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INTRODUCTION 

I / 

The basic obj~ctivf' of the Grcund Wat~r Branch is to evaluate 
-; the occ&r·r~nce. availabllit·t, and c;t.1·'31 ity of ground wate'r. The ~cience 
of ground-w9ter hydrology ts applied tow::1rd attaining that goal. Although 
rnany gr-ound-~tah"?r Investigations are of a qual i tatlve nature, qjantl t.~tlve 
studiQs are necessarily an integral comp,onent of the complete evaluation 
of occurrence and avllilabll tty. The -\vorth of an ag.~tfer as a fully devol­
oped source of water deponds I argely on two inherent characteristi_cs: 1 ts .; 
ab iIi ty to stor·~, and its ~b i 11 ty to trans11 it watar. Furthennore, q_Janti• 
tative l<nowledg'~ of these charactertstics facil Jtates measurement of hydro­
logtc enti f·ies such as recharge, leakage, evapotranspiration, etc. It ts 
recognized that thase hto characteristics, referred to us the coefficients 
of storege and transmisslbi llty, g~:onerally provld.a the very frundatlon on 
which qur:mtitatfve studies are constructed. Within the science of ground­
water hydrology, ground..-wafer hydraul tes methods are applied to det~nnine 
the so cons ton ts fran f te I d da.ta. . / 

Grout1d•water hydraulics, as now defined by common practice, can 
be descrlbed as the process of combining obs(~rved field data on water 
levels, water-level fluctuations1 natural or artificial discharges, etc., 
with suitable equations or C<)mputing methods to find tho hydre.ulic chcit--ac­
. t·~ristics of 1he aqJ ift~r; it· Includes the logical extension of thes€- data 
and. computing methods to lhe predic·tion of wate ... levels, to the design. of · 
Viefl fields, 1·o the determination of optimL.Jill well yields, etc .. , all Underv' 
stah~d conditions. Th(:l seh>ction oi: equations or computing procedJrtt~s 1·o 
be used for analysis Is governod lar·gely by the physical conditions of the 
aq.Ji fer studied, insofar as 1·hcy establ i.sh the hydraulic bounda,-ies o·f HH~ 
system. The extraordJnary vari~3bi I i ty ' in the coeff iclents of storage and 
transm 1sslbi I i ty, -combined with the lrregulari ty of shape of flow systems 
encountered in rnany grrund ... wator studies pr·eclude uninhibited support of 
calculated ooefficien'ts based on vegue cw mE:ager data. One quantitative 
test ··does not satisfy i·he dem<.1nd for a quantitative study of ari aquif-er. 
I ·t ls mfJr~~ly a guidepost, indicator, or s~gment of knowle.dge which must 
be suppot'"hld by additional · tests., O·ften the initially calculated reSIJits 
mc-Jy rcqJ ire revision on the basis of the discoveries resul ttng frol'l addi-
t i ona I testing as the f Je I d invest i g <:ttl on proceeds.. · 

. Obvious I y the resu I ts f rem g rel.tnd-wa ter hydreu I t cs rnus t ba com-
pletely 1n accord w1th the geology of the aquifer or of the area under in ... 
vestigatlon. Circumst~nce frequentt'y demands that tests be conduct~~d with• 
out prior knc>wledge of the gnotogy in th~~ v1clnlty of-, the test sitt:J.· Tt.) 
varying degrees, lack of knowledge of th~ gE;ology in most cas·es reducez · 
the reI i ab iIi ty 0 f t-he test rt.~SU Its to a ' .sem l-quao 1'1 tat i VfJ (;d tcgor··:r un t i I v 
mor·e adequate support is frund .. 

The pr- inc i pIe method of gx<>und-wa l"er hydrau I ics ana I ys is is · the 
app I ict1 t ion of equations derived for pat" ti cuI ar bourida ry conditions.. The 
number of eq.~ations , available has grown rapidly and stec:1dily during the 
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past few years. These are described in a wide assortment of publ teat ions, 
~orne of which are not conveniently available to many engaged in ground­
water hydraulics. The Ground Water Short Course lectures necessitated thP 
compilation of a number of the more useful equations, and afforded a start 
toward a type. of handbook which can be used as a convenient reference. 
This .report ,is not intended as an exhaustive or complete treatise on gra.,nd­
water hydraul'ics • . Indeed the science is advancing ·so rapidly it may be vir­
tually Impossible ever · to ~repare a complete treatise. So it should be un­
derstood that in thi~ report the essence of eac~ of many hydraulics concepts 
is being pre sen ted and brief I y discussed and ·frequent recourse shou I d bte 
made to the more exhaustive treatment given in tt'le cited references. 

Thts report has been developed from a summary of the lectures on 
ground-water hydraul tcs presented by John G. Ferris at Nashville, Tennessee, 
June 18-23, 1951, and at Ground Water Short Courses held at Madison, Wis­
consin, September 3•15., 1951, and Baton Rouge, Louisiana, March 10-22, . . 1952 • . 

The material has been arranged· in two major parts so that the · 
theory behind many hydraultcsconcepts appear!J In Part I, to be followed 

. by the applications to actual field problems in Part 2. Wher:e . the defini­
tion of a hydraul lcs or ground-water term Is considered necessary, tt Is 
stated where the term first appears e:snd the symbol and units · In wMich the 
term is ordinarily expressed are given. This infonnation is not necessari­
ly repeated thereafter except . at the end of the report much of the . term I• 
nology ts conveniently I tsted under 11Nomenclature.'' 

Darcy's Law 

Hagen ( 1839) and Poiseu i lie. ( 1846) were the first ·to study the · 
law of flow of water through capillary tubes. They found that the rate of 
flow · is proportional to the hydraulic gra~t'ent. Later Darcy (1856) vert .. 
fied this observation and demonstrated It~ appl icablllty to the laminar 
(viscous, streamline) flow of water through porous material while he was 
investigating the flow of water through ~orlzontal filter beds discharging 
at atmospheric pressure. He observed that, at ·low rates of flow, the velo­
city varled directly wl th the loss of head per unit ·length of sand column . 
through which the flow occurred and expressed thl s lew as · 

. v • f.b · 
. I 

Jn which vIs velocity of. the water thrcugh a column of permeab.le materlal­
h is the d1 ffer'ence . in hea~ at the ends of the column, I 1s the length of 
the column, and P is a constant that depends on the character of the mate­
rial, esp-ecially the size and arrangement of the grains. · 

The velocity component in laminar flow is proportional to the 
first power of · the hydrau I ic gradient. It can be seen, therefore, that . 
Darcy's law ts· valid only for laminar flow. The flow is probably t~rbu­
lent or in a transitional stage from lamin~r to turbulent flow near the 
screens of many I arge-capac i ty we II s, Jacob ( 1950) agrees wIth MeInzer 
and Fishel (1934) that because water behaves as a viscous fluid at ex­
tremely low hydreulic gradients, It will obey Darcy's law at gradients 

• 
... 

• 

• 

, I , 
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fnuch snal le·r than can be measured in the laboratoryo He points out, how­
ever, that Darcy's law m.ay not be val-id for the flew tJf water Tn sands 
that are not completely saturated, or tn extremely fine-grained mater:ials. 

Coefflcle·nts of Penneablllty and Transmlssibil ity 

The coefficient of permeabi llty, P, of material ~comprising e for­
mation, Ts a measure of th~ material's capacity to transmit water. The co­
eff iclent . of. penneabt I i ty was expressed by Meinzer (Steat·ns, N.D., 1928) as ine 
rate of flow of water in gallons per day through a ~cross-sectional area of · 
I square foot under a hy dreu I t c g red I en t of I foot per foot at a tempera­
ture of 60° F. In f lgu re I, then, it wru I d be the f low of water thrdu gh 
opening A which is. I foot square. In field practice the adjustment to the 
standard temperature of 600 F. is commonly ignored and permeabll i ty t s then 
understood to be a field coeffic'ient at the prevailing water temperature. 
Theis ( 1935) Introduced the te~ coefficient of transmisstbil ity, T, which 
is expressed as the rate of flow of wa-ter, at the prevai I ing water· tempera­
ture, In gallons per day, through a vertical strip of the aquifer I foot 
wide extending the fu I I saturated height of the aq.J tfer under a hydraulic 
gradient of 100 percent. In figure I it wou I d be the f I ow through open tng 
B which has a width of I foot and a 'height equal to the thickness, m, of 
.the aq.Jtfer. A hydraulic gradient of 100 percent means a I foot drop in 
head ln I foot of flow distance as shown schematically by the pair of ob­
servation wells in figure I. It is seldom necessary to adjust the coeffi­
cient of transmissibility to an equivalent value for the .standard tempera­
ture of 600 F., because the temperatun·~ range (and, hence, range in vis-
cost ty) In most aquifers is not large. ThE~ relationship between the co• 
efficient of transmissibility and the field coefficient of penneabi lity, 

.es they apply to flow in an aquifer, can be seen in figure 1 .. 

A useful forn1 of Darcy's . law that Is often applied ln ground­
water hydraulics problems is given by 'the expression 

In which Qd ts the discharge In gal Ions per day, P is the coefficient of 
permeabll ity, in gallons per day per square foot, I is the hydrau I ic gra­
dient in feet per foot, and A is the cross··sectional area in square feet 
through which the discharge occurs. For most ground-water problems, this 
expression can be more convenient I y wr i t ten as · 

in which Qd and I are defined as above, Tis the coefficient of transmissi­
b IIi ty in gallc·ns a day per foot, and L Is the width, in feet, of · the cross 
section through which the discharge occurs. In many field problems it may 
be more practical to express I in feet per mile and L in mile·s. The units 
forT and Qd wil I remain as already stated. The coefficient of transmissi­
bility may be determined by means of field observations of. the effects of 
wells or surface-water systems on gro~nd-water levels.. It is then possible 
to detennine the field coefficient of pe·rmeability from the formula P =Tim • 
Physlcally, however, P has limited significance under ttese conditions. It 
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mer:e ly repn::·sents the over-~ II average perrueabi I i ty of an t deal aquifer 
that behaves hydraulically I ike the aquifer tested. 

Labor a tory measure-ments of penr.eab iIi ty, in genera I, shou I c be / 
appl i·ed with ex1'reme cau tic·n. The packing arrangement of a poorly sorted 
sedim.Bnt ts a critical factor in detennining the penneabi I ity, and large 
variations in permeability may be introduced by repacking a disturbed 
sanple. Furthermore, a laborator~· measurement of permeabt I i ty on one sam-
ple is representative of only a minute part of the water-bearing formation • 
Obvious·ly, therefore, · if quantitative data are to be developed by labora• 
tory methods, it is desirable to collect sanples of the water:-.bearing mate-
rial at close intervals of depth and at as many locations within the aQJi-
fer as is feasible. 

£2.e f ftc i en t of Storage 

The coefficient of storage, S, of an aquifer is defined as 
the volume of water it releases frcm or takes into storage per 
unit surface area of the aquifer per unit change in the compo­
nent of head normal to that surface. 

A simple way of visualizing this concept is to imagine an arte­
sian aquifer which is elastic and is uniform in thickness, and which is 
assumed, for convenience, to be horizontal. J f the head of water in that 
aquifer is decreast:·d there will be r·eteased frcrn storage sone finite voi­
Utne of water that is proporHonal to the chan~Je in head. Because the aqui• 
fer is horizontal, the fu .ll observed head chc1nge is evidently effE~ctive 
perpendicular to tho aq,J ifer surface. Imagine further a representative , 
prlsm. extending vert·ically frun f-he top 1·o the bottom of this ZH.}.Jife-r, and 
extending laterally so thHt its cross-sectional area is coextensive with 
t·he aqu if t::r-su r·fa<:G cWGd ovc r which t e head ch C::~nge occurs. The vo I ume of 
water released fccrn storage in thai· p~isnJI eli vi dcd ,by the pr·oducf· of the 
prism's ct'"O::;s-sGc tiona I c:\roa and the~ dtc1nge in head, rQSU I t"s in a d imen .... 
sionless numbor~ 1o1hich is thn cocdficient of stor-dge. If f·his exr:!mpiH wore 
rovisod slightly. it could be used to detnon~;1'1~a1'e fhc some conct:opt of co­
efficient of storege for u horizontal water-t~ble aquifer or for a situa~ 
tion in v.11 lch lhe tk·d d of WC!ter in the acu ifer is incn:~ased ... 

As with almost any concise definition of a basic concept it is 
necessary to develop il~:;; full ~:dgnificanct:'. its limitat·ions. and its prac­
tical use and appl icution through cdcboratiye discussion. The cot:,ff icient 
of storage l s no oxc<:~p ti on in th is t~e spec t,. and the fo I i O'.f.Ji ng discus:~ ion 
will serve to bring cut a ff::W ideas that are important in applying the con­
cept to artesian and water-table aquifer·s in horiZl)ntal c.H· inclin ·:~a .uf'ti­
tudes,. 

Obsurvo t·hat lhc stah::om0nt of the storage-cc-Jffich: nt conc t:::pt 
flrsi· f•)cuses at.tc~ntitJn on thf: volwne of water thai· tht1 ?Jqu if•~r rol'[~a~;,)s 

fn:)m ot~ l't:11...::0s int-o ston:~9e• Identification and measurt:!::J0f\t of 1his volu:11.:'~ 
P'J~:;o:: no p<H· ti cuI ar prob I t.~in but i t shou I d bo n::co~Jn i J..(~fj thn t· if i s rrH:~a ~=..;un?d 

t:'{.!b.:id·:~ i'i ' ' . t((li( c:r· und .... ~r· the~ n::1turdl l.ocal conditi.::m<.:> of h~illJ.)Ht-~1h.Jt"0 i:.ind 



atmospheric pr~ossure; it is not the volum<? that the sarne a-nount of water 
wc,.Jid occupy if viev;.:::•d in piece in th<? ~qJifer. 

Ali-hough . i·he exarr,plc used to dt:·pic1· the concept of the storage 
coefficient v:as·El,~bj tnlri ly devE>Ioped around ·a horizontally disposed art·e­
sian a<~uifGr_,· the concept applies equ!llly well to water··tabfe aquifers and 
is not comprcrni::>od by the attitude of the aquifer. This flexibility of 
application rei ies impor~tantly, however, on relc:ting the storage-coeffi­
cient concept ro the surf ace area of the aquifer and to the component of 
head change that is normal to that surface. In turn this relationship pre-
supposes th3t the particular aquifer prism involved in the movement o'f 
water into or rut of storage is th;Jt prism whose length equals the satu­
rated thickness · of the aquifer, measu~._,_ed normal to the aquifer surface, 
and whose cross-sectional area equals 1·he area of the aq.dfer surface over 
which the head charge occurs. Furthermore, water moves into or out of 
si"orage in 'this prism in direct propori'ion only to that part of the head 
change that acts to ccmpress ordistend ft1e length of the. prism. In other 
words, the component of the .. head change to be considered in the release or 
storage of water is that which acts normal to the aq.Jifer surface. The 
mathematical models devised for analyzing ground-water fl.ow usually re­
quire uniform thickness of aquifer. However·, the storage coefficient con­
cept, as defined here, applies equally well to aquifers that thicken or 
f't1in substantially, if the ''surface area 11 is meaSJred in the plane that 
divides the aq.Jifer into upper and lower halves that are symmetrical w.ith 
re~>pect to flow. The lmaginar·y pt·ism would then be taken perpendicular to 
th i s me an p I an e o f f I ow. 

HH? Artesian Case 

Consider an ar~esian aquifer, in any given attitude, in which 
the head of water is changed, but which remains saturated before, dJring, 
and after the change. It is assumed that the beds of impermeable material 
confining the aquifer are f 'luid in the sense that they have no inherent 
abi I ity ·to absorb or dissipate changes in forces external to or within the 
aquifer-. Inasmuch as no dewater·ing or filling of the aquifer is involved, 
ihe water released from or taken into storage can be attributed only to 
the compress i b iIi ty of the aaJ if er materia I and of tte water. By def in 1-
tion the term 11~ of water" and any changes therein connote measurements 
in a vertical direction with reference to some da1um. In a practical field 
problem the change in head very I ikEdy wru ld be observed as. a change in 
water-level elevation in a welt • . The change in head is an indication of · 
the change in pressure in the aq.J i fer prism, and the total change in, force 
tending to compress the prism is equal to the. product of the change . in 
pressure rnul tipl ied by the . end area of the prism. Obviously this change 
in force is not affected by the inclination of . the aquifer inasrnlJch as a 
confin<Jd pres:;ure system is involved and the conponent of force due to 
pr~ssure always acts normal to the confining surfdce. Thus any conven-
tion a I method of observing ht.:Jad ci·Hm'J e wi II correct I y identify the change 
in pr-0ssun~ normal to the? aqJih?r sur· fQce c:tnd mr:1y be considered as a com­
ponent of hHad act ing normal to th.:'J t surf :..\C(J .. 

Exflmirw figun: 2A depic.ting 1 in schematic fashion, a horizontnl 
: :.H- h.:~:;i()n oquift.!r". :A1own within th ~=.' aquif<:r is a pr~i~'irn of unit cross-sc·c-
tic.~n::ll c.,-·c>o .:md of il.-:!i~.Jhf, m, f:•q12ll t-o lhc oquift.:"! r· f·hL-:I<ness .. If the 

• 
• 

• 
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Unit decline of 
water table 

~Con fining-~========:"====:"=~-mo feria I_~ 

A. ARTESIAN AQUIFER 

8. WATER-TABLE AQUIFER 

Figure 2-- Diagrams for explaining the coefficient of storage 
for artesian and for water-table aquifers 
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piez.onwtr·ic !~urfDcc is IO\'.'':.c~t·et.J a unit distance, x, as shovm, a certain 
emot•nt of wat·er wi II bo rt)lea•.,)d fran the cHu ifer prism. This occurs tn 

.response to a slight expansio •• of the water itself and a slight decrease 
ln po~osity d1<.1 ·.to distortion of the grains of material comprising the 
aquifer sl<;t~ I e t~n. 

St..tmrnac_utat,?men,!.-- For an artesian aqu ·ifer, r·€gardl~ss of its attitude, 
the water released frcm or taken into storage, in response 'to a change in 
head, ts attributed solely to ccmpressibil ity of the aquifer matertal and 
of the wa -tor. The volume of water (meaSJred cu tsi de the aQJ i fer) thus re~ 
lei!lsed or stored, divi.ded by the product of the head change and the area 
of aquifer surface over which it is effective, corre.ctly detennines the 
storage coefficient of the at1.dfor. Although rigjd I imlts cannot be estab­
lished ' the storoge coefficien .t may have an ·order of magnitude ranging from 
say o.ooo1 to o.oot. 

The VIa 1·er-Tab I e Case 

Appllcatton· of .the storage coefficient concept to water-table 
aquifers ls more complex, althrugh reasoning similar .to th·:lt developed Jn 
the preceding paragraphs can be applied to the saturated zone of an tn-
cl ined water-table aq.d fer. Consider a water-table aq_J ifer, in any given · 
attitude, tn whtch the head of water Is changed. Obviously there wi I ( 
now be dewatering or ref ill ing of the ac;u i fer, inasmuch as it is an open 
'gravity system with no confinement of ih:; upper surface • . Thus the . volume 
of water ·released frcim .or taken into storage rnust now be a·ttributed not 
only to the compressibility· of the aquifer rnuterial and of the water, tn 
the saturated zOne of the aquifer, but also to gravity drelnaga or. re- , 
filling in the zone thr·ough which tho water table moves. l11e volume of 
water involved tn the gravity drainage or re·filling, divided by the vol­
ume of the zone through wht ch the water table moves, ts the spec I ftc 
yield. Except In aquifers- of low porosity the volume of water involved 
in gravity drainage or refit ling wil I ordinarily be sd many hundreds or 
thousands of times greater than the volurn(~ attt·ibutable to compressibility 
that for prec;:ttcal purposes It can be said that the coef·flctent of stor-age 
equals the specific yield. ·The conventional method of measuring change ln 
'head by observing change in water-level ..E::Ieva!lgn in a well evident·ly 
idanttfles the verti9_al change in po.si·tlon of (he water table~ ln ,other 
wntrds, head change equals vertical movemHn1· of the water table •. It can 
be seen tho t tho volume of the zone thr·o'-;Jgh v.h i ch tho wah~r ·tab I e moves 
t s equal to tho urea of ac~ i fer surface ovor which the head change occurs. 
mul tiplled by the head chango.; mul1ipl i.-:}d by the cosine of the angle of 
lncl'ination of the wah:r tsble.. Thn pr·oducf' of tho last two fac1·ors Is 
t-he component of herH.i chonCJO actin~1 nonnal i'o the anuifer rurf.Jce. The 
itnportnnco of inh:~rpn.:d· ing corToctly lhe phnl~:;;(~ 11 component of head change" 
which ctpp;;:cws ln 1'ho t.i:}fini'tion ()f thu !:;toragc· coefficient cannot· be over ... 
emphos 1 zed. 

F><·::. : lillc~ fiq,nt? 'lB depjctin~J, i11 sdwm.:1'tic f<.:~::;hion, a horizontal 
wnt8r-thblu i.i•' 1uileY. r''.gili11 u uoti 1~r·isll1 oi' the . :.cpif~~r is shown nnd it 
is assu1n0d 111:J 1 the wcucY' t-:: 1bt(..~ is {ov<c?rerf 11 unit uis' tance, )t. ., Usufllly 

• 
• 

• 

_ .. 
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the water that is ~ thereby released represents, for practical purpoS(!S, the 
gravity dr·ain.-:lge from th(? x portion of the, aru ifer prism. Theoretically, 
however, a slight amount of water ccmcs frcm the pori-ion of the prism that 
remains saturated, · in accord . \'.'i·t~ the pr-inciples discussed for tr.e arte­
sian . case. 

~r.1ry state:n(lnt.--For a water-table ac;uifer, regardless of tts 
attitude, the water released from or taken into storage, in response to a 
change in head, is attributed partly to gravity dra--flnage or refi II ing of 
the zone through which the water tab I e moves, and part I y to compress i b U i..; 
ty of the water and aquifer mater!al in the saturated zone. The velum~ of 
water thus reI eased or stored, divided by the product of the area of aqu i­
fer surface over which the head change occurs, and the component of head 
change normal to that surface, corn ,ctly determin'es the storage coefficient 
of the aquifer. Usually the volume of water attributable to compressibi, l i­
.ty is a negligible proportion of th~ total volume of water released or -~ 
stored and can be ignored. The storage coefficient then is sensibly equal 
to the specific yield. The storage coefficient may have an ordef of mag­
nitude ranging fran say 0.05 to 0.30. 

ELASTICI-IY OF ARTESIAN AWIFERS 

It has long been recognized that artesian aquifers have volume 
elasticity, D. G. Thompson,· though not . the first to pub I ish on the sub­
Ject, apparently was among the first in the Geological Survey to recognize 
this phenemenon. In studying the relation between the decline in artesian 
head and the \vithdravwls o·f water from the Dakcta sandstone in North Dal<o­
ta, Meinzer (lv~einzer and Hard, 1925) carne to the conclusic'n that the wal·er 
was der1vE·d locally from storage. He frund that the. withdrawats could not 
be accounted for by the. canpres,sibi I i ty of the water alone, but might be 
accounted for by the can press i b i I i ty of the aquifer. 

I nterna I . Forces 

The diagrtV"t in figurH 3A shows the forct:1S acting at the inter­
face between an artesian aquifer and the confining material. These forces 
may be . expressed algebraically as , 

whr1re st is the tot a I I oad exerted on a unit area of the aq.d fer, sw is 
that pc:w-1" of f"he ' to·tal load borrw by the confined wator, and sk is that 
part borne by the structural skeletcn of the ac~ifer. Assume that the 
t·otal load (st) exerted on the aq.JifE:r is constant. If sw is reducedJJ say . 
as a resuli· of pumping, the load borne by the skeleton of the aq._J ifer in­
creases and there is slight distortion of the componHnt grains of matErial. 
At the same t i rne, the water expand~> to the extent permitted by its e I as t i­
city. Distort-ion of the grains of the dquifer skeiE·ton means that they 
wil I encroach sanewhat on pore space formerly occupied by water • 

Conversely, if sw is increased, say in re~ponse to cessation of · 
pump ina, tho pi c·z.cmetr~ i c head bu i Ids up nga in grocluall y approaching i ts 
or• igin,il vnlue, and 1he wat€·r itself undf:rgocs s_light contraction. With 



10 

Groins of material 
comprisin9 aquifer 
skeleton 

-------J----------------~---:...----

::-conf Tn Tng-, 0 ten· a r:_-:--:: 
·-------~-----..;.._-____________ _.,.... __ 
---------------

A. MICROSCOPIC VIEW OF FORCES ACTING AT tNTERFACE BETWEEN 
ARTESIAN AQUIFER AND CONFINING MATERIAL 

Pumped well Observation well 

~ce ... Piezom~tri.c surface, 

Dashed lines denote 
bowed confining Ioyer, 
highly exogger~ted 

Lon~ 
upper oqu•fer . 

..........,.;...;.......;..~-Abrupt lowering 
of water I eve I 
representing piezometric 
surface, lower aquifer 

----------------~-
-----------~------

B. DIAGRAM SHOWING THE EFFECT ON A DEEP ARTESIAN AQUIFER 
OF PUMPING FROM A SHALLOW ARTESIAN AQUIFER 

Figure 3 --Diagrams for explaining elastic phenomena 
in artesian aquifers 
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an Increase in sw there is an accompanying decrease in sk and the grains 
· of material i .n the aquifer skeleton return to their forme,r shape. This 
releases· pore. space that can now be reoccupied by water moving into that 
part of the formation that was influenced by the compression. 

Transm 1 ss ton of Forces Between Aquifers 
\ 

II · · 

It has been observed In some places that .a well pumping from an 
ac:;u lfer affects the water level In a nearby well .that is screened tn a 
deeper or shallower artesian aquifer. Consider the case shown in figure 
38. The we II screened in the upper aq..a ifer, for conven fence d~p Jc ted as 
artesian, is pumped and the water level in the well screened tn the lower 
aqutfer, abruptly declines when pumping begins. As pumping o:>ntinues, the 
water level of the lower aQ.Jifer ceases to decline and gradJally ·recovers 
its initial position. Although not proven, a logical explanation of this . 
phenomenon may be as follows: When the well In the upper aquifer begins 
pumping, there is a lowering of the pressure head in the 1viclnlty of the 
pumped we II. The decrease · In pressure head unbalances titre externa I forces 
that were acting on the upper and lower surfaces of the conf tning layer 
separating the two aquifers. In seeking a new static balance the confining 
layer wi II be bowed upward slightly thereby creating addi tlonal water 
storage space in the lower sq..dfer. The abrupt lowering of water level In 
the observati en we II represents the response to the newly created storage 
space and the redJctlon in the forces Sk and Sw In the lower aq.Jifer. The 
subsequent water-level recovery, approaching .the lni ti al position, repre­
sents fi II ing cf the new storage space and return to the original pressure 
head as water in the lower aru ifer moves in from rnore remote regions. 

. An interesting phenomenon that has been observed a few times, but 
for VJhich no·comple·tety sattsfactcry explanation has yet been given, is 
that where pumping a well in one artesian aquifer c·auses a rise in the water 
level in a nearby well screened in a different artesian aquifer • . (See . 
Barksdale. Sundstrom, and Bruns te in, 1936; and Andreasen and Brookhart, 
1952.} 

~Js cf Changes in Loading 

Excavations 

11Biowtt"lroughs 11 may occur if deep excavations are made in the con­
fining materials overlying an artesicn aQ.Jifer that has a high artesian 
head. This is 'shown diagramatically in flgure 4. An excavation towers 
the total load on part of the aquifer:, which means that the forces sw and · 

. sk {see fig. 3A), are now the doninant forces acting on the remaint.ng layer 
of confining material, separating the bottom of the excavation from the top 
of the aq.a i fer. Thus this I ayer wl I I be bowed upward and if i t is I ncom­
petent to contain the bowing forces, 1 t wi II rupture in the fonn of "blow­
throughs" or, 11 sand bo i Is". It is the p ractt ce in Ho II and (Kru I and Lief­
rinck, 1946). where thi s .si tuation is canmonly encountered, to instell re-
I ief wells to lower the artesian head until an excavation ts refi lied., 
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::-:-:confining~=-:-:-:--=-=-:-:---:--:-:--::-m-ore-rlat :-:-:--=-~=-=~:. 
:._-_-_-_-_-_-_-_-_-_-:_-_-_ __,_,_-----=---~_:-_-:_:-_-_-_--:_-_-_-_-_:--_:-_-_,;_-_-___:--_-__:_.-_~ 

Figure 4--Effect on artesian a,quifer of excavation in overlying 
confining ; material 

Moving Retlroed Trains 

It Is e frequent obse·rvation that a passing railroad train af­
fects the water levels in nearby artesian wells. This is another demon­
stratton of the elasticity of artesian aqJifers. The fluctuation of water 
tevel tn a wei I on ~ong Island, N.Y. produced by a passtrig railroad train 
is · $hown in figure· 5A. As the train approaches the well, an addi ttonal 
load is plececf'on the aq.aifer. This load tends to compress the aquifer, 
causing a rapid rise 'in water level which reaches a maximum when, or 
short 1 y llf ter, the I ocomo tt ve t s oppos t te . the we II. As the a~ t fer becanes 
adjusted to the new loading, the weter level declines toward its tnttlal 
position. When the entire train has passed the well, the a~ifer exp.ands 
and the W8ter level in the well declines rapidly and re8ches a mtnlmum 
shortly after the train hes left the well. The water level then recovers 
toward its initial pos i ti c·n as the acu If er again bec~mes adjusted to thi s 
new condition of loading. The time required for this cycle of events ts 
commonly of the order of a few minutes • . Thus the fluctuations In w,ter 
levels caused by the passing of a train usually appear as ~e~tical I lnes 
on wa,ter-stage recorder charts because the time sce·le ordinarily used Is 
too small to record the f luctuatlons In eny . greeter detei 1. · 
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A. WATER- LEVEL FLUCTUATION IN WELL S-201, LONG ISLAND, N.Y., PRODUCED 

Hydrostatic­
pressure 
distribution 
in aquifer 

SY EAST- BOUND FREIGHT TRAIN, MARCH 21, 1938 
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8. SCHEMATIC DIAGRAM SHOWING EFFECT OF INSTANTANEOUS APPLICATiON 
AND SUBSEQUENT REMOVAL OF A SINGLE CONCENTRATED LOAD AT THE 
LAND SURFACE ON THE PRESSURE DISTRIBUTION AND ON: THE COMPRESSION 
AND SUBSEQUENT EXPANSION OF AN ELASTIC ARTESIAN AQUIFER 

Figure 5--Diaora.ms showing effects of changes in loading on ah 
. · elastic artesian aquifer 
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The diagram in figure 58 shows, schematlcal ly, the eJfect of an 
· tnstan t aneously-appl led load on the pressure distribution wl thin an etas­

.· tic artes i an aq.J ifer and on the compression and subseq.~ent expansion of 
the arutfer after removal of the load. In discussing figu ·re 58 Jacob 
(1939). says& " . .. 

