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Since this project has been renewed, and the details
of progress have been reported in the renewal proposal, we
shall summarize here only briefly what has been done in the
past year.

Our goal in the project is to investigate earthquake
precursors in relation to the stress in the earth. For
this purpose, we determine incremental stress at depths
from geodetic data obtained on the surface. We have
completed the computer program for the geodetic data inversion
and applied it to the data from the Palmdale area with some
preliminary results.

The geodetic inverse problem is formulated in terms of
known 3 component displacement and vanishing stress on the
surface (Cauchy's boundary condition for an elliptic operator
equation). Three dimensional finite element method provides
a discretized operator. The input requires data both on
vertical and horizontal displacements simultaneously. Such
data are available for limited areas from geodimeter and
leveling survey.

The inversion scheme is tested using artificial data
generated by Mindlin's buried point source solution. The
result was satisfactory for the 20-nodes isoparametric element
scheme, which we are now using.

The scheme was applied to a small area near Palmdale,
Calif. where 3 compcnent data are available from geodimeter
network and leveling survey from 1959 to 1976. The
incremental stress obtained during the period of uplift
(1959 to 1962) shows the dominance of horizontal tensional
stress in the direction of N48°E with magnitude 2.1 bars at
the depth of 3.75 km. During the period of downwarp, the
maximum principal incremental stress become horizontal
compression in the direction of N40°W with magnitude 2.2
bars at the depth of 3.75 km while minimum principal
incremental stress was near vertical and tension. The
compressional stress increases with depth to 4.2 bars at
the depth of 6.5 km and 7.0 bars at the depth of 8.75 bars.
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The sense and direction of incremental stress during
the downwarp period are consistent with the fault plane
solutions for earthquakes in the early period of swarm
activities which coincides with the late period of downwarp.
The magnitude of the incremental stress is compatible with
the estimate from the observed geomagnetic change in the
same period for the same area.

The above preliminary results were reported by the
principal investigator at the Ewing Symposium on Earthguake
Prediction held May 12-16, 1980, in which he proposed a
probabilistic synthesis approach for uniting the results
from laboratory, field and model studies on earthquake prediction.
A new concept of "probability gain" was introduced for a given
precursor, and its evaluation by various methods were
discussed. The incremental stress to be determined by the
current project may be used to estimate the probability gain.
The probability gain can be translated into a quantitative
measure of gradation of concern on earthquake occurrence
useful for public offices concerned with earthguake hazard.

Reports
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A PROBABILISTIC SYNTHESIS OF PRECURSORY PHENOMENA

Keiiti Aki

Department of Earth and Planetary Sciences

Massachusetts Institute of Technology

Abstract

The concept of probability gain associated with a precursor may be
useful for unifying various areas of earthquake prediction research. Judging
from the success of predicting the Haicheng earthquake of 1975, the
probability gain at each stage of long-term, intermediate-term, short-term and
imminent prediction in this case is estimated as a factor of about 30. For
many independent precursors, the Baysian theorem shows that the total
probability gain is approximately the product of individual gains.

The probability gain for an individual precursor may be calculated as
its success rate divided by the precursor time (Utsu, 1979). The success rate
can only be determined from the accumulation of experiences with actual
earthquakes. The precursor time, on the other hand, may be studied
experimentally and theoretically. A review of these studies leads to a
suggestion that the loading rate may be faster for smaller earthquakes. The
existence of so called "sensitive spots" where precursory strain, radon or
other geochemical anomalies to show up even for distant earthquakes suggest
that some sites may have stress amplification (concentration) effect which may

also account for higher loading rate for a small earthquake.
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The concept of fractals (a family of irregular or fragmented shapes)
developed by Mandelbrot (1977) is applied to the fault plane to gain some
insight into its geometry. If we use the idea of barrier model in which
smaller earthquakes are generated by the segmentation of a large earthquake,
the fractal dimension of the fault plane becomes equal to 3b/c where b is the
b value of magnitude-frequency relation, and ¢ is the log-moment vs magnitude
slope (c Y 1.5). For 1<b<1l.5, which is usually observed, the fractal
dimension varies from 2 (filling up plane) to 3 (filling up volume). For
0.5<b<1.0, which is sometimes observed for foreshocks, the model corresponds
to fault lines trying to fill up a plane.‘>The Goishi model of Otsuka (1972)
and branching model of Vere-Jones (1976) have such geometry. Assuming that
the total length of branches is proportional to earthquake energy, the b value
for these models becomes 0.75, corresponding to the fractal dimension of 1.5.

The probability gain for the tectonic stress increase by AC can be
expressed as exp (PBA0 ), The coefficient B has been obtained in laboratories
and in field using various methods. The value of B varies wildly, but tends
to show higher value when the stress is applied in a large scale. This may
also be explained by a stress amplification due to the fractal nature of
fault plane. Deterministic studies of inhomogeneities, irregularity and
fragmentation of fault zone will be important for understanding precursor

phenomena.



Introduction

The most impressive accomplishment in seismology during the last decade
was the success of our Chinese colleagues in predicting several major
earthquakes. Let us take the Haicheng earthquake of 1975 and consider the
probability of its occurrence before the earthquake. When the warning of
earthquake occurrence was issued and people were kept outdoors in cold winter
temperatures, the hazard rate, that is, the probability of earthquake
occurrence per unit time, must have been on the order of 1 per several hours.
The area is normally aseismic and historié';ecords indicate the hazard rate to
be on the order of 1 per thousand years. In other words, the information
gathered by Chinese colleagues was able to raise the probability by a factor
of about 10%. This remarkable accomplishment was made in four stages, namely,
long-term, intermediate-term, short-term and imminent prediction. Figure 1
illustrates schematically how the unconditional hazard rate estimated from
historic data was raised by each stage of prediction. Assuming an equal gain
for all the stages, we find that each stage contributed to the probability
gain of a factor of about 30. In order to achieve this amount of probability
gain, many, many specialists and non-specialists were engaged in collecting
information on various precursory phenomena. Some of the key precursors at
each stage are indicated in Figure 1.

