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in Elastic and Anelastic Media
by
Roger D. Borcherdt
SUMMARY

The classic problems concerning the reflection and refraction of
plane P and SV body waves at plane boundaries are considered using the
general theéry of linear viscoe\astgcity. which accounts for the behavior
of both elastic and linear anelastic media. Laws of reflection and re-
fraction are derived for general (homogeneous or inhomogeneous) P and
type-1 S waves (SV wa@es) incident on a free surface and a plane welded
boundary.

For anelastic media, the general theory predicts that plane P and
SV waves reflected and refracted at plane boundaries, in general,

a) are inhomogeneous,

b) have elliptical particle motions,

c) have velocities and maximum attenuations that depend on the

angle of incidence and frequency,

d) transport energy in a different direction and at a different

velocity than that of phase propagation,

d) propagate parallel to the boundary for at most one angle of

incidence.
The general theory predicts each of these characteristics for the waves
whenever a plane P or SV wave interacts with a plane boundary between
materials with different intrinsic attenuations; such as a bedrock-
soil, mantle-crust, or core-mantle {nterface. None of the above physical

characteristics of the waves are predicted by elasticity theory.



INTRODUCTION

The theory of general linear viscoelasticity accounts for elastic as
well as linear anelastic behavior of materials. The phenomenological theory,
based on Boltzmann's superposition principle, accounts for energy absorption
by the material due to anelasticity and includes as special cases any model
with a linear constitutive relation, such as the oné‘proposed by Lomnitz
(1957), or the infinite number of models derivable from various configurations
of springs and dashpots, such as elastic, Voigt, Maxwell, standard linear,
and generalized Voigt.

As recently as 1960 Hunter concluded that application of the general
theory to other than one-dimensional wave propagation problems was incomplete.
Lockett (1962) applied the general theory to the two-dimensional problem
of a homogeneous plane wave incident on a welded boundary. He concluded
that 8 new type of wave was required to satisfy the boundary conditions and
that the results exhibited several features not obtained in the elastic
solution. The type of wave that Lockett found necessary to consider is an
inhomogeneous plane wave (that is, a plane wave whose planes of constant
amplitude are not parallel to planes of constant phase; Brekhovskikh (1960)).
Cooper and Reiss (1966), Cooper (1967), Shaw and Bugl (1969), and Schoenberg
(1971) also have considered the problem treated by Lockett. Their results
confirm those of Lockett's and show that in general, a homogeneous plane P
or SV wave upon interacting with a plane boundary produces inhomogeneous
plane waves. Their results show that to consider wave propagation in an-
elastic media with more than one boundary one must consider the more general
problem of an inhomogeneous wave incident on a plane boundary. This problem
is treated in detail in this paper. Characteristics are derived for the
reflected and refracted waves resulting from a general SV wave (either

homogeneous or inhomogeneous) incident on a welded boundary and on a free .



surface. Solutions for the problem of a P wave incident on a welded
boundary are also presented. Results of the previous investigators are derived
as a special case.

Detailed treatments of the physical characteristics and energy associated
with general plane waves in linear-viscoelastic media have been developed by
Borcherdt (1971, i973) and Buchen (1971). The treatment presented by
Borcherdt (1973) provides the mathematical framework for this study and
equations given in this earlier paper, for example, 21, are referred to here
as I-21. These equations show that the physical characteristics of plane
body waves in anelastic media are distinctly different from those of plane
body waves in elastic media.

Previously, anelasticity has been incorporated into studies of the internal
structure of the Earth by introducing an attenuation factor of the form e 2%
where x 1is distance measured in the direction of propagation and a is the
absorption coefficient. Introduction of such a factor assumes that the
waves are homogeneous and that except for attenuation the physical character-
istics of the wave are analogous to those predicted by elasticity. Theore-
tical work (Lockett 1962; Borcherdt 1971, 1972) shows that the boundary
conditions at an interface between anelastic materials, such as those in the
Earth, cannot be satisfied by considering only homogeneous waves. Theoretical
implications of this result are presented in this paper; numerical impli-

cations for the anelastic interal structure of the Earth remain to be evaluated.