"The (upper) diagrams A, . B, C, and D show the di strtbutton 
of pressure and the deflection of the upper surface of the aqu1-· 
fer _,..&t the respective ~imes 

1
indicated on the time-pressure and 

' tlme-dlstribu tlon curves. The hydrostatic pressure in the aqu i­
fer is plotted as a full I ine, the l,tpper t tmtt of the confining 
l ayer arbitrarily being ~dopted as -a base. The deflection-curve 
f or the upper surface of the aquifer is plotted as a dashed I ine. 
(The lower surface of . the aquifer is assumed f txed.) These quan~ 
t i ti .e s are, of course,\ .. gross I y exaggerated and are obvious I y . --· 

~. plotted to quite different ~cales. The length of the ar:rows ln­
dicatesthe relative magnitude .. of the velocity of flow at various 
dl stances fran the load. Tt)e i. lower diagram ••••• shows, by the 
heavy ful. f I ine, the ch~nge in pressure produced by the load, 
and, by .. the heavy dashed line, · the ~flection of the upper sur-
face of the aquifer, ' plotted against time." . 

,I 
........ 

Changes in Atmospheric Pressure 

. tt "has been often observed that water levels In wells tapping 
artesian aquifers respond . to changes in atmospheric pressure. An incre~~ · 
tn the atmospheric. pressure causes the water . level to decline, and a de~ 
cr ease in atmosp.heric pressure causes th~ water level to rise. The dia~ :· 

· gr~ms shown in figure 6 will aid in explaining why this phenomenon Is ob• 
· served in artes·i an . we II s and why it ord t nar i I y is not observed in wa ter• 
.. tab I e wei Is. 

Referring to diagram A the force Ap0 , representing the change 
tn atmosphert.c pres:ur~, . i ~ exerted on the free water surface In the well. 
The .same f9rce Ap0 .IS also exerted stmu I taneously on the water table be­
cause there is direct -commJn i c~t ion be twc-en the atmosphere and the wa t'er 
tabl.e through the unsaturated .pore space .of the soil. Thus the system of 
f o~c•s remaihs in balance and there ts no appreciable change in water 

. l.eve I in the well with changes in atmospheric pressure. Some ·.water-tabla 
we ll·s cb . exh ib t t be rome trh:: f I uc h.l-a ti ons if the so i I i's frozen or sa tu­

·. rated with water· • . Either of tt1ese condi ttons, however, Is In effect only 
a. specta.l. ca.se of the artesia,n condition. 

Referring to di agreun B, ·ltgure 6, · the force Ap0 , which agatn 
represents the change in atnospherlc pressur:-e, acts on the free water sur-. 
f~ce in the well and also on the . l'ayer of material confining the artesian 
aqulfer. Jacob (1940) in discussing this situation, reasons that _baro­
metrlc fluctuations in a wei L, are .. an index of the elasticity of the aqut• 

. , fer. In other words the confining I ayer, v·iewed as ·a unit, has no beEn 
,, strength _or. resistance to deflection suff icl~nt to withstand or contain 

any sensible part of an applied load. Thus In effect any changes in the 
atmospheric pressure .. loadi ng on a conf inlng layer are transn i tted through 