The purpose of the present paper is to unify various areas of

earthquake prediction research by the concept of probability gain . The

probability gain for a particular precursor may be studied empirically using

past experiences with actual earthquakes. It may be studied in a laboratory
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scale model under controlled conditions. More fundamentally, the probability
gain may be determined by the increase of tectonic stress, which can be
estimated from geodetic data. If these studies can develop a means to
determine probability gain as a function of given precursors, the results can
be translated into objective quantitative measure for the grade of concern
about an earthquake occurrence, which will be helpful to the public offices in
charge of public safety.

Let us start with a few definitions.

Definitions
First we specify the area in which an earthquake is predicted to
occur. Then, we can define the average frequency of occurrence of earthquakes
with a certain magnitude range in that area. For example, if the number N(M)
of earthquakes with magnitude greater than M is recorded during the total time
period T, the average rate of occurrence p, per unit time is given by
_ XM

P,= 7 (1)
For a short time interval T , then, the unconditional probability P(M) of
occurrence of an earthquake with magnitude greater than M in that area is

given by
P(M) = P,T (2)

We shall divide the time axis into consecutive segments with the

constant interval T as shown in Figure 2. The crosses indicate the occurrence
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of an earthquake with magnitude greater than M. The interval T is taken short
enough so that each segment contains at most one earthquake. We shall write

the total number of segments as

(3)

=
1]
~ |3

Let us now introduce precursors, and designate them as A, B, C,
For example, A may be a swarm of small earthquakes which may be characterized
by the duration, the maximum magnitude and the b value. B may be a ground
uphea&al characterized by the duration, extent and amount of uplift. C may be
a Radon anomaly observed in the area characterized by the duration and
amplitude. Suppose that, in the total period of observation, the precursor A
showed up for time intervals shown in Figure 3.

Consider those segments during which the precursor A existed. Of those

segments, let the number of segments containing an earthquake be , and the

A
number of segments containing no earthquake be HA' Then, we can define the

conditional probability P(MIA) of occurrence of an earthquake within a time

interval t under the condition that the precursor A is existing as
A
P(M|A) = —— ()
Since, for small T , P(M]A) is proportional to v , we can write

P(M|a) = P, (5)
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PA is the probability of an earthquake per unit time under the condition that
the precursor A is existing.
We define similarly nB, %B and pB for the precursor B, and so on.
Here, we simplified our problem by neglecting the details of each precursor
phenomenon, which may be included by the explicit use of multiple parameters

as done by Rhoades and Evison (1979).

Conditional Probability for Multiple Independent Precursors

Let us find the probability P(M|A,B,C,...) of occurrence of an
earthquake (with magnitude greater than M in a specified area) under the
condition that n independent precursors A,B,C,... appeared simultaneously.

According to the Bayes' theoren,

P(A,B,C|M) P(M)

P(M|A,B,C) TTWRO)

P(A,B,C[M) P(M)

= (6)
P(A,B,C|M) P(M) + P(A,B,C M) P(M)
where ﬁ means the non-occurrence of an earthquake.
Since we assume the statistical independence among the precursors,
P(A,B,C|M) = P(A|M) P(B|M) P(C|M) (7

and

P(A,B,Clﬁ) = P(Alﬁ) P(B]ﬁ) P(clﬁ) (8)
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On the other hand, from the definitions given in the preceding section,

P(A|M) = A (9)

N
PM) = (10)

N

o

n

n
A
P =

(a[M) T (11)

(o]

and
" . N -N

P(M) = o (12)

N

(o]
Putting the equations (7) through (12) into (6), we obtain
1
P (M|a,B,C) = PY—— ) (13)
nA nB nc N n-
l+(;—' P VG
A B C o
Using equation (4), the above relation can be rewritten as

P(M|4,B,C) = 1 (14)

n-1

1 1 1 1
1+ (P(M[A)_l)(P(M[B)—l)(P(MIC)_l)")/Qi?ﬁb_l)

The above equation was obtained by Utsu (1979) without the use of the Bayes'
theorem. For a small T the above probability is proportional to T . We can,

then write

P(M|4,B,C) ¥ pe,



where

p=p, A" Pc (15)
P, Py P,
The above extremely simple relation shows that, for multiple
independent precursors, the conditional rate of earthquake occurrence can be
obtained by multiplying the unconditional rate P, by the ratios,

conditional probability
unconditional probability

for all the precursors. We shall call the above ratio as the probability gain
of a precursor.

A quantitative measure of the grade of concern on an earthquake
occurrence is illustrated in Figure 4, which shows the probability of
occurrence per day of én earthquake with magnitude greater than a specified
value. The unconditional probability is determined from the precursor data by
equation (1). The precursors A, B, and C increase this probability
approximately by a factor of ;A.;§_§§.as shown in equation (15). The example
shown in Figure 4 corresponds go gheoearthquake Wwith M>6 1/2 in the
Izu-Oshima area in Japan just before the earthquake of Jan. 14, 1978.
Precursors A, B, and C are uplift (including gravity change), foreshocks, and
Radon anomalies (including water-level change) respectively. The probability
gain for each precursor was assigned by Utsu (1979) in a manner described
later. The conditional probability for the three precursors almost reached
the highest grade of concern VI. Although the evaiuation of conditional
probability was not made in real time, the Japan Meterological Agency

nevertheless issued an earthquake information at 10h50m, on Jan. 14 stating
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that there was a possiblity of occurrence of an earthquake causing a minor

damage. An earthquake with M = 7 took place at 12h24m on the same day.

How to Assign the Probability Gain for a Particular Precursor

The evaluation of an earthquake prediction is very simple using the
procedure described in the preceding section, if we know the probability gain
pA/po’ pB/po, ... for given precursors.

For the Izu-Oshima earthquake of 1978, Utsu (1979) estimated the
probability gain in the following manner. The precursor A is the uplift in
Izu Peninsula which was confirmed also by gravity change. The diameter of
uplifted area is about 25 km, which may correspond to the source size of an
earthquake with M = 6 1/2. According to a summary by Sato and Iuchi quoted in
Utsu (1979), only 17% of anomalous uplifts were connected directly to
earthquake occurrence. However, since the uplift in this case is so
conspicuous, Utsu assigned the probability of 1/3 instead of 17%. He also
assigned the life-time uplift (or precursor time) to be five years. This

gives the conditional probability rate P, = per day.

