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- FLOOD FREQUENCY -

EXPECTED AND UNEXPECTED PROBABILITIES 

By D.M. Thomas 

ABSTRACT 

Flood-frequency curves may be defined either with or without 
an "expected probability"adjustment; and the two curves differ 
in the way that they attempt to average the time-sampling 
uncertainties. A curve with no adjustment is shown to estimate a 
median value of both discharge and frequency of occurrence, 
while an expected probability curve is shown to estimate a mean 
frequency of flood years. The attributes and cons traints of the 
two types of curves for various uses are discussed. 

INTRODUCTION 

Flood-frequency curves may be deftned either with or 
without an "expected probability" adjustment. This 
optional use of expected probability adjustments has 
caused problems when different analysts have attempted 
to compare and coordinate flood-frequency estimates. 
From observations at several meetings intended to 
achieve such coordination, it is clear that few hydrolo
gists and fewer users of flood frequency estimates have a 
thorough understanding of the assumptions and limita
tions associated with frequency curves and expected 
probability adjustments. 

This report explains and discusses various aspects of 
frequency curves with special emphasis on expected 
probability . This non mathematical explanation attempts 
to il.luminate concepts through use of graphical displays 
in the hope that the explanation will be clear to those 
with limited knowledge of statistical processes. 

A simple time-sampling analysis by Benson (1960) 
provided the data for examples in this report. Although 
the type of frequency analysis used by Benson is no 
longer in vogue, the information was available in a form 
readily usable for preparing il.lustrations, and is appro
priate for demonstrating concepts. 

FREQUENCY CONCEPTS 

Flood frequency curves are used to assess the charac
teristics of future floods. Through analysis of records of 
past floods we define a relation between flood magni
tudes and the freque ncy of years in which they occur. 
When using a defined frequency curve for planning or 

designing we assume, often implicitly, that the curve is 
based upon a representative sample of long-term flood 
experience and therefore is an adequate predictor of the 
future. 

Such an assumption often is tenuous . We should 
recognize that there is quite likely some variation 
between frequency curves based upon short records and 
curves based upon a much longer record. Benson (1960) 
studied those variations. He assumed that if he had a 
1 ,000-year record it might define a curve identified as 
the 'base curve' in figure 1. He recorded on a separate 
piece of paper each of the 1,000 flood magnitudes that 
would deftne the base curve perfectly , placed all in a hat , 
and mixed them thoroughly . He then drew the slips out 
of the hat , one at a time, and recorded chronologically 
each magnitude to produce a simulated 1 ,000-year flood 
sequence . Then he deftned 100 frequency curves based 
upon the ftrst '1 0-year' period, the second " 1 0-year" 
period, and so fourth. From ftgure 1 it is obvious that 
any given 1 0-year period may defme a frequency curve 
that differs considerably from the long-term curve. This 
variation commonly is called the time-sampling error. 

An equally viable interpretation of figure 1 is that the 
base curve averages the time-sampling errors in a regional 
sample of homogeneous and independent flood records. 
Consider that we might have a flood record of 1 0-year 
length at each of the 100 sites, all having identical 
flood-producing characteristics, but sufficiently remote 
from each other to assure independence of the armual 
floods. Under these conditions we could expect the 100 
individual frequency curves to display the scatter shown 
in figure 1. 

DISCHARGE VARIATIONS 

The usual assessment of time-sampling variations 
expected in frequency curves defined from short-term 
records considers the range in discharge estimates for a 
selected probability of exceedance. That is , the exce
edance probability is specifted and the time-sampling 
error reflects differences in discharge estimates. Varia
tions of discharge estimates by the 1 00 curves in figure 1 
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are displayed in figure 2. These histograms show, for 
example, that 14 of the 100 curves defined from 10-year 
samples estimated the 4-percent chance (25-year) flood 
magnitude between 5,000 and 5,499 ft 3 /s (cubic feet 
per second) while 18 curves estimated the value between 
5,500 and 5,999 ft 3 /s. From the base curve the 
4-percent chance flood is 5,890 ft 3 /s. Some statistical 
measures may be computed to define the time-sampling 
variability and to aid in the comparison of variability 
between different probability levels. Again for the 
4-percent chance flood, the median estimate (X04) of 
5,850 ft 3 /s is exceeded by 50 percent of the estimates; 
another measure of the central value of the distribution 
histogram is the mean (XQ4) of 6,160 ft 3 /s; an index of 
the variation in estimates is the standard deviation (So4) 
of I ,482 ; and a measure of the nonsymmetry of the 
distribution histogram is the coefficient of skew (go4) 
which is 1.275. 

Several attributes of time-sampling errors observable 
from the limited data of Benson's study are true of 
time-sampling errors in general. Note, for example, that 
as the probability of exceedance decreases , increases 
occur both in the scatter and in the nonsymmetry of 
estimates, as indicated by the standard deviation and the 
coefficient of skew. Note also that the mean of the 
estimates exceeds the median and that the median 
estimate is always a better estimate of the long-term 
curve than the mean. Not shown here but easily 
observable in Benson 's data is the significant reduction 
that occurs in the variation of estimates as record length 
increases. 

