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Application. of the TI1eis nonequi I ibrium formula has been pre
sen1·ed· (Stallman, 1952) to broaden the scope of its use to situations vklere 
the pumped formation is adjacent to another form·ation of a vastly different 
transrnissibi I i'ty, and the boundary .be.tween the formations approximates a· 
straight I ine.: Th~ most common examples of this situation might be ('I) the 
aauifer t·hat is hydraulically connected with a surface stream and (2) the 
permeable material of a buried valley abutting the relatively impermeable 
walls of the valley. In either exanple, the application is made by the use 
.of the image-we I I theory. In the first ex em pIe, the cond i t ion is imposed 
that no drawdown occurs along the boundary; in the second ex.amp I e, the con
dition i·s imposed that no water flows across the boundary. These co~di tions 
are simulated by asst,Jming that th(~ aquifer is infinite anc;t·an imag~ well is 
the same distance from the boundary as the pumping well but on the oppos.ite 
side of the boundary. In the first exampt'e, the image well.wou.ld· operate 
at. the sane time a~d rate as the pumping ·well but YwOuld be a recharging welt'. 
instead pf a discharging well. In the second exan.ple, '-the· image ·well w9uld 

.operate in the same·fashion as the pumping well •. !.'n·thism:anner,· the p'rob..;,.· .. 
I em is converted from that involving boundary conditions as ·such to that o~ 
two-well systems in infinite aq.Jifers. · · · 

The purpose of this paper. is to extend the so-lution giyen .by Stall_. 
man and provide a more convenient mE~thod of computing. drawdowns: in the vici
ni.ty of a pump.ing well at future times with p~nneable .. Qr .impe.rmeable. boun~ . 
. dary conditions, and of computing times of approximate stabi I iiatior'! of. 
selected net drawdown contours .(u < 0.02) for a pumping we:11 nea·r a rech.a.rge 
boundary.· 

·Case of Pumped· We II near ·Recharge. Boundary·.·. 

The observed net drawdown at any point is .given by· the· fot I owing.: 
equation (Stal l·man, 1952,. p. 2). . 

Open f i I e 
· F('Jr· dis.tribu fion in th·e ·Ground Water: Branch ·on I(. 
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observed net drawdown at any point, in feet 
drawdown prod.Jced by the pumping well, in feet. 

(I) 

drawdown ·( +) or recovery (-) produced by the image we I I, 
in feet

1 
discharge rate of the real well, in gallons per minute 
coefficient of transmissibility of the aquifer, in 

ga lions per day per foot 
value of W(u) for the pumping well 
value of W(u) for the image we II 
-0.5772 - loge u + u - u2/2•21 + u3/3•jl - u4t4•41 + •• ~. 
I.B7r2s/Tt 
coefficient of storage of the aquifer, dimensionless 
distance from the pumping well to point of observation, 

in ft?et 
distance frcm image well· to point of observation, in fe.et 
time s i nee pumping began, in days 

is of the recharge type, then 

s = Sp - S• = 114.6 g [w(u)p - W(u) i} 0 I T 
( 2) 

If two observation points are se I ec ted such that sol = so2' then 

or 

W ( u ) . - W ( u ) · = W{ u ) • W ( u ) • 
PI 1 1 P2 12 

(2a) 

When t becornes sufficiently large so that u is equal to or less than 0.02, 
the value of W(u), can be approximated as (-0.5772- loge u). and equation 

· 2a rewr i t ten in the form · 

) 
= -0.~772 - .. loge up

2 
+ 0.5772 

+ loge u i2 

log
9 u i I - loge· up1 = .loge UJ2 - 169e. ~P2 

or. u i I ~ ::a (3) 
. UPI Up2 

1 f · t is the .. same for .bo t.h ob'se rva t ion p·o in ts, · the· on I y .variable. 'in .. u·. is. ,-2· 
and 

r.i 12 .. r·i22 
~=· ................ 
'rp 12. rp2'2 .· 

• 

• 

( 

• 
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or (4) 