GENERAL PLANE-WAVE SOLUTIONS
Let V and V' represent two infinite homogeneous isotropic linear visco-
elastic (HILV) media with a common plane boundary in welded contact. For

reference let (xl. X xg) denote a set of orthogonal coordinate axes
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chosen such that the space occupied by medium V is described by x3 >0
(see Figure 1). Parameters used to characterize medium V are p = mass
density, u = complex shear modulus (I-10), and x = complex bulk modulus
(I-11). Primes are used to denote the parameters of medium V'. Alge-
braically, parameters more convenient for characterizing the material are
the complex wave humbers corresponding to homogeneous P and S waves (I1-25),

given by

kp 2 w/o 2 w/p.v.[(k + %»u)/p]l/z (1a)

and

w/B w/p.v.(u/p)llz. : (1b)

ks
where p.v.(z)‘/2 denotes the principal value of the square root of the
complex number z (Kreysig 1967, p. 535 and 550). Additional relations
useful for later reference between the complex wave number and the

corresponding velocity and Q™' for homogeneous P and S waves are

sz - 2(1 - 1QP")(1 +/ 1+ QP'2 o1 (2a)

v

HP
and
2  er—
ke = y—7 2(1 - 10" (1 + V1 + g7 (2b)
HS

where wvyp . vyo and 21er'l . ZNQS" are the phase velocities (I-30a,
I-32a) and fractional losses in energy density (I-72), respectively, for
homogeneous P and S waves.

Harmonic motions of the media are governed by the equation of motion
(1-14). Solutions of the Helmholtz equations (I-24), which satisfy the
divergenceless gage (I-23b), provide solutions for the equation of motion

(1-14).



To consider only two-dimensional reflection-refraction problems, we
shall restrict the plane-wave solutions for the displacement potentials to
those that have propagation and attenuation vectors in a plane perpendicular
to the plane of contact. In addition, only those solutions representing
plane waves propagating in the positive X direction are considered with
the incident waveé assumed to originate in V.

For medium V, a set of such plane-wave solutions for the displacement

potentials is given by the following:

W
M e

b=¢ +¢ B. exp [-I¢j-r] expli(wt - $¢j-r)] (3a)

J

j=1

and

$=0 +7

1 2

"
LU ne B

¢. exp[-K¢j°;] exp[i(wt - $wj-;)], (3b)

J

j=

where the propagation vectors are defined by

Bos = ke x + (1) dp x, (3c)

Bl = ke X+ (-1)] deg X, (3=1.2) (3d)
with definitions

4. = pov. (kp? = K2)Y/2 (3e)

dg = p-v. (kg* - k2)/2 (3f)

and the attenuation vectors are defined by

LR

[

;1 + (c1)3*1 4 13g)

al 73

-k, x + (-1)t g

px i=1.2), (3n)
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where Cl and Cz are arbitrary complex vectors chosen such that
VeU=0 and k is an arbitrary complex number chosen such that

kR > 0 to ensure propagation in the plus X direction. (The subscripts
R and 1 denote the real and imaginary parts of the corresponding complex
quantities; the signs of da aqg d6 are determined by requiring that the
mean energy fluxes associated with the incident and transmitted waves are
in the negative X, direction.)

A set of solutions in medium V', corresponding to plane waves propagating
away from the boundary with circular frequency w , is specified by attaching
primes to each of the wave parameters in 3a through 3h and setting
5 =g -0

The most general solutions of the Helmholtz equations, I-24a and
1-24b, are ones for which separate complex wave numbers k are taken for
each of the scalar components of Es(j = 1,2) . However, the condition
V-V = 0 immediately implies that those for each of the components of ¥
must be equal. In addition, the boundary conditions for the problems

under consideration will imply that the resulting k for ¢3 and that
for ¢ must be equal (Borcherdt 1971, p. 52). Hence, they are assumed
equal in 3a and 3b without loss of generality. This important assumption
leads directly to an extended version of Snell's law for the reflected and
refracted waves to be discussed later.

The type of inhomogeneous S wave described by the general solution for
'ug in equation 32 depends on the nature of the complex vector fj . If fj
is of the form 2Zn where 2 is a complex number and n s a real vector, then
VY% = 0 dimplies n is perpendicular to a Plane containing the propagation
and attenuation vectors, and that the particle motion is elliptically
polarized in this plane. The characteristics of this type of S wave are

derived in detail (Borcherdt, 1973a). This type will be referred to as type I



and upon introduction of a boundary perpendicular to the plane contain-

ing the propagation and attenuation vectors it can be called an SV

wave, as an extension of the definition given for elastic media.
1f €. isa general complex vector of the form ¢, ;, + c.,;z + C. ;3 .
J J1 J2 ¢ . )3

where cj1 ’ cjz » and cj3 are arbitrary complex numbers chosen such that

vy = 0 , then the particle motion is not necessarily in the plane defined by

the propagation and attenuation vectors. A special case of interest is that

of cjz = 0 with the propagation and attenuation vectors in the x;x; plane.
The displacement field corresponding to such a wave is given by

" . = . - ,o-' - .0-'4' "

Up; = 1051 exp [ 3&3 r}  cos (wt ?;J r + arg[D])x; (4a)
where

Dj = (cjax, - leX3) . (K + 1$wJ (4b)

-}
and Vey = 0 implies
. .+ ) e = - + . .
an(KwJ iﬁwa) X, c (K 13w3) X3 (5)

Hence, the particle motion for this type of inhomogeneous plane S wave is not
elliptical as in the case of type I, but linear and perpendicular to the plane
containing the propagation and attenuation vectors. This type of inhomo-
geneous S wave will be referred to as type II and upon introduction of an
appropriate boundary it can be called an SH wave. The physical properties
and the reflection and refraction of SH waves are considered in a concurrent
paper (Borcherdt, in press).

