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VELOCITY AND DEPTH MEASUREMENTS FOR USE IN 
COMPUtATION OF REAERATION COEFFICIENTS 

By John S. Zogorski, Peter W. Anderson, 
and Owen 0. Williams 

Abstract.--Empirical computation of reaeration coefficients gene~ally 

requir~s knowledge of mean velocity and mean depth of a stream. A 

practical method for obtaining this knowledge is described herein. 

The method involves time-of-travel, streamflow, and cross-sectional 

measurements, the development of discharge-velocity curves, 

s streamflow profiles, and the computation of cross-sectional areas. 

Values for mean velocity and mean depth are determined and related 

to mean discharge. 
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INTRODUCTION 

Many investigators use mathematical modeling techniques to 

d~termine the ability of surface waters to assimilate waste-water 

discharges. This ability is generally defined as the amount of 

woste-w~ter discharge required to lower dissolved oxygen (DO) to a 

predetermined level. Modeling techniques are used to simulate the 

many intrinsic hydrologic, physical, chemical, and biological 

factors that affect DO within water bodies . Such factors are 

divided into ewo major classifications: (1) those that create a 

deoxgenation effect, commonly referred to as oxygen sinks; and 

(2) those that create a reoxgenating effect, frequently designated 

as oxygen sources. The former processes mainly consist of the 

stabilization of ammonia, dissolved and suspended matter, and 

benthic deposits, whereas algal photosynthesis and atmospheric 

reaeration constitute the latter group. One model commonly used 

'" (O'Connor, 1971) to simulate the influence of waste water on a 

stream's DO profile is given below: 

Dt = KdLo -K t •K t 
(e r a ) 

K -K -e 
a r 

+Do +§. 
-K t 

(1-e a ) 
K 

a 

..,~ (e 
K -K a n 

!::! (1-e 
K a 

-K t n -e 
• 

•K t . ), 

• 
-K t 

a ) 

where Dt designates the DO deficit at time t; D , the initial 
·0 

deficit; L
0

, the ultimate biochemical-oxysen demand (BOD) at 

(l) 

-~~~~- - Kd, the deoxgenation coefficient, which represents the fraction 

lllli '7• · ~ · .. 
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of the remaining BOD that is exerted per unit of time; K , the a 

atmospheric reaeration coefficient, which equals the fraction of the 

DO deficit remaining that is satisfied per unit of time; K , the 
r 

overall BOD removal coefficient for the stream, which is the 

numerical sum of Kd and K , where K is the removal coefficient due c c 

to adsorption, sedimentation, etc.; N , ultimate oxygen demand due 
0 

to the oxidation of ammonia to nitrate within the flowing water; K , 
n 

the deoxgenation coefficient for the oxidation of ammonia to nitrate, 

which represents the remaining nitrogenous demand exerted per unit 

oi time; P-R, the net production of oxygen, as a result of algal 

photosynthesis; and S, the benthal-oxygen demand. 
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As atmospheric reaeration generally constitutes the major 

source of oxygen, as well as the frequent occurrence of i~s co· 

efficient in the DO model equation above, it is imperative that the 

coefficient be accurately defined. Current methods for measuring 

or predicting ~tmospheric reaeration under natural conditions were 

review~d recently by Bennett and Rathbun (1972), Zogorski (1972), 

and Zogorski and Faust (1973). These investigators report that 

• seven methods have been applied to prediction or measurement of 

this coefficient. Of the seven methods, three directly measure the 

mass of oxygen passing through the air·water interface. Among 

the authors who discuss such methods are Gameson and others (1955), 

Gameson and Truesdale (1959), Juliano (1969), Edwards and others 

(1961), Copeland and Duffer (1964), and Churchill and others (1962). 

The remaining four methods attempt to describe the reaeration 

process through hydraulic parameters and oxygen-balance techniques. 

