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Abstract 

Laboratory hydraulic fracturing tests using a straddle packer with 

inflatable rubber sealing elements were conducted to investigate the effects 

of varying borehole inclination with respect to the in-situ stress field and 

of varying pressurization flow rates. 

Experiments were carried out on relatively large specimens of competent, 

brittle and impermeable rock containing vertical or inclined boreholes. 

These specimens were fractured hydraulically under biaxial loading, the fractures 

then being reopened by cycling the pressure at different flow rates. 

Fracture orientation was determined by overcoring the borehole in the 

specimen. The pressure-time records obtained were of two types, dependent 

on fracture orientation to the borehole axis. In fracturing corresponding 

to a first type of pressure-time record, the direction of fracture initiation 

at the borehole is determined primarily by the borehole axis, the fracture 

orienting itself to the far field stress with propagation depending on 

breakdown pressure. Second type fractures can be initiated away from the 

borehole, propagating away from and back to the borehole and its direction 

is perpendicular to minimum principal stress. Numerical analyses were also 

carried out on experimental configurations to assist in the interpretation 

of pressure-time records produced experimentally. 

Analytical and experimental studies indicate that: 1) it is possible 

to determine the normal stress component perpendicular to a fracture direction, 

from a first type of pressure-time record along with observation of the 

fracture on the borehole surface. If the fracture was produced by hydrostatic 

pressure, that normal stress component is the minimum stress component in 

the plane perpendicular to the borehole axis; 2) the minimum principal 



stress and its direction can be estimated from a second type of pressure-time 

record along with observation of the fracture at the borehole wall. 



Disclaimer 

This report is based upon research supported by U. S. Geological Survey 

under Grant No. USDI-14-08-0001-17775. Any opinions, findings and conclusions 

or recommendations expressed in this report are those of the author and 

should not be interpreted as necessarily representing the official policies, 

either expressed or implied, of the U. S. Government. 
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SUMMARY  

The hydraulic fracturing technique as a method for determination of 

in-situ stresses has the advantage over other stress measuring methods in 

that it can be used at considerably greater depths from a point of access. 

However, hydraulic fracturing will not give correct results below a depth 

where the bedrock experiences an horizontal shear stress in the vertical 

plane exceeding the shear strength of the rock, as long as breakdown pressure 

is used to estimate the state of stress. Even at lesser depths, breakdown 

pressure cannot be relied upon for accurate determination of in-situ stress 

because it relies on the concept of "tensile strength" of rock and thus is 

a structure sensitive property as well as being controlled by rock composition 

One must depend, therefore, only on reopening pressure and shut-in pressure 

to determine the state of stress, since they are structure insensitive 

properties. However, reopening pressure and breakdown pressure will be in-

fluenced by the flow rate of pumping fluid. 

In general, the borehole axis is not parallel to a principal stress 

direction. The interpretation of hydraulic fracturing data in such cases 

with respect to both stress magnitudes and directions has been unclear. 

This research was conducted to probe the possibilities of determination of 

rock stress by using reopening pressure and to investigate the effects of 

borehole inclination with respect to the in-situ stress field and of flow 

rate. Experiments were carried out on relatively large specimens of brittle, 

competent and impermeable rock containing eithervertical or inclined bore-

holes. These specimens were fractured hydraulically under biaxial loading and 

the fractures reopened by cycling the pressure at different flow rates. 

Numerical analyses were also carried out on the experimental configurations 



to assist in the interpretation of experimental data. 

A summary of the significant findings to date is as follows. 

(1) Pressure-time records from hydraulic fracturing fall into two 

categories. The first type occurs when a fracture is initiated 

vertically at the borehole wall and extends past the sealing 

elements forming a fluid flow path back into the free part of the 

borehole. The second type occurs with either horizontal or sub-

vertical initiation followed by fracture extension away from the 

borehole without breaching the packers or forming a re-entrant 

fluid path. The distinction between these types of fracture as 

reflected in the pressure time record on reopening yields important 

information on the in-situ stress field. 

(2) In the case that a fracture is initiated by fluid pressure for 

the first time, a fracture parallel to the borehole axis will be 

created, provided that borehole inclination to the in-situ stress 

field is slight or that differences between principal stresses ara 

small. The least normal stress component perpendicular to the bore-

hole axis can then be estimated from a reopening test pressure-time 

record, in which a relatively low flow rate has been employed. Use 

is made of analytical solutions of the hydraulic conductivity 

equations, enabling prediction of the pressure-flow relationship, 

to provide a linear multiplier relating fluid pressure and the normal 

stress magnitude. The fracture direction is obtained from observa-

tion of the trace on the borehole wall. 

(3) If it is possible to create a fracture in a specified direction per-

pendicular to the borehole axis prior to hydraulic fracturing (for 



 

example, through the use of a mechanical tool), stress components 

perpendicular to this fracture can be determined. In the case 

that the direction is chosen to be perpendicular to a formerly 

induced hydraulic fracture, with the mechanical fracture being 

created in another section of the same borehole, the maximum 

normal stress in the plane perpendicular to the borehole axis 

will be determined. 

Where a fracture has already been induced by the drilling of the 

borehole, as in the case of very high in-situ stresses, it is 

possible to estimate the normal stress component perpendicular to 

the fracture from the pressure-time record obtained from a reopen-

ing test employing low flow rates. In general a pre-existing 

fracture in the hydraulic fracturing chamber will enable an estimate 

of the normal stress perpendicular to the fracture to be made, al-

though the fracture must parallel the borehole axis to some extent. 

(4) The minimum principal stress can be determined from a second type 

of pressure-time record which indicates the presence of a fracture 

with no fluid outlet back into the free borehole, whether or not 

this fracture was induced by hydraulic pressure. This second type 

of pressure-time trace is obtained by using a relatively high flow 

rate of pressurizing fluid. 

Where the initial fracture is initiated by hydraulic fluid pressure, 

the fracture path will be perpendicular to the minimum principal 

stress in cases where the borehole is considerably inclined to the 

in-situ stress field and where differences in principal stress mag-

nitudes are large. The direction of minimum principal stress may 

then be determined by observation of the fracture trace on the bore-

hole wall. 
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The complete stress state can be determined by following the above 

procedures. From tests on three fractures the minimum principal stress as 

well as the maximum and minimum normal stresses on the plane perpendicular 

to the borehole axis, can be determined in magnitude and direction. In the 

case where there is a pre-existing fracture the number of known quantities 

is decreased. A pair of tests, using boreholes with differing inclinations, 

will then be required to determine the complete state of stress. 



	1.0 INTRODUCTION  

Over-coring stress relief techniques have been widely used for the 

determination of in-situ stresses. The method relies on the deformation of 

a rock annulus as it is relieved in the extraction process of overcoring. 

So long as one is concerned with low stress values and with competent rock, 

there is little difficulty in registering the absolute value of stress in the 

bedrock, but it is under those conditions that it is normally less important 

to ascertain the precise state of stress. Difficulties arise in the case 

of very high stress values, under which conditions it becomes extremely 

important to know accurately the state of stress. 

Hydraulic fracturing of rock is a technique developed approximately 

30 years ago as a method of stimulating oil production from wells. More 

recently, the technique has been examined as a potential method for determination 

of in-situ stress at depth, through studies both in the laboratory and in the 

field (Haimson 1963, Von Schoenfeldt 1970, Rogiers 1975, and Cornet 1977). 

The hydraulic fracturing technique as a method for determination of 

in-situ stresses has the advantage over other stress measuring methods in that 

it can be used at considerably greater depths from a point of access. This 

is of great significance in earthquake regions where stresses at hundreds 

or thousands of meters are of interest. 

Despite the increasing use of hydraulic fracturing, however, there are 

uncertainties associated with the interpretation of the resulting data. 

In particular, confidence in the calculated maximum principal stress is less 

than in the minimum principal stress, although the former is often of great 

moment. Furthermore, where the borehole axis is not parallel to a principal 

stress direction, the interpretation of hydraulic fracturing data with respect 

to stress magnitudes and directions is unclear. 



Previous laboratory experiments on hydraulic fracturing have primarily 

been concerned with the relationships existing between applied stresses and 

breakdown pressures (Haimson 1968). However, if one depends on breakdown 

pressure, the hydraulic fracturing method will not give correct values below 

the depth where the bedrock is subjected to a shearing stress exceeding the shear 

strength of the rock. This usually occurs at depths greater than about 

1200 m (Nast 1979). 

Even if the depth is less than 1200 m or so, breakdown pressure can not 

be relied on for accurate determination of the rock stress since it is 

concerned with tensile strength. The tensile strength of rock is a structure 

sensitive property (Yokobori 1955) as well as being controlled by rock composition. 

It is necessary, therefore, to depend on reopening pressure and shut 

in pressure to determine the state of stress since these parameters are structure 

insensitive. However, both reopening pressure and breakdown pressure will be 

influenced by the flow rate of pumping fluid. 

Another interesting possibility is indicated by the laboratory experiments 

of Cornet 1977. Cornet showed that the fracture path can extend perpendicular 

to a maximum principal stress indicating that once initiated the fracture may 

extend away from the hole in its own plane without turning to grow perpendicularly 

to the minimum principal stress. 

This study seeks to probe the possibilities of the determination of 

rock stress by using reopening pressure and controlled flow rates to contribute to at 

improved stress determination procedure by hydraulic fracturing. 

In this research, hydraulic fracture due to internal pressurization of 

the chamber between two inflatable packers is discussed. A series of experiments 

have been undertaken to clarify the effect of borehole orientation with respect 



	

	

	

to the in-situ stress field, as well as the influence of pressurization rate 

on the resulting hydraulic fracturing data. Another series of experiment have 

also been undertaken to investigate whether the normal stress component 

perpendicular to a pre-existing fracture could be estimated from the measured 

reopening pressure. Numerical analysis were also carried out on the experimental 

configurations to assist in the interpretation of experimental data from 

reopening tests. 

2.0 BASIC CONCEPTS 

The technique adopted in this study consists in sealing off a section of 

borehole by using a straddle packer with inflatable rubber sealing elements, 

then pumping fluid into the sealed-off section at constant volume flow rate 

until fracture occurs at the so called breakdown pressure Pb. 

Two kinds of idealized pressure-time record are obtained when a constant 

flow rate is maintained after the fracture initiates. The first type of 

typical trace is as shown in Figure 2.1(a). In a fracturing test, if hydraulic 

fracture initiates parallel to the borehole axis, fluid flows into the borehole 

beyond the sealing elements and fluid pressure gradually decreases. If the 

fracture stops extending, (although the fracture has extended and changed its 

direction during the fracturing process) the pressure settled down to a stable 

value P However, Pt  is not the pressure known as the fracture extention t' 

pressure, Pf. Rather, it is dependent on the fluid escape path around the packer(s) 

into the borehole. Finally, when fluid injection is discontinued, the pressure 

drops rapidly to another stable value, Po, which corresponds to the head of 

fluid in the borehole. In a reopening test following the fracturing test, in which 

a relatively low flow rate is employed, the peak pressure overshoot on 

reopening disappears and fluid pressure stablized at a value Pt, which is 
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Figure 2.1 Typical pressure-time record 



 

little greater than the value P at fracturing. This is because the fluid 
t 

pressure Pt may be affected by the existence of a peak pressure overshoot 

which is presumed to depend on the value of initial packer pressure. Usually, 

the initial packer pressure at fracturing will be required to be greater 

than that at reopening. 

The second typical or idealized pressure-time record is as shown in 

Figure 2.1(b). If a fracture initiates across the sealed-off section, 

perpendicular or inclined to the borehole axis, the fluid is injected into 

the fracture causing it to extend. When fluid injection is discontinued, the 

pressure falls to a stable value known as the instantaneous shut-in pressure, P
s 

In this report, the pressure just before termination of flow was used as the 

fracture extension pressure, Pf. In a reopening test following fracturing 

a relatively high flow rate may be used. In such a case, the fluid pressure 

reaches a peak at reopening and then gradually decreases. If such reopening 

tests are repeated, the fluid pressure at reopening will achieve a lower and 

lower peak, until the pressure asymptotes to the minimum principal stress. 

The steady flow pressure Pt  is related to the least normal stress 

component in the plane perpendicular to the borehole axis. The fracture 

extension pressure is related to the minimum principal stress. Hence, usually, 

the value of Pt  will be greater than the value of Pf. 

In the reopening test involving the first type of fracture, secondary 

fracture of the second type may be produced if a relatively high flow rate 

compared with that used on fracturing is employed. In such a case, the second 

type of pressure-time record may be obtained. Conversely, if relatively low 

flow rates are used in a reopening test involving the second type of fracture, 

the shape of the pressure-time record obtained may be like that of the first 

type, even though the registered pressure is much smaller than that of the 

first type. 
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It has been proposed that the shut-in pressure is a reliable estimate 

of the least compressive stress (Haimson, 1968). This is so, providing that 

the hydraulic fracture is of the second type, not bypassing the sealing elements. 

In the present study, shut-in pressure was found to be asymptotic to zero for 

all of the fractures of the second type, agreeing with the minimum applied 

stress of zero. 

In general, the first type of fracture bypassing the sealing elements 

is apt to occur when differences among principal stresses are small, borehole 

inclinations are slight, flow rate are low and packer pressures are not much 

higher than chamber pressure at fracture initiation. When these conditions 

are reversed, the second type of fracture is likely to be observed. 

3.0 EXPERIMENTAL AND ANALYTICAL CONDITIONS 

The experiments were divided into three series. The first two series 

of tests were performed to simulate and examine the effect of varying borehole 

orientation on the fracture and reopening process. The third series of tests 

were undertaken to probe the possibilities for determination of the normal 

stress component in the plane perpendicular to a pre-existing fracture. 

The tests of the three series are summarized in Table 3.1. In the first 

two series of experiments, borehole inclinations ranging from zero to 36° to 

the vertical were employed, and two different stress states were applied. 

Stress states A (P1  = 2,000 psi, P2  = 1,000 psi, P3  = 0) represents the case 

where the differences among principal stresses are relatively large. Stress state 

B(Pi  = 1,200 psi, P2  = 1,000 psi, P3  = 0) represents the case where the difference 

between maximum and intermediate principal stresses is relatively small. 

In the third series of experiments, stress state Cl (P1  = 1,000 psi, P2  = 500 psi, 



	

	 	

	 	

	

	

		

Table 3.1 

Experimental and Analytical Conditions 

Experiment Analysis 

borehole stress Px (psi) Py(psi) Pz (psi) P zx (psi) Pyz (psi) flow rate P x (psi) Py (psi) P t (psi) P t (psi) 

inclination  state 

00 A 2000 1000 0 0 0 S,H,M,L 2000 1000 0 1200, 1400, 1600, 1750 

(:)= 9 
18 

AI 
AI 

1951 
1809 

1000 
1000 

49 
191 

309 
588 

0 
0 

H,M 
H,M,L,S 

27 AI 1588 1000 412 809 0 H,M,L 
36 AI 1309 1000 691 951 0 S,H,M,L 1309 1000 691 1600 

8 = 9 All 2000 976 24 0 155 H,M,L 
18 All 2000 905 95 0 .294 H,M 
27 All 2000 794 206 0 405 H,M,L 
36 All 2000 655 345 0 476 H,M,L 2000 655 345 1000,1080 

0 B 1200 1000 0 0 0 M,L,H 

(t) = 9 BI 1171 1000 29 185 0 M,L 
18 BI 1085 1000 115 353 0 M,L 
27 BI 953 1000 247 485 0 M,L 
36 BI 785 1000 415 571 0 M,L 

8 = 9 BII 1200 976 24 0 155 M,L 
18 BII 1200 905 95 0 294 M,L 
27 BII 1200 794 206 0 405 M,L 
36 BII 1200 655 345 0 476 M,L 

0 Cl 1000 500 0 0 0 H,M 

¢=18 Cl-I 905 500 95 294 0 H,M 
8=18 CI-II 1000 452 48 0 147 H,M 
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P = 0) was applied for three fracturing tests. In this case, differences 

among principal stresses are relatively small. Thirteen different stress 

states were then applied for reopening tests. These states are summarized 

in Table 3.2. In case of stress state C2, for example, normal stress perpendi 

to the fracture is the maximum stress component in the plane perpendicular to 

borehole axis. 

