table. In other
words, head change equals vertical movement of the water table. |t can
be seen that the volume of the zone through which the water table moves
Is equal to the area of acifer surface over which the head change occurs,
multiplied by the head change, multiplied by the cosine of the angle of
incliination of the water table. The product of the last two factors Is
the component of head change acting normal to the acuifer surface. The
importance of interpreting correctly the phrase "component of head change"
which appears in the definition of the storage coefficient cannot be overs
emphasized.

Excaine Tigure 2B depicting, in schematic fashion, a horizontal
water=table aiuiier. Again a unii prism of the awmifor is shown and it
is assumed fthal the water tuble is towered o unil distance, x. Usually
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the water that is thareby relcased represents, faor practical purposes, the
gravity drainage from the x portion of the amuifer pricsm. Theoretically,
however, a slight amount of water ccmes frem the portion of the prism that

remains saturated, in accord vith the principles discussed for the arte-
sian- case.,

Summary statement.~=-For a water=-table acuifer, regardless of its
attitude, the water released from or taken into storage, in response to a
change in head, is attributed partly to gravity drainage or refilling of
the zone through which the water table moves, and partly fto compressibili-
ty of the water and acuifer material in the saturated zone. The volume of
water thus released or stored, divided by the product of the area of aqui-
fer surface over which the head change occurs, and the component of head
change normal to that surface, correctly determines the storage coefficient
of the aquifer. Usually the volume of water attributable to compressibili-
ty is-a negligible proportion of the total volume of water released or
stored and can be ignored. The storage coefficient then is sensibly equal
to the specific yields The storage coefficient may have an order of mag-
nitude ranging fram say 0,05 to 0,30.

ELASTICITY OF ARTESIAN AQUIFERS

It has long been recognized that artesian aquifers have volume
elasticitys, D. G. Thompson,: thcugh not the first to publish on the sub-
Ject, apparently was among the first in the Geological Survey to recognize
this phenomenon. In studying the relation between the decline in artesian
head and the withdrawals of water from the Dakcta sandstone in North Dako=-
ta, Meinzer (Meinzer and Hard, 1925) came to the conclusion that the water
was derived locally from storage. He found that the withdrawals could not
be accounted for by the compressibility of the water alone, but might be
accounted for by the campressibility of the aquifer.

Internal Forces

The diagran in figure 3A shows the forces acting at the inter-
face between an artesian aquifer and the confining material. These forces
may be expressed algebraically as

St = Sy + 5

where s¢ is the total load exerted on a unit area of the aquifer, Sy, is
that part of the total load borne by the confined water, and s, is that
part borne by the structural skeletcn of the acuifer. Assume that the
total load (sy) exerted on the aquifer is constant. If s, is reduced, say
as a result of pumping, the load borne by the skeleton of the aquifer in-
creases and there is slight distortion of the component grains of material,
At the same time, the water expands to the extent permitted by its elasti-
city. Distortion of the grains of the aquifer skeleton means that they
will encroach samewhat on pore space formerly occupied by water,

Conversely, if sy is increased, say in recponse to cessation of
pumping, the piczanetric head builds up again gradually approaching ifs
original value, and the water itself undergoss slight contraction. With
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an increase in sy there is an accompanying decrease in sk and the grains
of material in the aquifer skeleton return to their former shape. This
releases’ pore space that can now be reoccupied by water moving into that
part of the formation that was influenced by the compression.

Transmission of Forces Between Aquifers

It has been observed in some places that a well pumping from an
acuifer affects the water level In a nearby well that is screened in a
deeper or shal lower artesian aquifer. Consider the case shown in figure
38. The well screened in the upper aquifer, for convenience depicted as
artesjan, is pumped and the water level in the well screened in the |ower
aquifer abruptly declines when pumping begins. As pumping continues, the
water level of the lower aauifer ceases to decl ine and gradually recovers
its initial position. Although not proven, a logical explanation of this
phenomenon may be as follows: When the well in the upper aquifer begins
pumping, there is a lowering of the pressure head in the vicinity of the
pumped well, The decrease in pressure head unbalances the external forces
that were acting on the upper and lower surfaces of the confining layer
separating the two aquifers. |In seeking a new static balance the confining
layer will be bowed upward slightly thereby creating additicnal water
storage space in the lower aquifer. The abrupt lowering of water level in
the observaticn well represents the response to the newly created storage
space and the reduction in the forces sk and sy In the lower aquifer. The
subsecuent water-level recovery, approaching the initial position, repre-
sents filling of the new storage space and return fo the orlginal pressure
head as water in the lower acuifer moves in from more remote regions.

An interesting phenomenon that has been observed a few flmes, but
for which no completely qaflsfacrcry explanation has yet been given, is
that where pumping a well in one artesian acuifer causes a rise in the water
level in a nearby well screened in a different artesian aquifer. . (See
Barks?ale, Sundstrom, and Brunstein, 1936; and Andreasen and Brookhart,
1952,

Effects cf Changes in Loading

Excavations

"Blowthroughs" may occur if deep excavations are made in the con«
fining materials overlying an artesian awaifer that has a high artesien
head. This is ‘shown diagramatically in figure 4. An excavation lowers
the total load on part of the aquifer, which means that the forces sy and
sk (see fig. 3A), are now the daminant forces acting on the remaining layer
of confining material, separating the bottom of the excavation from the fop
of the aquifer. Thus this layer will be bowed upward and if it is Incom=
petent to contain the bowing forces, It will rupture in the form of "blow=-
throughs" or "sand boils". It is the practice in Holland (Kru! and Lief-
rinck, 1946), where this.situation is commonly encountered, to instzll re=-
lief wells to lower the artesian head until an excavation [s refilled.
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Figure 4--Effect on artesian aquifer of excavation in overlying
confining material

Moving Railroad Trains

It Is a frequent observation that a passing railrcad train af-
fects the water levels in nearby artesian wells, This is another demon=
stration of the elasticity of artesian aquifers. The fluctuation of water
level in a2 well on Long Island, N.Y. produced by a passing railroad train
is shown in figure 5A. As the train approaches the well, an additional
load is placed on the aquifer. This lcad tends to compress the aquifer,
causing a rapid rise in water level which reaches a maximum when, or
shortly after, the locomotive is opposite the well. As the aquifer becomes
adjusted to the new loading, the water level declines toward its initial
position. When the entire train has passed the well, the aqifer expands
and the water level in the well declines rapicly and reaches a minimum
shor tly after the train has left the well., The water level then recovers
toward its initial positicn as the aaulfer again becomes adjusted to this
new condition of loadings The time required for this cycle of events is
commonly of the order of a few minutes. Thus the fluctuaticns in water
levels caused by the passing of a train usually appear as vertical lines
on water-stage recorder charts because the time scale ordinarily used Is
too small to record the fluctuations in any greater detail.
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The diagram in figure 5B shows, schematically, the effect of an
instantaneously-applied load on the pressure distribution within an elas-
tic artesian aquifer and on the compression and subsequent expansion of
the acuifer after removal of the load. |In discussing figure 58 Jacob
(1639) says:

"The (upper) diagrams A, B, C, and D show the distribution .
of pressure and the deflection of the upper surface of the aqui=-
fer at the respective times indicated on the time-pressure and
time-distribution curves, The hydrostatic pressure in the aqui= ¥
fer is plotted as a full line, the upper limit of the confining
layer arbitrarily being adopted as a base. The deflectlion-curve
for the upper surface of the aquifer is plotted as a dashed |ine.
(The lower surface of the aquifer is assumed fixed.) These quan=
tities are, of course, grossly exaggerated and are obviously
plotted to quite different scales, The length of the arrows in-
dicatesthe relative magnitude of the velocity of flow at various
distances from the load., The |ower diagram <e.e.. shows, by the
heavy full line, the change in pressure produced by the load,
and, by the heavy dashed |ine, the deflection of the upper sur=-
face of the aquifer, plotted against time."

Changes in Atmospheric Pressure

|t has been often observed that water levels in wells tapping
artesian aquifers respond. fo changes in atmospheric pressure. An increase
in the atmospheric pressure causes the water level to decline, and a de=
crease in atmospheric pressure causes the water level to rise. The dia-
grams shown in flgure 6 will aid in explaining why this phenomenon is ob=
served in artesian wells and why it ordinarily is not observed in water=
table wel Is.

Referring to diagram A the force Ap,, representing the change
in aimospheric pressure, is exerted on the free water surface in the well,
The same force Apo is also exerted simultaneously on the water table be=-
cause there is direct communication between the atmosphere and the water
table through the unsaturated pore space.of the soil. Thus the system of
forces remains in balance and there is no appreciable change in water
level in the well with changes in atmospheric pressure. Some water-table
wells do. exhibit barometric fluctuations if the soil I's frozen or satu-
rated with water. Either of these conditions, however, is in effect only
a speclal case of the artesian condition, ' .

Referring to diagram B, figure 6, the force Ap,, which again
represents the change in atmospheric pressure, acts on the free water sure ’
face in the well and also on the layer of material confining the artesian
aquifer, Jacob (1940) in discussing this situation, reasons that baro-
metric fluctuations in a well are an index of the elasticity of the aqui=
fers In other words the confining layer, viewed as a unit, has no beam
" strength or resistance to deflection sufficient to withstand or contain
any sensible part of an applied load. Thus in effect any changes in the
atmospherlc pressure loading on a confining layer are transmitted through
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it undiminished in magnitude. The forces acting at a point at the inter-
face between the acuifer and the confining layer may then be drawn as shown
in the inset skztch. Observe that the change in atmospheric pressure, Ap,,
is now accommodated by a change in stress in the skeleton of the aauifer,
Asy, plus a change in the water pressure in the acuifer, &p, applied over

b percent of the interface. It is evident, therefore, that in an artesian
situation there will be a pressure differential between an observation well
where the water is directly subject to the full change in atmosperhic pres-
sure, and a point cut in the aquifer where the water is required to accept
only part of the change in atmospheric pressure. Thus barometric fluctua=
tions will te observed in the well. Some wells near the outcrop of an
artesian aquifer- or near a discontinuity in the confining layer will show
little or -no response to atmospheric pressure changes.

Although not associated with the elasticity of artesian aquifers,
It is interesting to note that the phenomena of blowing and sucking wells,
which exhibit @ pronounced updraft or downdraft of air at the well mouth,
may also be related to changes in atmospheric pressure. In areas where such
wells have been noted a bed of fine-grained, relatively impervious material
usually lies some distance above the water table thereby effectively con-
fining, in the intervening unsaturated pore space, a body of air that can
communicate with the atmosphere only throaugh wells.

The barometric efficiency of an aquifer may be expressed as

e Sw

Boho » 's"B
where sy Is the net change in water level observed in a well tapping the
aquifer and sp is the corresponding net change in atmospheric pressure,
both expressed in feet of water. It is freqently convenient to determine
the barometric efficiency by plotting the water-level changes as ordinates
and the corresponding changes in atmospheric pressure as abscissas on rec=
tangular coordinate paper. The slope of the straight |ine drawn fhrough
the plorfed points is the barometric efficiency.

Tidal Fluctuations

Ocean, lake or stream tides.=-Water levels in wells near the
ocean or near some |lakes or streams exhibit semidiurnal fluctuations in
response to tidal fluctuations. |In wells tapping water-table aquifers the
water-leve | response to tidal fluctuations is due to actual movement of
water in the aquifer. However, in wells tapping artesian aquifers, that
are effectively separated from the body of surface water by an extensive
cenfining layer, the response is due to the changing load on the aquifer
which is ftranamitted through the confining layer with the changing -tide.
Thus with the rise of the tide the load on the aqulfcr is increased which

means that in the aqulfer there will be compensating increases in the water
pressure and the stress in the skeleton. Accordingly, the water~level rise
in the well is but a reflection of the increased pressure head in the aqui=

fer caused by the tidal loading.

An artésian well that responds to tidal fluctuations should also
espond to changes in atmospheric pressure because it is the same mechanism




in the aquifer that produces both types of response.
The tidal efficiency of an aaiifer may be expressed as

Sw
T.E. & g?
where s is the renge of water-level fluctuation, in feet, in a well tapping
the aquifer, and st is the range of the tide, in feet, corrected for densi-
ty when necessary. There is a direct relationship between the tidal effi-
ciency or the barcmetfric efficiency and the coefficient of storage as will
be discussed in a later section of this report.

Jacob (1950, p. 331-332) has derived expressions relating the
tidal and barometric efficiency and the elasticity of an artesian aquifer.
The two pertinent equations are

a/6p

TE. =
' | + as6p

and
|

| + as0p

where a is the bulk modulus of compressicn of the solid skeleton of the
aquifer, B is the bulk modulus of compression of water (reciprocal of the
bulk modulus of elasticity), and 6 is the porosity of the aquifer. If
these two equations are added it is evident that the sum of the barometric
efficiency and the tical efficiency equals unity, that is,

BeEo =

B'E. + T.E. - '

Earth tides.=~It has been observed that earth tides, which are
caused by the forces exerted on the earth's surface by the sun and the
moon, may produce water-level fluctuations in artesian wells., Water=level
fluctuations due¢ to earth tides were apparently first observed by Klonne
(1880) in a flooded coal mine at Dux, Bohemia. Such fluctuations in wells
were first observed by Young (1913) near Cradock, South Africa. After the
water levels have been adjusted for changes in atmospheric pressure the
"high" water levels have been observed near moonrise and moonset and the
"low" water levels near the upper and lower culminations of the moone.

For a well near Carlsbad, New Mexico and for a well at lowa City,
lowa, Robinson (1939) showed that the water-level fluctuations, after ad-
Justment for changes in atmospheric pressure are coincident with the earth
tides. The low water levels showed a tendency to precede the culmination
of the moon, suggesting that the tide in the well precedes the cu\mtnaflon
of the moon.

According to Theis (19329), the possible effects of tidal forces
acting either directly upon the water in the aquifer or upon the aquifer
iteelf, by varying the weight of the overburden could not account for the
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observed water-level fluctuations. The explanation for these water=level
fluctuations is probably the distortion of the earth's crust. |In this re-
gard Theis (1930) states:

"As the crust of the earth in any given area rises and falls
with the deformation of the earth caused by the tidal forces the
crust is most probably al ternately expanded and compressed later--
ally =--'expanded when the earth bulges up and compressed when it
subsides. Water in an artesian aquifer making up part of the
crust shares in this deformation. In localities distant from
points of outflow of the water, it is in effect confined without
possibility of outflow within the period af tidal fluctuations,

The slight hydraulic gradient imposed by the tidal distortion

Is too small to cause effective release of pressure. Hence the
aquifer is essentially sealed with respect to its included fluid.
With the expansion of the aquifer incident to the tidal bulge

the hydrostatic pressure falls and with its compression incident
to tidal depression the hydrostatic pressure rises,"

Earthquakes

Fluctuations in water ilevels due to earthquakes have been ob=
served in many wells equipped wiith water-stage recorders, Veatch (1906,
Pe 70) was apparently one of the first .hydrologists in this country o
recognize that some water<level filuctuations might be in response to earth=
- quake disturbances. Subsequent investigators who have published papers on
the subject include Stearns, H. T, (1928), Piper -(1933), Leggett and Taylor
(1935), LaRocque -(1941), ‘Parker and Stringfield (1950), and vorhis (1953).
An earthquake may be defined as a vibration or oscillafion of /the earth's
crust caused by a transient disturpance of the elastic or gravlwational
equilibrium of the.rocks af:or beneath the land surface, Earthquakes are
classifled as shal low of deep depending on -the vertjcal position, relatlve
to the land surface; of the source of the disturbance. -Shock waves, pro=
pagated by an earthquake, travel through -the earth and along the earth's
surface. Because the earth'is an elastic body .it is first compressed, hy
the shock waves and subsequently .|t expands af fer the shock wave |s dissl- :
pated. Where an aquifer is incluced in the segment of the earth affected
by the shock waves of an earthquake there wi)l ‘first be an abrupt Increase
in water pressure -as the water assumes part of the imposed. compressiyg
stress, follcwed by an abrupt decrease /in water pressure as the imposed
stress Is removed. “In.attempting:to adjusf to the pressure changes, the
water level in an artesian wel): first rises and. fhen falls., The gmounts
of the rise and fall of the water level, with respect fo the initial posi=-
tion, are approximately jthe same. . Cases have been. recorded,: however,
vhere the water level did not return to its. initial. posit!on (Brown, . 1948,
pe 193-165)s This s presymablyidue to permanent rearrangement of tthe.
grains of materjal composing the-.aquifer. Fluctudtions of. greater magni=
tude have been observed in wells ln Il imestone aquifers: than in wells In
granular marernal.-

The following table gives the types of shock waves ceused by _
ear thquakes, the approximate average velocities at which they travel and .
the path they take, : :



Tahle le==Approximate average velocities and paths taken by
different typos of shock vaves causced by ear thquakes

Type of Approximate average velocity P
shock wiave km/soc ft/isec miZnin mi/hr ath
Levpmocated 545 18,000 2 205 I 12,300 ¥ | Chord
Surfece 3.2 10,500 T B 7,200 ¥ | Arc

After Byerly, P., 1933, p. 155,

The Coefficlient of Storage and its Relaticn to Elasticity

The coefficient of storage Is a function of the elasticity of an
arfesian aquifer, Jacob (1950) has expressed the relation as

S= Yoom (B +3)

~vhere in this Instance Yy, is the specific weight of the water at a stated -
reference temperature, and €, m, B, and a are as defined earlier (see p.

17) in this reports This formula assumes no leakage from or into contigu=
ous beds.

Digressing momentarily, the specific weight, ¥, of a fluid at
a stated reference temperature is defined as its density, p, multiplied
by the local acceleration due to gravity, g Stated another way it is the
weight per unit volume which takes into account the magnitude of the local
gravitational force. The manner in which specific weight is related to
such more comnmonly used properties as mass, weight, and density can be
developed in the following fashion. First it should be recognized that
in the Engllish engineering system the unit of mass is termed a "slug". It
is the mass in which an acceleration of | ft per sec? is produced by a
force of | Ibe Thus | slug of rass Is approximately equal to 32.2 Ibs, of
mass.  The wacc, &, in cluys, OF any substance §s determined From fhe rela-
tion
w
f o= =
, 9
vhere W is the weight of the substance in pounds. |nasmuch as weight is
dependent on the local gravitational force it cbvicusly varies with loca=
tion. Thus, the fraction W/g takes into accaunt in both numerator and
denominator the local force of gravity, which shows that mass is an absow
lute property that does not change with location, Density is defined as
mass per unit volume, V. That is: ‘

Density = %

Thus density also is an absolute property that does not change with loca=
tion. (Slight changes occur with change in temperature but ordinarily,

within the range of ground-water temperatures encountered, no adjustment
for fthis facter is necessary.) |f the original relation given for deter-




mining mass, M, is solved for the weight, W, and If both sides of the re=-
written equation are divided by the wvolume, V, there follcws:

V)= [

The brackets on the left side of the equation are now seen to Include the
fraction which is equivalent to specific weight and the brackets on the
right side include the fraction equivalent to density. That is:

£

Returning to the discussion at hand, it Is important to point
out that considerable study remains to be done regarding the elastic beha=
vior of artesian reservoirs. |t would be worthwhile, for example, to com=
pute the values of the bulk modulus of compression (a) of the solid skele=-
ton of the various artesian reservoirs where coefficients of storage hawe
been determined from various types of aquifer tests. R. R. Bennett has
supplied the following data for the principal aqifer in the Baltimore
area, Mde: : : o

S = 0,0002
0 -40,.30
m= |00 ft = 1200 inches

Recognizing that for water

62.4

Y, = 6244 Ibs/ft3 = 2 or 0.0361 Ib/in>

and I

= 3,3 x 1076 n?/1b
300, 000

ﬂ-

appropriste substitution of all known quantities is made in Jacob's equa~-
tlon for the storage coefficient and the value of a is computed. Thus

10,0002 = {0,0361)(0.30)(1200) | 0.0000033 + —&—
. , » 0.30 |
or . : : : :
a = 0,00000363 1n?/1b or 3,63 x 10°% in2/1b

- Conversely, it is possible to determine the coefficient of storage if a Is

known, Jacob (1941) determined from pumping tests that the modulus of com=
pression (a) of the Lloyd sand member of the Rarltan formation on Long Is=-
lend, NJY.o, was 2.1 x 106 in2/1b. .In a location where this sand has a
porosity (6) of 0,30 and is confined to form an aquifer having a thickness
(n) of 50 feet the coefficlent of storage may be computed as