In oddition to authors referenced on table 1, Odum (1956), 

Tsivoglou (1967), Thackston and Krenkel (1969), and Dobbins~(l964) 

are among t~ose who have discussed such methods • 
• 

- ------------------- ---- --- -
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. Most of the empirical approaches relate the reaeration 

coefficiant to measurable hydraulic parameters, such as mean depth, 

mean velocity, slope, resistance coefficient, density, dynamic 

and kinematic viscosity, surface tension, molecular-diffusion 

coefficient, or longitudinal-dispersion coefficient. An cqu~tion 

relating this coefficient to the mean velocity and mean depth is 

generally preferred because "it is the simplest, more accurate 

than some, and essentially as accurate as any .•• and because the 

effects on reaeration of other hydraulic variables, such as energy 

slope and channel roughness, are automatically included through 

the correlation of these variables with the mean velocity and/or 

mea!l depth" (Churchill and others, 1962). These equations can be 

expressed in the general form: 

(2) 

where k 2 is the coefficient of atmospheric reaeration at 20°C, in 

reciprocal days; V, the mean velocity, in feet per second; ~. the 

mean depth, in feet; and C:, n, and m are constants. F9r comparison, 

the C, n, and m values developed by nine groups of investigators are 

given in table 1. The constant k2 is given in base 10 logarithmic 

units, but can be converted to base e units (K) as follows: 
a 

K 
k2 "' a 

2.303 
(3) 

·- ··-··· ··---------------------------··- -·-· . 
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Table 1.--Empirical-eguation constants !h!£ define reaera tion 

coefficient in ~ !Q logarithmic units ~ ~ function 

c 

5.616 

5.026 

10.09 

9.4 

3. 3 

3.739 

4. 748 

2.983 

2.443 

8.76 

£1 stream velocity ~ depth 

n 

0 . 5 

.969 

.73 

.67 

1.00 

1.00 

.85 

.73 

1.00 

0.607 

m 

1.5 

1.673 

1. 75 

1.85 

1. 33 

1.50 

.85 

1.05 

l.SO 

1.689 

Reference 

O'Connor and Dobbins (1958) 

Churchill and others (1962) 

Owens and others (1964)1/ 

Owens and others (1964)1/ 

Langbein and Durum (1967) 

Isaacs and Gaudy (1968) 

Negulescu and Rojanski "(1969) 

Gloyna and others (1969) 

Krenkel ~nd Orlab (1962) 

Bennett and Rathbun (1972) 

ll For low velocities (0.1-1.8 feet per second) and shallow depths 

(0.4-2.4 feet). -
11 For high velocities (0.1-5.0 feet per sec and) . and .greater depth 

(0.4-11.0 feet) • 

h 7 •\ 0U 
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As part o£ its own modeling efforts, the N.J. State 

Department of Environmental Protection requested the U.S. Geological 

Survey to undertaKe a cooperative project to obtain mean velocity 

and mean depth .information on selected streams in the State. The 

mnin s tl~m and scvcr:tl major tributaries in the P:tlif>llic River h:t~in 

(fig. 1) in northeastern New Jersey were chosen for initial study. 

Figure 1 (caption on next page) near here. 

The purpose of this paper is to present some of the 

techniques used in the Passaic River basin to obtain. information on 

depth and velocity for use in the computation of reaeration co-

efficients. 

BACKGROUND MATERIAL 

Several investigators have reported techniques for 

obtaining velocity and depth. For example, Steacy (1961) reported 

an indirect method to predict stream velocity based on streamflow-... 
I 

frequency information, cross-sectional area measurements, and stage- · 
I 
I 

profiles information. The mean velocity withid a stream reach was 

calculated from the basic relation: 

Q • AV (4) 

where Q is the mean discharge within the reach; A, the reach's mean 

cross-sectional area; and V, the reach's mean velocity. 

------------------------------~--------------.J 

- 7 -
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Figure 1.--Passaic River basin map showing stream reaches investigated •. 

Reach numbers refer to descriptive tabulations on table 2. 

------ - ---------------------------------··-----
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Buchanan (1968), as part of the present cooperative project, 

suggested an "ine:<pensive and rapid" method for obtaining 

representative mean depth and mean velocity data. In briaf,· 

Buchanan (p. 43) obtained mean velocity information by the technique 

d .. •scr i bl!d hy Stency, nlthough much shorter strcnm reaches were 

s~lact.ad so that "each subreach had a constant discharge and a 

more or less constant cross-sectional area." Using measured 

cross-sactional areas (A), the mean depth was calculated as 

follO~JS: 

A H=w (5) 

~vhere H represents the reach Is mean depth and w the reach Is mean 

width (water surface). 