The solutions 3a and 3b represent general (that is, either homogeneous
or inhomogeneous) P and S waves, respectively. The physical characteristics

of these waves specified by 3 for anelastic media are in strong contrast to



those considered in the classical problems with only elastic media (Borcherdt
1973a). Each of the waves has a velocity and maximum attenuation dependent

on the angle between the propagation and attenuation vectors which, for angles
near 90°, approach zero and infinity, respectively (1-30, I-31). The
velocity and maximum attenuation of an inhomogeneous wave are less than and
greater than those, respectively, for homogeneous waves (I-33, I-34), and
upon introduction of a particular viscoelastic model they assume a corre-
sponding dependence on frequency. For inhomogeneous waves in anelastic media,
the particle motions for P and type-1 S waves are elliptical (I-37, 1-42),
the directions and velocities of maximum energy flow are not the same as

those for phase propagation (I-51, I-53), the mean kinetic density is not
equal to the mean potential energy density (I-58, 1-59), and the mean rate

of energy dissipation depends on the component of the mean intensity in the

direction of the attenuation vector.

BOUNDARY CONDITIONS

A welded contact between media V and V' is ensured by requiring that the
stress and displacement across the boundary are continuous. These restrictions
imply that the following relations between the parameters of the solutions for

V and V' must be satisfied at x3 = 0 ;

e ; _ = ' et
u Y k(Bx * 82) * dB(cxz czz) kBl * dBclz ’ (62)
U, =Y, e dB(cxx- czx) * k(cxa i cza) - dB ‘1 * kcxa ’ (6b)
= ] - - k = X - Y '
Yy U o da(Bx Bz) (sz * czz) dan kcxz ? (6c)

= ' - 2 - 2 =
By = Byt u[2kdm(!31l Bz) + (ds k )(c12 + cn)l

W2KB) + (dp2 - K)e! ] (7a)



v

" psz ’ u[dB(dﬁcxx M kc") + dB(dBczx i kczs)] -

32
u d8 [dch: + kclsl , (7b)
P =p' ,ul-(d,2-k*)(B +B)+2dkic -¢ ) =
33 33 8 1 2 B " 12 22
u'[-(d!? - k2)B' + 2d'kc' ) . (7¢)
B 1 B 12

where cji denotes the i component of the complex vector fj
Consideration of a single incident wave (P, SV, or SH) allows one to solve
these equations for the complex amplitudes of the transmitted and reflected

waves in terms of those for the assumed incident wave.

GENERAL SV WAVE INCIDENT ON A WELDED BOUNDARY

The physical problem to be considered in this section is that of a
general type-1 S wave incident on the welded boundary at an arbitrary angle
and polarized in a plane perpendicular to the boundary. The problem is

specified by setting
B=B'=f'=c.=c1!j=0 for. i=1,2 and j =1,3 (8)

in the general solutions 3a and 3b and in the boundary conditions 6 and 7.
The resulting incident plane wave is given by

A

b= x exp [-le-r] exp[iluwt - 3w1-r)] . (9)

The particle motion of the incident wave is in general elliptical with no x:
component (I-43). As an extension of the definition given for elastic media,
the incident wave is referred to as an SV wave.

For ease of physical interpretation, the incident general SV wave also

is described in terms of its angle of incidence es1 and the angle between its



1

attenuation and propagation vectors YSl (see Figure 2). In terms of these

angles k may be written as

k = |$w’l sin 65 - ilell sm(esl - YSx) (10a)
which for the special case of an incident homogeneous SV wave simplifies to

k = (|$wl| - 1|Kw1|) sin 65 = kg sin 8 . (10b)

Expression 9, together with 3c-3h and 10a, provides a complete specifi-
cation of the incident general SV wave in terms of a given angle of incidence,
es1 » @ given angle between its attenuation and propagation vectors, YSI ,

and a given complex amplitude c12 . The range of values for YS: is

< n/2
0 < lel' n/

For later reference the propagation and attenuation vectors for the incident
wave are written here in terms of the given angle Ys, and the parameters

of the material (I-31),

Im[kszlz 1/2

2/ 1 i
13¢ll-\v/ 5 (Relk¢®) + (Relk¢?)? + co§’§g:") ) (1a)