. -6
S = (0,0361)(0,30)(50 x l2)[}3,3 x 1076)~ 2.1 x 10 ]
0.30
S = 8,7 x 10%8
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The cocfficient of storage is related to barometric and tidal
efficiency. As stated previously, Jacob (1940) showed mathematically that
the sum of the barcmetric efficiency and tidal efficiency must equal unity
(BeEw + TeEs = 1) He showed further that when b = | the storage coeffi=
clent  is related to the barometric efficlency as follows,

s = ()'oemﬁ)[e—;'g;]

using the same terminology as before and assuming no leakage from or into
contiguous beds, By observing tiaal fluctuations in a wall, screened In
the Lloyd sand member of the Raritan formation on Long lsland Jacob (1940)
could then determine tidal efficlency and compute the coefficient of stor=
age. His computations for well Q=288, near Rockaway Park, where the tidal
efficlency was determined as 42 percent, are as follows:

| b |
-] : L o712
YRR et - Sl e e T I,

Ascribing a thickness of 200 feet and a porosity of 0.35 to the Lloyd sand
member in the viclnity of Rockaway Park, Long Island, and substituting In
the foregoing equation for storage coefflclenf there results

S = (0.0361)(0.35)(200 x 12) [336"'66'6]’("72)

S= 1,7 x 104

This value for the coafficlent of storage is comparable to the values
determired fron punping tests,

Jacob (1941) observed that the compressiblility of the Lloyd sand
membar, as computed from a discharging-well test, was about 2% times that
computed from tidal fluctuations and reasoned that this disparity mighf be
due, in part, fo the range of stress Inwlved. He states,

"eoeo during the pumping test of 1940 the head in the Lloyd
sand declined to a new low over a considerable area in the vicin-
ity of the pumped wells, and consequently the stress In the skele-
ton of the aquifer recached a new high, |t is to be expected that
the modulus of clasticity would be smaller for the new, higher
range of siress than for the old range over which the stress -had
fluctuated many tines,"




PART 1o AMIFER TESTS == BASIC THEORY

Well tethods == Point Sink or Point Source

Constant Discharge or Recharge withcut Vertical Leakage

Equilibrium formula.==~denzel (1942, p. 79-82) showed that the
equilibrium formulas used Ly Slichter (1859), Turneaure and Russel!l (1901),
Israelson (1950), and Wyckoff, Botset, and Muskat (1932) are essentially
modified forms of a method developed by Thiem (1906) as are the fomwulas
deve loped by Dupuit (1848) and Forchheimer (1901). Thiem apparently was
the first to use the equilibrium formula for determining permeabl|ity and
it is frequently associated with his nzme. The formula was developed by
Thiem from Darcy's law and provides a means for determining aquifer transe
missibillity If the rate of discharge of a pumped well and the drawdown in
each of two observation wells at different known distances from the pumped
wel| are known. The Thiem formula, in non-dimensional form, can be written

. 9 loge (rasry)
| 2n (s) - s2) M\

where the subscript e In the log term indlcates the natural logarithme In
the usual Geological Survey units, and using common logarithms, equation
(1) becomes LU,

. 32141 Q logio (rzlrl)

(2)

T
i B
vihere :
T = coefficient of transmissibility, in gallons per day per foot
Q = rate of discharge of the pumped well, in gallons per minute

ry and ro = distances from the pumped well to the first and second ob=
servation wells, in feet 5
S| and sy = drawdowns in the first and second observation wells, In feet,

! The derivation of the formula is based on the following assump=
tions: (1) The aculfer Is homogeneous, isotropic, and of infinite areal
extent, (2) the discharging well penetrates and recelves water from the
entire thickness of the aquifer, (3) the coefficient of transmissibility
is constant at all times and at all places, (4) pumping has contlnued at
a uniform rate for sufficient time for the hydraulic system to reach a
steady-state (i.e., an unchanging rate of drawdown) condition, and (5) the
flow is laninar., The formula has wide application to ground-water problems
despite the restrictive assumptions on which it Is based.

The procedure for application of equation 2 is to select some con=
venient elapsed pumping time, t, afler reaching the steady-state condition,
and on semilog coordinate paper plot for each observation well the drawdowns
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s, versus the distances, re By plotting the valucs of s on the arithmetlc
scale and the values of r on the logarithmnic scale the observed data
shoujd lie on a straight line for the equilibriur formula to apply. From
this straight line make 2n arbitrary choice of s| and S9 and record the
correbp nding velues of ry ond r2e Equaiion 2 can then be solved for T.

Jacob (l‘SO Pe 368) recognized that the coefficient of storage
could also be datermined if the hydraslic system had reached a sfeddy- tate
condition (see assumption 4, above) for thereafter the drawdown is ex-
pressed very closely by the non-dinensicnal formula

9 I 2,257t

anT e 23 (3)
or in the customary Survey units, and using common logarj#hms,
6 0.3T¢t |
S B === |O At AR (4)

Thus affer the coefficient of transmissitility has been determined, the
coordinates of any point on the semilcgarithmic graph previcusly described
. can be used to solve equatnmn 4 for the coeff|C|enf of utorage.

Noneguilibrium formula.-=Theis (1935) derived the nonequilibrium
formnula from the analogy beiween the hydrologic conditions in an aquifer
and the thermal ccndutnpn in an equivalent thermal system. The analogy
be tween the flow of ground water and hezt conduction for the steady=-state
conditicn had been recognized at least, since the work aof Siichter (1€99),
tut Theis was the first to infroduce the concept of time to the mathematics
of ground-water hydraulics., Jacob (1940) verified the dertvaflon of the
noneoulllbrnum formulea dureutly from hydraulic concepfs.

The ponequi)ibrium formula in non-dimensional fcrm is

=y
s = .-9—. ?—.— du (5)
anT u. "

r2s/4Tt

where u = r?S/4Tt, and where the integral ekpression is AKnown as an expo-
nential integral.

“Usipng the ordihary Sur vey units equation‘5 may be written as

R _lﬁ;é_& —////f &l ay (6)
u = 1.87r2S/Tt

s = drawdown, in feef, at any point of cbscrvalion in the vieinity
of a well cls charg;ng at a constant rate

vhere
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discharge of a well, in gallcns per minute

transmissibility, in gallons per day per foot

distance, in feet, from the discharging well to the point
of observation

s = coefficient of storage, expressed as a decimal fraction

time in days since pumping started.

340
aun u

-+
n

The ronequilibrium forrula is based on the following assumptionss:
(1) The aquifer is homogeneous and isotropic, (2) the aquifer has infinite
areal extent, (3) the discharge or recharge well penetrates and receives
water from the entire thickness of the aquifer, (4) the coefficlent of
transmissibility Is constant at all times and at all places, (5) the well
has an infinitesimal dliameter, and (6) water removed from storage is dis-
charged Instantaneously with decline In hcad. Desplite the restrictive
assumptions on which it is based, the nonequilibrium formula has been ap=-
plied successful ly to many problems of ground-water flow,.

The integral expression in equation 6 cennot be Iintegrated di=-
rectly, but its value is given by the series

553 du = W(u)
1 87r2S/Tt
» «0,577216 = log, U + U =

u? u3 ut

- + o sesede 7
2020 3e34  4e4) "° ()
where, as already Indicated,
2
AR - (8)

Tt

; The exponential integral Is written symbolically as W(u) which
s read "well function of u." Values of W(u) for values of u from 10=13
to 9.9, as tabulated by Wenzel (1542), are given In table 2, In order to
detennine the value of W(u) for a given value of u, using table 2, 1t is
necessary to express u as some number (N) between 1,0 and 9.9, multiplied
by 10 with the appropriate exponent, For example, when u has a value of
0.,0005 (i.e., 5.0 x 10=4), W(u) is determined from the Iine N = 5,0 an
the column N x 10=4 to be 7.0242, :

Referring to equaticns 6 and 8, if s cen be measured for one value
of r and several values of t, or for one value of t and several values of r,
and if the discharge Q is known, then 5 and T can be determineds Once these
acuifer constents have been determined, it is possible, theoretically, to
‘cempute the drawdown for any time at any point on the cone of depression for
any given rate and distribution of pumping from wells. 1t is not possible,
“hewever, fo determine T and S direcily from equation 6, because T occurs in
the argument of the function and again as a divicor of the exponential inte-
grol. Thels devised a convenient graphical method of superposition that




makes it possible to obtain a simple solution of the equation.

: ~ The first step in this method is the plotting of a type curve on
logarithmic coordinate paper. From table 2 values of W(u) have been plot=
ted against the argument u to form the type curve shown in figure 7. |t
is shown in ftwo segments, A=A and B=B, in order that the portion of the
type curve necessary in the analysis of pumping test data could be plotted
on a sheet of convenient size. Curve B-B is an extension of curve A-A and
overlaps curve A=A for values of W(u) from about 0.22 to 1.0. (A continu=
ous type curve giving values of W(u) for values of u between 0.000001 and
about 9.0, using 3=inch log=log cycles, is avallable from the Washington
of fice of the Ground Water Branch,) '

Rearranging equations 6 and 8 there follows

&
< | 1146 Q] W(w)
| T
o5 148 ' b
log s =] log ___%,JQ]., log W(u) - (9)
and o2 - T
= = U
' t | 1.87 S
or.. 2 e :
log = =10 15 + lo 10
R R s] e (10}

If the discharge, Q, is held constant, the bracketed parts of equations
(9) and (10) are constant for a given 8umping test, and W(u) is related to
u In the manner that s is related to r</t. This is shown graphically in
figure 8. Therefore, if values of the drawdown s, are plotted against
r2/t, or I/t If only one observation well Is used, on logarithmic tracing
paper to the same scale as the type curve, the curve of observed data will
be similar to the type curve. The data curve may then be superposed on
the type curve, the coordinate axes of the two curves being held paratiel,
and translated to a position which represents the best fit of the field
data to the type curve. An arbitrary point is selected anywhere on the
overlapping portion of the sheets and the coordinates of this common point
on both sheets are recorded. These data are then used with equations 9
and 10 to solve for T and S. '

A type curve on logarithmic coordinate paper of W(u) versus |/u,
the reciprocal of the argument, could have been plotted. Values of the
drawdown (or recovery), s, would then have been plotted varsus t, or t/r2
and superposed on the type curve in the manner outlined above. This method
eliminates the necessity for computing 1/t values for the values of s. (A
type curve of W(u) versus 1/u, using 3~inch log-log cycles, is aiso avail=
able from the Washington office of the Ground Water Branch.)
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Table 2.-=Values of W(u) for values of u between 10712 and 5.5 2

% {

F\ 0715 1o~ 0713 ¥00-12 §xo-1l ¥a0-10 ®ao-9  Eao-8  Exo-7  Fxi0-6  Ex0-5  zxo-%  :xo~d  ux0-2  Exie-l B

1.0 33,9616 31.6590 29,3564 27.0538 24,7512 22, LuEE 0.1k 17.8435 15.5W5 13,2383 10.9357 8.6332 6.3315 4.0379 1.8229 0.2

1.1 33.8%662 31,5637 29,2811 26,9585 24,6559 22,3533 20.0507 17.7482 15.kus6 13,1430 10.8kok 8.5379 6.2363 3.9436 i.73n L1290

1.2 33.719¢ ;‘.lwé‘l 22,1741 26.&715 24,5689 22,2663 19.9637 17.6611 15.3586 13.0580 10.753% 8.8509 6.1u%4 3 8576 1.6595  .1584

1.3 33,6892 31,3965 20,0540 26,791k 24 bER9 22,1863 19.8837 17.5811 15.2785 12,9759 10.673% 8.37C9 6.0655 3.7785 1.5689  .1355

1.% 33,6251 31.3225 25.0159 26.7173 2k MWy 22,1122 19.8096 17.5070 15.208lk 12,9018 10,5993 8.2968 5.9355 3.705% 1.5 [ilf2

1.5 33.5561 31.2535 28.S5C5 26,6483 2h.3u58 22,0832 19,7406 17.5380 15.135% 12,8328 10.5303 £.2278 5.9266 3.6374 1.445 3000

1.6 33.%905 31,1890 28,336k 26,5838 24.2812 21.9786 19.6760 17.3735 15.0709 12.7683 10,4657 2,163k 65,8621 3.5739 1.%092  .08E3
1.7 33.4309 31,1283 25.825¢ ©26.5232 24,2206 21.9180 1G.615% 17.3128 15.0103 12,7077 10.X051 £.1027 5.8016 3.51k3 1.3578 07465
1.8 33.3738 31.0712 28.7586 26,4660 24.1634 21.8608 19.5583 17.2557 1k.9531 12.6505 10.3479 8.0455 5. 7Mu6  3.u581  1.3098  .CHE471
1.9 33.3157 31.C171 28,7145 2£.1119 24,1004 21,8068 19.5082 17.20156 14,8990 12.5964 10.2939 7.9915 5,696 3.40%  1.2649 . 05620
2.0 33.268% 30.9658 28.5632 26.3607 24.0581 21.7555 15.%529 17.1503 14,8477 12,5451 10.2426 7.9802  5.6354  3.3547 1.2227 .04
2.1 33.2166 30.9170 28,6145 25,3119 24,0093 =21.7067 19.20k1 17.1015 1%, 7989 12,4964 10,1938 7.8914  5.5%07 3.3069 ~1.1829 .04261
2.2 33.1731 30.8705 ©28.5675 26.2653 23.9628 21.5602 19.3576 17.05%0 11;.(5:34 12,1408 10,1473  7.8ukS  5.5k43 3 .261h 1,345k 03719
2.5 33.1286 20,8251 22,5235 26.2209 23.9183 21.6157 16.3131 17.0106 1% 7020 12,4054 10.1028 7.800% 5.4999 3.2179 1.1099  .0325%0
2.k 33,0861 30,7835 28.4209 26,1783 23.8758 21.5732 19.2705 16.9580 1%, 6654 12,3628 10,0503 7.7579 S5.U575  3.1763 1.0762 o28kl
2.5 33.0453 20,7427 2B.ulk01 26,1375 23.83U9 21.5323 19.2258 16.9272 1k.6286 12.3220 10.019% 7.7a72 5.4167  3.1355 1.0L%3 ozks1
2.6 33.0060 30.7035. 28,4000 26,0083 - 23.7957 21.4921 19,1905 16.8S80 14,5354 12,2825 9.98C2 7.6779 5.3776 3.0983 1.0139  .02185
2.7 32.9683 30.6657 23.3631 ©25.0806 23.7580 21.:55% 16.1528 16.8502 1k,5L7c 12.2450 © 9.9425 7.6401 5.3k00 3.0615  .98k9  .01518
2.8 32.9319 30,.629% 28,3268 2£.0242 25.7216 21.3130 13,1364 16.813§ 14,5113 12,2087 9.9061 7.8038 5.3C37 3.0260  .9573 01686
2.9 32.8968 30.5943 28.2917 25.9891 23.6865 21.3839 19.0813 16,7782 14,4752 12,1736 S.8710 7.5687 5.2687 2.9920  .9%9  .01ks2
3.0 32,2629 30,560% 22,2575 25.3552 23.6520 21.3500 1G.0L7& 16,7%4% 1k ¥%23 12,1397 9.8371 7.5348 5.239 2.95%1 057 .01305
3.1 32,8302 30.5276 28.22%0 25.922% 23.6i98 21.3172 19.01%€ 16.7121 144095 12,1069 9.8043 7.502¢ 5.2022 2.9273 .88@15  .01149
3.2 32.798% 70.u958 28.1932 25.8%7 23.5861 21.:2855 18.9829 16.6803 1k 3777 12,0751  S.7726  7.4703 5.1706 2.8565  .8583  .01013
3.3 32,7676 30.U651 28,1625 25.8599 23.5573 21.2547 18.9521 16.€455 14,3470 iz.0ukh 9, 7M1 7.4395 5.1393 2.8668  .8361 .025939
‘3.4 32,7378 30,4352 23.1326 27.8300 23.527% 21.2249 18,9223 16.6197 1k.3171 12,0045 9,710 .7.4067 5.1102 2.8379 .8147  .0078%1
3.5 32,7088 0.4062 28.1035 25.8010 23.4985 21.1959 1£.8933 16.5%07 14,2381 11.9655 9.68 7.3807 5.0813 2.80% 79!;2 . 006570
3.6 32.6206 30.3780 28.0755 25.7729 23.4703 21.1677 18.2651 16.5625 1%.2599 11.95Tk 9.6€5 7.3526 5.0532 2.7827 .74  .006LE0
3.7 32.6532 20,3506 28.0h81 25,7455 23.4%42G 21.1M03 1£.8377 16.5551 14.2325 11.9300 9.6274 7.3252 5.0259 2.7563  .755%  .005WLE
3.8 32,6266 30.3240 28.021% 25. 7188 23.M162 21,1135 1E.R110 16.5085 14,2059 11.9033 9 €007 7.2985 14,9993 2.7306 .30 .00k320
3.9 32.6006 30.2980 27.995% 25.6928 23.3%02 21.0877 18.7851 16,4825 14.1793 11.8773 O.5748 7.2725 K.9735 =2.705%6 .7 .00L267
Lo 32.5753 3C.2727 27.5701 25.6675 23.3649 21.0623 18,7598 16.1572 1L.15M6 11.8520 9.5495 7.2472 k. gugz 2.6813 .24 003779
.1 32.55%6 30,280 27.9454 25.6428 23,302 21.0376 18.7351 16.4325 14,1299 11.8273 9.5248 7.2225 4.9236 2.6576 - .635% 003349
L2 32,5265 30.2239 27.9223 25.6187 23.3161 21.0136 16.7110 16,5084 1L.1058 11.8032 9.5007 7.1985 4.8997 2.63%%  .5700  .0069
L3 3?.30, 30,2004 27,8978 25.5952 23.2926 20.5900 18.6874 16,3848 14,0823 11.7737 9.4771  7.1749  N.g762 2.€119  .6546  .002633
L4 32.L800 30.177% 27.8748 25.5722 23.2696 20.967C 18.664% 16,3613 1%.0593 11.7567 3.4541 T7.1520 L4.8533 2.5839  .6397  .002336
L5 324575 320.1549 27.8523 25.5497 23.2471 20.9446 18,6820 16.33%% 140368 11. 7342 9.4%317 7.1295 4.8310. 2.5€8% 6253 .002073
4.6 32,4355 30.1329 27.8303 25.5277 23.2252 20.9226 18.6200 16.317% 14,01ks 11.7i22 G.4097 7.1075 L.8091  2.57% (6114 .0018k1
L7 32,415 20,1314 27.%08% 25.5062 23.2037 20.9011 18.5985 16.2959 13.9933 11.6907 9.3882 7.0860 L.7877 2.5268  .5979  .001635
kg 32.3929- 20.0904 27.7876 25.4852 23.1626 20.8200 18,5774 16,2788 13.9723 11.6697 9.36T1 7.0650 4. 7567 2.5068  .5348  .001E53
4.9 30.0697 27.7672 25.4646 23.1620 20.85%% 18.5 16, 25u2 11,6491  9,3465 7.0WW4 L ThG2 24871 .5721  L001291

in Water-Supply Peaper 887 (see Wenzsl,

1542),
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32.3521 30.0495 27.7470 25.Mu¥4 23118 20.8392 18.5366 16.2340 13.831% 11.6289 9.3263 7.02%2 L. 7261  2.4679 0.5598 0.001148
22.3323 30.0297 27.7271 25.M246 23.1220 20.819% 18,5168 1h. 2142 13.9216 11.6091 9.3065 7.00k4 L 7064 24491 .su78  .o0l021
32,3129 30.0103 27.7077 25.%05! 23.1026 20,8000 18.4974 16.1348 13.8922 11.5896 9.2671 6.98%0 M. 6871 2.4306  .5362  .0009086
32.2539 29.9913 27.6887 25.3861 23.0835 20.7809 18,4783 16.1758 13.8732 11.5706 9.2681 6.S659 L.6681 2.4126  .5250  .0008086
32.2752 23.9726 ©27.6700 25.3674 23.06k8 20,7622 18.4596 14.1571 13.8545 11.5519 9.249% 6.9473 L. 6u95  2.39u8 . 5140 .0007198
32.2558 29.95%2 27.6516 ©25.3491 23.0455 20.7439 18,4413 16.1337 13.8360 11.5336 9.2310 6£.9289 4.6313 2.37715 .5034 . 0006402
32.2388 28.G3%2 ©27.6336 25.3310 23.0285 20.7259 18,4233 16.1207 13.8181 11.5155 9.2130 6.9109 L. 613h 2.3608  .4930  .0005708
32.2211 29.5185 27.6159 25.3133 23.0108 20,7082 18.%056 16.1030 13.200% 11.4978 9.1953 6.8932 4.5958 2.3437  .4830  .0005085
32.2037 29.9011 27.5985 25.2959 22.9934% 20,5908 1g£.3882 16.0856 13.7530 1l.4804 9.1779 6.8758 LW.5785 2.3273  .4732  .0004532
32.186€ 29.88%0 27.581k 25.2783 22.9763 20.6737 18.3711 16,0685 13.7552 11.4633 9.1608 6£.8588 h4.5615 2.3111. 4637 . 0004039

