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DRAWDOWN PATTERNS FOR TWO-WELL SYSTEMS _
AS APPLIED TO STRAIGHT=L INE-BOUNDARY CONDITIONS

By ,
S. M,y Lang

INTRODUC TION

Application of the Theis nonequilibrium formula has been pre=
sented (Stallman, 1952) to broaden the scope of its use to situations where
the pumped formation is adjacent to another formation of @ vastly different
transmissibility, and the boundary between the formations approximates a-
straight line. The most common examples of this situation might be (1) the
- aauifer that lIs hydraulncally connected with a surface stream and (2) the
permeable material of a buried valley abutting the relafuvely impermeable
walls of the valley. |In either example, the application is made by the use
of the image-well theory. In the first exanple, the condition is imposed
that no drawdown occurs along the boundary; in the second example, the con=-
dition is imposed that no water flows across the boundary. These conditions
are simulated by assuming that the aquifer is infinite and -an image well is
the same distance from the boundary as the pumpung well but on the opposite
side of the boundary. |In the first example the image well would operate
at the same time and rate as the pumping well but would be a recharging well. .
_instead of a dascharglng wells In the second example, ‘the image well would
Aoperafe in the same fashion as the pumping well. Ln-this manner, the prob=
lem is converted from that involving boundary condltlons as ‘such fo fhaf of
two-well systems in infinite aauifers, -

The purpose of this paper is to extend the solufuon glven by Stali-=
man and provide a more convenient method of computing drawdowns in thé vici=-
‘nity of a pumping well at future times with permeable .or |mpormeable boun-
.dary conditions, and of computing times of approxumafe stabilization of - '
selected net drawdown contours (u < 0,02) for a pumpung well near a recharge
boundary. : ,

‘Case of Pumped Well near Recharqe Boundagx

The observed net drawdown at any pounf is glven by fhe follownng
equation (ofa||man I952 Pe 2). R
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S = 5 2 s =;Lli%z.3 » ,[W(u)p‘: ww); | o
where s, = observed net drawdown at any point, in feet
' Sp = drawdown prodJccd by the pumping well, in feet.
sj ‘= drawdown (+) or recovery (=) produced by the image well,
in feet
Q = discharge rate of the real well, in gallons per minute
T = coefficient of transmissibility of the aquifer, in
gallons per day per foot .
w(u)p = value of W(u) for the pumping well
~“W(u): = wvalue of W(u) for the image well
W(us = =0,5772 -~ loge u + u = u2/2e21 + u>/3 31 - u4/4- 41 + o0
u = 1.87r25/Tt
S = coefficient of storage of the aquifer, dimensionless
“r, = distance from the pumping well to point of observation,
p .
in feet :
ri = distance from image well to point of observation, in feet

= time since pumping began, in days
If the boundary is of the recharge type, then / L
So = Sp - Si = "4T¢ [W)p = W)} - (2

If two observation points are selected such that S0y = S0y then

1.6 Q T . _ 114.6
LL##QJQ [W(udp, - Wlu)yy] = ""?*'9 [Wludpy = Wlu)y, |

or

w(q)p.I S W)y m W)y W), (2a)

When t becomes sufficiently large so that u is equal to or less than 0,02,
the value of W(u) can be approxnmafed as (=0.5772 - logg u) and equaflon
‘2a rewritten in the form

+ 0,5772 + logg uj, = =0.5772 = loge up, * 0.5772

fQ;b772 - loge upl P2
-+ logg Ui, ;
[qge ujy - ;ogevupl = Ioge “32 Ioge up2
L

and . .
‘ ri |'2 _ .‘r‘iv2‘2

Ift is-fhe.saﬁe_fof:bothjobSerVation poinfs;'fhélonqy'yékfable‘inlp}i$ r2 *
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, A line connecting points of equal net drawdown is a circle (Mus-
kat, 1937, p. 175-177) whose center would be on an extension.of a line
joining the image and pumping wells and on the landward side of the pumping
well, that is the side of the pumping well away from the boundary. Such a
circle can easily be located by determining the two points at which it
intersects the line through -the image and pumping wells. For convenience,
pick one of these points of intersection anywhere between the pumping well
and the boundary, on the line through the image and pumping wells and
determine the ratio of rj/r_ which is constant for all points on a circle
of equal net drawdown. Froh the geometry of the system, it is obvious that
the other pcint of intersection, on the laendward side of the pumping well,
is at the maximum distance from both the image and pumping wells [ri(max)»
rp(max)]' Therefore,