1
3x5x365
The precursor B is the earthquake swarm taking place in the area.

According to statistics, one out of twenty swarms may be followed by a major
earthquake. However, the Izu area is known for relatively frequent
foreshocks. Utsu, thus, assigns the probability of 1/10 instead of 1/20 for
the chance of a swarm to be followed by a major earthquake in this area. Utsu
made a study of foreshocks for 26 major earthquakes, and found that the

mainshock occurred with three days from the biggest foreshock for 19 cases out
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of 26, and that the difference between the magnitude of main shock and that of
the biggest foreshock was greater than 1.6 for 10 cases out of 26. Since the

biggest foreshock in the present case was M 4.9, the difference between the
magnitude of presumed main shock (M 6.5) and that of the biggest foreshock is
1.6. Thus, he assigned the conditional probability rate Py to be
1_c1) %% %%%. Y 1072 per day.

Finally, the precursor C for the Izu-Oshima earthquake is the composite
of Radon anomaly, anomalous water table change, and volumetric strain
anomaly. He considers that these three precursors may be closely related, and
treats them as one precursor. He just assigns the precursor time of 1 month,
and the probability that the precursor is followed by a major earthquake to be
1/710. This gives Pc = _l_.per day,

300

With the above estimates of conditional probabilty rates p ., pB, pC and

A
the unconditional probabilit??éi based on the past seismicity in the area, he
calculates the probability gains as shown in Figure 4. The precursor A
(uplift) gives only the probability gain of about 2, while the precursors B (radon)
and C (foreshock) gives the gain of about 100. The former, however, was
important for assigning the magnitude of predicted earthquake. The main
reason for the high gain of latter precursors is their short lifetime.

The probabilty gain is a function of magnitude of earthquake to be
predicted. For a given earthquake swarm the probabilty that the swarm be
accompanied by a major earthquake will decrease sharply with the magnitude of

the latter. The longer lifetime of precursor for greater earthquakes as
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proposed by various people also tend to diminish the probability gain for
precursors of greater earthquakes.

On the other hand, a tremendous gain is possible, if a particular
short-term precursor is expected with a high degree of certainty. For
example, Sieh's (1978) suggestion that one out of several Parkfield
earthquakes may become a foreshock of the next 1857 great Califoria earthquake
will give a very high conditional probability rate, say, 107! per day. This
means the probability gain of more than 10"%. With several additional
precursors of moderate or small gains, it may be possible to issue a

high-grade concern before the next 1857 earthquake.

Precursor Time for Various Models of Rock Failure

As described in the preceding section, Utsu (1979) estimates the
probability gain for a given precursor to be equal its success rate divided by
the precursor time. The success rate can only be determined from the
accumulation of experiences with actual earthquakes. The precursor time, on
the other hand, may be studied using rock samples in the laboratory under
various conditions, or by analyzing models of rock failure theoretically.
Here we shall make a review of proposed models with regard to the question
"what determines the precursor time?".

Theoretical studies of the above problem were made by Rice (1979) and
Rice and Rudnicki (1979) for a fluid-filled porous medium, and they concluded
that not only the fault length of the impending earthquake but also the
loading rate and the constitutive relation may play important parts. Their

result showed that the precursor time is closer to proportional to L (fault
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length) rather than to L? as suggested in various empirical formulas
(Tsubokawa [1969], Scholtz, et al. [1973], Rikitake [1976]). Dieterich (1979)
also suggests that the precursor time may be proportional to L on the basis of
the precursory creep observed in his laboratory experiment and reproduced
theoretically by a frictional model of slip-weakening instability. His
precursor time is the travel time of precursory creep over the fault length,
thus proportional to the latter.

Brady (1974) claims that the L? dependence of precursory time on fault
length can be derived for a dry-dilatancy model without fluid diffusion. A
close look at the derivation of his equation (19) reveals an unacceptable
assumption made on the average strain ¢ within a volume element der due to

closure of an average sized microcrack. The average strain can be written

as

[s(;\(’)dv

der

der

Since s({) is a decreasing function with distance from the microcrack, beyond
a certain size of der, the numerator will reach a constant asymptotically.
Since, by definition, der should be large enough to include many cracks, £
will be inversely proportional to der instead of a constant as assumed by
Brady. If we correct for this, the precursor time becomes independent of L.
This conclusion is expected from a simple consideration that the
successive stages of dilatancy model (Miachkin et al., 1975, Sobolev, et al.,

1978) are primarily determined by the stress relative to the failure stress

(independent of L), and the precursory time is mainly determined by the
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loading rate. There is no obvious reason why the precursory time should
depend on fault length, for a dry dilatancy model.

If the loading rate determines the precursor time, the empirical
relation between precursor time and fault length means that the loading rate
is higher for smaller earthquakes.

This magnitude dependence of loading rate is somewhat difficult to
conceive for a homogenous continuum model of the earth and a common source
model of stress for all earthquakes, that is, the plate motion.

One disturbing thing about the empirical relation between the precusor
time and earthquake magnitude is the fact pointed out by Tsubokawa (1969) and
Anderson and Whitcom (1975) that the slope of log precursor time vs.magnitude
is identical to that of log recurrence time vs.magnitude. This means that the
observed precursor time is roughly a fixed fraction of the recurrence time.
Since no one tries to pick up a precursor for an earthquake before the time of
occurrence of the preceding one, it may be suspected that those precursors may
be just noises. On the other hand, these precursors may be real signals as
demonstrated by the successful prediction of the Haicheng and other
earthquakes.

If we accept the reality of precursors and the magnitude dependence of
precursor time, we may have to accept also that the loading rate may be higher
for smaller earthquakes.

A higher loading rate for a localized region relative to the
surrounding is possible if the stress in the region is somehow amplified.
Inhomogeneities such as joints and inclusions can cause such an amplification

through stress concentration. The existence of so called "“sensitive spots"
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where precursory strain, radon or other geochemical anomalies tend to show up
even for distant earthquakes, as well as the fact that even in the near-field
of an earthquake, some precursory phenomena (such as the anomalous water table
change) occur only at a small number of sites (wells) also suggest that some

sites may be more sensitive because of the greater stress amplification.