. . Im[k52]2 l/2
|z@1|= 7 (-Relkg®1+ (Re[k(®)? + mero— ) ) (11b)

cosyg
For the case of a general SV wave incident on a welded boundary, substitution
of 8 into the boundary conditions 6 and 7 gives four equations involving the
four unknown complex amplitudes of the reflected and transmitted waves. The
solutions for these complex amplitudes in terms of those specified for the
incident wave are easily derived using the correspondence principle (Bland
1960, p. 67). Using these solutions and relations 10 and 11, the parameters

of the reflected and transmitted waves may be expressed in terms of those
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for the assumed incident wave. Hence, the boundary conditions can be
satisfied with the general solutions 3a and 3b for the problem specified by
8. Therefore, from a mathematical point of view, the general solution of
the problem is determined and the physical characteristics of the reflected
and transmitted waves can be expressed in terms of those for the incident
waves using the expressions derived by Borcherdt (1973a).

Notation useful for deriving the laws of reflection and refraction in
anelastic media is given in Figure 3. For example, with this notation the

propagation and attenuation vectors for the transmitted P wave are given by

3¢1 keX | - dip X, = l'ﬁml(smep‘xl + cosepxxs) (12a)

and

R

' __A lhz ' : [ | - |_|A.
o1 klx1 + daIx3 |K¢1|[s1n(ePl YPx) X + cos(¢>Pl ypl)xa] (12b)

The form of the general solutions given by 3a-3h yields an extension of Snell's

law, namely

ko = |P sinbg = |$w2| sindg = |3¢2|51nep2 = |3w1| sindg = i3¢lis1nepl (13a)

R )]

and
-k = |le| S‘“(eS, - YS;) = |Kw2| s1n(eSz - YSz) = |K¢2| 5‘"(ep2 . sz) -
|K¢1| sin(eél- YS,) = |K¢ll s1n(epx- ‘Ypl) . (13b)

Introducing the phase velocities of the various waves given by I-30a,

13a may be rewritten as



v ¢ @ ' o
19,1 A L I L/ N I Y

———— = Y ) ] : L} : i
sTn 95: Tﬁ@l]s1n eS; sin GS: sin GP2 sin eSl sin GP1

Relations 14 and 13b show, respectively, that the apparent velocities and

apparent attenuations along the boundary of the reflected and transmitted

15

waves are equal to.that of the incident wave. Expression 14 for the velocities

is similar in appearance to expressions that have been derived for elastic

media (equation 3-9, Ewing, et al. 1957 ). However, in the case of anelastic

media, the physical meaning of 14 is different. It will be shown that the
phase velocities of the transmitted waves and the reflected P wave expressed
in 14 are in general phase velocities of inhomogeneous waves and they depend
on the angle of incidence. In addition to phase velocity other physical
characteristics of inhomogeneous waves are also significantly different from
those of homogeneous waves; hence, it is of considerable interest to examine
under what conditions the reflected and transmitted waves are inhomogeneous.
For the reflected SV wave equations 3d and 3h show that |ﬁ@11 = |§¢2l
and Ii&ll = llizl , hence 13a shows that the angle O, at which the
general SV is reflected, equals the angle of incidence eS1 and 13b shows

Yg, = YS: . Hence, the reflected SV wave is homogeneous if and only if the

1
incident SV wave is homogeneous. The phase velocity of the reflected SV
wave is independent of the angle of incidence. It equals that of the
incident SV wave and varies between 0 and “VkSR depending on the given
angle Ys,

For anelastic media it is clear that if the incident SV wave is inhomo-
geneous then in general the reflected and transmitted waves are also in-

homogeneous. A basic result for the case in which the incident SV wave is

homogeneous is

Theorem 1. If the incident SV wave is homogeneous and not normally incident,

then
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1) the reflected P wave is homogeneous if and only if

Q™' =0Q ' and sin®og < kp?/kg? = up/(kp + %—uR) = Vs /v o (152)
2) the transmitted SV wave is homogeneous if and only if

Q' = Q;" and sinzesx < kg?/kg? = p'up/oup = v vt (15b)

3) The transmitted P wave is homogeneous if and only if

QS" = Q;" and sinzeSx < kéz/ksz = buR/[o(Ké + %“é)] = vHsz/v}"P2 . (15¢)

Theorem 1 is proved in appendix 1. (The restriction involving the angle of
incidence es1 in 15b is automatically satisfied if media V and V' are such
that Qg' = Q;'l and vic < Vo - Similarly, the restriction on 65
in 15c is satisfied if Q¢ ' =0y ' and vy, < vy .) If the incident
SV wave is both normally incident and homogeneous, then 13 shows that the
reflected and transmitted waves are also homogeneous with propagation and
attenuation vectors perpendicular to the boundary.