In the stress state I, the borehole axis was inclined to the major 

principal stress direction while remaining in the P1 -P3  plane, as shown in 

Figure 3.1(I). The borehole axis is thus perpendicular to the intermediate 

principal stress, P2, whatever the angle of inclination of the particular 

test. In the stress state II, the borehole axis remains in the P2-P3  plane, as 

shown in Figure 3.2(11). Thus, the borehole axis is perpendicular to the major 

principal stress for all tests. Effectively, the tests of stress state I 

investigates the influence of shear stress P  while the tests of stress state II 
zx 

investigates the influence of shear stress P . vz 

Since a large triaxial loading frame was not available, stress states 

in which values of principal stresses were large, with differences among them 

relatively small, could not be applied. And will be mentioned later, very 

high stresses could not be applied to the specimens because both the stiffness 

and capacity of the biaxial loading frame were too small to realize such stress 

states. 

Each test was carried out at one or more of the following flow rates 

representing a thirty-two fold range in flow rates. 

L = 4.01 x 10-4 in3/sec S1 = 1.28 x 10-2 in3/sec 

-3 -3 M = 1.60 x 10 S2 = 3.62 x 10 

-3 -4 H = 6.41 x 10 S3 = 9.05 x 10 

Finite element analyses were carried out on the experimental configuration 

to establish model results with which the experimental results could be 



    

  

	

	 	 	 	

 

 

	

	 	 	

	 	

	

	

 

    

Table 3.2 

Experimental Conditions of the Series C 
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compared. In particular, the effect of shear stress components on the reopening 

pressure at stable flow rate could be assessed by comparing the numerical 

results for the triaxially compressed vertical borehole model, Figure 2(a), 

with experimental results of tests on biaxially compressed specimens containing 

inclined borehole Figure 2(a & b). 

Table 3.1 shows the parameters of three series of experiments and the 

parameters of the corresponding analyses. As shown in the Table, seven 

analyses were performed. 

4.0 EXPERIMENTS  

4.1 Sample Preparation 

Previous laboratory experiments on hydraulic fracturing were performed 

on relatively small samples. The present tests were performed in specimens 

of Charcoal Gray granite of 14.5 + 0.25 inches on a side and 15.0 + 0.25 inches 

on the height. Those specimens were produced in Cold Spring, Minnesota, the 

geologic name of the rock being St. Cloud Gray Granodiorites. The first 

specimen tested, however, was a 12 inch cube (Specimen Number 1). 

A vertical or inclined borehole of one inch diameter was drilled in 

each specimen. The specimens were then cast in hydrostone to insure planeness 

and parallelism between opposite faces, by using a steel box mold of exactly 

15 inch cube. A ratio of water to gypsum of 33/100 was adopted for hydrostone, 

giving a uniaxial compressive strength of about 10,000 psi. A completed 

specimen and the mold are shown in Figure 4.1.1. 

4.2 ERgpment 

Tests were performed under biaxial loading conditions in a specially 
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Figure 4.1.1 A specimen cast in hydrostone and 

the mold used for casting. 
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constructed loading frame capable of applying stresses of 2,500 psi to the 

specimens (Gronseth, 1979). 

The equipment used in these experiments consisted of a miniature straddle 

packer (Figure 4.2.1, fully described by Roegiers, 1975), two types of 

pressurization system, a biaxial loading system and pressure monitoring and 

recording systems as shown in Figure 4.2.2. The borehole was pressurized 

for fracturing through the use of a 1.22 inch3  displacement, 15,000 psi pressure 

generator. This pressure generator could be manually operated and was so 

used to covering out the initial hydraulic fracturing, with a metronome 

employed for timing. The manual pressurization system, the biaxial loading 

system and the pressure monitoring system are shown in Figure 4.2.3. 

3 
For reopening, however, a servo-controlled system capable of 0.769 inch 

displacement and 3,000 psi were used. The hydraulic actuator and the linear 

variable differential transducer (LVDT) used for feedback are shown in 

Figure 4.2.4. 

Light hydraulic oil (American industrial oil No. 32, formerly No. 15) 

was used as the fracturing fluid. 

With the biaxial loading frame stainless steel flat jacks were employed 

to stress the rock specimens. Samples of up to 15 inches on a side could be 

accommodated. However, the stiffness of the loading frame was such that 

pressures greater than about 1,000 psi gave rise to displacements that were 

detrimental to the flat jacks. Loading values were, therefore, limited to 

1,000 psi to preserve the flat jacks. The flat jack applying maximum principal 

stress tended to expand too much to survive the loading states in which the 

difference between the principal stresses was more than 1,000 psi. On the other 

hand, the flat jack applying minimum principal stress tended to close and was 

not able to maintain the given stress state because of contact of the insides 

of the flat jack. It is considered that stress state A was close to a critical 
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Figure 4.2.1 Miniature straddle packer. 
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Figure 4.2.2 The outline of experimental equipment. 
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Figure 4.2.3 A view of principal equipments. 

Figure 4.2.4 Servo-controlled pressure 

generator. 



	

	
 

			
	

	
	
		

condition with respect to the latter situation. Stress state A may also have 

been critical with respect to the former condition, as eight flat jacks were 

broken during these tests. No flat jacks were burst during tests of series 

B or C, even though the 0.025 inch thick spacers, which were used during the 

A series, were not employed. 

It was also proven, by measuring the deformations of the loading 

frame, that the loading frame did not brave as a single unit. Because the 

corners of the steel box accommodating the specimen are very close to the 

outside steel ring, the degree of flat jack expansion depended on the sequence 

of feeding fluid into the flat jacks. 

The dimensions of the loading frame and the two kind of flat jacks 

employed are shown in Figure 4.2.5. 

The stiffness of loading frame was determined under the condition 

that the ratio of the minor loading value to the major loading value was 

kept constant. Under this condition, the part at which the box corners contact 

the steel ring ought not to translate under increased loading. 

Let the deformation of the loading frame in the direction of the major 

principal stress by U and that of in the direction of the principal stress 
1 

be U2, as shown in Figure 4.2.6. Let the stiffnesses in the case of (a) and (b) 

by K  and K  respectively. Then, the following equations are given: 
n s 

62  F  01  °2 01 + 2 
U 1 K 

K. 2 K, 2  N 2 

+ 
1 2 + F Gl K = - 02 

U S 
2 K 2 K 2 2 
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Figure 4.2.5 The dimensions of the loading frame and 

two kind of flat jacks. 
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Figure 4.2.6 Deformations of loading frame. 
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The stiffnesses were found to be K = 2.4 x 107  psi and K = 2.0 x 106  psi 
n s 

from the difference of the deformations between the stress state 

(a, = 600, 62  = 500) and the stress state B. Hence, if stress state A 

was applied, the deformations ought to be U1  = 0.070 inch and U2  = 0.042 

inch. Actually, the flat jacks deformed considerably more because the points 

at which the corners of the rectangular steel box contact the outer ring moved 

as the loading frame deformed. On top of this, the concrete between the loading 

frame and the specimen, as well as the specimen, are deformed. 

4.3 Procedure for Fracturing Test  

A venturi-type nozzle attached to a suction plate was employed to lift 

rock specimens cast in hydrostone and apt to be damaged. The nozzle produces 

vacuum at the suction plate by exhausting compressed air fed through a rubber 

hose. The suction plate is attached to the specimen which can be suspended 

from a removal crane and thus accommodated into the loading frame, as Figure 4.3.1 

shows. Of course, the borehole bottom has been plugged by a rubber stopper 

to obtain the vacuum. 

Both the loading frame and the specimen must be set up a quarter inch 

higher than the floor so that the flat jacks may be pushed down one eighth 

inch lower than both the bottom of the specimen and the loading frame 

(see Figure 4.2.5). Figure 4 3.2 shows flat jacks being pushed down for a test 

of stress state B (the spacers were not used) by pounding them with a rubber 

hammer. 

The same type of transducers have been used for both pressure transducers 

1 and 2. Output was 3mV per 1V input for the pressure of 100 percent of the 

capacity (10,000 psi). Hence, the pen sensitivity of the Y ranges of X-Y 

recorders are 4cm per 1,000 psi, because input voltages and range sensitivities 
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Figure 4.3.1 The equipments for accomodation of a 
specimen into the loading frame. 

Figure 4.3.2 Appearance of the flat jacks being 

pushed down. 
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have been chosen to be 6.64 V and 0.5 mV/cm respectively. However, recording 

of packer pressure was not done except for several records during fracturing 

tests. Usually, the values of initial packer pressure and peak packer pressure 

were read from pressure gage 3. 

The volume capacity of the pressure generator was 1.22 inch3  (20cc) 

and the total stroke length was 6 inches. Each revolution of the handle moves 

the piston 1/13th of an inch so that feeding volume for one recolution is 

0.0145 inch3/sec. Hence, controlling one revolution to 9 seconds corresponds 

to a feed of 1.61 x 10-3  inch3/sec which is approximately equal to the flow rate 

M. 

The parameters of the time base, the DC pwoer supplies and the X-Y 

recorder, to be set before a fracturing test, are shown in Table 4.3.1. 

The following procedures were followed during fracturing tests: 

1. Completion of line connection to the flat jacks and the double packer. 

a) Eliminate air bubbles in the lines. 

b) Connect and complete the lines to the flat jacks and the double packer 

c) Open the valves V , V1 , V2, V11 , V22, and V[. 
0 

d) Close the valves VH1, VH2, and V. 

e) Feed fluid into flat jacks and pressurize those up to the directed 

principal stress values. Then close the valve V2. 

f) Close the valve V1  and open the valve VP. 

g) Open the valve VM  and close the valve V
Mr 

h) Pour oil into the borehole and insert the double packer after 

eliminating air bubbles in the line going through the chamber 

between two packers by pumping up the foot pump. 

i) Pressurize the line going through the inside of the packers up to 

certain value and close the valve VP. 



 

	

    

     

	 	 	 	 	 	

	 		 		 	

	 	 	 	 		

	 		 		 			 	 	 	 	

	 	 	 		 		 	 	 	 	 	

		 	 		 		 		 	 	 	

		 	 		 		 	 	 	 	 	

		 	 		 		 	

		 	 		 		 	

Table 4.3.1 

Equipment Parameter Settings 

X - Y Recorder Manual Control Servo-Control 

Flow 
Rate 

Time 
Base 

(sec/mV) 

DC Power Time Pressure Pressure Metronome Programmer Controller 

Supply Range Pen Range Pen , Generator (Number of Teeth)  

(V) (mV/cm) (10-2cm/sec) (mV/cm) (10-3cm/psi) (cnt./rev.) (cnt./min.) 1st gear 2nd gear SPAN CAL.FACTOR 

L 50 6.64 2.5 0.8 0.5 4 36 60 16 64 520 610 

M 10, 6.64 2.5 4 0.5 4 9 60 48 48 520 610 

H 2 6.64 2.5 20 0.5 4 4 108 64 16 520 610 

SI 1 6.64 2.5 40 0.5 4 2 108 64 16 1000 778 

S2 5 6.64 2.5 8 0.5 4 4 60 

S3 20 6.64 2.5 2 0.5 4 16 60 
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2. Fracturing test 

Confirm the input voltages (6.64V) of the pressure transducers a) 

by using digital volt meter (DVM). 

Open the valve VMR  and wait until fluid pressure settle down b) 

to zero. 

Draw a zero pressure line on the chart of the X-Y recorder. c) 

Confirm the values of each range of the X-Y recorder and the d) 

time base. 

e) Feed fluid into the borehole by foot pump up to certain value (400 p 

f) Feed fluid into the borehole with constant increase of fluid 

volume by constantly revolving of the handle of the pressure generat 

g) Stop revolving of the handle (shut in) after ascertaining that 

the record is sufficient. 

4.4 Procedure for Reopening Test 

The controller (MTS, Model 406.11), the curve-following programmer 

(Research Incorporated, Model FGE5110) and a small actuator of our own making 

(Cornet, 1977) were employed for servo-control. 

The fluid pressure in the chamber between two packers is induced by 

the servo-controlled actuator feeding fluid into the chamber at a constant 

volume flow rate. This volume is measured through the displacements of a 

rigid piston. The displacements are transmitted as feedback to the controller 

through a linear variable differential transducer (LVDT). The programmer 

transmits the voltages to the controller to set the position of the piston. 

Maximum piston travel for reopening test has been set at 0.868 inch, 

with the cylinder diameter 1.062 inch, the volume capacity of the actuator 

is 0.769 inch3  (12.64 cc). The LVDT output was to be zero at the start point 

and 5.26V at the end point to correspond with the programmer. Values of 
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SPAN and CALIBRATION FACTOR on the MTS 406 controller to achieve this were 

520 and 610 respectively. However, for a test using the flow rate Sl, these 

values were set to 1,000 and 778 respectively. In this latter condition, 

when the pen of programmer reached the midpoint, the piston of the actuator 

was at the end point. Hence, running of the programmer had to be stopped 

when the LVDT output showed the value of 5.26V for the case of the flow rate Sl. 

The following procedures were followed during reopening test. 

1. Before reopening test 

a) Connect the DVM to the controller to ascertain the position of 

the actuator. 

b) Remove fluid from packers as the pressure settle down to certain 

value by opening the valve VP  a little. Then close the valve. 

c) Open the valve VR  and close the valves AA  and VM. 

d) Turn on the hydraulic power supply and adjust the SET POINT (646) 

for the DVM reading of 0.00V, then power off. 

e) Remove fluid from the chamber between the packers as the pressure 

settle down to certain value by opening the valves V and V MR' 
M 

Then close the valves. 

2. Reopening test. 

a) Close the valve VR  and open the valve VA. 

b) Circulate the cooling water. 

c) Confirm the sensitivity and change it if necessary. 

d) Turn on the hydraulic power supply. Run the programmer and the 

time base. 

e) When the pen of programmer close to the ending point, close the 

valve V (shut in), open the valve V and turn off the hydraulic 
A R 

power supply quickly in sequence while the programmer goes on. 

f) Stop the pen of programmer when it returns to starting point. 
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3. In the midst of recording, after shut in. 

a) Turn the SET POINT and adjust the reading of the controller to 

zero, which shows the difference of voltage between command and 

feedback. 

b) Turn on the hydraulic power supply. Turn back the SET POINT (646) 

gradually for the DVM reading of 0.00V. 

c) If necessary in the midst of recording following shut in, turn 

back the pen of X-Y recorder (up the pen, return the time base, 

down the pen and run the time base). Figure 4.4.1 shows that 

this operation was done and the recording has reached final stage. 

4. After reopening test 

a) Open the valves VP  and V  as pressure goes down to zero. 
M1 

b) Open the valves V V and V as flat jack pressured go down to zero. 
1' 2 M2 

c) Disconnect the lines of flat jack. 

d) Take out the specimen from the loading frame by using a hydraulic 

jack. Figure 4.4.2 shows this operation being done part way. 

e) Move away the specimen and settle again the loading frame. 

4.5 Results  

All of the experimental configurations for fracturing and reopening 

tests are shown in detail in Table 4.5.1. The breakdown pressure and steady 

flow pressures obtained from reopening tests are also shown in the table. 

Twenty five fracturing tests and 137 reopening tests were carried out. The 

fracturing tests in which stress state A was applied were mostly fractured 

by using flow rate H, as well as employing relatively high initial packer pressures 

All of the pressure-time records from these tests are shown in Figure 4.5.1, 

The coded titles in the figures indicate the following: 
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Figure 4.4.1 Servo-control system and recording 

system. 

Figure 4.4.2 The equipments taking out the specimen 
from loading frame. 
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Table 4.5.1 

. . 
-Experimental Conditions and Results of Ech Test 

Block Run Fracturing Angle Stress Flow Initial P
b 

Pt  or Pf Note 

No. No. or (°) State Rate Packer 

Reopening Pressure 
(psi) (psi) (psi) 

1 1 0 A S2 1500 3750 1720 12" cube 

2 A S1 1500 1740 

3 A S2 1500 1700 

4 B S1 1500 1720 

5 B S2 1500 1620 

6 A S3 1500 1520 

7 A M 1500 1720 

2 1 36 AI S1 1500 4350 600 

2 S1 1460 500 

3 H 1520 400 

4 M 1500 240 

5 L 1470 140 

6 S1 820 350 

7 H 500 300 

8 M 510 170 

9 L 500 40 

3 1 0 A L 1750 no fracture 

2 L 1750 pkr.broken 

3 M 2350 3920 1620,900 

4 M 1500 
5 M 1700 
6 M 1400 
7 H 1430 

4 1 9 AI H 1550 4120 1580 

2 H 1650 1800 

3 pkr.broken 

4 Flat Jack broken (unloaded) 
5 H 1400 1340 

6 H 1500 1260 

7 H 1540 1200 

8 M 1500 1120 

9 11 1550 1020 

10 M 1420 1080 
11 H 1520 1100 

5 1 18 AI H 2500 3320 1000 
2 H 1580 1000 
3 H 1500 880 
4 H 1550 780 
5 M 1500 500 
6 M 1430 500 
7 M 1510 500 
8 L 1470 460 
9 H 1420 520 
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Table 4.5.1 continued, page 2 

Block 
No. 