Barrier Model and Fractal Dimensions of Fault Planes

The inhomogeneity of the fault zone, sometimes called "patches",
"barriers" and "asperities™, also introduce stress concentration. These
inhomogeneities appear to exist in all scales. Microscopic pictures of the
sections of rock sample after failure show that the zone of failure is not a
continuous plane but fragmented. Similar fragmentation of fault has been
observed at the site of rock burst in a deep mine (e.g., Spottiswoode and
McGarr, 1975) and in the epicentral areas of major earthquakes (e.g.,
Tchalenko and Berberian, 1975). Das and Aki (1977) made a numerical
experiment on rupture propagation over a fault plane with distributed
barriers, and showed that some of the barriers may remain unbroken after the
rupture propagation, offering a mechanism to account for fragmented fault.

The stress concentration around unbroken barriers may become the source
of aftershocks (Otsuka, 1976). Aki (1978) summarized the relation between the
barrier interval and the maximum slip obtained by various methods, and found
that the barrier interval increases with the slip even for the same fault
zone. This is consistent with the observed high Griffith fracture energy for
greater earthquakes (Aki, 1979), because greater earthquakes break stronger

fracture energy barriers with resultant longer barrier intervals.
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Andrews (1978) pointed out, from a consideration of energetics, that
the stationary occurrence of a large number of small earthquakes cannot be
explained by the load of smoothly varying tectonic stress alone, but requires
a generation of short wavelength self stress by a large earthquake, unless
fault creep, varying in amplitude of all length scales prepares the fault for
small earthquakes. The barrier model offers a physical mechanism for such a
roughening of self stress in the fault zone after a major earthquake.

The above line of reasoning suggests a generic process of the whole
ensemble of earthquakes, in which an earthquake prepares the stress field for
the smaller earthquakes. This is similar to the phenomena of turbulence, in
which a large eddy splits into smaller ones, generating a hierachy of eddies
linked by a cascade.

The concept of "fractals" developed in a book by Mandelbrot (1977) may
be useful for describing the geometry of the assemblage of fault planes. A
fractal is a family of irregular or fragmented shapes. An example is the
length of the coast of Britain, which increases indefinitely as the scales of
map is made finer. Topologically, a coast is a line with dimension 1. To
describe the departure of the coast line from a simple line with finite
length, he introduces the fractal dimension. For example, the trace of
Brownian moton of a particle has the fractal dimension of 2 because it fills
up the plane, and the fractal dimension of west coast of Britain is determined
to be about 1.25. One way to obtain the fractal dimension D is, given a
segment, to find the number N of subsegments which has a linear dimension r
times the segment. Then, D is given by logN/log(l/r). For example, if a
straight line is divided into N segments, r = 1/N and therefore D = 1. If a

square is divided into N squares, r = 1/¥31 and therefore D = 2.
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Assuming a process in which smaller earthquakes are generated by a
large earthquake in the manner in which aftershocks are generated by the
barrier model, we can interpret the magnitude-frequency relation and find the
fractal dimension of fault plane (we allow an overlap of fault planes, in
accordance with the barrier model). Let the number of earthquakes (in a given
time-space range) with fault length greater than L be N(L). The slope of log
N(L) against log L is 3b/c, where b is the slope of log frequency-magnitude
relation and ¢ is the slope of log moment-magnitude relation, and we assume
that the seismic moment is proportional to L3 (self-similarity). To be
compatible with the process for generating'Ségments, we shall restrict the

possible fault length to be Ln = rL , where n is the integer.

o
From the n to (n + 1) step, the length is reduced by a factor r. In
this process, the number of earthquakes is multipled by (l/r)3b/c, because
AL = (Ln+1 - Ln) is proportional to L and AL dN/dL is proportional to st/c
Thus, the fractal dimension of fault plane is D = 3b/c. We shall consider the
usual case of ¢ = 1.5 (Hanks and Kanarmori, 1979). Then, if b = 1, the
fractal dimension of fault plane is 2, same as its topological dimension. If
b = 1.5, on the other hand, the fractal dimension becomes 3, which corresponds
to filling up volume with fault planes. In most cases, the observed b value
falls between the above two extremes. The value slightly greater than 1
observed for the world, imply that the assemblage of fault planes, "the plate
boundary" in the context of plate tectonics, is a little more than a plane.
For 0.5 < b < 1.0, the fractal dimension becomes between 1 and 2. For
them, one can no longer consider the fault as a plane, because the fractal

dimension must be greater than the topological dimension. It is possible,

however, to imagine fault lines trying to fill up a plane. As a matter of
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fact, the goishi model of Otsuka (1972) (see also Saito et al., 1973 and
Maruyama, 1978) and the branching model of Vere-Jones (1976) have such
geometry. In fact, the corresponding log frequency-magnitude relation becomes
linear (in the critical case) with the b value equal to 0.75, assuming that
the total length of branches is proportional to earthquake energy. This
suggests that the fractal dimension of the branching model is 1.5.

Otsuka'a model has been shown to be essentially the same as the model
used in the study of percolation process. Otsuka proposed this model to
describe the growth of an earthquake fault. His model is not based on the
elasto-dynamics of rupture propagation alohg a fault plane, but is based on a
probabilistic growth of a tree-like shape. Seismological observations clearly
show that an earthquake involves a propagation of rupture with the speed
comparable to elastic wave velocities and is not a percolation process. On
the other hand, his model may be useful for studying the stage of preparation
of a large earthquake. The barrier model used for generating a hierachy of
earthquakes is adequate for aftershocks and probably for the normal
earthquake, but not for foreshocks which will precede a larger earthquake. If
there is a basic generic difference between foreshocks and normal earthquakes,
there remains a hope to discriminate them. Smaller b values observed for some
foreshocks than for aftershocks certainly agree with the idea that the
percolation model applies to the former and the barrier model to the latter.
Needless to say, the precursor time will be longer for larger earthquakes if
the percolation model is appliecable to the preparation stage. The cross
section of branches at the earth's surface will be points, and may be very
difficult to be detected without numerous observations. This may explain the

reason for the Chinese successful predictions.
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Probability Gain by an Increase in Tectonic Stress

So far, we have mainly considered the geometry of the assemblage of
fault planes, somewhat phenomenologically without paying much attention to the
detailed state of stress and dynamic process going on over the fault plane.
More explicit discussions of these subjects have been given by Hanks (1979)
and Andrews (1980). Here we shall stay out of the stress distribution in the
fault zone and consider only its response to applied external stress, namely,
the problem of estimating the probability gain of an earthquake occurrence by
an increase in tectonic stress.