For materials in the Earth Qs"# Qp'1 and for most seismic boundaries
QS" # ds" and QS" # dp" . Hence, the contrapositive of theorem 1
shows that in general the reflected P wave and both transmitted waves generated
at boundaries within the Earth are inhomogeneous for all non-normal angles
of incidence. This important result, first derived in part by Lockett (1962)
shows that the physical characteristics of reflected and refracted waves in
anelastic media are significantly different from those of corresponding waves
in elastic media. For example, the reflected P wave and both transmitted
waves each have in general a velocity less than and maximum attenuation

greater than that of a corresponding homogeneous wave, an elliptical particle
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motion, and a direction of maximum energy flow different from that of

phase propagation (see the second section and Borcherdt (1973a) for other
distinctive properties). In addition, the theorem shows that to consider
plane wave propagation problems in multilayered anelastic media, one must
consider the problem of inhomogeneous waves incident on a plane boundary.
Therefore, the theorem justifies the generality assumed in 3 for the

incident waves.

The velocities of the reflected P wave and the transmitted waves are

given by
Vol = w/[B, | = w/kp? + d o202, (16a)
Vo, | = w/[B; | = wrtcp? + )02, (16b)
|V§1I = w/léﬁll = w/(kp? + déRz)’/2 (16¢)

Substituting 10a into these expressions shows that for anelastic media the
velocities of the reflected P and the transmitted waves depend on the angle

of incidence, in contrast to the situation for elastic media. As a result,

14 shows that the ratios sin:epzlsin es1 s, Sin eéx/sin es1 and sin e;l/sin BS1 ’
which are often referred to as reflection and refraction indices, in general,

are not constant as in the elasticcase but also depend on the angle of

incidence.

The refraction angle for the transmitted SV wave is given by

tan e;: ke/dgp = (V2k)/V (kg2 = k2| + Relkg? - k2] (17)
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from which it is easily inferred that an SV wave composed of

several different frequencies incident at a fixed angle will be refracted

as a fan of SV waves if either medium V or V' is anelastic. If both media
are elastic, then all of the transmitted SV waves will be refracted at the
same angle. Similarly, an incident SV wave composed of several different
frequencies will generate fans of reflected and transmitted P waves if either
medium is anelastic.

Critical angles have played an important role in seismology based on
elasticity theory. However, the conditions under which they exist for
anelastic media have been somewhat obscure. Different results have been
obtained by Lockett (1962), Cooper (1967), and Schoeberq (1971) for the case
of incident homogeneous waves. The remainder of this section is devoted to
establishing conditions in some detail under which critical angles exist
for both homogeneous and inhomogeneous waves incident on the interface.

For explicitness, a critical angle for the reflected P wave is defined
here as an angle of incidence for which the reflected P wave propagates
parallel to the interface. Analogous definitions are used for the trans-
mitted waves. To investigate the existence of critical angles it is useful
g da ’ dé and d& were defined as the principal
values of the square roots of complex numbers (Kreysig, 1967, p. 550), for

to recall that d

example, da may be written as

dy = V{Id |2 + Red *1)/2 + 1 sian (In(d *)1v/(Id |? - Re(d *1)/2 (182)

o ————

where



da’ = '-‘s’”‘i:’/"s’) - sin? b, ] (18b)

for an incident homogeneous SV wave.

The classic resu.ts of elasticity theory are given by theorem 1 with

Q' = Q' = Q' = Q) =0  and the definitions of d . d, . 3
and d& . Namely, for elastic media;

1) each angle of incidence satisfying

sin 951 > vHS/vHp (19a)
is a critical angle for the reflected P wave,
2) if vﬁp < Vs then no critical angles exist for the
transmitted waves,
3) if VQS < Vys < vﬁp then the angles satisfying
sin '
8. 2 Vus/Vip (19b)
are critical angles for the transmitted P wave,
4) if Vs < v'HS then the angles satisfying
sin es1 > vHS/vljlp (19¢)
are critical angles for the transmitted P wave and those
satisfying
sin 65 > Vyo/Vis (19d)

are critical angles for the transmitted SV wave.
Theorem 1 shows that for elastic media those waves corresponding to
equality in 19a-d are homogeneous and those corresponding to strict in-
equality are inhomogeneous with propagation and attenuation vectors parallel

and perpendicular, respectively, to the interface. The inhomogeneous waves

19



propagate with a phase velocity equal to the apparent phase velocity along
the interface of the incident wave. (Note, this situation shows that
the phase velocity of an inhomogeneous wave in elastic media is not unique
for a given value of Yg as it is for anelastic media (see I-30 and 1-31).)
The preceding results show that if elasticity is used as a model for
the earth, then critical angles exist in a wide variety of situations. How-
ever, we shall see that for an anelastic earth critical angles, as defined
above, in general do not exist.
If the incident medium is elastic and the refraction-medium is anelastic,
then the situation is summarized by

Theorem 2. V elastic and V' anelastic implies

1) each angle of incidence satisfying

SINBg 2 Vys/Vip

is a critical angle for the reflected P wave,
2) no critical angles exist for either transmitted wave.
The first part of this theorem follows immediately from the definition of
da and theorem 1. The second part follows from 13a and the fact that the
propagation and attenuation vectors for the transmitted waves in an
" anelastic medium cannot be perpendicular (Borcherdt 1973a, p. 2445).
If the incident medium is anelastic, then the situation is described by

theorem 3 and its corollaries.