Run 
No. 

Fracturing 
or 

Angle 
(°) 

Stress 
State 

Flow 
Rate 

Initial 
Packer 

Pb P t or Pf Note 

Reopening Pressure 

(psi) (psi) (psi) 

10 S1 1520 500 

11 S1 1500 440 

6 1 F 27 All H 2550 3370 760 

2 R M 1100 600 

3 L 1100 280 

4 H 1180 700 

5 M 1140 520 

6 L 1150 280 

7 1 F 0 A H 2670 3750 

2 R M 1600 640 

3 L 1600 500 

4 H 1560 650 

5 M 1580 480 

6 L 1560 340 

7 M 1560 460 

8 1 F 27 All H 2650 3490 740 

2 R M 1560 540 

3 M 1600 520 

4 L 1550 360 

5 H 1500 640 

6 M 1500 440 

7 L 1500 240 

8 H 1450 620 

9 1 F 9 All H 2600 3640 

2 R M 1550 1000 

3 L 1500 940 

4 H 1500 500 

5 M 1500 180 

6 L 1500 80 

10 1 F 18 All H 2500 3400 

2 R M 1540 940 

11 1 F 0 A H 2560 3850 

2 R M 1550 

3 M 1570 1520 

4 L 1550 
L 1520 1320 5 

Put in die L 1450 6 . 
12 1 F 27 Al H 2480 3920 

2 R B M 1560 620 

3 B L 1400 380 

13 1 F 36 All H 1630 3700 

2 R M 640 750 

3 M 720 750 

4 L 730 600 

14 1 F 0 B M 1500 3080 1620 

2 R M 750 1700 

3 M 570 1700 

4 L 750 1450 

5 H 830 1700 

6 M 750 1570 
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Table 4.5.1 continued, page 3 

Block 
No. 

Run 
No. 

Fracturing 
or 

Angle 
(0) 

Stress 
State 

Flow 
Rate 

Initial 
Packer 

Pb 
Pt  or Pf Note 

Reopening Pressure 
(psi) ' (psi) (psi) 

7 L 750 1420 

15 1 F 18 BI M 1500 3720 1500 

2 R M 640 1720 

3 L 800 1650 

4 L 670 1650 

16 1 F 36 BI M 1550 3360 620 

2 R M 500 600 

3 L 530 480 

17 1 F 9 BI M 1600 2950 1750 

2 R M 650 1750 

3 L 630 1550 

4 HI M 640 
18 1 F 27 BI ti T640 3120 390 

2 R M 680 370 

3 L 750 240 

19 1 F 9 HI M 1520 3670 o-ring puled out 

2 R til 600 
II II 

3 M 800 
II 

4 
5 

M 
Ni 

800 
780 1680 

., 

6 M 1470 680 reloading 

7 M 740 470 

20 1 F 18 BII M 1520 3180 750 

2 R ri 900 1000 

3 L 650 810 

21 1 F 36 HI M 1550 2910 530 

2 R M 700 400 

3 L 780 370 

22 1 F 27 BII M 1550 2730 590 

2 R M 760 630 

3 L 670 480 

23 1 F 0 Cl H 1300 2170 
2 R M 400 1040 

3 M 400 1000 

4 C2 M 400 1500 

5 C3 M 400 1250 

6 C4 M . 400 880 

7 M 400 900 

8 C5 M 400 910 

9 C6 M 400 920 
10 C7 M 400 790 
11 C8 M 400 660 
12 C9 M 400 690 
13 C10 M 400 1160 
14 Cll M 400 1420 
15 C12 M 400 1190 
16 C13 M 400 1400 
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Table 4.5.1 continued, page 4 

Block 
No. 

Run 
No. 

Fracturing 
or 

Angle 
(°) 

Stress 
State 

Flow 
Rate 

Initial 
Packer 

Pb 
P 
t 
or P

f 
Note 

Reopening Pressure 
(psi) (psi) (psi) 

24 1 F 18 C H 1700 2400 1120 
2 R M 670 920 
3 M 700 990 
4 C6 M 690 980 
5 C7 M 620 860 
6 C4 M 620 940 
7 C8 M 600 710 
8 C9 M 600 690 
9 C5 M 680 960 
10 C3 M 680 1220 
11 C10 M 600 1230 
12 C2 M 580 1470 
13 Cll M 560 1500 
14 C12 M 680 1250 
15 C13 M 620 1430 

25 1 F 18 C H 1690 2820 1030 

2 R M 680 830 
3 C6 700 810 
4 C4 710 820 
5 C5 520 940 
6 C5 500 920 
7 C9 430 680 

8 C8 500 650 
9 C7 400 710 
10 C3 440 1010 
11 C10 570 1000 

12 C2 500 1250 
13 Cll 440 1250 
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Figure 4.5.1 (1) The pressure-time record of specimen No.1 
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Fip;ure 4.5.1 (2) The pressure-time record of 

specimen No.2 
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Figure 4.5.1 (3) The pressure-time record of 
specimen No.3 



	 
				

 

	
 		

		

 

39 

4000 
4 - I (F9-AI-H) 

(f) 0_

3000 

2000 

Q 1000 

0 
50 100 150 

t (sec) 
200 250 

3000- 

2000- 
• 

4-2(R9-AI-H) 

1000- 

0 
0 50 100 150 

t (sec) 
200 250 

v) 2000- 

-- 1000-o. 
00 

50 

4-3(R9-AI-H) 

Packer Broken 

100 150 
t (sec) 

(7)  2000- 
o. 

1000 Q. 
00 

4-4 (R9- AI- H ) 

Flat Jack Broken 

t (sec) 

Figure 4.5.1 (4) The pressure-time record of 

specimen No.4 (continued) 
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Figure 4.5.1 (4) (continued) 
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Figure 4.5.1 (5) The pressure-time record of specimen No.5 
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Figure 4.5.1 (6) The pressure-time record of 

specimen No.6 
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Figure 4.5.1 (7) The pressure-time record of 

specimen No.7 
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Figure 4.5.1 (8) The pressure-time record of specimen No.8 
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Figure 4.5.1 (9) The pressure-time record of specimen No.9 
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Figure 4.5.1 (10) The pressure-time record of 
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Figure 4.5.1 (11) The pressure-time record of 

specimen No.11 
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Figure 4.5.1 (1?) The pressure-time record of 
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Figure 4.5.1 (1A The pressure-time record of 
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Figure 4.5.1 (14) The pressure-time record of 

specimen No.14 
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Figure 4.5.1 (16) The pressure-time record of 

specimen No. 16 
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Figure 4.5.1 (17) The pressure-time record of 

specimen No.17 
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Figure 4.5.1 (18) The pressure-time record of 

specimen No.18 
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Figure 4.5.1 (19) The pressure-time record of specimen No. 19 
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Figure 4.5.1 (20) The pressure-time record of 

specimen No. 20 
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Figure 4.5.1 (21) The pressure-time record of 

specimen No.21 
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Figure 4.5.1 (22) The pressure-time record of 

specimen No.22 
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Figure 4.5.1 (23) The pressure-time record of 

specimen No.23 (continued) 
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Figure 4.5.1 (23) (continued) 
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Figure 4.5.1 (23) (continued) 
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Figure 4.5.1 ( 24) ( cont inue(! 
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First number -- specimen number 

Second number -- run number for each specimen 

First cipher in the parentheses -- letter; means fracturing or reopening, 

number; shows borehole inclination 

Second cipher in the parentheses -- stress state 

Last letter in the parentheses -- flow rate 

The closed circles and the dotted or dashed lines show the packer pressures. 

The open circles show when flow was stopped. 

Figure 4.5.1 shows the two types of pressure-time trace from various 

specimens, corresponding to the typical cases of Figure 2.1. The pattern 

indicated in Figure 2.1(a) is formed in the traces of specimens 1, 4, 15, 17 

and 23, while the traces of specimens 2, 6, 8, 18 and 21 reproduce the general 

shape shown in Figure 2.1(b). As indicated by the traces for specimens 3 

and 5, vertical fracture can sometimes occur first, followed by secondary 

fracture which indicates in the vicinity of the borehole. The initial 

pressure-time pattern, corresponding to Figure 2.1(a), is not maintained. The 

fluid pressure falls, after which time the second type of typical trace, 

Figure 2.1(b) is observed. 

In a number of the tests showing the first type of pressure-time record, 

there is some indication that the transient flow pressure at reopening is a 

little greater than that at fracturing. One of the reasons is presumed to be 

the difference between the initial packer pressures at fracturing and at 

reopening. However, it is hypothesized that this pressure increase also 

reflects the existence of a peak pressure overshoot. This is because a momentary 

peak pressure may extend the outlet of the fracture more than that of steady 

flow. Farther, the aperture, once extended, is not closed, even after fluid 

pressure settles down to a stable value. Hence, even at reopening it is 

desirable to use a flow rate at which peak the pressure overshoot on reopening 
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virtually disappears. 

The tests of specimens No. 6 and No. 8 were performed under the same 

condition, so that the results are similar as shown in Figure 4.5.1. 

During the test of specimen No. 19, of which borehole diameter is 1.15 

inch, one of the 0-ring contacting a rubber sealing element was pushed out 

five times over. Too much expansion of the sealing element was a cause of this. 

The sealing element is made by modeling rubber with a pair of steel end pieces 

under high temperature and pressure. The diameter of the edges of it must 

be a little larger because the steel pieces must be fixed in the mold. The 

detail of the straddle packer used is shown in Figure 4.5.2(a). As Figure 

4.5.2(a) shows, fracturing fluid pressure can apply the inside edges and 

assist in pushing out of the 0-ring. Hence, it is better to enlarge the parts 

holding the rubber element to be same as the edges as Figure 4.5.2(h) shows. 

Fracture Orientation 

After each test, the hydrostone was removed from the rock. Without 

exception, it was found that the fractures arrived at the divider between the 

rock and the hydrostone even though pressurizing was generally terminated 

immediately after the fracture initiation. 

In order to trace the fractures inside the specimen, overcorings of 

both 2-inch and 6-inch diameter were performed. It is difficult, however, to 

drill an inclined hole of 6-inch diameter in the laboratory. Hence, each 

specimen was cut in two on the plane perpendicular to the borehole axis at the 

midpoint, this work being carried out by Drake Marble Company of St. Paul. 

Figure 4.6.1 shows some of the resulting halves thus produced. Both 2-inch and 

6-inch coring was performed on each half. A view of the 6-inch drilling process 
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as well as of 2-inch and 1-inch drill bits, is shown in Figure 4.6.2. For 

each specimen, core of one of the pair of block halves was cut into four or 

more lengths to detect the location of the fracture on the surface of the 1-inch 

borehole. 

This procedure allows the precise determination of the fracture produced 

in each specimen on three cylindrical surfaces (inside of 1-inch borehole, 

outside of 2-inch core and outside of 6-inch core) as well as on the plane 

where the specimen was cut in two, and on the six outer surfaces of the specimen 

(Figure 4.6.3). The fractures appearing on the surfaces of 2-inch and 6-inch core 

were traced by using a transparent thin cylinder with a marked coordinate 

system. Figure 4.6.4 shows a sample pair of 6-inch core with a transparent 

cylindrical grid. Another transparent grid was used to trace the fracture 

appearing on the planes. 

The fractures appear once on each surface was easily observed due to 

the exuding of oil from the fissure. Sometimes detergent was used to wash 

off excess oil that had been exuded and spread over the surface, after which 

a fresh trace could be seen in the expression of fresh oil. Colored dye was 

tried (pressure-time record 11-6) with the intent of making the trace easier 

to see, but this procedure was no advance on the earlier method. One 12-inch 

cube (specimen No. 1) was overcored in the laboratory without being first cut 

in two. The last two specimens have not been overcored. An earlier batch 

of four blocks (specimen No. 2-5) were overcored at Cold Spring Granite Company 

before being cut in two. The fractures on the borehole surfaces of those 

blocks have not been recorded because the 2-inch core was broken into pieces and 

lost during the coring. For these four blocks, the inside surfaces of 6-inch 

cores gave the same information as would have been obtained from the outer 

surface of the 2-inch core, on cutting of the 6-inch cores longitudinally. 
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(a) 

(b) 

Figure 4.5.2 The detail of the straddle packer. 
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Figure 4.6.1 Some of pieces cut in two. 
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I 
Figure 4.6.2 Three kind of drill bits and a view 

of 6-inch drilling. 
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Figure 4.6.3 An example of half specimen 

cut and cored. 
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Figure 4.6.4 An example pair of 6-inch cores 

and a transparent cylindrical 

coordinate. 
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Figure 4.6.5 shows the core, disclosing the inside. 

Some additional 2-inch coring was carrielout on several blocks in which 

fracture was complete. In this way, a record of the fracture path of all 

specimens was built up. 

All data were transferred to graph paper representing three dimensional 

coordinates which were prepared in advance. The resulting traces are shown 

in Figure 4.6.6. In this Figure, the thick lines show the fracture actually 

observed, the thin lines show the presumed fracture based on the observed 

fracture. Chain lines also show the plane where the blocks were cut in two. 

It is concluded that a 12-inch cubical specimen is not large enough 

to realize natural fracture as created in the field, so long as a straddle 

packer of this dimension is used. The fracture of specimen No. 1 must be 

affected by the free surface of the top, this fracture pattern being very 

different from all of the others having the same stress state applied. 

In all of these Figures, the pressure-time record of the fracturing test 

and a record selected from the reopening tests are placed above each traced 

fracture obtained from some specimen. It can thus be seen that the Figures 

clearly support the explanation given in Chapter 2, where it is hypothesized 

that the fracture, F, occurred first and the fracture, S, occurred next; this 

can be seen to be supported. 
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Figure 4.6.5 The 6-inch cores cut in two 

longitudinally. 

( continued ) 
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Figure 4.6.5 ( continued ) 



	
 			

	 

	

77 

4000 

3000 
0 

.5.?" 2000 

1000 

0 
0 100 200 

t(sec) 
300 400 

2000 - 

0- 1000 j 
Q. 

00 
100 

1 -7(RO -A -M) 

200 300 
t (sec) 

400 

Fir ore 4.6.6 (1) The fracture trace of specimen No.1 



n 

4000- 

3000- 

-- 

2-1 (F36- AI -S1) 

1000-- / 

00 20 40 60 80 100 120 140 
t (sec) 

',7) 2000- • 2-5(R36-AI-L) 
0_ 

'6_ 1000 

CDJ 
0 1000 2000 3000 

t (sec) 

Figure 4.6.6 (2) The fracture trace of specimen No.2 
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Figure 4.6.6 (3) The fracture trace of specimen No.3 
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Figure 4.6.6 (4) The fracture trace of specimen No.4 
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Figure 4.6.6 (5) The fracture trace of specimen No.5 
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Figure 4.6.6 (6) The fracture trace of specimen No.6 
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Figure 4.6.6 (7) The fracture trace of specimen No.7 
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Figure 4.6.6 (8) The fracture trace of specimen No.8 
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Figure 4.6.6 (9) The fracture trace of specimen No.9 
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Figure 4.6.6 (11) The fracture trace of specimen No.11 
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Figure 4.6.6 (13) The fracture trace of specimen No.13 



 

0 

90 

4000- 14-I (FO-B-M) 
3000 

ca. 2000 • 
o. 

1000 - 

00 200 400 600 800 1000 1200 
t(sec) 

14-6(RO-B-M) 14-7(RO-B-L) 
.... 2000 2000 
N 0 
-e.- 1000 ca. 1000 
a. -ci 

00 
200 400 600 00 1000 2000 3000 

t (sec) t (sec) 

Figure 4.6.6 (14) The fracture trace of specimen No.14 



91 

4000 

3000 
0 
0- 2000 
a. 

1000 

0 
0 

2000 

1000 

15-1(F18-BI- M) 

200 400 600 800 1000 1200 
t (sec) 

15-4(R18—BI—L) 

00 1000 2000 3000 4000 5000 
t (sec) 

Figure 4.6.6 (15) The fracture trace of specimen No.15 
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Figure 4.6.6 (16) The fracture trace of specimen No.16 
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Figure 4.6.6 (20) The fracture trace of specimen No.20 
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Figure 4.6.6 (21) The fracture trace of specimen No.21 
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Figure 4.6.6 (22) The fracture trace of specimen No.22 
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5.0 NUMERICAL ANALYSIS 

5.1 Techniques and Assumptions 

The numerical model employed two-dimensional flow analysis coupled with 

three-dimensional stress analysis, both analyses being through the finite 

element method. Linear triangular elements in two-dimensions and linear 

brick elements in three dimensions were employed. The finite element meshes 

are shown in Figure 5.1.1. As the Figure shows, there is a little difference 

in the dimensions of the modeled and actual straddle packer. 