• 

• 
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·~ Change in atmospheric 
ll P · pressure 
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Land surface 
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A. IDEALIZED SECTION OF WATER-TABLE AQUIFER 

~~~-=-::::-:::=--Confining_-_ ----------------

B. IDEALIZED SECTION OF ARTESIA'N AQUIFER 

INSET SKETCti 

See inset 
sketch 

Figure 6-- Sections of water- table and artesian aquifers 
· showing atmospheric pressure loading 
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it'undiminished in magni1udo. The forces acting at a point at the inter-
f ncri botwt::en the aquifer and the confining I ayer may then be drawn as shown 
in 1·IH? inset . fll<·?tch. Observe that the change in atmospheric pressure, L\p 0 , 

is now accommodated by a change in stress in the skeleton of .the aa.Jifer, 
~sk, plus a change in the water pressure in the aquifer, Ap, applied over 
~percent of the interface. It is evident, therefore, that tn an artesian 
situation there wi II be a pressure differential between an observation well 
where the water is directly subject to the fu II change in atm;osperhic pres­
sure, and a point cut in the aquifer 'J;here the water Is required to accept 

.only part of the change in atmospheric pressure. Thus barometric fluctua­
tions wi II be observed in the well. Some wel .. ls near ·the outcrop of an 
artesian aquifer· or near a discontinuity in the confining layer will show 
I i ttle or ·- no response to atmospheric pressure changes • . 

AI though not associated with the elasticity of artesian aquifers, 
1t is interesting to note that the phenomena of blowin·g and sucking wells, 
which exhibit a pronounced updraft or qowndraft of air at the well mouth, 
'fi?Y also be related to changes ' in atmospheric pressure. In areas where such 
wells have been noted a bed of fine-grained, rei atively impervious material 
usually I ies some distance above the water table thereby effectively con­
fining, in the intervening unsaturated pore space, - a body of air that can 
communicate with the atmosphere only thrrugh wells. 

The barometric efficiency of an aqu ife'r may be expressed as 
'{ 

sw 
=-

sb 
B.E. 

where sw· is the net change in water level observed in a well tapping the 
aquifer and Sb is the corresponding net change in atmospheric pressure, 
both expressed · in feet of water. It ·is freq.Jently convenient to de term lne 
the barometric efficiency by plotting the water-level changes as ordinates 
and the corresponding changes t n atmospheric pressure as abscissas on rec• 
tangular coordinate paper. The slope of the straight · I ine drawn through 
the ~lotted points is the barometric efficiency. · 

Tidal Fluctuations t: 

Ocean, lake cr stream ·tides.--Water levels in weils near· the 
ocean · or near some lakes or streams exhibit semidiurna·l fluctuati.ons In 
response to tidal fluctuations. In wells tapping water-table 

1
aqulfers the 

wat~r-level response to tidal fluctuations is due to actual movement of 
water in the aquifer. However, in wei Is · tapping artesian aq •. lifers, that . 

j are e f f .ec t i ve I y separated fro~ · the body of surf ace water by an ex tens t ve 
confining layer, the t·esponse is d.Je to the changing load on the aquifer · 
which is transnitted thrrugh the confining layer with the changing -tide. 
Thus with the rise of the tide .the load on the aq.J t fer is increased which 
means that in the aquifer there wi II be compens~ttng increases in the water 
pressure and the stros~ in the skeleton. Accordingly, the water-level rise 
in the w~1il is but a reflr~ction · of the increased pressure head In the aqui­
fer caused by .the .tidal loading • 

. . An artesiun well the~t responds to tidal fluctuations should also 
re5pond .to changes in atmospheric pressure because it is the s~e mechanism 

• 

• 



• 

• 
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in the aquifer that produces both type·s of respc1nse. 

The tidal efficiency of an aaJifer may be expressed as 

T .E. sw =-St 
~-

where sw is the range of water-level ' fluctuation, in feet, in a well tapping 
the aGtJifer, and St is the range of the tide, in feet, corrected for densi­
ty when necessary. There is a direct relationship between the tidal effi­
ciency or the barometric efficiency and the coefficient of storage as will 
be discussed in a later section of this report. 

:1 Jacob (1950, p. 331-332) has derived expressions relating the 
fidal and barcrnetric efficiency and the elasticity of an artesian aq.Jifer • 
.The two pertinent equa t loris are 

T.E. • 
a/e~ 

+ ala~ 

and 

B.E. • 
< 

+ ala~ 

where a 1s the bulk modulus of compression of the solid skeleton of the 
aquifer,~ is the bulk modulus of compression of water (reciprocal of the 
bulk modulus of elasticity), and e Is the porosity of the aquifer. If 
these two equations are added it is evident that the sum of the barometric 
efficiency and the tical efficiency equals unity, that is, , 

B .E. + T .E. = I 

Earth tides.--lt has been observed that earth tides, which are 
caused by the forces exerted on the earth's surface by the sun· and tho 
m.oon, may produce water-level fluctuations in artesian welts ·. Wafer-level 
f I uctu at ions due to earth tides were apparcn t I y first observed by K I onne 
( 1880)i in a flooded coal mine at Dux, Bohemia. Such fluctuations in wells 
were first observc~d by Young ( 1913) near Cradock, South Africa. After· the 
water levels hav.e been adjusted for changes in atmospheric pressure the 
11high 11 water levels have been observed near moonrise and moonset and the 
11 1ow 11 water levels near the upper and lower culminations of the moon. 

For a well nE!ar Carlsbad, New Mexico and for a well at lqwa City, 
Iowa, Hobinson (1939) showed that the water-level fluctuations, after ad­
justment for changes in atmospheric pressure are coincident with the earth 
i·ides., The low water levels showed ·a tendency to precede the culmination 
of the moon, . suggesting that the tide in the we I I precedes the cuI~ ina t ion 
of the moon. 

According to Theis (1939), the possible.· effects of tidal forces 
'acting ei t·her directly upon the· water in the aq.Jlfer or upon the aq.dfer 
i t[;e If, by vat~~. ing the weight of the overburden cou I d not account for the 
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obse rved water-level fluctuations. The explanation for these wate_r-level • 
fluctuations Is probably the dis.tortion of the earth's crust. In thls re-
gard Theis (1939) statesz . . 

"As the. crust of the earth In any given ~r~a rise~ and falls 
with the ·doformati6n _. 9·f the" earth . caused py ·the tidal forces the 
crust is most prob.ably alternately .e'xpahde<f and compressed later:-·· 
ally . -- ' expanded .' when' the e~rth bulg~s up and cbrnpres.sed when ''tt · 
subsides. _Wafer in ·an artesian a~tfer making up par·t of the 
crust shares in this de,fonnation. In to·cal ities distant from 
pqints of outflow of th~ water, it ts In effect confined wi'thout-;:_., 
possibility of outflow within the period Qf t .tdal fluctuations. 
The slight hydrau I ic gradient imposed by the tidal distortion 
Js too sma·l I to cause effec:tive re,lease of press~re. Hence the 
aqu :ifer is essentta·l.ly sealed w;ith respect to fts lncluded fluid. 
With · the expan~ion cH ·the aquifer tnc.tdent to the t1 dal bulge 
the hydros.t~tic pressure .fal:fs and with lts compression incident 
to tldat d~pres~h>n tl'le hydrQstatte pr-es~ul"e rl$e:3,ff 

E~rthquakes 

Fluctua-tions ·in wa:ter ll .eve;ts -due •to ear:t~quakes have ; ~e~n ob-_. · 
serv~d ·In roany we II s equilpped wi•th ~ w8ter-fitage •recprqers.. Vea·tct'l {.1906, 
P• 70) w~s a~parently one of >the .flrs;t ;hydrotogJsts .·ln .tht.s ~OtJntry :to 
recognize that some water-=tev€i-l ,flluc:tuat-ions might .J:>e Jn .response t~ earth-
quake dis turbances• Sub~eqJen- t i·nvesttQa tors · who'. have .t>ubl t shed paper~ .. pn • 
the subJect include s~_earns.. :~ ·H, -T. · ( ~ t928), ,P,per {1933), kegg~t; t and J~y:lor 
(1935), ta·Rocque · .. ( 1941·), !Parker ai)d Stringf 1eld (i950), ,and yort)J~ "{i.953J.··· 
An earthqu~ke may be da.fine~ · ~~ a v.i.bratlon or· oscd llll·tJCJ.r'l pf •ftte eltrth's 
crust ·cau·sed by a trans1~rit ~H~turpance . o· f ·the elastic -Qr gra.vJ ~t~tJ~n~· l 
equil·ibrium o'f . th~ ·- rocks ~t ! pr : beneath the land ~r:f~c~. ! Earthqua~e~ ... ~r, 
classlfled as shal tow · or .Qe~p · depending on ·the vertfc~l -.pos.ltlo~, rel~~1.v.e 
·to the land surface, ol ·the · SP4rCe of ·the . di~turba_nce. ~ --~noc~ wave_~, : Pro~ . 
p'aga ted by . ari ear thquakq, trav~ I I t~rough ·the . ear·1h and . ~' ong the . ~er th' ~ . 
SLi rf .ace. Bee au se ·the . ~~-r th ' i:s an . e J tts·ti .c · pody , i t . is , f J rs t a:>mpr(esseq r J?Y 
the Shock wavesend S4bsequen ··t .ly 'J't e~pal')dS after the sl)pcJ< wave Js <;fis!5l.oio 
pated. Where an aquIfer . Js . in.chJ'ded <rn the se,grner)t ~ pf :t,-,e earth . a.ffec~ed 
by .. the shock .. w.aves of an · earthquake :-there wi J l .' f. J r~t"' .ee .~.n a.brup, t ~ in~tea$e 
in _. water . pressure ·as - the -w~ter a~Sl,J .me~. p~r t of the : ~1J1posed .. co~pressiy~ · 
stress, fo I . lowed by an : abrupt de~re~~e Hn · V!at~r presel;re ~~ ; the ' , ,~po~ed 
stress is remove~. _~ ln , atternpting ·· to .. adj~~t :' .to the 'pt\es~.r~e ... ~h~ng~'s; the . 
water level :in an artesian wei J ,. fJrst rJses ~nd · .th.~n .falls. "fhe ,. .,qnc:>y.n~s 
of the rise and fall of : .. the water .. tevel, y.tithrespcct . to .the h:ilt)~l . · po~ _J!'"' 
ti on, are appr.ox irr.a te ly I the same .• ·. Cases>have been / r .eco,rded,- ,, ho,~ve·r· ; · 
\~~;he~re thewater . levei d~d not ·re .. turn to its - inlthH .p9sJtiory .(Brow.n;, , l948, 
p. 193-.1 £;5). This ,is p.res"!mab l:y t.: dt.e _ tQ pe. nrt~of:rrt t . pe.:o.r. r.~pgern.(1n t. ._ci>f t the . . · 
grains ·of rna ter J a I compos f:ng ·-the ·:aqu l f e·r. F h.Jc tua t I on_s Qf ,. gfiea te r magn I·• 
tude have been observed t n we I Is ·J.n I Jmes tone aqu i·,fers ; than J.n we II s In · 
granu I ar materi c:d. . ' · 

The follow1 r•g table gives the types of shock waves caused by 
earthquakes, the approximate average velocities at ;~h, ich they travel and ~ ;· 
the path they take. · 



• 

• 

Tc1!dl• 1.-... i\ppro>drnat·o av~r·c:i90 velocities c:r.d path~ taken by 
diffc·rcnt typ(:~• c.f !;heck \:~v·:~ ct:u::.ed by '~ar f·ht.;ui'JI(es 

Typ~:\ C:f Appro;..; i m~ te c:avt:·r'i9(' Vf.: I 0(. j 1y 
Path !;;hc,ck Wi:!VO krn I !:.:(•c f-t/sec rn i /m in m i /hr 

D(=t} p- :::0 a f·f:' d 5.5 18,000 + 2C6 + 12,300 + Chord - - -
Surface 3.2 10,500 ! 120 + 7,200 + Arc .. -
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After Byerly., P., 1933, P• 155. 

The Coefflcle·nt of Storage and its Releticn to Elasticity 

The coefficient of storage ts a function of the elastlci ty of an 
ar 1es ian a q .. d fer. Jacob ( 19.50) h~s expressed ·the r·e I at ion as 

s c roOm ( p + B) 
/ Vihcn~ in this Instance Yo -is the spocific weight of the wafer ·at a stated 

rofc·rence tempcr·a1·ure, and e, m, p., and o. are as defined earlier (see P• 
17) in this report. This formula assumf#S no leakage from or into contigu­
ous beds • 

Digressing momentarily, 1'ho specific weight, y. of a fluid at 
a stated reference temperat-ure is defined as lt!1 density, P• mul tipl i .ed 
by the local acceleration d.Je to gravity, g. Stated anotlier way it Is the 
weight per unt t volume which takE!S into accOJnt the magnitude of the local 
gravtt·ational force. The manner in ,which specific weight is. rel~'ted to 
such more commonty used pr<lper ties as mass, weight, and dens tty can be 
developed in tho following fashion. First it should be recognized that 
in the £ngllsh engineer'ing ~·ystern the unit of mass is termed a "slug". Jt 
is tho mass in \'Jh ich an accf.d t:•ra tf <m C• f I f t- po r sac2 is produced by a 
f()rc=o of I lb., lhus I sluq of n·rt!:l~i is appnJximatety eqJnl to 3?..2 ,fbs4 of 
tn;J~:;:;:;.. The> tnt~ ~- ·.:;, Ni:p in :::dLh.J ~·;; bi 11rt/ :·.'Ut)'~· t:,ncc· i 5 cJcd·crm incd f f'LXIi 1he f'(:)j a~· 
tion 

\ll 
N\ . ·~ " 

g 

whc~n:: 1-N is tho woight of the substance in pounds .• Inasmuch as V,'eigh1· is 
depondent on the local gravit-ational forcf• · it obviously variE·s with toea• 
tion. _.Thus., the fracticn W/g tako::.~ into . accrunt in both numerator ;;,nd 
donf;minf:ltor the local force of gravity, which shows that mass is an at?so-­
lu te prop<H·1y that does not change with I oca t ion., Density is deft nod as 

mDS$ per unit volume, V., That is: · 

Density = ~ 

Thus d0nsi ty also is an absolute property that does not change ~>~i th loca• 
tion. (S I ight chtsnges occur with change in tempHratu re but ordinarily, 
with in · the range of ground-water tempcrcjtures encountored, no adjustment 
for lhis fac~·cr is necessary.) If thr:! original rete~fion given for doter-
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minlng mass, M, -ts solved fer the weight, W, and If both sides ~f there­
wrt tten e~uation are divided by the volume, V, there follows: 

[~]. [~] g 

The brackets on the left side of the equatl.on are now seen to Include the 
fraction which Is equivalent to speclflc weight and the brackets on the 
rlght side include the fraction equivalent to denst ty. That 1st 

r. pg 

Re fu rn t ng to the dt scuss I on 6 t hand, I t Is lmpor tant to ~I nt 

' (. 

out that consldQroble study remains to be done regarding the elastic beha­
vior of artesian reservoirs. It wruld be worthwhile, for example, to ' cbm­
pute the values of the txJik modulus of compression (a) of the 'solid ske.h:t- . 
ton of the varirus artesian reservoirs where coefficients of storage have 
been detennined from variou's types of aq.dfer tests. R. R. Bennett has· 
suppl led the following data for the principal a~ifer in tts Bal ttmore 
area, Md.z 

s • o.ooo2 

e • o.3o 

m • 100 ft • 1200 Inches 

Recognizing tha t for . water 

and 

y,
0 

• 62•4 lbsift3 • 62 ·~ or 0.0361 lb/ln3 
1728 

' . . ~ ) 

approprlete s4bstltutl<j?n of all ~ known quantities is made :; tn ·Jacob's ec:,.aa-
t1on for the. .storage ··coef flc len·t and t·he - value of a t s (fompu ted • . . Thus 

. :O.oo~2 : {6.~0361 )(o.3o)( 120o) [o.0000033 + · • ..L.J ·· . 
. ·:· . ·. 0.30 .. 

. · ' . 
or 

Q *' p.00000363 tn2/lb or 3.63 X 10-C) Jn2/lb 

Conversely, it is :posstble to determtne · the coefficient of storage If a Is 
known. Jacob ( 1941) de tenn i ned from pumping tests tha ·t the modu Ius Qf com­
press ion (a.) of the L I oyd sand member of the ~arl ten format I on on long I s• · 
lend.~~ N-Y .. , was 2.1 x 10-6 in2/t.b • .. In a location where t~is sand has e 
porosity (0) of Oe30 and is confined . to form an aq.~tfer having a thickness 
(m) of 50 feet the coeffictpnt of storage may be computed as 

s ~ (o~~~o361 )(o~~~3o)(5o x 12) [(3.3 x ao-6)-t 2• 1 x ao-
6 J 

. 0.30 . 
· s ::.t 6. 7 x to-s 

• 

• 

,. 
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The coefficient of storage is related to barometric and tidat 
efficiency. As stat~d previously, Jacob (1940) showed mathematically that 
tho sum of the b;Jranetric efficiency and tidal efficiency must equal , unity 
(£3.E. + T.E. = 1). He show~d further th:lt when b =I the storage coeffl• 
clent · is related to the barometric efficiency as follows, 

5 = ( y0 0mP) [ 6 .~. ] 
using the sarne terminology as before and assuming no leakage from or into 
cbntiguous beds. By observing tloal fluctuations in a woll, screened In 
the Lloyd sand member of the Raritan for.nation on Long Island, Jacob .(1940) 
cou I d then determine tidal ef f; c Ieney and rompu te the coe f f t ci en t of s tor• 
ago. His computations for well Q•288, n.=ar Rocl<away Park, where · the · tidal 
effiGlency was determined as 42 percent, are as follows: 

• A t.72 
.. 0,42 

Ascribing a thickness of 200 feet ~nd a porosity of 0.35 to the Lloyd sand 
mcmbt~r in the vicinity of -Rockaway Park, Long Island, and substltu ting . In 
tho foregoing equation for storag.~ coefficient there results 

5 ,. ( 0,0361 ){ 0,35 )( 200 X 12) [ 300~ OOO ]<I, 72) 

s ::: 1.1 x to-4 

This v:1tuo for tho co-1ffici·ent of storage is comparab,le to the values 
dt1 term i r. e d f r· om pL111 p i n 0 f' o s i· s • 

Jacob (1941) observed that the compresslbl lity of the Lloyd sand 
memb-..1r·, as compu t£: d from a (1i sch ~wg i ng-we I I test, was about 2t times that · 
computed fran tidal fluctuations and reasoned that this disparity might be 
due, In peu~t, to tho range of stress involved. He states, · 

11 ...... dL.ring the pumping test of 1940 the head tn the Lloyd 
sand ckJcl inod to ~ new low over a considerable _an~a in the vicin­
i ly of 1"ho pumpo(j wells, and consequently tho stress In the skele-
ton of llte nquifor roached a new high. It is to be expected that 
tl1c: modl~ lu s of o I as tic i ty wou I d bo sma I I er for the r,1ew, higher 
n:m~) (' of ~:dr(! S 3 than for the old range Qver which the stress ·had 
f luc tua i'nd many t· hoes~~" · 
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PART I • . A<U I FE F< TESTS -- BKS I C THEOI~'f 

V/e I I );\c· tr.ods -- Point Sink or Point Sou ret:~ 

Conste~nt Di:Jcharg(.: or RE~charge without Vertical Leakage 

Equilibrium for-r\ula~--·uenzl]l (1942, p. 79·82) showt:.'cf that the 
equlltbriurn forwulus u~od by 51 ichtcr (1899), Turneaure and Russell (1901), 
Israelson (1~50), and Wyckoff, Botset, and Muskat (1932) are essentially 
wodified forms of a method dGveloped by Thiem ( 1906) as arc the fonnulas 
. dev~loped by Dupu.it (1848) and .Forchheimer (1901). Thicrr. apparently wa~ 
tho Jirst to use tho equilib•·ium formula for determining permeability and 
it is frequently associated with his name. The formula was developed by 
Thiem fran Oarcy _1 s law and provides a means for detennlning aquifer trans­
misslbi I tty tf the rate of discharge of a pumped wei I and the~awdown In · 
each of two observation wells at different known distances. from the pumped 
wei I are known. The Thiem formula, In non-dimensional form, can be ·written 
as 

T D Q loge (r2/rtl 

2n (sl - s2) 
( I) 

wharo the subscript e In the log term Indicates the natural logarlthril.· In 
the U$uat Geolog.ical Survey unl ts, and using ccmmon Iogar I thms, ·equation 
(I) becomes · 

where 
T a 

. Q. 

rl and r2 • . 

s, and $2 • 

T a 527.7 Q logiC (r2/r1) s, .. 52 
( 2) 

coefficient of transmtssibil ity, In gallons per day per foo·t 
rate of discharge of the pumped well, in gal Ions per minute 
distances from the pumped well to the first and second.ob- ... 
servatlon wells, in feet 

drawdowns in the first and second observation wet Is, In feet, 

The der l vat ton of lh e formu 11~ is based on the fo II owl ng assump·­
tlons: (I) The arulfer is horrioganeous1 Isotropic, and of Infinite areal 
extent, (2) the discharging well penetrates and recetv.es water·from the 
entire Hllckness of the aq.Jifer, (3) the coefficl•tmt of tr.:msrnlsslbt I tty 
is constant at alI times and at ~I I places, (4) pumplng has ~ontlnued at 
n uniform rate for a.Jfficient time for tht? hydt·aul ic system to rea.ch a . 
steady-state ( i .o.~ an unchangIng rate of drawdown) ·condition, and (5) · the 
flow is laminar. The formula has wide appliccltion to ground-water problem~~ 
despite the restl'·ictive assumptions on which it lsbased .. 

The procedure for appl1cation of equation 2 is to select zome con ... 
Vl)niont ole1psed purnpiny time, t, afl·er reaching the steady-state condition, 
and on somilog coordinate paper plot for each obser·vation well the drawdown:J 

• 

• 



• 

• 

• 

:.:;, ver·s.us the 
ticalc end the 
shou td: I_ i, e on 
this f:itraight 
co~~rc_~r · .. nd i ng 
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d i s t an c t? ti, r • By p I o t t i n g f' he v .:~ I u c ~ o f s o ,._l t h c~ n r i t hm e 1· i c 
valu·~S of r on the logari th;nic scale tho obst:r·vc':::d d~ta , 
a straight I ine for the equi I i_br·iun· formula to <:1ppty. FrCJIII 
I ine m0ke an arb i tr~rl choice of s 1 and s 2 and record the 
vol.ut-s of ~1: ond. r2: ~ Equation? c.Jn then be 50ived _forT .. 

/ Ja,cob ():~;50, P• 368) cecognlzed that the COt?fficient of sf·orage 
.cou.ld. also be deternined if the 'hydriul ic system had reached a sh~ady-state 
con'diti,.o'n (Sf:!e as~umptioo 4 1 above) for thereafter the drawdown is ex-

._ pressed ~_ery cl_osel,y by the' non-dinier)si onal formu ~a . ' · 

Q 
s =-

4nT 
I 

2.25Tt 
0 9e . ··. r2~ 

(3) 

or il) the customary Survey units, B_rlcf using common .tot1ar~j,ftvns,, 

s P ~2 Jog . 0.3Jl 
1 10. ,.25 

(4) 

Thu5 t•fi'er the coeffici_.;:nt, of trans,issibil i 'Jy h_as IJ~~n detenntned, the 
coordina1·es of anypoinf on ' :t·he t;Cfnllc·gari1·hm .. ic 'graptl previpusl_y described 

. can be ui'(>d to' sot.ve r:qu at ion 4 for tho coe f ( i G i~!n t of ; ~ft9rage. 
. . ·~ . 

None su.i I i br ium (2 nn~,£.--Thc;d s ( 1935) derived th.e nonequ i I i br ium 
formu I a Jrom t~c' hna I ' ~9Y l:·c: twe(~n the hydt·ol9g ic ~ondit.tc'f'\S in an aquifer 
and the · tt•ermed ccncJi tf9ns in an equ ival.ent thermal systerry. · The analogy 
be tW(:t:'n t~ia f I ow of groond water <:1nd hE~~ t · conduc ti~)n for. H~e ~;teady-state 
conC1i_Ji()n had been .rec()gnized .. a1· 'east . since the work of SlJcfiter. (IE-99)~ 
bJt Tho is wes the fi.r5t to in r·roduc8 the concept of time to . the mathematic~ 
of groum:f~waf'er . h~·craul ics. 'Jacob ( 1940) ver,i{ ied 'the derlvatiora of the . 
noi1equi _li,brium ·formul_a directly frorn hydraulic 'concepts .. · · . · · 

The p~r)equil ibrium formula in non-dimension.al form is 

s = 
e-u 
- · du u · (5) 

wh.ere "'· == r~Sf4;Tt, ~nd where the int~!gral e-kp·r~ssic;m . i.·s A<np~vn as an expo­
riJ'ptl(}l . i n .. t~gr:~ 'l • 

---Ltsi 09 the oro inary_ Sl,frvey un ~ ts; equation, 5 may be wr l tten_ as 

s = 11

\

6 

Q 17:25/Tt ~~u 
. u = I .87r2StTt 
~ - dti!Wdowp,' in feet. a 1· any point of obscrva I i o,n in 

o( a we I' ·<: t~scharg i r.g at a constant rate 

('6) 

the v i c; i n i ty 
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Q = discharge of a wei I, in gallons por minute 
T = trc:m sm iss i b i I i ty, i'n ga II ons per day per foot 
r . ft distance, in feet, from the discharging well to the point 

of observation 
s =coefficient of storage, e~<pressed as a decimal fraction 
t = time in days since pumpin~ started. 

The nonequi I ibrium formula is based on the following assumptions& 
(1) The aquifer is hGmogeneous and isotropic, (2) the aquifer has Infinite . 
areal extent, (3) the discharge or recharge well penetrates and · receives . 
wat·er from the entire thickness of the a(JJ ifer_ (4) the coefficient of 
tran9Tllssibility Is constant at all times and at all places, (5) the well 
has an tnfint 1·estmal dl sneter, and (6) water removed from storage Is dis.;. 
charged Instantaneously with dec I ine In head. Despl te the restrictive 
assumptions. on which tt is based, the nonequilibriun' fonnula has been ap-
pl ted successfully to many problems of ground-water flow. · 

The Integral expression tn equation 6 ·cannot be Integrated dl~ 
rectly,. but it·s value is given t.Jy the sertes 

/.. e:u du ., IY(u) 

/ I .87r2SITt . 

where, . as already lnd~cated, 

• -0.571216 ~ loge u + u ~ 
u2 u3 u4 

- ---- + ----- ---- ••••• 2•21 3•31 4•41. 

2 u .. I ,87 r 5 
Tt 

(7) . 

(8)' 

The e)(ponentlal int.egral Is wrlt1an symbol tca1·1y as W(u) which 
Is 'read "we II function of u," Values of W(u) for values of u fron to• IS 
to 9.9, as tabulated by Wenzel (1942), are gl.ven tn· table 2. In order to 
de1·ennlno the v~lue of W(u) for a given vulue of u, using table 2, It Is 
necessary to express u as · some number ( N) be tween I .o and 9.9 1 mu I tJ plied 
by 10 with the appropriate exponent. For example, when u has a value of 
0.0005 ( t.e., 5.0 x lo-4), W(u) is determined from the line N • 5.0 and 
the rolumn N x to-4 to be 7.0242. 

Reff.,rr i ng to equa t i ens 6 and 8, t f s can be measured for one value ' 
of r and several values of t, or fQr one value of t and several values of r, 
anrl if the dlschargf,' Q is known,· th<::n s ~nd T can be dotcrmin'\?d• Once _ _these 
ac>Uifor cons1·cnf's havo becm d€·termined, it is possible, theoretically, to 
conpu te the dra.wdown for r.ny 1"imc at any point on the cone of depress ion for 
any given rate and distribution of pumping from wells. It is not possible, 

• 

• 

· hcwever, to detenn ine T and S dir£·c11y from equation 6, because T occurs in •-. __ . 
the> argument of the function and again as a divisor· of the exponential inte- _ 
gn.)l .. Theis d..?visod a convenienf -·graphical method of s.Jperposi tion that 



• 

• 
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makes it possible to obtain a simple solution of the eq.~atton. 

. The first step in this method is the. plotting of a type curve on 
logarithmic coordinate paper. From table 2 . values of Vl{u) have been plot­
ted against the argument u to form the type curve shown in figure 7. It 
is shown In two segments, A-A and B-B, in order that the portion of the 
type curve necessary' in the analysts of p.~mptng test data could be plotted 

· on a sheet of convenient size. Curve B-B is an ex tens ion of curve A-A and 
overlaps curve A-A for values of W{u) from about 0.22 to 1.0. (A continu­
ous type curve gl ytng values of W(u) for values of u ~a tween 0.000001 and 
about 9.0, using 3-inch log-log cycles, 1s available from the Washington 
office of the Ground Water Branch,) 

Rearrang 1 ng equations 6 and e 1'here follows 

5 • [ 114~6 Q] W(u) 

or 
s • [ I og 1 .. 4T6 Q] + Jog log W(u) (9) 

and ,r2 a[. .a~ S] u -t 
or r2 

a [log . T ] + log U log -t . I .87 S 
( 10) '' 

t.f , the discharge; Q, ts held constant, the bracketed parts of eq..~ations 
(~)and (1 .0) are constant forA a given pumping test, and W(u) ts related to 
u Jn the manner that s ls related , to r2tt. This is shown graphically tn 
figure a. Therefore, 11: values of the drawdown s, are plotted against 
r2tt, or 1/t tf only one observation well Is used, on logarithmic tracing 
paper to the same sea I e as the type curve, the curve of observed data wt II 
be s im liar to the type rurve. The data curve may then be sl.Jperpo~ed on 
the type curve, the coord i na ·te axes of the two curves bet ng he I d para tIe I, 
and translated to a position which represents the best fitof the field 
data to the type curve. An arbitrary point is selected anywhere, on the 
overlapping portion of the sheets and the coordinates of this common point 
on both sheets are recorded. These data are i·hen used with equations 9 
and 10 to so I ve for T and s .. 

A type curve on logarithmic coordinate paper of W(u) versus 1/u, 
the reciprocal o-f the argument, could have been plotted. Values of the 
drawdown (or recovery), s, would then have been plotted VGrsus t, or t/r2 
and SJperposed on the type curve in the manner out I ined above. Th.ls method 
el lminates the necessity for computing I /t values for the values of s. (A 
type curve of W(u) versus 1/u, using 3-inch log-log cycles, is ai ·s~ avai , ... 
ab I e f rem the Wash t ng ton office of the Ground Water Branch.} 



Table 2.--Values of W(v) for values of u between lo- 15 and 9.9 2.1 

u 
r.:J.o-15 r.xlc-14 

: 

~o-9 lb.:J.o-6 ~xlo-4 ;; ::txlo-13 ~:zJ.o-12 llxlo-ll wno-lo !ixl.o-! rr:Uo-7 l::J.o-5 ~xto-3 ::<:Uo-2 wx1c-1 :ii 

1.0 33.9616 31.65~ 29.3564 27.0533 24. 751:? 22.41<!6 20.146o 17.8435 15.5Uo9 13.2383 10.9357 8.6}32 6.}315 4.0379 1.gm o. 2194 
1.1 33.8662 31.5637 29.2611 E6. 95g5 24.6559 22.3533 20.0507 17.7~82 15.4456 1}.1430 10.8404 8.5}79 6.2363 }.9436 l. 7JT1 .I.Sfo 
1.2 33-7792 31.4767 ?9.1741 26.8715 24.5689 22.2663 19.9637 17.6611 15.3556 13.056o 10. 7534 s.4;o9 6.1494 3-S:576 1. 6595 .15&4 
1.3 33.6992 31.}966 29.0940 26.7914 c4.4BB9 22.1863 19.SS37 17. 5Sll 15. 27g5 12.9759 10.6734 g-3709 6.0695 3- 77S5 l.5GS9 .!355 
1. ~.. 33- 6251 31.3225 25.0199 26. il73 24.4147 22.1122 19.~096 17.5070 15.2044 12.5018 10.5993 8.2968 5.9955 3. 7054 1. 5£41 .il62 
1. 5 33-5561 ;31. 2535 28. ~509 26.6453 24.31158 22.0432 19. 74c6 17.~380 15.1354 12. S32S 10.5}03 g_ 2278 5.92E6 3.6374 1.~5 .1000 
:.6 3}.4915 31.1690 ?8. so64 26. 583S 24.2512 21.97S6 19.6760 17~ 3735 15.0?09 12.7683 10.4657 5.1631: 5. g621 3-57,39 1.409~ .os6.3l 
1. 7 33.4309 31.1~3 CS.8~5g 26.5232 ~.2206 21. 9180 19.6154 17.3128 15.0103 12.7077 10.~51 8.10C'7 5.5016 3.5143 1.357E .07465 
1.8 33-37.35 31.0712 2t. 76S6 26.4660 24.1634 21. s60s 19.5583 17.2557 14.9531 12.6505 10.3479 3.0455 5. 7446 }.4551 1.3098 .C-6471 
1.9 33.3197 3l.Cl71 28.7145 2€.4119 24.1094 21. so6s 19.5042 17.2016 14.5990 12.5964 10.21;39 7. 9915 5.69::>6 .}.4050 1.2649 .05620 

, _, 

2.0 33. ::>esu )0.9658 28.5632 25.3607 24.0581 21. 7555 19. 4529 17.1')03 14.S477 12.5451 10.2426 7.9402 5.6394 3-3547 1.2227 .o4s90 
2.1 33.2196 .)0. 9170 25.6145 25.3119 24.0093 21.7067 l3.4ola 17.1015 14. 79g9 12.4964 10.1938 7.8914 5-5901 3. 3069 r ·1. 1829 .04261 
2. 2 33.1731 3o.no; 23.5679 26. 265) 2).962S 21. 66o2 19.}576 17. osr:~:- 14. 7524 12.11498 10.1473 7.81149 5.5443 3-2614 1.1454 .03719 
2. (, 33.1266 30.8261 2!. 5235 26. C:?J9 23.9183 21.6157 1C:. 3131 17.0106 14. 70SO 12.4o54 10.1028 7.8004 5.4999 3. 2179 1.1099 .032SO 
2 .... 33.C861 30.7835 28. 4-!:09 26.1753 2).!758 21.5732 19.2705 16. 95W 14.5654 12.3628 10.C6o' 7. 7579 5.4575 ).1763 1.0762 .02844 
2.5 33.('453 30. 7427 ~.W..Ol 26.1375 23.8349 21.5323 19.2238 16. 9272 14. 6?46 12.3220 10.019 7. 7172 5.4167 3-1365 1.0443 .02491 
2.6 33.0060 .)0. 7035 . 2!.4009 26. 0983 . 23. 7957 21.4931 19.1905 16. !!SSO 14.5554 12. 2S2S 9. 9302 7. 6779 5-3776 :;.ogg3 1.0139 .021S5 
2. 7 32.96g3 30.6657 23.3631 2~~06o6 23.7580 21.:;.554 19.152S 16.5502 14.547b 12.2450 9. 9425 7.6\lol 5.34oO :;.0615 .9S49 -01518 