« Ti(max) _ry

Fp(max)  "p

and

ri(max) = Fp(max) * rip ' | (5)

where r: is the distance from the pumping well fo the image' well. Solving -

the fwo'Breceding equations for rpsﬁax) in terms of the known ratio of

ri/rp and the known distance rip’ ere follows

Lt
Fp(max) = (ri/rp) - | "'.: _ . : : | (6?

The distance rpgmax? fixes the point of intersection of the circle
of equal net drawdown on the ‘landward side of the pumping well, and the
point first assumed for computing rij/r_ is the point of intersection on the
boundary side. Therefore, one-half thg distance between the two points of
intersection locates the center of the circle and is:the radius of the
circle. ‘ st L ‘

o Furthermore, ff'is obvious.from thewgéqnéfry 6f,+hé sysfem that
‘the point of intersection.on the boundery side of the pumping well is at

~~ the minimum distance from both the .image and pumping we|ls._[r;(ﬁin), .
‘ rp(min)]f Therefore, S ‘ . : IS

Cimin) _f1

Fp(min) rp
- énd o f. S | | o
eI Tt e )
R e e T O R

3j(r1/rp) +



Because ‘he value of u varues wnfh fhe square of the distance
(r), if the time necessary for u to become.as small as 0.02 is determined

for the greatest distance, rj( maxg on a glven contaur circle of net draw-
2

down, then u will be less than O for any other point on that circle for
that same timees "In other words, all the points on the circlie may be con=-

sidered to have reached approximate stabilization at the time necessary for

u at ri(max) to equal 0,02,

For diagrammatic presentation, it is generally more desirable to

determine - lines or contours of net drawdown of specified magnitude and. uni-
form interval, as shown in figure |. By letting u equal 0,02 for the dis
tance ri(max) of each contour, it is possible to campute. the buildup due
to the recharge image well. |f the buildup is added to the specified mag-
nitude of net drawdown, the result is the drawdown effect of the pumping .
.~ well. ‘The retio of uj/up may then be determined, which woulid also be equal
to the ratio of. r,2/rp2 . Equations 5, 6, 7, and 8 may then be used to com=-
pute.the maximum and minimum values of r{ and rp. Finally, the time neces=-
sary for u to equal 0,02 for the distance ri(max) may be determined.

Example 1-

The results of certain ground-water lnvesflgafuons have identi=
fued an artesian aquifer (values of T and S are | x 105 gpd/ft and | x 10” -4
espectively) cut by a perennial stream. Test drilling has demonstrated
fhe feasibility of constructing a supply well, capable of being pumped con=-
tinuously at 1,000 gpm, at a location 1,000 feet from the stream. It 'is
desired to defenmine, and show by means of a contour map, the net drawdowns
that will ulfimarely occur in the vicinity of the supply well, and to com=-
pute the elapsed pumping time required for each nef drawdown conf0ur to be=
come stabilized in posuf»on as a circle.