How the probability of earthquake occurrence depends on the tectonic
stress is an extremely complex problem. According to Mogi (1962), the
probability of occurence of fracture in a rock sample increases exponentially
with the applied stress. When a constant stress ¢ is applied at t = o, he
found that the probability of occurrence of fracture between t and t + dt is

independent of t and given by

u(t)dt = H, exp (Bo) (16)

where H(t) is what we called "hazard rate" earlier, and B is determined as
0.37 bar~! for the tensile fracture of granite samples in the atmosphere. The
experiment by Scholtz (1972) on static fatigue of quartz under uniaxial
compression shows the same functional dependence on stress, but with B about
one hundred times smaller than Mogi's value. The probability gain due to
stress increase by Ac is simply exp (BAo), which will be wildly different

whether we use Mogi's value or Scholtz's value for B .
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The coefficient B can be estimated from the recurrence time of major
earthquakes in a fault zone and the associated stress drop. For the
Hokkaido-Kuril region, Utsu (1972) constructed a statistical model based on
equation (16) and determined the model parameter by fitting the data on
recurrence time. Combining Utsu's result with the average stress accumulation
rate (0.3 bar per year) inferred from the stress drops in major earthquakes in
this zone (Fukao and Furumoto, 1979), we find that B is 1.1 bar"!. Earlier,
Hagiwara (1974) obtained 8 of about 0.3 bar~! by applying equation (16) to the
statistical distribution of ultimate strain obtained by geodetic measurements.

From time to time, we find reports éﬂ;an apparent sensitivity of
earthquake occurrence to small stress changes such as due to earth tide and
atmospheric pressure. For example, Conrad (1932) showed an impressive
evidence for the increase of local earthquake frequency by 30% due to the
atmospheric pressure gradient across the Alps by 5™ Hg (6.7 x 1073 bars) or
greater. This gives B to be about 40 bar~!.

In this conference, Barry Raleigh reported about the increase of
seismicity in southern California by a factor of 2 which was associated with a
strain change of 10-®, This corresponds to the value of 8 about 2 bar‘l,
which is much greater than laboratory values but comparable to the
Hokkaido-Kuril result.

The value of B estimated by various methods, thus, ranges from 0.004 to
40 bar-! over 4 decades. There is some suggestion of increasing g with
increasing scale length. In other words, the probability of earthquake

occurrence is more sensitive to stress change, when stress is applied in a

larger scale.
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Earlier, we héve discussed about the scale dependence of loading rate,
and suggested that stress concentration or amplification may be occurring in a
cascade from a larger scale to successively smaller scales. The scale

dependence of B may also be attributed to such stress amplification.

Discussion

I feel that fractal models of fault planes would be useful for
understanding the precursory phenomena, especially with regard to their
sensitivity to tectonic stress. The currently most reliable data for
estimating tectonic stress are geodetic daié supplied from levelling and
geodimeter survey. One promising approach toward understanding precursory
phenomena is to determine the stress change at depth from geodetic data, and
then correlate the estimated stress change with the stress-sensitive phenomena
such as changes in seismicity and magnetic field. A preliminary result from
the Palmdale area obtained by Ikeda (1980) is encouraging. He inverted the
geodetic data into 3-D stress distribution and found that the state of
incremental stress during the downwarp period was in agreement with the fault
plane solutions for the swarm of earthquakes during the same period given by
McNally et al. (1978). From the magnitude of incremental stress (estimated at
about 10 bars) and increase in the frequency of small earthquakes, the
fg-value was estimated to be about 0.3 bar . This magnitude of stress increase
was consistent with that estimated by Johnston et al. (1979) from the observed

magnetic anomaly.
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In the present paper, we discussed the fractal aspect of fault planes

only from the statistical point. For the purpose of earthquake prediction,
however, it may be necessary to study them deterministically. For example, we
need to know where the sensitive spots are in order to observe precursors.
Recent work by Bakun et al. (1980) on the relation between detailed seismicity
and geometry of fault fragmentation along a part of the the San Andreas fault
demonstrated that such a deterministric approach may be feasible and

promising.
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Figure Captions

The successful prediction of the Haicheng earthquake implies that the

hazard rate (probability of occurrence of earthquake per unit time)
had been increased from about 1 per 1000 years to 1 per several hours
through acquisition of precursory information. The probability gain

at each of four stages of prediction is about a factor of 30.

The cross indicates an earthquake. The time interval 1 is taken

short enough so that each interval contains, at most, one earthquake.

The precursor A occurs in time intervals marked A.

The probability gains calculated by Utsu (1979) for precursors A
(uplift), B (foreshock) and C (radon and water table) for the

Izu-Oshima earthquake of 1978.
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ABSTRACT

The goal of the present project is to determine the
distribution of incremental stress inside the earth under
a seismic region as a basis for guantitative studies of
stress-induced earthgquake precursors. We formulated an
inverse problem for incremental stress in the earth to be
determined from three-component displacements observed on
the free surface. A body was cut out of the earth under
the surface at which displacements are known from geodetic
measurements. :

A special finite-element method is designed to give
,@ unique determination of stress in the interior of the
volume from known surface displacements and the free
surface condition. The scheme was successfully tested
using artificial data for a point source buried in a
homogeneous half-space. We are currently applying it
to the actual data from southern California geodimeter
network and levelling data during the Palmdale uplift
episode. A preliminary result indicates that the state
of stress at the depth of a few km can be considerably
different from the horizontal stress measured on the
surface. The estimated incremental stress shows an
encouraging agreement with observations on geomagnetic
field and earthguake swarm activities.
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Chapter 1. INTRODUCTION

A precise knowledge of the state of stress in the
lithosphere in a seismically active region is desirable
since the stress is believed to be the cause of an earthquake.