2.8 ;2.3319 30.6294 2S.3265 26. 0?42 2). 7216 21.:0.130 13.1164 16. 813S 14.5113 12. COS7 9. 9061 7.60}8 5-3037 3.0261 -9573 .Ol6S6 
2.9 32. g968 )0. 5943 28.2917 25. 9S~l 23.6865 21.3839 19.0813 16. 77S~ 14.4762 i2.1736 9.Sjl0 7. 56sT s.z6g7 2.9920 .9~9 .01482 

3.0 32.g629 }0.56o4 2!.2576 25.9552 23.6526 21. )500 19.0474 16.7449 14.4423 12.1397 9.15371 7-5348 -5. 2}49 2. 9591 • 3057 .01305 
).1 32• 3302 ;o. 5276 23.2250 25. 9?24 23.6195 21.31 i2 19.0146 16. 7121 14.4095 12.1069 9.304} 7.5020 5. 2022 2.9273 .~315 .01149 
).2 )2. 7984 ;.o. 495! ~-1932 25.5907 23.5SCI 21. t:-555 1S.9S29 16.6803 14.3777 12.07'51 9. 7726 7. 4703 5.1706 2.15565 _g;g3 .01013 
}.3 32.7676 30. 4551 · 2S. 1625 25.5599 23.5573 21. 254 7 lS. 9521 16. f4S5 14.3470 12.0444 9. 741S 7.4395 5.1393 2.S66g .8361 .CCS939 
. 3. 4 32. 7378 30.43~2 20.1}26 2~.3}00 23.5274 21.2249 lS.9223 :..6., 6197 14. 3171 12.0145 9.71ro . 7.l4097 5.1102 2.8379 .5147 .007891 
3-5 32. 70S! 3Q.4o62 2g.l0}6 25.8010 2}.49!5 21.1959 18.8933 16.5907 14.C'5Sl ll. %55 9.6830 7.3&J7 5.0313 2.8099 • 7942 .006970 
3.6 32. 6to6 30.37&> CS.0755 25.7729 23.4703 21.1677 1s.g651 16.5625 14.2599 ll. 9574 9.6543 7-3526 5.0532 2. 7S27 .7745 .00616o 
3-7 32.6'532 30.3506 2S.04bl 25.71155 23.4429 21.1~3 15.8.}77 1G. s,;s1 14.2325 11.9300 9.6274 7.325~ 5.0259 2. 7563 • 7554 .oo5'1-4s 
3.3 32.5266 YJ. }2llo 2!.0214 25. 7lSS 2}.4162 21.11}6 lS. 3110 16.5085 14.::059 11. 9J33 9. 6o07 7.C'3S5 4.9993 2. 7>J6 .un .004520 
3-9 )2. 6oo6 3~. :?9SO 27.99;4 25;. 6928 23.3902 21.0877 1!. 7S51 .- 16.4825 14.1793 11.8173 9. 5743 7.2725 4. 9735 2. 7056 .n94 .004267 

4.0 32.5753 ,30.2727 27.5701 25.6675 2}.}649 21.0623 18. 75S! 16.~572 14.1546 11.8520 9. 5495 1-2472 4. 9482 2. 6813 • 702"4 . • 003779 
4.1 32. 5506 30. ::4!!0 27.9454 25. 642! 2}.}llo2 21.0376 u. 7351 16.4325 14.1299 11.8273 9. 5248 7.2225 4.9236 2. 6576 .6359 .003349 
4.2 32.5265 }1.2239 27.9213 25.6187 23.3161 21.0136 u. n1o 16. !!ors4 11+.1o5s u. ro32 9.5007 7.19S5 4.8997 2.6344 .6700 . • 002969 
4.3 32.5029 :;o. cco4 27.8978 25.5952 2}.2926 20.9900 18.6874 16.}84!' 14.0823 11.7797 9. 4771 7.1749 4.8762 2.6119 .6546 .002633 
4.4 32.4g:)() )0.1774 27.!748 25.5722 23.2696 20.9670 18.6644 16.}619 14.0593 ll. 7567 9.4541 7.1520 4.8533 2. 5899 .6397 - .002336 
4."5 3~.4575 }0.1549 2.7.!523 25.5l.J97 23.:?471 20.9446 1!.6420 16.3394 14.036S 11. 7342 9.4317 7-1~5 ll.S)lO . 2.5U4 .6253 ---. 002073 
4.6 32.4355 )0.1):?9 . 27.15303 25-5277 23.2252 20.9226 1S.6200 16.3174 14.ol4S 11.7122 s. 4o97 7.1075 4.15091 2. ?474 .6114 .001541 
4. 7 }2. 4lllo 30.1114 27.SOS5: 25.5062 23.2037 20.9011 18. 5955 .16. ~59 1).9933 11.6907 9. 3882 7.0S(:iJ ~- 7377 2. 5268 .5979 .-001635 
4.s 32. 3929 . _30. 09:)4 27. 7S76 25.l!.s52 23.1626 20.8!00 18.5774 16.2748 1). 9723 11.6697 9.3671 7.06~ 4. 7667 . 2. 5068 .5848 .001~-, 
4. 9 }2.3723 ;o.o697 21. 76 72 25. 4646 23.16c.:O 20. 8594 18. ~568 16. 2542 13. 9516 11. 6491 9.3465 7.0444 4. 7462 2.4&71 .5721 ..-;001291 .,._ - .. 

-·"=· c-

~~- Sc:ne as table facing p. 89 in Wo ter-Supp I y Peper 887 (see Wenzel:~ 
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Fxlo-14 nx1o-13 Nxlo-6 };~ :l~uo-15 xx1o-1~ Nxlo-11 Nxlo-lO N:z:lo-9 NxJ.o-s !ixl.0-7 '!b:lo-5 Nx1o-4 Xxlo-3 . Nxlo-2 Nxlo-1 li 

s.o }?. 3521 ,30.0495 27. 7470 25.4444 23.1418 20.8}92 18.5366 16.234o 1}.9314 11.6?89 9. 3263 7.0242 4. 7?61 2.4679 0.5598 0.001148 
5.1 }2. 3323 }0.0297 . 27.7271 '25.4?46 2}.1220 20.8194 18.1168 16.2142 1}. 9116 11. 6o91 9.)065 7.0044 4.7064 2.4491 .5478- .001021 
5. 2 32.3129 ,30.0103 27.7077 25.4o5l 2).1026 20.8000 18.4974 16.1948 13.8922 11.5896 9. 2571 6. 9S50 4.6571 2.4306 .5}62 .0009056 
5.3 32. c939 29.9913 21.6es1 25.3861 2}.0835 20.7809 18.4783 16.1758 1}.8732 11.5706 9.2651 6. 9659 4.611S1 2.4126 .5250 .0008066 
5. 4 32.2752 29.9725 21.6700 25.3674 2}.0648 20.7622 15.4596 15.1571 1}.S545 11.5513 9. 2494 6. 9473 4.6495 2. )<~48 .'i14o .ooon9s 
s. 5 32.2568 ~9.'3542 27.6516 2;.,3491 23.0465 20.7439 18.4413 16.1387 1}.8361 11.5}36 9. 2310 ~92S9 4. 6}13 2.}775 -5034 .ooo6lm~ 
5. 6 )2. 2388 29.9362 27.6336 25.3310 2.}.0235 20.7259 15.4233 16.1~)7 1}. 8181 11.5155 9. 2130 6. 9109 4.6134 2.3604 .49}0 .0005708 
5. 7 32.2211 29.9185 27.6159 25.3133 23.0108 20.7082 18.4o56 16.1030 13.6004 11~4978 9.1953 6.59}2 4.5958 2.}4.H .45}0 .0005055 
s.s 32.?037 29. 90f1 27.5955 25.2959 22.9934 i?O. 690S 18.}88? 16.0856 13.7830 11. 4soiJ 9.1779 6.8755 4. 5785 ?.3273 • 41.32 .0004532 
5.9 }2.1£66 29. SB4o 27.5814 25.2789 22.9763 20. 6737 lo. 3711 16.0685 13.7659 11.4633 9.160S 6.ssu 4.5615 2.}111 . .4637 .0004o39 

6.0 3?.1695 29.8672 27.5646 25.262o 22.9595 20.6569 1S.3543 16.0517 1}. 7491 11.4465 9.141w 6.8420 4.544S 2.295) .4544 .C00.}6CH 
6.1 32.1533 29.;507 ~7 ;.,;451 25.2455 ?2.94?9 20.64o3 18.3378 16. 0}52 13. 7326 11.4)00 9.1275 6.S$ 4. 5283 2.<>797 .4454 .000)211 
6.2 32.1370 29. S)44 27.5315 25.2293 2?.9267 20.6241 1s. 3215 16.01sq 13.7163 11. 41}3 9.1112 6.&>92 4.')122 2.2645 .4}66 .0002864 

. 6 ~ 32.1210 29. S1s4 27. '5158 25.2133 ??. 9107 i?O. 60s1 18.,3055 16.0023 13.7003 11.3978 9.0952 6.7932 4.4963 2. 2494 .4280 .000?555 
6:~ 32.1053 29.8027 27.5001 25.1975 22.5949 20. 5'3?3 18. 2S9S 15. 98.(? 13. 6346 11. }SC'O 9.0735 6. 7775 4. 4&>6- ,. 2. 2346 .4197 .0002279 
6. 5 32.0598 29. 7g72 n.4s45 25.1SCO 2?.S794 20. 576S lS. 2742 15.9717 13.6691 11.}665 9.C64o 6. 7620 4.4652 2.2201 .4115 .0002034 
6.6 32.0745 29.7719 27.46q3 25.1667 22.8641 20.5616 15.2590 15.9564 13.6538 11.3512 9.0487 6. 7467 4.4~1 2.2058 .4o}6 .0001816 
6. 7 32.0595. 29. 7569 n.4543 25.1517 22.8491 20.5465 16. ?439 15.9414 13.6385 11.3362 9.0337 6.1}17 4.4351 2.1917 -3959 .0001621 
6.s 32.0446 29.7421. 27.4)95 25.1}69 22.3343 20. 5317 18. 2291 15. 9?65 1}.6240 11.}214 9. 01.89 E. 7169 4.4~4 2.1779 .}SIS} .0001445 
6.9 32.0)00 29. 7275 27.4249 25.1223 22~8197 20.5171 lS. 2145 15.9119 13.6094 11.3068 9.0043 6.7023 4.4059 2.1643 .}310 .0001293 

1.0 3?.0156 29.7131 27.4105 25.1079 22.8053 20. 'JJ27 15.2001 15. 8976 13. 59:0 11.2924 8.9599 6.6379 4.}916 2.15()8 -3738 .0001155 
7.1 32.0015 <'9• 69S9 27.3363 25.0937 22.7911 20.4SS5 1S.lS60 15.SS34 13.5505 11.2782 8.9757 6.6737 4.}775 2.1376 .}668 - .00010}? 
7-2 31. 9£>75 29. 6S49 27.3523 25.0797 22.7771 ?0. 4 746 18.1 720 15.5694 13.566~ 11.2642 !. 9617 6.659S 4.}6}6 2.1246 -3599 .00009219 
7.3 31.9737 29.6711 27. 36S5 25.0659 22.7633 ?0.4605 18.1552 15.8556 1}.5530 11.2504 8.9479 6.646o 4.3500 2.1118 .}532 .00008?39 
1.4 3l.~~l 29.6575 27.3549 25.0523 2?. 7497 co. 4472 18.1446 15.842:0 13.5394 11.2368 8.9343 1;.6}24 4.}364 <'.0991 .3467 .00007)64 
7. 5 31 . .,~67 29.6441 ?7. 3415 25.0389 22. 7363 20. 4}37 16.1}11 15. 62i56 13. 5260 11.22}4 8.9209 6. 61.90 . 4. 3231 2.0867 • }llo} .00006583 
7.6 31.9334 29.6}0S 27.3282 25.0257 22.7231 20.4205 18.1179 15.El53 13.5127 11.2102 8.9076 6.fD57 4.}100 2.0744 -3341 .00005336 
7. 7 }l. 9C03 29.6178 27.3152 25.0126 n. poo 20.4074 18.1048 15.5022 1}.4997 11.1971 8.5946 '5.5927 4.2970 2.<>623 .}280 .00005263 
r.s 3!.. 9074 29.6048 27.3023 24.9997 22 .... 971 20.3945 18.0919 15. 7o93 13. 4s6s 11.1842 8.8!17 6.5778 4. 2842 2.0503 • .}221 .00004707 
.1•!3 31.8947 29.5921 27.2895 24.9569 22.6844 20.3818 18.0792 15.7766 1}.474o 11.1714 s.s6s9 6. 5671 4.2716 2.0}86 .• 3163 .00004210 

s.o 31. S821 29.5795 27.27E9 24.3;44 :;>2.. Gn-s C?O. 3692 1s. o666 15. 764o 13.4614 11.1;!9 8.8563 6.5'545 4.2591 2.0269 .3106 .00003767 
S.l 31. S697 29.5671 ~7.2645 24.9619 22.6594 20.3568 lB. 0542 15. 7516 13.4490 11.1464 8.8439 6.54<?1 4.2468 2.0155 • 3050 ~00003370 
S.2 3L g574 29. 554S 27.2523 24.3497 22.6471 20.3445 18.0419 15.7393 1}.4}67 11.1}42 8.8}17 6.r;2qs 4. 2}46 2.0042 .2996 .0000}015 
5.3 31..5453 29.5427 27.c4ol 24.3375 22.6350 20.332~ 1S.029S 15.7272 13.4246 11.1220 .8.8195 o. 5177 4. 2226 . 1. 9930 .2943 .00002699 
8.4 3l.S333 29.5307 27.2282 24.9256 22.6?30 20.3204 18.0178 15.7152 1}.4126 11.1101 8.S07fi 6. ?057 4.2107 1.9820 • 2891 .00002415 
E. 5 31.8215 29.5159 27.2163 24.9137 22. 6).12 20. 3086 18. 006o 15.7034 13.4ooS ll.09S2 S.7957 6.41:339 4.1990 1. 9711 • 284o .0000?162 
E.6 31.WS;5 29.5072 27. 201!6 24~ 9020 22.5995 20.2969 17.9943 15.6917 13.3891 11.0865 S. 7Sl!o 6.4822 4.1874 1.96o4 • 2790 .00001935 
8.7 31.7382 29.4957 27.1931 24.8905 22.5579 20.2853 17.9827 15. 6!01. 13.}776 11.0750 ..!.. 7725 6.4707 4.1759 1. 9496 • 2742 .00001733 
s.s 31. 7S6S 29.4542 27.1816 24.8790 22.5765 20.2739 17.9713 15. 6687 1}. 3661 11.06}5 -s. 7610 6.4592 4.1646 1.9393 .2694 .00001552 
8~9 31.7755 29.47~3 27.1703 24.8678 22.5652 20.2626 17.96DO 15.6574 1}.3548 11.0523 s. 7497 6.4480 4.1534 1.9290 .2647 .00001390 

9. 0 31. 7643 29.4618 27.1592 24.8566 22.5540 20.2514 17. 94S8 15.6462 1}.}437 11.0411 s. 7386 6.4}6S 4.1423 1.9187 • 2fJJ2 .00001245 
9.1 31. 7533 29.4507 27.1451 24.8455 22.5429 20. 24o4 17.9378 15. 6352 13.3326 11.0300 8. 7275 6.425S 4.1}13 L9mq • 2557 .00001115 
9.2 '31. 7424 29.4393 27.1372 24.8}46 22.532'0 20.2294 17.9263 15.6243 1}.3217 11.0191 8. 7166 6.4148 4.1~5 1. 8987 .2513 .000009938 
9.3 31. 7 315 <'9. 4290 27.12'54 24~S23S ~2. 5212 20.2186 17.9160 15.6135 1}.}109 11.0083 8. 7058 6.lf01!o 4.1035 1.8888 .2470 .000008948 
9.4 31.7208 29.4183 27.1157 24.Sl31 2?.5105 20.2079 17.9053 15.602S 13.}002 10.9376 8. 6951 6.3934 4.0992 1.8791 .24?9 .OOOOOW15 
5.5 31. 710} ~. 4077 27.1051 24.6025 22.499~ .20.1973 .17.S94S 15.5922 13.2S96 10.9870 s.t:s45 6.3828 4.08!!:7 1. 8695 .2357 .000007155 
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9.9 3l.6t::90 29.3664 27.0639 c4. 7613 22.4557 20.1561 17. 8535 15. 5509 13. 248.3 10.9458 !.6433 6.3416 '4.0479 1.8320 .22}1 .000004637 I I\.) 
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Modi f ted nonegu iIi br i um formu I a.--1 t was recognized by Jacob 
( 1950} that in the series of equation 7 the surn of the terms beyond logeu ' 
is not s.ignl f icant when u becomes snail. The value of u decreases as the · 
time , t, increa5es, and as r decreases. TI1crefore, for large values of t, 
<.1nd reasonably small values of r, the tenns beyond logeu in eq.tat ion 7 may 
be neglected. Y/hen r is largP., t must be very l~rge before the terms be­
yond logeu in equation 7 can be negl,~cted. Thus the n,eis e,quation in its 
abbreviated or modified non-dimensional form is writtun as 

..2... 4Tt 
- 0.5772) s & (loge 2 

4nT r s 

Ill 
_2.. 

loge 
2.25Tt 
- 2C; .. 

4nT r S 

' Which is obviously identical with equation 3 (see P• 23). In the usual 
Survey units, then, this equation wi II be identtcal wt th eq.Jation 4, all . 
terms being as previously defined. 

In applying equation 4 to measurements of the drawdown or recov­
ery of water level in a particular observation well, the dlstanc~ r will 
be constant and it fo I lows that 

and the che~e in drawdown or recovory from ttme t 1 to t 2 Is 

264 g ( t2) 52 - S I a T I og l 0 tj 
( 

Rewriting this eq.Ja·tion . in form suitable for direct solution ofT there 
fot I ows 

.( II) 

where Q and T are as previously defined, t 1 and t 2 ar~ two selected times, 
in any convenient. units, since pumping started or stopped, and s 1 and s2 
are the respective drawdowns or recoveries at the noted times, in feet. 

, The most convenient procedure for application of equation II is 
to plot . the obser·ved data for each well on the semilogarithrnic coordinate 

• 

• 

paper, plotting values of ton the logarithmic scale and values of son the ,._. __ -
arithmetic scale. After the value of u becomes snail (generally less than _ 
O.Ol) and the value of tjme, t, becomes great, the observed data should 
fal I on a straight· I ine. · Fran this straight I ine make an arbitrary choice : 
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pf tt and t2 and record the corresponding values of s 1 and s2 • Equati()n 
11 .can then be solved forT. For convenience, t 1 and t 2 are usually chosen 
one I og· eye I e apart bee au se then 

and equ at 'ton II reduces to 

264 Q 
T=­

lls 

[ 1 

( 12) 

whert! lls is _ the change, in feet, tn the drawdown or recovery over one log 
cycle of - time • 

. Th~ coefficien.t of storage al:so ~ can be determined frcm the same 
semi log plot of the observed data. When s == 0, equation 3 becomes 

s = 0 
Q 

=-
4·s'LT 

I 2.25Tt· 
oge rrs 

Sohdng _for the coefficient of storage, S, the aqua tion tn its final form 
becomes 

or in the u sua I Survey u n t t s 

2.25Tt s = -;2--

0~3Tt0 s = . r2-

( 13) 

( 14) 

where S, T, and r are as previously defined and t
0 

is the time interce_pt 
on the zero-drawdown .axis, in day-s. If any other units were used for i·he 
time, ,t, on the semilog pl ·ot, then obviously t 0 must be converted to days 
be fore using equation 14. 

Thelsrecovcry fonnul_~ ....... A useful corollary to the nonequtlibrium 
formula was devised by Theis ~1935) for· the analysis of the .recovery of a 
pumped we II. If a we II is purnped. or all cmed 1·o flow, for a known period 
of time and then shut down and al I owed to recover, the rest dual drawdown 
(see example in Parr 2) at any Instant wi II be the ·same as if the dis­
charge of the well had . been continued but a recharge well wi th the same 
f I ow had been introduced at the same point at the 1 ns tan t the di :)Charge 
stopped. The residual drawdown at any time ruring the recovery period is 
the difference between the . observed water level and the non-pur.~ ping water 
lovel extrapolated from the observed trend prior to the pumping period. 
The residual drawdown, s' • . at any instant wi II then be 

s • = I I 4u6 Q [ / "' e:U du 

. T ~1.87r2StTt .l
eo 

. e-u 
- -. U 

1 .. 7r2S/Tt' 

( 15) 
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where Q, 1', S, and rare as previously defined, t is the time since pumping 
started, and t' is the time since pumping stopped. The q.Jantity 1.87r2S/Tt' 
wt t I be sma I f when t• ceases to be sn a I I becau .se r is very srn a I I and there­
fore the value Qf the integral will be given closely by the first two torms 
of the infinite series of equation 7. Equation 15 can therefor~ be written, 
in modified fonn, . tn the usual Survey unl ts, as 

264 Q . t 
T a --;t log 10 tt (16) 

The above formula ts similar in form to, and is based on the same assump­
tions as, the modified nonequilibrlum formula developed by Jacob and per­
mits i·he computation of the coefficient of transmlssibil ity of an acuifer 
from the observation of the rate of recovery of water level in a pumped 
well or in a nearby ·observation well where r is sufficiently small to meet 
the above assump tt ons. ( 

\ 

The Theis recovery formula is applied in much the same manner as 
the modified nonequiltbrlum fonnula. The most convenient procedure is to 
plot the residua I drawdown, s·•, against tit' on semi logarithmic coordinate 
papGr, s• being plotted on the arithmetic scale and tit' on 1·he loga_ri thmic 
scale. After the value oft' becomes sufficiently large, the observed data 
should fall on a straight line. The slope of i·his line giva·s the value of 
the quanl·i ty lo910 (tlt 1 )1s' Jn equation 16. For convenience, the value of 
t/t 1 is urually chosen over one log cycle because its logari thrn is then 
unity and equation 16 then reduces to · 

T = 264 Q 
. - 6s' 

( 17) 

where 6s' is the change in residual drawdown, in feet, per log cycle of 
time. tt is not possible to detennine the coefficient of storage from the 
observation of the rate of recovery of a pumped well ·unless th~ effective 
radius, rw) which is usually difficult to detennine·, is known. The Thets 
rt::cov~:ry formu I a shou I d be used wi th caution in areas where it t s suspected 
that· boundar-y conditions exist. If a geologic ooundary has been inter­
ceph:rd by the cone of depression during pumping, it may be reflec.ted in the 
rate of recovery of the pumped well, and the value of T detennined by using 
J'he Theis recovery fonnula could be in error. With reasonable care there­
cover·y In an ob servo ti on we II can be used, of course, to de te rrn i ne both 
tr·nnsmissibil ity and storuge, whether or not boundaries ·are present • . 

f.\ppl icabi I i ty of rne thods to artesian and water-table agu ifersw-­
The roPthods previously discusse;d have been used successfu I ly for many year·s 
in detfH'lnining aq.d fer consta.nfp and ·in predicting the performance of both 
water-table and artesian aquifers. The derivations of the equations are 
bas~1d:~ in ptwt, on the assumptions that the coefficient of transmi~sibi I i ty 
is. constant at all times and places and that water is released fr·om storagH 

\ .. 

· in~tantaneously with decline in' head. It should bo recognize~ however. 
that· thf.:So and many other ideal izations .an:: n<~cesscwy beforo rnathl'lntr..ltical 
modol~i can be used to analyZH the physical phenomenn associah?d with ground­
wah~r movt.~ownt .. Thus the hydrologist canno1 blindly select a model, turn <:1 

crnnk 1 and accept the answers. He must de\IOte considf~rablc titr,.;: and thought· 
to judSJinuhow closely his real aquifer r~~sembiE~s t·he ido~l. If tmough dtd"d 

• 

• 
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are availabJ~ he -will always find that no ideal aquifer, cf the type postu~ , 
lated in . the t-heory, cwld reproduce the data obtained in an actual puwping 
test. He should understcnd that the dispersic•n of the data is a measure of ­
how far his aquifer depart-s frcu~ the iceal. Therefore, he must plan his 
test procedures so that they wi II ·conform as closely as possible· to the 
theory and thus g 1 ve reru Its that can safe I y be app I I ed to his aquIfer, He 
must be prepared to find out, however, that his aOJifer is too comple'x to 
permit o cleer evaluatto~ of its coefficients of transmis,sibllity and stor .. 
age. He must not tell himself or the reeder that "the coefficient of stor­
age changed" d.Jr fng thE! test but must real fze that he got different values 
whr:n he tried .to epply his data, lr:conslstently, to an ideal theoretical 
aquifer. · · 

Thus there ls I ittle Ju.s.fiflcation for· th~ 'premlse that . th(J stor-· 
age coefficient of a water-table aquifer va.rte~ with the time ot pumping 
ln~smuch as such anomal<;>u~ dat~ ~r~ rn.er~ly the res.JI ts of trying to apply 
a two-dimensional flow fermula to a three-dimensional problem. The nonequ1· 
llbr1urn fonnulea was derived on the basis of strictly radial flow tn an In• 
f.lnlte aquifer and It~ appllcatlol') to, ~~ tuatlons .where verttcalfh:'w compo- . 

· ru~n ts occur Is not· Jus tl f I ed :except : under cer ta 1 n· I tm J t.t ng cond J tl ons. As 
the time of pumping becanes large·., · however, the rate of water-level dect 'no 

. decreases rapidly so that e·ventual ·ly :the effect of vertical-flow components · 
In water~table aq.J tfers are' -mintml~ed. 

If the drawdowns are large compared to the tnlttel depth of flow, · 
It Is nece$sary to adJust the observed drawdown ·1 n a pump 1 ng test of a 

. water-table aq.Jtfer bofcre the nonequ lllbrlurn formula f,s applied. According · 
to Jacob ( 194·4, P• 4) if the observed drawdowns are adjusted ·(reduced) by .. 
the factor s2/2rn, where s is the observed drawdown and rn ls the 1nl tfal 
depth of flow, .the value ofT will correspond to equfvE1Ient confined flow 
of unif<;:rm depth, and tha vafu~ of Swill mo~e cl~seily . epproxlmate the true 
v~l~e. ,He odds that whan the drawdowns are adjlJsted the · ·nonequ II tbrlu.m · 
formu te can be used wl th f al r ass.~ ranee even when the dewatering t s as much 
as 2.5 percent of . the lnttlal depth of flow. 

Where the dtscharglng wei I ont.y parf·lally penetrates tha aqJ Iter 
1 t may a J so be necessary to edjus t the ob!?erved drawdovms. · Pro'cedJras for 
eccanpl1shing ·thls have been described by Jacob (1945). 

In!, tan tqneru s Disch arg~ or Rech~rge 

~ Er" me thod.--Sk 1 ~d t~.ke ( 1950) has dev~ loped a method for 
determ1ning the coefficient of· tr~n$mlssibi I i ty from the recovery of the 
water level in a wei I that has been bailed. At any given point on the re ... 
covery curve f·he ·following equation eppl ies 1 

( 18) 
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wher e 
s' c: resIdua I drawdown 
V a volume of water removed In one bailer cycle 
T a ' coefficlent of transmisslbil tty 
S • coefficient of storage 
t a length of time since the batter w.as removed 

rw • effective radius of the well. 

The effective radius, rw, of the well Is very small In comparl· ·· 
son to the extent of the aquifer. As rw 1s snail, the term In brackets In 
equation 18 approaches unt ty as t increases. Therefore for large values 
of t, equation 18 may be modified and rewritten, In the usual Survey units, 
as 

s' • 
V ·. ··., V. -·----4nTt 12.57 Tt 

( 19) 

' where st, r,· and t have ·units and significance as previously defined, and 
where V .represents the volume of water, In gal Ions, removed during one 
bailer cycle. If the reslciJal drawdown Is observed at some time after com·­
p letJon of n bailer cycles then the following expression applies 

· s, • -1..-[~ + ~ + ~ + •• ~ ~tnn] 
12.57 T . t1 t2 t3 

f20) · 

k 

where the ·subscripts merely Identify each cycle of events tn seq..ence~ 
Thus V3 represents the volume of water removed durlng the third bal ler cy-_ 
cle and t3 Is the elapsed time from the Instant that water was removed 
from storage to the Instant at which the observation of residual dr'awdown 
was made. 

If . approximately the s~e volume of water Is removed by the 
ball er . during each · eye I e then eqJa tl on 20 becomes 

' 
. V . [I I I I ] · 

s • - +. -t2 + -t3 + • • • -tn . ·. · . . 12.57 T t 1 
(21) 

The nbailer" method is thus applied to a single observation of 
.. the r es l dJ al drawdown after the time s i nee ba II i ng stopped becomes I arge. 
Th o transmisslbll I ty is computed by substituting in equation 21 the ob­
served r e$ldual ·drawdown, the volume of water V corlsldered to be the aver­
age amount removed by . the bailer in. each eye I e, and the summa-tion of the 
rec i procal· of the · elapse( time, in day':s, between the · time each bailer of 
wa t er was removed from t~ wel'l and the time of observation of resJ·dual 
drawdown. 

. "Siug"m'ethod.•-Ferrls and Knowles ( 1954) d1scuss .a· convenient 
method for · estimating the coefficient o-f transmlsslbll i ty. under certain 

. ccndi tlons~ This ' i~ cbne . by injecting a given quantity or "slug" of water 

. into a well • . Their equation for determining the coefficient of transmlssi-

• 

• 

• 
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bi II ty Is the ~ame as the equation derrved by Sk ibl tzke for the bai le!r 
method, inasnuch as the effects of Injecting . a slug of water Into a well 
are . Identical, except for sign, with the effe~ts of bailing out a slug of 
water. Thus equation 19 has direct applIcation only s' new represents 
resldu.al head, in feet, at the time t, . in days, following injection of V 
gal lohs of water. 

As used Jn the field this method req.dres the sudden InJection 
of a known volume of water Into a well and the collection thereafter of a 
rapid series of water-level observations to define the decay of the head 
that was bu i It up In the well. · An arl thmetic plot of residual head values 
versus the rec lprocal s of the times of 'observation shou I d p-roduce a straight . 
line whose slope, appropriately substi futed in equation 19, permits compu­
tat tor. of the tran sm 1 ss I b I I I ty • 

Suggested equipment for use in injecting a slug of water Into a 
well, and for maklng the rapid series of water-leve·l observations required 
Immediately thereafter, Is shown schematically in figure 9, 

The duration of a "slug test" . is yery short and the estimated 
transmlsstbi lity detennlned from the test will be representatfve only of 
the water-bearing materi at close to the well. Serious errors will be ln"'t 
traduced unless the observation well Is fully developed and completely . 
penetrates the aquifer. Use of the 11 slug test" should probably be. re- . 
strlc .ted to ar·tesian aquifers of small to moderate transm1ss1bll lty (less 
than 50,000 gallons per day per foot). ·. . 

Constant Head w l thou t Vert t cal L~akage 

Controlled pumping tests have proved to be an effective toot In 
detennlning the coefficients of storage and transmtssibtl tty. In the · 
usual test the discharge rate of the pumped well is he I d co_nstant whl le 
the drawdown varies with time .. The resulting data are analyzed graphi­
cally as previously described. Jacob and Lohman (1952) derived a formuta 
for determining the coefficients of storage and transmissibility from a 
test In which the discharge varlos with time and the drawdown is held con• 
stant. The formula, based on the assumptions that the aquifer is of lnfl .. 
n i te areal ex h:n t, thn t the coe f f i c I en 1·s of 1·ransm Iss I b. II i tY and storage 
are constant , at all tlrnes and ' all places, Is developed from the analogy 
between the hydrologic conditions In an equlfer .and the thonnal conditions · 
In an equivalent thennal system. The formula is written as 

4a. G(a) ~a ....... 

" 
anc1 

Q *' 2nT Sw G(a) 

Tt 
a=-

r 2s w 

(22) 

(23) 

.(24) 
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Drum or barrel 
of known volume 

Block drum up ----- 1 
above well casing to ~ 
provide for escape of air . 

Well 

wire 

Cover plate with fixed 
II II 

eye 

Gasket secured to cover plate 

Flange and nipple making 
watertight connection 
with bottom of drum 

A. APPARATUS FOR MAKING'' SLUG 
11 

TEST 

"Eye,'' for attaching stee I tape 

Pipe 

Lead fi II er --1---=: ... 

Shallow depression in the lead 

B. PLAN FOR PERCUSSION INSTRUMENT FOR RAPID 
MEASUREMENT OF WATER LEVELS 

Fi g u r e 9 -- Suggested equip men t tor use in m a king a " s I u g " 1 est 
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Usinu tho cu~dou.rlr';' Survty units equations 22 and 24 nre rE·written in the 
form 

and 

-
T sv1 G{u_) 

~ ; 

229 

a • 
0,134 Tt 

r 2 s w 

(25) 

(26) 

wh&re 9. T, and t hava the units and' meaning previously define-d and where 

sw = constant drawdown, in feet, in the dl schargi ng well 
~w = effecnve ~adius, in feet, of the discharging wei 1. 

The te~rrns J0 (x) and Y0 (x) are Bessel functions of zero order· of the first 
_end second k 1n ds respective I y. 

The Integration required in eq.~atlon 23 cannot be accompl tshed 
directly so tt Is necessary to replace the Integral with a sun~ation and 
solve It by numerical methods. In this fashion values of G(al for values 
of a. from to•4 to 1012, have been tabulated by Jacob and Lohman,(l952), 
and are g tven herewith in table 3. ThIs tab I e is used In the soo1e manner 
as table 2 which gives values of W(u) versus u • 

It Is seen from equations 25 and 26 that If Q can be measured 
for several values of t and tf the constant drawdown, sw, and the effec.. , 
tJve radius, rw, are known, S?and T can be determined. It Is not possible 
to determine S and T directly, however, since T occurs both in the argument 
of the function and as a multiplier of G(a). A convenient graphicai method, 
slmllar to that used in solving the nonequtllbrium fonnula, makes it possi­
ble to obtain a simple solution. 

The first step in this method Is the plotting of a type , curve on 
lo.gar.1 thmic coordinate paper. From table 3 values of G{a.) were plotted -· 
against the argument a to form 1·ho type curve shown in f lgu re 10. I t is 
shown in several segments in order that the entire type curve may be 
plotted on a sheet of convenient size. 

Rear rang f ng eq.J at ions 25 and 26 there fo II ows; . 

TSw 
Q llS 229 G(a) 

or 
Q .. [log Ts-;] log - + log G(a.) 

229 
( 27) 

and r 2 s 
t 

w 
:::: a 

0,.13T 

or 
[ rw2 s] len t t.:: I og ..__._;_._ + log a 

. O.I3T 
(2tl) 

*It i~ twro propo~)C.HI to dHsigni.\te this t£.•nn as the "well function of a .. 
constan~ hoad oii"u ~d· ion" 
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Table 3.:_- ·Vaiues <:>f G{a} for velues of c; between IQ-4 and tot2 

··o-4 · - to-3 · 10~2 ' to-t - f . 10 102 103 

I 56.9 · · ·r 18~34 ·6.13 ~.249 0.985 0.534 0.346 0.251 
2 40.4 13.11 4.47 1.716 0.803 0.461 . 0 .• 311 0.232 
3 '33 • . 1 "10. 79 . 3.74 •.• 477 0.719 0.427 0.294 0.222 
4 28~7 9.41 3.30 1.333 0.667 ~ 0.405. ·.0.283 0.215 
s· 25•7 8e47 3.00 1_._234 0.630 0.389 0.274 0.21·:> 

6 23.5 7.77 2 .• 78 1 .• 160 0.602 0.377 0.268 0.206 
7 21.8 7.23 2.60 . ~ 1.103 0.580 0.367 . 0.263 . 0.203 
8 20.4 6.79 2.46 . 1.057 0.562 0.359 0.258 0.200 
9 19e3 6.43 2.35 •·.ot8 0.547 0.352 0.254 0.198 

10 18~3 6.13 2.25 0.985 0.534 -0.346 0.251 0.196 

. 104 lo5 .. . 106 107 lOS to9 ' ao•o a oil 

I 0.1954 0.1608 0.1360 . 0.1177 0.1037 0.0927 0.0838 0.0754 
2 0~ t841 . 0.1524 0.1299 O.li3J _· 0.1002 0.0899 0.0814 0.0744 
3 0.1777 0.1-479 0.1266 o.e. rc6' 0.0982 0.0883 0.0801 0.0733 
4 0.1733 0.1449 0.1244 0.1089 .0.0968 0.0872 0.0792- 0.0726 
5 0.1701 0.1~26 0.1227 0.1076 0.0958 . 0.0864 0.0785 0.0720 

6 o.t675 . 0.1408 0.1213 0.1066 . 0.0950 0.0857 0.0779 0.0716 
7 0.1654 0.1393 o.i2o2 o. 1057 0.0943 0.0851 o-.0114 0.0712 
8 0.1636 0.1380 0.1192 .. < 0.1049 0.0937 0.0846. 0.0770 0.0709 
9 0.1621 . 0.1369 0.1184 0.1043 0.0932 0.0842 0.0767 0~_0706 

10 o. 1608. 0.1360 0.1177 0.1037 . 0~0927 . 0.0838 0.0764 . 0.0704 
\ ._) 

(From Jacob and lohma~6 1952. p. 561) 

•
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Figure 10-- Type curve for values of a from 101 
to 10

14 
plotted against corresponding values of G{a) !OJ 
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)f the drawdown, sw, is held constant, the bracketed parts of equations 27 
and 28 are cons tn~·\ for any given test an.d I og G( a) Is reI a ted to I og a l n 
the same manner that lo.g..- Q• is related ·to log t. (Note the sim11ari ty tn 
form betwe~n equations:· ·27 and 28 and equations 9 and 10.) Therefore if 
values qf the d.lscharge, Q. are plotted against corresponding values of 