The solution technique employed an iterative loop to ensure full 

coupling between the transient flow and resulting stress field. Input parameters 

were fluid pressure, Pt  at inlet and Po  at outlet. In this study, the outlet 

was open to the air and thus at atmospheric pressure. For a given input pressure 

then, a given crack surface and aperture will maintain stable flow, so that 

both flow rate and crack reopening surface result from computations. No 

attempt has been made to optimize the crack shape to give a minimum potential 

energy, the crack shape being assumed to be a plane perpendicular to the 

direction of P  (P is the minimum normal stress component in the plane 
Y y 

perpendicular to the borehole axis as shown in Figure 3.1). 

The following expression of the diffusion equation can be derived, based 

on the validity of the parallel plates cubic law, for a rock fracture, as 

shown by Detournay, 1979. 

ke [ (g) + bx (? ) ] + = 0 oz oz A 

e2 k 
1.1 12 
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Figure 5.1.1 Finite element meshec used in stress 

analysis and flow analysis. (continued) 
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Where u is the absolute viscosity of hydraulic oil, e is an average element 

thickness corresponding to an aperture of a reopening crack, Q is the total 

discharge of each element and A is the area of each element. For the flow 

-5 
analysis, the value of p was assumed to be 0.58 x 10 lb-sec/inch (40 centpoise, 

Detournary, 1979). For the stress analysis, the value of Young's Modulus E 

and Poisson's Ratio of rock were assumed to be 1.03 x 107  psi and 0.245 

respectively (Hardy, 1973). 

Flow charts depicting the main computational logic blocks are shown 

in Figure 5.1.2. As shown, a complete analysis involves iteration between 

the FLOW ANALYSIS and the STRESS ANALYSIS to arrive at the point where a stable 

equilibrium involving rock stress and fluid pressure as well as displacements 

and flow rates is achieved. Stiffness maxtrix of the model has been filed 

by using the program, STRESS ANALYSIS 1. Stress distriubtion in the model 

will be computed from resulting deformation by using the program STRESS ANALYSIS 3. 

In all analyses, the packer pressure P was taken to be 20% higher 
N 

than the corresponding pump pressure and the shear force P due to the frcition 
T 

between the packer and the borehole surface was taken to be 24% of fluid pressure. 

It is not clear how much stress should be adopted as the shear stress PT' 

In the case using two separate rigid plugs as the packers, the magnitude of the 

shear should balance the force applied to the whole packer by the fracturing fluid 

pressure. However, in the case using straddle packer, the shear roughly balances 

the force applied to the clearance between the borehole wall and the rigid part 

of the packer by the fracturing fluid pressure. 

Actually, the ratios of section areas of the clearances to the side area 

of the rubber sealing element are mostly 12%, but 44% in sever (the borehole 

diameters of specimen No. 18-21 are 1.15 inches). 
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Figure 5.1.2 

Flow chart of coupled stress—flow analysis 
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5.2 Results 

Numerical results obtained from the analyses on the experimental configurations 

are shown on Figure 5.2.1 through 5.2.7. Each figure graphically presents the 

result of fluid injection in terms of: 

(a) crack opening displacements 

(b) fluid pressure distribution in the crack 

(c) normal stress distribution on the continuation of the crack plane 

in the rock 

(d) fluid velocity field within the crack 

(e) rock specimen deformation in the X-Z plane 

(f) rock specimen deformation in the Y-Z plane 

In all cases the Z axis is taken to coincide with the borehole axis, and the Y axis 

coincides with the direction perpendicular to the fracture (see Figure 3.1). 

As shown by the figures, flow rate is almost totally controlled by the 

outlet aperture. Conversely, for a given flow rate equilibrium considerations 

will lead to a given aperture, through which fluid will escape past the packers 

into the borehole. A very large increase in flow rate is required to effect 

a significant increase in the reopening pressure, implying that the crack 

opening displacement is a rather sensitive measure of local pressures. 

Figure 5.2.8 shows the distribution of on the X-Z and Y-Z planes 
z 

under the applied stress state A, with borehole inclination = 0' and with 

fluid pressure Pt  = 1,600 psi. In the figure, dotted lines represent the theoretical 

values of for the case that all forces applying to the wall of the borehole 
z 

were removed. As expected, the Y-Z stresses do not reflect the presence of the 

crack to any degree, while the X-Z stresses show the stress reversals that take 

place due to the presence of the free surfaces of the crack. 
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Figure 5.2.1 Computed results for the boundary condition 

corresponding to the vertical borehole, stress state A 

and Pt  = 1200 psi : crack opening(a), fluid pressure 

distribution(b), rock stress(c), fluid velocity and 

total discharge(d) and rock deformations at x-z plane 

(e) and y-z plane(f). 
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Figure 5.2.2 Computed results for the boundary condition 

corresponding to the vertical borehole, stress state A, 

and p t . 1400 psi. 
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Figure 5.2.3 Computed results for the boundary condition 

corresponding to the vertical borehole, stress state A 

and pt  = 1600 psi. 
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Figure 5.2.4 Computed results for the boundary condition 

corresponding to the vertical borehole, stress state A 

and pt  = 1750 psi. 
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Figure 5.2.5 Computed results for the boundary condition 

corresponding to the inclined borehole(01 =36°), 

stress state A and pt  = 1600 psi. 
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Figure 5.2.6 Computed results for the boundary condition 

corresponding to the inclined borehole( /? =36°), 

stress state A and p  = 1000 psi. 
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pt  = 1080 psi Q = 5.79 x10-4inch3/sec 
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Figure 5.2.7 Computed results for the boundary condition 

corresponding to the inclined borehole( /3=36°), 

stress state A and pt  = 1080 psi. 
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Figure 5.2.8 Stress distribution of (Tz  for the boundary 

condition corresponding to the vertical borehole, 

stress state A and pt  = 1600 psi. 
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6.0 DISCUSSION  

6.1 Fracturing Tool  

Two types of packer systems have been predominantly employed in hydraulic 

fracturing. The first type used consisted of a pair of rigid plugs, and it was 

in this form that hydraulic fracturing was most often applied to the stimulation 

of oil well production. The other system more recently applied to the use of 

hydraulic fracturing as a stress determination technique consists of a pair 

of inflatable rubber seals separated by a mandrel. In this report, the latter 

method has been investigated in the laboratory by means of a miniature straddle 

packer. The results of these investigations and of complementary analytical 

studies are discussed in this section. 

6.2 Breakdown Pressure 

It is generally believed that initiation of hydraulic fracture occurs 

when the maximum tensile stress induced at the borehole wall exceeds the tensile 

strength of the formation. 

In order to investigate this widely held belief measured values were 

compared with theoretical values calculated on the assumption that fracture 

initiates at the point on the borehole wall where the maximum tensile stress 

reaches the tensile strength of the rock. The specimen was assumed to behave 

as a completely homogeneous and elastic body with tensile strength of the rock 

assumed to be 2,100 psi as obtained through brazilian tests of charcoal gray granite 

by Hardy, 1973. 

The components of the total stress tensor with respect to the o-xyz 

coordinate system, namely Pij, are thus related to the in-situ principal stresses 

by the expression 

Pij HikCjkPk 
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where Cij  are the direction cosines of o-xyz with respect to o-P1 P2P3. 

The presence of a borehole and application of fluid pressure within 

it will alter the stress field in the vicinity of the borehole from its state 

prior to drilling. The maximum tensile stress must lie in a plane tangent to 

the borehole wall at some point. The maximum tensile stress at the point, 

expressed in cylindrical coordinates (r,0) can be found from the following 

expressions, with r1  the diameter of the borehole. 

1 
} 

GP 2 fG e + GZ 7(G a )2  + 4T2 e z 6z 

= P + P - 2(P - P s n2 0+ P - P ) cos2 - 4P 
x y x xy b 

= P  - 2v f (P  - P  ) cos20 + 2P  sin 20 } 
oz z x y xy 

o-,c)z = 2(Pyz cos() - P  sin()) 
zx 

The values of p can be calculated for arbitrary values of C when a becomes 
b 

equal to the tensile stress. The value of pb  to be sought is the minimum 

respect to the various values of 0. The value of 0 at which this minimum occurs 

will prescribe the point of maximum tensile stress (in the case of this study, 

(_:= 0 or 0= 7i/2). 

Breakdown pressures calculated thus are shown by three lines in Figure 6.2, 

where the letter indicates flow rate. The figure shows that both rock composition 

and flow rate greatly affect breakdown pressure, so that it is difficult to 

determine the stress state based on the value of p . 

6.3 Steady Flow Pressure 

The pressures pt  or pf  obtained from each experimental test performed 

under various constant flow rates are shown in Figure 6.3.1 (stress state A), 
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(stress state A) and experimental results(stress state A). 
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(stress state A) and experimental results(stress state C). 
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Figure 6.3.2 (stress state B), and Figure 6.3.3 (stress state C). The three 

curves in these figures are reference pressure-flow rates obtained from numerical 

analysis and are the same in each figure being based on stress state A. The 

numbers in Figures 6.3.1 and 6.3.2 indicate the order of tests done using same 

specimen. 

It was found from fracture orientations of specimens 2 through 13, 

shown in Figure 4.6.6 that in all 15-inch specimens under applied stress state 

A, fracture parallel to the borehole was always accompanied by secondary fracture 

across the borehole. However, in Specimen No. 4, secondary fracture across the 

borehole was not produced until the specimen was unloaded (a flat jack was 

burst during the test of 4-4). In Specimens 3 and 5, the secondary fractures 

across the borehole were created just after production of the vertical fractures, 

during the actual fracturing tests. 

The initial fractures of these latter three specimens grew vertically, 

bypassing the rubber sealing elements though the fracture of No. 4 changed its 

direction to one perpendicular to the minimum principal stress after passing 

by the sealing elements. However, the "vertical" fractures of Specimens 9, 

10 and 11 grew past the sealing elements but were inclined to the vertical 

direction. 

With respect to Specimen No. 9, it is to be presumed that secondary 

fracture was produced during the test 9-4, a relatively high flow rate being 

applied. It is suggested that secondary fracture perpendicular to the minimum 

principal stress will probably be produced in every case if high flow rates 

are applied to following reopening test. 

In contrast to the previous examples, the fractures of Specimens 6, 

8 and 13 initiated vertically, but grew without passing through the rubber sealing 

element while the fractures of the Specimens 2, 7 and 12 initiated in the direction 
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perpendicular to the minimum princiapl stress and propagated in the same plane. 

The fracture patterns produced in specimens to which stress states B 

and C were applied are also classified in the foregoing manner. The classification 

schemes are shown in Table 6.3.1. In the table, solid lines show the fractures 

produced by fracturing and dashed lines show the fractures produced by reopening. 

Only fracture pattern (a) yields stable flow in which fluid flows into 

the borehole beyond the sealing elements. 

In fracturing tests with applied stress state A, relatively high initial 

packer pressure (about 2,500 psi) was employed for Specimens 5 through 13, 

while relatively low pressure (about 1,500 psi) was employed for Specimens 1 

through 4 (see Table 4.5.1). There is no resulting fracture pattern A for 

Specimens 5 through 13. 

Table 6.3 Figure 6.3.1 and 6.3.2 suggest the following: 1) It is 

possible to produce fracture pattern (a) if the difference among the principal 

stresses are small and borehole inclination is less than 18° at least. However, 

relatively low flow rates and relatively low initial pressure in the sealing 

elements, as well as the absence of planes of weakness across the borehole, are 

desireable. 2) Once fracture pattern (a) is produced by a fracturing test, 

reopening tests will yield a stable flow, unless a flow rate is employed higher 

than the flow rate used in fracturing. 3) The pressure-flow rate relationship 

obtained from analysis coincides with that from experiments. 4) The pressure-flow 

rate relationship shows that flow rate is relatively insensitive to control 

fluid pressure and thus a very large increase in the flow rate is required to 

effect a significant change in reopening results. 5) The minimum normal stress 

component in the plane perpendicular to borehole axis is the only stress component 

which affects pt  (the stable flow pressure) so long as vertical fracture is 

produced. Both shear stress components P  and Pyz have an influence on the 
zx 

possible occurance of fracture across the borehole. 6) The value of p 
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(minimum normal stress component in the plane perpendicular to the borehole 

axis) can be determined by multiplying the value of pt  by the factor f = 0.59. 

This factor "f" is a function of flow rate and the specific value of 0.59 has 

been obtained from analytical result corresponding to the flow rate M (see 

Figure 6.3.1). In the condition of this experiment, the peak pressure overshoot 

on reopening was almost eliminated at the flow rate M. 

The factor "f" must be modified for real values of p p E, v and 
o' ' 

dimensions of double packer. If these parameters are different from the values 

adopted in this experiment, pt  - p  relationship will be also different from 
y 

the result obtained. However, some flow rate will realize a similar fluid 

pressure distribution in the crack to the analytical result corresponding to 

the flow rate M, even though crack opening is different from that. Although 

this flow rate is different from the flow rate M, the peak pressure overshoot 

on reopening must be almost eliminated at this flow rate. Hence, the influence 

of these parameters on the magnitude of pt  should be much reduced by using the 

flow rate at which peak pressure overshoot on reopening disappears. 

It has been previously suggested that fracture reopening pressure for 

a given uniform stress state should depend on flow rate and should vary between 

the limits py  < pb the limits applying at very low and very high flow 

rates respectively. However, these limits were derived from experiments 

employing two separate rigid plugs (Cornet, 1977). 7) The value of P  has yz 

a greater influence on the possibility of occurance of vertical fracture than 

has the value of Pzx. 8) The direction of Py  is determined by the fracture 

trace on the borehole wall. 9) If fracture pattern Hp is produced, the factor 

"f" must be modified, but modification is rather difficult. In such cases, the 

modification factor related to the direction of P should be found. 
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6.4 Fracture Extension Pressure  and Shut-In Pressure 

Fracture pattern (b) may be produced when the difference among the principal 

stresses are large or borehole inclination is more than 27° at most. Even if 

these conditions are reversed, the possibility of occurance of fracture pattern 

(b) may increase when high flow rates or high initial packer pressures are 

employed. 

In fracture pattern (b), there is no fluid outlet into the borehole 

beyond the sealing element. If pumping of fluid is discontinued, therefore, the 

fluid pressure must balance the stress perpendicular the fracture. That is the 

minimum principal stress. 

The following points are thus suggested: 

1) If fracture pattern (b) was produced, shear stress components in the 

plane perpendicular or parallel to the borehole axis may be relatively large, 

provided low flow rates and relatively low initial packer pressures were employed. 

2) The fracture of fracture pattern (b) is a plane nearly perpendicular to the 

minimum principal stress, though a significant plane of weakness across the bore-

hole may interrupt the fracture path. 3) The magnitude of the minimum principal 

stress can be estimated from the shut-in pressure. 4) If fracture pattern W) 

is produced, it will be difficult to determine the direction of the minimum 

principal stress. In such cases only the magnitude of the minimum principal 

stress can be determined. 

6.5 Pre-Existin9 Fracture 

In order to examine whether the above mentioned procedure for determination 

of the normal stress component perpendicular to vertical fracture is a reliable 
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estimates of the normal stress component perpendicular to a pre-existing vertical 

fracture, a series C of experiment was performed, employing a vertical or inclined 

borehole. 

A fracture was first produced in a specimen with applied stress state Cl 

(P1  = 1,000 psi, P2  = 500 psi, P3  = 0). In this case, as the differences among the 

principal stresses are relatively small, a vertical fracture should be produced. 

In fact, all the fractures appearing on the sides of the specimens were vertical, while 

no other 15-inch cube, to which stress state A or B was applied, had a similar fracture. 

Reopening tests were then performed, under 13 different applied stress 

states, as shown in Table 3.2. In three of these stress states, normal stress per- 

pendicular to the fracture (P ) is the maximum normal stress component in the plane 
y 

perpendicular to the borehole axis. 

Figure 6.5.1 shows the resulting Py-Pt  relationship. The analytical result, 

corresponding to same flow rate (M) in Figure 6.3.1 is also shown in the figure. 