Time-sampling error distributions vary with the char
acteristics of the parent population of floods, the length 
of the sample flood record , and the probability of flood 
exceedance. Statistical techniques are available for de
scribing these time-sampling errors for X-percen t chance 
floods known to be from a Gaussian (normal) popula
tion. The Water Resources Council (1969,1976) and 
Hardison (1969 ,1976) have proposed expressions for 
evaluating the errors and confidence bands for Pearson 
Type Ill populations. ln many cases it is possible , 
therefore, to provide probability statements about the 
population value of an X-percent flood lying within a 
specified range of a value computed from a sample. 

PROBABILITY VARIATIONS 

Ln contrast to the time-sampling errors in discharge 
estimates for a given probability of exceedance, consider 
the variations in estimates of exceedance probabilities 
for a specified discharge. Time-sampling errors are then 
viewed in a horizontal direction on the usual flood· 
frequency curve. 

The horizontal scale of frequency curves invariably is 
distorted in an attempt to linearize the magnitude
frequency relation . This scale distortion tends to obscure 
the nature of the time-sampling distribution of 
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exceedance probabilities; and it is informative, therefore, 
to view the data of figure 1 plotted on a rectangular 
coordinate graph. Figure 3 shows Benson's complete 
base curve, but for simplicity and clarity shows only the 
"I 0-year" sample curves providing the most diverse 
estimates. Note that this change of probability scale has 
no effect on the time-sampling histograms previously 
defined. 

Figure 4 shows histograms and appropriate statistics 
of the time-sampling errors as distributed in a horizontal 
direction on a flood-frequency plot. Separate histograms 
are provided for discharges of 4 ,860, 5,890, and 6,680 
ft 3 /s, which respectively correspond to exceedance 
probabilities on the base curve of 0.10, 0.04, and 0.02. 
Some characteristics of errors in exceedance probabil
ities estimated from frequency curves based upon small 
samples that are apparent from the limited data of figure 

4 and true in general are: 
a) The nonsymmetry of the error distribution , as 

indicated by the skew coefficient, increases as the 
probability of exceedance decreases . 

b) The mean exceedance probability , p, is always 
greater than both the median, p , and the long-term or 
population probability n. 

c) The median probability , P, is always near the 
long-term or population probability' n, indicating that 
the commonly computed frequency curve has about an 
equal chance of estimating the frequency of flood 
exceedance too high or too low. 

EXPECTED PROBABILITY 

A frequency curve defined as the mean probability 
value (j) in figure 4) for all possible discharge values is 
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the "expected probability" curve. In practice, the 
expected probability curve is not computed directly but 
is evaluated as an adjustment to the usual discharge
frequency relation. The magnitude of the adjustment 
can be mathematically described only for floods that 
belong to a Gaussian (normal) probability distribution. 
Hardison and Jennings (1972) and Slack, Wallis , and 
Matalas (1975) employed Monte Carlo techniques to 
suggest adjustments for use with skewed distributions , 
but the Water Resources Council (1976) recommends 
that "published adjustments applicable to the normal 
distribution be used ," when defming expected proba
bility curves from log Pearson Type ll1 computed curves. 

The expected probability curve has been proposed as 
the proper curve for use in analysis of project plans and 
designs because it has the "best capability" of estimating 
the number of years having floods exceeding selected 
discharges (Beard, 1959, 1960, 1974). To illustrate this 
point , consider that projects might be designed on the 
basis of 1 0-year flood records at 20 independent sites 
having identical flood-producing characteristics. On the 
assumption that the floods sample a normal population , 
Beard (1974) computed for each of the 20 sites the 
theoretical number of years per 100 years that floods 
exceed a design discharge having a 0.03 exceedance 
probability (33-year flood) as defined by the population 
curve. Table 1 lists the number of years with design
flood exceedances arranged in descending order from the 
site where the 10-year record most underestimated the 
frequency. 

The number of exceedance years shown in table 1 
might be expected when using the commonly computed 
frequency curve. If the expected probability adjustment 
has been applied to each of the 20 curves, the estimated 
number of design-flood exceedances would be altered . 
To appraise the effect of the adjustment, we might 
assume that the average frequency of the design dis
charge as estimated by the 20 expected probability 

curves would equal the population curve value plus the 
10-year sample, expected-probability adjustment. 1 

Based on this assumption, the average probability of 
exceeding the design discharge changes from 0.03 to 
0 .045 or from 3 to 4.5 years per 100 years . 

