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A caanon problem 1n ~olou is to fit a smooth cum to 
CJClic or periodic data, either to detine thE moat probable values 
ot the data or to teat some principle that one wishes to denaonatrate. 
!his atucl7 treats ot those problems where the length or period ot 
the CJCle is known beforehand - as a dq 1 year, or mear¥iar length 
tor example. Curve-tit ting can be made b7 tree-hand dravi~, and 
where the data are closely aligned this mthod otters the simplest 
ancl moet direct course. However, there are 111807 proble• where the 
beat tit 11 far from obvious, and analytical 1118tbode NY be neceeaar;y. 
!here are •07 analTtical methods available tar amootbing, soma ot 
llhich are lieted below: 

1. JAoving arithmetic average 
2. Moving arc 
). Pitting polynomial by least squares 
4. Double integration 
S. Fitting Fourier (sine ani cosine) aeries 

• 

6. Fitting special curves such as 3kewecl cyclic proba­
bility fUnctions by method ot momenta 

• 
• 

• 

Except tor the use ot moving arithmetic •veragea, ·the ·vritcr 
lmowa ot no coBIIlOJl application ot the above methods in hydrologic 
practice. !hie article describes the moving arc and double integration 
•thoda because they are practical ani seem to deserve couideration 
in )Vdrologic pt"actice. 

. Mo~ arc method. The objecti Te 18 to arraoth Ollt erratic 
departorea ~out obscuring the significant tluctuati~ns. The 
ordinar7 running average applied to data that cvntonn, tor eDIIIPle 1 

• to a simple sine curve will greatly attenuate and modify tbe given 
cu"e· 'l'be Mthocl 1a therefore useless in this connection. HoweYer, 
tbere are IIOYing area, described 1n the actuuial literature tor 
aample, which can follow a curve aucceastully. Our references are 
Whittaker and Robinson (1932) 1 am Sasulr (1934) who discuss the 
probl• tboroughlJ• Fittinc moving pa~abolic area ••- simplest. 
!be respective weights tor parabolic arcs ot various lengtha are liven 
belCJIIf 
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Table 1 -Weights tor n•point least-square parabolas. * 

s 7 9 11 13 1S 17 19 21 

-3 -2 -21 -36 -11 -78 -21 -136 -171 
12 3 14 9 0 ·13 -6 -Sl -76 
17 6 39 4h 9 42 7 24 9 
D 7 S4 69 16 87 18 89 8h 

if l) 
~ 84 21 122 27 11.4 lh9 

3 89 24 1L7 3h 189 2~ 
-2 39 '8li 25 162 39 224 249 n ·lh 69 ~ 167 42 249 284 

-21 b4 21 m 43 26h 309 m 9 16 147 42 269 324 

~ etc etr ... etc l6li It m m; E etc 
2m' etc 
~ 

Central Yal.ue UDderlinecl 

* Whittaker . am Robinson, p. 29S 

To Uluatrate how the above veighte can follow a curYe, 
coneider tbe following values on a eine curve 

n 7 

1 0 
2 • 176 
3 .soo 
4 .707 
s .866 
6 .966 
7 1.000 
8 . • 966 
9 .866 

A etraight aritbMtical a'Yerage ot S pointe centered on the 
7th itea abo'Ye tor 8UIIlple gi'Yea a value ot 0.933 compared ~~o"ith 1.00 
g1Ten. ApplJing the 5 point parabolic veighte gives u a renlt 1.00. 