· - - · · . --------·-------------
lh; f •l •'lol 
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An example of the procedure used by Buchanan to adjust the 

~=asured cross-sectional area for other streamflow conditions is 

present~d in figure 2. Buchanan's technique utilizes a gage h~ight· 

Figure 2 (caption on next page) near here. 

water discharge relation observed at a gaging station or partial 

record station (upper curve) to adjust the river stage-river width 

relation (loto~er c-..1rve) measured at ungaged sites. For example, 

the change in gage height at 50 ft 3/s (142 1/s) from that observed 

during a cross-sectional area measurement is 3 ft (0 .• 9 m) (line A, 

upper curve). This change in gage height was applied directly to 

adjust the cross-sectional area at an ungaged site (lower curve), and 

represents a decrease in river stage from 5.5 ft (1.7 m) to 2.5 ft 

(0.8 m) in the example shown. 

• 

U. :i, CUVt=ll.'li .~ C: .'t·; ,.k l :-t'f i~U o; ;: !C" ~ : , ., .,., U- ·. 111 : . 

to ': • 0 : 
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Figure 2.--Example of procedure used by Buchanan (1968) to adjust 

the measured cross-sectional area to other streamflow 

conditions. 

..., -: . ...... 
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Although Buchanan's technique is rapid, its accuracy and 

d~gr~e of applicability is questionable, for the following reasons: 

1. The application of a gaging station's stage-discharge 

relation to adjust the measured cross-sectional area 

at another ung3ged site to other stre<lmfl0\-1 conditions 

is debatable. This adjustment assumes that the 

relation monitored at a gaging station is 

representative of the stream reach under study. 

(That is, the relation assumes uniformity in the 

reach.) As artificial controls, which alter channel 

characteristics, especially velocity and depth, are 

usually used at gaging stations, the validity of the 

adjustment made at ungaged sites is questionable. 

2. The method of determining velocity results in 

underestimation, if any "stagnant" water exists in 

the measured cross section. Also, considerable error 

results when channel geometry is erratic (Wilson 

and Forest, 1965). 

For these reasons and also recognizing the inherent 

problems in choosing a single point to represent a reach's mean 

velocity and mean depth, an effort was made to obtain other 

techniques for measuring these two parameters • 

.. - -- ·--- ---------------------------
, . .. . ,1·. 
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PROCEDURE 

The procedure em?loyed first requires the development of 

a fa~ily of curves (fig. 3) to define variations in streamfro~ along 

the stream channel. These curves and a kno~n value of discharge at 

any point in che reach ~ill provide the mean discharge in the reach. 

Curv~s of relation of velocity to discharge (fig. 4) and depth to 

disch~rge (fig. 5) will be used to obtain the t~o desired parameters. 

T~e t~chniques used to develop these curves are described below. 

Mean Dischar!!e 

The initial step was to determine the mean discharge in 

each r~ach investigated. These were determined f~om 'discharge 

profiles obtained by combining data from streamflow-gaging and 

low-flow partial-record stations with any direct discharge 

~easurements. Examples of discharge profiles for reach 7 (fig. 1) on 

the t.fnippany River at three streamflow rates are shown in figure 3. 

Figure 3 (caption on next page) near here. 

Similar profiles were developed for other reaches investigated on 

the Pompton, Rockaway, and Passaic Rivers (fig. 1). For the 
. . 

purpose of the present study, at least three discharge profiles, 

representing a range between low and m~dian flow rates, were 

co~puted for each reach. 

----------------------·-··-·· ·· --·--·- .. 
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• 

Figure 3.--Discharge profiles, Whippany River between Whippany 

(mile 0) and Pine Brook (mile 7), N.J. 
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Hean Velocity 

Excellent values of mean velocities are reported to be 

giv~n by tirr.e-of-travel measurements (Buchanan, 1964, Wilsoa, 

1968). Several such measurements on over 300 miles of stream 

ch:mnd have b"<:n m.1dc to date (1973) in New Jersey, most of which 

h~ve been m:1dc in the Passaic River basin (Horwitz and Anderson, 

1966, Anderson and Faust, 1973). Estimat~ ~ of mean velocity were 

made by injecting a fluorescent dye at the up,er end of a reach 

and monitoring its passage at another point downstream. The 

distance traveled divided by the elapsed time betT..i ..!e·n injection 

and arrival of the peak dye concentration, assutning no longitudinal 

dispersion, is equal to the mean velocity of water for that reach. 