Theorem 3. If V is anelastic and if 951(651 ¢ n/2) 1is a critical angle for:

1) the reflected P wave, then

kpR kpy

tan Y = (sin’eSI - g ks )/ (sin 6g,cos es,) . (20a)

p s
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2) the transmitted SV wave, then

ksrkst
tan yo - (sin?6. - ———=)/(sin 6. cos b ). (20b)
51 S1 kepkey 5y

3) the transmitted P wave, then

kprKpy

tan o = (sin?6. -

——)/(sin es cos By ) (20c)

The proof of theorem 3 is given in appendix 2.

If we do not restrict the nature of the incident wave (that is, it may
be either homogeneous or inhomogeneous), then we may deduce immediately the
following results from theorem 3.

Corollary 3-1. If V' is elastic and V is anelastic, then for a given value

of Ys, there exists at most one angle of incidence, namely eS; = Ys, such
that the transmitted waves are interface waves (that is, if 95l # Ys,

then esl is not a critical angle for either transmitted wave).

Corollary 3-2. If both media are anelastic then:

1) for a given value of Ys, there exists at most two critical

angles for the reflected P wave and each of the transmitted waves,

2) if BS1 - < 0 , then no critical angles exist,

'Ys1
3) no critical angles es1 (eSl # n/2) exist
a) for the reflected P wave if

cos vg kpgkpy/(kgpkgy) > 1,

b) for the transmitted SV wave if

cos vg, kegksy/kggksy) > 1 s

c) for the transmitted P wave if

cos vg kpgkpr/ (kggkgr) > 1
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4) at most, one critical angle given by

tan 65l = -1/tan Ys,

a) exists for the transmitted SV wave if the parameters of V and
V' satisfy

129 & 2
Impcs ] = Imk*1 #0 ,

b) exists for the transmitted P wave if the parameters of V and

V' satisfy Im[kF',z] = Im[k52] #0
If we consider only incident SV waves that are homogeneous (that is,

Yg, * 0), then we have the following additional results from theorem 3.

Corollary 3-3. If V' is elastic, V is anelastic, and the incident wave is
homogeneous, then no nonzero critical angles exist for either transmitted
wave. A result of special interest for materials in the Earth is

Corollary 3-4. If both media are anelastic, the incident SV wave is homo-

geneous, and esl(esl-f m/2) is a critical angle for;

%!

< %" v Vg S v}'{S , and the

1) the reflected P wave, then Qs" <
2) the transmitted SV wave, then QS‘l
critical angle is given by

in2 s 12 .29 o 2p(p! "1 ' 2 -1
sindg = Imk ¢*)/Imkg®] = vy *F(Qg ')/ vy *F(Qg 1)1 (21a)
where F is defined by

F(og™) =07/n + (1 + o™ 2y (21b)

3) the transmitted P wave, then QS" < QP'l ' Vs S Vip and the

critical angle is given by

sin?6g = Imk p*1/Imk () = v, *F(Qp™" )/ [vp®F(Qg ™)) (21c)
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where the function F is defined by 21b.

Corollary 3-4 is proved in appendix 3. A portion of this result was first
derived by Lockett (1962).

For a SV wave incident at oblique angles on a boundary such as a soil-
bedrock, crust-mantle, or mantle-core interface, theorem 1 shows the
reflected P wave gnd both transmitted waves will be inhomogeneous and the
contrapositives of corollary 3-4 show that these inhomogeneous waves don't
propagate parallel to the boundary. These results are in contrast to those
derived assuming the Earth is elastic.

In the special case, that the intrinsic attenuations on the two sides
of the boundary are equal, we have the following result.