Table 2 Uluatratea the application ot a 5-poirit moY.lng 
parabolic arc to the residual mnthl)• correction~ to a correlation 
between t .. 3 tlov ot tvo streams 1n Utah. · In tbil problea, the aoothed 
ftluea ot tbe monthly correctione are believed to be euperiar to the 
correction~ u c:ri£1n&ll7 COJIIPUted, bec111ae logicall1 there ebr:Alld be 
a unitorm Y&riation in these correction~ UIO"C tbe months. It. 111 
deaired, however 1 not to dastro7 the 1ntr1neic character of the ftl'ia• 
tiona. 
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The procedure is aa tollona The corrections •• or1c1nal17 
COIIP'lted are luted urder 7 1n table 2 and plotted on ttpre 1. 
Bach value ·ot 7 1a then multiplied aucceasivelr ~ each vei1htJ the 
ftl.ue tor Janua17, -.01, ia Jlll1. tiplied b.1 -3, b7 121 and b7 17. fo 

· obtain the )-point total tor April 1 tor a.aaple, the veishted value• 
tor· Febzoua17, March, .lprU, May and June are totaledz +.1) -.48 +1.)6 
+2.S2-66 • +2.89. The S-point avera1e 18 tcund b7 d1vicl1DC 2.89 b.r 
the 8UJ1· ot the veighta, 3S, to )'ield +.083. 

There are problems where the data indicate a lese obviOWI 
111100thed curveJ i.e., where there 18 a considerable random component. 

Table 2. - nlustration ot use ot S point morl.ng parabolic arc. 

Jan 
Feb 
Mar 
Apr 
Ma7 
June 
Jul7 
.lUI 
Sept 
Oct 
llov 
Dec 
Jan 
reb 
Mar 

l 

-o.07 
-.OS -.a. 
•• oa 
•• 21 
+.22 
•• oa 
-.06 
-.12 
-.13 
-.11 
-.08 
-.07 
-.OS -.a. 

ProdUct ot 1 nmee 
inclicated weight S point 

_, • 12 • 17 total 

+0.21 -0.84 -1.19 
+.lS--._. -.60 -.BS 
•• 12 -.48-... -.68 -. 74 
-.24 •• 96 .......... 1.36~ +2.69 
-.63 +2.S2 +3.S7 +?.OS -.66_.... +2.64 +3.74 •7 .16 
-.24 •• 96 +1.)6 +3.0l 
+.18 -.72 -1.02 -1.77 
•• )6 -1.44 -2.04 -4.23 
+.39 -1.56 -2.21 -4.SS 
+.33 -1.32 -1.87 -3.82 
+.24 -.96 -1.)6 -2.96 
+.21 -.84 -1.19 -2.30 •. 1s -.6o - .8S -2.11 
.•• 12 - .46 - .66 

S point 
average 

-.021 
+.08) 
+.20 
+.20S 
•• 086 
-.oso 
-.12 
-.13 
-.109 
-.oes 
-.o66 
-.o62 

llote. - In tld.a exa~1e, the cycle is cloeed, from Dec•ber to Janua17 
at the beg1nnlng. 

The tollovi.ng 18 an illustration ot the efficiency ot the IIIOYing 
parabolic; arc •thod 1n elim1nat1ng random variation. from a aet ot 
C)"clic data. · An original graph ot ao• variable defined b7 S2 pointe 
ahown 1n Figure 2 vaa altered b7· adding quanti ties randoml7 a elected 
to the values ae read from the given graph. The teet is to aee how 
well the ·original graph can be reconstructed trom the randolld.sed po1nt1. 
Us1ng a 21-point parabola, the following results were obtained ttll" 

. a elected i tea 1 · 
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Figure I.--Illustration of smoothino by 5-point moving arc. 
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Figure 2.-- Test example; random quantities added to 91ven graph. 
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Item number Compllted value GiTen nlue 

0 or S2 0.10 0.08 
10 .22 .22 
22 (peak) 1.67 2.00 
2S 1.79 1.88 
30 1.so l.h9 
40 .77 .72 

The atan4ard dena tion ot the razv:lom pointe about the •an cune 1.8 0.3S 
and theretore a denTed cune will haTe an :lrreclucib1e standard error 
ot o.3S/ {Jf • o.OS regardless ot the methccl used. 