32,1698 29.8672 27.5646 25.2620 22.9595 20.6569 18,3543 16.0517 13.7491 11.4465 9,1kL0  6.8420 4. 54u8  2.2953 - hsky .C003601
32.1533 29.5507 275481 25.2455 ©22.9429 20.6403 18,3378 16.0352 13.7326 11.4300 9.1275 6.825% L4.5283 2.2797  .Wushk 0003211
22,1370 23,8344 27.5318 25,2293 22.3267 20.6241 18.3215 16.0189 13.7163 11.M138 9.1112 &£.80S2 4. 5122 2.2645 L1366 .0002864
32,1210 25.818% 27.5158 25.2133 22.9107 20.5081 18,3055 16.0023 13.7003 11.3978 9.0952 6.7932 L. 4963 . 2, 2494 .Lzeo .0002555
32,1053 29.8027 27.5001 25.1975 22.89%9 20.5%25 18,2893 15.9372 13.5846 11.3820 9.0735 &.7775 L. U6 . z2.2346  .M197 .0002273
32.0898 29.7872 27.%845 25.1820 22.8794% 20.5768 18.2742 15.9717 13.6691 11.3665 9.0640 6.7620 k652  2.2201 .ins . 0002034
32,0745 29.7M9 27.14693 25.1667 22.8541 20.5616 18.25%0 15.556% 13.6536 11.3512 9.Cu87 6.7467 L. u501  2.2058  .M036  .COO1816
32.0595 29,7569 27.4543 25,1517 22,8491 20.5465 18,2439 15.9M14 13,6388 11.3362 9.0337 oS.7317 %43/ 2.1917 (3959 .0001621
32.0446 29.7MZ1 27.4295 25.1369 22.8343 20.5317 18,2251 15.9265 13.62%0 11.321%  9,0189 €.7163 k4. 404 2.1779 . 3883 .0001 548
32,0300 29.7275 27.%243 25.1223 ©22.8197 20.5171 18,2145 15.9119 13.60S% 11.3068 9.0043 6.7023 4.4059 2.1643 3810 .0001293

32,0156 29.7131 27.4105 25.1079 22.8053 20.5027 18.2001 15.8976 13.5950 11.292% 8.9899 6.6879 N.3916 2.1508  .3738  .0001155
32.0015 29.6S89 27.3363 25.0937 22.7911 20.4885 18,1860 15.8834 13.5808 11.2782 8.9757 6.5737 MW4.3775 2.1376  .3668 = .0001032
31,9675 29,659 27.3823 25.0737 22.777% 20.47M6 12,1720 15.869% 13,5662 1l1.26%2 8.9617 6.6598 4.3636 2.1246  .3599 .0000921§
31.9737 29.6711 27.3685 25.0659 22.7633 20.4608 18.1582 15.8556 13.5520 11.2504 &.9479 6.6460 L. 3500 21118  .3532  .00008239
31,9601 29.6575 ©27.3549 ©25.0523 22.7437 20.ku72 18,1846 15,8820 13.53%% 11.2368 8.93%3 A.632% L3364 2.0991 . 3467 .00007 36%
31,9567 23,8441 27.3415 25,0389 22.7363 20.4337 18.1311 15.8286 13.5250 11.2234% 8.9203 6.68090 %.3231  2.0867 . 3403 .00006583
31.9334 29.6308 27.3262 25.0257 22.7231 20.4205 1E.1179 15.£153 13.5127 11.2102 8.9076 6.€057 4.3100 2.0744 .33k .00005886
31.9203 29.6178 27.3152 25.0126 22.7100 20.LO74 18.1088 15.8022 13.%997 11.1971 8.8946 64,5927 4.2970 2.0623  .3280  .00005203
31.9074 29.6048 27.3023 24,9997 22.£971 20.3945 18,0919 15.7893 13.ks€s 11.18k2 8.8817 6.5758 L.2gu2  2.0503 3221 .00004707
31,8947 29.5921 27.2855 24,9858 22.684k 20,3818 18.0732 15.7766 13.4780 11.171%  2.8689 6.5671 4.27i6  2.0386 3163 . 00004210

31,6521 29.5755 £7.2769 24 o7k 22,6718 20.3692 18.0666 15.7640 13.451%F 11.1589 8.8563 6.5545 M.2591 2.0269  .3106 00003767
31.8697 29.5671 27.2845 24,3619 22.65%% 20.3568 18,0582 15.7516 13.%490 11.146k  §5.8439 6.5h21 L 2UEE  2.0155 . 3050 00003370
21,8574 29,5548 27.2523 2. 3M97 22,6471 20.3445 1£.0419 15.7393 13.4367 11.1342 8.8317 6.5295 M.2346 2.0042 .2996 .00003015
31.Sk53 29.5427 27.2401 24,3375 22.63% 20.332% 18.0298 15.7272 13.4246 11.1220 8.8195 6.5177 H.2226 - 1.9930 . 2943 . 0002559
31.8333 22,5307 27.2282 24,9256 22.6230 20,3204 18.0178 15.7152 13.4126 11.1101 &.8076 6.%057 4.2107 1.9820 .289%1 00002415
31.8215 29.%518S 27.2363 24,9137 22.6112 20.3085 18.0060 15.7034 13.%008 11.0%82 &.7957 6.4939 %1990 1.9711 . 2840 .00002162
31.2068 23.5072 27.2046 2W. G020 22.5995 20.2969 17.99%3 15.€517 13.38%1 11.0865 &.78%0 6.4822 M.187%  1.960k . 2750 . 0000133
31.7982 29.4957 27.1931 2W.E%05 22,5879 20.2853 17.9827 15.62C1 13.3776 11.0750 £.7725 6.4707 L1759 1.9498  .2742  .0000C1733
31,7668 29.ksk2 27,1816 24,8730 22.5755 20.2739 17.9713 15.€687 13.3661 11,0635 €.7810 6.4592 L1646 1.9393  .26%%  .00001552
31,7755 29.k723 27.1703 2h.8678 22.5652 20.2625 17.9600 15.657% 13.3548 11.0523 8.7h97 6.4480 L.1534%  1.9290  .2647  .000013%0

20

20

20
31,7643 29.1618 27.1592 2k.g566 22.5540 20,2514 17,9488 15.6462 13.3437 11.0411 8.7386 6.4368 k123 21,9187 L2602  .00001245
31,7533 29.4507 27.1481 2h.8455 22,5429 20.2404 17.9378 15.6352 13.3326 11.0300 &.7275 6.4258 M.1313  1.9087  .2557 .00001115
31.7k2k 23,4398 27.1372 2k 8346 22,5320 20.229% 17,2268 15.6243 13.3217 11.0191 8. 7166 6.M1k8 L1205  1.8987 .2513 .000009988
31,7315 29.%2%0 27.125% 24,8238 22.52k2 20,2186 17.9160 15.6135 13.3109 11.0083 £.7058 6.0 41038  1.8888 .2u70 . 000008548
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Modifled nonequilibrium formula.==1t was recognized by Jacob

(1950) that in the series of equation 7 the sum of the terms beyond loggu
is not significant when u becomes small. The value of u decreases as the
time, t, increases, and as r decreases. Therefore, for large values of t,
and reasonably small values of r, the terms beyond logeu in equation 7 may
be neglected. Yhen r is large, t must be very large before the terms be-
yond logeu in equation 7 can be neglected. Thus the Theis equation in its
abbreviated or modified non-dimensional form is written as

4Tt
§ = == (log, == = 0,5772
anT ( Ye r2s )

.l ton 2a25Tt
4nT De “rﬁs

which is obviously identical with equation 3 (see pe 23). In the usual
Survey units, then, this equation will be identical with equation 4, all
terms being as previously defined,

in applying equation 4 to measurements of the drawdown or recov=

ery of water level in a particular observation well, the distance r will
be constant and it follows that

T 2g

- 264 Q 0,3Tto
at time t,, S, = =7 (logIo - )

at time f|, sy = '2—6-4—-9 (|Og|0 9-'-&)

and the change in drawdown or recovery from time f| fo f, Is
. 2649 12
Sy = 35| T (loglo fl)

Rewriting this equation in form suitable for direct solution of T there
follows

{

_ 2640 (togro t2/t1)
Baye 184

T

()

where Q and T are as previously defined, t, and t, are two selected times,
in any convenient units, since pumping started or” stopped, and S| and sy
are the respective drawdowns or recoveries at the noted times, in feet,

. The most convenient procedure for application of equation Il is
to plot the observed data for each well on the semilogarithmic coordinate
paper, plotting values of t on the logarithmic scale and values of s on the
ari thme tic scales. After the value of u becomes small (generally less than
0.01) and the value of time, t, becomes great, the observed data should
fall on a straight line. Fram this straight |ine make an arblitrary cholice
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of t| and t3 and record the corresponding values of s, and s,. Equation
I1 can then be solved for T. For convenience, t| and t, are usually chosen
one log cycle apart because then : ;

tn
|c)g s = |
10 f
and equation |l reduces to

264 Q
T= S (12)

where As is the change, in feet, In the drawdown or recovery over one log
cycle of time.

The coefficient of storage also can be defermined from the same
semilog plot of the observed data. When s = 0, equation 3 becomes

Q I 2.,25T¢

S 2 0 5 aewe

4uT e " r2s

Solylng‘for the coefficient of storage, S, the equation in its final form
becomes

2,25’ |
§ = .ungit (|3)
_ r
or in the usual Survey units
0.3Tt
§ = op? (14)
r

where 5, T, and r are as previously defined and to is the time intercept
on the zero-drawdown axis, in days. |f any other units were used for the

time, t, on the semilog plot, then obviously to must be converted to days
before using equation 14,

Thels recovery formula.==A useful corollary to the nonequilibrium
formula was devised by Theis (1935) for the analysis of the recovery of a

pumped well. |f a well is pumped, or allowed to flow, for a known period
of time and then shut down and al lowed to recover, the residual drawdown
(see example in Parr 2) at any Instant will be the same as If the dise=

charge of the well had.been continued but a recharge well with the same
flow had been introduced at the same point at the Instant the discharge
stopped. The residual drawdown at any time during the recovery period is
the difference between the observed water level and the non-punping water
level extrapolated from the observed trend prior to the pumping period.
The residual drawdown, s', at any instant will then be

" o’ | d -y
gl » ||4:‘..5 Q / S’.tr. du ../ -e-a—- du (IB)
1.87r2s/Tt |oB87r25/Tt?
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where Q, 7, S, and r are as previously defined, t Is the time since pumping
started, and t' is the time since pumping stopped. The quantity 1.87r25/Tt?
will be small when t' ceases to be small because r is very small and there-
fore the value of the integral will be given closely by the first two terms
of the infinite series of equation 7, Equation 15 can therefore be written,
in modifled form, In the usual Survey units, as

' 264 Q +
T = p |°g|o ‘;T ('6)

The above formula is similar in form to, and is based on the same assump=-
tions as, the modified nonequilibrium formula developed by Jacob and per=
mits the computation of the coefficient of transmissibility of an acuifer
from the observation of the rate of recovery of water level in a pumped
well or In a nearby observation well where r is sufficiently small to meet
the above assumptions. - :

The Theis recovery formula is applied in much the same manner as
the modified nonequilibrium formula. The most convenient procedure is to
plot the residual drawdown, s', against t/t' on semilogarithmic coordinate
paper, s' being plotted on the arithmetic scale and t/t' on the logarithmic
scales After the value of t' becomes sufficiently large, the observed data
should fall on a straight Iine. The slope of this line gives the value of
the quantity logjo (t/t*)/s* in equation 16, For convenience, the value of
t/1' is usually chosen over one log cycle because its logarithm is then
unity and equation 16 then reduces to

T. 20423 (17)

- As!

where As' Is the change in residual drawdown, in feet, per log cycle of
times 1t is not possible to determine the coefficient of storage from the
observation of the rate of recovery of a pumped well unless the effective
radius, ry, which is usually difficult to determine, is known. The Thels
recovery formula should be used with caution in areas where it is suspected
fhat boundary conditions exist. 1f a geologic boundary has been inter=-
cepted by the cone of depression during pumping, it may be reflected in the
rate of recovery of the pumped well, and the value of T determined by using
the Theis recovery formula could be in error., With reasonable care the re-
covery In an observation well can be used, of course, to determine both
franemissibility and storage, whether or not boundaries are present.

Applicability of me thods to artesian and water-table aquifers,—-
The methods previously discussed have been used successfully for many years
in determining aquifer constants and ‘in predicting the performance of both
water-table and artesian aquifers. The derivations of the equations are
based, in part, on the assumptions that the coefficient of transmissibility
is constant at all times and places and that water is released from storage
instantaneously with decline in heads It should be recognized, however,
that these and many other ideal izations are necessary before mathematical
models can be used to analyze the physical phenomena associated with ground=
water movement. Thus the hydrologist cannot blindly select a model, turn a
crank, and accept the answers. He must dewote considerable time and thought
to judging how closely his real aquifer resembles the ideal. |f encugh dafa

-




are available he will always find that no ideal aquifer, cf the type postu=
lated in the ftheory, cald reproduce the data obtained in an actual pumping
teste He should understend that the dispersion of the data is a measure of .
how far his aquifer departs from the iceal. Therefore, he must plan his
test procedures so that they will conform as closely as possible to the
theory and thus give results that can safely be applled to his aquifer. He
must be prepared to find out, however, that his acuifer is too complex to
permit & cleer evaluation of its coefficients of transmissibility and stor=
ages He must not tell himself or the reader that "the coefficient of stor=
age changed" cduring the test but must reallze that he got different values
when he tried to epply hls data, Irconsistently, to an ideal theoretical
aquifer.

Thus there is lifttle jJustification for the premise that the store
age coefficlent of a water-table aquifer varies with the time of pumping
Inasmuch as such anomalous data are merely the results of trying to apply
a two-dimensional flow farmula to a three-dimensional problem. The nonequl=
librium formula was derived on the basls of strictly radlal flow in an In=-
finite aquifer and Its application to situations where verticalflow compo=

‘nents occur Is not Justifled ‘except under certain limiting conditions. As

the time of pumping beccmes large, however, the rate of water-level decline
decreases raplidly so that evenfually the effect of vertlcal flow componenfs
in water-table aquifers are minimlzed.

If the drawdowns are large compared to the Initial depth of flow,
It Is necessary to adjust the observed drawdown In a pumping test of a

- water-table aquifer befare the nonequlillibrium formula 1s applied. According

to Jacob (1944, p. 4) if the observed drawdowns are adjusted (reduced) by
the factor 32/2m, where s is the observed drawdown and m 1s the Inltlal
depth of flow, the value of T will correspond to equivalent confined flow
of uniform depth, and the vajue of S will more closely approximate the true
value, He adds that when the drawdowns are adjusted the nonequilibrium
formula can be used with fair assurance even when the dewatering ls as much

as 25 percent of the initial depth of flow.

Where the discharging well onlky partially penetrates the aqulfer
It may also be necessary to adjust the observed drawdowns. Procecures for
accompl Ishing this have been described by Jacob (1945).

Instantaneous Discharge or Recharge

"Baller" method. ~«Skibitzke (1950) has developed a method for
determining the coefficient of transmissibility from the recovery of the
water level In a well that has been baileds At any given point on the re=
covery curve the following equation applies

il V2 , ' (18)
Tt [e“rW S/4Tf]
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where
s s' = resldual drawdown
V = volume of water removed in one bailer cycle
T = coefficlent of transmissibility
S = coefficient of storage
t = length of time since the bailer was removed >
rw = effective radius of the well,

The effective radius, r,, of the well Is very small in compari-
son to the extent of the aquifer. As r Is small, the term In brackets in
equation I8 approaches unity as t increases. Therefore for large values
of t, equation |18 may be modified and rewritten, in the usual Survey units,
as

st = ¥ = v ; (lg)
4nTt 12,57 Tt EU

where s', T, and t have units and significance as previously defined, and
where V represents the volume of water, in gallons, removed during one
bailer cycles |f the residual drawdown is observed at some time after com=
pletion of n bailer cycles then the following expression applies

: Vi Vo Ny Vn A
] = -—L—— s e o
S 12.57 T[tl + f2 + f3 + oo f ] (20)

where the subscripts merely Identify each cycle of events in sequence,
Thus Vi represents the volume of water removed during the third baller cy=
cle end t3 Is the elapsed time from the instant that water was removed
from storage to the instant at which the observation of residual drawdown
was made.,

|f approximately the same volume of water Is removed by the
baller during each cycle then equation 20 becomes :

sl-..._L_[.L-t-'--r-Ld»...-'-]' (21)
' |2057 ¥ l t2 f} fﬂ

The "bailer" method is thus applied to a single observation of
the residual drawdown after the time since baillng stopped becomes large.
The transmissibility is computed by substituting in equation 21 the ob-

. served residual drawdown, the volume of water V corsidered to be the aver-
age amount removed by the bailer in each cycle, and the summation of the
reciprocal of the elapsed time, in days, between the time each bailer of S
water was removed from the well and the time of observation of residual

drawdown e

"Slug"me thod.~~Ferris and Knowles (1954) discuss a convenient
me thod for esfimaflng the coefficient of transmissibility, under certain
- conditions, This is done.by injecting a given quantity or "slug" of water
into a wells Their equation for determining the coefficient of transmissi=




bility Is the same as the equation derived by Skibitzke for the bailer
me thod, inasmuch as the effects of Injecting a slug of water into a well
are ldentical, except for sign, with the effects of baillng out a slug of
water. Thus equation 19 has direct application only s' ncw represents
residual head, in feet, at the time t, in days, follcwing injection of V
gal lons of water. :

As used In the field this method requires the sudden injection
of a known volume of water Into a well and the collection thereafter of a
rapid series of water-level observations to define the decay of the head
thet was built up In the well. An arithmetic plot of residual head values
versus the reciprocals of the times of observation should produce a straight
line whose slope, appropriately substituted in equation 19, permits compu~-
tat lon of the transmissibility, )

Suggested equipment for use in lhjecting a slug of water into a
well, and for making the rapid series of water-level observations required
Immediately thereafter, Is shown schematically in figure 9,

The duration of a "slug test" is yery short and the estimated
transmissibility determined from the test will be representative only of
the water=bearing material close to the well, Serious errors will be In=
troduced unless the observation well Is fully develcped and completely
penetrates the aquifer. Use of the "slug test" should probably be re-
stricted to artesian aquifers of small to moderate transmissiblllty (Iess
than 50,000 gal lons per day per foot).

Constant Head without Vertical Leakage

Controlled pumping tests have proved to be an effective tool In
determining the coefficients of storage and transmissibility, In the
usual test the discharge rate of the pumped well is held constant while
the drawdown varles with time. The resulting data are analyzed graphi-
cally as previously described., Jacob and Lohman (1952) derived a formula
for determining the coefficients of storage and transmissibility from a
test In which the discharge varies with time and the drawdown is held con=
stants The formula, based on the assumptions that the aculfer is of Infl=
nite areal exfent, that the coefficlents of transmissiblility and storage
are constant at all times and all places, |s developed from the analocgy
be tween the hydrologic conditions In an aqulifer and the thermal condlitions
in an equivalent thermal system, The formula is written as

Q= 2T s, 6(a) | (22)
where 4a cax? | n “ Yo(x)
- 6(a) = = xe 3 + tan Jo( ) dx (23)
o
and ' Tt
a = T (24)
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Using the customary Survey units equations 22 and 24 are rewritten in the
form ( )
T sy Gla i
Q & et (25)
229 :

and Qo Qel34 TH

20
rys S il

where Q, T, and t hava the units and meaning previously defined and where

sy = constant drawdown, in feet, in the discharging well

ry = effecfive radius, in feet, of the discharging well.

The terms Jgo(x) and Y (x) are Bessel functions of zero order of the first
and second kinds respectively. ]

The Iintegration required in equation 23 cannot be accompl ished
directly so It is necessary to replace the integral with a sumpation and
solve 1t by numerical methods. In this fashion values of G(a) for values
of a from 104 to 1012, have been tabulated by Jacob and Lohman,(1952),
and are given herewith in table 3. This table is used In the same manner
as table 2 which gives values of W(u) versus u. '

It Is seen from equations 25 and 26 that If Q can be measured
for several values of t and if the constant drawdown, s, and the effec-
tive radius, r,, are known, S and T can be determined. It Is not possible
to determine 5 and T directly, however, since T occurs both in the argument
of the function and as a multiplier of G(a)s A convenient graphical method,
similar to that used in solving the nonequilibrium formula, makes it possi=
ble to obtain a simple salution.