The analysis will evidenfly require use of a recharging image
well placed across the stream, and at a distance of 2,000 feet, from the

supply well. Let it be assumed that it is desired to draw the contour cir-

cles repre:enfnng net drawdowns of 1, 2, 3, 4, and 5 feet. The following
sample computations indicate the me thod of defermlnlng fhe location of the
‘5-foot net drawdown confour circles v : :

Let u; for the distance ri(max)”of.fhis con tour eqﬁal,0;02;_"
Therefore: ' _ _ : _ . |
s&,=’5', uj = 0.02, W(u); = 3, 35, T= I x |o5 gpd/ff

S= 1 x 10-4 fip = 2ooo'- o.e‘uooo gpm

'|4g~_g W( )' H46x|000x335=384,
T I x 105

S é's°:+-s;~='5ioo ¥ 3.84~§ 8.84"
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- Figure |. -~ Ec'guilib'jri'um posifions of net drawdown contours for a
. diséharging  well near a recharge boundary . o
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Wu) = —X5p . Lx 107 x 8.84 _ 5 4 Ciup = 2.5 x 1074
P 1146 x Q- 114.6 x 1000 ' B
di '= _2.&.19:2._= go.= :ifa .= = 8,04
Up . - 2.5 x 1074 2 P
PP T P 3
. N T -
o Mip . 2000 _ oeor
r = | ———
p(max) o risrp) = 8.94 - | ,

= r.

“i(max) = i, * Tp(max) = 2000 * 252 = 2252!

. __fip 2000
p(min) (risrp) + 1 894 +

= 201!

201 = 1799¢

rj(m]h);? r;p - rp(ﬁin) = 2000

2 2

™ ri -rj -
Radius of Circle = —i{max) = Ti{min) . 2252 = 1799 . 56

Distance of circle center from image well = Fi(min) + Radius-

= 1799 + 226 = 2025'

187 ri(max)? s _ (1 87)(2252)2(|x|0 )
CTup . (V x 107) (2 x 1079

= o.475'day-

Sumllar compufafaons were made for the ofher net drawdown con- -

tour circles to determine their radii, locate their cenfers and defennlne‘k‘

their “times of approximate equul:brnum.~ The resul ts are guven in table. |
and the. confours are drawn as shown in figure e : =

Table l,--Dafa uaed |n preparafcon of anure l

s ey Radluc of Circle Center . =~
° p(max) .|(max) P(W’U)f |(m|n) ‘ Clhcle' fromc:mage ;elf.l-f -
'| .,364oﬁiyj}554o; 785 '12{5‘4' o212 s 2,97
2 1440 . 3440 500" 1410 © . 1015 24250 0t
T 9 o 2me 419 18810 . 569 . .21500 . .69
4 49 - 24190 296 1704 .35 . .2062 .. .55
5° . 252 .2252 - -.201 1799 .- 226 2025 0 s
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Caqe of Pump ed Well near |mpermeab| Boundary

~ With impermeable boundary conditions, the modificd Theis equation
for net crawdovn at any point is '

5 =

"O p + 55 = ”4_1_6 [W(U)P + W(u)i] . (9)

o

Here again, selecting two observation 00|nfs such that so; = 502’ it follows
that

W(u)p' + W(u)il =-W(u)p W(u)l2

When u is equal to or less than 0,02, the approximate value of W(u) is:

W(u) = =0.5772 = log, u /
Therefore .
-0.5772 - loge up, = 0.5772 - log, u;, = -0.5772 - Iogé‘upz
= 0.5772 = log, Ui,
or ‘ Iog; ug, * logg uj, = loge up, *+ loge uj, - » o - (lO)
Upy Uiy = Yy Ui
If t is the same for both observation points
Y ri’ = rp2 i, - - o | ()

Net drawdown contours abOuf a well near an. |mpermeable boundary
are not circles, and therefore their positions-at a gtven time cannot be
completely fixed by determining their points of infersection wafh‘the line
through the pumping ‘and .image wells, The contours nearest the pumping well
are oval~-shaped; those fartheriaWay from .the pumping we || become progres-
sively more elcngated toward. the boundary until the last contour that-
closes, before the boundary is reached, is distinctly teardrop-shaped. More
diafanf contours do not close .upon themselves but .intersect the boundary at.
right anglea. However, ‘all- confOurs are bymmetrzcal abouf fhe l'ine fhrough'
-the pumping and. image wells. : -