time, · t, on I ogari thn ~c tract ng paper to the same scale as the type curve, 
the cutve of observed data wi II be s tm i I ar to the type curve. The data 
curv(t may then be ·superposed on . the type curve, the coordi.na te axes of the 
two curves belng held parallel, and translated to~ position that repre­
sent~ the best fl .( of · t.he d8ta to the' type. curve ·. 'An arbItrary potnt Is 
selected on the overlapping portion of the sheets and the coordinates of 
th ts common point .on both sheets ere used with equations 25 ~nd 26 to 'solve 
forT and s. This grophtcal solution ts similar to that used with the ' 
The t s noneq~ t 11 b.ri urn ' fo~u I a. · .; 

Jacob· and lohman (1952.) sh~~d thaffor large values o·f ,t, the 
function G(a.) cen be replaced by 2/W(u) ·and It has already been shown (see 
discussion, p.30) . that the apprgxJmate form of W(u) is. given by 2.30 1og 10 
(2.25Tt/Srw2) • . Making thts substitution for G(o.) In equation 22 there . 
follo~s 

or raarrang f ng htnn s 

log ..!.. + 2• 30 log ~ 
rw2 4nT S 

~ = hl'1 
Q 4nT 

(29) . 

l .. t should be evi41ent from the form of eqJation 29, that ff ertthmetic 
values of .· the varlable sw/Q are plotted agatnst logarithmic values of the 
vari .eb,ht ' t~rw2 f11e points wll I define a straight I lne. The slope of this 
l,lne : . ls. , observed~ ·s.IJ' equ~tton 29, to be the ··preftx of the verlebla tenn 
I og : (ttr.w2.)·. .. .J n,. o.th~r ~.rds · · 

~ (sw/Q) 2.30 
Stope. of ' strelght•llne .plot • -~-1-og..-(-t-/r...owi-J2~) • 4;T 

1/1 ,,1 

Once .tt)e slope of the graph ts . detorm tnod, · therefore, ' the coeff lcl'ent of 
.trensmlsstbt II ty . may· be computed from the rel .e.tton 

T a 2.30 ~ . (log t/rw~) (30) 
4n · ~ (Swl~) 

l -f" the . sl opa ·1 $ Jlleasured over one log eye le then the term A tog ( tlrw2) 
equ al.s un·t ty and eq.J at· ton 30 1 s further simp I if I ed to the form 

T ., 2 .. 30 
4n ll{sw/Q) 

(31) 

· rhe coefft.cia·nt of storage could then be found by substi tutlng In equation 
~ the c:ornpute1d valu·e ofT and the coordinates of any convenient point .on 
tne straight- I ina plot. However, the computation is greatly simp I if ied by 

• 

• 
• 

•• 
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• notlng that for the point where the str8lght.:,l ine plot intersects the log­
arithmic time axis (I.e., where sw/Q • 0), equation 2) .pecomes 

/ '.-.-

• 

• 

ln the usual Survey units, equations 31 and 32 are written 

and 

T•-~ 
A(sw/Q) 

S • 0.3 T(tlrw2)0 

(32) 

(33) 

(34) 

Thus equations 33 and ~4 are applied through the simple. device 
of a semil~garithmic plot where values of sw/Q are plotted on the arith­
~etlc scale against corresponding values of t/rw2 on the logerlthmlc scale, 

The methods that have been outlined In thl s section are usefu I 
In determl~lng the coefficient of transmissibility but should be used wtth ·, 
caution tn determining the . coefficient of storage because It Is often · 
d J f fl cu I t to de term I ne the e f f ec t I ve r ad 1 us of the pumped we I I • 

Constant 01 scharge wl th Vertical Leakage 

Leakv agul fer formul a.--A prob I em of practical lnteres.t Is that 
of an elastic .arteslan aquifer that is replenished by vert1c.al . 'eakage 
through overlying or underlying semipenneable confining beds. ln .most 
plac·es the confining . beds only impedo or retard the movement of ground 
water rather than p~event it. It is of ten true that this retar.d~tion of 
ground..;water movement is sufficient so that the Theis eq.Jatlon (which 
ass.Jmes I-mpermeable confining beds) can be appl ted. Nevertheless there 

.will be occasions when departure of the test data from the predictions of 
the Theis equation will require investigation of the ability of the con­
fining beds to transnit water. 

As an example of the magnitude of flow thrrugh material of low 
permeab I 11 ty, consider a semI perme ab I e conf in 1 ng bed, 50 feet thIck, con­
sisting of sit ty clay that has a permeabi l.i ty of 0.2 gallon per day per 
square foot. Such a material is listed by Wenzel (1942, P• 13, lab. no. 
2,278) as Including about 49 percent (by weight) clay and about 45 per­
cent sf It. Assume that the confining bed Is saturated and that in some 
manner there Is established and maintained a head differential of 25 feet 
between the top and bottom surfaces of the bed. The rate of percolation, 
related to this head differential, through the confining bed is computed 
.from the previously given (see P• 3) variant of Darcy's law 

Qd • P'lA 

where, 1 n th1s ex amp I e, 

· Qd • discharge In gallons per day through specified area of 
confining bed 

P' • vertical permeabil lty of confining bed • 0.2 gallon per 
day per square foot 
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I= hydraulic gr~dtent Imposed on ~onflning bed= 25/50 = o.s 
foot per foot 

A'= specified area of co'nfinlng bed through which percolation 
occurs. 

· Thus through a con fin i f1·9 .bed area of one square foot 

Qd a 0.2 X o.s X I D 0.1 gallon per day 

or through a confining bed are~ of one square mite 

Qd • 0.2 ·x 0.5 x 5,280 x 5, 280 • 2,800,000 gallons· per day 

It 1s known that the cone of .. dep.resslon created by pumping a 
well ln en artesian aquifer grows reptdly and thus Jn a relatl vely short 
tIme encompasses a I arge area. As shown by the above· compu tat tons, the 
total amount o.f vert.ical seepage through confining beds ·may be quite large 
even though the pe nneab II i ty ot these form at l ons .1 s reI a.t1 ve I y sma I I • · If 
the conf ·lnlng bed in turn ts overlatn by an aoulfer of apprecfable storage 
and transmlft1ng capact .ty, the radius of the cone of influence developed 

• 

~y a well pumping from the artesian aoutfer wiH be detenntned by the hy• . 
drologic regimen of the artesian aquifer, the confining bed, ~nd the leak• • 
age-source aou1fer. · 

' The ·f .Jrst detaile·d analysts and solution of the leaky•aqutfer ( . 
problem was developed by DeGiee ( 1930) and I ater supplemented by Stegge• 
wentz and Van · Nes ll939). · · · . 

In thes~analyses, assumptions related to the physical flow sys• 
tem erei (I) th-e artesian aquifer is bounded. above or below by a semi• 
penneable confining bed, (2) the t2qu i fer, when pumped ts supplied by . lea~­
ege through the confining bad, thE~ leakage being .proportional to the draw-­
down, end · (3) the aq.~lfer end .conf .lnlng bed are Independently humogeneous 
end Isotropic. t t is ~I so asa.med that the water level In the equlfer 
supplying water to the semlpenneeble bed Is maintained at or very near 
static level through the 1nt~rve. l of pumping. The solution developed ls 

., for the s teady•s ta.te cond I t ton where t n It t s assumed the t the drawdown I & 
zero at r • •· · 

Jacob (1.946) al.so erH~I. yz.ed thl.s probJem, vertfytng the solution 
for steady flow and also developing a sol.u tton for the transient state. His 
final steady-state equation, Jn nQn~dlmenslonal form, for the drawdown 1n 

. en tnf In l te artes tan aqu t fer .has th~ fonn 

or In the- u su .a I I Survey u n 1 ts 

.s • .!! ... · K0 (x) ,35) 
2nT 

s • 229 Q K0 (x) 

T 
(36) 



• 

• 
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where 

and 

43 

br 
X=­a (37) 

a • -(TiS_ 
b • YP'Im'S 
T • coefficient of trensmtsslblllty of the artesian 8qutfer In 

gallons per day per foot 
P' • coefficient of verttcel penneablll ty of the semipermeable 

confIning bed, In gallons per day per square foot 
5 • coefficient of storage of the artesian aquIfer 
Q • rate of withdrawal by the pumped well, In gallons per minute 

en• • thickness of the semlpenneable confining bed, In feet 
r • distance from the pumped well to the observation well, In · 

feet 
s • drawdown fn the observation· well, ln feet. 

The symbol K
0

(x) ~s a notation widely tlJ t not universally used to Identify 
the modified Bessel function of the second kind of the zero order. In 
order to tavo ld any m tsunderstandlng of Its present usage It Is ldent1 fled 
as folJowsa · 

K0 (x) • ~ [o.5772 + .log9 (x/2)] I 0 {x) 

+ (1111)2 (x/2)2 + (1/21)2 (x/2) 4 (I~ .1/2) 

+ ( 1/31)2 (x/2)6 (I + 1/2 + 1/3) + ··~·· . (38) 

Where 

I
0

(x) • I + (x/2) 2 ( 11)2 + (x/2)4 (21) 2 + (x/2)6 (3&) 2 + •••• (39) 

The notation 10 (x) ts used to represent the modified Bessel function of the 
first kInd of zero order. Values of the function K0 ( x) over the range of 
Interest for most ground-water problems are given in table 4. 

Equations 36 and 37 may be rewritten in the following fonn: 

log s '" log P2~ Q] + log K0 (x) 

I og r = I og [ E ] + I og >< 

(40) 

(41) 

The bracketed portions of equations 40 and 41 include all the 
terms that . have been assumed constant In the der tva t ion. I t fo II ows then 
that the variables is related tor in the sane manner that K0 (x) is re­
lated to x. Thus the forrr. of eq...ations 40 and 41 once again suggests the 
scme. convenient method of graphical solution that has already been des­
cribed for resolving the lheis formula. A type curve for ·use in solving 
equations 36 and 37 is prepared by plotting on logari thmlc greph paper the 
values given in table 4. In figure II curve AA is in part a dJpl ication 
ol the lower part of curve BB and in part an extension of that curve 1nto 
the next I ower log eye I e. 
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1.0 
' 1.1 
1~2 
1.3 

-·1.4 

: 1.5 
1.6 
1.7 
1..8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 · 

2.5 
2.6 
2.7 . 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

•\ 

; - .\ 

. . ,,·r-·-

Table 4-.--V~lu~s . of K0 (.x). :. the modified.Besset function of the second kind of .zero order, 
.. · · . ·.· for.: v~lues of x between lo-2 and 9.9 !/ 

. .. 
. . 

x · · N(lo0) x•N(Io-1) . . ., .· x a N( 10-2) N X = N( 100) X = N( 10-l) X =- N{ 10~2) 

. b/ . -..{'\· 

. 0.421-0 2.427l . . · .. 4.7212- . 3.S. 0.01960 1.2327 
.36.56 . ' ,3.6 ,~01750 •' .. 
.3185 .387 .01'563 •, '-~ .. 

3~8 . .• 01397 /-' . • 2782 
' . • 2437 . 

. . ·~ 

-3.9 .01248 .. . . 

-
.;2138 .2.0300 

; 

4.0 .01116 - I'. I ; 45 3.3365 
.1880 4.1 .009980 ., 
.1655 4.2 .008927 
.1459 

... 
4.3 .007988 

..• :·1288 . -. 4.4 .007149 
.--

.1139 1._7527 4.0285 4.5 .006400 · 1.0129 

.1008 ., 
4.6 .005730 

.08927 4.7 .. 005132 

.07914 4.8 .004597 -,i 

.07022 4.9 .004119 ,. 
' 

.06235 1.5415 s.o ·.oo3691 .9244 3.1142 

.05540 -. 
• .. 5.1 .003308 

.04926 5.2 .002966 ., 

.04382 5.3 .002659 

.03901 5.4 .002383 (..? 

:o3474 1.3725~ 3.6235 ·. 5~5 : ~!-- .• 002139 .8466 
. ~03095 ~ 5o6 .001918 ~ .... , \ 

.02759 .. 5.7 .. .001721 
.02461 5.8 .001544 " 

.~: 

.001386 
,, 

.02196 5.9 
~ 

-\ 
' 

_ __, 

• 'I 

l 
l 
; 

~ 

• 

~ 
~ 



·· \ ,' • t • 
N X • N( ICO) X • N( 10-1) X--- N( 10.;.2) N X ~ N( 100) x=N(ICt-1) X • N(ic-2) 

6.0 
6.~ 

. 6.2 
6.3 
6.4 

6 • .5 
6.6 
6.7 
6.8 
6.9 

7.0 
7 .l 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

O.COt244 
.0011 t 7 
.001003 
.0009001 
.oooso83 

.0007259 

.0006520 

.0005857 

.0005262 

.0004728 

.0004248 

.0003817 

.0003431 

.0003084 
.0002772 

.0002492 

.0002240 

.0002014 

.0001811 

.0001629 

0.7775 

.7159 

.6605 

.61C6 

2.9329 

2~7798 

8.0 
8.1 
8.2 
8.3 
8.4 

s.s 
8.6 
8.7 
8.8 
8.9 

9.0 
9 .I 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

0.0001465 
.0001317 
.0001185 
.0001066 
.00009588 

.00008626 

.00007751 

.00006983 

.00006283 

.OOOC5654 

.00005088 

.00004579 

.00004121 

.OO(X;>3710 

.00003339 

.00003006 

.00002706 

.00002436 

.00002193 

.00001975 

0.5653 2.6475 

.5242 

.. ~ 

.4867 2.531C 

.4524 

Data for plotting type curve (see fig. II) used in solving equations 36 and 37, p. 4_2 and 43. 

a/ Values of K0 (x) in the interval 0.01 ":; x 'S 1.00 taken from tables in Commerce Dept. ( 1952, -P· 36-60). 
- Values of 'K0 (x) in the interval 1.0 c; x ~ 9.9 taken fran Gray, /l,athews, and A\acRobert (1931, P• 313-

315). -

~I When x = 0, K0 (x) = ~ • . 
~ 
\J1 
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Figure II --Logarithmic graph of the modified Bessel function of the second kind. of zero order, K
0
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. The so I uti on of equations. 36 and 37 thus req.J ires pI otti ng the 
lleld observations of sand r, at some particular timet, on logarithmic 
graph paper, using the same size of logarithmic scale adopted for the type 
curve. TI1e data curve is superposed on the type curve, the coordinate 
axes of the two curves bein·g held parallsl,· and translated to the position 
that represents the best fit cff the fiel·d data to the type curve. When 
the rna tch pos 1 t ion f s found, the amount of shift or trans I at ion from the 
;; scale to the K0 (x) scale is measured by the bracketed tenr. :of ~quation 
40 and the trans I at ton be tween the r ' sea Ia and the x seale Is rep-resented · 
by ·the bracketed member of equation 41. An arbItrary point Is selected on 
the data curve and ·the coordinates of this canmon point on both the data 
curve and the type curve are recorded. These coordinates, when substi­
tuted In equations 36 and 37 pennl t computation of the coefficient of 
tr·ansmissibi I i ty, T~ of the artesian bed, and the value of x, which ·has 
inherent In lt the coefficient of ver.tJcal permeat;>t I tty of the leaky con-
fining bed. · · 

In appl tcation It is not posslb'e to determine el ther a or b 
from field obser~atton of steady +low, but their ratio can be detenn I ned 
from the definition of x. 

x • r(b/a) = r P1 /mf 5 ----• ry P' /Tm' 
TIS 

(42) 

The vertical permeabi I i ty of the leaky bed can thus be determined 
'fran e9Uatton 42 if the bed thickness, m', ts known. However, S, the co­
efficient of storage for the artesian aquifer cannot be determined as 1 t 
is· removed fran the b/a ratIo by cance I I a ti on. 

Because the use of eq.Jations 36, 37 and 42 is obviously dependent 
on observation of 1he prof i I e shape of the p t ezome tri c sur face near the 

. pumped we'll (data plot of log s versus log r), it is imperatlve that the 
field measurements defining that shape be made at essentially the sane 
value of t. 

The foregoing s teady-s tate so I uti on appl tes wi th · sufficient accu-
racy ·to observations of the transient ·state only · if the water levels in the 

·observation wells are chatiging at a uniform rate over all the segment of · 
·the profile of the piezometric surface that Is being observed. This n;·­
quirement ' is g·eneratly · fulfi'l· led at large values oft. Al~hough i'he posi­
tion, in profile, of · the piezometric surface may continue to change \"Ji ·th 

· increasing time, the slope of the proft le becomes constant ne.ar the pump-
, ing well after a comparatively short · interval of pumping. · 

The ear I ie s t observations of drawdown . in each ob se rva t i ()n we· I t, 
when s is sm a II·, shou I d con form to the Theis none.qu i I i br ium type curve for 
the lnfinlte (non .. Jeaky) aquifer if the rate of h:~akage from the confining 

· bed ts comparatively :small. The coefficient of storage for the arh~ sicm · 
aq.Jifer can thus .. be determined under' these conditions from the earliest 
observations of drawqown (Jacob, .:1946, P• 204). The computad coefficient 
of transm iss i b i I i ty shou I d be checkeq by . comparing the value ob 1'a i ned f ron; 
matching the ear I iest data to the nonequ i I ibrium type curvH with the value 
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obtained by ma ·tching the later data to the leaky-aq.Jifer type curve. If 
con.si!'itency of the T values ts not obtained, then the leak.~ge may be 
causing toe m~ch deviation at the smaller values of t to permit appl ica­
tion of the Theis nonequilibrium formula. 

. . It was recognized by Ferris (1952a) that the sum of the terms in 
the series of equation 38 beyond loge (x/2) is · not appreciable for snail 
values of x (say Sll~ller than 0.02) and that the value of the functioh 
I 0 (x) may . then by approximated as unity.~ Therefore, for snail values of 
x, which means either small values of the ratio b/a or small values of r, 
the bracketed portion of equation ~8 satisfactorily approximates the value 
of K0 (x) and equation .36 may be written 

s • -
229 

Q [:o .5772 + 1 og (2!:\J · T .: · e 2a} 
(42) 

:·wtth the terms as previously defined. 

Inasmuch as t t has been assumed that amp I e recharge Is ava tl ab I e 
to maintai'n the head in the leaky confining bed, and to satisfy the with­
drawal of water from the artesian aq.J ifer, the cone of depression of a dls­
charg i ng we II w t II reach a f In i te rad lu s, r e. 'If the drawdown., s, _Is 
assumed to· be zero at re then equation 42 may be reduced to 

loge (b;:) • - 0.5772 
or 

b 1.12 
- = a re 

(43) 

• I. . 

Equation 43 Is convenient for computing the b/a ratio In an Ideal leaky 
aqu 1 fer, usIng data co' II ec ted at I arge t va I ues, that Is, Yilen the cone of · 
depression has e><tended over a · fairly sizeable area. In · this type of appl i­
cation, hCN/eve·r, since the values of r 9 may tend to be large, the req.Jlr.e­
me·nt that x shall be snail will obviously be met only If the computed ratio 
·of b/a proves to be smal I. 

vart ab I e DIscharge WIthout · Vert lea I L~akage 

Continuously varying discharg_e.··The rate at which water is pumped 
from a well ·or well fie·ld commonly varies with tlrne in response to spasonal 
cha.nges in demand. In other words, the pumping rate, as reflected say by 
records of daily or monthly discharge, is often found to be varying continu­
ously. Vl,here . this element of variabi I ity is recognized in groond-water prob­
lnms._ the analytical niethods that are described in the preceding sect-ions of 
this report are not applicable without some modification or approximation. 
Exact equations could perhaps be developed for the case of continuously 
vaty ing discharge, but the cost of analysts, in tenns of time and effort, 
wout·d I ikely be prohibitive considering that a separate and specific solu-
t i.on wou I d be required for each prob I em. It is considered more e>qJe d if?n t, 
therefor~, to uti 1·i ze the existing ana I y t i ca I methods, rendering thE:m app I i­
cnble to the field situation by introducing tolerable approxiwat· ion s of t·t)e 

• 

• 
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field conditions. As an axample, consrder a situation where the purnping 
rate in a wet I (which may also represent a well field), tapping an arte­
sian aquIfer, varies continuously wl th ttme in the manner indicated by 
the smooth curve shown in figure 12A. This smooth curve may be approxi­
mated by the series of steps shown, and the analysis of each step may be 
under'taken starting with conventional theory and equations. Thus the 
Theis nonequiltbrium formula (eq. 6) can be used to construct a type curve 
for analyzing the observed drawdpwns caJsed by the stepped pumping rates 
indicated in figure 12A and 12a: The drawdown, s, at distance r from the 
pumped we I I, at any time t, is 

(44) 

where the subscripts refer to the AQ values of figure 128. The zero refer-
renee ttme to is chosen arbitrarily so that the effects of the antecedent 
rate of pumping, Q0 , are established as a regular trend which can be pro­
jected or extrapolated with certainty, as shown in figure 12C, over the 
time span occupied by the stepped pumping rates. Applying the Theis non­
equilibrium formula to define each of the drawdown C:omponents .gtven in 
eq_Jat1on 44, there follows 

s • 11 ~·6 [ ~QI W(u) 1 + 6Q2 W(u) 2 + 6Q3 W(u) 3 ••••• + 6Q0 W(u) 0 ] (45) 

The corresponding u values are 

u = 
3 

There·fore 

I .87 r·2s 

T( t - t 
3

) 
j ••• (46) 

Inspection of equations 46 and 47 should indic~to that virtually an infinite 
number of type curves can be constn.H:ted for solving eq~ation 45. For prac­
tical purposes;; howev(~ r, only a f~nily of rurves nc·ed be constructed. 

It can be seen fr·orn equations 46 that· the relat·ion between the u 
values Is dependent on the value of t selectGd. For· any ,~ giw:n value of t, 
the values of u are proportional to the constant 1.,87 r2srL. Therefore the 
fan t I y of curves must be cons 1-ru c ted using t and I .B7 r2S/T c.as i ndepen dent 

n 
vtsl'"iables and Z 6Q W(u) as the depend0nt variable. This is accompl i5hed by 

• t I · 2 • ftrst assumsng several values of 1.87 r SIT for a particular value of t. 
Values of ut are then cQnputed for t·hat t for the assumed valut~s o f 1.87r '2s /T 
using the first of equations 46. Equations 47 are the~ used to compute 
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Values of u2, u3 ••• un for each assumed value of 1.87r2stT. These In 
turn ~etenn lno {see table 2) the corresponding W(u) values, wh lch are used 
to comp!J te the CfJanti ty in brackets (the sum of all the llQ W(u) terms) in . 
efluation 45. Thus a set of values is prod.Jced for the sum of the flQ W(u) 
ter·ms, corresponding with the assumed values of I .87r2S/T and a II are re­
lated to one assumed value of t • . This ccmputing procedure is repeated for 
e~ch value of t in a whole set of t values selected to span a time range 
that wi II penni t drawJng the faml 'ly of type curves, sho"n schematically in 
figure 13, throush the same time interval covered by the drawdown observa­
tions in the aquifer. Tile field-data plot of logs versus log 1/t is 
superposed on the family of type curves, taking care that the I ogari N1m ic 
time scales of the two graphs are exactly matched. The data plot is then 

n 
shifted along the E llQ W{u) axis unti I the position is found where the 

, I 

;: 
·o 

<J 

CII'J-
0'1 
0 

log l.. t 

~Curve to. r assumed 
/ . value of 1.87r2S/T 

Figure 13 -- Schematic pI o t of fa m i I y of t y p e curves for problem s 
involving continuously varying discharge 

curvature of the data plot is identical with an underlying type curve or 
with an interpolated type curve post tion. It follows that this serves to 
identify the daf'a curve with a speci fie value of 1.87r2S/T. Values of s n . 
:1nd 1: llV W(u) are read frc1m a point COltmon to both graphs and entered In 

I 



E~quat·ion 45 to solve f6r T. n ·1c1 COHipU l"t:·d value of T can thL·n be use<.l with 
1h0 value of 1.87r2:~/T h) t.olv-:.\ for S. Should Sl~V0rnl obst·rvr1tion wolls 
at di ffen.:n f radii Ul? ~vail abl E•, it may bt! mvre conv~::.·n ien t to ccn~j truct a 
fypc curve ~.uitable for maf·ching vlith th~ observed drowdown profile. For 

, . . n . 
a ·selected observotion tin~ c, values of l: ~Q W(u) and I e07r2S/T are tahen · 

. . . ,. 
fran fibure 13 . and used to construct a new type curve by plotting log n . . 
Z tQ W(u) ·against log (1.87r2s;r). T~is new logarithmic. type . curve, drawn 

) 

I 
for a se I e c ted t i me , 
versus r2, drawn for 

t, can be 111a1ched with a logari thnlic data plot of s -.. 
the same t irne t. 

, lntennlti'ent or cycl ·ic di~charge.--Analysis of drawdown data by 
mertns of the methods described in the preceding sectil)n is I ikely to re-

. quire a large c:vnount of calculation. However, for certain specific kinds 
: of discharge variat·ions the analysis can be simplified considerably. Tile 
detailed solution~ of two . specific cases have been described by Theis and 
Br~own ( 1954). One of the problems solved was that of canpu ting the· draw­
down occurring in a well be·ing operated in a regular ·cycle of pumping at 
a constant rate {or a given t i me interval, then resting for a given time 
intt=:·rval. Their final eq..~atlon, in the usual Surve-y units, for drawdown 
in thE~ pumped well after n cycles of operation is 

1·2~3· ••••••• n 26.12_ s
0 

z - log 
. T 10 (1 - p)(2. p)(3- p) 

(48) 
•••• (n - p) 

where p Js f·he frnctional part· of the cycle:· dw·tng which the well is 
purnped. In pot·t, th•~ simple form of equation 48 was obteincd by uti I fzlng 
t-he sern t log opproxirnat ion (eq. 4) of the Theis noneq.J i llbrium formula. 
Many regular op(-trat· ional cycles are easily genoral ized and analysis may 
lead to a final expression comparable, in simp I ici ty, to equation 48. 

ChcHlO•? I Methods -- Li-ne Sink or Line Sour Ct~ 

Constant Discharge 

~-steady state, no rechar.s!•• ... As early as 1938 Theis (Wenzel · 
and Sand, 1942, P• 45~ had developed a formula for determining the decline 
in artesian h~)ad e t any distance from a drain discharging water at a uni .. 
form rate. In 1949 Ferris (1950) derived a formula that can be shown to , 
be identical with the one derived by Theis. The devolopm.:·nt Is based on 
the following assurnptions: (I) . The aru i fer ls homogeneous, isotropic. ond 
of semi--infinite (bounded on one side only by the strenm) areal e~tent; 

•• 

• 

(2) the discharging drain completely penetrates tho aquifPr; (.3) the · aqui­
fer Is bounded I.Jy tmpormoablt' strata abovt~ and beiOWJ (4) the flow ts 
lernlnar and unldimcnsionul; (5) the release of wat~r frcrn storago is In-
stantaneous nnd in proper tion to the dec I ine in head; and (6) the dra1n .-
d~seharges ~ater at a .constant rate. 



• 
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53 

Slighf"ly modifying the fonn used by Ft~rr i 5 1 1 he da-a in fonnu I a 
can be wr· i t ten non-d j,-n er.s ion a I I y, as 

[ :~ 
X 

du] Qbx 
I 

2 /-;~;m -u2 (49) s =- - ·- e 
, 2T 1" 

0 

u Ill xflt 
where 

or 
u2 • 

x2s -4Tt 
(50) 

Ferris suggested that the quantity in brackets be written symbolically, for 
convenience, as O(u) which is to be read "drain function of u, 11 and In th i~ 
report the subscript q will identify it with the constant discharge situa­
tion. Equations 49 and 50 can therefore be rewritten In abbreviated form, 
in the usual Survey units,· as 

where 

and 

s • 

X • 

t lli1 

s r: 
720 Qbx ( ) 

T D u q (51) 

2 1.87 x2s u • (52) 
Tt 

drawdOiln, In feet, at any point in the vicinity of the drain 
discharging at a constant rate 

constant discharge ( t .e., base flow) of the drain, in gallons 
per minute per I ineal foot of drain 

distance, in feet, from the drain to the point of observation 
4-~mc» in days, since the drain began discharging 

and S and T ha:ve the meaning and units already defi~ed. 
\ 

From inspection of equations 51 and 52lt fol .lows that if scan be 
measured at several va.lues of t, and if x and Qb are known, then S and T 
can be determined. Howavcr, the occurrence of two unknowns and the nature 
of the drain function make an exact analytical solution impossible and 
trial solution most laborious. A graphical solution of superpositionJ 
similar to the one devised by Theis for solution of his nonequtlibrium for• 
mula, affords a simple solutlon of equation 51. 

The first step in constructing the type curv~J is to assume valu es 
of u ane~:;"~·gmpute the corresponding values for D(u)q fr·om equation 49, which 
can be dohe. .... ,easily with the aid of pub I ished tables (Canmerce Dept., 1954). / 
Values of D(ujq and u2 for values of u from 0.0510 to 1.0000 ar·e given in 
table s. These data are the.n used t·o prepare a type curve on logarithmic 
coordinate paper by plotting values of u or u2 agai~st values of D(u)q• 



u 

Table 5.--Valucs of D(u)q, u, and u2 for channel 
m0thod-c:nstant di~charge fomula. Y ,, 

? u- D'(u)q 

0.0510 0.0026 10~091 

.ocioo .0036 6.437 

.0780 .0049 7.099 
-.oaoo .0064 6.097 
.0900 .0081 5.319 

• tOOO • 010 4.698 . 
.t140 ·.013 4.013 
.1265 .015 3.531 
.1414 .020 3.069 
.1581 .025 2.657 

.1732 .030 2.35.5 

.1871 .035 2.120 
.- .2000 .040 .1.933 

.2236 .050 '.648 

.2449 "060 1.:4-40 

.2646 .070 1.280 

.3000 • 090 1.047 

.3317 .110 .8847 

.3605 .130 , 7641 

.4000 • 160 .6303 . 

.• 4359 . • t90 .5327 . 

.4796 .230 .4370 
• .5291 . .280 .. 3516 
.5745 .330 .2095 
.6164 .380 .2426 

.6633 .440 ·.1996 
~7071 .. 500 .. 1666 
.7616 .500 .1333 
.3124 .660 .. • 1084 
;.0718 .760 .,0:3503 

.9407 .,900 .06207 
1,.0000 . t.ooo .,05026 

··. [oata for plotting type curve' (see fig. 14) . ·far eqJation 5t, P• 5.3.] 

E) After Ferris (1950:). Hecomputad by Betty J~··· Newel; .checked by R. H • 
. Bt"ovm. 

• 
... 

• 

• 
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Such a type curve is shoon in figure 14 and. fer conv£·nience in subsequent 
computa:ion, ·v·alues of D(u}q have beun plotted against values of u2. 

'· 

Rearranging equations 51 and 52 and taking · the leg of both s 1 des 
there . foil ows 

log s = [leg 720 T Qbx] + leg D(u)q (53) 

and x2 
[ T J 2 lc,g = log 

1
•
87 5 

+ log u (54) 
t 

For a given test, the bracketed parts of equations 53 and 54 are constant 
and leg D{u)q is related to lc•g u2: in the manner that logs is related to 
log (x2/t). Therefore, if values of ttle drawdown, s, are plotted versus 
x2/ t on I ogar i thm i c f·rac i ng paper having the sane I cg seale as the type 
curve for the drain fonnu I a, the rurve of observed data wi II be simi I ar 
to the type curve. The data curve may thus be superposed on the type 
curve, with the coordin9te axes held parallel, and translated to the posi-
t ton where the ob5erved data co inc t ce or make the best fit with the type 
curve. When this matching position has beeri found, an arbitrary point is 
·selected, common to both curves, and the coordinates of this comrnon point 
are used to solve equations 53 and 54 for T and s • 

Despite the restrictive assumptions upon wh lch it is based, the 
drain formula, as it has been cal led, has been applied successfully in 
determining the coefficients of transmissibility and storage of an aquifer 
and · in estimating the pick-up by or leakage fran drains. . · 

Discussion and .comparison of various ways of plotting the type 
curves (see figures 14 c.nd 7) for the drain function D(u)q and the well 
function W(u) are given in an article by M.A. Warren in the August 1952 
issue of the Wa·ter Resources Bulletin. 

Cons t·an t Head 