A t·fne connecting po·int.s of equa.l net drawdown i's a cir.cle {Mus
kat, 1937, .P• ·175-177) whose center wruld be on an extension.of a line 
joining the image_and pumping wells and on the landward side of the pumping 
well, that. is. Jhe side of the pumping well away from the boundary. Such a 
circle can easily be located by determining the two points at which it 
intersects the I ine through ·the image und pumping we.lls. For convenience,· 
pick on~ of these points of intersection anywhere between the pumping w~ll 
and the boundary, on the I i ne through the image and pumping we II s and · 
determine the ratio of rj/r which is constant for all. points on a circle 
of equal net drawdown. Fro~ the geometry ofthe system, it is obvious that 
the other point of intersection, on the landward side of the pumping well, 
is af the maximum distance from both the image and pum_ping wells [ri {max)• 
r P(max) J. Therefore, · 

- r_ i (max) r •1 =-
rp{max)· rp 

and 

ri{max) = rp(max) + rip 

where r. is the dis ta~ce from the pumping we I I fo the image' we II. 
the two 1 ~receding equations for rp(max) in tenns of the known .ratio 
rt/rp and the known distance rip' ffiere follows 

rip .. 
rp{max) = ( ) · r· /r - I · I p ·. 

. ,· 

{5) 

So I vi ng 
of 

(6) 

The distance rp(m.ax) fix~s the po.int .of intersection of the circle 
of equal net drawdown on the ·l·andward side of the·- pumping we II, and the 
point first assumed for computing rj/r ·is· the·point of in-tersection on the 
boundary-·side. Therefore,· one-half thg distance· between the two points of 
intersection locates the center· .of fhe ci.rc'le. and -is: the ·radius of the 
circle. 

Furthermore, it is obvious. from the. geometry of. the sy~~em that 
the poinf of intersection .on the: -bs>Lindcry side of. the· pumping we_! I is at 
the minimum· ·distance fran· bo.th- th~ -ima~e and _.pum·p i ng we II s· {r i (m i n)1 

rp_(min_)J.·. Therefore_,· 

rj(~iri) ri - -. 
rp(min) rp 

·and 

r_;(m·~ ~) 1111 rip - rp(min) ·_(7). 

•' r·ie 
rp(rnin) = "(8) 

·o<-r.t/rp) + I. 

whence· .. · 
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Because the value of u var.ies wi tJ:l the square of the distance • 
( r) ~ if the time. necessary . for. _u. to becane. as sn a II as· 0.02 · is de ten;, i tied 
for the greatest distance, r;(max)• on a given contrur circle of net draw-
down, then u wi II be less than o.62 for any ·other_ point on that circle for 
that same time. ·tn other words, all the points on the circle may be con-
sidered to have reached approximate stabi I ization at the time necessary for 
u· at ri(max) .to equ~l 0.02. 

For diagrammatic presentation, it is.generally more desirable to 
determine· lines or contours of net drawdown of specified magnitude and uni
form interval, as shown in figure I. By letting u equal 0.02 for the dis
tance ri(max) of each contour, it is oossible to cOTJpute the buildup due·· 
to the recharge image we I I • I f the bu i I du p is added to the spec; if i ed mag-
ni tude of net- drawcbwn, the resu It i.s the drawdown effe.ct of the pumping. 
WE'll. 'The ratio of u;/up may· then be determined, which wou i d also be equal 
to the ratio of r;2/rp2•. Equations 5, 6, 7, and 8 may then be used to com
pute the maximum and minimum values of ft and rp• Finally, the time neces
sary for u to equal o.o~ for the distance ri(max) may be determined. 

Ex e1m pl.£.J. · 

The results of certain ground-water investigations have identi
fied an artesian aquifer (values of T and S are I x to5 gpd/ft a·nd I x lo-4 
respective I y) _cut by a perenn i a I s trearn. Test dfi i I I i ng .has demonstrated 
the feasibility of constructing a supply wei 1, capable of being pump~d-con~ 
tinuously at 1,000 gpm, at a location 1,000 feet· from -the stream. It is. • 
desired to detennine, and show by means of a contour map, the net drawdowns 
that will ultimately occur in the vicinity of the supply well, and to com-
pute the elapsed pumping time required for each net drawdown contour to be-
come stabilized in position as a circle. 