It is found from Figure 6.5.1 that the value of P controls the value of 

P but that the values of other stress components have little influence, though 
t' 

the effect of P  is relatively greater than the others. Figure 6.5.1 also suggests 
yz 

that the trend of experimental results agree with the analytical one but do not 

fit exactly. The experimental results indicate that the relationship between P 

and P is not proportional while the inclination of the line representing the 
t 

P -P relationship is less for the experimental results than for the analytical results. 
y t 

The vertical fracture was produced under the stress state Cl (P = 500 psi) 

and all of the reopening tests for which the other values of P were applied were 

performed using this fracture. If a vertical fracture was produced under the 

condition P < 500 psi, the fracture would be smaller than the fracture produced 

under stress state Cl. Conversely, if a vertical fracture was produced under the 

condition P < 500 psi, the fracture would be larger. 

Once extended and expanded beyond that relevant to a particular stress 
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state, a fracture cannot close completely, or regain any smaller state. If 

the fracture has not extended as much at fracturing as would be expected for a 

given stress state, then subsequent reopening under that stress state will not 

give the expected extension or expansion unless a higher flow rate is employed. 

In consequence, the experimental results should be less than the analytical 

results for P > 500 and should be greater for P < 500, though both the values 

of Pt  coincide for P = 500. If each vertical fracture was produced under 

same conditions as for the reopening test, the experimental results may well 

agree with the analytical results. 

In the case that the fracture has already been produced in the drilling 

of the borehole, because of a very high state of stress, the fracture cannot 

expand before the internal pressurization of the borehole. The creation of a 

mechanical fracture under the conditions to be employed for reopening tests is 

therefore desireable. 

If the creation of a mechanical fracture perpendicular to the hydraulic 

fracture (as shown in Figure 6.5.2) is possible, the normal stress component 

perpendicular to this fracture can be determined. Where the mechanical fracture 

is created in another section of the same borehole, the normal stress component 

will be the greatest normal stress component in the plane perpendicular to the 

borehole axis. 

The following points are suggested by the foregoing discussion: 

1) Even if the fracture has been already produced prior to fracturing 

is done, (by drilling of the borehole in the case of very high stresses), it may 

be possible to estimate the normal stress component perpendicular to the fracture. 

2) If it is possible to create the fracture in a certain direction parallel to 

the borehole axis by using a mechanical tool before hydraulic fracturing, it 

may be possible to determine the greatest normal stress component in the plane 



A 

I 

Figure 6.5.2 r;iechanical fracture creating perpendicular 

to the hydraulic fracture. 
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perpendicular to the borehole axis. 

CONCLUSION  

Experiments were carried out on relatively large specimens of brittle, 

competent and impermeable rock containing other vertical or inclined boreholes. 

These specimens were fractured hydraulically by means of miniature straddle 

packers under biaxial loading and the fractures reopened by cycling the pressure 

at different flow rates. Numerical analyses were also carried out on the experimental 

configurations to assist in the interpretation of experimental data. 

Significant results obtained to date are as follows: 

1) Pressure-time records from hydraulic fracturing are of two types, 

depending on the fracture orientation at the borehole wall. 2) In the case that 

a fracture is initiated by fluid pressure for the first time, if the borehole 

inclination is slight, or if the differences among principal stresses are small, 

a fracture parallel to the borehole axis is created. The least normal stress 

component perpendicular to the borehole axis can then be estimated from a first 

typical pressure-time record obtained from a reopening test, using a relatively 

low flow rate and its direction will be determined by observation of the fracture 

on the borehole wall. A hydrualic aperture can be computed for use in hydraulic 

conductivity equations for prediction of the pressure-flow relation in hydraulic 

fracturing. 3) If it is possible to create the fracture in a specified direction 

perpendicular to the borehole axis by using, for instance, a mechanical fracturing 

tool before hydraulic fracturing, stress components perpendicular to this 

fracture can be determined. In the case that the direction is chosen to be 

perpendicular to a fracture which has been induced by fluid pressure applied in 

a former hydraulic fracturing test, with the mechanical fracture created in 
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another section of the same borehole, the maximum normal stress component in 

the plane perpendicular to the borehole axis will be determined. 

In the case that the fracture has already been produced by the drilling 

of the borehole, as in the case of very high in-situ stresses, it is possible 

to estimate the normal stress component perpendicular to the fracture from the 

pressure-time record obtained in a reopening test at a low flow rate. In general, 

pre-existing fracture in the hydraulic fracturing chamber will enable an estimate 

of the normal stress component perpendicular or the fracture, although the 

4) On the other hand, fracture must parallel the borehole axis to some extent. 

whether the fractures were produced by hydrostatic pressure nor not, the minimum 

principal stress can be determined from a second type of pressure-time record. 

This second typical pressure-time trace is obtained through a hydraulic fracturing 

test using relatively high flow rates. 

In the case that a fracture is initiated by hydrostatic pressure for the 

first time, if the borehole is considerably inclined and the principal stress 

differences are fairly large, a fracture perpendicular to the minimum principal 

stress is created. The direction of minimum principal stress can be then 

determined by observation on the borehole wall. Hence, from tests on the three 

fractures the minimum principal stress magnitude and direction as well as the 

magnitudes and directions of the maximum and minimum normal stresses in the 

plane perpendicular to the borehole axis will be determined. The complete stress 

state can then be calculated. 

In the case where thiser is a pre-existing fracture, before the 

hydraulic fr-acturing tests, the number of known quantities decreases. A couple 

of tests using other boreholes which have differing inclinations will be required 

to determine the complete stress state. 
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A-1 

PROGRAM 1 (Stress analysis) 

PPOCRAM YA -0(INPUT,CUTFUT,T :NFUT,TAPE6grIUTPUT,TAFE7+TAPEE 
1,TAFFQ,TAPTAPF11) 

r 

C TU&Et P.M.NIONAL fT;7 '1.5 ANtLYSIS BY FEM 

C 0*(1,LtN—F(LMN+NL)+4(L+N+N)—P1+ALFA (SI7E Pr = -
C (FI 7 E UF rrJ) = 4*(MY. NC. JF THi FLEV=N% KFLATLO TG EACH NCO) 
r 

DTMCNTrIN eF(4,31 PYYI(3330) 
1,STP55S(6,12 ),'+TP(12,4),Ymq(12,1Z),E(4),C( 4 ),C, (4),PA(6,1') 
2,C1(6,6)•777(°),NTJ(112),N.Ln1(20C,F),INTOL(25,4) 
3,AA(14 641),NIIIN( 1-$17),NjjJN(33?) 
RFA1 Irv) 

DATA OF STRUCTURE 
C 

PEAN!,14) NoCIIN1,4,14.:m2,NrAN 
wRITE(6,14)NcoIsiliNFLEr?,t,TAN 
PEAC1,121E,V 
WPTTE(fsltlE,V 

C 
C (xY7(T,J),J=1,71 tFc ; XV rrrRcImaTc ON THE BPTTLN PLANE (Z=0) 
C POPAL PDINT NUPPER, LLEt. cti NUMBER ANC ZZ7 ARE : FRGM POTTOM T: TOP 
C ** 7s-1XIS :S DIFLCTiD UFFFP ** 
C THE SECOFFCc CF VT? 15 ; FFCM TOP TO BOTT M AND LEFT TO Pi1HT 
C ** TFTA DiPECTiLiV IS ()Pre; ** 

PFAD(**11)(0Y7(T,J),J*1,21,:21,NPOIN1) 
WFITF('',11)(0YZ(Iv.)),J=1,2),7=1,NFO:N1) 
F=t0(!,33)(Z72(i),'=1,".0AN) 
WFITE(6,33)1777(.).:=1,NnAN) 
FFAC(!,17)(((1,J),J=1,4 1,.=Is4cLEM21 

ITF(6,3c)((NCr"?( 7 .J),J=1,4),i=1,NaltY7) 
12 FrPvtiT(3r12.3) 
11 FCRmAT(2F6.2,3Y,iLcf-.2.3)',2F.293Y,2F6.2,3X, 26.2) 
31  rcPPAT(1cc7.41 
14 FORMAT(107F ) 
1' rrPutTl3F7.3.tY,3F-7.3,`)k,3r7.3,t- X,3c7.2,:,,Y, 377.3) 
'6 FPRMATCIF1!- .31 
17 FCFMAT(4Is.'010,14 ) 
IQ FCFNAT(E14,f-Y.P74) 
39 FIFMAT(474,4Y,4:4,4X,414,4Y,414,4Y,414) 

NNN=NnkM-1 
hELEM1*NrArM/*N104 
DG 34 Jel,NPOTml 

34 XY7(J0)=1.7 7 (1) 
DC 30 T.?,NnAr 
DC n 
NA.NPO!N1*(7-11+.1 
DC 32 "*192 

32 XYZ(NA,K)=)tY7(.i,v) 
YY,("Ao1x77- 1,1 

30 CCNTIN'!E 
DC 31 7.1,Nwl 
PC 31 J=1.NELFM2 
rtsNclFm2*f•-114.1 
NF=NDOIN1*(T-11 
rCeNti+POTml 
^C 31 ws1.4 
PPCIANA,V)uNGC2(J01“0 
Nrn1(NAtK44)*N0c2(JeK)+NC 

31 Crt.-TIhlF 

https://FPRMATCIF1!-.31
https://rcPPAT(1cc7.41


A-2 

vF17atf,,19)(wrici,J),J=1.F),I=1,NLLP,1) 
Cr 13 I21.71.5P1 
NA=6*(T-1)+1 
vc=NA+1 
NC=NA.s. 
NE, 2!,!A+' 
Nt=N+4 
kr=tA+F 
NrO("Api)=rrr1(1.1) 
NiC(Nt,2)=rr^l(i.r) 
Nrn(N4,3)=mr^1(:,5) 
PCD(NA,41=i(70) 
Ik-CC(Nep1)=r("1(I,2) 
KLr'(Nep2)=Nrn1(i01 
NOD(Nps3)=Nrn1(I,E) 
tkCO(N 13 ,4)=rrnl(i151 
kOr(NC,1)=Nrni(Iv?) 
NCD(NC.7)=C'r^l(Io`) 
NrC(NC,3)=t"l(i.71 
P.TrI(NC,41 =rrnitis61 
NrO(Nrs1)=NTP1(1p21 
NIC(Nr,2)=NCr1(i.3) 
NTD(N0,3)=Nrmlf:.41 
NE0(ND,4)=NrP1(;.,A,) 
Kr10(NE,1)=NrT1(I,3) 
NOr_'(IN4,2)=Nr01(1,L) 
N[:11 (NE,?)=Nrr1(I,6) 
t'I LEAN,4)=Nr^1 1 .1,71 
PrO(NI:#11=rrlf.1.41 
NCC(Nrs2)=NrrlI;ot1 
NCO(Nr,3)=NrPl ( ,o7) 
PCO(NF,41=Nrr!(,,F) 

13 UNTIIl= 
(`'ELO=NA 7-ml*t 
hPOIN=N'PO;Ni*vt,Am 
WRTIEff-,15)((YY1(T,J),:=1.31,.=1,NPO!K) 
WPiTE(6, 1 9)((tCG(7,J),J=1, 4 ),!=1,FL- LEV1 
WoTTE(7,3c)((t-Ur(I,J),J=i,4),I=1“, LLEr) 
REVINP 7 
CC1="(1.—V)/(1.+V)/(1.-2.*)► ) 
CCZ=E*V/(1.4V1/(1.-2.4 v) 
CrlE'7 /7./(1.+1') 
C1(1,1)=Cel 
C1(1,2)=CC2 
C1(1.31=Cr? 
C1(1,4)mr. 
C1(1,5)=C. 
(1(1,t1=n. 
C1(L,1 )=Cr2 
C1(2,2)=Crl 
C1(2,3)=CC" 
C1(2,4).n. 
(11?,51=0. 
(1(2,6).0. 
C1(3,11CC2 
(1(3.2)=Cr? 
C1(3,31 =Cr1 
r1,412n. 
(1(3,5)=0. 
r1(3,61=n. 
(1( 4 ,1 1=0. 

r1(4,31=1. 
C1(4,4)=Crl 

r1(4,!').n. 

https://CCZ=E*V/(1.4V1/(1.-2.4v
https://PrO(NI:#11=rrlf.1.41
https://NTD(N0,3)=Nrmlf:.41
https://NrC(NC,3)=t"l(i.71
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r,(5,1)=0. 

Cl(5,3).n. 

C1(5,1=Cr, 
r1(,61=0. 
C1(6,11=0. 
Cltt,71*^. 
r1(6,11rm. 
Ci(6,41=(1. 
C1(6,F)=Ce 
r1(6,61=Crn 

C rALCULATIrN OF **NUN** **NJJ,it.** 

Ktcl P=1 
"'Ep=1 
nr 010 I=1,N. F0Tr 
rr 02c, J=i,17 

4. 

CC °30 K=1,WEM 
PC °40 J=1,4 
IF(1.t0.NUI(Y,J)) rn TC °01 

C40 roNTINuF 
CC Tr' 0?0 

001 rc 9:-/0 J=1,4 
rmr4*v+j 

c50 t°I.J(Mt.)=Nr( 14 ,J) 
m = m 4.1 

°30 rrNT1NUF 
mri 

r02 f.. T=1000 
060 J=l+r" 

7Ftriv.GTO'IJ(J)1 
ocn crrT.INK 

IF(, ..0.10001 rr Tn Cul 
Niii"(1,Witd )=rly 
nr c70 jj=1.mm 
IF(MTN.FQ.N:IJ(JJ)) NIJ(JJ)210w0 

c70 CCVTINIIr 
$(1.t.'=Klm+1 

TC cr2 
Cl, NJJJW1=KKIM 

KKLMBIO(LM+KIP-1 
IF(NPB.LT."10)0BP=rm 

°10 CCETINIIE 

NOATu(KKIM-11 "4 
WFITE(1,,c91) kAA,PrATO°EP 

0°1 FUCMAT(1H ,4HtAA=I7 ,1CX,51-"°PAT=17,iCY,41-1!qinr,7) 
WPITE(6,429)(NJJJ14(:),(rinNti,J),Js1,17),T=1,NPOTN) 
WFTTF(E•47 0 )(NJJJN(I),(N4IIN(7,J),J1=1,17),T=1,rPOIN) 
Pr.wirn F 

420 FCFMAT(1°I6) 
r 
C CALrPLATICN OF 5TkUCTUPL FTIFFNESF MATRIY **A A** 
r 

DC °4 I=l•rAT 
P4 A1(r1=0.0 

rC FO LK=1.NUE" 
nc Fr 7=1,4 
JJ.N00(ig,T) 
Yr(Tp1 )*XY7(JJ01) 
YE(7,21sYY2(.1 .1 02) 
YF(7,1)zVei(J,/911 
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rr 400 J.1.1 
rr T.7.17 

4 CO v(I,J)=". 
rr 41c; J=1,19 
CC 41" 7=1,t 
.7;.:165(7,..1)rre 
flp),-_(v(1.1)4 r(2,)4)-:(3,1)+YF(4,1))''U.?5 
rcy7.(Xi(1.,?)-4,2)+Yoi)+Y.:(4,L))4U,25 
1c'Z=CY:(1,1)+Xt(7,3)+XtT(393)+Y,--.( 4 ,3))*Le•25 
Cr :6" 7=',4 
YE(T,1)(1+11.-^" 
YF(T.,?)=XF(1.'1 " 

5u0 YL(1,3)=YEIT.1 1....rP7 
7w2(XE(1,:)*YL(4,j)—(,,,,1)*X,-(?,2))*YL(20)+(X7(4,1)*X:(2,2)—Y:7(2 

1,1)*YL(41, 2.)1*Xi-(3,3)+(c.(2,1)*Y'-(3,2)(3,11":(2,2))*Y=J(4,3) 
7:4.0*7v 

0 (1)=CYL(3,2)—Y:(4.?))*'(7(3,319(Xt(4,2)—(4.,2))*XE(30)+(XF(Lo7)-.-
1YE( 1,2))*Y7(4,.1) 

0 (2)=(Yi(1,2)—Y.:(4.2))*)(:(3,J)+CY:(3,2)—Y:(1, 7 ))*Yc(4,i)+CY:(4.6.)-
1X7(3,2))*X7(1,1) 
r'(3)=-(YE(1,2)—Y7:(4.,i))*X:-(4,3)*(YF( L.,2).-YL(4,i.))*XC(1,3)+(Yt(4.,)-

1Xt.(1,2))*YcAL,11 
E(4)=(YE(3,2)—YE(292))*YF(193)4.(YE(1,2)—XE(3,2))*YrAZ,3)4.(Yi-(?,2)— 

IYE(1,2))*Y;:(3,1) 
C(1)=(X(30.1XE( 4 ,1:))*YL(2,1)+(Y04,31—YE(2.,?))*Xt(3,1)+Lic(7,3)..-

1.-YE(3,3))*vc( 4 ,11 
r(2)=.(XE(is3)—XE(4,3))*YE(3,1)+CXL(3,3)—XE(1,3))*(4,1)+(vc(4,3)-