The first step in this method Is the plotting of a type curve on
logarithmic coordinate paper. From table 3 values of G(a) were plotted
against the argument a to form the type curve shown in figure 10, It is
shown in several segments in order that the entire type curve may be
plotted on a sheet of convenient size. ' '

Rearranging equations 25 and 26 there followss.
Tsy
Q 559 G(a)
or

log Q w[log g§§]+ log G(a) (27)

and rwg g

or Y
’ leg u[log 5£#?—] + log a (28)

¥t 1s here proposed to designate this term as the "well function of a,
constant head situaticn®




Table 3.-~ Values of G(a) for values of o between 10~4 and 10'2
Tomnd 10> 102 jo=! | 10 102 10°

i 56.9 18,34  6.13 2,249 0.985 0.534 0.346 0.251

3 33,1 10,79 3,74 1.477 0.719 0.427 0.294 0.222
4 282 9.41 3.30 1.333 0.667 0.405 0.283 0.215
5 25,7 8.47 3,00 1.234 0.630 0.389 0.274 0,217
6 23,5 7.77 2.78 1.160 0.602 0.377 0.268 0,206
7 21.8 7.23 2,60 1.103 0.580 0.367 0.263 0.203
8 20.4 6.79 2.46 1.057 0.562 0.359 0.258 0.200
9 9.3 6.43 2.35 1.018 0.547 0.352 0.254 0.198
) 18,3 6.13 2.25 0.985 0.534 0.346 0.251 0.196

1o 105 10° 107 108 10° 1010 1o}!

| 0.1564 0.1608  0.1360 0.1177 0.1037 0.0927 0.0838 0.0754

2 0.184] 0.1524 0.1299 0.1131 0.1002 0.0899 0.0814 0.0744
3 0.1777 0.1479 0.1266 0.1106 0.0082 0.0883 0.080| 0.0733
4 0.1733 0.1449 0.1244 0.1089 10,0068 0.0872 0.0792 0.0726

5 0. 1701 0.1426 0.1227 0.1076 0.0958 0.0864 0.0785 0.0720
£ 0.1675 0.1408 0.1213 0. 1066 0.0950 0.0857 0.0779 0.0716
7 0.1654 0.1303 0.1202 0.1057 0.0943 0.0851 0.0774 0.0712

8 0.1636 0.1380 0.1192 0.1049 0.0937 0.0846 0.0770 0.0709

9 0.1621 0.1369 0.1184  0.1043 ~  0.0932 0.,0842 0.0767 0.0706
{0 0.1608 0.1360 0.1177 0.1037 0.0927 0.0838 0.0764 0.0704
(From Jacob and Lohman, 1952, p. 561)
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|f the drawdown, sy, is held constant, the bracketed parts of equations 27
and 28 are constant for any given test and log G(a) is related to log a in
the same manher that log: @ is related to log t. (Note the similarity in
form between equations 27 and 28 and equations 9 and 10.) Therefore if
values of the discharge, Q, are plotted against corresponding values of
time,” t, on logarithmic tracing paper to the same scale as the type curve,
the curve of observed data will be similar to the type curve. The data
curve may then be siiperposed on the fype curve, the coordinate axes of the
two curves being held parallel, and translated to a position that repre=
sents the best fif'of the data to the type curve. An arbitrary point is
selected on the overlapping portion of the sheets and the coordinates of
this common point on both sheets are used with equations 25 and 26 to solve
for T and S. This graphical solution is similar to that used with the
Theis nonequilibrium formula,

Jacob and Lohman (1952) showed that for large values of t, the
function G(a) can be replaced by 2/W(u) and it has already been shown (see
discussion, p.30) -that the approximate form of W(u) is given by 2.30 logq
(2.25Tt/$rw2§. Making this substitution for G(a) in equation 22 there
fol lows

_ 4nTsy 2,257+
Rl 7 1 '°910[ rw2$]

or rearranging temms

Sw _ 2430 t 2430 i 2+257 ;
Q T o re i S (29)

It should be evigent from the form of equation 20, that if arithmetic

values of the variable s,/Q are plotted against logarithmic values of the

variable t/ry? the points will define a straight line. The slope of this
_line. lis observed, in equation 29, to be the prefix of the variable term
log (t4r,2)s. In other words | ' | ‘

A LSWIQ) 2 2,30
4 log (rlrg55 nT

Slope of 'straight=line plot =

Once the slope of the graph Is determined, therefore, the coefflclient of

transmissibility may be computed from the relation

L 2430 8 (log t/rw?) (30)
4n b (s,/9)

Lf the slopa is measured over one log cycle then the term & log (t/ry?)
qquaLs‘unlty and equatlion 30 s further simplified to the form

T

i -
4n A(sy/Q) il

The coefficient of sforage could then be found by substituting In equation
2 the computed value of T and the coordinates of any convenient point on
the straight-line plots However, the computation is greatly simpiified by
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‘ "~ noting that for the point where the straight-line plot intersects the log~
arithmic time axis (i.e., where sy/Q = 0), equation 29 becomes

S = 2,25T (t/ry?)o : (32)

In the usual Survey units, equations 3| and 32 are written

. ' 33
Ul vreary ' e

® and -
S = 0.3 T(t/r,2), - (34)

Thus equations 33 and 34 are applied through the simple device
of a semilogarithmic plot where values of sy/Q are plotted on the arith~
metic scale against corresponding values of t/rw2 on the logarithmic scale,

The methods that have been outlined In this section are useful
ln determining the coefficlient of transmissibility but should be used with
~caution in determining the coefficient of storage because it is of ten
difficult to determine the effective radius of the pumped well,

Constant Discharge with Vertical Leakage

Leaky aquifer formula.--A problem of practical interest is that

‘ of an elastic arfesian aquifer that is replenished by vertical |eakage
through overlying or underlying semipermeable confining beds. |In most
places the confining beds only lmpede or retard the movement of ground
water rather than prevent ite It is often true that this retardation of
ground-water movement is sufficient so that the Thels equation (which
assumes Iimpermeable confining beds) can be applied., Nevertheless there
will be occasions when departfure of the test data from the predictions of
the Thels equation will require investigation of the ability of the con-
fining beds to transmit water.

As an example of the magnitude of flow through material of low
permeability, consicder a semipermeable confining bed, 50 feet thick, con-
sisting of silty clay that has a permeability of 0,2 gallon per day per
square foot, Such a material is listed by Wenzel (I942 pe 13, lab. noe
2,278) as including about 49 percent (by weight) clay and about 45 per=-
cent silt. Assume that the confining bed Is saturated and that in some
manner there is established and maintained a head differential of 25 feet
between the top and bottom surfaces of the bed. The rate of percolation,
related to this head differential, through the confining bed is computed
from the previously given (see p. 3) variant of Darcy's law

Qd = PITA
where, In this example,
. Qq = discharge in gallons per day through specified area of
confining bed

P! = vertical permeability of confining bed = 0.2 gallon per
day per square foot



I = hydraulic gradient Imposed on confining bed = 25/50 = 0,5
foot per foot

A = specified area of confining bed through which percolaticn
OCCcurs, s

Thus through a confining bed area of one square foot
Qg = 042 x 045 x | = 0.1 gallon per day

or through a conflining bed area of one square mile

Qg ™ 0¢2 x 0,5 x 5,280 x 5,280 = 2,800,000 gallons per day

| It Is known that the cone of. depression created by pumping a
well in an arteslan aquifer grows rapldly and thus in a relatively short
time encompasses a large area. As shown by the above computations, the
total amount of vertical seepage through confining beds may be quite large
even though the permeability of these formations Is relatively small, |If
the confining bed in turn is overlain by an aauifer of appreciable storage
and transmitting capaclity, the radius of the cone of influence developed
by & well pumping from the artesian aouifer will be determined by the hy=
drologic regimen of the artesian aquifer, the confining bed, and the leak=
age-source aaulfer,

The first detailed analysis and solution of the leaky=aquifer
problem was developed by DeGlee (1530) and later supplemented by Stegge=
wentz and Van Nes |939§. : :

In these analyses, assumptions related to the physical flow Sys=
tem are: (1) the artesian aquifer is bounded above or below by a semie
permeable confining bed, (2) the aquifer, when pumped 1s supplled by leak=
age through the confining bed, the leakage being proportional to the draw
down, and (3) the aquifer and conf ining bed are Independently homogeneous
and Isotropics It is also assumed that the water level In the agqulifer
supplying water to the semipermeable bed is maintalned at or very near
static level through the interval of pumping. The solution deve loped Is

for the steady-state condition wherein It is assumed that the drawdown |s
zero at r = w, :

Jacob (1946) also analyzed this problem, verifying the solution
for steady flow and also developing & solution for the transient state. His
final steady-state equation, In non~dimensional form, for the drawdown in
an Infinite artesian aquifer has the form '

. 5% Ko (x) (35)

or In the usual |Survey units

s w2299 Ko (x)

- (36)
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where R e— (37)
and

as= YT/S
VP'/m'S
= coefficlent of transmissibility of the artesian aqulfer in
gallons per day per foot
P' = coefficient of vertical permeablility of the semlpermeable
confining bed, in gallons per day per square foot

—“—o
.

S = coefficient of stocrage of the artesian aquifer

Q = rate of withdrawal by the pumped well, in gallons per minute
m' = thickness of the semlipermeable confining bed, in feef

r = distance from the pumped well to the observation well, in

feet
s = drawdown in the observafion well, in feet.

The symbol K (x) Is a notation wldely but not universally used to ldentlfy
the modified Bessel function of the second kind of the zero order., In
order to avoid any misunderstanding of its present usage it is identified
- as fol lows:
Ko(x) = = [0.5772 + logg (x/2)] Io(x)
* (uxu:)2 (x/2)2 + (1721)2 (x/2)* (1 + 172)
+ (1731)2 (x/2)® (1 + 172 + 1/3) + ‘save (38)

where

Tox) = 1+ (x/2)2 (11)2 + (x/2)4 (21)2 + (x/2)° (31)2 + ceee (2)

The notation 1,(x) is used to represent the modified Bessel function of the
first kind of zero order. Values of the function Ko(x) over the range of
interest for most ground-water probléms are given in table 4.

Equations 36 and 37 may be rewritten in the following form:

log s = log [22%—9] + log Kg(x) ‘ (40)
log r = Iog[g]-* log x (41)

The bracketed portions of equations 40 and 41 include all the
terms that have been assumed constant in the derivation. |t follows then
that the varlable s is related to r in the same manner that K, (x) is re=-
lated to x. Thus the form of equations 40 and 41 once again suggests the
samne, convenient method of graphical solution that has already been des-
cribed for resolving the Theis formula. A type curve for use in solving
equations 36 and 37 is prepared by plotting on Iogarithmlc graph paper the
values given in table 4. In figure |l curve AA is in part a duplication
of the lower part of curve BB and in part an extension of that curve Into
the next lower log cycle.




Table 4.--Values of K,(x),

the modified Bessel function of the second kind of Zero order,

for values of x between 10~2 and 9.9 2/

N x = N(109) x = N(10=1)  x = N(1072) ” N x = N(109) x = N(10=})  x = N{1072)
1.0 044210 2.4271 4.7212 &/ 3.5  0,0IS60 12327

del «3656 : 3.6 01750

1.2 3185 2.7 01563

1.3 «2782 3.8 01397 1
1.4 «2437 3.9 01248

1.5 2138 2.0300 4.0 01116 1.1145 3.3365
1.7 1655 4.2 008927

1.8 o145 4.3 .007088

1.9 <1288 4.4 007149

2.0 L1139 i 7527 4,0285 “, 4.5 006400 1.0129

2.1 1008 4.6 005730

2.2 08927 4.7 <005132

2.3 07014 4.8 004507

2.4 07022 4.9 L0041 19

2.5 06235 1.5415 5.0 003691 9244 3.1142
2.6 05540 5.1 003308

2.7 04926 5.2 002066

2.8 04382 5.3 002659

2.9 03901 5.4 002385

3.0 03474 1.3725 3.6235 | 5.5 .002139 8466

3.1 03095 5.6 .001918

3.2 02759 : 59 001721

3.3 02461 5.8 .001544

3.4 .02196 5.9  .001386

L4




N x = N(1c9) x = N(16~H) x = N(1072) N x = N(109) x = N(1c=})  x = N(1C"2)|
5.0 0.001244 0.7775 2,9320 8.0 0.0001465 0.5653 2.6475
6.l 001117 8.1 0001317 :
642 .001003 8.2 0001 185

6.2 000900} 8.3 0001066

6.4 0008083 8.4 00000588

6.5 0007259 L7159 845 00008626 5242
6.6 0006520 8.6 00007761

6.7 0005857 8.7 00006983

6.8 0005262 8.8 00006283

6.9 0004728 8.9 00005654

7.0 0004248 6605 2.7798 9.0 00005088 4867 2,531C
7.1 0003817 9.1 00004579

y X 0003431 i 9.2 00004121

7.3 0003084 9.3 00003710

7.4 .0002772 9.4 00003339

7.5 0002492 .61C6 9.5 00003006 4524
7.6 0002240 9.6 00002706

3 0002014 9.7 00002436

7.8 0001811 9.8 00002153

7.9 .C001629 9.9 .00C01975

Data for plotting type curve (see fig. |1) used in solving equations 36 and 37, p. 42 and 43,

a/ values of K (x) in the interval O
Values of Kg(x) in the interval |
315).

b/ Vhen x = 0, Ko(x) = =,

-0
0

<
it =
<

<
X =

3 .00 taken from tables in Commerce Dept. (1952, p. 36-60).
x = 9,9 taken from Gray, Mathews, and MacRobert (1931, p. 313~
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The solution of equations 36 and 37 thus requires plotting the
fleld observations of s and r, at some particular time t, on logarithmic
graph paper, using the same size of logarithmic scale adopted for the type
curve. The data curve is superposed on the type curve, the coordinate
axes of the two curves being held parallel, and translated to the position
that represents the best fit of the field data to the type curve. When
the match position is found, the amount of shift or translation from the
s scale to the K (x) scale is measured by the bracketed tenr of equation
40 and the franslaflon between the r scale and the x scale is represented
by the bracketed member of equation 4l. An arbitrary point is selected on
the data curve and -the coordinates of this common point on both the data
curve and the type curve are reccrded. These coordinates, when substi-
tuted in equations 36 and 37 permit computation of the coefficient of
transmissibility, T, of the artesian bed, and the value of x, which has
inherent in it the coefficient of vertical permeability of the leaky con=
fining bed.

In application it is not possible to determine elther a or b
from field observation of steady flow, but their ratio can be determined
from the definition of x.

P'/mt S :
x = r(bsa) = rl/—-—-—-— = rVP'/Tm' (42
( ) T/S )

The vertical permeability of the leaky bed can thus be determined
fram equation 42 if the bed thickness, m', is known. However, S, the co~
efficient of storage for the artesian aquifer cannot be determined as it
is removed fran the b/a ratio by cancellation.

Because the use of equations 36, 37 and 42 is obviously dependent
on observation of the profile shape of the plezome tric sur face near the
pumped well (data plot of log s versus log r), it is imperative that the
field measurements defining that shape be made at essentially the same
value of t,

The foregoing steady-state solution applies with sufficient accu~
racy to observations of the transient state only if the water levels in the
‘observation wells are changing at a uniform rate over all the segment of
‘the profile of the piezometric surface that Is being observed. This re-
quirement'is generaltly fulfilled at large values of t. Although the posi=
tion, in profile, of the piezometric surface may continue to change with
increasing time, the slope of the profile becomes constant near the pump-
ing well after a comparatively short interval of pumping.

The earliest observations of drawdown in each observation wclt,
when s is small, should conform to the Theis nonequilibrium type curve for
the Iinfinite (non-leaky) aquifer if the rate of leakage from the confining
‘bed Is comparatively small. The coefficient of storage for the artesian
aquifer can thus be determined under these conditions from the earliest
observations of drawdown (Jacob, 1946, pe 204). The compu ted coefficient
of transmissibility should be checked by comparing the value obtained from
matching the earliest data to the nonequilibrium type curve with the value




obtained by matching the later data to the lesky=aquifer type curve. |f
consistency of the T values Is not cbtained, then the leakage may be
causing toc much deviation at the smaller values of t to permit applica-
tion of the Theis nonequilibrium formula.

: It was recognized by Ferris (19528) that the sum of the terms in
the series of equation 338 beyond loge (x/2) is not appreciable for small
values of x (say smaller than 0.02) and that the value of the function
Io(x) may then by approximated as unity. Therefore, for small values of
x, which means either smal| values of the ratio b/a or small values of r,
the bracketed portion of equation 38 satisfactorily approximates fthe value
of Ko(x) and equation 36 may be written

as 32%3 Eo.5772 + logg (9-5)] A (42)

2a

Wwith the terms as previously defined.

Inasmuch as it has been assumed that ample recharge is available
to maintain the head in the leaky confining bed, and to satisfy the with=
drawal of water from the artesian aquifer, the cone of depression of a dis=~
charging well will reach a finite radius, roe ‘If the drawdown, s, Is
assumed to be zero at rg then equation 42 may be reduced to

br
loge (3-3) = = 0,5772

or

v ) fog

lel2
= —a- : ; 3 : (43)

Equation 43 is convenient for computing the b/a ratio In an ideal leaky
aquifer, using data collected at large t values, that is, when the cone of
depression has extended over a fairly sizeable area. In this type of appli=
cation, however, since the values of rg may tend to be large, the reqire=
ment that x shall be small will obviously be met only if the computed ratio
of b/a proves fto be small.

Variable Discharge Without Vertical Leakage

Continuously varying discharqge.==The rate at which water is pumped
from a well or well field commonly varies with time in response to seasonal
changes in demand. In other words, the pumping rate, as reflected say by
records of daily or monthly discharge, is of ten found to be varying continu-
ously. Where this element of variability Is recognized in ground-water prob=
lems, the analytical methods that are described in the preceding sections of
this report are not applicable without some modification or approximations
Exact equations could perhaps be developed for the case of continuously
vary ing discharge, but the cost of analysis, in terms of time and effort,
would |ikely be prohibitive considering that a separate and specific solu= 6
tion would be required for each problem. |t is considered more expedient,
the refore, fo utilize the existing analytical methods, rendering them appli-
cable to the field situation by introducing tolerable approximations of the
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field conditions. As an example, conslfder a situation where the pumping
rate in a well (which may also represent a well field), tapping an arte-
sian aquifer, varies continuously with time in the manner indicated by

the smooth curve shown in figure 12A. This smooth curve may be approxi=
mated by the series of steps shown, and the analysis of each step may be
undertaken starting with conventional theory and equations. Thus the
Thels nonequilibrium formula (eq. 6) can be used to construct a type curve
for analyzing the observed drawdowns caused by the stepped pumping rates
indicated in figure 12A and 128. The drawdown, s, at distance r from the
pumped well, at any time t, is

S S| & 52 + ‘53 essssee *+ S (44)

n

where the subscripts refer to the AQ values of figure 128, The zero refer-
ence time t, is chosen arbitrarily so that the effects of the antecedent
rate of pumping, Qo, are established as a regular trend which can be pro=-
Jected or extrapolated with certainty, as shown in figure 12C, over the
time span occupied by the stepped pumping rates. Applying the Theis non=-
equilibrium formula to define each of the drawdown components given in
equation 44, there follows

32 II:.ﬁ [ 8Q) W(u)| + 8Qy W(u)y + 8Qy W(U); cseee * AQn W(U)n] (45)

The corresponding u values are

1.87 r2s _1.87 r2s
T(t = 1)) T(t = t,)
1.87 rr2s 1.87 r2s
U3 : § eoe 3§ n (46)

Therefore

t - = = :
u = | mc-.t-'- ‘ u Y f fl 2 Qvdee } u L ¥ ] t f (47)
2 - 3 | ’ n |
b~ 1y t -ty b= t,

Inspection of equations 46 and 47 should indicate that virtually an infinite
number of type curves can be constructed for solving eqation 45, For prac-
tical purposes, however, only a fanily of aurves need be constructed,

It can be scen from equations 46 that the relation between the u
values Is dependent on the value of t selectéds For any given value of f,
the values of u are proportional to the constant .37 r<5/T. Therefore the
fanily of curves must be constructed using t and |.87 r2S/T as independent

variables and I AQ W(u) as the dependent variable. This is accomplished by

first assuming several values of |.87 r2s/T for a particular value of t.
Values of uj are then computed for that t for the assumed values of 1.87r%/T
using the first of equations 46. Equations 47 are then used to compute
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Values of Uy, Uz see U, fOr each assumed value of |.87r2S/T. These in
turn determine ?see table 2) the corresponding W(u) values, which are used
to compute the quantity in brackets (the sum of all the AQ W(u) terms) in
equation 45, Thus a set of values is produced for the sum of the AQ W(u)
terms, corresponding with the assumed values of |.87r2S/T and all are re=-
lated to one assumed value of t. This computing procedure is repeated for
each value of t in a whole set of t values selected to span a time range
thet will permit drawing the family of type curves, shown schematically in
flgure 13, through the same time interval covered by the drawdown observa-
tions in the aquifer. The field=data plot of log s versus log I/t is
superposed on the family of type curves, taking care that the logarithmic
time scales of thenfwo graphs are exactly matched. The data plot is then

shifted along the f AQ W(u) axis until the position is found where the

Curve for assumed
value of 1.87r25/T

n 5
log ? AQW(u)

log %

Figure 13--Schematic plot of family of type curves for problems

involving continuously varying discharge

curvature of the data plot is identical with an underlying type curve or
with an interpolated type curve position. It follows that this serves to
idengify the data curve with a specific valuc of 1.87r25/T. Values of s

and Z AQ W(u) are read from a point conmon to bath graphs and entered In
| .




equation 45 to solve for T. The computed value of T cen then be used with
the value of 1.87r25/T to solve for S. Should several obscrvation wells
at different radii be available, it may be more convenient te construct a
type curve suitable for matching with the observed drawdown profile. For

a selccted observation time, valucs of I 4Q W(u) and 1.87r25/T are taken

graﬁ figure 13 and used to construct a Aew type curve by plotting log
2 4Q W(u) against log (1.87r25/T). Tris new logarittmic type curve, drawn
!

for a selected time, t, can be maiched with a logarithmic date plot of s
versus re, drawn for the same time t.