Corollary 3-5. If both media are anelastic and the incident SV wave is
homogeneous, then:

1) if QP" = QS'l there is one and only one critical angle for

the reflected P wave given by
.2 cL. 2/1 2 = 4 - 2 2
sin es] k'p /'K uR/(KR *+3 uR) Vis /vHP , (22a)

2) if Q"' =0Qc'and vy <vic , there is one and only one

critical angle for the transmitted SV wave given by
sn 2 = 12 2 - ' 1) = 20 2
sin®og = K/ k® = (p'up)/(oup) = vyue®/ Vs (22b)

[}
3) if Qp‘x = Qs'l and Vs < vﬁp » there is one and ?n1y one
critical angle for the transmitted P wave given by
.02 e L'2/L 2 = (Al v 4 - 2,0 2
sin®eg = k% ks (p'up)/ el + Zup)l = v 2/vi® . (22¢)

The proof of corollary 3-5 is given in appendix 4. Corollary 3-5 and 10

show that elastic solids are the only viscoelastic solids for which
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eauality of the intrinsic attenuation factors implies that the reflected
P wave and the transmitted waves will propagate parallel to the boundary for
more than one angle of incidence.
For purposes of mathematical completeness a partial converse of theorem
3 for the reflected P wave is
Theorem 4. If medium V is anelastic and (20a) is satisfied, then either

6 js a critical angle or the direction of maximum attenuation for the

S
reflected P wave is parallel to thg boundary. The proof of theorem 4 is
given by reversing the steps in the proof of the first part of theorem 3.

An immediate corollary is

Corollary 4-1. For every angle of incidence esl(eSl # n/2) and for every
anelastic solid there exists one and only one YS: associjated with an incident

SV wave such that either 6 is a critical angle for the reflected P wave

Sy
or the direction of maximum attenuation for the reflected P wave is parallel

to the boundary.

Similar results may be easily derived for the transmitted waves.

GENERAL SV WAVE INCIDENT ON A FREE SURFACE

If V' is taken to be a vacuum, the boundary of V becomes a free surface
on which the stress vanishes. The problem of a general SV wave incident
on the free surface is specified by 8 and by setting the amplitudes
corresponding to waves in V' equal to zero. As before, the form of the

general solutions 3a-3h implies a modified form of Snell's law, namely;

> . > . o= .
IVS,/ sin Og lvszl/ sin o = |vP2|/ sin 8y (23a)

and

lKW1| sin (eSl - YSx) = Ilwzl sin (e52 - ysz) = |K¢2| sin (ep2 - sz) (23b)
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from which it follows that the velocity of the reflected P wave depends on
the angle of incidence. Each of the properties of the waves reflected from
a welded boundary derived in the preceding section for the reflected waves
is also valid as stated for the waves reflected in this case from a free
surface. These properties are not restated here (see Borcherdt (1971) for
details).

The boundary conditions specified by 6 and 7 simplify significantly for
the free surface problem and permit some additional conclusions. Equations

6 and 7 simplify to

- 2_p2 -
ul 3<daB2 + (dB k )(c12 + czz)] 0 (24a)
and
- 2 - 2 - =
ul (dB k )B2 + 2dek(c12 sz)] 0 (24b)
and they readily admit solutions
» = 2 _ g2
Bz/c12 4d8k(d8 k?)/g(k) (25a)
and
= 2 _ 2 _ p2y2
cu/c12 (4dad8k (dB k?)%)/g(k) (25b)
where
= 2 2 _ K2y2
g(k) = 4dad6k + (dB k2) . (25¢)

For a non-trivial incident wave c, ¥ 0 and equations (24a) and (24b)
show that g(k) # 0 . Since the root of the equation g(k) = 0 1is the

complex wave number for a Rayleigh-type surface wave on a viscoelastic



half-space (Borcherdt 1973b), this result shows that a general plane SV wave
upon interacting with a free surface does not generate a Rayleigh-type
surface wave.

The amplitude and phase of each reflected wave may be written down
immediately in terms of those for the incident wave from expressions 25a and
25b.

In the case of an elastic medium, a normally incident SV wave does not
generate a dilatational disturbance upon interacting with the free surface.
However, in the case of a vertically incident inhomogeneous wave in anelastic
media, a dilatational disturbance is reflected from the free surface. To see
this result suppose no dilatational disturbance is generated, then equation
25a implies either k = 0, dB =0 or dB2 -k?=0 . The first
alternative is not possible since the assumed form of the incident wave
implies k = i IKw’lsin Ys, # 0 , and the latter two alternatives are _not
possible since the medium is anelastic. Hence, the amplitude of the reflected
P wave is not zero and a dilatational disturbance is reflected from the
free surface. If the normally incident SV wave is homogeneous, then
k = kss1n es1 » and equation 31a shows that there is no dilatational dis-
turbance reflected from the free surface.

For an elastic half-sapce angles of incidence exist such that the
incident SV wave is entirely reflected as a dilatational wave. The following
theorem shows that such angles exist for only a restricted class of visco-
elastic solids of which elastic is a special case.

Theorem 5. If the incident SV wave is homogeneous and there is a nonzero
angle of incidence for which the amplitude of thé reflected SV wave is
zero, then the solid is such that QS’l = QP-I .

Theorem 5 is proved

in appendix 5. The contrapositive of theorem 5 shows that for anelastic

44]



materials in the earth for which QS"f QP" , the amplitude of the
refiected SV wave is nonzero for every nonzero angle of incidence of

the incident homogeneous SV wave.