To.obtain a nef drawdown confour for a parfacular elapsed pumplng
time, various values of rp. must be assumed for substitution in equation |1
S0 fhaf corresponding ‘values of r; i may be ‘computed. These values of .r, and
rj are: fhon ploffed to’ obfann pounfs on - fhe required nef drawdown contour, -



- : As an a|d in assumlng proper values of o, “the po:nfs of inter-
secfuon of the net drawdown. contour with the line ‘through the pumplng and
image wells are determined. - From the geometry of the system, it is obvi~
ous. that the po:nf of intersection on the landward 'side of the pumpung well

will be at a mlnlmum distance from the pumping well but at a maximum dis=-
tance from the. image well; the ponnf on the boundary side of the pumping
wel | (lf present) will be at a maximum distance from the pumping well but

at a minimum dusfance from fhe |mage well. Therefore, it may'be stated
that . ' S

.(max) Tp(nin) T Tilmin) Tp(nax) = rirp  (12)

Fi(max) = Tip * Tp(min) - )

| ;"i('min_)‘ = . Fip- = Tp(max) . . | (14)-
Therefore, |

. p(mm) p(mm) fp=Titp = O s

(e -:"ponax) e tTite T O ()

Equations 15 and 16 permit the determination of the points of
intersection of the net drawdown confour and the lsne fhrough the pumping
and image wells. . ' » A :

However, as In the case of the recharge boundary, net drawdown
contours of a Specufned magnutude and uniform interval are generally de-
sirable for use ‘in diagrams, ' To obtain such:contours, it is necessary to -
determine the product of uj and u for ‘each contour, When uj and up are '
less than 0,02, equation 9. may be wrutfen as follows.~_ '

,
e
)

'  s9 - LL.%,_Q f[52-(9.5772)1- loge u;”gp] :d;' [t
SR T R S -
»=‘°9e'“i Up = -(;TTZQE—G + '9154) R (18}

By subsfltuflng proper values for Sos Q, and T in equaflon l8 fhe prbducf
of ujup may be direcfly compufed. Usnng the relaflon - ‘ o

Grug (m) Cwere ks LELS (i)
it follows that . ;,:  S ' --' | f -.,
. rirp = ; T/Tl”—p o (20)

Equation 20 thus pennlts c0mpufaf|on of fhe pnoducf of r;rp vhich
may be used in equations 15.and 16 to determine the points of intersection
of the desired net drawdown contour and. the |ine through the pumping and °
inage wells. When these two points are located other points on the same
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'nef drawdown confour may be locafed by assumlng |nfermed|ate values of rp.
. - and, compuhng correspondnng values of r,, usmg equatlon II. o

Exangle 2 “"'

. Assume rhe same field situation.described in example | excepf
that the artesian aquifer is cut of f by an :mpermeable barrier.. It Is

. again desired to determine, and show by means of a coritour map, the net
‘drawdowns  that will -occur in the vicinity of the supply well, assuming .

. this time that the pumping rate of 1,000 gpm has been maintained for 20 .
e " days. . Evidently the analysis now requires use of a discharging image well
placed across the. impermeable boundary, and at a dusfance of 2,000 feet, -
from. fhe supply welld '

The sample: compufatlons that follow were made to determlne fhe
posifuon of the 20-foot net drawdown contour.,

" so ® 20'; T= 1 x |o5 gpd/ft; S = 1 x |0'4- t =20 days,.

. . Tip*® 2000'° Q= 1000 gpm e
L s T N
. toge ujup = 9( o . l-l54), - ( 20 x | x 105 + |.|54) = -18.60
M ~ : 4.6 Q - \114.6 x 1000, AR
o -9 -5 1.878 IR
, ,‘u]”p s 8 35 x 10 and 1/ ju = 9,14 x. IO -—T—r = .87 x 107
g 20'x 9,14 x 1075 S
o gy = 2 qfuu = ='0,78 .x 107
. R N A L - 1.87 x 109 S
. | 2 . - I o a
rp(min) * Tp(min) Tip = Tirp %9,- '
+ 2000 r 9. 78 x |05‘= 0; 405' 2
p(mln) P(m'“) ' (m'") .
o  '1(mak)u=nfip;ffrp(mih)_‘ 2ooo + 405 ‘a 2405v
¢ _[f;wﬁiﬁ';*' . p(max) p(max) r ¥ fi‘b"f 94?‘
» o (max) - 2ooo rp(max) - 9.78 X, |o5 = o; rp(max) = eso'