. Intermittent or cyclic discharge.--Analysis of drawdown data by
means of the methods descrited in the preceding section is likely to re=-
quire a lerge amount of calculation. However, for certain specific kinds

-of discharge variations the analysis can be simplified considerably. The
detailed soluticns of two specific cases have been described by Theis and
Brown (1954). One of the problems sclved was that of computing the draw-
down occurring in a well being operated in a regular cycle of pumping at
a constant rate for a given time interval, then resting for a givea time
interval, Their final equation, in the usual Survey units, for drawdown
in the pumped well after n cycles of operation is

s “m |Og | 62¢ 3 0 senenee N (48)
L] 10 (1 = p)(2 = p)(3 = p) seee (n = p)

where p is the fractional part of the cycle during which the well is
pumpeds In part, the simple form of equaticn 48 was obteined by utilizing
the semilcg approximation (eq. 4) of the Theis nonequilibrium formula.
Many reguler operafional cycles are easily generalized and analysis may
lead to a final expression comparable, in simplicity, to equation 48,

Channz| Methods == Line Sink or Line Source

Constant Discharge

Non=steady state, no recharge.=-As early as 1938 Theis (Wenzel
and Sand, 1942, pe 45) had developed a formula for determining the decline
in artesian head at any distance from a drain discharging water at a uni=
form rates In 1949 Ferris (1950) derived a formula that can be shown to
be identical with the one derived by Theis. The development s based on
the following assumptions: (1) The awifer Is homogeneous, isotropic, and
of semi=infinite (bounded on one side only by the stream) arcal extent;
(2) the discharging drain completely penetrates the agquifer; (3) the aqui=
fer Is bounded by impermeable strata above and belowy (4) the flow Is
laminar and unidimensional; (5) the relcase of water from storage is ine
stantaneous and In propor tion to the decline in head; and (6) the draln
discharges water at a constant rate.
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Slightly modifying the forn used by Ferris, {he drain formula
can be written non=dimensionally, as

X
1/ s 2
-1+ 2. -///(-2 THS o=u® 4y (49)
i
(o]

[¢]
§
[
N

Upx

S T covm

ol

c
:I

where
S
R XY AT
or
: 2
2 X<5
T s 0
T (50)

Ferris suggested that the quantity in brackets be written symbolically, for
convenience, as D(u) which is to be read "drain function of u," and in this
report the subscript q will identify it with the constant discharge situa=-
tions Equations 49 and 50 can therefore be rewritten in abbreviated form,
in the usual Survey units, as

720 Qpx
s = 2 D(u)q (51)
e 2 1.87 x2
s 1,87 x°S (52)
Tt
where
s = drawdown, in feet, at any point in the vicinity of the drain
discharging at a constant rate
Qp = constant discharge (i.e., base flow) of the drain, in gallons
per minute per lineal foot of drain
x = distance, in feet, from the drain to the point of observation

t = *Imc, in days, since the drain began discharging
and S and T have the meaning and units already defined.

From inspection of equations 51 and 52 it follows that if s can be
measured at several values of t, and if x and Q, are known, then S and T
can be determined. However, the occurrence of two unknowns and the nature
of the drain function make an exact analytical solution impossible and
trial solution most laborious. A graphical solution of superposition,
similar to the one devised by Theis for solution of his nonequilibrium for-
mula, affords a simple solution of equation 51,

The first step in constructing the type curve is fo assume values
of u ang:compute the corresponding values for D(u)q from equation 49, which
can be done. easily with the aid of published tables (Commerce Depte, 1954),/
values of D(u)q and u? for values of u from 0.0510 to 1,0000 are given in
table 5. These data are then used to prepare a type curve on logarithmic
coordinate paper by plotting values of u or u? against values of D(u)q.




Table Se==Valucs of D(u)q, u, and u2_for channel

me thod=constent discharge formula. 3.
u u? D(u)q
0.0510 - 0.0026 10,091 8
«C600 +0035 6.437
0700 «0049 7.099
»0300 : 0064 6.097 -
+C300 2081 5.319
« 1000 «010 4.698 -
o 1140 _ OI3 4,013
« 1414 «020 3069
« 1581 «025 2.657
« 1732 ' »030 : 2,355
<1871 «035 : - 24120
«2000 «040 1,933
«2236 .050 643
02449 «060 | 4440
2646 «070 1,280
«3000 +050 1,047
3317 » 110 «3E47
«3605 : «130 s 7641
+4000 .160 «6303
4359 . « 150 - #5327
«4796 « 230 ' «4370
«5291 «280 : «3516
«5745 + 330 « 2895
6164 + 360 02426
«6633 «440 " e « 1996
« 7071 «500 1666
« 7616 +580 L . 1333
S3124 . +660 1084
8718 ‘ « 760 .08503
0487 900 » 06207 y
00000 . 1,000 05026

: [Dafa for plotting type curve (see fig. 14) for equation 51, p. 53.]

a/ After Ferris (1950), Recomputed by Betty Ji Newel; checked by R. H,
Brown, _




Such a type curve is shown in figure 14 and, fcr convenience in subsequent
computation, values of D(u)q have been plotted against values of u2,

éearranging equations 51 and 52 and teking the lcg of both sides
there follows

)
tog s = [10g 22X | 4 1cg 0(u)g (53)
and 2
X< _ T 2
log = [log 575 S] + log u (54)

For a given test, the bracketed parts of equations 53 and 54 are constant
and Iog D(u)q is related to log u2 in the manner that log s is related to
log (x2/t). Therefore, if values of the drawdown, s, are plotted versus
%2/t on logarithmic fracing paper having the same lcg scale as the type
curve for the drain formula, the curve of observed data will be similar
to the type curve., The data curve may thus be superposed on the type
curve, with the coordinate axes held parallel, and translated to the posi=
tion where the observed data coincicde or make the best fit with the type
curve. When this matching position has been found, an arbitrary point is
selected, common to both curves, and the coordinates of this common point
are used to solve equations 53 and 54 for T and S.

Despite the restrictive assumptions upon which it is based, the
drain formula, as it has been called, has been applied successfully in
determining the coefficients of transmissibility and storage of an aquifer
and in estimating the pick=up by or leakage from drains.

Discussion and comparison of various ways of plotting the type
curves (see figures 14 znd 7) for the drain functicn D(u), and the well
function W(u) are given in an article by Ms A. Warren in the August 1952
issue of the Water Resources Bulletine.

Constant Head

Non=steady state, no recharqe.~=The decline in artesian head at
any distance from a stream or drain, whose course may be approximated by
an infinite straight line, subsequent to a sudden change in stream stage,
can be found by borrowing .the solution to an analogous heat-flow problem
(Ingerscl!, Zobel, and Ingersoll, 1948, p. 88). |t is assumed that (1) the
stream occurs along an infinite straight line and fully penetrates the
artesian aquifer, (2) the aquifer is semi-iInfinite in extent (bounded on
one side only by the stream), (3) the head in the stream is abruptly
changed from zero to sg at time t = 0, (4) the direction of ground-water
flow is perpendiaular to the direction of the stream, and (5) the change
in the rate of discharge from the aquifer is derived from changes in store
age by drainage after + = O, Substituting ground-water nomenclature In
the heat-flow equation, the distritution of drawdown in the artesian aqui=
fer is found to be
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Figure 14 --Logarithmic graph of the drain -function for channel method --- constant discharge
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X

25 2YTt/S 2

Sog = 5" =L e " du
'
" X
or o
2 275 _ 5
s = s, 1 = = e=Ue du | = s, D(u)y (55)

where D(u)p replaces the quantity in brackets and represents the draln
function of u for the constant head situation, and where

In the foregoing expressions x Is the distance from the stream or drain to
the point at which the decline in artesian head, s, is observed or known,
and sy is the abrupt change in stream stage at + = 0. Other symbols are
as previously defineds (Note: In equation 55 the integral expression and
Its coefficient constitute what mathematicians have labelled the error
function, written as "erf", The bracketed portion of equation 55 is lden-
tified as the complimentary error function, written as "cerf",)

The relation expressing the discharge from the aquifer, per unit
length of stream channel, Q, resulting from the chenge in stream stage,
can also be found in texts on heat flow (lngersoll, Zobel, and Ingersoll,
1948, p. 90)s When written using ground-water notation, and multiplying
by 2 to account for the water contributed from both sides of the stream,
the equation has the form

2s

; O
B e Y ST 57
Qb an g ( )

Equations 56 and 57 now afford a means for evaluating the two unknowns T
and S, inasmuch as the ratio S/T is determined from equation 56 and the
product ST is obtained from equation 57,

Comparing equations 5% and 56 the use of the method of superposed
graphs, described in previous sections, Is again indicated as the most logi=
cal means of solution because log s will evidently vary with log x2/t in
the same manner that log D(u), varies with log u2, Thus the solution of
equation 56 for the ratio S/T will evidently recquire matching a logarithmic
data plot of values of s versus corresponding values of x2/t (or simply 1/t
if only one observation well is available) to a lcgarithmic type curve pre-
pared by plotting values of D(u) versus corresponding values of u2, Such
a type curve is shown in figure 15, prepared frcm the drain function values
given in table 6.

If equations 56 and 57 are rewritten using the usual Survey unifs
(except for @, which is the base flew in gallcns per minute per foot of
atream Iengths they becoms




Table 6.==Values of D(u)p, u, and u? for channel
me thod=constant head formula 2/

L

u e o ~ Blu)y, k
.03162 .0010 49643
04000 40016 9549 4
+05000 +0025 «9436
+06325 +0040 49287
07746 +0060 9128
08944 .0080 8994
«1000 .010 +8875
<1265 016 +8580
+2000 «040 «7730
«2449 +060 . «7291
«2828 080 : : +6892
¢3162 .10 «6548
+4000 .16 5716
«5000 25 «4795
6325 ‘ «40 3711
«7746 60 «2733
.8944 80 +2059

1,000 1,00 1573
1.140 1430 _ « 1069
1.265 1,60 +0736
1,378 . i 1.90 , : 0513
1.483 2,20 +0359
1 581 2,50 0254
| 4643 2,70 40202
1,732 3,00 0143
1,789 3420 : L0114

Data for plotting type curve (see fige. 15) for equation 55, pe 57,

8/ Prepared by R. We Stallman ;

Notes Values of D(u)h, for selected values of u? or u, were computed with
the aid of tables In Commerce Dept., (1954).
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% L-_%%f_....x S (58)
and o
Qp = 2615 x 1073 v s = (59)

Equations 55 and 57 define the changes (artesian head and flow)
which occur in the aquifer if the stream stage is abruptly changed. There=-
fore the stipulation of no recharge implizs only that the rate of recharge
must be constant for a sufficient interval of time so that the regional
wafer-level trends can be extrapolated with accuracy throughout the period
in which the changes in the ajuifer are being observed.

Waler-level data from wells located near the stream may, in some
field situations, yield erratic results, depending on the flow pattern in
the aquifer in the vicinity of the stream. For example, if the stream
only partially penetrates the aquifer the flow lines in the aquifer will
obviously bend upward as they approach the stream, thereby producing verti=-
cal components of flow. Thus the smaller the distance x, between observa-
tion well and stream, the greater the errors inherent in the observed water
levels. This in turn means that as x decreases, the error in the computed
value of S/T Increases, It should also be realized that instantaneous or
abrupt lowering of stream stage is seldom possible which means that the
determination of a reference or zero time is difficult. Thus observations
made a short time after the stream stage Is lowered may be somewhat unre=
liables In general, therefore, it would seem prudent to favor the data
collected at comparatively large values of x and large values of t to pro=
vide the most reliable basis for analysis,

Where it is known that the strean or drain penetrates only a
part of the aquifer thickness the following adjustment procedure, al though
not yet proven by field trial, may offer a means for determining more
reallstic values for T-and 3. It should be evident that in a field situ-
ation of this kind the change in head in the stream channel is not as
effective in producing head changes throughout the acuifer as when the
stream Is fully penetrating. Near the stream, ground-water levels adjust
Quickly to changes in stream stage but part of the adjustment is caused
by the bending of the flow lines. .lIt can be assumed, however, that at
some relatively short distance x, away from the stream the bending of the
flow lines in the ‘aquifer wil! be small enough so that the effects on the
head values may be neglected. Thus, for distances greater than Xg the
flow lines may be considered parallel, that is, flow is essential ly one=
dimensional. The change in head in the aquifer, at the distance xq, may
therefore be considered as an effective value of sg and it is related to
the changes in head throughout the aquifer, for all distances greater than
Xo, in the manner described by equations 55 and 56.

In effect this reasoning means that the real partial ly-penetra=-
ting stream, in which the stage was abruptly changed an amount Sgy IS
being replaced (at the distance Xo) by a theoretical fully penatrating
strean in which the stage change may be regarded as essentially abrupt but
of a lesser magnitude which shall be termed an effective value of Soe




Thic so=called effective value of g can be canputed from equa=
tion 65 cf ter superposing the data and type curves in the manner already
deseribeds  The critical distence sy can also be computed, using the co-
ordinztes for a point comron to the watched data and type curves, if more
than one cbasrvaticn well s available. For cach observaticn well the

ratic 3/T is coanputed using the distance from the well to the real stream
channe!l as a first castimate in equation 6. |f the S/T values thus deter-
- mined are not alike, the cquation for u? is adjusted to read as follows:

‘ ”
y2 = LeEl (x - x0)” S
Tt

An estimate of xgo is then made, and S/T values for each observation wel |
are recompu ted using the effective distance to the stream (x = Xg)e If

the data and field conditions are sufficlently ideal to permit an accurate
aralysis, several assumed values of xg will indicate the one that will pro-
duce the closest agreement in the computed values of S/T.

It is pointed cut that it is difficult to assess the true value
of these adjustment procedures inasmuch as the opporfunity for applying
them to @ specific fleld problem has not yet been afforded.

Steady state, uniforn_recharqe.~-A problem of considerable prace
‘ tical interest is that of estimaiing the base flow of streans, or the
effective average rate of grwnd-vater recharge, from the shape of the
water table. Consider the case of an aquifer bounded on two sides by
fully.penetrating parallel steeans of infinite length as shown In figure
16As |t is ascumed that the acuifer is homogeneous and isotropic, and
that the aquifer is recharged at a rate of accretion, W, that is constant
with respect to time and space. Flow is therefore one-dimensional and a
ground=water divide is crealed at distance "a" midway between the streams
(see figure 16B). Jacob (1943, p. H6G) has given the equation of steady-

state profile as
' a?W\ [2x 2
by, = feme ] IsS e S
© 21)\a a2

or g
I . oz, 2% (60)
W ho 2hg

vhere
W = constant rate of recharge fto the water table
& = distance from the stream to the ground-water divide
x = distance from the strean 1o an observation well '
he, = elevation of the water table, at the cbservation well, above
the mean steean level '

11 s frequontly convenient to express the rate of recharge, W,
‘ in inches per year, while a, x, and h, are expressed in feet, and T is in
tha usual Survey units, Equation 60 is then rewrirtton in the (orm
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B. NOMENCLATURE FOR MATHEMATICAL ANALYSIS OF PROFILE SHOWN IN SKETCH “A"

Figure 16 --Section views for analyzing steady-state flow in hypothetical
aquifer of large thickness with uniform accretion from precipitation
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-l ax x2
a |, I [ - e 6l
T=1.71 (10 )\r(ho 2h0> | (61)

In the absence of artificial withdrawal of water from.an acquifer,
the net recharge must equal the natural discharge, provided changes in
storage are inslignificant. Although it is recognized that under natural
conditions, there are variations of W in time, it should be apparent that
if average or mean ground-water levels are used in equation 61, a figure
for W equivalent to an effective average accretion rate will result.

Equation 61 can be solved if the average (in time) contribution,
Qus to the base flow of the stream, per unit length of channel, can be
determined from stream=-flow measurements. |f Q Is expressed in gallons
per minute per foot of stream channel, then

" C(105) &
W= 8.44 (|o)23’

= W= 4.22 (105) Qah (62)

Equation 62 permits determination of W which can be used In equation 61 in
computing the value of T.

In many field situations, of the type postulated here, general
appraisal of the occurrence of ground water may indicate that the ground=
water divide is parallel to the stream course, al though the distance a
will be unknown. If two observation wells are available, it Is possible
to compute a value for a and a value for the ratio 586 T/W. If a larger
number of observation wells is available, a graphical solution may be
used to solve for the values of a and 586 T/W. The procedure requires
observation of the distances, x, from the stream to the individual obser=
vation wells and the corresponding values of hye Using the data from one
cbservation well, and arbitrarily selecting several values of a, the cor-
responding values of 586 T/W arc ciaputcd after appropriate substitution
in equation 61. The computed values of 566 T/W are plotted against the
corresponding assumed values of a and a swooth curve is drawn through the
plotted points. In similar fashicn a curve is drawn on the sane graph for
each observaticn well. The coordinates of the single point at which all
the curves intersect give the particular values of a and of 586 T/W which
will satisfy all the available data.

Sinusoidal Head Fluctuations

Viernor and Noren (1951) and later Ferris (1952b) independen tly
analyzed the preblem of fluctuations of warer levels in wells in response
fo sinusoidal changes in otage of nearbky surface-water bodies. The solu-
ficn fo thiz general lype of problem has long been available in other
ficlds of scionce and as Ferris indicates it may conveniently be found in
reference vorks on heat flow such as the text by lIngersoll, Zobel, and
Ingersoll (1948, pe 46-47). Transtated inlo ground-water terms, the solu-
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tion requires an isotropic semi=infinite artesian auifer of uniform thick=

ness in full contact, along its one boundary, with a surfece~water body

that may be consicered an infinite line source. Within the aquifer the

change in water storage is assumed to occur Instantaneously with, and at

a rate proportional to, the change in pressure. Ferris (1952b, p. 3) shows

that the equation for the range of ground-water fluctuation in an observa= *
tion well, a distance x from the aquifer contact with the sur face-water

body, whose stage is changing sinusoidally, has the non-dimensional form

P = 250 e"'x VﬂS/foT (65)

T
or In the usual Survey units

sr = 250 9-4.8 X VS/fQT (64)

vhe re s = range of ground-water stage, in feet
so = amplitude or half range of the surface-water stage, in feet
x = distance from the observation well to the surface-water con=
; tact with the aquifer ("suboutcrop"), in feet
to = perlod of the stage fluctuation, in days
S coefficient of storage
T = coefficient of transmissibility, in gallons per day, per foot,

For cenvenience equation 64 can be written

- lo (sr7230)
21 Y S/t,T = 24 (65)
(o] X :

The form of equation 65 suggests a semilogarithmic plot of the
log of the range ratio, sp/2sy, for each observation well, versus the cor=
responding distonce, x, as an expedient method of analyzing the observed
data. The right-hand-member of equation 65 represents the slope of the
straight line that should be defined by the plotted data. |f the change
in the logorithm of the range ratio is selected over one log cycle of the
plot equation 65 becomes

or plpete A
T o 4sd (87 S (66)

If the field conditions fulfill the assumptions made in deriving equation
06, the straight line drawn through the data on the semilog plot should pass’
lhrough the origin of the coordinate axes, that is, should infercept a value
of r/2so = | al a value of x = 0. For fhe casc of a strean of subslantial
width, partially peneirating the artesion asuifer, this intercept will
usually be found at negative values of x, indicating an "effective" dis-
(tance of fshore to the subou fterop. This effective distance may or may nof
have physical signiflicance depending on the nature of the flow field in
the vicinlty of the strean. For exasple, if the stream does not cut through
the upper coenfining bed, stage changes in the surface-water body may still
provide, through the changes in loading that are inwlved, a saurce of sinu=
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soigal head fluctuaticn in the artesian aquifer along the stream location,
‘Unless the loading changes are completely effective (100 percent tidal
efficiency) in producing a stage range of 2s, at x = O in the acuifer,

the straight=line intercept with the x axis will again be at some negative
value of x, and will in part be an indication of the efficiency with which
the aquifer skeleton accepts the changes In loadings. However, it should
be observed that regardless of the exact value of sy in the aquifer, at

x = 0, the slope of the data plot described is unaffected.s Therefore the
T value computed by mcans of equation 06 will be correct regardless of the
acfual value in the aquifer of sg.