1XE(30))*Yr(1•1) 
r(?)*(YF(1,2)....xt(2,1 ))*Y:(4,1)+(YE(2,2')-.-YE(40))*XL(1,1)4(Y.L(4,2)-

1.)F(103))*YE(7,11 
r(4)TCYt(?,3)—X;(E,1))*X=(1,1)+(YE(1,3)—YE(30 (2/1)+CYL(2,3)-

1YE(1,3))*XF(301 
'(3):(YE(?,1)—Yt(4,i)) )+CYi(4,1)--YL(2,1))7(3,2)+CY=(2,1)— 

..,Yc( 1,1))*Y.- (40a1 
,2)+(XE(3,1)—YL(1,1))*Xc(4,c)+(Xc('t•1)— 

lYE(3,?))*X,(7.21 
r'(3)21(Y7(1/1)—Yc(f1))*X.:(4,4.)+(YL(2,1)-•.Xc.(4,1))*(1,2)+(Y....(4,1)-

1Y!(:,1))*vc:(202) 
D(4)=(XF(2,1)—Y:(2,1)) 4 YL(1,2)+(XL(1,1)XE(3,1))*XL(L,2)+CYt(2,1)— 

Or(1,1))*YMP2 1 
CC 111 7= 1 04 
°A(1,3*'—?)=Q(I)/ 7 
P1(2,316 7-7)=". 
PA(3,341T....2 1 =". 
Et(4,/*I—/)=C(1)/7 
P4(5,3*7-2 1 =^. 
PA(6,3*I-2)=rAI)/1 
pt(10*T-1) 7.C. 
pt(2,lt- 1-1).r(;)/7 
94(1,3*T-11=r) . 
Ft(4•3*:-1)=9(7)/7 
ott(5,3*I-1)=r'(I)/7 
0 t(‘‘,1*T-1)=(1. 
Pt(1,3t7)=r'. 
Pt(7,2#T)=". 
ee(3.,?*,)=7(T)/7 
PA(40+T)zr. 
Pl(5,14 1.)=C(I)17 
pe(4,1*7),:c(.)/7 

111 r r'q'TILF 
^r r21 J=l+l2 
Cr t,20 
"C v=1, 
5Ti,cc. c(I,J)=eTPF4C(T/J)+Cl(T,X)4- 11/A(Kp.$) 

r'r J=:,1L 

https://lYE(3,?))*X,(7.21
https://YL(1,3)=YEIT.11
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VC f..30 7 =1.1 7 
PC 53i, v_! •t 
xrv(T,J)=Ymw( -..,J)+,IliTFSS(KI,J)*vOl 
Cr cA 17=1,4 
rr 07 JJ-1.4 

J.NCrI(Lv.JJ) 
M_1 

rC Fc "!=1+17 
IF(J.FC.NiIiN(I,N)1 CC In PC 

PP MxM41 
EC Mf=NJJ.,N(714M1 

Dr co T1=1,3 
CSC' 00 T2=1+ 1 
w= 9 *iV-3*(4-111+1, 
Plici1+3*(IT-1 1 
r7=T2+3*(,, J-11 
At(v)=AA(K)+Yrk(v1,r21 

°C CCNTINL: 
P7 erNTINLr 
FA CrtTINL7 

WPITE(9.770)((°4(I+J),J=1,12)+I=1,6) 

60ITE(1C+4L") ''rt. 
Fr rCNTIt.:ur 

PFWINn 
PEYINir,  10 

,Awor=1,KrN AT) WrIT:(11,7"0)(i 
9F 1JINP 11 

770 FrRPATC6F26.1C1 
22^ FrP!'AT(F20.1C) 

*$T0 0 
p4r, 

https://FrP!'AT(F20.1C
https://J.NCrI(Lv.JJ
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PROGRAM 2 (Stress analysis) 

PROGRAM MAIN(INPUT,OUTPUT,TAPE5sItiPUT,TAPE6=OUTPUT,TAPE8 
1,TAPE11sTAPE13 

C 
C THREE-DIMENSIONAL STRESS ANALYSIS BY FEM 
C ** CONJUGATE GRADIENT METHOD ** 
C 

DIMENSION JT1(100),JF1(109),F(109),LPF1(55),LPF2(55),PF(55) 
104F1(50),FP(50),NP1(63),XX(999),LOAD(999),40(999),POAD(99q) 
2,X(999),Y(9C9),R(999),P(qc9),NUM2(63),VF(63),STRES(63) 
COMMON AA(34641),NIIIN(333,17),NJJJN(333) 
REAL LOAD 
READ(5,14)NCASE,PMM.NBEGIN 
WRITE(6,14)NCASE,MMM,NBEGIN 

C INPUT DATA OF STRUCTURE 
C 

READ(5,2C)NPOIN,NELEM,NAA,NDAT 
 WRITE(6,20)NPOIN,NELEM,NAA,NDAT 

20 FORMAT(4I7) 
READ(8,429)(NJJJN(I),(NIIIN(I,J),J=1,17),I=1,NPOIN) 
REWIND 8 

429 FORMAT(18I6) 
770 FORMAT(6E20.10) 

1331 FCRMAT(10E13.5) 
C 
C INTRODUCTION OF BOUNDARY CONDITION 
C 

READ(5,14)NFORCE,NX,NY,NPRESC ► MX 
WRITE(6,14)NFORCE,NX,NY,NPRESC,MX 
READ(5,14)LP,NFRAC,NYPPES 
WRITE(6,14)LP,NFRAC,NYPRES 
READ(5,12)FRIC,PACK 
WRITE(6,12)FRIC,PACY 

14 FORMAT(10I5) 
12 FORMAT(4F14.3) 
33 FORMAT(10F7.4) 

READ(5,14)(JF1(I),I=1,NFORCE) 
WRITE(6,14)(JF1(I),I=1,NFORCE) 
READ15,33)(F(I),I=1,NFORCE) 
WRITE(6,33)(F(T),I=1,NFORCE) 
READ(5,14)(JP1(I),I=1,NPRESC) 
WRITE(6,14)(JP1(I),I=1,NPRESC) 
READ(5,14)(LPF1(I),I=1,LP) 
WR/TE(6,14)(LPF1(I),121,LP) 
gE7-0(5,14)(LFF2(r),i=1,LP) 
WRITE(6,14)(LPF2(I),I=1,LP) 
READ(5,33)(PF(I),I=1,LP) 
WRITE(6,33)(PF(I),I=1,LP) 
READ(5,14)(NF1(I),I=1,NFPAC) 
WRITE(6,14)(NF1(I),I 1,?FRAC) 
READ130-3TTFRIIT;I=1,NFRACf 
WRITE(6,16)(FR(I),I=1,NFRAC) 

18 FORMAT(10F10.2) 
REA0(5,14)(NP1(I),I=1,NYPRES) 
WRITE(6,14)(NP1(I),I 1,NYPPES) 
IW=3*NPOIN 
00 7/5 XIstW 

775 C(I)=0. 
DO 165 I=1,NYPRES 

165 POAD(I)=0. 
READ(11,770)(AA(K),K=1,NDAT) 
REWIND 11 
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READ(5,12)SX,SYPSZ,SP 
 WPITE(6,12)SY,SY,SZ,SP 

READ( 5,14)JN1PJN2,JN3,JMP1,,IMP2,JMP3 
WRITE( 6,14)JN1PJN2PJN3PJMP1,JMUsaP3 
DO 45 IR1,IW 

45 LOAD(I)=0. 
DO 50 Iml,NFORCE 
TF(I•LE•NX)G0 TO I 
iF(I•LE•NY)G0 TO 2 
F(I)NSVOF(I) 
I1013*(JF1(I)...1)+JN3 
GO TO 50 

1 F(I)=SY*F(I) 
 IAR3*(JF1(I)...1)+JN1 
GO TO 50 

2 f(I).1SY*F(/) 
IA-3*(JF1(I)....1)+JN2 

50 LCAO(IA)=F(I)  
00 49 Isl,LP 
IA1,3*(LPF1(I)1)+LPF2(I) 
LOACITIOnSP*PF(/) 

 IFUPF2(I).E0.3)LCAD(IA)sLOAD(IA)*FRIC___ 
—iF(I•GT•16)LCAD(IA)=LOAD(IA)*PACK 

49 CONTINUE 
DO 47 Iul,NFPAC 
IA*3*(NF1(I).-.1)+2 _ 

47 LOAD(IA)=FR(1) 
_ WRITE(6,1331)(LOAD(1),Is1PIW) 

00 100 II,1,NPRESC 
TAIEJP1(II) 
I8mIA+1 
MAIINJJJN(IA) 
IF(IA•EO,NPOIN)G0 TO el 
M8=NJJ.IN(I8)1 
GO TO 41 

81 M8nNAA 
91 CONTINUE 

DO 125 J=MA,MP 
00 125 Lu1,3 
IF(II•LE•MY)GC TO 160 
10.9*(.1...1)+3*(JMP31)+1. 
GO TO 125 

160 K=9*(.1.=1)+3*(JMP11)+1 
125 AA(K)Is0•0 

Ma1 
DO 101 Nw1,17 
IF(IA•EO•NIIIN(ItoN)) GO TO 102 

101 MI.M+1 
102 MMIENJJJN(IA)+M1 

IF(II.LEOIX)G0 TO 60 
K=9*MM....4*(3...JPP3) 
GO TO 70 

60 Ke9*MM4*(3.....IMP1) 
70 AA(W)=1.0 

100 CONTINUE 
DC 127 I•1,NYPPES 
ItiaNP1(I) 
IPRIA+1 
MAOUJJN(IA) 
IF(IA.EO.NPOIN)G0 TO 80 
M8wNJJJN(IR)'..1 
GO TO 90 

80 ME.NAA 
90 CONTINUE 

DO 135 JaMA,M8 
DO 135 1'1,3 
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K=9*(J..-1)+3*(JMP2..1)+1 
135 AA(K)=C•0 

M.1 
DO 12e N.1,17 
IF(IA•EQ,NIIIN(IA,N))G0 TO 129 

128 P=M+1 
129 MMENJJJN(IA)+M...1 

K=9*MP...4 
AA(K)=1•0 

127 CONTINUE 
C 
C SOLUTION OF EQUATIONS ---CONJUGATE GRADIENT 
C 

WRITE(6,110) 
110 FORMAT(1H0,3X,3HNO•t3Y,1HI,13X,1HX,16X,2HXX,14X,5HRATIO,13X, 

15HALPNA,13Y,4HOETA) 
Mul 
IF(N8EG/N•NE•0)G0 TC 56 
00 55 I=1,IW 

55 Y(I)220.0 
GO TO 105 

56 CONTINUE 
REA0(13,770)(YUTTO(fii-TR(I),I01,IW) 
REWIND 13 
IF(NBEGIN•NE•2)G0 TO 103 
GC TO 1000 

----103 CONTINUE 
DO 115 I=1,NYPRES 
IA=3*(NPliIr=717iJMP2 

115 X(IA)=0.0 
105 CONTINUE 

CALL NIMV(NAA,NPOIN, IWPX,Y) 
00 203 I=1,IW 
R(I)=LCAD(I)•-Y(/)  

203 R(I)=RCI) 
1000  CALL VECM(P,R,IW,PUNSI) 

CALL NIMV(NAA,NPOIN, 
CALL VECM(17,Y,IW,BUN8C) 
ALPHA=BUNSI/BLIN80 
DO 303 I=1,IW 
XX (I )=)( O i+AEPHA*Prri- 

303 R(I)=R(I)ALPHA*Y(/) 
-CAL I VECM(Y,R,IW,BUNSI) 

BETAINBLNSI/BUNPO 
DC 403 I=1,IW 

403 P(1)=R(I)...OETA*R(I) 
00 60o 1=1,1w 
IF(XX(I).E0.0.0) CO TO 701 
RATIO=A8S(X(I),XX(I).=1.0) 
IF(RATIO...1•02) 600,601,601 

701-1F(A8S(XX(I)s-X(I))s..1•0E....5) 600,601,601 
600 CONTINUE 

----Foa cc 501-1-61,1W 
503 X(I)=XX(I) 

GO TC 2000 
 601 WRITE(6,25) M,I,X(I),XX(I),RATIO,ALPHA,BETA 

25 FORMAT(1H ,2I5,5E18•6) 
IF(M.491M) 602,603,603 

602 M=K+1 
DC 501 I=1,IW 

501 X(I)=XX(I) 
CC TO 1000 

— 000 WPITE(6,26) 
26 FORPAT(1H0,2X,5HPOINT,15X,1HU,19X01HV,19X,1HW) .



	

	

	

	

	

	

	

	

	

 

DO 700 I=1,IW 
700 0(I)=C(I)+X(I) 

 DC 172 I=1,NPOIN 
PU.0(3*T....2) 

 PV*0(3*I...1) 
PW=0(3*I) 

172 WRITE(6,27) IsPU,PV,PW 
27 f0RMAT(1H 05;3X,3E264,6) 
 WRITE(6, 28) M 

2e fORMAT(1H p15HHANPUKU KAISUUE,I5) 
 WRITE(16,770)(X(1),P(I),R(I),I=1,IW) 
REWIND 16 

C 
C ******* CALCULATION OF NODAL FORCE ******* 
C 

READ(5,14)(NUM2(I),I=1,MX) 
WRITE(614)(NUM2(I),I*1,MX) 
READ(5,33)(VF(I),I=1,MX) 
WRITE(6,33)(VF(I),I=1,PX)  
WRITE(6,773) 

773 FORMAT(1H0,3X,10HJUNCT, NO.,8X,11HNODAL FORCEseX,12HNODAL STRESS) 
READ(11,770)(AA(K),K=1,NDAT) 
REWIND 11 
DO 256 I=1,NYPRES 
TAINNP1(I) 
IP=IA+1 
MAIENJJJN(IA) 
IF(IA.EC8NPOIN)G0 TO 140 

 MB=NJJJN(IB)•..1 
—t0 TC 141 

140 PB=NAA 
141 CONTINUE 

 DO 145 J*MA,M13 
JJeJs1A+1 
DO 145 L*1,3 
K=9*(J...1)+3+1 
IIIR(NIIIN(IA,JJ).-1)*3+1 

145 POAD(I)=PCAD(I)+AA(K)*O(II) 
 DC 3PL=1,MX 
IF(IA•EC•NUM2(L))G0 TO 39 

38. CCNTINUE 
39 STRES(I).0TAD(I)/VF(L) 

WRITE(6,772)IA,POAD(I),STRES(I) 
772 FORMAT(19,9i,E15•6,5X,E15.6) 
256 CONTINUE 

STOP 
END 
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SUBROUTINE N7MV(NAA,NPOIN IW,X,Y) 
DIMENSION X( 999),Y( 999) 
COMMON AA(34641),NIIIN(333,17),NJJJN(333) 
00 1 In1PIW 

1 Y(I)n0.0 
00 2 LsloNAA 
IF(L•LT•NJJJN(NPOIN)) GO TO 3 
InNPOIN+1 
GO TO 4 

3 DO 5 In1,NPOIN 
IF(NJJJN(/)•GT•L) GO TO 4 

5 CONTINUE 
4 In I..•1 

Mitl..-NJJJN(I)+1 
JnNIIIN(I,M) 
DO  6 I1n1,3_ 
DO 6 1221,3 
/Atin3*I+T17.1 
JAAn3*J+I2...1 
KI19*L...3*(4...I1)+/2 

6 Y(IAA)ntiA(K)*X(JAA)+Y(IAAi- 
2 CONTINUE__ 

RETURN 
END 

'SUBROUTINE VECP(X,Y,N,S) 
DIMENSION X( 999),Y( 999) 
S.0•0 
Da 3 InIsN 

3 SnS+X(I)*Y(I) 
RETURN 
END 
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PROGRAM 3 (Stress analysis) 

1=ROGRAM - 1AIN(INPUT.-OUTPUT,TAPE5=INPUT,TAPE6=UUTPUT,TAPE7 
1,TAPE9,TADF12) 
WIFEN-HUN STR4.:5:(6,12),NnU(1200,4),STRES(6),C1(6,6),DIS(121- 

1,c1 A(6,12),XX(990),P(999),P(999) 
-PTA D ( 5ii ) EiN 
WRITE(6,1?)E,V 
PEAn(5,14)NELEK4TW 

14 FCRMAT(10T5) 
F t A L1( (s3 0 ) (t VUDII,J),J=1,4),I=1,NtC17Y1 
PEWIMr) 7 

39 taRMAT(41.4,4X,41.4,4Y,414,4Y441444Y.,414) 
12 FORMAT(4r14.31 

READ(12,770)(XYTI1iPUTY;V(TTIV) 
REWINn 12 

/40 F.URMIrtroZ0.10I 
DO 53n 1=1,6 
it 5373 J=1.6 

530 C1(I,J)=0. 
crreE*M-V1/(1.+V1/11-;=2-e-WT- 
CC2=E*V/(1.+V)/(1.-2.*1') 
L(.3=tTZ./(1.+V) 

C1(1,1)=CC1 
C1t1,7I2CCZ 
C1(1,3)=CC2 
C1(e,1)=C-C2-  - 
C1 (2,2 )=CC1 
C1(Z,3T=LCZ 
C1(3,1)=CC2 
CIT1,21aCC7 
C1 (3,31=CC1 
C1 (4,WT=Cr7 
C1(5,5)=CC3 

wPITE(6.190) 
----igg-FORYAT(IHO-0)(4114ELEMENT -NO:i8Xi7KFICrk-XiI0X47HSIC4.1-&-Ysia7( 

1,71-4IrmA 2,10X, 7' TAU YY,10X,714  TAU Y7,10Y,7H TAU ZX/) 
190 -FCTR-KAT IH 617.51 

DO  771 ltf=1.NELFM 
vu 7r1 IsI,b 
DC 521 J=1,1? 