A more accurate mean traveltime would be defined by the difference 

in elapsed time of the centroids of the concentration-time curves 

for the upstream and downstream sections of the reach; ·however, such 

data were not available for use herein. 

.. 
• 

::: 
·-- -- --- - - -------------------
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Traveltime in t~e basin were measured under varying fl ow 

conditions. These measurements enabled the d~velbpment of a ~ean 

v~locity-,.,ater discharge relation, from tvhich the mean veloc:'ity at 

any flot• can be interpolated. Velocity can be related to the :-;-.ean 

J isch~rgc either in the reach or at a nearby gaging station. In 

the pre~ent investign:ion, velocity was related to the dischar~c in 

tr.e reach, in that l s ter computation of depth requires a discharge 

value for the measured reach. An example of the results obtained 

for reach 7 (fig. 1) on the Whippany River is shown in figure 4. 

Figure 4 (caption on next page) near here. 

Once such a relation is developed, the velocity at any flow rate can 

be deter~ined. ~ote that a linear relation develops when the data 

are plotted on log-log scale. This linear relation is typical of 

all the stream reaches studied. 

• 

.. . --- - -- ---------------· --------- ··-··· . . . 
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. 
Figure 4.--Relation between mean velocity and water discharge on 

lower Whippany River • 
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The next step was to calculate the mean area (A) of the 

reach being studied. This value for any flow rate is easily· 

determi~ed using equation (4). The mear. discharge (Q) for each 

rc.lch i ::: cl ~.! tcrmin(!d from profile dnt.:1 (fig. 3), .:1nd the mc.:tn 

velocity (V) from time-of-travel data (fig. 4). 

Once a mean area was calculated, equation (S) was used 

to co::-.?u~e t:ie ::1ean dapth in the following manner: several cross-

sactional measurements, such as that illustrated in figure 2, were 

made in aach stream reach. The number of such measurements made 

depended upon length of reach and variation in channel hydraulics 

ar.d geometry ~o~ithin the reach. Except in extreme nonuniform reaches, 

~vhere more frequent measurements were obtained, approximately one 

cross-sectional area measurement per river mile was considered 

sufficient. 

.. 
.. 

~ · .. 

.. ... ~ -.' 
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~h~s~ cross-sectional measurements were then used t o define 

t he r~lation between area (cross section) and width (water surface) 

a t ~ach measure:r.cnt site. This allo~-1ed the determination of· to~idth 

at any preselected area. The widths for all measurements in a 

particul3r reach ~-1ere then averaged to obtain a mean width. The 

::~ean depth or each reach ~o~as computed by equation (5). 

Because computer applica~ion of velocity and depth in 

d.atermining 1.-2 necessitated their being related to streamflo~-1, 

graphs describing these relations were developed. Typical plots 

of mean depth versus streamflow are s hown on figure 5. As previously 

Figure 5 (caption on next page) near here. 

observed for velocity-discharge relations (fig. 3), the depth-

discharge relations in stream reaches studied exhibit linear 

relations when plotted on a log-log .scale. 

... 

• 
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Figure 5.--Relation between mean depth and water discharge on lower 

Whippany River. 
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~ESULTS A~D 9ISCuSSIO~ 

S tr<i!a:n reach~s inves tiga tee are ill us t:-a ted on fig·Jr.:: 1. 

Thcv incbcc 30.9 mi (49.7 krr.) on the Passaic ~iver main stc:71; 5.7 

:7li (9.2 k:n) on the l~1ippany River; 5.8 mi (9.3 km) on the ~oc~~way 

1~i._v , •r; .1m! 6.R mi.. (10.9 :,:n) on the Po::1pton Ri.vcr. 