It i$ seen from equation 66 that it is necessary to know S in
order to solve for T. Frequently, when the coefficicnt of storage is not
known, 1t is possible to make  a reasonable estimate of Its value by study-
ing the well logs and water=level records. ~

.The lag in tine of occurrence of a given maxjmum or mininum
ground=water stage, following the occurrence of a similar surface=-water
stage, is given by Ferris (1952h) as

t~S :
N
fl 2V nT (67)

vhere t, is the lag in time. Solving this equation for the coefficient of
transmissibility, and rewriting in terms of the usual Survey units, there
fol lows '

2
T = 0,60 t,5 (;’1) (68)
|

The only variables in equation G8 are evidently x and t;. Thus an arlth-
metic plot Is suggested with the value of the distance, x, for each obser=
vation well, plotted against the corresponding value of the time lag, te
The slope of the straight line that should be defined by these plotted
points will then give the value of x/t|, which appears to the second power
in equation 68. |f the straight line that is drawn through the plotted
points should intersect the zero~time~lag axis at a negative value of x

it may be an indication of the effective distance of fshore to the subout-
crop.,

In those situations where the aquifer is not fully penetrated or
where it Is under water-table (unconfined) conditions the methods of analy=-
sis described in this section will be satisfactory if (|) the observation
wells are far enough from the suboutcrop so that they are unaffected by
ver tical components of flow and (2) the range in fluctuations is only a
small fraction of the saturated thickness of the formation.
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Areal Me thods

Numerical Analysis

. The equations presented in the preceding sections of this paper -
were derived by means of the calculus. Darcy's law, combined with the
equation of continuity (Rouse, 1950, p. 326) ylelded the basic differen=
tial equations which described states of flow. In turn, solutions to these -
differential equations were found which satisfy the boundary conditions of
a particular problems. Certain generalizations were made in regard to the
boundary conditions so as to provide rather specific equations which cen
be used with convenlence to obtain a solution to the field problem, Among
the se general izations are the assumptions of a constant head or discharge
at some point or |ine, homogeneity of the aquifer, simple geometric form
or shape of the aquifer, and complete penetration of the well or stream,
Certainly for meny field problems these conditions are fulfilled to a
sufficient degree so that the available formulas can be used to obtain a
reliable approximation of the values of T, S, or Wo However, the ground-
water hydrologist frequently encounters problems for which the complicated
boundary conditions cannot be expressed by simple mathematical relations.
Fur thermore, the complicated boundary conditions related to a given field
problem seldom recur in-nature in the same combination. Thus it could be
poor economy to spend a large amount of time and energy deriving compli-
cated analytical equations whose application might be |imited to one prob-
‘lem. Under such circumstances it may be found more expedient to use numeri-
cal methods of analysis for the quantitative invesfigation. Numerical
- me thods have been used in other sciences for some time for the same purpose.
Basic formulas and procedures have been described by Southwell (1946, 1940)
and many of his colleagues (Shaw, 1953), Scarboraugh (1950) and Milne
(1953) have written extensively on the same sub ject and a condensed version
of the numerical me thods particularly useful In ground-water investigations
Is In preparation (Stallman, 1955)., The following is adapted from the
latter work.

~ The formula derivation of analytical equations for describing
ground-water movement involves appiication of the rules of calculus for
integrating, or summing, an infinite set of infinitesimal changes in head
between two or more points in the flow region under study. In lieu of
application of the rules of calculus to perform this addltion conveniently,’
It would be possible to accomplish the same thing simply by addition of the -
Infinite set of infinitesimals, The latter method Is, of course, impracti=
cal unless approximations are introduced. Thus an area may be calculated
by considering that it Is composed of small but finite parts, each having’ -
an area Ax Ay, By this more coarse subdivision of the area the problem s
reduced to the addition of a sensibiy small and finlte set of component
parts instead of the infinite set of infinitesimal areas dx dy postulated
by the orthodox calculus. |In brief this constitutes the basis of numeri=
cal analysis as spplied in finding solutions to differential equations:
the substitution of finite entities for the differential forms that appear
In the fundamental differential equations,

Consider, for exanple; the differential equation describing two=
dimensional flow in a homogeneous and isotropic aquifer, subject to re=-
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‘charge at a rate of accretion W. |t can be shown (Stallman, 1055) that
this agua tlon has the form

<2 ’ i
&h , 32n _ [s\eh _ W (69)
ax2.. oy2  \Fjat "t

where h is the head at any point whcse coordinates are x, y. Let the dif~
ferentlal lengths dx and dy be expanded so that each can be conrsidered
~equivalent to a finite length w, and similarly let df be considered equi-
valent to 4t. A plen representation of ‘the region of flow to be studied
~may then be subdivided by two systems of equally spaced parallel lines at
right angles to each other, One system is oriented in the x direction and
- the other In the y direction and the spacing of the lines equals the dis=
tance w (see fige 17)s- A set of 5 grid-line intersections or nodes, se=-
-lected in the ‘manner shown on figure 17, is called an array. According
~to Southwell (1946, p. 19) the first two differentials In equation 69 can
'be expressed, in terms of the head values at the nodes in the array, In
the following fashion

2 hy + -
o h” hy + hz = 2hg

ox2 w2

and
§3h vl ho + hg = 2hg
572 oWl

where the subscripts of ﬁ refer to. the nun.ered nodes of figure 17. Sub~
stituting these equivalent expressions for the first two dif ferentials in
equation 69, and letting dh/6t be considered equivalent to AhOt/Af, there

fol lows ‘
_|s(8hot\_ W] 2 [

where &ng, is the change in head which occurs at node O (figes 17) through
the time'fnterval At. Depending on- .the type of data available, equation

70 can be used to compute the hydraulic constants, S, T, and W, or the head
distribution in time and space, in an aquifer of given size and shape.

Fur thermore, the calculaticns inwlve only the use of simple arithmetic,

_ In working out a solution where a finite difference equation,
such as equation 70 is being applied to a specific flow problem, the pri-
mary aim of the computing methods is to find the particular distribution
of head values at all the ‘nodal points (like points 0«4 of figure-17) such
that the finite difference equation is satisfied at all nodes simul tane=
ously. This head distribution can be found either by relaxation or [tera-
tion methods of numerical analysis., The computations are begun by assuming
head values for all the nodes in the flow system. These initial estimates
will not ordinarily satisfy the finite dif ference equation and will re-
quire revisicn so that a better application of the equation can be made,
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Figure I7-- Finite grid and nomenclature used in numerical analysis
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kefirement of the head values is centinued until accuracy is consldered to
be sufficient for the needs of the problem.

If the refinement is mace using a rcutine adjustnent procedure,
it is termed an lteration method; if it is made by approximation, it is
termed a relaxation method. Consider the steady~-state form of equation
70, which is
hy *+hy % hy * hy = dhg + (4)w2 = 0 (71)
Assume that it Is desired to find the head distribution in an aquifer of
known size and shepe, the flow conditions (and/or head values) being known
along its perimeter, and the values of W and T, or their ratlo, being
known. Substituting in equation 71 the initial set of assumed head values
for nodes 0-4, and the known value of (W/T)w? there follows

Myg + By * gy 3 ligp = Ahpy + (¥)W2 " Ro (72)

where the subscript | is used to set spart or distinguish the head values
that are initially assumed. The term Rg is the residual at node zero, or.
in other words, it Is the remainder resulting from summation of the assumed
and known values on the left side of the equations ' Inasmuch as it is vir-
tually impossible to assume an initial set of head values such that the
summation indicated in equation 71 is zero there will almost inevitably be
a remainder or residual as shown In equation 72. This residual, Ry, may
be thought of as an indication of the amount and direction of excess cur=
vature on the piezometric surface defined by the assumed heads. The value
of Rg is also an indication of the amount by which hgj must be changed so
that in the next trial summation of head values the result will more
closely approach the zero value required for comple te satisfaction of
equation 71,

It can easily be shown that if the heaé)af the zero node is
changed by an amount Ahg = = Rp/4 the residual at that node will be re-
duced to zero. However, it should be kept in mind that equation 71 is to
be tried on each array in the grid net and that residuals will appear at
many if not all of the other nodes. Thus a head adjustment at one node
will affect residuals at other nodes, and conversely subseauent head ad-
Jus tments at adjacent nodes will affect the residual at the first zero
node. Accordingly, several circuits must be made through the net before
the residual values are reduced to zero or nearly zero. Successive cir=
cuits of nodal head adjustments amounting to - Rn/4, applied regularly
over the net, constitute an iterative process, With practice the computer
will recognize that the distribution of residuals can be improved more
efficiently by either a larger or smaller head adjustment than indicated
by = Rg/4. Applying such improvement tempered by judgment gained from
experience is a relaxation method, ,




70

Flcw=net Analysis

In analyzing problems of ground-water flow, a graphical represen-
taticn of the flow pattern is of considerable assistance and of ten provi des
the only means of solving those problems for which a mathematical solufion
is not practicable. The first significant development in graphical analy-
sis of flow patterns was made by Forchheimer (1930).

‘A "flow net", which is a graphical solution of a flow pattern, is
composed of two families of lines or curves. One family of curves repre-
sents the streamlines or flcw |ines, where each curve indicates the path
followed by a particle of water as it moves through the aquifer in the di-
rection of decreasing head. |Intersecting the streamlines at right angles
is a family of curves fermed equipotential lines which represent contours
of equal head In the aquifer. '

Al though the real flow pattern contains an infinite number of
flow lines and equipotential lines, it may be conveniently represented by
constructing a net that uses only a few of those lines. The flow lines
are selected so that the total cuantity of flow is divided equal ly between
ad jacent pairs of flow lines; similarly the equipotential lines are selected
so that the total drop in head across the system is evenly divided between
ad jacent pairs of potential lines.

The change in potential or drop in head between two equipotential
lines in an awifer, divided by the distance traversed by a particle of
water moving from the higher to the lower potential, determines the hydraus-
lic gredient. Recognizing that this movement of a water particle is
governed in part by the proposition that the flow path adopted will be the
one involving the least work (i.e., the shortest possible path be tween the
two equipotentiol lines in question), it follows that the direction of
water movement is everywhere synonymous with paths that are normal to the
equipotential lines. Hence the system of flow lines must be drawn ortho-
gonal to the system of equipotential lines, ;

A flow net constructed with the foregoing principles in mind is
a pattern of "rectangles" in which the ratio of the mean dimensions of each
nrectangle" is constant., |f the net is constructed so that the sides of
each rectangle are equal, then the net is a system of "squares". |t should
be recognized, howaver, that in flow ficlds involving curved paths of flow,
the clemental geometric forms in the net are curvilinear and thus are not
true squares; however, the corners of each "square! are right angles and
the mean disrancos belween the lwo pairs of opposite sides are equal. If
any one of thesc elemental curvilinear "squares" is repeatedly subdivided
info four equal parts the subdivisions will progressively approach the
shape of frue squares,

The proper sketching of a flow net, by the graphical method, is
something of an art that is learned by expericnce; however, the folloving
pointu siamarized from a paper by Casagrande (1937, p. 136=137) way be
helpful to fthe beginner:
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I+ Study rhe appearance of well constructed flow n2ls and fry
to duplicate them by indepencuntly re-analyzing the prozloms they represent,

2, In the first attempts at sketching use only four or five flow
channels.

3. Observe the appearance of the entire flow neft; do not try to
adjust details until the entire net is approximately correct.

4, Frequently parts of a flow net consist of straight and paral-
lel lines, which result in uniformly-sized frue squares. By starting the
sketching in such areas, the solution can be obtained more readilye

5. In flow systems having symme try (for example, nets depicting
radial flow infora well) only a section of the net need by constructed as
the other part or parts are inages of that section,

6. During the skétching of the net, keep in mind that the size
of the square changes gradually; all transitions are smooth and, where the
paths are curved, are of elliptical or parabolic shape.

Taylor (1948) reconmends a somewhat different procedure for skef-
ching flow nets., This procedure, called the procedure of explicit trials,
has been found to have valuc in developing .intuition for flow=net charac=
teristics. In this method a trial equipotehtial or flow line is established
and the entire net completed as if that trial line were correct. If fhe
completed net is not correct the initial trial )ine is resketched and a new’
net is constructed. The adjustment of the trial line is judged from the
appearance of the entire nef and how well it conforms to the boundary con=-

‘ditions of the system.

For steady flow, with a particular set of boundary conditicns,
only one flow net exists. |Ff at some subsequent time the boundary condi-
tions are- altered, then after sufficient time has elapsed to reestablish
the steady state, a different flow pattern would be developed and again
there would be only one possible solution for the new set of boundary con-
ditions. Thus before attempting to construct a flow net, it is important
that the boundary conditlions be establishcd and carefully described., For
exanple, consider the aquifer shown in figure 18, bounded by an impervious
barrier paralleling a perennial strean. Line AB, designating the stream,

is obviously an equipotential line along which the head is equal; line CD
marking the Impervious barrier Is evidently coincident with the limiting
or boundary flow |line, Accordingly, the equipotential lines will adjoin

the barricr at right angles. The discharge through any channel or path of
the flow net may be obtained with the aid of Darcy's law, one variation
of which, as has been previously shown (see p. 3), may be written in fhe
form

Q = PIA

For convenience In applying this variation of Darcy's law consi=
der a unlt width or thickness of the aquifer, measured pormal to the direc=
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tion of flow indicated by L in figure 18 (ises, normal to the plane of the
diagram). The preceding equation may then be rewritten for this unit thick=
ness (in-this exanple), of aauifer, and for one flow channel through the

net as

4q = PIb | (73)

where Aq represents the flow occurring between a pair of adjacent flow
lines (one flow channel) and b is the spacing of the flow lines. If L
represents the spacing, and Ah the drop in head, between the equipotential
I ines, equation 73 becomes

Aq = Pbh '-_Q 5 (74)
Inasmuch as the flow net (figure 18) was constructed to comprise a system
of “squares" the ratio b/L is equal to unity and the same potential drop
occurs acrcss each "square". |t follows then from equation 74 that the
same incremental flow, Aq, occurs between each pair of adjacent flow |lnes,
If there are ng flow channels, the total flow, q, through a unit thickness
of the aculfer, is given by \

qs= anq : (75)
If there are nyq potential drops, the total drop .in head, h, Is given by

Substituting in equation 75 the values of 4q and Ah given by equations 74
and 76 respectively, there follows :

% Ph | (772
Noting that q repres=nts the total flow through a unit thickness of the
aquifer, the equation for total flow through the full thickness of the
aquifer becones

o e ' P
g ® ha Phm (78)

where Q = flow through full thickness of the aquifer in gallons per day

ng = number of flow channels

ng = number of potentiul drops A

P = coefficient of permeability of the aquifer material, In gallons

per day per square foot '

m = safturated thickness of aquifer, in feetf

h = total potential drop, in feet

Pm = transmissibility of the aquifer, in gallons per day per foof,

The preceding discussion of the graphical construction of flow
nets concerns flow fields of a two-dimensional nature In homogeneous and
Isotropic media., The graphical construction of flow nets for three=dimen=
sional problems generally is impracticable; however, many ground-wafer
problems of a three-dimensional nature can be reduced to two dimensions
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without introducing serious errors.

For two-dimensional problems involving simpie anisotropy, such as
a constant dif ference between the vertical and horizontal permeability, or
a directional areal transmissibility, the flow net can be constructed by
the conventional graphical procedure (system of squares) provided the flow
field is first transformed to account for the anisotropy. |f the- values of
maximum or minimum permeability (or transmissibility) are designated Ppax
and Ppin, all the dimensions in the direction of Ppax must be reduced by

the factor TMﬁnin/Pmaxi or, all dimensicns in the direction of Ppip must

be increased by the factor —/Pnay/Pnine Affer the flow field is trans-
formed, the net is constructed by graphical methods. Then the net is pro-

Jected back to the original dimensions of the field. It will be found that
the pro jected net generally will no longer be a system of squares, and the

equipotential and stream)lines will not intersect at right angles,
For areally nonhomogeneous aquifers, that is, those comprising
‘subareas of homogeneous and isotropic media but of different transmissibili=
“ty, the flow pattern cannot, according to theory, be represented by a single.
system of squares. |If the flow net were constructed so that each flow path
conducted the same quantity of water, one subarea could be represented by a
system of squares but the nets in the other subareas would consist of rec-
tangles in which the ratio of the lengths of the sides would be proportional
to the differences in transmissibilityes If the flow lines from one subarea
enter another subarea at an angle, the flow lines (and equipotential |ines)
would be refracted according to the tangent law, The graphical construction
~of a flow net under such conditions is extremely difficult and, with the
data that are available for most ground-water problems, is generally impossi=
ble. However, Bennett and Meyer (1952, p. 54=58) have shown that by genera=
lizing the flow net for such an area into a system of squares and determining
the quantity of flow by making an Inventory of pumpage in each of the sub=
areas, the approximate transmissibility of the subareas may be determined.
Al though such anepplication of the method departs somewhat from theory, 1t
Is likely that for many areas it provides more realistic areal transmissi=
bilities than could be ¢btained by use of pumping test methods alone. Where=
as punping tests may provide accurate values of transmissibilities they
generally represent only a small "sample" of the aquifer. Flow=net analysis
on the other hand may include large parts of the aquifer, and hence provide
an integrated and more realistic value of the areal transmissibility. More=
over, by including comparatively large parts of the aquifer, the local irre~
gularities that may appreciably affect scme pumping=-test analyses generally
have an insignificant effect on the overall flow patterns.

The application of flow=-net analysis to ground-water problems has
not received the attention it deserves; however as the versatility of flow=
net analysis becomes more widely known, its use will become more common,
Such a method of analysis greatly strengthens the hydrologist's insight in-
to ground-water flow systems, and provides quantitfative procedures for ana-
lyzing and interpreting contour maps of the water-table and piezometric sur-
faces.s

For other ‘Illustrations of flow=-net construction, see figures 20
. and 22,
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Theory of Images and Hydrologic Boundary Analysis

The development of the equilibrium and nonequilibrium formulas
discussed in the preceding sections was predicated in part on the assump=
tion of infinlite areal extent of the aquifer, although it is recognized
that few if any aquifers completely satisfy this assumption. Frequently
the existence of boundaries serves to limit the continuity of the aquifer,
In one or more directions, to distances ranging from a few hundred feet to
as much as tens of miles. Thus where an aquifer is recognized as having
finite dimensions, direct analysis of the test data by the equations pre=
viously given is of fen precluded. It is of ten possible, however, to cir=
cumvent the analytical difficulties posed by the aquifer boundary. The
method of images, widely used in the theory of heat conduction in solids,
provides a convenient tool for the solution of boundary problems in ground-
water flow, Imaginary wells or streams, usually referred to as images,
can some times be used at strategic locations to duplicate hydraulically
the effects on the flow regime caused by the known physical boundary. Use
of the image thus is equivalent to removing a physical entity and substi=
tuting a hydraulic entity, The finite flow system is thereby transformed
by substitution into one involving an aquifer of infinlte areal extent, In
which several real and imaginary wells or streams can be studied by means
of the formulas already given. Such substitution often results in simpli=-
fying the problem of analysis to one of adding effects of imag inary and
real hydraulic systems in an infinite aquifer.

An aquifer boundary formed by an impervious barrier, such as a
tight fault or the impermeable wall of a buried stream valley that cuts
off or prevents ground-water flow, may be termed a negative boundary. A
line at or along which the water levels in the aquifer are controlled by
a surface body of water such as a stream, or by an adjacent segment of
aquifer having a comparatively large transmissibility or water-storage
capacity, may be termed a positive boundary.

Al though most geologic boundaries do not occur as abrupt discon=
tinuities, it is often possible to treat them as such, When conditions
permit this practical Idealization, it is convenient for the purpose of
analysis to substitute a hypothetical image system for the boundary con-
ditions of the real system.

In this section, where the analysis of pumping test data is con=
sidered, several examples are given of image systems required to duplicate,
hydraulical ly, the boundaries of certain types of areally restricted aqui-
ferss It should be apparent that similar methods can be used to analyze
flow to streams or drains through areally limited aquifers.