Many studies have been done to infer the state of stress
in the lithosphere. Laboratory studies suggest high shear
stress up to 2 kb along the San Andreas fault (Stesky and
Brace, 1973, Stesky, 1975), while heat flow studies give low
upper limit around 250 bar for possible shear stress there
(Brune et al., 1969, Lachenbruch ;nd Sass, 1973). This low
shear stress is consistent with the value suggested from the
studies of driving force for plate tectonics (Forsyth and
Uyeda, 1975, Richardson and Solomon, 1977, Richardson, 1978),
and seismic studies on stress drop (Aki, 1966, Wyss, 1970,
Wyss and Molnar, 1972), although recent discussion on plate
tectonics and earthquake stress-drop (Hanks, 1977) suggest
high shear stress of the order of a kilobar.

The lack of agreements among these studies show a
fundamental difficulty to know the state of stress in the
lithosphere precisely. On the other hand the stress incréﬁent
in the lithosphere may be easier to estimate than absolute
stress since repeated geodetic measurements can give the
incremental displacements at the surface.

The incremental stress may be related to earthquake

precursors in many ways. Sassa and Nishimura (1956) reported

rapid tilt changes in which so-called S-shaped changes in



the tilt-vector diagram were observed to occur a few hours
prior to the Nanki earthquake of 1950. The magnitude of
tilt was of the order of 0.1" at a distance of 100 km from
the epicenter. They observed similar tilt changes prior
to some other earthquakes. There have been many precursory
anomalous changes in land level such as reported for the
Niigata earthgquake of 1964 (Danbara, 1973). Castle et al.
(1974) studied levelling data near San Fernando and found
that anomalous level changes with maximum value of 200 mm
had taken place in a few years preceding the San Fernando
earthquake of 1971. An aseismic creep along the fault at
depth or a dilatancy are considered as causing these land
deformations prior to earthgquakes though exact mechanism
is not known (Wyss, 1977; Thatcher, 1976). These land
deformations are believed to be one of the most promising
precursors for earthquakes because they have been frequently
observed prior to many shallow earthquakes (Rikitake, 1975,
1976).

On the other hand, other precursors such as changes
in Vp/Vs, resistivity, geomagnetic field are still under
debate although they are also guite promising precursors,
especially in view of the dilatancy-diffusion hypothesis
(Nur, 1969). After Semenov (1969) observed that the ratios
of travel times of S and P waves significantly varied prior
to earthquakes in Russia, this has been followed by both

verifications and contradictions. For example Whitcomb



et al. (1973) reported 10% change in vp/vs over the three
years prior to the San Fernando earthquake of 1971 and
Stewart (1973) showed a Vp decrease by 20% prior to the
Pt. Mugu earthquake of 1973 while no change in Vp/Vs was
observed in the Bear Valley earthquake of 1972 (Bakun

et al., 1973). Bakun et al. attributed their negative
results to the stress level at shallow depths which might
be too low for dilatancy to take place. The laboratory
experiments showed that volumetric strain necessary to
explain the observed large Vp/VS change was much greater
than the stress level expected in the Bear Valley (Hadley,
1975).

Electrical resistivity change up to 24% was observed
two months before the Bear Valley earthquake of 1972 by
Mazzella and Morrison (1974). Laboratory experiments
showed dramatic changes in the electrical properties of
rock prior to failure (Brace and Orange, 1978a) in
agreement with some field observations. On the other hand,
a theoretical study of resistivity change based on a model
of strike slip fault showed that the observed resistivity
changes were several orders of magnitude larger than
predicted for the expected stress change.

The geomagnetic change due to the piezomagnetic
effect of rock under incremental stress is known to be
very effective as a procursor as well as an indirect

way to estimate the incremental stress at depth. Theoretical



study shows, assuming optimum material constants such as
high magnetization and high stress sensitivity, the stress
change caused by slip on a fault at shallow depth is
sufficienpt to produce the geomagnetic field change
observeg on the surface (Johnston, 1978, Johnston et al.,
1979).

The discrepancy between the theory on the stress-induced
precursory phenomena based on laboratory data and precursory
phenomena observed in the field may be attributed to the
scale effect of specimen as well as the state of incremental
stress at depth. The purpose of this thesis work is to
develop an inversion method based on the finite element
method using geodetic data on three-component displacement
obtained at the earth's surface for finding the distribution
of incremental stress at depths in a seismically active
region. Such a distribution of incremental stress in the
lithosphere will be useful together with laboratory
observation on rock properties (Brace and Orange, 1968a,
1968b, Nur, 1969, Brace, 1972, Hadley, 1975, Stesky, 1975,
Johnston, 1978) to find the cause of precursory phenomena.
We applied the inversion method to the Palmdale uplift,

southern California and obtained some preliminary

encouraging results.
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Chapter 2. FINITE ELEMENT METHOD

1. General Formulation

In order to develop a finite element scheme for
elasticity problems, we have to decide the type of
generalized coordinate and the order of interpolation
function as well as the shape of an element. If we use
nodal displacements as a generalized coordinate, we have
so-called finite element displacement method based on
minimum potential energy principle. If we choose stress
as a generalized coordinate, we ﬂave so-called conjugate
finite element method based on minimum complementary energy
principle. If we use displacements together with stress as
a generalized coordinate,:we have so-called hybrid finite
element method. The last one seems most adequate for
applying to our inversion, but the theory as well as
numerical technique of this method is still not well
established, and thereforé we need further study for
applying it to our inverse problem (Tong and Rosett, 1978,
Oden and Reddy, 1976). Since fairly well established theory
and numerical technique exist for the displacement finite
element method, we shall formulate our finite element scheme
and inversion scheme according to this method.