From table 1, it is obvious that the number of 
exceedances estimated by the computed frequency curve 
without expected probability adjustment (3 per I 00 
years) is too high at one-half of the sites and too low at 
the other half. Note , however, that if the total number 
of years with exceedances in 100 years at all 20 sites is 
estimated as 3 x 20 = 60, it is about 50 percent too low. 
If instead , the number of exceedances per I 00 years is 
estimated as 4.5 from an expected probability curve, the 
total number of floods at all 20 sites is 4 .5 x 20 = 90, 
which is very close to the theoretical number of years 
with floods as shown in table I . It is this capability of 
the expected probability curve to evaluate the likely 
number of flood years over several sites that has resulted 
in the recommendation for its use in analyses of plans 
and designs. 

Expected probability curves lack the "equal likeli
hood" characteristic of computed frequency curves. 
Ten-year flood records, for example, will overestimate 
the magnitude of 3-percent chance floods at about 67 
percent of the sites and will overestimate the magnitude 
of I -percent chance floods at about 80 percent of the sites. 

DISCUSSION 

Both the computed curve and the expected proba
bility curve have attributes that are considered desirable 
for certain uses . It is appropriate to consider those 
attributes and uses in some detail. 

!The validity of the assumption that-}~ (Pi+ Ei) = fi + ft~ 
Ej, where Ej is the expected probability adjustment, is question
able; but effects of errors in the assumption have not been 
investigated. 
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By far the most common use of flood-frequency 
curves is to enable planners and designers to meet 
minimum regulatory requirements which are usually 
stated as a frequency value . For example, highway 
drainage structures often are required to pass a 4 or 2 
percent chance flood, and land-use regulations are 
required within the boundaries of the 1 percent chance 
flood. Regulatory authorities are responsible for estab
lishing design criteria that properly balance the eco
nomic, social, and political variables that might be 
considered in a comprehensive analysis . Once the regu
latory criteria are established, the designer quite prop
erly may use a discharge having an equal likelihood of 
being high or low. He has no obligation to select a design 
discharge having, say, an 80- to 20-percent chance of 
being too high. 

Owners of individual sites are unlikely to be intrigued 
by the possibility of averaging the number of their 
expected floods with the floods of distant neighbors . 
They quite likely are interested in larger than minimum 
regulatory requirements only on the basis either of 
optimizing economic returns or of risk aversion ; both of 
which may be assessed from a computed frequency 
curve. 

The greatest demand for expected probability curves 
comes from governmental construction agencies that 
build and own numerous structures. By evaluating the 
mean number of years likely to experience various flood 
discharges , the expected probability curve provides a 
logical tool for evaluating fu ture flood damages asso
ciated with various designs and, thereby, can lead to 
economically optimum plans and designs . 

Users of expected probability curves should recognize, 
however , that the highly unbalanced distribution of 
flood exceedances between sites may limit the reality of 
an economic analysis. From table 1 it is apparent that 
nearly one-half of all the design flood exceedances occur 
at but 3 of 20 sites. It is likely that when damaging 
floods , which are expected to occur in only 3 (from a 
computed curve) to 5 (expected probability curve) years, 
per 100 years, actually occur at time intervals averaging 
5 to I 0 years, the under-designed structure or plan will 
be revised to accomodate a larger discharge and thereby 
invalidate the earlier economic analysis . 

A case of special interest is the utility of flood
frequency curves as a tool in the Federal Insurance 
Administration (HUD) flood insurance program. 
Obviously an expected probability curve is an ideal basis 
for establishing equitable flood insurance rates. Con
versely , land owners forced to comply with the arbi
trarily established criteria for land-use regulation have a 
right to expect that the flood-plain boundaries will be 
established with an equal likelihood of being too high or 
too low--an obvious application for a computed 
frequency curve without the expected probability 
adjustment. Two different frequency curves can thus be 
justified for one program--a result at odds with the 
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Table !.-Theoretical numper of years in a 100-year period 
that floods exceed a 3 percent chance design discharge as 
estimated from a lO·year record at 20 homogeneous but 
independent sites. 

Site no. Exceedances 
Cumulative 
exceedance 

l 20 20 
2 J2 32 
3 10 42 
4 8 50 
5 7 57 
6 5 62 
7 5 67 
8 4 71 
9 4 75 

10 3 78 
ll 3 81 
12 2 83 
13 2 85 
14 2 87 
15 1 88 
16 .9 89 
17 .8 90 
18 .5 90 
19 .3 90 
20 . l 91 

goals and desires of the Hydrology Committee of the 
Water Resources Council (1969) for a uniform or unique 
frequency curve. 

SUMMARY AND CONCLUSIONS 

Two types of flood-frequency curves are in use. The 
curves differ because they attempt to average in dif
ferent ways the uncertainty in defming the magnitude
frequency relations on the basis of short flood records. 
The commonly computed frequency curve approaches 
the median valu~ of the time-sampling error on both the 
discharge and frequency scales. The expected probability 
curve estimates the mean value of the time-sampling 
variation on the frequency scale. Users of frequency 
and(or) probability curves should recognize the attri
butes and limitations of each curve, and then apply the 
appropriate one for their problem. 
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