Perennial Stream <~ Line Source at Constant Head

An idealized section through a discharging well in an aquifer
hydraulically controlled by a perennial stream is shown in figure |9A . For
thin aquifers the effects of vertical-flow components are small at rela-
tively short distances from the stream, and if the stream stage is nof
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lowered by the flow to the real well there is establislied the boundary con-
dition that there shall be no drawdown aleny the strcem position.  There=-
fore, for most field situaticns it can be assumed for all practical pur-
posaes that the stream is fully penctrating and ¢quivalent to a line source
at constant heads An image system that satisfics the [cregoing boundary
condition, as shown in figure 198, allows 2 sulution cf the real problem
through use, in this exanple, of the Thels noncquilibriun fonnula. Note

in figurce 198 that an lnayinary recharging well has been placed at the

sane distance as the real well from the line source but on the opposite
sides Both wells are situated on a canmon line perpendicular to the line
sourcis  The imaginary recharge well cperates simul tanecusly with the real
well and returns water to the aquifer at the sane rate that it is with-
drawn by the real well. 1t can be seen that this image well produces a
buildup of head everywhere along the position of the line source that Is
equal to and cancels the drawdown caused by the real well which satisfies
the boundary condition of the real probleme The resultant drawdown at any
point ¢n the cone of depression in the real region is the algebraic sum of
the drawdown caused by the real well and the buildup produced by its image.
The resultant profile of the cone of depression, shown in figure |98, Is
flatter on the landward sice of the well and steeper on the riverward side,
ac compared with the shape it would have if no boundary were present. Fig=
ure 20 is a generalized plan view of a flow net for the situaticn given in
figure 19A. The distribution of stream lines and potential lines about

the real discharging well and its recharging image, in an infinite aqifer,
is shown. |f the image region is omitted, the figure represents the stream
lines and potential lines as they might be observed in the vicinity of a
discharging well obtaining water from a river by induced infiltration.

Impervious Barrier

_ An idealized section through a discharging well in an aquifer
bounded on one side by an impervious barrier is shown in figure 21A, It
is assumed that the irregularly sloping boundary can, for practical pur=-
poses, be replaced by a vertical boundary, occupying the positicn shown
by the vertical dashed line, without scnsibly changing the nature of the
probleme The hydraulic conditicn imposed by the vertical boundary is that
there can be no ground-water flow across it, for the impervicus material,
cannot contribute water to the pumped well. The image system that satis=
fies this condlition and permits a solution of the real problem by the Theis
equaticn is shown in figure 21B. An imaginary discharging well has been
placed at the same distance as the real well from the boundary but on the
opposite side, and both wells are on a common line perpendicular fo the
bourdary. At the boundary the drawdown produced by the image well is equal
to the drawdown caused by the real well, Evidently, therefcre, the draw-
down cones for the real and the image wells will be symmetrical and will
produce a ground-water divide at every point along the boundary line. Be=
cause tlere can be no flow across a divice, the image system satisfies the
toundary condition of the real problem and analysis is simplified tc con-
sideration of two discharging wells in an infinite aquifer. The resultant
drawdown at any point on the cone of depression in the real region is the
algebraic sum of the drawdowns produced at that point by the real well and
its image. The resultant profile of the cone of depression, shown in
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figure 21B, Is flatter on the side of the well toward the boundary and
steeper on fhe opposite side away from the boundary than it would be if no
boundary were. present. Figure 22 js a’ ‘general ized plan view of a flow net
for the situation given in figure 2lA, The distritution of streem |ines
and potential lines aticut the real discharging well and its discharging
image, in en infinlte aauifer, is shown. I|f the image regicn is omit ted,
the diagram represents the flow net as it might be observed in the vicini-
ty of a discharging‘well located near an impervious boundary.

Two Impervious Barriers Intersecting at Right Angles

The image-well system for a discharging well in an aquifer
bounded on two sides by impervious barriers that intersect at right angles
is shown in figure 23, Although the drawdown effects of the primary Image
wells, I; and I,, combine in the desired manncr with the effect of the
real well at fhelr respective boundaries, each image well produces an un=
balanced drawdown at the extensicn (reflection) of the other boundary.
These unbalanced drawdowns at the boundaries produce a hydraullc gradient,
with consequent flow across the extension of each boundary, and therefore
do not completely satisfy the requirement of no flow across the boundaries
of the real systems It is necessary, therefore, to use a secondary Image
well, I3, which balances the residual effects of the two primary Iimage
wells at the two extensicns of the boundaries. The Image system Is then
hydraulically in complete accord with the physical boundary conditlons,
The problem thereby has been simplified to consideration of four dischurg-
ing wells in an infinite aquifer.

Impervious Barrier and Perennial Stream Intersecting at Right Angles

.- The image=-wel| system for a discharging well in an aquifer boun-
ded on two sides by an nmpervaoua barrier and a perennial stream which
intersect at right angles is shown in figure 24, The perennial stream of
figure 24 might- also represent a canal, drain, lake, sea, or any other
line source of recharge sufficient to matnfasn a constant head at this
boundary. As before, the drawdown effects of the primary images, Iy and
I5, combine in the desired manner with the effects of the real well at
their respective boundaries. However, discharging image well I, produces
a drawdown. at the extension of the |ine source, which is a no=drawdown -
baundary, and recharging image well I, causes flow across the extension
of the impervicus barrier, which is a no=flow boundary. By placing a
secondary recharging«image well, I,, at the appropriate distance from fhe
extension of each boundary, the syStem is\balanced so that no flow occurs

~across the impervious barrier and no drawdown occurs at the perennial
stream, Thus again the problem has been simplified to consideration of
an infinite aquifer in which there operate slmulraneously two discharging
and two rechargsng welis.

" The simplest way to analyze any multiple~boundary problem Is to
consider each boundary separately and determine how best to meet the con=
dition of no flow or no drawdown, as the case may be, at -that boundary,
After the posltlons of the primary lmage wells have been esfabllshed the
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“boundary positions should be reexamined to see if the nef drawdown effects
of the primary image wells satisty all stipulated conditions of no flow or
no drawdown. For each primary image causing an unbalance at a boundary
position, or extension thereof, it is necessary to place a secondary image
well at the same distance from the boundary but on the opposite side, both
wells occupying a comron |ine perpendicular to the boundary. When the com=-
bined drawdown (or buildup) effects of all image wells are found to produce
the desired effect at this boundary the same procedure is executed with res=
pect to the second baundary. Thus, the inspection and balancing process is
repeated around the system until everything is in balance and all boundary
conditions are satisfied, or until the effects of additional image wells are
negligible compared to the total effect.

Two Impervious Barriers Intersecting at an Angle of 45 Degrees

‘ Although it is Intended here to consider the particular image-well
system required for analyzing flow to a well in a 45° wedge=shaped aqulifer
it is appropriate first to comment briefly on some general aspects of image-
well systems In wedge-shaped aquifers. By analogy with similar heat flow
situations it is possible to analyze the flow to a well in a wedge-shaped
aquifer, and equivalent image systems can be constructed regardless of the
wedge angle involved. However, closed image systems that are the simplest to
construct and analyze occur when the aquifer wedge angle, 8, equals (or can
be approximated as equal to) one of certain aliquot parts of 3600, These
particular values of © may be specified as follows (after Walton, 1953, p.
17), keeping in mind that it is required to analyze flow to a single pumped
well situated anywhere in the aquifer wedge:

If the acuifer wedge boundaries are of |ike character, ©
must be an aliquot part of 180°, |f the boundaries are not
of |ike character, & must be an aliquot part of 909,

Other simple solutions not covered by the above rule appear possi-
ble when @ is an odd aliquot part of 36009, the pumped well is on the bisec~
tor of the wedge angle, and the boundaries are similar and impermeable. For
any of the foregoing special situations it can be shown, with the aid of
geome try, that the number of image wells, n, required in analyzing the flow

toward the single real pumping well is given by the relation
: £ !
.J%?.-. , ()
1t can also be shown that the locus of all image well locations, »

for a given aquifer wedge problem, is a circle whose center is at the wedge
apex and whose radius equals the distance from the apex to the real dis-
charging well (see figure 20). : .

The image-well system for a discharging well in a wedge-shaped
acuifer bounded by two impervious barriers intersecting at an angle of 45
degrees is shown in figure 25. The real discharging well is reflected
across each of the two boundaries which results in location of the two
primary image wells I} and I, as shown. Considering boundary | only, the
effects of the real well and image well I,, are seen fto combine so that,
as desired, no flow occurs across that boundary. However, Image well Ip
will produce flow across boundary | unless image well Iy is added at the
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location shown. The sy:tem now satisfies the condition of no flow acress
boundary 1. Repeating this examination prccess for boundary 2 only, it is
seen that the effects of the rcal well and image well Iy ccmbine, -as de=
sired, to produce no flow across boundary 2. However, image wells 1) and

I: will produce flow across this boundary unless image wells I, and Is are
added as showne The image system ncw satisfies the condition of no flow
across beundary 2. Reexamining, it is seen that image wells I, and 1g will
produce flow across beoundary | unless image wells Ig and 17 are added as
shcwn, A final appraisal of the effects at boundary 2, shows that the en-
tire system of image wells, plus the real well, satisfies the requirement .
of no flow across the boundary. Thus the flow field caused by a discharg=
ing well in this wedge=shaped acuifer can be simulated by a total of eight
discharging wells in an infinite aquifer. The seven image wells have re=
placed the two barriers. The drawdown at any point between the two barriers
can then be computed by adding the effects produced at that point by the
real well and the seven image wells. Each Image well beglins discharging

at the same rate and at the same time as the real well.

Impervious Barrier Paralleling a Perennial Stream

Shown in figure 26 is the Image-well system for a discharging
well in an aquifer bounded by an impervious barrier and cut by a fully
penetrating perennial stream parallel to the barrler. A recharging image
well, I}, and a discharging image well, I,, are placed as shown to satis-
fy respectively the conditions that no drawdown can occur along the |ine
source, and no flow can occur across the impervious barrier. Although
these two primary image wells produce, in conjunction with the real well,
the desired effects at their respective boundaries, each image well pro-
duces a residual effect at the opposite boundary which conflicts with the
stipulated boundary conditions. It ic therefore necessary to add a secon=
dary set of image wells, Iz and I4, as shown, to produce effects that will
combine properly with the residual effects of the primary images. Each
image well in the secondary set will again produce residual effects at the
opposite boundary, and similarly with each successively added image pair
there will be residual effects at the boundaries. It should be evident,
however, that as more pairs of image wells are added the effects of adding
a new pair have lesser influence on the cumulative effect at each boundary.
In other words it is only necessary to add pairs of image wells until the
residual effects associated with addition of the next pair can be consi=
dered to have negligible influence on the cumulative effect al each boun=
dary. It is seen In figure 26 that there is a repeating pattern in the
locat ions of the image wells, Therefore, after the positions of the first
images have been determined, it is possible to locate by inspection as
many more as are needed for the practical solution of the problem. Once
the required number of image pairs has been determined the aquifer boun=
daries can be ignored and the problem analyzed |ike any other multiple~
well problem in an infinite aquifer,

If the two parallel houndaries are of |ike character, that is,
if the perennial stream in figure 26 were replaced by an impervious barrier
or if tho impervicus barrier were replaced by a perennial stream, the posi-
tions of the image wells would not be changed. If the first case, however,
all the images would be discharging wells and in the second case all the
images would be recharging wells,
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Two Parallel Impervious Barriers Intersected at Right Angles
by @ Third Impervious Barrier

The lmage-well system for a discharging well in this type of
areally restricted aquifer is shown in figure 27. The positions of the
imagés are determined as before by adding imaginary discharging wells so
that, in combination with the real discharging well, there is establ ished
the condition of no ground-water flow across any of the three boundaries,
As shown In the figure two parallel lines of discharging Image wells are
required, separated by twice the distance between the real well and the
barrier that intersects the two parallel barriers. Theoretically the two
lines of image wells extend to infinity in both directions from the real
well. The practical analysis of a problem of this kind, however, requires
the addition of only enough images so that the effect of adding the next
Image, in any of the directions involved, has a negligible influence on
the cumulative effect at each of the boundaries. It is seen from figure
27 that there is a repeating pattern in the positions of the Image wells,
so that the locations of only the first few images are required to deter=
mine the locaticns of as many succeeding image wells as are needed. For
the case of two parallel impervious barriers intersected at right angles
by a perennial stream, the image system would be the same as shown by
figure 27 except that all images on the line reflected across the stream
wou ld be recharging wells,

Rectangular Aquifer Bounded by Two Intersecting Impervious
Barriers Paralleling Perennial Streams

The image=wel| system for a discharging well in such an aquifer
is shown by figure 28. The positions of the images are determined in the
manner previously described. |t is seen from figure 28 that there is
again a repeating pattern which extends to infinity in all directions from
the real well. Thus only the first few images need be located to determine
the positions of as many succeeding images as are required in the practical
solution of the problem. |f the four boundaries in figure 28 were all im=
pervious barriers, all images would be discharging wells; and 1f the four
boundaries were all perennial streams, all images would be recharging wells.

Applicability of image theory involving Infinite
systems of image wells :

Referring to the three problems discussed in the three preceding
sections it will be observed that in each situation there is involved an
aquifer limited in arcal extent by two or more boundaries. Furthermore,
the arrargement of the baundaries is such that at least two are paraliel
to each other, which means that analysis by the image theory requircs use
of an image-well system extending to infinity.

It has been stated, in discussing the practical aspects of using
an infinite image-well system, that the individual effects of image wells
need be added only out to the point where the effect assoclated with the
additicn of the next more distant well (or wells, depending on the symme try
of the array) can be considercd to have negligible influence on the cumula-
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tive effects Although this criterion ostensibly provicdes a reliszble and
practlical means of terminating what would othcrwise be an endless analyti=-
cal process, closer scrutiny appears warrzntede There Is no reason to sug-
gest categorically that this practical approach to & solution shculd never
be tried. Undoubtedly there will occur situations whercin sensible results
‘ can be obtaineds On the other hand it seems prudent to observe that if the
process of algebraically summing the individual effects of an Infinite sys-
ten of lwage wells is terminated anyvhere shcrt of iInfinlty, there is nc
. shaple way of determining what proportion of the infinite summation is
represented by the portial summation. Although addition of the next image
well (or wells) might have a negligible Influence on the sum of all Image=-
well effects conslidercd cut to that point, there Is no simple way of deci~
ding vhe ther the same may be said of the total Influence represented by
adding the effects of say the next ten or twenty or one hundred more dis-
tant imnge wellse Thus it would appear wise to keep In mind the possible
Pwitations of any solution involving the use of an infinite system of
imag2 wells.

Corollary Equations for Application of Image Theory

The nalure and locatlon of hydrologlc boundaries of water=bearing
formations In some cases can be determined from the analyslis of pumping=
tfest data, Considering the discussion In the preceding sections, 1t should
be evident thal In an aqulfer whose extent Is )imlted by one or more boun-

. darios a plot of drawdown or recovery dala will depart from the form that
would be expected if the aculfer were of infinite extent. Thus, In a probe-
tam dnvolving, say, a dlscharging well in a somleinfinito aqulfer bounded
by an lupervious barrier, somo part of a time~drawdown plot may be steepened
Ly the baundary effects. Conversely, If the toundary involved In the same
type of problem wore a perennial stream o part of the timeedrawdown plot may
be flattened becouse of the boundary effects.

Imaglne a pumplng tost nade in an aqulfor whose extent ls |imited
by cne or more boundaries, ODuring the early part of the test the drawdown
data for observation wells close fo the pumped wall will raflect principally
the pumpling effocts, As the test contlnues, however, thero will very llkely
cone o time for avch observation woll when the measured drawdowns rofloct
the net effect of thio punpod well end any Loundarles that arc present. At
distont observation wolls boundary effects may arrive almost simul tancously
with tho effect of the renl discharging well. Thus dotermination of the
aqui for cooffliclonts of transmissibllity and storage should be based on the
early drawdown data, ag observed In a woll ncar the pumped well, before the
beundary effocts complicate the analysles _Superposition and mateching of a
& plot of these early data (l.e., 8 versus r?/t) on the Thols lype curve, por=-

mits drawing In tho type=curve trace. Cxtension or extrapolation of this

truce, Leyond the oarly datn indicetec the trond the drawdowns wou l ¢ have

takan If the punplig had oceurred o an Infinlte aquifer. The duparture,

si, of thu loter observaed dnta fren thls lype-curve trace, reprouents effects

of the boundaries on the drawdown, The subuseript |orefors to the lmago-wall
‘ system substihited as the hydroullc equivalont of the boundarlies. Uuaally

it s convenlent to note values of 's) at & nunber of polnts along the dota
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curve and to replot these depariures versus values of rr2/f on the sane
graph sheet that was used in determining the coefficient of storage and
trancmissibility from the early data. The subscript r refers to the rcal
discharging well. The latter part of the riéplotted departure data may
again deviate from the type-curve trace if th: cone of depression has
interccpted a second boundary. As before, the departures can be replotted
against corresponding values of r.2/t to form a second departure curve. 5
This process should be repeated until the last departure curve shows no

deviation from the type curve. The observed data array will then have

been separated into its component parts which can be used to compute the 2
distances between the observation wells and the image wells. .

Inasmuch as the aquifer is assumed to be homogeneous (1e2., the
coefflcients of transmissibility and storage are constant throughout the
aquifer) it follows from equation 8 that

L82.8. r - L 80
re2/t  ri2/t i

where the subscripts of r and | have the significance previously given.
If on the plots of early drawdown data and first departure curve a pair
of points is selected so that the drawdown component caused by the real
well, sy, and the drawdown component caused by the image well, s;, are
equal, it follows that ur = uj. On the plots of obsorved early drawdowns
and first deparfures just described, sy and sj obviously occur at differ=
ent elapsed tines which can be labelled t. and tj respectively. Equation
80 can therefore be rewritten as follows:

+2 “ :
il ¥ (81)
i by
or R ;i (82)

Equation81, known as the "law of times" in the physics of heat conduction,
shows that at a given observation well location the times of occurrence of
equal drawdown components vary directly and only as the squares of the
distances from the observation well to the pumped well and to its image.

Referring to the datna plots mentioned earlier in this_section,
note, for the pair of points selected, that values of s and rr2/rr will
be read from the early drawdown data while values of sj and r¢2/t; will be
read from the first depai-ture curve. Equation 82 can be made more useful,
therefore, if it Is rewritten in the form L

rr/tr

£]ars ; 83
Byt o (83)
Equation 33 now affords @:ready means of computing the distance from an ;
obuorvation well to an image well. Similar analysis may be made of .each ‘

departure curve constructed from the original drawdown data.




Stallman (1952) has described a convenient method for computing
ri when the observed drawdown in the aquifer represents the algebraic sum
of the drawdown cffects from one real well and one image well., If equa~
tion 6 is used to provide expressions for sy and si, and W(u) Is substi=
tuted as a symbolic form of the exponential integral, it is seen that the
drawdown at the observation well is

s=sts L'.‘l%é.? [w(u)r . w(u),] (84)
From equation 80
ri uj
re r

or a7y
ry rﬂ/u--'_ (85)

From equations 84 and 85, it can be seen that ri and the sum of the W(u)
terms in equaflon 84 can be expressed in terms of rr and the ratio uj/up.
Thus for any given values offuj/u_ = K, a type curve can be constructed by
plotting assumed values of u, agaonst corresponding compufed values of the
bracketed por'tion of equation 84 [which may be written in abbreviated form
as 2 W(u)] The data plot, s versus t, will match this constructed type

curve if the observation well is located so that the ratio ri/r eqals the
given value of K., However, if a family of type curves is drawn for a num=
" ber of given values of K, the observed data plot, s versus t, for any ob-
servation well, can be compared with the set of fype curves. Once the best
matching curve Is found any convenient matchpoint is selected and the co=-
ordinate values, s, t, up, Z W(u), and K are notede These values, sub=

stituted in equations 80, L4 and 85 provide the means for computing T, S,
and ri.

Stallman's set of curves is the familiar fype~curve u versus
W(u), used in con junction with the Theis formula, with a series of appen=
dage curves (two for each value of K) assymptorlc to it. The trend of the
appendage curve for a recharyging image well is below, and for a discharging
‘imace above, the Theis curve. Appendage curves could have been constructed
by assuming values of uj instead of u.. |In this event, however, the
matching process would not be as direct inasmuch as the parent fype aurve,
instead of occupying a single position, would shift along the u axis with
each pair of appendage (K) curves.

The appendage curves, computed by Stallman, are for ideal image
wells -- those which are punped or recharged at the same rate &5 the real
well. The hydro-geologic structure which gives rise to the hypothetical
Image is not always ideal; therefore the hypothetical images are not always
ideal., For this case the method of plotting departures may yield an erro-
neous and misleading analysis. On the other hand, the deviations from
ideality can be scen immediately if the observed data plot s versus t I3
matched to Stallman's set of type curves. Furthermore, for non-ideal
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inages, the most accurate selecticn of h s nade by utilizing that portion
of the oppendege curve nearest the parent or Theis type curve.

If little is known cf the possible location of a local hydraullc
boundery a mirimun of three cbservaticn wells is required to fix the posi=
tion ‘of an image well, which in turn permits lccation of the boundary.
After the distences from the individual observation wells to the ifmage
wel | have been computed, arcs arc scribed with their centers at the obser-
vaticn wells and their racii equal to the respective computed distances to
the imege wells The intersecticn of the arcs at a commen point fixes the
image well-location and the strike of the boundary is represented by the
perpendicular bisecior of a line connecting the pumped well and the image
well .