|(m m) s’ r P . (max) 2000-850= ||50! s

N The above compufaflons defermine the p0|nts of infersecfuon ofﬁ:-
the 20-foot ' nef drawdown cén tour ‘with the Inne fhnough the pumplng and o
image welil's, “They. also- provide. the -timits to be used “in: assumung values o
of rp for detenninnng correspond.ng ‘values of. r;. R W
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Compufaflons fo defermlne fhe posntlons of fhe ofher nef draw-
down contours indicate fhaf they do nof ‘close upon themselves but inter-
" sect the bcundary.. For: fhese contaurs, after r, (mln) and ri(max) are .
determined, ~values for rp are assumed directly, and the correspondxng
. values of ri are. compufed.- The results are given in table 2, and the
contours are drawn as shown in flgure 2. o

' lf musf be remembered that, if an lmpenmeable b0undary is pre—
sent, the nef drawdéwn contours do not represent conditions at equilibri-
um but condiflons af ter .a definite period of discharge. The position of
the net drawdown contour will change with time. In this respect, it Is
possnble to prepare ‘a diagran that would show such ‘changes. * The product
uiup remains the same for a specified contour. By substituting various
various values for t in quaflon 20, correspondlng ‘'values  for the product .
r;rp may be ‘détermineds -The posutnons of the contour at the different
flmes are” then found by u5|ng the procedures prevnously descr!bed.v-
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Table 2.--Data used in preparation of figure 2°

. S

sg = I5" 5, = 167 - Sg = 17" S = 18¢ L 'so = 19t = 20"

" p(min) = 2105 ro(min) = 1570 Fp(min) = 1150 rp(min) = 828 rp(min) 585'5'7fP(min)'7f 405 -
| 2405 .

Fi(max) = 4105 - ri(max) = ?570 Ti(max) = 3'50 Fi(max) = 2828  ri(max) = 2985 Ti(max) =

o T Cre TR Ty L R o m
2200 3030 - 1600 3510 1200 3020 850 2750 600 2520 - . 440. 22201!
o ésqo 3760 1680 3340 1270 'zéso 900 2560 '?,_650_  2350'}“; :*;50 .2040'}i* 
2400 3600 1760 3190 1340 2700 950 2460 :'7664j‘215§ E 520 1880
2500 3460 1840 3050 1410 2570 1000 2340 750 2010 ,v“-if:‘_.—":ssb 'i,7s§:‘
’;;2600A"3330 1920 2930 1480 2450 Clos0 2230 800 1890 - 600 :;1536 :
;éWOTﬂw‘_-éng%w 1550 2340 1100 mwk.,‘%¢~ﬁ®fff adQﬁ$_°'
2800 3000 . 2080 2700 1620 2240 150 2030 . - lgédo.;.ié§65;fff ';ésbf’f|4§oi- |
2000 2080 2160 2600 - 1690 2140 1200 1950 A§5b:;;I5§q3j?;;ii€7i§ﬂ':|55O:_:‘T'
2240 2510 1760 2060 1250 l87b :7; ;1606;5,lﬁfﬁ{;xf:f:1766 -?§2§6.f;f
2320 f2420' 1830 1980 71I300> f|800~A;5;A;ioﬁb;';{445;f 7f ;[§o§{ f1§§5ilf.
' 1900 1910 | . 1350 j?io o :tpbdffaj3§6tzf »fthSOV'fp{565;
o | -ilgooA‘ |670;7‘f‘ﬁ;ri50 1310 - o
1450 1610 1200° 1260
1500 1560
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