The analysis wil I evidently require use of a rech~rging image 
wei I placed across the stream, and at a distance of 2,000 feet, from the 
supply well. Let it be assumed that it is desired to draw the contour cir-:
cles representing" net drawdONns of I, 2, 3, 4 1 and .s feet~- The following 
sample cOmputations indicate the method of detennining-the location of the 

·5-foot net drawdown contour circle. · 

Therefore: 
Le·t ui for the distance ri(max)of. this contour e_qua·l· 0•02. 

s
0 

=5 1 ; u; = 0.02, W(u)j = 3.35;· T = I x 105 Qpdlit · · · 

s = I ·x to-4,. r· ;:: 2000' • Q .= lObO_ gp·m · .· 
·. I p .· , . I 

. .. . . . '. .· 

s • = .L!.h§._Q W( u) •. = I 14 .. 6- X . I 000 X 3. 35 .. ~. 3·~84' .. 
I T . . I I X 105. 

. . 

sp = s 0 + Sj = 5.00 + 3.84 ·= 8.84' 

• 
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T: 100,000 GPD/FT 
S= 0.0001 

0=.1000 GPM 

500 0 
I I I I I 

FEET 

500 
I 

CO.NTOUR INTERVAL I FOOT 

. · RECHARG~ BOUNDARY . 

Figure I.-- Equilibrium posit.ions o.f net drawdown contour·s for a 

discharging . well near a recharge boundary 
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= T x ~P . = I x 105 x· 8.84 = 7 ~ 71 
114.6 X Q ·I 14.6 X 1000 

rp(max) = ··(r·/r ) -· I 
:.I p 

r i (max) = r· + r p{max) I p 

rip 
rp(min) a = 

(rj/rp) + I 

= 
2000 

8.94 -

= 2000 + 

2000 

8.94 + 

= 252' 

252 = 2252' 

= 20P 

~i(min) = rip ~ rp(~in) = 2000 - 201 = 1799' 

· · = 2.5 x 10-4 ,· .. Up 

.. r i 
- = 8.94 ... rp 

Radius ~f Circle ~ ri(max) - rt(min) = 2252 - 1799 = 226' 
2 2 

Distance of circle center fran irhage well = ri(min) + Radi.us 

= 1799 + 226' = 2025'' 

1 ~87· ri(max)2 s =· (1.87)(2252) 2( I xlo~) 
t = - - - - = 0.475. day· 

\ T u • ( I x I o5) ( 2 x I o-2) . 
. I 

' . . . . ' . .· 
' ' 

.· ··S.imilar .computations were made for the other net drawdown con-·· 
tour circles .. tt>·determine their radii, locate their centers, and detennine 
their :times ·af.approximate equ i i ib.rium~ ·.The .re.sul ts are ·given· in table .. l, · 
and the cp'ntow-:s.·.are drawn ·~s shown in f igu.re , .• 

· ·. · .<Table-:1._.-Data used in preparationof figure· :1 

so rp(ma~). .. . r i.(m~x) · ·.rP(~ in) ri(rni'r1) r~ad ius o.f C ir-<;:1 e Center 
Circle from · irn age wet· I t 

., .. 

3640·:. .5640:. 785 1215 2212 '3427 2.97' 
.. 