Lc::ngth of rc<!Ch, and mean depth and 1nc.Jn VC! 1ocity cl:1t:a : i t 

t!wet! selected flou rates, expected to be equaled or exce~ciec 50, :3C, 

.J~c 90 percent of t~e time, a~e tabulated in table 2. Xean depth 

ran~ed fro:7\ 0.75 to 7.6 ft (0.23-2.32 m), and mean veloci : ies fro:71 

0 .1~ to 0.33 ft/s (0.04-.25 m/s). Accurate definition of mean 

widt~s for high-flow conditions in stream reaches that dra~n a 

iarge swamp--such as in reach 5 (fig. 1)--was di~ficu1t because of 

ill-defined emban~Ments. Thus, a mean depth was not computed for 

the higher streamflows in such reaches. 

.. 
.. 

I ' , .'). lo\JII J·. lt .'- .•I .L- .'o0'j l' l ol ,, 1 1 , ..._, \. ,. , ,, . • . 

- 21 -



'filhJ ,. :~.- -SmmM ry tahul n t ion of ~ deeths .!!!.•!'. ~! yf!)oc.J.U~: :, at . i_}HI lt.:.!!. t.~ :_e! .:'!_~_Icnr'!.f · -~ ~~·!.:!., fvr 

sc1cct€'d renclu!n in the Pass;tj._£ Riv'.'.!: .hnsU!_. 

Stn~am Reach Length Mean Flow Nean Flm-1 
and no. (mi) discharge dun-.tion depth v«::Joci.ty 

rl!l1Ch (fig. 1) 3 (ft /s) (percent) (ft) (ft/s) 

PASSAIC RIVKR 

Cit a th<1m to 1 4.2 77.4 50 1.2 (). ~3 
Florham 24.0 80 1.0 .36 
l'a rk 12.0 90 • 75 .25 

FJ m ·ham 2 4.9 88.8 50 2 .o ·'·5 N 
l' ;rrk 27.5 80 1.3 .27 N to 
) i, 'll\"1\l(!t" . 15.0 90 1.1 .22 

: 
II Jii OVC.~l· to 3 6.0 152 50 2.5 .~8 

!'· 
1' i.m~ nrook 58.0 80 2 .o .30 c 

-: 37.1 90 1.7 .23 . ~ , 
Eo . 

~i l'i.ah.' na.-ook 4 • 3.4 277 50 4.2 • 5!• 
to Clinton 112 80 2.6 .112 

E 76.0 90 2.1 • 38 
~: 
~ CliHi l•:: to 5 9.0 so .. 
•. 
; · 

'J\•! ( • )\, · j df,•.•S 120 80 4.2 .26 
t' 76.0 90 3.6 • :~5 

'J \·.'~ l t r i•l i: v:; 6 3.4 620 50 i'. 6 .n 
t.o l.illle 235 so !, .8 • 19 
.F.:.l J :; 151 90 :, .I • 1 s 
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rwlectcd .!:£!"lchcs j.n th(! l'assaic ~.i. v•~!: !~--Co!!.U..!l.'-'~.:~!· 

S tn~:un Reach Length Mt!nn FlmJ 
and no. (mi) dischnrge due aU on 

rench ("fig. 1) 
(ft3/s) (t)pHent) 

WHIPPANY RIVER 

\•!h j ppany to 7 5.7 53.4 50 
l'ln•• J3ruol' 27.8 80 

22.1 90 

ROCKAWAY RIVER 

Roonton 8 5.8 40.0 
h e 1 <•I•' rl.· £ . 10.0 
tu l'j til! )~ !"OOk 5.0 

PO.tP'IDN RIVER 

Ymt:pt:on· 9 ~ 6.8 284 50 
P 1 n i.n:; t:o 126 80 
'l'Ho Uridgt~s 90.0 90 

).1(• <Ill Flo\o~ 

depth velocity 
(ft) (ft/s) 

2.0 0. 76 
1.5 .56 
1.4 .50 

1.6 ·'·5 
.97 .21 
.80 .111 

l 

3.2 • 7'• 
2.6 .43 
2.5 ·• 34 
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Rdations bettveen m~an velocity (fig. 4) and r:.e.:ln d.:!pth 

( f ig. 5) and mean discharg~ in each reach were developed. Leopold 

and !-1addoc:c (1953) have reported similar relations throughou:: the 

coun:ry with the following general equations: 

b 
11 = .:tQ 

d V ::: cQ ( i)) 

'~her~ the constants a, b, c, and d ar~ d~pendent upon the hydr~~lic 

characteristics of the stream reach. Values of these constants 

d•rived f or stream reaches studies in the Passaic River basin and 

the c~scharg~ range over which they were developed are taoulated 

in table 3. 