READ(9,770)((8A(1,J),J=1,12),I=1,€) 
DU I17-2-  JITTC 
IlyN0r)(LK,J) 
IY=3,FTE-e- 
TY=3*T1-1 

IJK=3*J-7 
JrC=3*J-I 
KLM=3*J 
UISCISKT-i-TrfrifT- 
DIS(JKL)=WIY) 
UTSTKIPT7.0(TT7I 

182  CONTINUE 
- Cm-52-01 T-Z 

Or 520 T=1,6 
TILT JeU 

520 STRESS(I,J)=STRESS(I,J)+01(I,K)*BA(K,J) 

STRES(I)s0. 
-re rP3 

183 STPcS(1)-cTPES(1)+STPESS(T ,K)*^Is(vi 
WoITE(6,1q0)LK,(STREF(I),T-1,0 

771 UNTINUr 
P-FWPID 9 
STOP 
rIkt) 

https://FORMAT(4r14.31
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PROGRAM (Flow analysis) 

PROGRAM MAIN(INPUT,OUTPUT,TAPr5=INPUT,IAPE6=OUTPUT) 
TWO DIMENSIONAL FLUID FLOW ANALYSIS BY CHOLESKY METHOD 
DIMENSION JP(40),JP(10)0(221,2),ST(221,14),YE(3,2),XX(221), 

1DIS(1),STRES(4),VF(221),F(10),APcPT(2211,Wr(iF4,311, 
27Y(3),7Y(3),B(3),C(3)0MK(3,3),STPESS(2,3,3R4),LOAD(221) 
3,NUM1(200),NUM2(221),F0PrE(2/1),TH(200),VOL(3P4),ZZ1(17),Xi(13), 
4N001(24,3),C(384),FAI(4U),PP(3),POAC(221),TPICK(394) 
REAL LOAD 
READ(5,5541V 
WRITE(6,554)V 

554 FCRMAT(5F12.7) 
READ(p10)NPO ,NEL ,JBW,NPPESC,NFORCE,NFRAC,NDAN 
WPITE(6,10)NPO ,NEL ,JBW,NPRESC,NFORCE,NFRAC,NDAN 
NNN=NOAN-.1 
NELO=NEL*NNN 
NPOIN=NPO*N^AN 
PEA0(5,20)(X1(I),I=1,NP0) 
WRITE(6,20)(Y1(I),I=1,NPO) 
READ(5,23)(771(I),I=1,NDAN) 
WRITE(6,73)(771(I),Ia1,NDAN) 

- 23-  FORMAT(10P7,2) 
READ(5,1P)((NCO1(I,J),J=1,31,i=1,NEL) 
WRITE(6.18)((N001(I,J),J=1,3),I=1,NEL) 

10 FORMAT(7T51 
16 FORMAT( 2E6•2,3Y,2F6.7,3X,2F5.2,1X,2F6.2,3Y,2F662) 
le PORMAT(314,3Y,314,3X,3I40Y,314,3Y,314,) 

READ(5,14)(JP(I),1=101 PRESC) 
WPITE(6,14)(JP(I),Iu1,NPRESC) 

14 FORMAT(10) 
READ(5,24)(FAI(I),I=I0°FRE!C) 
WPITE(6,24)(FAI(I),I=1,MPPESC) 

24 FCRMAT(107.1) 
DO 45 Iml,NPO/N 
POAn(I)=0. 

45 LeAn(I).o. 
IF(NFORCEet0•0)G0 TO PG0 
REA0(5,14)(JF(1),Is1,NFORCE) 
WRITE(6,14)(JF(I),I=1.NFOPCE) 
READ(5,554)(F(I),1=1,NFrPCF) 
WRITE(6,554)(W),Ial,NF0kCE) 

800 CONTINUE 
REA0(5,14)(NUM1(1),I=1,NFRAC) 
WRITE(6,14)(NUMI(I),T=1,NFPAC) 
READ(!,21)(T4(I),I=1,NFRAC) 
WPITE(6,21)(TH(I),Is1,NFRAC) 
READ(p14)(NUM2(i),I=1),NPOIN) 
WRITE(6,14)(NUm2(I),I=1,NPOIN) 
READ(5,20)(VF(I),Isl,NPOIN) 
WRITE(6p20)(VF(I),Ig1,NPOIN) 

20 FORMAT(10F7.4) 
21 FORMAT(5F12.6) 

 DO 34 Jal,NDO 

34 X(.1,2)=211(1) 
DC 30 Im2,NDAN 
DO 30 J*1,NPO 
NABNP0*(I -1)+J 
X(NAP1)=Y1(J) 

30 X(NA,2)=7Z1(I) 
DO 31 I=1,NNN 
00 31 JslirNEL 
NA*NEL*(T-1)+J 
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NP=NP0*(I..-1) 
00 31 Kulp3 

31 Nr0(NA,K)uN3D1(J,K)+NP 
WRITE(6,16)((X(7,J),J=1,2),I=1,NPCIN) 
WRITE(6,18)((NOD(1,J)0J=1,3),1=1,NELEM) 
00 3P Jal,NPPESC 
DO 35 TulpNPOIN 
IF(JP(J).EC.NUM2(I))GO TO 37 

35 CONTINUE 
37 JP(J)=1 
38 CONTINUE 

WRITE(6,14)(JP(I),Isi1yNDRESC) 
IF(NFORCE.EC.0)Gn Tn 22 
DO 40 KulpNFOPCE 
DO 43 IulpNPOIN 
IF(JF(K).EC.NUM2(I))GO TO 47 

43 CONTINUE 
47 JE(K)uI 
40 CONTINUE 

VOITE(6,14)(JF(I),I=1,NFORCE) 
DC 50 IultNFORCE 
IAujF(I) 

50 LOAD(IA)=F(I) 
22 CONTINUE 

DO 25 LulpNFPAC 
DO 2P I010NP0IN 
IF(NUM1(L)•EO.NUM2(I))n0 TO 59 

2R CONTINUE 
59 NUul(L)=T 
25 CONTINUE 

WRITE(6,14)(NUM1(I)PIal,NFRAC) 
DO 6U IslpNPOIN 
AFEPT(I)=0. 
DO 60 JulpPPW 

60 ST(IPJ)20• 
DO AP 1=1,NFPAC 
IAuNUMI(I) 

88 APERT(IA)=TH(T) 
DO PO LK=1,NFLFm 
THICK(LK)=1.0E12 
00 P5 Ku1p3 
JJeN00(LK,K) _ _ 
THICK(LK)=THICK(LK)+APEPT(JJ)/3* 
XE(KP1)=Y(JJp1) 

85 XE(Kp2)=X(JJp2) 
E(LK)=THICK(LK)**2/V/12. 
no 400 J=1,3 
Dr 400 T=1,3 

400 XPK(IPJ1=0. 
OPXu(XE(1,1)+XE(2,1)+YE(3,1))*0•333331 
OPY.,(YE(1,2)+X02,2)+XF(3,2))*0.333333 
DO 500 Ix1p3 
XE(Ip1)=XF(I,1)-0QX 

500 XE(IpfluXE(Ip2)—rRY 
ZX(1).XE(2,?)—YE(10) 
ZX(2)=XE(3,2) —YE(1p2) 
7X(3)=XE(1,2)..-YE(2,2) 
7Y(1)=XF(3,1)—YE(2.1) 
ZY(2)uXE(1,1)—YE(301) 
ZY(3)=XE(2,1)—YE(1,1) 
ZKI.XE(2,1)*XE(3,2)--XE(3,1)40(E(2,2) 
7-74,$7K 
P(1)87Y(1)/7 
C(1)2ZY(1)/7 
8(2).7X(?)/7 
C(2)1,7Y(21/7 
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B(3)BZX(3)/7 
C(3).1ZY(3 1 /7 
00 520 J=1,3 
STRESS(1,JAK)=r3(J) 

520 STRESS(2,JAK)=C(J) 
VOL(LK)..C*7 
DC 540 J=1,3 
DO 540 I=1,3 

540 YMK(Ipj)RXMK(IpJ)+IB(J).11 (I)+C(J)*C(I))*E(1K)*VOLUKPOTHICK(1K) 
DO 5 11=1,3 
DO 5 KK21,3 
M.NOn(1K,KKI 
N.NODUK,LL) 
NNJ=N.-M+1 
IF(NNJ•LF•C)r,0 TO 5 
_ST(MpNNJ)21ST(MpNNJ)+XMK(KKpLL) 

5 CONTINUE 
80 CONTINUE 

DO 100 II21•NPPSC 

ST(IA,1)2ST(IA,1)*0.1E+12 
100 toAD(IA).sT(IA,1)*FAI(ii) 

NAINPOIN 
DO 120 Iel,N 
/PuNI+1 
/F(IP.GT•JPW)IP=JPW 
DO 120 J=1,TP 
JC)=JBW....J 
IF(JOGGT.I.-1)JCsT1 

 SUM2ST(I,J) 
IFIJO.E0•01G0 TO 122 
DO 124 K=1,J0 
/10,I.•0( 
JK21.10( 

124 SUM2SUMST(TK,K+1)*ST(IK,JK) 
 122 IF(J.NE.IIGO Tn  126 

IFISUM•LE•0•CM7.0 T0 1000 
TEMPsle/SORT(SUM) 
ST(IP.IlsTEMP 
CO TO 120 

126 ST(IPP2SUM*TEM0 
120 CONTINUE 

XX(1)*L010(1)*ST(1,1) 
DO 140 I=7,N 
JsI...•JBW+1 
IF(I+1•LE.JPW)Js1 
SUMsLOAD(I) 

00 142 KsJPI1 
/As/ ../(4.1 

142 SUM=SUM—ST(w,IA)*Xx(K) 
140 xx(T).sumiisT(1,11 

on 150 IslpN 
!INN ...T+1 

IF(JeCT•N)JuN 
SUM=XY(II) 
IF(IeFep1)G0 TO 150 
18=11+1 
DO 152 Ks1Ppj 

152 SUM2SUM—ST(IIPIA),XY(w) 
15C XY(II)=SUm*ST(IT,1) 

DO 39 T100 

3 0  FORCE(I)uXY(I)*VF(I) 
WPITE(6•27)(IpNOm2(I),YX(I), OPCF(11,Is1oN1 
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27 FCRMAT(1H , 217,3X,2E15.7) 
DO 180 LK=1,NELEM 
DO 182 1=193 
T1=NOD(LK,T) 

1P2 DIS(1)=XX(I11 
DO 1P3 T=1,2 
STRES(I)=0. 
DO 1P3 Km1p3 

183 sTREs(I)=sTREs(I)+sTRFss(i,K,ty)*Dis(K)*7.(ty) 
zz.sTPEs(1)**24.sTPEs(2)**2 
sTREs(3)=s ,,QT(77) 
zzz.sToEs( ,)/sTPFs(1) 
IF(STRES(1).GE.0.0)(2.0 TO 3 
co TO P 

3 STRES(4)=1E0e0/3.141.5926*ATAN(ZZ7) 
CO Tr 573 

2 STRES(4)3180.0*(1.0+1.0/3.1415026*ATAN(ZZ7)) 
CONTINUE _ 
WRITE(6,19011Kp(STRES(I),I-1,4) 

190 FORMAT(111 p13,3)(04F15.6) 
DO 55 I=1.3 
PP(I),O. 
00 56 Jn1,2 

 56 PP(I)=PP(I)+STRESS(J,IAK)*STRES(J)*VCL(LK)*THICK(LK) 
IY.NOD(LK,I) 

55 POAD(IX)=P0A0(IX)+PP(I) 
180 CONTINUE 

DO 57 I=1pNPRcSC 
JJ.JP(I) 

 57 WPITE(6,'8)T,NUM?(JJ),P0A0(JJ) 
58 FORMAT(2I6PF16.9) 

GO TO 200 
1000 WRITF(6,1002)I,J 
1002 FORMAT(1H p21HSUM IS NEGATIVE VALUE2I5) 
200 STOP 

_EPD _ 
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COUPLED STRESS-FLO4 MODEL OF ROCK FRACM;-_  

1 INTRODUCTION 

This chapter is aimed to set up a model of steady fluid flow in 

deformable rock fracture. The model is partly based on the experimental 

and analytical work reported in Gronseth and Detourney (1972) on the following: 

1. Analytical expression for the compression curve of a joint. 

2. Justification of the concept of effecive stress (Gn p) in 

fluid saturated fracture. 

3. Experimental verification of Darcy's Law for flow of viscous 

fluid in closed fracture. 

4. Variation of the hydraulic conductivity of a fracture with its 

closure. 

To construct the model, one needs, besides, some assumptions about . 

'the characteristics and the behavior of the rock surrounding the fracture. 

Hypothesis of linear elasticity, homogeneity and isotropy is made for 

the rock. It is also assumed that the rock has no permeability. This 

last assumption is justified by the existence of a high permeability 

contrast between rock and fracture. It is also supported by many obser-

vations of rock systems where the fluid flow is actually governed by the 

discontinuities (Cambefort, 1965, Talobre, 1967). 

The assumptions and governing equations for a model of steady fluid 

flow in deformable rock fracture are summarized in Section 2. Section 

3 describes the numerical scheme devised to solve the coupled stress 

flow problem. The numerical analysis involves the displacement discon-

tinuity method for solving the structural problem and a finite difference 
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technique to carry out the fluid flow analysis. The aim of this analy-

sis is to provide a compatible solution between fluid flow, stress dis-

tribution and structural deformation. The fluid flow computer code 

deals only with horizontal flow in one discontinuity line but it could 

easily be generalized to more complex situations. 

2 MATHEMATICAL MODEL 

2.1 Structural Model 

Fractured rock masses can be represented by a model composed of 

pieces of continuum bounded by major discontinuities. 

2.1.1 The continuum 

It is assumed to be homogeneous, isotropic, elastic and nonporous. 

The equations of linear elasticity are applied to describe the displace- 

ment, strain and stress fields; 

Equilibrium equations: 

• 

Strain-displacement relationship: 

= 
2 

Constitutive equations: 

T• - 
2 G 1÷ 1) 

2.1.2 Major discontinuities 

They are idealized by planar surfaces across which the displacement 

field can be discontinuous. These discontinuities can be closed or open, 
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in either case fluid can be present. 

If the joint is closed, the effective stress is positive - com-

pression is taken to be positive - i.e. compressional stresses are 

transmitted across the joint partly through contact spots or rock 

bridoes, partly through fluid if any. There is no strength in tension. 

The maximum tangential stress to which the joint could be subjected is 

a function of the effective stress and is assumed to be governed by the 

Mohr-Coulomb friction model. 

Crs 

regiort of ela_st";, 6etlav;or 

If the joint is open, the effective stress is equal to zero, i.e. no 

stress is transmitted at all unless fluid is present in the fracture. 

: In that case, only normal stress is conducted -the shear stress induced 

by the fluid of flow in the discontinuity is neglected in this analysis. 

Define Dn, Ds the displacements discontinuities across the joint; 
tn 

Dn = (u
n 
- u ) 

n
1 

Ds = (u
s 

- u ) s 

To investigate the relations between On, Ds anda-n, Ts, several cases 

have to be distinguished. 
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(i) Elastic closed crack  

The couple ( Cr7 rr is inside the Mohr-Coulomb envelope. —sr 

This means that, 

ne p >0 Crint ^Ci 

. c: ' ra1 cr.o crhr 

From Gronseth and Detourney, Part II, the closure law is given by: 

CF = Tho a ) ( a, e t) 

The crack is assumed to be linearly elastic tangentially, 

Recall that 

ant = 1m c 

0; r = 0710 
D, 

(ii) Slipping closed crack  

The couple (c ,q5t. ) lies on the Mohr-Coulomb envelope; the 

normal effective stress is positive. 