Non ... stead.Y state, no recharge.--The decline in artesian head at 
any distance fran a strecJn or drain, whose course may be approximated by 
an infinite straight I ine, subsequent to a sudden change in . stream stage, 
can be found by borrowing .the solution to an analogous heat-flow problem 
(lnge~scl I, Zobel, and lngersol I, 1948, P• 88). It is as~umed that (I) the 
strean occurs along an infinite straight I ine and fully penetrates t~e 
artesian aquifer, (2) the aquifer is semi-infinite in ex·tent (bounded on 
one sTde only by the stream), (3) the head in the streem is abruptly 
changed fran zero to s0 at time t = o. (4) the direction of grrund~water 
flow is perpendiru lar to the direction of the stream, and (5) the change 
in the rate of discharge from the aquifer is derived from changes in stor• 
age by drainage after t a 0,. Substituting ground-water nomencla1ure In 
the heat-flow equation, the distribution of drawcbwn in the artesian aqui­
fer is f O..J nd to be 
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O(u)q l.o t• 1 
= 720 Ob X D(u)q 

T 

(. 

• 
7 

• 
5 

4 

s 

! 

where 

-u1 
· u• ~ /
Ws- ] 

D(u)q • ~ fT-!•-f¥ 
0 

,- du 

u• = 1.87x
1
S 

Tt 

! S 4 5 I 711 
0.1~------~----._~~--~~--~----~------~--_. __ ._ ______ ~ ________ ._ __ ~~_. __ ._~~--~ 

0.001 0.01 0.1 1.0 

"·-·, u2 
\ 
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Figure 14 --Logarithmic graph of the drain- function for channel method--- constant discharge 

. -
'l ' "' · 

\ 
~ • ..~-

• 



• 

• 

• 

2so /2 yTt/S -u2 
e du yn 

X 

0 
X 

or 

where D(u)h replaces the quantity in brackets and represents the drain 
function of u for t·he constant head situation, and where 

2 .. ~2~ 
u u ~ 

4Tt 

57 

(55) 

(56) 

In the foregoing expressions x Is the distance from the stream or drain to 
the point at which the decline in artesian head, s, is observed or known, 
and s0 is the abrupt change in stream stage at t • o. Other symbols are 
as previously defined. (Note: In equation 55 the integral expression and 
Its coefficient constitute what mathematicians have · labelled the error 
function, written as "erf". The bracl<eted portion of equation 55 is lden­
ti f ied as the caupl imentary error function, written as "cerf 11 .) 

The rei ation expres.sing the discharge from the aqJ Her, per unit 
le•ngth of stream channel, Qb, resulting from the change in stream stage, 
can also be found in text·s on heat flow (Ingersoll, Zobel., and Ingersoll, 
1948, P• 90). When writt·en using ground-water notation, end multiplying 
by 2 to account for the wator contt-ibu ted from loth sides of the stream, 
the equation has the 'form 

(57) 

Equations 56 and 57 now afford a means for evaluating the two unknowns T 
and S, inasnuch as the ratio SIT is di:-f·ormined from equation 56 and the 
product ST is obtained from equation 57. 

Comparing equ<itions 5~Y and 56 the use of the method of superposed 
graphs, described in previous sections. is again indicated as the most logi­
cal means of solution because log s wi II evidently vary wi ·th log x2/t in 
the scme manner that log D(u)h var-ies with log u2 • . Thus the solutio.n of 
equation 56 forth(:! ratio S/T wi II evidHntly rec;uire ma1·ching a logari1-hrnic 
data ptot of values of s versus corresponding values of x2/t (or simply 1/t 
if only one observation WHII is available) to a t~gg,rithmic type curve pr·e­
pared by plof"ting values of D(u)h versus col~rosponding values of u 2 • Such 
a type curve is shown in figure 15~ prE~pared frcm the drain funclion values 
g i ve n i n tab I e 6 .. 

If equ,:Jtions 56 dnd 57 are rE·wr-ltt·en using the urlJal 5ur·voy unit- s 
(excc:.pt for Q~1 whic.h L :; t-hE• base flew in g?.dlcns p<:-t" minute per foot of 
qtnH'Inl I eng· th) th&y bccnm.;: 
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T~ble 6.-~Values of D(~)h, u, and u2 ~or channel 
rne thod-cons tan t head f orrnu I a Y 

u 

.o3t62 

.04000 

.osooo 

.06~25 

.07746 

.08944 

.1000 

.1265 

.158t 

.2000 

.2449 

.2828 

.3162 

.4000 

.5000 

.6325 

.7746 
. ~8944 
t.ooo 
1.140 

1.265 
1.378 . 
1.483 
1.581 
1.643 

I. 732 
1.789 

2 ' u 

.0010 

.0016 
. • 0025 

.0040 

.0060 

•. ooao 
.oto 
.016 
.025 
.040 

.060 

.oeo 

.10 

.16 

.25 

.40 

.60 

.eo 
t.oo 
,.30 

,.60 
1.90 
2.20 
2.50 
2.70 

.9643 
89549 
.9436 
.9287 
.9128 

!8994 
.8875 
.8580 
.8231 
.7730 

• 7291 
. • 6892 

.6548 

.5716 

.4795 

• 3711 
.2733 

. • 2059 
.1573 
.1069 

. • 0736 
.0513 . 
.0359 
.0254 
.0202 

.0143 

.0114 

Data for plotting type curve (see fig. 15) for equation 55, .P• 57. 

y Prepared by R. w. Stallm~m 

Notea Values of D(u)h, for selected values of u2 or u, were computed with 
the aid of tables In Commerce Oept.,(l954). 

• 

• 

• 
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O(u)h o.l ~ 9 
. 8 

7 

6 

5 

4 

3 

2 

where 

I I \ 
s = s0 D(u)h 

O(u)h = [~ _ _g_/ 2

!rm ' ·l fii · -u
2 

e du 
0 - - ./,~-

u = 1.87 x2 5 
Tt 

3 4 5 6 7 8 g. 
0.01~------~--~--~--~._~~~------_.----~--~~~~~~--------~--_.--~~--~~~ 

0.01 0.1 1.0 10.0 

u2 

Figure 15-- Logarithmic graph of the drain- function for channel method--- constant head 
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60 

and 

u2 = !.!...tl.l x2s 
Tt 

Q
0 

= 2,15 x 10-~ ,, s
0
-lf. 

(58) 

(59) 

Equations 55 and 57 define the ch3fH!8S (art~sian head and flow) 
which occur in the aquifer if the strec:r,l stage is. abruptly changed. There­
fore the stipulation of no r·ect-\arge impt j.;:s onl.y that the rate of recharge 
must be constant for a s_jfficient interval of time so th.at the regional 
warer--level f·r.ends can be exf·rapolated with accuracy throughout the period 
in which the changes in the aquife"r are being obser~ved. 

. '\ 

Wah~r-level di!lta from wet Is locah?d near the stream may, 1n some 
field situations, yield erratic resuf ts, depending on the flow p~ttern tn 
the ac;u ifer in the vicinity of the strei=.Hn. For example, if the stream 
only partially pene ·trates the aquifer the flow I ines in the aquifer .,wi II 
obviously bend upward as they approach the stream, thereby producihg verti­
cal ccxnponents of flow. Thus the smaiiE~r the distance x, between obst:rva­
tion well and stream, the gr~ater the errors inherent in the observed water­
ICV(:!I 's. This in turn means that as x decreases, the error in the computed 
value of S/T increases. It sha.Jid also be realized that instantaneous or 
abrupt I oweri ng of s trearn s tagr~ is s~ I darn possible which means that the 
det~rwination of a reference or zero tirnt'? is difficult. Thus observations 
made a short time aft·er the stream stage ts lowered may be somewhat unre-
1 iable. In general, theraforo, it WOJ ld seen prudent to favor the data 
collech~d at comparat·ively l~rge values of x and large values -oft to pro­
vide the most rei iable basis for analysis. · · 

Whero t t Is known that .thE! s tn:H:.n or dra i'n penetrates on I y a 
part of the aquifer thicknt?s·s the fol towing adjustment procedure;, al thougt, 
not yet proven by field trial, may offc:r a means for dett..~rmining more 
realistic values for r:···and s. It should be evident that in a field situ­
a tl on of 1h is ld r1d the change in hedd in the stream channe I is not as 
effective in producing head changes throughout the aouifer as when thH 
stream is fully pc:netrai'ing • . Nc?ar the stream, ground-water levels adjust 
qJ i ck I y to changes in s tr·e-am stage but part of the adjustment is cat sed 
by the bending . of the {I ow I t nes. . It can be a·ssume d, however, . that at 
some re I at i ve I y shot- f· dis tan ce x0 away from 1'h e stream the bending of the 

, flow I ines in lhe ·aquifer wi I! be small enough so that the effects on tho 
head volues may be neglected. Thus, for distances greater than x 0 the 
flow I ines may be considered parallel, that is.- flow is essentially e>ne-
d imt:ons ion a I .. · The change in he ad i'n the a q..1 i fer, <l t the d i s·tance x 0 , may 
therefor;e be considered as an effective value of s0 and it is relatHd to 
the changes in head throughout tht.":l ~H?Jifer, for all distancE!S grea.ter than 
xo, in the .rn anner dHscr i bed by equa't,'ions 55 and 56 .. 

.., In effect t-his reasoning means 1·hat tho n~al partlally-peni:tra­
ting stream, in which tho stage was abr-uptly changed tui amount s

0
, is 

lx~ inu replr.tet·· cJ (at the di,stance x 0 ) by a theoretical fully penetrat-Ing 
slre;;un i.n which c Hn~ stage change may be r(~garcJed as esse·ntially abrupt t::.ut 
of a lesser- rna8ni tudo which· shall b(· tenned an effective value of s

0
• 

• 

• 

• 
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Tl·i:.;. ~,o-c·JII; ; d f.-r· fc·cti \i.:' vatu ( of :;:; 0 c~H\ IHJ CCA:q)uf-vd from t!CjiJcj­
licn ~:~s ;:;ftr;~.,.. :.:;upcrpo~:>inu H,Q d.Jfa :1nd type: curve~.; in Hw manner alroady 
de scr ibc·d • The critic··'~ I d i !::, tcnc(: ;:.: 0 con a I ::)0 Lo cornf.-·U h;. d, using the co­
or- <.J in ~! ·h~<:. fc)f· '' poi n 1' co:_' r,w.un f't') t k! v. a l'th E) C d a ta anci 1 y po curves, i f more 
th ·:lf'l on·:~ cl..:.:~;·~· rV (~ tic; n Vt r.' ll i!J av.::~dlablo. For each ob::)crva1·ion well the 
l"t,tic '3/T is CO.ilrutt..:d using th:: distanc0 fn'Jm lhc well to the real strec.~m 
ch<~nnHI u:) a first c::.timJh:~ in equation ~6. If the SIT values thus deter-
rr.inod arf• not at ike, thr.! equation for· u2 is adju5ted to read as follows: 

'') 

u2 = I .E7 (>~ - ~\Ow 
Tt 

An <:·s1'irnate of x0 is thf;;n n1t~dt::, and 5/T vnlw.:1S for each observation well 
are rc·cGmputed using the effc·cti.ve distance t·c) the str·c·am. (x • x 0 ). If 
the data and fieldcondition~~ ar'H sufficic·ntly ideal t·o permit an uccuraf'e 
an~lysi!:., sc•v•Jral f.issumed valuc.ts of x,; wi II indicah: the one that will pro­
duce f'he clo~;ost· nyrecruonf' in the computed values of SIT. 

If· is poin1·ed cut that it is difficult to assftSS tht1 true value 
of thesr~ adjustment proccdun~s inasnuch as the opporluni ty for applying 
f·hcrn to a specific flelc probiHr• has not yet been affor·ded. 

~£h.t t) t·td£_,_lln iJ.:.s?r:~~r· qe .···-t\ probl ~m1 . of con st dernbl e pruc­
ttcal interest is t'ha t of o ::d· i1t1n iinu l'ho ba~)e flow of stn:!cwus, or the 
effective uvorago ·r-c.d'C:l of urntnd-vnd•~r rcchm·ge, frorn l·he shape of the 
wnter table. Con~id~n· Htt:: ca :~~c~ of an oquiff:H· brunded on two sides by 
fully. pent.:·fr·ai·ing pan:d l~:d sfr't'J"u:•·~ of infinite lengt·h ns shown In figure 
16/\. It is assumed th::l t t·hr;· .:.r~J i ff:r h; f·,,.:.mog€·neous 'and isotr·c>pic, and · 
that the aquifor is recharged ~t a rata of accretion, W, that is constant 
with r€!Spe:~cf· t·o 1·irne CHid spacE.'• Flow is tht=Jn~fon:~ one-dimensional and 'J 
g r·ou nd ... ·wa te r d i vi do is c r<:!C.\1 t2.' d at dis t .:mcc1 11 c)" m i dwuy b(:' hveen ·the s 1're .:1m s 
(soe figur& 16B). Jacob (1943 1 P• !>6t)) hat; giv(~n t·he equation of steady .. 
s hJ f·o pt· of·ll e c~!J 

when~ 

or 
T 
w 

~~ .... 
ho 2ho 

W .:: cons l t1n t ,-ate of f'"(~Ch ar·ge to the w att:r tab I e 
c.1- di s t;:::: nc(~ fron1 th e: :"~t· rnam t() ·the gr·ound-wa t(~t~ divide 
x ... d• ~:; 'f :J ncH frc"n lho ~:;trn c;m 1o an ob~;; e r·v;Jtion wcdl 

(60) 

t1
0 

elc~vdiion of tho Wij1·0r tabl t.::' ~ at· lhe ob sE"·r·v.:•lion wr:· ll, above 
1hc · m t: ~ t:in s l·ct;:a" It:~ vi: I • 

II i :; ((·c qtH·_,, ·,Jiy co nv(:nicnt to C'>r-w t:;~~·. the: ~~ahJ of nJch .:H .. SP , \V, 
in inclk ~-. pc· r y c :o: r-, wh i I f a, x 11 rJnd h0 ~:'Wf~ expr·es!::;C'd in f(>e t, and T i s in 
Hi<~ u !..: tJ .::,I :~;t J n :c:y un i t :::; ,. Equation 60 is t·h on r E·wr i t f ;!n in 1 hP i onn 
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A. SECTION VIEW OF IDEAL AQUIFER SUBJECT TO UNIFORM ACCRETION 1 

BOUNDED BY PARALLEL STREAMS 
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(After Jacob 1943) 

B. NOMENCLATURE FOR MATHEMATICAL ANALYSIS OF PROFILE SHOWN IN SKETCH "A" 

Figure 16-- Section views for analyzing steady-state flow in hypothetical 
aquifer of lar'ge thickness with uniform accretion from precipitation 
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T 0 1.7, (61) 

In the absence of artificial withdrawal of water from ,an aquifer, 
the net recharge must cc;ual the natural discharge, prcvldedchanges in 
storage are insignificant. Alt·hough it is recognized that under natural 
conditions, there are variations of Win time, it should be apparent that 
If average or mean ground-water levels are used in eq..~atlon 61, a figure 
for W equivalent to an effective average accretion rate wi It result. 

E(J-Jation 61 can be solved I{ the average (In time) contribution, 
Qb• to t·he base flow of the stream, per unit length of channel, can be 
determined from stream-flow measurements. If Qb Is expressed in gallons 
per minute per foot of stream channel, then 

or 

w Ill 8.44 ( 1 o5) 212 
2a 

W a 4.22 ( 105) 2g 
a 

(62) 

Equation 62 perm its dotorm inat·ion of W which can be used In equation 61 tn 
cc.-npu t ing the va luo of T • 

In many fiefd situat·icns, of the type postulated here; gent~ral 
. appr<-rsisal of thd occut~renL.G of gr-ound wat·er may indicate tha1' the ground­

woh.:r divide is paral tel to the str:E:aw course. although th~} distance a 
wi I I be· unl<nown .. If two ubscnvation Wt!lls are avai I able, it is possible 
to compute a value tor a and a value for the ratio 586 T/W. lf a lar-gGr 
number of observalton wells is avai lc1blr~, a graphical solution rna)' be 
used to solve for the values of a and 506 T/W. The procedure requires 
obsfJrvation of f·he distancos, x, from the stre·all to the individ.Jal obSElr-
vation wells and the corrf~spondinv valut::~:i of h0 • Using thE! deda from onE! 
obstwvat· ion well. and at~bitr:~rily ~•cdc·cting f.invc·r·cd valuns of a, thi:: cor­
respondin<J valu(~S of 506 TIVI ,11·"(:· COilputc·d af tt:~r appt*opriah~ subsfi tut ion 
in ec;uation 61. The c.ompu tod valuos of 5[i6 T/W arc plo1·ted against the 
cor-responding flSi~JruE~d vc:1lut-s of nand a s111ooth curve is drawn through ttw 
ptott"ed points. · In sirn i lnr fa:.:>hicn a curvt: is ck<:Wtn on tho !3Wne graph for~ 
each observaticn W<:.dL. The coordinates ·of the singlo point a1· which al• 
the c:urvc~s intersect· givH thn particular values of o and of 586 T/W which 
will sa·tisfy all thE.• available data. 

Sinu~idal Hf1ad Fluctuations 

VJornor and Naron ( 1951) and Ialor Ferris ( l952b) independPn tly 
flnalyzod thC' prcblern of fluclu{llions of v:;,t.,::r· level!;; in wells in n~sponsn 
j·o ~:.inu::.oidnl chfHige:::; in !:.~ta~e of Jl(.>m·t:y ~;urface-·w<:rter bodh:s. Thr: scdu-
1iGn to 1hL:; uenon:ll f)'rc~ of pn:iblc•m h;L; long bC>en i.lVI'lilablt:~ in othe r 
fields of sc.i.:.~nc"'' and a':~ fc•r·r-L; indJcnhJs it may convenit~ntly be found in 

- rc:~forencf! v.·orlc::. on hont flov1 such a!:; ftH1 tf::xt by lngt~n;oll, Zohc,l,. nrid 
lnuf.!I''!JOII ( 1'.?4U, P• 46-47). Tn1n~·d atcd intu ground-wa,ter tenn!·.,. the solu ... 

\...__..-
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tton rcqulr·os an tsoi·roptc seml.·lnflnite artosiun at1Jifor of uniform thick.­
nass in full contact. along its one boundary, with a surface-water body 
that may be consic'ered an infinite line source. Within tht~ aq..~ifer the 
change in water storage is assumed to occur Instantaneously with, and at 
a rate proport·ional to_. the change in pressure. Ferris ( 1952~. p. 3) shows 
that 'the equation for the range of ground-water fluctua1'ion in an observa­
tion wet I, a distance x fran .the aquifer contact with the surface-water 
body, whoso .stage is changing sinusoidal •y, has the ·ilon-dimenslonal form 

(63). 

· . or 1 n the u su a I Sur ve y u n t t s 

(64) 

sr = range of ground-water stage, · in feet 
s0 =amplitude or half range of the surface-water stage, in feet 
x =- distance from the observation well to the surface-wafer con-

tact with the aquifer (••suboutcrop 11 ), in f.eet 
t 0 = perio9 of the stage fluctuation, in days 
S = coe~ficient of storag~ 
T =coefficient of transmissibi I i ty, in gallons per day" pc~r foot, 

For ccn ven i ence equation 64 can be wr i t ten 

lo910 (sr/2s0 ) 

X 
(65) 

The form of equatIon 6.5 suggest$ a scrn i Iogar i thrn i c pI ot of the 
I ' 

:' I ."'J .pf the range ratio, sr/2s0 , for each observation well, versus the cor-
:! · responding di stnnce, x~ as an expodi on t me thad of analyzing the obst:irved 

: dai:a. The right-hand ·mornbE.•,- of equation 65 repres~nts the · slope · of the 
str·.aight I fne tha-t should be definc:1d by tilt: plotted data. If the change 
in the lognrJ thm ·of the rc:1nge ratio is selecf"~d over one log cyctc~ o{ lhe 
plot ~quatlon 65 becomes 

or 
T :.; !.·~-L~.:~) 2 s 

J·o 
(G6) 

1':-· 

If th0 field conditio•'ls fulfil I U1o as~:i11mptions made in deriv~ng e~ation 
C)6, H•t:' ~:.;tn:duht· I inn dr.:wm throu9h t-he d~Jta on tt1e sotnl log plot should pass · 
jht·ough H10 ot· igin of fho co.or·din:'lh~ axes, 1-hat is, should intnrct:pt a vnluo 
pf r/2so-= I :::d a v<1lu(~ of>: .::: 0. Fn1~ 1'1.:'• case of a !.jtn?rfn of ~;;ub~l·.cmtia-1 

:,, Width, paa-tialty pom?h:.1 tin~ J·ho iWk'sinn a~~uif,}r, thi:3 inh:rce p ·t will 
.: usually l>e fcund at· negativE) v.::slue> ~ of :< 6 indicrtting an "effective" dis­
~;·i· tanct~ .. ()ffshore to tho suboutcrop .. Jhis cffc~c1·iva distancH may or may not 
' havo phy5Jcat :::;luni fJcHncu di::pcnding on th0 n;,;dure of the flow · field in 
· tho vicinity of thl.' str·~~a,n. For exn··1pl0, if 1't1n stn:?::'wTI cbes not cut throu-Jh 
· Htr.! upp(l r ccn f i fl ~ ng bcdll s tagG chand •: s in 1ha 9.Jr face-water body may . s t i I I 

. prov~do, . H•~Oll~h lhe r.h~ai)~<:!5 in I.:.J.1dlng that nrc· involved~ a soJrco of sinll-

• 

• 

• 
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soi~_~:!nl he .. td fluc:tua'tir·n in the nrt0sian ucjuifer along tho str(:<::lll location. 
Unle~s n,t~ lo .::~ding chdtvaes are completel ·y effective (100 percent tidal 
efficinncy) in producing a stage range of 2s0 at x = 0 in the aq.J I fer, 
the ~ tru i gh t-1_ i ne in h1 rcep t with the x axis wi II a·ga in be at some neg at ivc 
value· of~~ and wi II in part be an indication of the efficiency with which 
tho ar~ifer slwleton accepts the changes In loading. Howev~r, it should 
be obso rv<.~d th .:=J t regard I e ss of the exa,c t va I ue of s0 in the aqu t fer, at ·.· 
x:: o, t·hc ~lope of tho data plot described is unaffected. Therefore the 
T val~oto c-'rnputed VI' means of ·equation 66 will be correct regardless of tho 
actual value in the aquifer of s0 • 

It isseen fa~oro equation 66 th~t it is necessary to knowS in 
. or~dc•r to solve forT. F't·eq..tently, when the coefficir.nt of storage is not 
~nown, it is possible to m~tke-· a reasonable estimate of 1ts value by study· 
ing the well logs and water.-level records • 

. The lag in tie1e of occurrence of a given maximum or minimum· 
ground-water stage, following the occurrence of a slmrlar surface-water 
stage, is given by Ferris (1952~ 35 

x(goS t :;a- -

I 2 · nT 
(67) 

where t 1 Is the lag · Jn time. Solving Hds eq.Jation for the coefficient of 
transmlssibi I i ty, and rewrt ting in term!;i of the usual ::>urvey units .. there 

. fol lows · 

T = 0.60 t s(><) 2 

0 ti (68) 

The only v .ariables in equation 68 are evidently x and t 1 ~ Thus an arith­
metic plot is SJggested with the value of the distance, ·x, for each obser­
vation well, pt·otted against the corresponding value of the. time lag. t. 
The slope of the straight I ine that should be defined by these plotted 
points wi II then give the value of x/t 1, which appears to the second power 
in eq.Jation 68. If tho straiaht line that is drawn through the plotted 
points should intersect the zero-time-lag axis at a negative value of x 
it may .be an indication of the effective d(st~nce offshore to the subout­
crop. 

In those situations where the aquifer ts not fully pery~trated or 
· where it is under water .. table (unconfined) conditions the methods of analy­
sis described in this section will be satisfactory if (I) the observation 
Wf~lls are far enough from the suboutcrop so that they are unaffected by 
vertical components of flow and (2) the range in fluctuations is only a 
snail fr~ction of the saturated thickness of the formation • 
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Areal Methods 

Numerical Analysis 

The equations presen.ted In the preceding sections of this paper 
were derived by .means of the calculus. Darcy's law, combined with the · 
eq.,atlon of .continuity (Rouse, 1950, p. 326) yielded the baste dlfferen­
thll. equa.tions which described states of flow. In turn, solutions to these 
d if fe rent I a I equa t1 ons were foti nd which satisfy the boundary cond i ti ons of 
a, particu _l~r problem. Certain generalizations were made In regard to the 
boundary . cond i t Ions so as to . p·rovi de rather spec t f I c equations wh 1 ch can 
be use~ wl th convenience to obtain a solution to the field problem. Among 
.these g~neral tzatlons are ttte assumptions of a constant head or discharge 
at some point or I ine, homogene~ ty of the ~qui fer, .simple gec.netrlc form 
or shape . of the aq.Jifer.., and complete penetration of the well or stream. · 
Certainly for many field problems these conditions are fulfilled to a 
sufflcient _degree so that the avai I able fo .. nnulas can be used to obtain a 

• 

rei table approximation of the v~ l ues of T, s, or w. However, the grcund- · .· 
wate~ hydrologist ·freq.Jently encounters problems for wh-ich 1ne complicated 
boundary cond i tions c~annot be expresses by simple mathematical relations. 
Furthenn'?f'"e, . t~e ·complicated brundary conditi ·ons rel.ated to a given field 
problem selqom recur in- nature. in _ the sane canbina,tion. · Thus t t could be 
poor economy· to spend a I arge ·amount of time and energy derl vi ng comp I i-

. cated analytical equations Whose appt ication might ·be I imited to one prob- • 
· I em. Uf'lder such ·circumstances t t may be found _more expedient to use numeri"" 
cal methods .of analysis for the quantitative tnvestigatton. Nuf!!erical · 

. methods have been used in -other sciences for some· time for the · sane purpose. 
Basic formulas and · procedures have been described by Southwel I (1946, 1940) 
and many· of his ~olteagues (Shaw, · 1953). Scarborough (1950) and Milne . 
( 1953) have wr ' tten extensively on the sane -subject and a condensed versiQn 
of the· numer.lcal _methods particularly useful ln grrund-water in.vestlgations 
ls ln pre.para~ion . (Stallman, 1955). The following is adapted from the 
latter work • 

. The fonnula derivation of analytica ·l equations for describing 
ground-water movanent involves appl lcation of the rules of calculus for 
·int.egrating, ·or summ·ing, an infinite_ set of infinitesimal charges in head 
be tween two · or ·more pot nts in the flow reg ion under study. In I ieu of 

. appllca,tion, of the ru .les of calculus to perform t-his addl tlon conveniently .. · 
·1t .- wa.dd' be possible to accomplish the same th lng simpl.y by addition of the 
tnf1n1te set of ~nfinitesirnats. The latter method Js, of course, Impracti­
cal unle ~s· .. ~ppro~t'rnat i'ons ere · introduced. ~ rhus an area may be calculated 
by consider·ing that lt is co"'posed of small but finite parts, each having · 
Dn area ll>< fly . · By this more coarse subdivision of the area the problem Is . 
reciJced to the addition of a sens i b l y small and flni'te _set of comP.onent 
parts instead of ·the infini.te S(.lt ot infinitesimal areas dx dy postulated 
by the orth.odox Cl!!dculus. In 'brief . this constilutes the basis of numeri- · 
c~l analysis as ·applied i n flndlr1g solutions to differential equations: 

' the cubstitutton of finite en titles for the differ~ntial fonns that ~!~ppear .--
In t~e fundamenta~ different ·ial e·quations. . 

" 
1 Consider, ·for example, the differential equat·lon describing two-: 

dimensional flow In a homogeneous and i sotropic aquifer, subject to re-
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_ ch1lf"\Je ~t ·a rate of accretion W. It can be shown (Stallm;,n, 19 ~55) that 
thl;s lt,QUa H·o·n has , the form · 

o2h a?b (~) ah w + = ¥ -- - -
ox2 . . ay2 T at . t . 

(69) 

where his the hea9 at any point who~e coordinates are x, y. Let the dif­
ferential I eng ths dx and dy be expanded so tha t, :_e.ach :.car\ be considered 

· equ-ival£·nt to a fini.te length w, and similarly Jet dt be considered equi­
valent to ll t. A pI en represen ta ti on· of ·the reg ion of f 1 ow to be stud ted 

. may then. be Subdivided by two ·systems of e~a _lly · spaced parallel I ines at 
right angles. to each other. · One ,system i.s .oriented in the x direction and 
the other In theY . direction and )the sp?tcing of the lines equals the dis­

.tance w (see fig. 17).-· A .set· of 5 grld-llne int~rsecti ·ons · or nocfes, se­
-lected lr-t '·the,'manner shown en figure 17, Is called an array. According · 
· to Southwell (1946; P• 19) the first t\\o differentials tn equation 69 can . 

.. ·be expressed, in terms of . the head values at the nodes in the array, In 
the following fashion 

a2h 'ht + h3 - 2ho 
- ?:S-

w2 ax2 

and 

~h:= h2 + h4 - 2ho --ay2 w2 

Wher~ tho subscripts of h refer · to ; the nun .. .>ered nodes of figure- 17. Sub­
.stltuting those -equivalent expressions for th~ first two differentials in 
eqJatlon 69, and le-tting ah/ot be COt:\Sidered equivalent to Ahot(At, there 
follows 

hi + h2 + h + h4 - 4ho .=. [~- - (~ho.t)-: : 'U._ ._] - -· w2 
3 .. . · . T At .. T .. 

(70) 

.. where Ahot is the change in head which {)ccurs atnode 0 (~i-ge 17) through 
the time tnterval At. Dependi-ng on .-. lhe type of data avaitable, equation 
70 can be used · to .. compute the hydraulic constants, S, _ T, and W, or the h<7acf 
distribUtion in time and space,. in an aq.dfer of given size and shape. 
Fur-thermore •. . the calculaticns in\IOive only the use of simple arithmetic. 

In wcr~dng out a solution where a finl te difference equation, 
such as eqJation 70 is . being app.lled to a spe<;ifi~ flow pro'b'le·m, the pri­
mary ·aim ·of the computing metho.ds is to _find the particular distribution 
of head vafues at all the ·nodal points (I i'ke. points 0-4· of figure ·17) such 
that the finite difference equation is satisfied at all nodessimultane­
ously. This head distribution can be found either by relaxation or itera-
t-ion methods of numerical analysis. The computations are begun by assuming 
head values ~or all the nodes in the flow system. These initial estimates 
will not ordinarily satisfy the finite difference eq.Jation and will re ..:.. 
(julre rHvi~- icn so that a better application of the equation can be made. 
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f~efin:~ment of the hr:.ad values is continued until nccuracy is c.onslderc·d to 
be sufficient for the nevds of the problt::m • 

. ·; . . . 
If the re-fanement IS made usang a rcutine adjustment procedure, 

it is termed an t tera ti on method; if it is w ada by approx irna t ion, it is 
terme·d a rela><ation method. Consider the steady-state fonn of equation 
70, which is 

(71}~ 

Assume that .It Is desired to find the head distribution in a~ aquifer of 
known size and shc:pe, the flow conditions (and/or head values') being known 
along its perimeter, and the values of Wand T, or their ratio, being 
known. Substituting in equation 71 the tnitiGSI set of assumed head values 
·for nodes 0-4, aoo the known value of {W/T)w2 there follows 

(72) 

where the subscript i is used to set apart or distinguish the head values 
that \.are Jni tially ass.Amed. The term Ro is tho residual at node zero, cr . 
in other words, It ts the remainder rerultlngfrom summation~ of the assumed 
and known values on the left side of the equation. :Inasmuch as it Is vtr­
tually · lmpossible to assume an initial set of head values such that the 
summation indicated In equation 71 is zero there wi II almost Inevitably be 
a rE!mainder or residual as shown in eq...ation 72. This residJal, R0, may 
be thought of as an indication of the anount and direction of excess cur­
vature on the piezometric surface defined by the assumed heads. The value 
of Ro is also an indlcation of the anount by which hot must be changed so 
that in the next trial summation of head values the result wi II more 
closely approach the zero value required for complete sat.isfaction of 
e quat i on 71 • 

It can easily be. shown that if the heat at the zero node .is 
changed by an, amount Aho 2::- Ro/4 t-he rE~sidual at that node will be re­
d.tced to zero. However, it should be l<ept .in mind that eQJation 71 is to 
be tried on each array in the grl d net and that residuals wi II appear· at 

· many if not all of the other nodes. Thus a head adjustment at one• nodE: 
wt II affect residuals at other nodes, and conver,sely subsequent head ad­
jushnents at adjacent nodes will affect the resid.Jal at the first zero 
node. Accordingly, se.veral circuits must be made through the net before 
the residual values are reduced to zero or nearly zero. Successive cir ... 
cui ts of nodal head adjustments amounting to- Ro/4• applied regularly 
over the net, constitute an iterative process, With pract-ice the computer 
wi II re·cogn i ze that the dis tr ibu t ion · of residua Is can be improved more 
efficiently by either a ·larger or smaller head · adjustment than indicated 
by- R0 /4 .. Applying such improvement tempered by judgment gained frori 
experience is a rei axation rr.E:thod. 
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Flew-net N1alysls 

In analyzing probiE·ms ·of ground-water flow, a graphicol repre·sen­
t()tic.:n of the flow P':~ttern is of consi'derable ossistance and often providns 