1440· '· 590 '• 

1015 ·' 2 3440 J410 2425 : I f 
't 7l9 .2719· 419 1581 569 :2150 

·· .. 
~ .69 .. •' 
4 419 

.. 
241'9·. 296 t'704 -..358 .. · 2062 ..55 

5 252 .2.252· ... 201 1199 226 ·202.5 .4a 

• 

• 

• 
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Case of Pumped·Wel·l riear lmpenneable Bounda~y 

With impermeab·l~ boundary conditions, the modified ·Theis equation 
for· net crawdov:n at any point is 

I 14.,6 Q 
T 

(9) 

Here ~gain. selecting two observation points such that so 1 = s02, it follows 
that 

W(u)PI + W(u)·. = W{u) + W(u). 
1 1 P2 . 12 

When u is equal to or less than 0.02,, the approximate value of W(u) is: 

Therefore . 

or 

W(u) = -0.5772 ~ loge u 

- 0.5772 ~ loge ui 2 

loge uPI + loge ui 1 = loge up 2 + loge Uj 2 

If t is the same for both observation points 

r. = r r· 
'I p2 '2 

) 

( 10) 

(I I) 

Net drawdown contours ~bout a we II near an .. jm.permeable boundary 
on; no1' circles, Emd therefore their positions·at a given time cannot be 
completely fixGd by.detennining treir points of intersection w·i th. the I ine 
Hwnugh the pumping and ·image wells. The contours neares·t the pumping wei I 
are ova I -shaped; those farther ·.away from the pumping we ·II. become progres
sive I y r11ore .e I eng a ted .toward. the. boL,Jndary un ti I the I as t contour that · 
closes, before the boun~ary .is reached, is:distinctly. teardrop-shaped. More 
distant contours do··not cl.ose .upon thems~lves. Q..J t intersect. the boun·dary at. 
right angles. However, ·ai I·· contours a·re .symmetrical ·about t.~e fine· .through· 

. the pumping· and. i.mage wei Is· •.. 

To. obtain .a net drawdown .contour for· a part(cular elapsed pumping 
Hm~. various values of. rp·.mu.st be assumed.· for substi.tu tion' in equa.ti.9n II 
so that co~responding. va·l~e: of roi· may be ··comput.ed. Th.ese· valu.e·s of .rp and 

.r·.j. are· then ·plotted· to obtaen potnts on .the required net drawdown ·contour.· 
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As an· aid. in assuming·· prq-pe:.r values.of rp, ·the points of inter~ 
section of the net drawdown, con tour vJi th the I i ne through· the pumping and 
image wells are determined ... From the geometry of the system,· it' is obvi- · 
ous. that the point of intersection on t.he landward side of the pumping well 
-will be at a minimum distance from the. pumping well but at a maximum dis
tance from th~ image .wel_l; ·the point O'n the brundary side of t~e pumping 
well (if present) will.be·at-amaximum distance from the pumping well but 
at a minimum distance fran the image well. Therefore, it may\be stated 
that 

·ri(max) r ( • ) .. ··:P m 1.n . = ri(min) rp(max) 

ri(max) = r· + rp(m in) · lp . 

ri(min) = . rjp.- rp(max) 

The ref ore, 

' 2 
rp(mi~) · + rp(m.in) rip~ ·ri rp = 0 

rp(max)2- rp(max) rip .• ri rp = 0 

= r· 
' rp ( 12) 

( 13 )' 

( 14) ' 

(15) 

( 16) ' 

Equations 15 and 16 ·penni t th.e de term.i nat ion. of the points of 
intersection of ·the net ·drawcbwn ·contour· and the I ine _throogh the pumping 
and image we II s. 

However, as in the case of the recharge .boundary, net ·drawdown 
contours of a specified magnitude and uniform interval are generally de
sirable for use ·in di'agrams. ·To obtain such-contours, it is necessary ·to 
determine the product of u i and up for ·each con tour·. When u i and u'p are. · 
less than 0.02, equation 9. may be written as follows:·. 

s0 = 114;-6 -2 [-,2 (0.5712).- loge UJ up] ( 17}~ 

lOge Uf Up ~ -(II::; Q + 1 0 154). ( 18)' 
' . . . . . 

. . . '' . ·: . ' ' ,· ·.· 

By substituting proper values .for ~0, Q, and·. T in eq.Jation 18, 'the product 
of ujup may be directly_ computed. Using the relation · · 

: . · . . · · · · . ( K·r.t-re)2 
.u;up=· .. 