• 

Ll. :,. QUV t~ • t ~ . ;., , ... ·,· l" ho ., "f~.,(; U r .· 14..' &.:: ! ' • \, .. • . • ,·. 
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Table 3.--summarx 21 eguation con•tants !2£!!!n depth·dischar&e ~ 

mean velocitY·discharse relation•· 

lliver lleach Streamflow Conatante · 
no. range 

(fig. 1) ft3/a • b c d 

'· - · Pa•saic 1 10-80 0.45 0.24 o.oso o. 64 

2 15-90 .40 .36 .068 .41 

3 35-150 . 74 .25 .021 .66 

4 75-280 .23 .51 .120 .27 

il 5 75-120 .96 .31 .170 .093 

:u - . 6 150-620 .41 .45 .011 .52 

Whippany 7 20-55 • 34 .44 . .120 .47 

!2 llockaway 8 5-40 .46 .34 .055 .~7 

:J Pompton 9 90·285 .94 .22 .017 • 67 

.. 
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Th~ expression of me~n vc: ocity a~d nean depth in tcr~~ 

o~ stre3nflow is advant~geous when determining the reaeration , 
c~afficient from empirical relations such as that givan in 

e~uation (2). For example, arbitrarily selecting constants reported 

by O'Connor and Dobbins (1958) fro~ table 1, equation (2) ~ccc~es: 

n0.5 ,. 
1.5 

H 

(7) 

f:.:: i·.' •.:ver, ior th.::: ~·!i1ippany Rh·er (reach 7), Y and H can be ex?:-.:::ss~ci, 

b~sac on data in table 3, in terms of streamflow as follo~·IS: 

v ""' 0.12 Q0•47 (8) 

H = 0.34 Q0•44 (9) 

Substituting these two equations (8 and 9) into equation (7) results 

in the follo~,·ing expression for the reaeration coefficient: 

k2 = 9.83 Q -0.97 (10) 

Thus, the reaeration coefficient can be determined based only on 

streamflot-; values. For example, flow-duration, recurrence-interval, 

or pr~selected values of streamflow can be used to determine this 
.. 

coefficient. A typical plot of the variation of the reaeration 

coefficient with flow is illustrated on figure 6. 

Figure 6 (caption on next page) near here. 

- 26 -
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· Figure 6.--Relation between reaeration coefficient and streamflow in 

lower Whippany River basin. 

I . :i, :.t...\';,, : ,\,,lc • . , ·i i' h•·"' " "'; ....,,·.· :(' ;;: . .• ., , \ • • ·, 1 
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S"i':., ... !.. "''' L.: .... ···•\.-

:!~t~ods ~.;ere developed to cstir:1ate r.:::!an v.::locities c::;.d 

;;:~ ~ n depth;; for usc in com!'i,.;tation of reaeration coe:ficients· :or 

salectcd reaches of the Passaic River basin. Time-of-tr~vel, 

s trc~ruf low, and cross-sectional data are needed for the rnct~o~. 

Th~ proc~clur~ d.;:vclopl?d assumes base•flo\o~ conditions, as this 

a.ssu~.:?ticn sir.:plifies both fielc and office computations. The 

?rcccc~rc described is thvught by the ~uthors to give better 

rcsul:~ than tha ?rocedure earlier repartee by Buchanan (1968), 

pr~~arily in that mean velocity is measured, and mean depth is 

d~rived from several field observations and not estioa·ted from a 

point value. In addition, field and office work are simplified, 

as a stage-discharge relation need not be established for eac:i reach. 

-···. -· · ~ ··· -··- ··----- ------ - --- ···- ------ -

-- ~ ; . ; . 
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