0r > 0 

07.51 G + cr,,. fat' 

The normal constitutive law is given by Eq. 2 . 



	

   

 

  

	

  

  

   

	

 
		

	

(iii) Open crack 
B-5 

0-; 

The couple ( o (3-.5 ) is located at the origin of the axes 

Go 
a 

There are no constitutive equations and 

(Tnt = p 
4 

G-st 

(the shear stress induced by the fluid flow is neglected) 

2.2 Steady Fluid Flow Model 

The equation which governs the horizontal flow in fracture is given 

by, 

5 
° 

1  3 
where k - 12 - Un) 

The discharge by unit width of fracture is 

P 
9 6 

3 5 

Eqs. 5 and 6 apply equally to closed and open fracture. How 

ever, in open joints, their validity is limited to conditions where 

Reynolds number is below 300 (laminar domain) and relative roughness 

of the fracture less than 0.5 (Louis, 1969). 

3 NUMERICAL ANALYSIS 

3.1 Introduction 

The stress-deformation and the flow analysis are two independent 
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parts of the computer code. However, the pressure distribution and 

the deformed shape of the fracture are quantities common to both pro-

grams. The philosophy of the iterative procedure needed to solve the 

coupled problem, is to loop on the two analyses with the successive 

approximations of the coupled quantities. 

3.2 Stress-Deformation Analysis 

3.2.1 Displacement discontinuity method 

The displacement discontinuity method (Crouch, 1976) belongs to the 

family of boundary integral equation methods. For an elementary solution, 

it utilizes the solution of a constant displacement discontinuity, also 

called dislocation, over a finite length segment in an elastic body. 

This fundamental solution is used to construct a system of linear equa-

tions involving displacements and stresses at boundary elements. Unless 

modeling natural discontinuities - pressurized crack for example - fic-

titious dislocations are considered at the boundaries. The system of 

equations resulting from the displacement discontinuity method is, 

1.1 j j 6 j 

h3 
,:9 7 

P4 3 

A D., 
J 

The A's are the influence coefficients. The displacement discon-

tinuity method can also be applied to inhomogeneous problems, but the 

inhomogeneities have to be restricted to tabular parts of the body or 

the continuum analyzed. In geomechanical applications, such inhomogen-

eities are seam or vein deposits, faults, joints etc. The displacement 

discontinuity method tackles those problems in an approximate way, 
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because stresses are defined only normally and tangentially to the 

plane of the inhomogeneity. This approach was shown to be satisfactory 

(Crouch, 1976). 

In that type of problem, 01 O in Eq. 7 become the induced 

stresses in element i. The constitutive equations of the inhomogeneity 

have to be introduced in the set of Eq. 7 

Let 

a; 
8. 

ci- 4. n 

be the constitutive equations. If they are introduced in Eq. 7 , we 

obtain j 
4- ) 

715 s 51. 
J-1 

D An  D 
n n 

The resultant system of equations is usually no longer linear. In the 

next section, Eq. 9 will be written down explicitly for a Mohr- 

Coulomb element which has the crack characteristics enumerated in Section 

2.1.2. 

3.2.2 Equations for a Mohr-Coulomb element 

th 
(i) i  element closed and elastic 

Conditions: Cr hr 

4 c 4- ) tan 

b.D4 
-I-- a. ) e. 

CT 5 K D n 
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Equations 9 become, 

loz;, 
+ a e _ I) 10 

(ii) -

Di s 

th 
 element closed and slipping  

Conditions: 

G-nr P > 

• CS1 = c 1j.5). 

Then, 

cr, = 

= n g 

Equations 9 become, 

6ion (CT CTi om, 

/ ss 

p + vrno  + ( b e — 
. 

.th 
(iii) 1 element open 

C7-b r p ) 

(ebai 

(c Si  ) cf6;5 

J 

A I) 
.55 

N 1:i 3 

Ah, 

an 

.) 

• ; 
7k ► 
.51't 

bra 

D 

n 

11 

Conditions: 

Tht -- b= 0 

Then, 

b 

Equations 9 become, 

N 4 j N ii 3 

= .7,6til) + TAD 
nS -5 nn n j— j-,* 

6 
D D 

r't =1 SS S 

12 
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3.2.3 Resolution technique 

With the Mohr-Coulomb element, fi in equations 9 can be a 
n 

non-linear function of D. An iterative method is therefore needed 
n 

for solving this system of equations. The technique used is a generali-

zation of Newton-Raphson (see G. Dahl6ist and A. Bjorck for example) 

with the convergence rate accelerated by a relaxation factor. 

Equations 9 are written under the following form, 

. ; ; 
Fn; L  (Dr, ,i) 

Pi 
,) 13 

tJ 

1, si.) Ds 
5 j= t 

The system of equations to solve is 
• #.1 rp: + f.: 

a F;  TZ + 

(D; Cr) r 0 14 
3 Ili  _DS; - (Ds ; 

th 
The superscript k stands for the k approximation of the quantity. 

Equations 14 are solved iteratively, using a relaxation factor w. 

Explicitly, one has 

fi.01 

(Dn i Fni 
3 Di.; 

14 

(D: = CD, 
D. 

In the algorithm, the Dn's and Ds's are updated continuously. 

3.3 Fluid Flow Analysis 

3.3.1 Finite differences mesh 

The pressure distribution in the fracture is computed by a finite 
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differences technique (FDT). Due to the flow boundary conditions, the 

nodes of the finite differences mesh are more conveniently located at 

the common point of two successive boundary elements. 

X 3- 4- 
fl 

3- s 

Let Pd  be the pressure quantity defined at node J. p3  represents the 

average pressure acting on element j and is also characteristic of the 

mid-point of this element. 

i 

(Px 16 
= 2 

Let Kj  be the crack conductivity at node J. 

( T  13 
le J 

If one assumes that the crack has a constant initial aperture e , then 

,3" / 3-1 
= e -1-41 

2. 

At the ends of the crack line: 

ec, 

e 
3.3.2 Finite differences formulation of the diffusion equation 

Assuming the fluid viscosity constant, the diffusion equation is 

given by 

(i) _t 0 
35 3 s 

An alternative form is 

a2 p 
p 

=0 17 
D51 a 5 
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Let h be the distance between two adjacent nodes. The nodes must be 

equally spaced in order that h be constant (convenience for the finite 

differences technique). The central differences formula (0(h2 )) applied 

at node J leads to 

39-1 ( 3"*1 Z-1 
0 PL7 R. — 

0 
2h 2h 

3-4.1 3+, 

- P R. ) 2 ., 0 
18 

- 8 R.} -

Eq. 18 may be written in the following way: 

7+1 Ix 3. 3-• 
.a. + b PS 19 

7 t 1 

with a k 4- g. ft, 

b 8 ftx 
7+ 

= 4 0.7  - R7  4- k 

3.3.3 Introduction of the boundary conditions 

(i) Pressure imposed at both ends of the fracture. 

N . P 
,.3 

62  P 2 G E , 4 i.2  + R.' - _eo 

2 2 
or P + C, P3 

sas-1 
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1 -7 
The system of equations to be solved in order to compute the 12 3 is 

2 3 
ba 1 + 

aT ▪ 6 3 0 20 

N_ , 

(ii) Pressure imposed at one end, discharge at the other. 

i.e. P 1  = E 0 

This second condition may be handled by considering a false boundary, 

i.e. by adding a node numbered N+1 

cjh 35 )S= N N-1 IN N-1-1 

pi1J+1 

actual 6cundar5 z h 

Therefore 
2h N-1 

9, 
n-1 

For (J=N), Eq. 19 becomes (one imposes k = k ) 

+, 

8 P ~ + y .N  P tl  = 

or = 1-) h 

or a P " 

The are obtained by solving the following system of equations: 
2 F 

d 3 

• 3+1 
T13-1 a 4- 6' C 0 z,3,N-1 22 

bN  .r-. ▪ c 
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The systems of Eqs. 20 and 22 are tridiagonal. 

3.3.4 Resolution algorithm for a tridiagonal system of linear equations 

The elimination algorithm to solve a tridiagonal system of equations 

is called the Thomas algorithm (Smith, 1971). Consider the following 

system: 

6" G 

2, 

Z-1 
a x + 

J 3- 
b dS N-1 

Si 0-1 

+ w b = 
d N 

(i) Transform the matrix of coefficients into one of upper diagonal form. 
• 

Let ab , ci • d be the coefficients of the new system. Then 

;, 
a = 0 b = 1 i= 1,h1 

d' 
c'' 

131 

Recurrence 
i*, 4 

i+1 a d 
;4.1 

g+1,- a c .1 i a c 

(ii) Backwards substitution: 
th 

n equation is now 

and i + I 
i= N-I, N-2 I , d'' 

4 3.4 Coupled Stress-Flow Algorithm 

The choice of the proper mode of coupling the stress-deformation 

program and the flow program appeared important in order to reduce the 

computation time. The procedure whose main steps are described below 

seemed to be the most efficient. 
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1. A first approximation of the pressure distribution in the fracture 

is computed according to the flow boundary conditions. This cal-

culation relies upon the initial aperture assigned to the Mohr-

Coulomb boundary elements. Actually, this pressure distribution 

is equivalent to that of a rigid fracture system. 

2. Then, the stress-deformation program is entered to compute the dis- 

placement discontinuities associated to each boundary element. 

This. computation is based on the structural boundary conditions, 

the initial state of stress and the first approximation of the 

pressure distribution in the fracture. The displacement discontin-

uities are solved iteratively. The number of iterations is chosen 

so that the results, at this stage of the solving process, are 

reasonable but not highly accurate. The threshold of "reasonable 

accuracy is attained when the relative difference between two suc-

cessive approximations of the same quantity is less than 1%. 

3. This step deals with the flow program in which the new apertures 

of the Mohr-Coulomb elements are introduced. It takes a new ap-

proximation of the pressure distribution. 

4. The displacement discontinuities are recomputed to fit the new 

pressure distribution. Remarks given at step 2 are still valid. 

5. Steps 3 and 4 are repeated until a 1%. level of accuracy is reached 

for both flow and displacement quantities. The flow chart of the 

iterative process is sketched below. 
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Flow chart  

Initial configuration 

Pressure distribution Flow boundary conditions 

Displacement discontinuities Structural boundary 
conditions 

Deformed configuration 

(:er (ON 
h0 (Dr (D'„) 

= 

end 

4 EXAMPLES [values of the parameters are listed in Table 2 j 

4.1 Four Blocks Model 

This problem was considered in order to compare the results of this 

method with those obtained by the coupled finite element method (Gale, 

1974) developed at the University of California, Berkeley. 

This simple model consists of a horizontal cross section of four 

rock blocks and four vertical fracture segments (see Fig_ 1). The 

normal joint stiffness is assumed constant. 

Structural boundary conditions: No movement perpendicular to the 

boundaries is permitted. 
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FOUR BLOCKS MODEL 

Prob!em Geometry IQ=0 -rr --r 

4 
p.o P=0 

Well 
Pw=7200 psf 

Q=0 

60 

Reopening of the Flow Fracture 
A  10-3  feet 

2 - 
...a... a.. 

6 12 i8 24 30 
Distance from the Well — feet 

Pressure —psf 

o 1 el. 

• 5 el. 
7000 a 10 el. 

Pressure Distribution 5000 
in the Flow Line 

3000 

1000 

Distance from the Well — feet 

Figure 1 
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Flow boundary conditions: A fixed pressure is assigned to the 

well at the center of the model. Two fracture segments (flow fractures) 

are assigned to zero pressure at their tips, the two others (no flow 

fractures) to zero discharge, as boundary conditions. 

It turned out that the finite element model used by Gale was very 

rough, each block and each fracture segment is simulated by only one 

linear finite element - and was only intended to be demonstrative. 

Comparative results of the two models (one boundary element by fracture 

segment) may be found in Table 1. The discrepancy between the two 

methods, for the aperture change of the flow fracture, may possibly be 

explained by the omission, by Gale, to average the displacements of the 

two nodes. Several results, with further mesh refinements are plotted 

on Fig. 1 . 

Finite element Displ. di scout. 

-3 -3 Dn (no flow frac.) 2.344 10 ft 2.356 10 ft 

-3 -3 
Dn (flow frac-) 0.469 10 ft 0.218 10 ft 

Q (flow frac..) 6.058 10-3  cfs 3.461 10-3  cfs 

Table 1 

4.2 Injection Well 

The boundary conditions of this problem are very similar to those 

of the previous example. Here, all fracture segments are of the flow 

type. Flow and structural boundary conditions are sketched in Fig. .2 

We have investigated the influence of the rock modulus on the pressure 

distribution in the fracture. Results are plotted on Fig. 2 . They 

show that the pressure distribution becomes more linear when the'Young 

modulus increases. 
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INJECTION WELL  

Problem Geometry 
P= 1 

P=0 

• P= 27,000 psf 
1 

1 

200i 
Pressure — 

kpsf 28 

A Erock = 1 x 107  psi 

• Erock = 1 x 108  psf 
24 

 0 Erock = 1 x 109  psf 
N 

N 

N 
20 

• 16 • 
• 

Pressure Distribution 
• along a Fracture • 

12 • 
• 

20 Lib 60 80 

Distcrce from the Well — feet 

Figure 2 
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4.3 Simulation of Conductivity Experiment 

The intention in carrying out this problem was to try to duplicate 

the conductivity experiment results and hence validate the model. 

The parameters a and b of the joint compression curve were com-

puted assuming that the entire load applied to the sample was trans-

mitted through the fluid carrying fracture. The initial aperture was 

assessed from the conductivity data, see Gronseth and Detourney Part II. 

Two conductivity experiments C-201 and C-208 were simulated numeri- 

cally. The results are sketched in Fig. 3 together with the experi- 

mental points. In both cases, the computed relationship between flow 

rate and gradient of pressure is not linear. As expected from the 

shape of the compression curve, the departure from linearity is larger 

in the case where the applied normal stress is smaller. The numerical 

results show to underestimate the experimental ones in the non-linear 

range. The most possible explanation is that the actual stress across 

the fluid fracture is smaller than assessed. Assuming that 80% of the 

load is transmitted through the fluid fracture, we decreased the dif-

ferences between the experimental and numerical curves. But, most 

probably, the normal stress across the fracture is not homogeneous: 

an unknown portion of the load is taken by the sealed edges of 

the fluid fracture. 

- steel tubings cemented in the two holes drilled in the sample have 

concentrated stresses while releasing them from the inlet of the 

fluid fracture. 

- three dimensional character of the actual test. 

These reasons explain the discrepancies between the actual and computed 

results. 
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Numerical simulation of conductivity experiment 

crn 
7 

2.0 

P Fracture plane P=0 

Variable 
1.8 

crn 

1.6 r Linear law extrapolated from 
the first points 

 Computed law i = 0.722 MN/m 

Computed law for reduced ./ // 
crn (80 °A ) 

/ // 

I // 

/ / 

/ A / a 

1.0 / // 

L 
0 ./ 

/ / 

e/ /
/ A Experimental data 

0.8 
• Computed points / / 

/ 
// 
• / 
/ 0.6 / 

A 
A 

0.4 A Crn  = 722 MN /m2 
A 

0.2 

0 
0 0.4 0.8 12 16 2.0 24 2B 

Gradient of pressure ( N/cm3) 

Figure 3 



	

	 		

	 	

	

	

	 	 	

	
	

	

 

	

	

	 		
 

			 		

		

B-21 

Table 2 

Parameters for the four blocks model 

8 ROCK E = 1.44 10 PSF 

-/) = 0.25 

10 3 JOINT Kn = 1.44 10 lb/ft 

10 3 Ks = 1.44 10 lb/ft 

4) = 38° 

-5 VISCOSITY 1.045 10 

Parameters for the injection well model  

ROCK E variable See Fig. 2 

a) - 0.25 

12 3 
JOINT Kn = 10 lb/ft 

12 3 
Ks = 10 lb/ft 

0 

20° 

-5 
VISCOSITY 1.045 10 

)1 

Parameters for the simulation of conductivity experiment  

10 2 
ROCK E = 6.68 10  N/m 

0.32 

JOINT a = 42420; b = 20142 ([)n in m;C„in N/m ) 

For the case where 8O of the load is trans-
mitted through the fracture: a = 33937; b = 20142 

VISCOSITY /1 = 40 centipoises 

2 
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