The JD&'JV'ing arc baa al.ao the adTantqe that it akea tbe 
choice ot lllllber ot points leas significant upon the t1nal reeul.t. !he 
ehort arc vUl ot course pro~• cloae local tits, bu.t vUl proTide 
little aTeraging. · On the other band long area ~ tend to &1. ter the 
intrinsic character ot the qc1e. A uaetul ccanprS8e would be to 
use about one-halt the nwnber ot pointe aftilable tor det1Jdn& the 
qcle. An odd JIU.d)er ot iteme 1n the arc 1a adrteed 1n any caae becauee 
it proTiclea a det1n1 te central Talue. To provide eutticient a'9'erag1nc 
ot rudom components at least S pointe ehauld be uaed, vhich requiree 
at leaet 10 pointe 1n the cycle tor use ot a parabolic arc. Where 
there are tflfler than 10 pointe 1n tbe qc1e, tbe S point parabola v1ll 
DOt ate a eatiatactoey tit. It there are twer pointe aftilable 1D 
tbe qc1e, a 1 or 9 point quartic arc should be used with weights ciTeD 
below. In thia caee, aome ot the pointe v111 be used· tWice lD .both 
taUa ot tbe w1ghting procedure. 

'l'able 3. - Weigbte tor 1 and 9 point least equare quartic arce 

7 point quartic 

s 
-30 
7S 

131 
7S · 

-30 s 
231 

6 

9 point quartic 

+ 1S 
-ss 
+30 

+13S 
+179 
+13S 
+30 
-ss 
~ 
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Double inte~tion. .!hie is an adaptation ot a process 
ueecl b7' Pcweti (19j()or "qcle eeek1nc. 11 Let ue suppoee that 
the data define a graph ot the e1Japle fora 

7 • a + b COl !.1[! + f 
p -

1D which, ! represents the aean, ~ the aq,litude, ! tbe lenlth ot 
the qcle, ! the position in the cycle, aDCl E a randoa Yariable. 
It ve eubstract a, the 118&n trCIII each ot tbese values, and take the 
proueesiYe tota.fe or first integral ot these ditterencea, ve 1et 
a series ot the form 

J. sin 2:x + le 
A second integration vill g1 ve a series ot the form. 

2 
·b (d:J cos 2:x .! %IE 

The term r I"f vill 1n 1eneral be 1.-J.l 1 Iince the poeitiYe 
chance nriationa in€ vi.ll tend to balance tbe ne1atiYe terms. 

This series ill 1n phase though oppoeeci 1n sip vitb the 
orilin&l data and subatantially all rando• Tariatiolll will haTe bee 
aTera1ed out. 

The real t ot the eecoal 1nteP"at1on 11 not neceeaarUy 
a 1i~le sine QD'Te - it my be UJD18tr1C dependilll on the nature 
ot the basic data but 1n general it teda etrongly tovarda the sine 
cum 1n tens. Further integration vU.l tend toward further aaooth­
ing untU the pure eine curve 1a produced att .. 11bicb fllrtbtr 
1ntepoat1on baa no modif7ing ettect. The second 1ntegrat1on provides 
adequate aoothinc and so the integrating procese need go no further. 
The double integration Mtbocl 1a pecu), arly adapted to tboee probl­
Vhere a aiDe curYe _,.. be conaid .. ed • cloee appooxiation ot the 
r881llt sought. 

The proceee ill Uluatrated b7 the tol.lawing co~tationa • 
. The data shown on figure 3 and 1n table h are tor montbl7 enpotrane­
p1rat1on trma P"own water as determined traa a hJdrologic badget 
tor BeaTe~ Cret* in eastern Maryland. Although the month17 aount. 
ot eTapotranapira tion may ftl7 because ot seTeral tactore 1 the doa­
inant controls are those associated with tbe time ot Jear. ODe vaulcl . 
therefore expect a unit ora progreeeion tro• aonth to 11011th throulh · 
the course ot the year. The erratic Tariations represent, it is 
belieTeci1 errors because tbe tipree are the reeiduals between rela­
tiYely lar1e quantities. 
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Figure 3.-- Result of fittinQ a cycle Qraph by double integration. 
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A S-point moving arc could be used 1 bat where the qcle 
1a ot a a1Dlso1d nature, double intecration vill do the job mre 
aillpl.T. 