the on·ly means of solving those problems for "·hich a mathcrndtical solution 
is nqt, practicable. The first signific;;mt development in graphical analy­
sis of flow patterns was made by Forchheimer (1930). 

A "flow net", which is a graphical solution of a flow pattern, is 
composed of two fam i I ies of I ines or curves. One family of curves repre­
sents the streamlines or flow I ines, VJhere each curve indicates the path 
followed by a particle of water as it moves through the aquifer in the di­
rection of decreasing head. Intersecting the stream I ines at right angles 
is a family of curves tenned equipotential lines which represent contours 
o"f equal head in the aq., i fer. .· 

AI though the rea I f I ow pattern contains an infinite nu~ber of 
flow I ines and equipotential I ines, it may be conveniently represented by 
constructing a net that uses only a few of those I ines. The flow I ines 
are selected so thot the total quantity of flow is divided equally between 
adjacent pairs of flow 1 ines; similarly the equipotential I ines are selected 
so that the tot a I drop in head across the sy stern is even I y divided be tween 
adjacent pairs of ·potential I ines. 

The ct- ange in potentia I or drop in head be tween two equ i potentia I 
I ines in an aquifer, divided by 1·he distance traversed by a particle of 
water rnoving · fn)n the higher to the lower potentiul, determines the hydrau-
1 ic gradient. Recognizing that this movement of a water· particle is · 
governed in part by the proposition that the flow path adopted will be the 
one involving the least work (i.e., the shortest possible path betV.Jcen the 
two equipotentL.;I I in.es in question), it follows that the direction of 
water mov€~mc·nt is ew;ry~ .. here synonymous with paths · that are normal to the 
equipotential I int~s. ~k·nce- the system of flow I ines must be draw·n orth(>-
gonal to the sys~ern of equ ipotontiol I inus. 

1\ flow r1n1' constructed with the fot·egoing principles in mind is 
n pattern of 11 roctanglos 11 in V·thich thtJ ratio of l'he muan . dimensions of each 
11 rectr.mgle 11 is constant. If the net is constructed so that the sidos of 
,~ach rech:~nglf.~ are equal, tht:n tl1e net is~ system of nscjuarasn. It should 
bo recognized) howovor

1 
that in ftow fields Involving curved paths of flow~ 

the eiQrnontal geanetric forrrls·tn tho net .':\r8 curvilinear nnd thus are rwt 
true squares; howevr:r, lhe corn<:?rs of E~uch 11 square" aro rig·ht angles and 
the mean dis t·anc (;~ b~! twer:~n the two pa:i rs of opposite sides are cqun I • If 
any on(~ of ttiE~SCJ f}lemcntal curvilinear "squares" is r-epeatedly subclivided 
ln1·o J<.)LJr equal parts Hte ~ubdivislons wi II progressively appro<lch .the 
shapn of truf: :Jquares. 

HIE:' proper ~:,ketching of · a flow nt-:1', by · tho Hraphicat m0thoJ, is 
~·.ome:tldng c'~f nn cwt Ht:'lt is lc·arnorl by cxp(~ci,!nce; hov.··evcr, the fc,IIO\tin •J 
r.-oini~J ::d 'l'"'"lriLed frorn ~paper by Casaur1ndt~ (1937,. P• 136-1.37) m:.\y bH 
fi .;d p fu I to tt1(~ beg i nra~.-: 

• 

• 

... 
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1. Study the appearance of woll constructud fluu n·:::I::J and try 
to dupl icatH them by indepE:nc~.:ntl_y re-analyzing the pn)~; l cn1s tht.y repro~;c ni·. 

2. In the fir5t attempts at sketching use only four or five flow 
channels. 

3. Observe thE: appearance of the entire flow net; do not try to 
adjust details until the entire net is approximately correct. 

4. Frequently parts of a flow net consist of strai~ht and paral­
lel I ines, which res~ It in unifonn.ly-sized true squares. By starting the 
sketching in such areas, the solution can be obtained more readily. 

5. In flow systems haviOg symmetry {for example, nets depicting 
. radial flow into·a well) only a section of the net need by constructed as 

the other part or parts are i:nages of · that 'sect ion, 

6. During the sl<t~tching of the . net, keep in mind that tho size 
of the squ C)r-a ch an9es gradu a I I y; a I I trans i t ions are smooth and, where the 

_paths are curved, are of ell iptic~l or parabolic shape. 

Taylor (1948) reccmmends a somewhat different procedure for sket­
ching flow nets. This pr·occ:dun::, called the procedure of explicit trials, 
has been found to havo value in developing ·intuition·for flow~net·'Charac• 
teristics. In this method a tr~ial equipotchtial or cflow I ine is establ hihed 
and the entire net complotE~d as if that 'trial I ine were correct. If the 
completed net is not correct the ini Hal · tria I I ine is resJ<etched and a n(:~W · 

net Is cons f"ru c ted. The adju ~.drnen t of the tt· i a I I ine is judged f rari the 
appear~nce of the entire ne1" and how welt it confonns to the boundnry. c;on ... 

·dJtions of the ststem. 

For steady flt1w, with a particular set of. bound~ry conditions, 
only one flow net e:d~~ts. If at so~ne subsequent time the boundary concJi~ 
tions are- 1:11 tered, then aftor sufficient tirne has elapsed to reestablish 
the steady state, a different flow pattE·rn woold be developed and ogqin · · 
there would be only one possib~e solution for the new set of boundary con- e 
di'tions. Thus befor-e attempting to constr·uct a flow net, it is important 
that the boundary condi ttons be establ ishcd and carefully described_. For 
exarnpte, .. consider the aquifer shown in figure 18, bounded by an impervious 
barrier paralleling a perennial stream., Line AB, designating the strewn> 
is obviously an equipotential I ine along which the head is equal; I ine CD 
marking . the Impervious barrier Js evidently coincident with the limiting 
or boundary flow I ine. Accordingly. the equipotential I ines wi II adjoin 
the barr i c r at right ang I es. The discharge through any channe I or path of 
the flow net' 1~aay be obtained with the aid of Darcy's law, one .var.i.ation 
of 'Ah ich, as has b~?en previously shown (see P• 3), may be written in the . 
form 

Q = PIA 

For convenience ln applying this variation of D<wcy•s law consi­
· d,~r a unit width or thickness of the aquifer, measured nonual to the dln~ c-
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tion of flow indicated by L in figure 18 ( i .P.., nonnal to the pi ane of the 
diugram). Tho preceding equation may then be rewritten for this unit thick­
ness (in . this exar1p t e), of ac.u i fer, and for one f I ow cha nne I through the 
net as 

Aq D Plb . (73) 

where Aq represents the flow occurring between a pair of adjacent f~ow 
lines (one flow channel) and b is the spacing of the flow I ines. If L 
represents j·he spacing, and Ah the drop in head~ betwe.en the equipoten.tlal 
I ines, equation 73 becomes 

Aq = PAh e L ~ (74) 

l.nasmuch as the flow net (figure 18) w~s constructed to comprise a system 
of usqu ares 11 the ratio b/L is equa I to un i ty and the same potent n:d drop 
occurt).; across each 11 square 11 • · It follows then from equat lon 74 that the 
same incrementa I f I ow, 6q, occurs pe tween e ·ach pair of adjacent f I ow 11 nes, 
If there are Of flow chan~els, the total flow, q, ·through a unit thickness 
of the aquifer, Is given by 

(75) 

• t f there are nd potential drops, the total drop ·in head, h, Is g Ivan by 

(76) 

Substituting In equation 75 the values of Aq and Ah given by equatlons ·74 
and 76 respectively' there follows 

Of 
q = -· Ph 

nd 

Noting that q repres ~~nts the total flow through a unit th·ickness of the 
aQJtfer, the equation for total flow through the full thickness of the . 
aquifer becomes 

(77) 

(18) 

where Q a flow through ful I thickness of the aquifer in gallons per day 
nf ~number of flow channels 
nd = number of potentiol drops 

P • coef f ic ien t of permeab i 11 ty of the aq..t t fer material, ln ga l I on::.. 
per day per sqJare foot 

m =saturated thickness of aq.dfer, in feet 
h = total poJenfial drop, in fe~..~t 

Pm :-. transmissibi I j ty of the aq.Jifer, in gallons per day per foot. 

Tile preceding discussion of the graphical construction of fl ow 
nets concerns flow fields of a two-dimen~ionat nature in homogeneous an d 

· Isotropic media. The graphical construction of flow nets for tttree-d lm en""' 
s ional problems generally is impn:1cticable; however, rnany ground-water 
prohlems of a three-dimensiona' nature can be reduced to two dimensions 
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without introducing s~rious e.rrors • 
.r 

For two-dlmension_al · problems involv~ng < sJmpie anisotrppy~ SJch as 
a constant difference betw'een the verti ,cal and horizontal permeabJiity, or 
a di recttonal areal transm lssibi I i ty, .. the frow net can be constructed by 
the conventional graphical procedure .{system of squares) provided the flow. 
fJeld ~ is first transformed tp account for·. the anisotropy. If the-values of 
max I mum or min I mum permeab i 11 ty · (or transn 1 ss i bll i ty) are des tgn.ated Pma.x . : 

· and Pmtn 1 all the dimensions in the direction of Pmax must be reduced by · 
the factor -{Pr~in/Pmaxi or·, all dir.1ensibns in the ·direction of Pmin must 

be increased by .the factor -/Pmax1Pmin• After the flow field is tran·s- . 
formed, the · net is cons true ted by graphical methods. Then the net is pro­
jected back to the original dimensions of the field. It will be fcund that 
the projected net generally wi II no longer be a system of squares, and the 
equipotential and stream I ines wi II not intersect at right angles. 

) ' -\/ 

For areally nonhomogeneous aquifers, that is, ; those comprising 
subareas of homogeneous. and isotropic media but Of di ffe'rent transmissibll i• 

: ty, the flow pattern cannot, according to theory, be represented by a single .· 
s·ystern of squares. If the flow ne+ were constructed so that each flow path 
coriduc ted the · same quantity of water, one subarea cou I d be represented by a 
system of squares b·u t the nets in the other subareas wou I d cons t s t of rec­
tangles in · \\h lch tre ratio of the lengths of. the sides would be proportional 
to the . differences in transmissibility. If the flow lines · from ·one subarea 
enter , another subarea at an angIe, the f I ow I i nes (and equ i paten ti a I I i nes) 
wruld be refracted according to the tangent law. The graphical .construction 
of a ft'ow net ~nder such conditions is extremely . difficult and• with the . _ 
data that are avai I able for most ground-water probtems, is generally impos~l"'!' 
ble. However, Bennett and Meyer (1952, P• 54-58) have shown that by genera-

· I iztng the flow net for such an area into a system of squares and · determining 
the · qu an tt ty of flow by making an Inventory of pumpage in .each of . the sub­
areas, the approximate transmisslbi llty of tho subareas may be determined • . 

·· Although such anappltcation of 111£! method dep'arts somewh.Jt from theory, It 
1s. I ikely that fo'r many areas J t provides more real Jstlc areal transmissi­
bH I ties than could be obtained by usa of pumping test methods alone. Where-. 
as pumping tests may provide accurate v:dues of transmlssibil I ties they 
generally r.epresent only a small "sample" of the aquifer. Flow•net analysis 
on ~ the other hand may include large parts of the aquIfer, and hence provide 
an Integrated and more real istl.c ve~l ~e of the areal transm lssi bi It ty. More- : 
over, by i 'ncluding comparatively large parts of the equ ifer, the local irre­
gularities that may aJJprecl~bly affect some pumplng-i·est analyses generally 
have c:sn instgntftcant effect on the overall flow pa,tterns. · · 

The application of flow-net analysts .to ground-VJater problems has 
not received the attention it deservesJ however as the versatility pf flow­
net ana I ys is becomes more wide I y known, its use wi II be cane more c011mon. 
Such a method of analysis greatly strengthens · the hydrologist's insight in­
to ground-wai·er flow systems, and provides quantitative procedures for ana-

' lyzing and interpreting contour maps of the ·water-table and piez.onetric sur-
faces.- · 

For other ·illustrations of flow-net construction, see figures 20 
and 22. 

• 

• 
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Theory of Images and Hydrologic Boundary Analysis 

The development of the equilibrium and nonequilibrium formulas 
disrussed in the preceding secti!ons was predicated in part on the assump­
tion of infinite areal extent of the aquifer, although it is recognized 
that few if any aquifers completely satisfy this assumption. FreqJently 
the existence of boundaries serves to limit the continuity of the , aquifer, 
tn one or more directions, to distances ranging from a few hundred feet to 
as much as tens of miles. Thus where an aquifer is recognized as having 
finite dimensions, direct analysis of the test data by the equations pre~ 
viously given is often precluded. , It is often possible, however, to cir­
cumvent the analytical difficulties posed by the aq.Jifer boundary. The 
method of images, widely used in the theory of heat conduction in sol ids, 
provides a convenient tool for the solution of boundary problems tn ground­
water flow. lmag I nary wells or streans, usually referred to as ; images, 
can sometimes be used at strategic location~, to duplicate hydraulically 
the effects on the flow regime caused by the know() physical boundary. Usc 
of ttH~ image thus is equivalent to removing a physical entity and substi• 
tuting a hydraulic entity. The finite flow system is thereby transformed 
by substitution into one involving an aquifer of infinite areal extent, in 
which several real and imaginary wells or streams can be studied by means 
of the formu I as already given. Such subs t i tu t ton of ten resu Its in simp I i­
fytng the problem of analysis to one of adding effects of .Imaginary and 
real hydraulic sys ~ tems In an infinite aquifer • 

An aqu t fer bOJ nd ary formed by an lmpe rvi ous barrier, such as a 
tight fault or the impermeable wall O'f a buried stre&n valley that · cuts 
off or prevents gr·ound•waler flow, rnay be termed.a negative brundary. A 
line at or along which the water levels in the aquifer are controlled by 
a surface body of water such as a stream, or by an adjacent segment of 
aquifer having a comparatively lat"'ge transmissibility or water•storage 
capacity, may be termed a posit lve boundary. 

AI though most geologic boundaries do not occur as abrupt discon­
tinuities, it is often possible to treat them as such. When conditions 
permit this practical idealization, it is convenient for the purpose ·of 
ana lysis to substitute a hypotheticaJ image system for the boundary con­
ditions of the real system. 

In this section, where the analysis of pumping test data is con• 
sidet·ed, several examples are given of image 'systems reql;Jired to duplicate, 
hydraul leal ly, the boundaries of certain types of areally restricted aqui­
fers. It should be apparent that similar methods can be ·used to analyze 
f I oVJ to s t r e an s or d r a i n s t h rough are a I I y . I i rn i ted a q.J if e r s • 

Perennial Stream-- Line Source at Constant Head 

An idealized section throogh a discharging well in an aquifer 
hydraulically controlled by a perennial stream is shown in figure 19A. For 
thin aq_J lfers the effects of vertical-flow compononts are small at rela­
tively short · aJsJ&lces from the stream, and if 1·he stream stage is not 
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· well stream 
Discharging I Perennio I 

~~----~---~ t-._,..:.-..--.-.--.--- 1 Lon~i"· Surface 

....... ... . . 

Zero drawdown 
boundary 
(sr=Sj) 

B. HYDRAULIC COUNTERPART Or REAL SYSTEM 

Figure 19 --Idealized section views of a discharging well in a semi-infinite 
aquifer bounded by a perennial stream, and of the equivalent hydra~lic 
system in an infinite aquifer 
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h.:>Wt...'l~t:>d by tr.l~ f IO'N to the n:al v!.:d I thC?r<.-! is t?stabl i~j,j(=•d 1hH ltcundary con-­
dition thal there shJII be no d,-awdown alond n·,i.." st;-::am pcsi tion. There­
fon:, for ~r : ost field situations it ·can be assuu1cd for .311 t-Jrnctical pur­
po:::>~: :; lttat th0 strear:l is fully p('ni}trating and 0quivalent to a line svurce 
at co ~1~>tant head, /\n imag~? systt:m th ~.if' satisfic~;;) tho fcr0going boundary 
ojndi tion, as ~hDVtn in figur~;; 198, (.)I low~ a s:.dution cf tlio rt:al problem 
t hr(JlJgh us til, in tf1 is t:xa,n~ I o, of th G Tl•t:-' is nt:'~·t tl.": c,u i I i br' t u;c, f (l nnu I a. Nvta 
in f is,;rc 198 th:lt an il1:ad in.::ir}' rocharg tng well has ba~n plac0d at the 
san;e distunce a~ the real wull from the line source l>ut on the opposite 
sid0. Oon, wells are situated on a cc.mmon line pct·pcndicular to the line 
sourct:. The i(llag inary recharge well o~crates. simu I tanecusly with the real 
w~;:ll and n::turns v:ater to thH aquifer at the sane rate th_at it is with­
dt·awn by the rea I we II. It can be seen that this ilfla8~ wo II produces a 
buildup of head everywhere along the position of the I int:: source that Is 
~qual to end cancels the drawdown cau .sed by the re .31 w~l I which $atis.fies 
the boundar-y condit·ion of the real prC'>blom. The rc~ultant drnwdown at any 
point en the cone of depression in the rt:al regi<m ts the algebraic sum of 
the drawdown caused by the n::al well and the buildup produced by· its image. 
The rosul tant profile of the cone of depression, shown In figure 198, ts 
f I <'ltter· on the I andward s h:e of t·he we II and steeper on the ri verwr.wd side, 
as compared with the shape it would have if no boundary were present. Fig­
ure 20 is a generalized plan view of a flow net for the situa1'ion given in 
fl£ure 19A. Th€ distribution of stream I ines and potential I inc~s i1bou1' 
the n~al di:;charging well and its recharging image, in an infinite aquifer, 

· is 5hown. If the i111age region is omitted, the figur€· represonts the stream 
I ines and potE·r.tial I inE·s as they might be observed in the vicinity of a 
discharging well obtaining water fn.-'r' a river by induct:d infiltratior.l. 

Impervious B::.u-r i er 

An idealized section throuuh a dischnrging well in an aquifer. 
bounded on one side by an impervious bat-rier is shown in figur·f.) 21A. It 
is assumed that the irregLd<wly sloping boundary can, for practicc=tl pur­
pose':::., be replaced by fJ V(:rtical boundaryM occupying the positicn ~.hown 
by the ver· t i ca I da~h ed I i ne, without !Jons i b I y ct,ang i ng the nature of the 
problem. The hydraulic condif'ion imposed -by the vet-tical boundary is tha ·t 
there can be no g rou nd-wa ler f I ow acr·oss it, for the imperv i cus mater~ i a I. 
cannot contributE· water to the pumped wet I. The ima8o systen that satis­
fies this condition and pormits a solution of the real problem by the Theis · 
eqHttion is shown in figut .. €· 21B .. An imaginar·y discharging well has been 
pI aced at the sa,na distance as ttlE: real we II from tho boundnr·y but on lh€! 
opposite side, and both we If s ar·E~ on a common I i ne pt=:-rp(.~nd i cuI c.r· h.1 t II(~ 
boundary. At the 9oundnry the dr·awdown produced by the tiT:age VJL· fl is e·qual 
to the drawdown caused by the real well. Evidently, thorefcn:. the dnlw­
down con(~~ for t·he rea I and the image we I Is w i I I be sy1rir11C' t rica I LH\d , w i I I 
produce a ground-water divide at every point along the boundljf")' I ine .. no­
cnusE! tl'.ere can be no flow across a divide.f thE:~ image system satisfie~ the 
tound<,ry condition of HH? r·(!al problem and analysis is simplified to con­
sideration of 1·wo discharging WEdls in an infinite aq..lifer .. The· rt: ::lultr1nt 
drawdown at any point on the cone of depression in thf! n:~ al region is the 
atg.:~L>raic. ~'>UIIl cd t'h€~ drawdOWII!) produced ~t that point by the rf:al \\~t:d I and 
·us i,r,agn. Tiro re!:':iultant pr-ofilt~ of the ' cone of depressiun* t>l-,own in 
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Figure 20. --Generalized flow not showing streamlines and potential lines in the · vicinity of a discharging 
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Q orawdown compQnent Orawdown componeflt Q , 
Discharging · ~ of image well of real well L. Oischa.rgin·g 

· ' Nonpumping water level . 
:·.::;z:::;t.~ •• • ····'· ··."····· • ········'··· .:; ....... · .... ···'··'·. J .• ........ a c . .. ::·:·::·:::::.~:::t=;:::::'!!!!:·~.:~:.:: · :. : ·:: ·. ::::;:::::: ::·~·::::·.::.:;~:.. · =.= :~ .:::. . : : .. :::::~:·:·:·.:·:·::::·:=::.:,: :-::::::·: ·• r;;.;,.~.:~~·::t::·:~::.::::·,.·. ..,.::: 
~!f:.':·.:~;~·i'ii:\S::/f;.:.:/,::t::: (·;:~?f!!.~./?ibf/.' .. !:@f< .:~ :5?:'%~%::~:/::: (;:{}~W:~~g(;;·,:~~::;:::;::~i:-'· .:4 ... .... ·.. ..... ... . ........ . . . . ................ · .......... '\:{;r ~ ............ · ............. ) l" ............ ..... ·: ·~. •' , .. . 
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-------- -- ~ a a -_-______ ..:..::-_-....:..-_ ----------- ---------- ---------- -----------

NOTE: 
Aquifer thickness 11m11 should be very Iorge com­

pored to resultant drawdown near real well· 

8. HYDRAULIC COUNTERPART OF REAL SYSTEM 

Figure 21 --Idealized section views of a discharging well in a semi-in-finite 
aquifer bounded by an impervious formation; and of the equivalent hy-
draulic sy~tem in an infinite aquifer 
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iistfre 218, Is flatter .on the side of the well toward the boundary and 
steeper on tho oppo:.1tte side away frau /he bounda'ry than it would be If no 
boundary were. present. Figure 22 Js <Ygeneral iztJd ·plan view of a flow net 
for the si tuatjon give? . in figure 21A. The distribution of stream I ines 
and potentia) I ines ab',c.ut the ra~l discharging well and its discharging 
imagt1~ t n an i nf in 1 te acu i fer, fs shown. If the image reg I on is omit ted, 
the diagram represents the flow net as It ndght be observed in the vicini .. 
ty of a discheu-ging i wed I located near an impervious boundary. 

Two Impervious Barriers Intersecting at Right Angles 

The lmage-we I I sys tern for a d t sch arg t ng we II t n an aquifer 
bounded on two sid~:.s by impervious barriers that intersect at right angles 
is shown in f igure l 23• AI though the drav1down effects of the primary Image 
wells, It and 12, combine In the ·deslred manner wtth the effect of the 
real well at the lr respective boundaries,, each Image well produces an un­
balanced drawdown at the extenslcn (reflectlon) of the other boundary. 
These unbalanced drawdowns at the boundaries produce a hydraulic gradient, 
with consequent flow across the extension of each boundary, and therefore 
do not completely sattsfy the requirement of no flow across the boundaries 
of the real system. It is necessary, therefore, to use a secondary Image 
well, I3, whi c h balances the residual effects of the two primary Image . 
wells at the two extensions of the boundaries. The Image system Is then 

· .hydrau I ically in complete accord wt th the phys teal bcundary conditions. 
The probl·em thereby has been slmpl tf ied to consideration of four dl~charg­
ing wells in an Infinite aquifer·. 

Impervious Barrier and Perennial Stream Intersecting at Right Angles 

. The image-we I I sy s t~m for a d i scharg I ng we I I t n an aqu i fer · boun-
ded .on ,.two sides by . 'en impervious barrier ., and a perennial streem. which 

1 
intersect~ .at right angles is shown tn figure 24. The perennial ·stre8tn of 
figure 24 might · also represent a canal, · drain, lake,. sea; or ·any ·other 
I ina source of recharge sufficient to maintain .a const,ant head at tt)Js t ·i 

boundar·y. As before, the drawdown eff£·cts of the pr .im.ary . '~mage,s,_ Il and 
I2- combine in the desired manner wl th the effects of the '·rea,t ~et I ~t 
their respective boundaries. · However. discharging image ·well I 1 pr.oduces 
a· drawdown . at the extension of the line source, which · is a no•drawdown ·· 
bo •. tndary, · and recharging imag~ we! I 12 causes flowacross the· ex!en:sion 

• 

• 

of the impervicus barrier, Which IS a no-flow boundary;. By placang a 
&f1condary recharging.~~ image well, 1

3
, at the app.ropriate distance from the 

extension of eacl."' bou:-tdary. the system is'r·balance.d so .that ·no fl .ow occurs ~ 
, across the impervious barrier and no. drawaown occurs at . th9 perennial 

stl-eam. Thus again th .~, problem has. been simplified to consldcratl~n of 
an infinite aquifer in ':which there operate slmulfaneoosly two discharging 
and two recharging we I t:;> ~ . 

·. The s1mple~t way to analyze any multiple-boundary problem Is to r ,· ··-
consider each boundar,y ~eparate ly and determine how best to meet tte con-
dition -of no .flow or no drawdown, as.th~ case may be_. .,.at ,·that boundary. 
After 1't1e . positIons ,of · the pr irnary i_mage· we I Is have ·been es tab I i shed, the 
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Figure 2 2-- Generalized flow net showing streamlines and potential lines in the vicinity of a 
discharging well near an impervious boundary 
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NOTES: 

J-\QUJFEF~ 

Impervious 
barrier 

Image wells, I, are numbered in the sequence 
in which they were considered and located 

· Open circles signify discharging wells 
\, 

Figure 2 3-- Plan of image-well system for a discharging wen in an aquifer 
bounded by two impervious barriers intersecting at right angles 
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NOTES: 

J-\QUJ¥£F{ 

Perennial 
stream 

Image wells, I, are numbered in the sequence 
in which they were considered and located 

Open circles signify discharging wells 

Filled circles s1gnify recharging wells 

Figure 24 .... - Plan of-.. image·-we.ll system for a discharging well in an aquifer 
bounded by an impervious barrier intersected at right angles by a 
perennial .stream 
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, boundary positions should be reexamined to see if the net drawdown effects 
of the primary image wells satisfy aiJ stipulated conditions of no flow or 
no drawdown. For each primary image causing an 'unbalance at a boundary 
position. or extension thereof. it is necessary to place a secondary image 
well at the sane 'distance from the boundary but on the opposite side, both 
we II s occupying a common I i ne perpend i cuI ar to the boundary. When the com­
bined drawdown (or buildup) effects of alI image wells are found to produce 
the desired effect at this boundary the same procedJre is executed with ·res­
pee t to the second bru ndary. Thus, the inspection and ba I anc i ng process Is · ·· 
repeated around the system until everything is in balance and all boundary 
conditions are satisfied. or until the effects of addi tiona I image wells are 
neg I igible ccmpared to the tota.l effect. · 

Two Impervious Barriers lnterse~ting ·at an Angle of . 45 Degrees 

AI though 1 t is Intended here to cons lder the ,particu I ar tmage-we.ll 
system required for analyzing flow to a well In a 45° wedge-shaped aquifer , 
it Is appropriate first to comment briefly on some general aspects of imag~ 
well system? In wedge-shaped aquifers. By analogy with similar heat flow 
situations it is possible to analyze the flow to a well in a wedge-shaped 
aquifer, and equivalent Image systems can be constructed regardless of the 
wedge angle involved. · However, _closed lmage systems that are the simplest to 
construct and analyze occur when the aquifer wedge angle, a, eq.,als (or can 
be approximated as equal to) one of certain al.iquot parts of 3600. These 
particular 'values of a may be · specified as follows {after Walton, 1953, P• 
17), keeping . in mind that it is required to analyze flow to a single pumped 
well situated anywhere in the aquifer wedge: 

If the acuifer wedge boundaries are of I ike character, e 
must be an aliquot part of 180°. If the boundaries are not 
of like character, e must be an aliquot part of goo. 

Other simple solutions not .covered by the above rule appear poss .i• 
ble when e is an odd aliquot part of 36001 the pumped well is on the bisec­
tor of the wedge angle, and the boundaries are similar and impermeable. For 
any of 'the foregoing special situations it can be shown, with the aid of 
geometry, that the number of image .wells, n, required in analyzing the flow 
toward the single real . pumping well is given by the relation 

n = 3~oo - I ( 79 ) 

1 t can a I so be shown that the I ocus of a II Image we I I I oc.at ions,. 
for a given aquifer wedge problem, i's a circle whose center is at the wedge 
apex and whose radius equals the distance·fran the apex to the real dis­
charging well (see figure 29). 

The Image-wei I systan for a discharging wei I in a wedge~shaped 
aQ.J ifer bounded by two impervious barriers intersecting at an angle of 45 
degrees Is srown in figure 25. The real discharging well is reflected 
acres s each of the. two boundaries which resu I ts in I ocat ion of the two 
primary .image wells I1 and I2 as shown .. . Considering boundary I only, the 
effects of the real wei I and image wei I 1 1, _ are s~en to combine so that, 

. as desired, nb flow occurs across that boundary. However, tmage well I2 
wi II prodJce flow ·across boundary I unless image well I 3 is added at the 

• 

• 
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NOTES: 

lmperviou s barrier 
(boundary no. 2) 

Image wells, I, are numbered in the se'quence 
In which they were considered and located 

Open circles &IQnify discharoino wells 

Figure25-- Pion {)f image-well system for a discharging well in an aquifer 
· . bounded by two Impervious barriers intersecting at an angle of 4 5 . 

degrees 
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,,,cation srown. The S)'~~ tern now satisfies the condition of no fi()W acro:3s 
boundc:wy 1. Repoa1·ing this exaf:lination precess for boundary 2 only, it. is 