·· .. ·. .. t 

it fo I I ows that 

W'lere K = ·.L&u 
T 

·c 19) 

' (20) 

Equa.tion 20 thus· penn its computation of the. product- of rtrp which 
may be used in equations 15-,and 16 .to determine· the points of intersection 
of the desired· net dn~wdbwn con.tOJ r and the I ine through the pumping and 
image wells. When .. these two points are located other points on the same 

• 

.... 
... ··· .. 

• 

• 
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·net drilwdown cqntourmay. ~e located b/assuming intermediate va.lues of. rp 
and, .computing. corresponding :va ll.Je.s; :o~ r r, using equ a ti:on I I • 

Exanple 2 · 

. . . . Assume··the sane field situati'On.described in example I except 
that the .. artesian aqui·.fe·r- is cut off by an impenneabJe,barrier •. It Is 

. again· de'sired to. detennine,·and show by means of a ·contour map, the net 
drawdowns· that wi I I .occur in the vicinity of the supply we II, assuming . 
this time .that. the pumping rate of 1,000 gpm has been maintained for 20 
days;.. ·Evident.ly the analysis now requires use of. a 'discharging image ·wei f 
placed across the. impermeable boundary, and at a distance. of 2,000· feet;. 
fran·. the supply we 1·1• 

·.-· .... The. sample co~putations that follow were made to determine the 
posi ti~n· ·of the 20-foot net drawdown contour. 

so = ~o•, ·T • 1 x 10~ gpdtiti s = x to-4; t = 20 days~ 

rip = 2000'; Q = 1000 gpm 

loge UJUp Cl -( ~!L. + 1.154) ( 20 X I X to5 
+ i . 154) ". -18 .6() = ~ .114.6 ·. 114.6 Q X 1ooo.· 

,-; .u.t~p !=·8.35 x I0-9 and -yuiup = 9.14 x I·0-5; K = 1 ·~7~.= 1.8? x 10~9 

..... · 

. ' 5 •' 
r i r. p = t -~ = 20 · x· 9. I 4 x- I o- = 9 • 78 . x I 0s R vwtwp 1.87 X Jo-9 ' ' 

..•' 

,.· . 

. · ~·I.('~· .ax)· .. = . .r. i. P.· ·+ r · .( ·· ·· :). = 2000 · .~·. :405. :·~··. 2405 ~ .. 
, .. p ... m•n . 

.. ·. . 

.. · fp(~a~? ,., :2o(>o !'"p(~~x) + 9 < 78 X, lo
5 

'" OJ ':p(mli~) '"<85()! '> 
' ' ' ' ' ' ' ' ' ,·' ' ' ' .: ~,.' ,. o ' ,' • •• ' ' •' ' ' ' ' ',' ' ' ~' ' • ', • ' :' ', I ' ' '· • • ' I,' 

'... ,•. •, ·:: ·:' 

. , , . · ·•· ·.· • < . " t(~ j ~j { ,. i p - ,;-p( max) . ~ • 2000. ,. '856 = . Liso' 

.·. •, 

'', '' ' .:··.: .. : 'rh'~<a'b~·~e· c'ar):pu .. t~ti ons:. 'de 'term i ne.' the po·i:n.fs · . .o'f' i·~ t'e'rsec.tio'n :. of. 
-the ~0-lo~.t·. r·~.t,.''dt,awdown'' .c6rttodr ·~li.th . ..the. l'i ne' through', the· pu~pfng ,. an'd' :' 
Image· we l.ls.-: ·They:;. a I ~o ··provide·. the ·.IJ~li ts· · t6·. he used ·i-ri: a.s.~t:im i·ng · va'll.1~ ~ · 
·~f.· rp· ~?r·: a.~·te;~.'fn,.l·?9·: correspond·Ing·:. \'~ tu.es· qf . .r-t ·~· .. · · 
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.• .. co<mputat ions. t~ .. 'de'term' ine ·the' posi.tJons· of the other ·:n~ t draw..; 
down contours indicate 'that:they do·notclose upon: themse:lves but inter
sect ~.e.bw.ridary·~: .For. the_se contoors,··.after rp{min) and ri(max) -~~e .. 
~e term 1 ned~ · values . fo.r rp a.re . assumed. d·t rectI y, ·and . the correspond 1 ng · 

. va I ues ·of · r i are·. comp~ ted. .The resu Its are given In tab I e 2, ·and the., . 
con tours are drawn as. st~o\Yn in figure 2. 