The first data column in table h lilts the pven values 
ot c.,.ated waportfanapiration. !he eeconcl colwnn lilts the 
devia tiore trom the mean ot tbe data. 1'he third colwnn above the 
cumlati,ve 8\UIIIIBtion of· the deviations, and completes the tiret 
integration, eometiJDes known as the mass residual. !he p-oe•• 18 
repeated in the tcmoth and titth columna aDd a seccmd intearation 
•de aa ehovn in the t:11'th data colWIIn. Deviations tor the IMil 
ot tbe second intecration are shown in tbe sixth colUIID. These 
tiprea are d1 vided b7 the constant -(12/2 rr )2 in which the IIWI8r&• 
tor 12 correspcncla to p the IIUftber ot 1 tau in the CJCle, azd tbe 
quotients are liatecl in colwan 7. These quotients in the en•th 
col.WIII'l repres•t the smoother cr average clevia tiona trOIIl the IIMD 
ot the data, in this example O.Bl. Addinc these to the •an pvee 
the final •oothed results, which are shown on figure 3, vbioh 
represents a reasonable interpretation ot the ariginal c:lata. 

!able 4. - Bxample ot double integration applied to monthly data. 

1 2 3 4 2~ 
6 7 8 

Computed Dev. 1at Div. Dev. Dev. S.Ootbecl 
evapo-trans- tram Integra- trom Integra- trom -(12/2r )2 Y&l.uu 
piration mean tion mean tion mean 

0.18 -0.63 
-o.6) -o.S7 

.27 -.S4 -o.S7 +le91 -o.S2 0.29 
-1.17 -1.11 

.62 +.01 -1.68 •• eo +.22 .S9 
-1.16 -1.10 

.eo -.01 -2.78 - • .30 •• oe .89 
-1.17 -l.U 

.68 -.13 -3.89 -l.hl +.39 1.20 
-1.30 -1.24 

1.88 +1.07 -S.l3 -2.6S +.73 l.Sh 
-.23 -.17 

1.72 +.91 -s.30 +2.82 +.77 1.S8 
•• 68 +.74 

1.40 +.S9 -h.S6 -2.08 +.S7 1.38 
+1.27 +1 • .3.3 

.88 +.07 -3.22 -.74 +.20 1.01 
+1.34 +1.40 

.44 -.37 -1.82 •• 66 -.18 .6) 
+.97 +1.0) 

.48 -.33 -.19 +1.69 -.46 .3S 
•• 64 +.71 

.18 -.63 -.08 +2.40 -.66 .15 
+.01 •• oe 

0 +2.48 -.68 .1) 
.81 0 -.o6 0 -2.48 0 0 .81 
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Figure 4 .--0ouble intevration method applied to the example of Figure 2. 



Figure L ehcnra tbe •- JDetbod applied to a prniou 
exuple. Ill t.bat. e:nmple the .m.nc arc aetbod I&Ye a closer &pJZ"ozi· 
•t.1oo t.o t.be ari11Dal a&l'"ft, a iDee it. proYidea a local tit.. !be 
double ·int.ell'atioD •thocl tit·• a 11DI1oiclal C\II'Ye to the data u a 
croup. 

su.aa· !be IIOt'iDC U'O •tbod• are quite ... ral. !be 
pal'&bolic viiib8 1bolllcl not. at.lad ~and a l"eYeJ'IaliD aanature, 
othenriee quartic wdpt.e ehoulcl be used. the dalble iDteP'at.iCID 
•tbod prori.d• a eiiiPler solution to tboee probl- vb•• the qcl.e 
11 ot a eiluao1clal tOJ'a. 

Jletereacee. 
,... 
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