We shall define displacements within an element in a

matrix form as

(U]l =
(1)

'd§. 4@

aya—
IR
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where u,v,w are displacements in x,y,z direction. This
displacement vector is presented in terms of interpolation
functions and the generalized coordinate, i.e., nodal
displacements in the displacement based finite element

method. In matrix, they are:

(U] = [D(x,y,2)] [U®] (2)

where [U] is displacement vector, defined before, D(X,Y,2)
is interpolation matrix which gives [U] at an arbitrary
point from the nodal displacement matrix [u?]. [UR] can
be written explicitly as

e T = [u;viwy U,V Wy .. ukVkWK] (3)

where u;, Vi, Wy are x,y,z components of displacement
vector at ith node. The value of Kk depends on the degree
of interpolation function and shape of an element, and
k=20 if parabolic interpolation is used in a hexahedral

element. T denotes transpose of a matrix.

We shall define strain tensor [e], traction vector [T},

force vector [F], and elasticity matrix [C]. They are:
T - ] (4)
[e]l” = [eex &y fzz Yxy Yxz Yyz
M7 = [Ty T, T, (5)

[F1T = [F4 F, F,] (6)

Y



where €4, Yjj are six components of a strain tensor in
which we use engineering shear strain.

are the x,y,z components of surface traction vector and

T; or Fij (i = x,y.,2)

force vector. The elasticity matrix is in case of isotropic

material,

[c] =

We can define strain matrix [e]

transformation matrix [E] and nodal displacement matrix.

This is:

[e] = [E]

3
W[D]

o}

(0]

[E] =

)
a—y—[D]

)
5z (P!

o}

where A, u1 are Lame's constants.

0

0

(U

o

C

in terms of strain-

(7)

(8)

(9)



where [D] was defined din [2]. The total potential energy
of an elastic body can be presented as (Tong and Rosett,

1978)

n=f tre1T(clleldav - £ (U1 [Flav-/ [UlT(TIds (10)
2
v v v
where m is total potential enercy, s is boundary surface
and integration covers whole volume of a body. This is
the quantity to be minimized.
The above potential energy can be expressed as a sum

of energy for each element, i.e.,
T= I Tpn (11)

where m is the total number of elements. Substitution of

eg. (8) into eg. (10) yields

T
mo= UMK (07 - ot TIRY (12)

where | ], represents nth element, and [K]n and [R]n are

element stiffness matrix and element load matrix. Explicitly

they are
[K]_ = s [E], [C][E].dv (13)
n v n n
and

[Rl, = / (DIT(Fldav + f [D1T[Tlds. (14)
A S



R e

Making the potential energy in each element, presented by
eq. (12) stationary with respect to generalized coordinate,
i.e., nodal displacement, we have a linear equation for each

element as:

(K], (U], = [R], - (15)

2. Isoparametric element

The choice of an interpolation function is an important
part of the finite element method and depends on the type
of element to be used and on desired accuracy. The concept
of isoparametric element developed by Zienkiewicz, and his
associate [Zienkiewicz,1972] is one of the most versatile
interpolations because of its flexibility.

The basic concept in the isoparametric element formulation
is to express the element coordinates and its displacements
by the same interpolation function using the natural coordinate
system of the element. The coordinate interpolations in a

three~dimensional element are as:



i=1 * 1
2
y = I hjy; (16)
i=1
2
z = I h-zi
i=1 *

where x,y,z are the coordinates at any point of the element
and x4, Yi, 23 (L = 1,2) are the coordinates of the

ith node in the element, and ¢ denotes the total number

of nodes in the element.

The unknown quantities in eg. (16) i.e. the interpolation
function hj, have the fundamental property that its value in
the natural coordinate system is unity at the ith node and is
zero at all other nodes. Using this condition the interpolation
function hj corresponding to a specific nodal point
configuration can be derived. 1In the case of our three-
dimensional 20 nodes parabolic interpolation in hexahedral
element, these interpolation functions are given by the

following equations.



ol W | | |+ |+ |+ o+ | |+

P

PN

(1+r) (1+s) (1+t) (r+s+t-2z)

(1-r) (1+s) (1+t) (-r+s+t-2)

(1-r) (1-s) (1+t) (-r-s+t+2z)

(l+r) (1-s) (1+t) (r-s+t-2z2)

(1+r) (1+s) (1-t) (r+s-t-2z)

(1-r) (1+s) (1~t) (-r+s-t-2z)

(l-r) (1l-s) (1-t) (-r-s-t-2)

(1+r) (1-s) (1-t) (xr~s~-t-2)

(1-r2) (1+s) (1+t)

(1-r) (1-52) (1+t)

(1-r2) (1-s) (1+t)

(1+r) (1-s2) (1+t)

(1-r?) (1+s) (1-t)

l6.

(17



hyg = 3 (1-1) (1-s%) (1-¢)
his = 3 (1-r2) (1-s) (1-t)
hye = 3 (1+r) (1-52) (1-t)
hyy = 3 (1+2) (1+s) (1-t?)
hig = % (1-1) (1+s) (1-t2)
hig = § (1-7) (1-s) (1-t?)
hyo = 3 (1+1) (1-8) (1-t?)

(17)

17.

(cont'd)

where r,s,t are natural coordinate whose values range from

-1 to 1 as shown in Fig. 1.

The displacements in an element are interpolated by

the same relation as the coordinates in the isoparametric

interpolation, i.e., for displacement at any point of the

element, we have:

(18)
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where u,v,w are displacement component at any point in the
element and Uj vy wi (1 = 1,2) are these components of nodal
displacements of the element.

In order to evaluate the stiffness matrix [K] of an
element, we need to calculate the strain-transformation
matrix [E]. Since the element displacements are presented
in the natural coordinate system as shown in eqg. (17) we
must relate the derivatives in the local x,y,z coordinates
to the derivatives in the r,s,t natural coordinates. Using

a chain rule for partial derivatives, the relations are:

2. 83 . 33s 33t
90X or 9Xx 9s 9oX ot ox
5 _ _33r 83 . 33t
3y ~ 3r oy T 3s 3y T 3t 3y (13)
9 _ 9 93r 93 93s _ 9 3t
0z oY 0oX 9s 02 ot 9z °
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These equations show that we need the explicit inverse
relationship between x,y,z and s,r,t, i.e. we need to

know the functions

H
u

fl(x,y.z)

0]
il

fy(x,y,2) (20)
t = f3(x,y,2)

which are generally difficult to obtain explicitly and it
is natural recourse to use a numerical procedure.