:· I tmust be',:·r~memb~red that, if an impermeable ·boundary is pre
sent, the.·net drawdown conto~ rs do not represent condi'tions at equil ibri
um but conditions after.a:definite period of discharge. The position of 
the net dr·awdown con tour wi II change with time. . In . this respect, it Is 
possible_ to prepare ·a diagran that would show such ·chan.ges. The product 
u_iup remains·· 'the ~erne for: a specified contour. ·By substituting var-ious 
various values Jor t. in ~q..ation 20, corresponding va·lues for, t_he product 
rtrp·may be determined•: ·The positions of the- contour at the differ-ent 
times are··_then foundby !JSing the procedures previously descri·bed. 
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Table 2.--Data used in preparation ~f figure-2: 

S = 15 I. S D 16 I S • 17 I S • 18 I So :a 19 I -· S =~ 20 I 
0 0 0 . 0 . . <;>. . .. 

rp(min) =- ·2105 _ rp(min) = 1570 rp(mi~) · • 1150 rp(mi~)- =_ 828 rp(mir:t) = _ 585 rp(mi.n)· = · 405 

ri(max) =- 4105 ri(max) a 3570 ri(max) = 3150 ri(max) _ = 2828. _ r·i,(maxJ = 2585 ·- _ ri(max) • 2405 

r P r _! ;-p r i r P r r r p _ r i . ~p -r i _ ~p- _ - : r i 

2200 39 30 1600 351 o 1200 3020 95·o 2750 - 600 ~20 -_ ·440 -- 2220 -

2300 3760 1680 3340 1270. "2850 . 900 2600 650. 2320 ·480 .2040 

2400 _ 3600 I 760 3190 1340 2700 950 2460 700_ . 2160 520- 1880 

2500 3460 1840 3050 1410 2570 1000 2340 750 .. 2010 :_560 i750 

2600- 3330 19~ 2930 1480 2450 1050 2230. 800 . "1890 ::- --600 -·1.630 

2100 32oo 2ooo _2810 1550 2340 1100 2i3o -850.- - l780 - 640-- ·. i530 "'· . . . :-.. . . . 

2soo 3o9o 209o - 2100 1620 2240_ 11so 2o3o __ -goo . 1680 - ·6ao· --1440 

2900. 2980 2160." 2600 1690 -2140 1200 . 1950 . 950. .1590 . . _··720 ·._· . 1360 

2240 _2510 1760- · 2060 -1250· 187o·- .Jooo._·_ lsio-:,- .. _ · -76a· --_)29-o. '-

2320 - 2420 1830 1980 . 1300 - 1800 · - I 050. _- -_ 14_4(). - -_ 800. - -·1220 -_ -

19oo .1910 1350 1730 raoo ·-_ --137o-· _. ·:950-- 115o· 
. . : . .. 

-- -1400 · 1670-- - ·.alSO 131-0 _ 

-1450": 1610 . 1200. 1260 

1500. 1560 
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. T= 100,0.00 GPO/FT 

S= 0.0001 
Q: 1000 GPM 

t =20 DAYS 

. ,'=> 
. . . . 

soo·. · · ·o 
ft I I 1.·1 

. · ... 500' 
. ,. 

·.FE'ET .. 

CONTOUR. INTERVAL··. 1· FOO'T: 

Figure 2.-- Positions of net draw down contours ·.for a· discharg·ing 
.· well near an impermeable boundary 
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