Ancther graphical method for locating a hydraulic boundary in

‘the vicinity of a discharging well was devised by E. A. Moulder (1951, p.
61-62). The gecmetry is shown in figure 29. A circle is scribed whose
center is at a nearby observation well, O, and whose radius, rj, is equal
to the computed distance from the observation well to the image well.

The image well lies scmewhere cn this circle, say, at point I. Lines are
drawn from the selected point I to the observation well and fo the real
discharging well, Ps If point I is the image-well location and if A is
the midpoint of the line IP, then point A lies on the boundary. |t can
be proved, by geometry, that the locus of all point A's determined in
this manner is a circle, of radius BA or rj/2, with its center, B, located
midway between the discharging well and the observalion well, Moulder's
method is particularly useful in acuifer=test sifuations where data from
only one or two observaticn wells are available for locating a boundary
positions. |f the approximate position of a suspected boundary is known
btefore a pumping test begins, it is desirable to locate most of the ob-
.servation wells along a line parallel with the boundary and passing
through the pumped well. If feasible the range of distaences from the
_observation wells to the pumped well should be distributed logarithmi-
cally to assure wel l=defined arc intersections In the graphics of loca=-
ting a point on that boundary. At lcast one observation well should be
located close enough to the pumped well so that the early drawdown data,
unaffected by the houndary, can be used in computing the aquifer coeffi=
cients of storage and tranzmissibility. :

Concluding Observations on Applicability of Analﬁjical Eqiations

The assumptions used in duveloping the equations prescnted in
thls report include the stipulation that the acyifer is homoyenccus and
isotroplc. Even though most naturally deposited sediments do not satisfy
this condition, the equations may still be applied and the resas:ts quali=-
fled according to the extent of non-homogeneity. |t should be realized
that homogeneity is a relative term with respect to time and space. As
an illustration, consider an aauifer composed of two types of material ==
a fine sand and a very coarse sand. Assume that these materials occur
individual ly in deposits having the shapc of cubes 1/8 mile on a side, and
that alternate rows of cubes (squures in plan view) are offset a distance
cqual to 1/2 the length of cne side of the cube (i.e., 1/16th of a mile).
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Locus of all possible
image-well locations

Observation well

C fi/2 B rr/z OV
Discharging well

Locus of all possible locations
of a point on the hydrologic
boundary

Figure29 -- Geometry for locating a point on a hydrologic boundary
with reference to the locations of a discharging well and a nearby
observation well




Laeb He fine and coarsc sand occur in altornate culcw 3alorg the continuaus
rows, and ossiueme thet water occurs, in the Gwifer thus created, under
vater-table conditions. Strictly speakirg, this aquifer, i infinite ex-
tent, wauld now be described as nonheucgencius,  However, the arcal extont
of th: portion «f the aquifer smipled in a test weawle be significant in
judying this element of fthe aauifer's discriptions For example if a dis=
charging well test 15 conducted in the center of one of the squares and if
the test is ferminated Lefere the area of inilucnce reaches the perimeter
of the square, the test resul ts precbably would ke considered excellent and
the aquifer described as hcemogensous. The results would in no way differ
from the results to be expected if a similar fest were made on an infinite
"hemogeneous" aqui fer, composed of material identical to that occurring in
the limited arca here testeds Ac another exanple again consider an acgui-
fer test using a discharging well in the center of one of the squares of
the hypothe tical aquifer. The nearest of several observation wells is at
a radius of 5 miles from the pumped well and the test is run until the area
of Influence is described by a circle 10 miles in radius, Coefficlents of
transmissibil ity computed from data collected at all the observation wells
should be in close agreement (although not equal to the values obtained
from the previously described test) and again the hypothetical acuifer,
even on the larger scale represented in this sample, would be adjudged
homogeneous. This judgment relies upon the reasoning that, for the dis-
tances involved, the slightly meandering path of water, as it moves toward
the well, may be described statistically as conforming to the concept of
radial flow. For any case in which nonhomogeneity is so distributed that
the flow field statis*ically fits the geonetry of the mathemat ical mgdel,
the mathematical solution will provide a sound analysis. Conversely, when
the flow field or a portion thercof is significantly distorted in the area
of observation, the assumption of homogencity is incorrect. Thus for the
hypothetical aquifer considered in the two preceding examples the distorted
condition is seen to exist if the arca of influence of the discharging well
were to extend to a radius of say 1/4 to | mile (i.e., a lithle beyond the
limits of one cube of the aquifer material).

Of ten the field sltuation is encountered where a zone of rela=
tively impermeable material, such as a clay lens, of limited thickness and
extent, occurs in an aquifer. |t should be evident from. the foregoing ex=
amples and discussion, however, that the presence of this clay lens in the
flow fleld will have less influence on aquifer fest results when the effecis
of the test encompacs an arca of large radius than when the area affected
1s of emall radius. ;

An important criterion, therefore, regarding the applicablility
of the equations discussed in thic report, is the mwount the flow field is
distorted, as compared with the flow field that would have been cbserved
in an ideal acuifer, ’ :

I+ should be understood that the numerical results obtained by
substituting aquifer test data in an appropriate mathematical model indj-
cate the transmlssibility and storage coefficicnts for an ideal aquifer,
The hydrologist must judge how closely the real aquifer resembles this
particular ideals It is usually recognized, for example, that in short
pumping tests under water=table conditions the water does noi drain from
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the smaller openings in the unwatered portion of the aaui fer in any manner
even approximating the instantaneous release assumed in devising the mafhe=
matical model (s:y, the Theis nonequilibrium formula). Similarly, in :
testing artesian aquifers it is recognized that the aauifer skeleton does
not adjust instantaneously to the change in head, that considerable water
is often contributed by intercalated clay beds, end furthermore that water
leaks through the confining beds whicr, in the mathematical model, have
been assumed to be impermeable. These recognized departures from the ideal
however do not constitute grounds for abandoning, or rarely using, availa-
ble analytical equations. Such departures simply add emphasis to the ad-
monition that mere substitution of aquifer=-test data in an equation will
not of itself assure anyone of establishing the correct hydraulic proper=
ties for that aquifer. The mechanics of applying any of the analytical
equations in this report, must be accompl ished with sound professional
judgment followed by critical evaluation and testing of the results.




o8

REFERENCES

Andreasen, G. E., and Brookhart, J. W., 1952, Reverse water=level fluctua-
tions: U. S. Geole. Survey Water Res., Bull., ps 26-~30, Feb. 10,

Barksdale, He C., Sundstrcm, R. W., and Brunstein, M. S., 1936, Supplemen=
tary report on the ground-water supplies of the Atlantic City region:
New Jersey State Water Policy Comms Spec. Rept. 6, p. 87-91.

Bennett, R. R., and Meyer, R. R., 1952, Geology and groaund-water resources
of the Baltimore area: Maryland Dept. Geology, Mines and Water Res.
Bu". 4’ p. 54"58.

Brown, R. H., and Ayer, G. R., 1948, Upstate New York, p. 193-195, in Paul=
sen, Co G., and others, Water levels and artesian pressure in observa=-
tion welis in the United States in 1945: U, S. Geol. Survey Water~Sup=-
ply Paper 1023, Part i, Northeastern States.

Casagrande, Arthur, 1937, Seepage through dams: Harvard Graduate School
Eng oy PUbo 2090

Commerce Dept,, 1952, Tables of the Bessel functions Yo(x), Y (%), Ko(x),
Ki(x), 0= x= |+ Natl, Bur, Standards, September,

s 1954, Table of the error function and its derivative: Natl,
Bur. Standards, Appllied Math. Series 41, Oct. 22,

Darcy, Henri, 1856, Les fontaines publique de la ville de Dijon (The water
supply of Dijon): Paris.

DeGlee, G. J., 1930, Over grondwaterstroomingen bi j wateronttrekking door
midde! van putten (On ground-water flow to discharging drains)s Delft.

Dupuit, Jules, 1848, Etudes theoretiques et practiques sur le mouvemen t

des eaux courantes (Theoretical studies on the movement of water):
Paris, 275 p. '

Ferris, J. G., 1950, A quantitative method for determining ground-water

characteristics for drainage design: Agr. Enge, v. 31, no. 6, pe 285«
291, Junee. :

» 1952a, The analysis of pumping test data for the leaky arte-
sian aquifer: U. S. Geol. Survey unpub. rept., February,

s 1952b, Cyclic fluctuations of water level as a basis for

determining aquifer transmissibility: U. S. Geol. Survey Ground Water
Note Nas |, April.

Ferris, J, Go, and Knowles, D. B., 1954, The slug test for estimating
transmissibilitys U.S. Geol. Survey Ground Water Note Na, 26, November,

Forchheimer, Philipp, 1901, Wasserbewegung durch Boden (Ground-water motlon)
Zietschr. Ver, Deutscher Ing., v. 45, p. 1736-41, |781-88, Berlin.




Forchheimer, Philipp, 1930, Hydraulik: Leipzig and Berlin, Teubner, 3rd ed.

Gray,“Andrew, hathews, C. B., and MacRobert, T. M., 1931, A treatise on
Bessel functions and their applications to physics: London, Macmillan
’ and CO., Ltds

Hagen, G., 1839, Ueber die Bewegung des Wassers in engen cylindrischen
2 Rohren (Movement of water in a narrow cylindrical fube;: Annalen der
Physik ue. Chemie, v. 46, p. 423-442, Leipzig.

Ingersoll, L. R., Zobel, 0. J., and lIngersoll, A. C., 1948, Heat conduc-
tion: McGraw=Hill Book Co., Ince

lsraelsed, 0. W., 1950, Irrigation principles and practices: New York,
John Wiley and Sons, 2nd ed.

Jacob, C. E., 1939, Fluctuations in artesian pressure produced by passing
railroad frains as shown in a well on Long Island, New York: Am. Geo-
physe. Union Trans., pt. 4, p. 666-674, August. (See also U. S, Geol.
Survey Ground Water Note No. 16, Oct. 1953,)

» 1940, On the flow of water in an elastic artesian aquifer:
Am. Geophys. Union Trans., p. 574-586, July. (See also U, S. Geol.
. Survey Ground Water Nofte No. 8, Febs 1953.,‘5

» 1941, Notes on the elasticity of the Lloyd sand on Long
Island, N. Yoz Am. Geophys. Union Trans., p. 783-787, August. (See
also U, S. Geol. Survey Ground Water Note No., 8, Feb. 1953,)

» 1943, Correlation of ground-water levels and precipitation
on Long Island, Ne Yot .Am. Geophys. Union Trans., Pt. |, Theory,
Pe 564=573 (pub. in Jan, 1944),

» 1944, Notes on determining permeability by pumping tests
under water-table conditions: U. S. Geol, Survey mimeo. rept.

» 1945, Partial penetration of pumping well, adjustments for:
Us S. Geol, Survey Water Res. Bulle, p. 169=175, August. 0.

- » 1946, Radial flow in a leaky artesian aaifer: Am., Geophys.
Union Trans., v. 27, no. 2, p. 198205, (See also U. S. Geol. Survey
Ground Water Note No. 13, Aug. 1953.)

» 1950, Flow of ground water, Ch. 5 in Hunter Rouse, “Engi-
neering hydraulics":s New York, John Wiley and Sons.

Jacob, C., E., and Lohman, S. W., 1952, Nonsteady flow to a well of constant
drawdown in an extensive aauifer: Am. Geophys. Union Trans., v. 33,
no. 4, pe 559-569, August.

. Klonne, F. W., 1880, Die periodische Schwankungen in der inundierten

Kohlienschachten von Dux (The periodical fluctuations in the flooded
coal shafts of Dux): Proc. Imp. Acad. Sci. in Wien, v. 81, p. 101,




Krul, W. F. J. Mo, and Liefrinck, F. A, 1946, Present groaund-water Ipves-
tigations in the Netherlands: New York and Amsterdam, Elsevier Pub,
Co., Incs

LaRocque, G, A., Jr., 1941, Fluctuations of water level in wells In the
Los Angeles basin, Calif.: Am, Geophys. Union Trans., pte 2, pe 374=
386.

Leggette, R. M., and Taylor, G. He, 1935, Earthquakes instrumental iy

recorded in artesian wells: Seismol. Soc. America Bull., v. 25, pe
169=175,

Meinzer, O. E., and Fishel, V. C., 1934, Tests of permeablility with low
hydraulic gradients: Am. Geophys. Union Trans., pe 405-409, June,

Meinzer, 0. E., and Hard, H. A., 1925, The artesian water supply of the
Dakota sandstone in North Dakota, wi th special reference to the Edge-

ley quadrangle: U. S. Geol, Survey Water-Supply Paper 520E, p. 73=
95, pls. 6-7. :

Milne, W. E., 1953, Numerical solution of differential equations: New
York, John Wiley and Sons.

Moulder, E. A, 1951, Locus circles for a hydrogeologic boundary and its
corresponding image wellt Vater Res. Bulle, pe 61-62, Aug. 10.

Parker, G. G., and Stringfield, V. T., 1950, Effects of earthquakes, trains,
tides, winds, and atmospheric pressure changes on water in the geologic
formations of southern Florida: Econ, Geology, ve. 45, nos 5, August.,

Piper, As Ms, 1933, Fluctuations of water surface in observation wells and
at stream-gaging stations in the Moke lumne area, Calif., during the

earthquakes of December 20, 1932: Am. Geophys. Union Trans,, v. |4,
po 47"4750

Poiseuille, J. L. M., 1846, Experimental investigations on the flow of
liquids in tubes of very small diameter: Royal Acad. Sci, Inst,
France, Math. Phys. Sci. Mem., v. 9, p. 433-543, (Translated by W
Hs Herschel, in Rheological Memoirs, v. |, no. |, 10l p., Easton, Pa.,
Jan, 1940.) s

Robinson, T. W., 1939, Earth tides shown by fluctuations of water levels

in wells in New Mexico and lowa: Am. Geophys. Union Trans., pt. 4,

Rouse, Hunter, 1950, Engineering hydraulics: John Wiley and Sons.:

5carborough, Jo Be, 1950, Numerical mathematical analysis:s The Johns
Hopkins Press, 2nd ed.

Shaw, F. S., 1953, An introduction to relaxation methods: New York, Dover
Publications, Inc. '




7*—1

(ol

Skibitzke, He E., 1950, An equation for potential distribution about a well
being bailed: Us S. Geol. durvey unpub. typed rept. '

Siichfer, C. S., 1899, Theoretical investigation of the motion of ground
( waters: U. S. Geol. Survey 19th Annual Rept. (See also U. S. Geol,
Survey Ground Viater Note No. 22, June 1954.,)

Py Southwell, R. V., 1940, Relaxation methods in engineering science: London,
Oxford Univ. Press.

, 1946, Relaxation methods in theoretical physics: Londoen,
Oxford Unive Press. '

Stallman, R. W., 1952, Nonequilibrium type curves modified for two-wel |
systems: U. S. Geol, Survey Ground Water Note No. 3, April.

, 1955, Notes on the application of numerical analysis fo
ground-water hydrology: U. S. Geol. Survey rept. in preparation.

Stearns, H. T., 1928, Record of earthquake made by automatlc recorders on
wells in California: Seismol. Soc. America Bull., v. 18, p. 9~15,

Stearns, N. D., 1928, Laboratcry tests on physical properties of water-
bearing materials:s U. S. Geol. Survey Water-Supply Paper 596F, p.
‘ 121=176, plse L1=13, ’ g

Steggewentz, J. He, and Van Nes, B. A., 1939, Calculafing the ylield of a
well, taking account of replenishment of the ground-water from above:
Water and Water Eng., p. 561=563. '

Taylor, D. W., 1948, Fundamentals of soil mechanics: John Wiley and Sons,
|ﬂC., p. '56"'980 !

Theis, Cs Ve, 1935, The reclation between the lowering of the plezometric
surface and the rate and duration of discharge of a well using ground-
water storage: Am. Geophys. Union Trans., pte 2, pe 519-524, August.
(See also U. S. Geol. Survey Ground Water Note No. 5, Aug. |952.§

, 1939, Earth tides expressed in fluctuations of water level
" in artesian wells in New Mexico: U. S. Geol. Survey unpub. dup. rept.

Thels, C. V., and Brown, R. H., 1954, Drawdown in wells responding fo
cyclic pumping: U. S. Geol. Survey Ground Water Note No. 23, June.

" Thiem, Gunther, 1906, Hydrologische methoden (Hydrologic me thods) s Leipzig,
U. S. Gebhardt, 56 p.

Turneaure, F. E., and Russell, H. L., 1901, Public water supplies:t New
York, John Wiley and Sons, Inc. :

Veatch, A. C., 1906, Fluctuation of the water level in wells, with special
. '~ reference to Long Island, New York: U. S. Geol. Survey Water=Supply
Paper 155,

Vorhis, R. C., 1953, Milwaukee "hydroseismograus" and their interpretation:
Ue So Geol. Survey Water Res. Bull., p. 25-29, Kay 10,




A N i i S SRR e s R e e

| 102

VWalton, W. C., 1953, The hydraulic properties of a dolomite aquifer under=
lying the village of Ada, Ohlo: Ohio Dept. Natural Res., Div., of
Water, Tech. Rept. No. Il.

Warren, M. A., 1952, Graphical short cuts in applying the nonequillbrium )
formula fo ground-water problems: U. S. Geol. Survey Water Res. Bull,
pe 69-74, Aug. 10, _

Wenzel, L. Ko, 1942, Methods for determining permeablility of water-bearing
materials with special reference to discharging-well methods: U, S,
Geol. Survey Water=-Supply Paper 887,

Vlenzel, L. Ko, and Sand, H., H., 1942, Water supply- of the Dakota sandstone
In the Ellentown-Jamestown area, North Dakota: U. S. Geol. Survey
Water-Supply Paper 889A.

Werner, P. W,, and Noren, Daniel, 195|, Progressive waves In non-artesian
aquifers:s Am. Geophys. Union Trans., v. 32, no. 2, p. 238-244,

Wyckoff, Re D., Botset, Hs G., and Muskat, M., 1932, Flow of liquids
through porous media under the action of gravitys Physics, ve 3, no.
2, pe 90~113, August.

Young, Andrew, 1913, Tidal phenomena at inland boreholes near Cradocks
Trans. Royal Soc. South Africa; v. 3, pte |, pe 61=105,




U«

NOMENCLATURE

The following symbols are listed in alphabetical order.

103

Each

symbol Indicates the basic term usually represented with no attempt to

show ‘the many and unavoidable duplicate uses.

It will be found in the

text that various subscripts are used in conjunction with these symbols

to denote

specific applications of the basic terms.

A few of the more

important combinations of this type are given; others are as deflined

where they appear in the text.

The page reference accompanying each

symbol usually indicates the first place in the text where the term is

def ined.

Symbo |
A

Fr

Pt

Explanation

area of cross section through which flow
occurs

distance from stream or drain to ground-water
divide

base of natural (Napierian) logarithms, numeri=-
cally equal to 2.7182818

local acceleration due to gravity

head of water with respect to some reference
datum 4

. hydraulic gradient

tength (width) of cross section through which
flow occurs

~saturated thickness of an aquifer

safurafed thickness of relaflvely Impermeable
bed confining an aquifer

coefficient of permeabllify of the material -
comprising an aquifer

coefficient of vertical permeability of the
material comprising a relatively impermeable
bed that confines an aquifer

rate of discharge, or recharge

radial distance from discharge or recharge well
to point of observation

external radius of cone of depression

Page

6l

22

19

61

43

41

22

22

48



B«E.

TeE.

0(u)y,
B(u)q

G(a)
W(u)

Explanation

effective radius of discharge or recharge well
coefficient of storage of an acwuifer

change in head of water, usually expressed as
drawdown, or recovery, or buildup

residual change in head of water, usually
reserved for use in conjunction with -the
term, drawdown

coefficient of transmissibility of an aauifer

elapsed time with respect to an initial

reference

elapsed time with respect to a second
reference

volume
rate of accretion or recharge to an aquifer

spacing of grid lines used to subdivide a
region into finlte squares

distance from stream or drain fo point of
observation

‘barcmetric efficiency of an aaifer

tfidal efficiency of an aquifer

drain function of u, constant head situation

drain function of u, constant discharge
situation :

well function of a, cﬁnsrant head situation

well function of u, con: tant discharge
situation

Page

34

22

31

24

32

19

61

67
53
16
11
57

53
37

24

‘ll-.'




Szmbol
Jo(x)

1,(x)

o)

Ko(x)

Explanation

Bessel function of first kind, zero order

modified Bessel function of first kind,

zero order

Bessel function of second kind, zero order

modified Bessel function of second kind,

zero order

bulk modulus of compression or vertical com-
pressibility (reciprocal of the bulk modulus
of elasticity) of the aaquifer skeleton

buik modulus of compression, or compressibility
of water; approximate value for average
graund-water temperature is 3.3 x 1076 in2/1b,

specific weight of a substance
specific weight of water at a stated reference

temperature; numerically equal to 62.4 Ibs/ft
at 4° C, or 39° F,
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porosity of an aquifer

density of a substance
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