The relation between the derivatives in the r,s,t
coordinate system and derivatives in the Xx,y,z coordinates

system can also be written using the chain rule:

9 . 3 9x, 093y, 3 0z
or 9X or dy 3dr 9z or
8 _ 83x, 33y, 83z
55 = 3x 3s ' 3y 3s T 3z 3s (21)
9 - 93, 93y, 3 3z
ot dxX ot dy ot 9z dt
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in matrix form we have

3 0

— = [J] (22)
olr] 3 [x]
where [J] is the Jacobian operator matrix i.e.
x 3y 2z
ar ar ar
_|x 3y 3z
[J] = r 55 38 (23)
3x dy 3z
at 3t 3t

Since we can evaluate Jacobian operator matrix [J] explicitly
using eq. (17), we can get the inverse relationship between

derivatives in two coordinate systems as

1 9
d[r]

= [J]~ (24)

o [x]
provided that matrix [J] is non-singular. This condition
is satisfied if the mapping between these two coordinate
systems, i.e. eqg. (20) is one to one.

Using eqg. (18) and eqg. (24) we evaluate derivatives

needed to construct the strain transformation matrix [E].
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The element stiffness matrix corresponding to the local

degree of freedom is derived as

T
[K] = J [E] [C][E]dv (25)
v
where [C] is elasticity matrix defined before.
Since strain-transformation matrix [E] is a function of
the natural coordinate r,s,t, the volume integral dv should

be written in terms of this coordinate system. That is:
dv = det [J] drdsdt (26)

where det denotes determinant of Jacobian operator matrix.
Since explicit solution for [J]"1 seldom exists, we must
use numerical integration to evaluate the volume integral
in eg. (25). We have
m m m T

[K] = iil jil kil aj0y0y [E]ijk[C][E]ijkdet[J]ijk (27)
where [ ]ijk represents a quantity evaluated at a point
i, S4, tp, M is the total number of sampling points for
numerical integration, and ajs Gy, 0 are weight at these
points. The sampling points and weighting factors depend on
the integration scheme to be used. We used Gauss-Legendre

gquadrature method, for which the sampling points and weights

are shown in Fig. 2 and Table 1.
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3. Assembling Matrix for the Whole Body

The final stage of finite element method is to assemble
[K]n matrix and [R]n matrix in each element to global matrix
[K] and [R] to attain the equilibrium condition of the whole
body. Since matrix [K] is a transfer matrix which represents
contributions of each component of nodal displacement matrix
[Un] to components of the load matrix [R], this is nothing
but a summation and re-numbering of matrix for each element.

For example, if we re-number the ith node of the 2th
element as the mth node of the giobal system, and the jth
node of 2th element as the nth node of the global system,

we have

[Kmn]g = i‘ [Klj],Q,'

i
3}

(Rl g [Ri] g (28)

where [Kij] is ij-component of stiffness matrix [K] and
subscript g represents global matrix and the summation is
taken over elements &' sharing the particular node. After
assembling whole element matrix using eq. (28) we have linear

equations to be solved, i.e. we have

[K] [U] = [R]- (29)
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Chapter 3. GEODETIC INVERSION SCHEME

1. General Theory

The use of the finite element method in inverse problem,
especially in parameter estimation problem, has been studied
in many fields in science and engineering during the last
decade. In geophysics some inversions based on the finite
element method were studied. Most of them used the observed
surface displacements associated with an earthquake to
estimate fault parameters such as slip vector (Jangle and
Frazar, 1973), visco-elastic constant of surrounding material
(Smith, 1973), and stress drop (McCowan et al., 1977) with
specified boundary conditions.

In our geodetic inverse problem, we want to calculate
the stress and displacements inside the earth's crust without
specifying anything on the internal boundary inside the
earth. The only boundary conditions available to us are
displacements and free surface condition on the surface
boundary. Mathematically this is known as a Cauchy boundary
condition for an elliptic equation and in general results in
unstable solutions for the entire region (Morse and Feshbach,
1953).

Suppose that the problem is reduced to a linear operator
equation Lx = y, where x is the desired solution. When this
problem is ill-posed, there are basically two methods for

remedy (Lunz, 1979). One is known as the regularization
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method in which we use a priori choice of the space of the
permitted solution to avoid instability by modifying the

functional to be minimized. For example, we minimize
J(x) = ||Lx - y|] + ay (%) (30)

instead of solving the equation Lx = y directly where || ||
denotes an appropriate norm, a > 0 and ¥ is a functional
defined on a solution space. This method is equivalent to
the damped least squares (Levenbergs, 1944), the stochastic
inverse (Franklin, 1970) and the generalized inverse (Wiggins,
1972) depending on the property of ¢ and the norm used.

Another way to solve this ill-posed operator equation is
the so-called expansion method. In this method we choose
finite dimensional space Xn and look for a solution in this
space. If [win] denotes a basis for Xn' we look for a solution

of the form
oy Yy (31)

such that

Lx. = y-. (32)



The latter method seems more convenient than the former
if we use the finite element method to discretize the operator
L, because of a large amount of computation for calculating
the norm. On the other hand, in the expansion method we can
choose any solution space so that accuracy and economic
factor can be satisfied at the same time. This can be
attained by appropriate choice of expansion by eqg. (31)
with specific mesh configurations which assure the same
number of knowns and unknowns.

2. Inversion Scheme

Using the finite element method derived in a previous
chapter, we can have discretized form of the operator
equation Lx = Y- Written explicitly, this equation is in a

partitioned form,

k L m n
k K11 Kip K3 Kig | [UrT] TR:T
2 K X K K U* R
21 22 23 24 2 |- | 2 (33)
m K31 K3z K33 K3y U3 R3
n Kypy Kgp Ky3  Kgy U, Ry
- _— - L —
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