zeen that th~ affects of the real well ~nd image· well I2 cc111bino, .. as de• 
sired, to produce no flow across boundary 2. However, ima9e wells It and 
13 will prod.Jco flow ucr~oss this b()undary · unless image wells 14 and Is ar'~ 
aaded· us shown. The Image sy~tem new satisfies the condition of no· flcv.' 
across bcu ndary 2. Reexamining, 1 t is seen that image w~ II s 14 and l5 wi II 
pl"od.Jce flow across bcundary I unless imag~ wells I6 and l7 are added as _ 
shewn. A final appraisul of the effects at boundary 2, sho\vs that the ~n­
tire systan of image WE: lis, plus ·the real wei 1, satisfies the requirement .. 
of no flow across the boundary. Thus the flow field caused by a · discharg-_ . 
i ng we I I in t·h is wedge-shaped ac:u if er can be s imu I a ted by a to tal of eight 
discharging wei Is in _an infinite aquifer. The seven image wei Is have re­
placed the two barriers. The draw'.down at any point between the two barriers 
can then be canpu ted by adding the : effects produced at that point by the · 
~ear · wei I and the seven tmage wells. · ~ach image well begins discharging 
at· the same rete and at the same t irne as the real we II. 

Impervious Barrier Parallc?llng a Perenniai .' Stream 

Shown in figure 26 t s 1· he Image-we II system for a discharging 
well in an aq.dfer bounded by an impervious barrier and cut by a fully 
penetrating perennial str~am parallel to .the barrier. A r~charging image 
wet I, 11, and a discharging imaga well _, 12• ara placed as show·n -to satis .. 
fy respectively the conditions - that no drawdown can occur along the I ine 
sourc.~, and no flow c~n occur across 1·he impervious barrier. Although 
these two prlmat~y imago wells produce, in conjunction with the real well, 
tt"e desired effects at their respective boundaries, each image wei' pro­
duces a residtal effect at tho opposite bOJndary which conflicts with the 
s ·tipulated boundary conditions. lt is "therefore necessary to ndd a secon­
dary .set of image ' we lis, ! 3 and !4, as shown, to prod.lce e::-f.fects that wi II 
combine properly with the residual effects of th.:1 primary images .. Each 
image well in the secondary set will agcrin produc~ residual effects at the 
opposite .boundary, at1d similarly with e~ch successively added i~age pair 
there wi·ll be residual effects at tho boundaries. l. t should be evident, 
however, that as more pairs of . image we lis are added the effects of adding 
a new pair have lesser influence on the cumul.91'iv·e effect at each boundary. 
In othea· words it is on I y necessary to aqd pa its of image we II s un ti I the 
residual effects associijted with addi-tion. of the next .pair cl:m be const ·­
dered ·t·o have neg I ig·ible · influehce on the cumuli!ltive effect et each boun• 
dewy. It is seen in figure 26 that there ·is a repeating pattern , in the 
locations of the image wells. Therefore, af ·ter the positions of tha f. i rst 
images have been r determined, It is possible to locat~e by inspection as 
many mor(! as areneed<::d· for the practical solution of the probl£.'t'Tl. Once 
therequired number C?f imaga pairs h~s been determined the aquifer brun­
daries can be ignored and the problern analyzed like any otherrnulfiple­
well problem in an infinite aquifer. 

If the two paral lei boundaries are of I ika character, that is, 
if the perennial stream in figure 26 werereplaced by an impervious barrier 
O(' if thn · imperviqus barrier were replaced by a perennial str~am, the posi­
tions of the iwage wc~lls wcAJid not be changed. If the first case, however, 
all the irnages WCXJ ld be discharging wells and in the sacond GC!SC all the 
images w~uld b~ rechar~ing wel .ls. 

• 

• 

• 
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Two Parallel Impervious Barrl~rs IAtersetted at Right Angles 
by a Third Impervious Barrier 

Tbe lrnage-'t'.'ell syst~·m for a discharging well in this type of 
areally restricted aquifer is shown in figure 27. l~e . positions of the 
iruagcs are deterf'Tlined as before by adding imaginary discharging .wells so 
that, in combination with the real discharging wei 1, there is established 
the condition of no ground-water flow acre>ss any of the three boundaries. 
As shown in the figure h\0 paralle·l I ines of discharging Image wells are 
required, separated by twice the distance between the real welt and the 
barrier that intersects the two para I tel barriers. Theoretically the two 
lines of image wells extend to infinity in both directions from the real 
wet I. The practical analysis of a problem of this kind, however, reqt~ires 
the addition of only enough images so that the effect of adding the next 
Image, ln any of the directions involv,ed, has a negl igibte influence on 
the cumu I ative effect at eech of the boundaries. It is seen fran figure 
2'1 that there is a repeating pattern in the positions of the Image well.s, 
so that the locations of only the first few images are re·qulred to deter­
m t.ne the toea ti ens of as many succeeding image we II s as are needed. For 
the case of two parallel impervious barriers intersected at right angles 
by a perennial stream, the image system wru ld be the same as shown by 
figure 27 except that at I images on the I tne ·reflected ac.ross .the stream 
wru I d be rechargIng w~ I Is. 

Rectangular Aquifer Bounded by Two Intersecting Impervious 
Barriers Par·at tel ing Perennial Streams 

The . image.;.we I I system for a dJ sch arg l ng we I I in such ()n aq_J i fer 
is shown by figure 28.. The positions of the images are detenn ined. in the 

manner previously described. It is seen frcm figure 28 that there is 
again a repeating pattern which extends to infinity in all directions frun 
the re·at well. Thus only the first few images ne·ed be located to detennine 
the positions of .as many succeeding . images as are required in the practical 
sqlution of the problem. If the_ four boundaries in figure 28 were all im­
pervious barriers, all images would be discharging well·s; and lf the four 
boundarIes were a I I perenn I a I streams, a I I images wou I d be recharg 1 ng we II s. 

Applicability of imagff theory involving Infinite 
systems of image we lis : 

Re·ferring to the three problems discussed in the three precedin'g 
sections tt wtll be oLservcd tha·t in each situation there~ is involved an 
aqu lfer I imited In anH~I extent by two or mcwe ·boundaries. Fur1'henr~ore, 

• 

• 

the arrariJement of the bc.unclaries. is such .thL't at le·ast hvo are paral tel ~ 
to ~ach other·~ which means that analysis by the irr.age the•ory roqu irt?·~ use 
t>f "'n imnge-wcl.l :::-;ystorn exlendinu to infinity .. 

It has been stated, in lliscus~>ing the practicftl aspect·s of using 
an infinite iwage-w6ll system, that thv individual effects of image wells 
neeq be added only out to the point where the ef feet as soc I at"ed with the : •. - --~ 
addi ticn · of the next rncre distant wei I . (or w~lls, depending on the syn.motry 
of 1ho array) can be considered to havE-~ JH)g I i J i lJ I e in f I uence on the cumu I Cl-
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tiv~ t•ffcct. AI though this crt terlon ost~nsibly provlC:ez a· reliable and 
pr~lcttcBI meons of term.ln~ting what would othtirwlse ba an endless analyli­
cnl proce:;;s, closer scrutiny appears YN!rr~ntcd. There Is no reason to sug­
o•)~t c~tegorlet1lly thot thts practical 1\pproach to 8 solution shculd never 
be tried. Undoubtedly there vt.lll occur sltu8tlons wherein senslble rosul ts 
can b~ obtained. On the other hand It seems prudent to observe that ' lf the 

·,. proco~s of olgebralcal ly sununln9 tho lndlvtdual effects of en lnftnl te sys­
tum of luaa9e wells is tern1lnated anywhere short of Infinity, there is no 
slmplr3 way of determining what proportion of the Infinite summt.ttlon is 
n~·flrcsontEtd by the partial summation. Although addition of tho ne)(t image 
\'lei t (ar wells) might have a negligible Influence on the rum of all lmage­
w~ll uffects considered out to that point, there Is no simple way of deci­
ding whether the s&rno may be said of the total Influence represented by 
adding the offec.:ts of say the next ten or twenty or ona hundred more dts-
t~nt iuat•uc ·wc.d Is. Thus It wou ·ld appE!ar wise to keep In mind the possible 
I Jmlt:ation:::. (Jf any ~olutton Involving ·the use of an Infinite system of 
I mac~ ?. wrd Is. · · v 

'( 

Corollary ECJJetlons for Application of Imago 'lheory 

Jhe nalur'b· ~~d lucntlon of hydrologic boundaries of w~tar•bearlng 
formations in some c~sas cen bo determlnod from tho analysis of pumping­
test data. Cooslde•·lng the discuss lora In tho J)recading Goctlon$1 It shou I d 
be evident- thul· It\ i1n equlfor wh<Hio cxh:nt Is t tnd ted by one or more boun­
darios a plot of drawdo\111'1 CJr rocovcry d~a1·11 will depart from the form that 
would be e)<pecteq if Ha'~ u~tfcr W()ro ''f 1nflnitc:J oxtent. lhus, In a prob­
tcm lnvc.dvlng, ~~y, ~ d1ech~r·gtng wet I in a ~<Nnl•lnflnlta oq.~ I fer bOJnded 
hy on hupor·vlou~ berrl~r, como ptirt 'of a tima-drl1wdown ptot m:~y bet steoponad 
by t· h~' b~ndt!iry (~ffech~. C(}rtversely, If tho t.oundat·y invotvQd In tho S!ltue 

type ol problem woro n perennial strtl~m r.. per·t of t·ho tlme•drawdown plot may 
· be flattnntd becL"uso of tho boJndilry EJff~ctc. 

hnaglrw a pumping t~~ot 11H\d1~ In .en nqu1for whooo •n<tent h1 limited 
. by one or. rnore botJndarlo:s. During tha narly pert of the test tho drawdown 
data for ob~c>rvatton wollu close tu th~ pumped wotl will roftoct principally 
the ~roping offocta. As the toast continuos, ho~vor, thoro wr II very likely 
com0 ··a t lrne 'for oe.~ch C)l:.P~o rv~ t ion W\l II wh~n thtit mt'aaurod drawoowna ,rc f toe t 
the n~t uff•~ct of tt·ao pumpod woll erHt ~ny t<Jundarloe thBt "lr,~ prCL!UiEH1t. At 
distant obterv .~tlcn wolh.a boundory effocto may arrlvo 'Otmocst ~lnaul taraoously 
with ttH' t>ll~c.;t of t·h~ r~nl dlochargtng wc•l 1. 'l'hu~ dototmlnntt•::»n of the 
~qulfur •:ooffiFh•ntu l)f tn~n!!"»rds!dblll ty and ntorego ~t\Cjuld ilL') lJosnd on tho 
oarly dr'tlwdown . do to,. o~ eb~orvod In a wot I f\{!tlr th·o purnpod \W:d 11 bf!Jfc,ru th~ 
bc;undary ~ffoct:s COIT1pt Jc;o1·lij tha or•~lyGit~. Superpoul tl~_n A .. nd miltehlng· of G 
plot ol tho~tll fHWiy dttta (l.o., u vetrwt» r2/t) on the rholn 1~1pa eurvci. per­
enlt:a dr~wlng In thCl typti•curvo tt·acu •. Ex1·,;~nalc~ n or CJxtrt.lpot.~ti('Hl of thl1.1 
tr·t,co, Luyund tho oorly dntn l"dlcetec tho trcmd tt'lo dr·uwdovm~ W\Juld ht)VO 

tat·.en ll U1ll pua1plnu ~tt.,\d occurr·\"~d In lin tnfit,lto :aqulf(;}r, The chJfHU'turo. 
s i • of t·lut I o ter owsarv(l d dfi ta rr·,·nl tid o ty pe .. curvo tr tJc:o, ro1)r o ~on hJ v f fttc t $ 

of the bouftdE~ries on tt1e dr~vJdown. 'l11o OLJI.J~t:.rlpt I ndo1·' ~ tTJ thCt lmn~~.,·wall 
system substihJted as lho hydroullc t1qulvt\lont of tho buund~r·lea. U ~.iiH'tlly 
J t Is convt.!nlent to not~ vt'\luo~ ,,, 'tq ~t Q numbf1,. of ilOia1h.~ ''l<mg th~J dat::i 



cua~,,c 11nd to roplot these departure~ v~rs•.Js vaiJes of rr21t on tht.• sau1a 
graph 5hotJt that was usod in dli''t·Jrrninin~ the coefficient of storage and 
tr<m!:.:nis::)ioilit}' frcrn\-'the '":arty dato, The subscript r rE:f~rs to the real 
di _scharging \yCI t. The latt~r· part 0 'f th~ rt: piGth;d departure data rnay 
i3'Join dt?viate fran the type-curve trace if th•::: con.l? of depres~.:don has 
inte~ccpted a second boundary. As -before, the departures can be replotted 
agoin~t corresponding. values of rr21t to fonn a second departure curvt' • . 
This procoss should be repeated until the la~t d~parture curve shows no · 
d~viation fran the · type curve. The e,bscrved data arn:»y wi.ll then have 
been sHparat~d into its component parts which can be vsed to compute the 
distances between the <?9scrvation wells and the image wells.· 

Inasmuch as the aq.Jlfer is assurned to be homogeneous · (t•.a., the 
coefftcicnts of transmissibility and storage are constant throughout the 
aquifer) it follows ft~om equation a that 

(80) 

where the su.bscripts of r and i have the significance previously given. · 
. If on the plots of early drawdown data and first departure curve ·a pair 
of polnts is selected so that the drawdown component caused by the real 
well, sr, 'and the drawdCN;n component caused by the image well, Sf, are 
equa I, it fo II ows that u,... = u i. On the pI ots of observed ear I y drawdowns 
and first departures just described, sr and Si obviously occur at differ­
ent . elapsed times which can be label 1ed t,... and ti respectively. Eq~atlon 
80 can therefor~ be rewritten as follows1 

ri2 ~~ -(81) - = 
t t I,.. 

,or r· = · Iff (02) 
I rr 

Equational • known as the "law of ttrnes" in the physics of heat conduction. 
shows that at a gt'von ob!lervat ion well loca ·tion thf- times of occurrenc(~ of 
e.qual drawdowry components vary dirtH:tl•t and only as the sq..ares of the 
distances ft-om the ob~nrvation well to the pumped well and to its image. 

Referrlpg to the dattt plot~ mentioned earl tf,r In this section, 
note1 for the ·pair o~ points soh:ctt;td, th<Jt value!i r.d sr and r,2ttr wi I I 
be read from the e ~rl y · drawdovm dn ta. wh i I e values of. ·s i and· rr2lt 1 ·wl ·tl ; be 
reed from the ·fJr:;;t dep,8i~tur-e curve• · Equation · S2 ·can be 'm.ade ·more use.ful,. 
therefore; if , it Is · r(:\Yr H· ten in the form 

'. (83) 

· Equation .03 now . uffords .·a :ceady· mcans !of: comput.ing the distance fron an 
oL~er.vatiqn vtcll to :an ir11age wol-1. · ·Similar analysi -s may be .made of .each 
dc.:p.~u·ture ·curve construct€·d fror;l tt:,e original' drawdown da 'ta. 
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Stallman (1952) has described a convenient method for computing 
r1 when the observed drawdown in the aquifer represents the algebraic sum 
of the .drawdown effects from one real well and one i.11ago well. If equa-
tion 6 is used to provide expres~ions for sr and ~q, and W(u) ls substi­
tuted as a symbolic form of the exponential integral, it is seen that the 
drawdown at the observation well is 

(84) 

From equation 80 

or 
(85) 

From equations 84 and 85, it can be seen that ri and the SJm of the W(u) 
tenns in equation 84 can be expressed in tenns of rr and the ratio Ui/Ur• 
Thus for any given values ofyu i /ur = K, a type curve can be .~ons true ted by 
plotting assumed values of ur against corresponding computed values of the 
bracketed por·tion of equation 84 [which may be written in abbreviated form 
as l. W{u)1. The data plot, s versus t, wi II match this constructed type r a ~ · · 
curv~ if the observation well is located so that the ratio rt/rr equals the 
given value of K. However, if a family of type curves is drawn for a num• 
ber of given values of K, the observed da·te plot, s versus t, for any ob­
servation we II, can be compared with the sf? t of type curves. Once the best 
matching curve is found any co nvcn i en t match point· is se I ec ted and the co­
ordinate values, s, t, ur, L. W(u), and K are noted. These values, ~ub-. r, a 
stituted in equations80, 84, and 85 provide the rneans for computing .T, S, 
and r t. 

Stallman's set of curves is Hle farni I iar type-curve u versus 
W{u), used in conjunction with the Theis formula, with a series of appen­
dage curves (two for each value of l\) assympto-Hc to it. The trend of, the 
appendage curve for a recharging image well is below, and for a discharging 
ima~· . e above, the Theis curve. Appendage curves cou I d have been cons true ted · 
by asS\..Iming value$ of Uj insteadof u1 • In this event, however, the 
matching process v.ould not be as direct inasmuch as the paren.t type curve, 
instead of occupying a single position, would shift along the u axis with 
each pair of appendage (K) curves • 

The appendagt? curves, computed by Stallman, are for ideal image 
wells those which are punped or recharged at the same rate as the real 
woll. The hy dro-geo I og i c s true ture which gives rise to the hypo the t i ca I 
image is not always ideal; therefore the hypothetical images are not always 
idE?al. For thi 5 cas0 the method of plotting departures may yield an erro­
neous and m is I c~adi ng ana I ys is., On the other hand, the de vi a f· ions from 
id0al ily can be seen immediately if the observed data plots versus t i3 
m.'ltched to Stallman's set of type curves. Furthonnoro, fer non-ideal 
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hl(ICJC~, the r:1ost accurote ::olccticn of his r r. ::HJ~J L)' utiliLifl8 thal porJ· ion 
«.1f the oppcodaga curvo ' nean~st the parent or The i ~ type cur-ve·. , 

I f I i t t· I e i s k r, ovm c f t- h c p 0 s s i b I e I o c a t i on o f .J I oc iJ I t··, y dr au I t c 
bound~~ry · a mir. irrum cf lhrow cbscrvcticn v~'CIID is required to fix the pc$i• 
tion·of t•n irnr.1sc: well, v.·hich in turn pennit~ location of the boundary. 
;,fh:·r tlw distcnces from the indivtcual observation wells to the iwage 
v1c:l I h.::vc been c (x,.pu ted, ar·cs ar·o scr i bt: d· w i th their cL·n te r~s at the obscr-. 
vcticn wc·lls and thc~ir racii .equal to the r~spectivc computed di~tancos to 
the image well. The inh::rs0cticn of 1h~:: llrcs et a corcmcn point fixes th0 
ir.1age v;cll - tccation 1lnd th,;~ strilc:· cf the bound::,-y is represented b'j' tho 
per·pcnJicu J .~,- biseci·or of a I ine connecting the pumped well and the image 
W€d I. 

Another graphical method for locating a hydrau I ic boundary in 
' the vicinity of a discharging well was devised by E. A. Moulder (1951, P• 
61-62). The gecmetry is shown in figure 29. A circle is scribed whose 
Ct'nter is at a nearby observation well, 0, and whose radius, rj, is equal 
to the computed distance from the observationwell to the image well. 
The image well I ios s0mewhere en this circle, · say, at point I. Lines are 
drawn f rem .the selected point I to the observation we II and to the rea I 
dischnrging well, P. If point I is tho image-well locat-ion and. if A ts· 
the midpoint of the I ine lP, then point A I iE:~s on the boundary. It can 
be proved, by geometry, that· the locus of all point A's detennined in 
this manner is a circle, of radius BA or rt/2, with its center, B, located 
midway between the discharg fng well and the observation well .. ,· Moulder's 
method is particularly useful in a~ ifer-test si i"ua-tions where data from 
only one or two o6servaticn wei Is are avai I able for locating a boundary 
position. If the approximah~ position of a suspected ~oundary is known 
before a pumping test begins, i 1' is de~irable to locate most of the ob-

. oervation wells along a I in~ paral lei with the boundary and passing 
through th~ pumped well. If feasible tho range of dist·ances from the 

.. obset-vation wells to the pumped well should be .distributed logarithmi­
cnlly to a~sure wei 1-dt:fined arc int(!rsections In the~ gr-aphic~ of loca- . 
ting a point on that boundar-y. t..t· lc: as t onH obspr·vati on we II shou I d be 
tocat·ed close enough t·o Hw putrij) t ' d w<~ ll scJ that . the early dr:-lwdown data, 
unaffocted by thH bwndary~ Ci~n be! used in computin~J th~ aq-.Jifer coeffi• 
c i E! n ts of storage and f't·an ~~:m i s~:s i hi t I 1-y" 

·The assumptions used in dc:!vc:toplng the e.qua1ions pr c ~;o nted in 
th l s report . inc I udl" the s t I pu I <.J t i on that tt ·.e a c:t.t if er is horuo~r· nr:ou s and 
isotrordc .. Even tht~ugh most· natuf"i1lly depositt::~d sediments do no t sc:1tisfy 
this condition, ·the equations may still be applied and the rt:·~J ! ts qual i­
f Jed ace or ding to the extent of non-ho111ogene i i"Y.. I t shou I d be r eu- l i zed 
that homogeneity is a relative· tc•rm with respe c t · to time and sp :1ce. As 
an illustration, consider an an.1 ifc·r composnd of two types of material -­
a f i nt: sand and a very coarse sand~ Assume that these materials occur 
individunlly in deposits having '!'he · :..haij(:·· of cubes l/8 mi lc on a side, and 
that alternate rows of cubes (squ <J re~ in plan view) are offset a distance 
oq.Jal to 1/2 the length of one· sic.Je of tht: cube (i.e., l/16th of a mile). 
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Locus of all possible 
image-well locations 

Observation well 

Locus of all possible locations 
of a point on the hydrologic 
boundary 

Figure29 -- Geometry for locating a point on a hydrologic boundary 
with reference to the locations of a discharging well and a nearby 
observation well 
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Lui· t-l1 f l " li\' ~ i·!11d cv cH.::;c s:~n d oc r u r ir. n l h.rli :dc l\J ; ., . :_: :=~ l<.· r ·· ~) t"t1f· confinuc~u~:; 
f"'O'.V !.) , ;·111d :., ::,;;.t...'ll iL· thi~t wah::t· UCClJr~~, i11 P' .. .'· .:.i(,t_; j f• . r l!lu:) Cl' i.:O::di'd_. Un<ku-

v,-af·L· ('-f";~t,l.,~ (;cnditicn~. Strictly :-3 pc :-J!- irJ, thi~; cH:uifcr, cf infinitl:' f...·>~-
t0r~t, \'.\.A.i 1(...4 r;C\'.' tw de~criL(·d ;:J·.:; nc· nhc.:'--jt·n ,••>u~ .• Hov;t.:vL·r, th(;! ar(~<~l extent· 
vf th·.~ pc;r·)iun {,f the- cCjuifor s::mpl..=:d i:1 ' ' tc'~t '.'.:c ... dc. be ~ -i~nifican1' in 
juduinu 1-his r~ lcme:nt cf t11..: nq.df t: r·': d:~scription. For ext~nplc· _ if a dis-:-­
~;hi1rg · intj \'.'(;·11 h::· .'~t is condu~: h::d in th ~ Ci:·nt·Gr uf one of th•:: ::;qu~H'EJ:> and if 
the h~s t i5 t'..:nninot·ed l;(:fore the: area of influPncP r€uchJ.5 tt.e pt:.rimctcr 
of thl' squal-s::, the test rE:sul ts probably wOJid bl~ c0nsidc~1-cd .:xcoll ,9nt and 
the o r~u i f..:r d<.: ~:i cr·i l11.:d a~ hcmogenoGus. ThG rc-5u It~ ,.,•cu. I c in no way differ 
from th0 r-E·sul f's t·o bo o>~pected if a simi ler f·e ~t were ·rn~de on ~n i.nfini t~ 
",hU(nCJgl:rwous" acjui fc·r, composE:·d of material id ~~'ntic ::d to f'hat occurrin~ in 
tho I irnih:d (H·ca here t<:.-sf'ed. Ac another exc!l;ipl0 fl8ain ccmsid8r an 4lq..d­
ftH" t~st u~::ing a discharging well in the center of one of the sq~.1ores of . 
the t.ypoth~lical clquifr:r. The· nE1arest of S8ve-t"'al observation wells is at 
a radi,us of 5 miles from the purnped ~e .tl and the ·J·est is n•n until tho area 
6f Influence is described by a circle · 10 miles in radius. Coefficients of 
tran srniszlbll tty computed from data colloct·ed at. all ·l·he observation w~\lls 
shou I d be in c I ose agreernen 1· (a I though not eq... a I to the values ob tat ned . 
frun the prc·viously describvd test) and again the hypotheticcd 13quif(1r, 
(;:vcn on the lar·ger scale repres(?nted in this sample, would be adjudgHd 
homogeneous. This judgmen1· r·el ies upon the reasoning that·, for the-~ dis­
tancr:.ts involved, the slightly meandering p-ath of watHr, as it mov(~~:. t~w,aa~d 
tho well, may be descr·Jbed stattslically as confon11ing to the concr·pt· of 
rr1dial flow. For any caso in whi

1
ch nc.nhotuo0en..:\ ity I~ so _distributed f·hat 

the flow field statis·'·ically fils f'ho ~jl:Om(~tr~y of the math£~m.::tt1cal mqdel, 
the ma1'hematical selu t·ion wi II provide c) ~)OUnd Clnalysis. tonv(~rsely, whon 
the flOW field or a portion thereof is !::iignificantly di~;;torh~HJ in th€• area 
of observation, the assumption of l·tc,mogi:•neit·y is incorrect. ' Thus forth(~ 
hypo tho t i ca .J a <tJ if er cons i d0 re~ d in Hie twu pr·Pced i n£J Gx;Jntp If· s the di s1'orh:·o 
condition is seen to exist if th•: aroa of influenco of fhu di~chargin ~J w(~11 · 
worn to extend to a radius o-f say l/4 to I 1rd le ( i .0 .. , a I i t _l·te l>f1yond tho · 
11mlts .of one cub·e of the aCluifer rnqterial). 

Of ten . lhc fie I d s i t'U c.it ion is encourt h .: r<:Jd where a zon0 of r·€' I a­
t1vely .impermfJC:Ible maf'erial, such n~:> a cl :~ ~' lrJns, of I irttit·ed lhickness and 
exh~nt, occurs in an aqJ ifer. It ~hou ld be Gvidont from . the .foregoing ex .... 
t\mplos and discussion, ·howt·ver, t·hflf- th.::· pr0 .. ~~nco of this clay len~• in tt)l~ 
flow f tel d wi II h t~ ve less inf luencc· on c1qu i fHr t·ost n:1su Its whon th~: effcc..:1s 
of the tost encompass an r.:we·a of lr:a-gE'· racliu~3 than when the an~a affocted 
is of snail radius.. · 

An impor lan 1· cr i tetA ion~ · tho r·e fu ro, n :.:·H qr d i n~J fhe l'lp pI i cab t I i ty 
of the eqLtnt · iofl~:; di~;cu!:; s(: d in lhi s r('por-1·, i~ tl1c ~3ift(1Unt thfl flc.>w fiold Is 
dis tor tod, as compared w i l·h the f I ow f i fd d that wou I d have been observed 
i n an i do a I. a qJ i f e r • 

11· should .bo understood that· tho nurn<::r~ical resuf1·s obtaln~d by 
substi iu ting nquifE!i t·es ·t duta in an appropriate mattwmatic;~l model indi ... 
cate the tr·ansmissibility .and stor-age coc~ffici,·· nt ~.i for an ideal aquifer. 
ThE1 hydrologist rnust judge how clost:dy the roal aquifor rt•!.Jembl<:•s this 
partlcul~r idt:al., It is usuc:llly ruccxJnizYd, f o r eX[11rtplc,. H)at in short 
pumping t-ests undc~r wator-tdble conditions tilt:~ wator dues not drain from 

• 

• 

• 
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the ,snaller openings in the unwatored portion of the aod fer in any manner 
even approximating the instantaneous relt:ase assum ed in devising the mathe­
matical model (s .:y, the Theis nonequilibrium formula). Similarly, in 
testing artesian aquifers it is recognized that the aauifer skeleton does 
not adjust instantaneously to the change in head, th (.1t considerable water 
is of'ten contributed by intercalated clay beds, and furthermore that water 
leaks through the confining beds whict--., in the mathematical model, have 
been assumed to be impermeable. ThE·se recognized departures from the idea l 
however do not cons t i ru te grounds for abandoning, or rare I y us ins, ava i I a­
ble analytical eq.Jations. Such departures simply add emphasis to the ad­
monition that mere substirution of aq.dfer-test data in an equation will 
not of itself assure anyone of establishing the correct hydraulic proper­
ties for that aq.Jifer. The mechanics of apply .ing any of the analytical 
equations in this report, must be accomplished with sound professional 
Judgment followed by critical evaluation and testing of the results • 
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NONfNCLA WRE 

The following symbols are t lsted in alphabetical order. Each 
symbol lndlcates the basic · term usually represented with no attempt to 
show ·the many and unavoidable duplicate uses. It will . be frund In the 
text that various subscripts are used in conjunction with these symbols 
to denote specific app' ications of the basic terms. A few of the more 
important canbinatlons of this type are given; others are as defIned 
where they appear . in . the text. The page reference accompanying each 
symbol usually indicates the first place in the text where the term is 
defined. ·. ' 

Syrnbo I 

a 

e 

9 

h 

1 

• 

• 

• 

• 

• · 

Exp I ana tion 

aree o.f cross section "through which flow 
occurs 

distance · from strean or drain to ground-water -
divide 

base of natural (Naplerlan) loga.rithms, numeri• 
cally equa ·l to 2. 7182818 · 

I oca I acce I era t ion due to gravIty 

head of water with respect to some reference 
datum 

hydraul tc gradient 

~· • length (width) of cross section through which 

3 

61 

22 

19 

61 

3 

flow otcurs 3 

· ·m • ·· saturated thickness of . en aq.J ifer ·3 

·..n• • saturated thid<ness of relatively Impermeable·· 
bed confining an aquifer · 43 

P • coefficient of penneabll i ty of the (TI .~terlal 
comprising ~n aquifer 

P1 · • coeff iclent of vertical permeabi I i ty of the 
materHtl comprising a relatively impermeable 
bed that confines an a qJ i fer 

Q • , rate of discharge, or recharge 

r • radia I distance from discharge or recharge well 
to point of observation 

e~ternal radius .of ·cone of depression 

41 

22 

22 

48 



104 

. Symbol 

•. 

·S • 

s• • 

:T • 

·t1 ~ 

w • 

.w .. 
X 

\ 

~.E. • 

·T .E .•. • 

.o(u)h • 

O(u)q • 

G(o.) • 

W.(u) • 

~1anation . 

effective radius of di scharge or recharge wel'l 

-coeffici ent of storage of an a().d fer 

change in head of wa1·er, usually expressed as 
drawdown, or recovery, or bu i I dup 

.residual change in head of water, uSJal-ly 
reserved for use in conjunction wi·th · the 
term, . drawdown 

· e,oe f f i c i en f· of t r a n$m t s s 1 b t I t ty of an a qu I fer 

-elapsed time with respect i·o an inl-ti ·al 
·reference 

e I apsed time with respect to a second 
.reference 

voJume 

rate of accretion or recharge to an aquifer 

~pacfng o~ grid I ines used to subdivide a 
reg ion in to fin t te squares 

d i s.tance from stream or drain 1'o poi n:t of 
observation 

·barcmetr I c eff·iciency of an aQJ i ·fer 

fldal efficiency of an aq..~tfer 

dra.l n funct·ion of u, ,_::onstant head si tua.tlon 

drain function of u,.. t.t)ns tan t discharge 
s 1 tuation 

.well function of a~ C~'l:n stan t · head ·situatIon 

well fuhc tion of u, con : t ant discharge 
s i tua t .i on 

34 

5 

22 

.31 

3 

24 

32 

19 

·61 

·16 

·:t1 

51 

5~ 

37 

24 

• 

~ 
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Sy~boJ 

Jo(x) a 

I 0 (x) II 

Y0 (x) D 

K0 (x) • 

a • 

• 

y • 

• 

e • 

p • 

Explanation 

Bessel function of first kind, zero order 

modi fled Besse I funct ton of first kind, 
zero order 

Bessel function of second kind, zero order 

modified Bessel function of second kind, 
zero order 

bulk modulus of compression or vertical com­
pressibility {reciprocal of the bulk modulus 
of elasticity) of the aq.Jifer skeleton 

bu I k modu I us of compression, or compress 1 b i I i ty 
of water; approximate value for average 
grrund-water tempera~re is 3.3 x I0-6 tn2/tb. 

specific weight of a substance 

specific weight of water at a stated reference 
temperature; numerically equal to 62.4 lbs/ft3 

at 4° c. or 39° F. 

porosity of an aouifer 

density of a substance 

Page 

37 

43 

37 

43 

17 

17 

19 

19 

17 

19 
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