GENERAL P WAVE INCIDENT ON A WELDED BOUNDARY
The problem of a general P wave incident on a welded boundary is

specified by setting

t =T = Bi=cly=c =0 (j=1.3) (26a)

1 2

in 3, 6, and 7, which results in the incident general P wave being given

by

6 =B exp{-K¢1-r} expli(uwt - 3¢1-r)] ) (26b)

Notation for the problem is summarized in Figure 4. kis given by

k =|3¢1| sin epl— 1|K¢1( sin(epl- YP,> (27)

where the given parameters of the incident wave are B ,
]l

6p (0 <0y <m/2), and v, (0 < IprI < m/2)

Proofs of the following results are similar to those given for the incident
SV problem.
The extension of Snell's law 1is

- . - - . = 12 . = 12 . -
|v91|/51n 8, = w/kg w/(IP¢1lswn Qpl) 'szl/ sin 6 [vszl/_s1n 6

-
e

Vg, 1/ sin 6y = [Vg |/ sin g (282)

(44



28

‘eLpaw J13SE[302S LA |eddudb uldamjaq
K4epunoq pap|am e U0 JUIPLIUL DABM |RJUBUSD B 404 SOABM PI}IRUSDUA pue *Ppa3I3[JB4 *JUBPLOUL Iy}

404 S40323A uotjenudjje pue uopjebedodd ayj 4O SuUOLIdAJLP BY) BuLy3p Y3 safdue jo Suotjiutydg ‘p ‘64

d G3403743¥ Sx AS 031237434 $x AS IN3QIDNI

f

(X'W'9:A)

LYW 95 A)

d 0310vHdi3N AS 0310VH4i3Y



29

and

.kI = |K¢x| sin (er - Ypl) e [K%l sin (ep2 - sz) e m%' sin (652 - Ysz)
IR, | sin (e - vp ) = IR | sin(6g -v5) . (28b)

The reflected P wave is homogeneous if and only if the incident P wave
is homogeneous)and its phase velocity is the same as that of the incident P
wave. If the incident P wave is inhomogeneous, then it is clear that the
reflected SV wave and both transmitted waves in general will be inhomogeneous.
Theorem 6. If the incident P wave is homogeneous and not normally incident,
then:

1) the reflected SV wave is homogeneous if and only if

Qp '=0 "' . (29a)

2) the transmitted P wave is homogeneous if and only if

Q' =05 " and sin Bp < kp?/kp? = p'(kp + -%— up)/ [o(xp + —%—'uR)]

= vHPZ/v;P2 . (29b)

3) and the transmitted SV wave is homogeneous if and only if
“1_ ' . 2 "290 2 - (. 4 'L 2., 2

If the incident P wave is homogeneous and normally incident, then the reflected
and transmitted waves are also homogeneous with propagation and attenuation
vectors perpendicular to the boundary.

Theorem 6 shows that both transmitted waves and the reflected SV wave
generated by a P wave incident on a boundary between anelastic materials in
the Earth are in general inhomogeneous for each oblique angle of incidence.

Thus, the physical characteristics of reflected and refracted waves in
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anelastic media are different from those in elastic media (see the second
section and Borcherdt 1973a ).

Equations 1-30, 3c-h, and 27 show that for anelastic media the velocities
of the reflected and transmitted SV waves and the transmitted P wave depend
on the angle of incidence. As before, if the incident wave is composed of
several different frequencies, then fans of reflected SV and transmitted P
and SV waves will be generated in anelastic media.

If both media are elastic, then the classic results for critical angles

are easily derived from theorem 6 and the definitions of da . dB . da and

dB . If medium V is elastic and medium V' anelastic, then no critical angles

exist for the transmitted waves.
Theorem 7. If V is anelastic and if eP (ePl # n/2) is a critical angle for:

1) the reflected SV wave, then

kepk
tan -YPl = (Sinzepl - kSRkSI )/(Sin epl cos epl) 14 (30a)

PR™PI

2) the transmitted P wave, then

Kanke
tan Yp, T (sinzeP - ;EBEEL )/ (sin 8p, cos er) ’ (30b)

1 PR PI
3) the transmitted SV wave, then

tan = (sin%e, - kéRkéI )/(sin 6, cos 6, ) (30c)
P, Py " Kppkpg Py P

Corollaries analogous to corollaries 3-1, 3-2, and 3-3 are implied immediately
by theorem 7. A corollary of special interest for anelastic materials in the
Earth is
Corollary 7-1. If the incident P wave is homogeneous and if both media are
anelastic, fhen:

1) if medium V is such that Vus < Vyp  » the angle of reflection

es2 for the reflected SV wave is less than the angle of reflection
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] for the reflected P wave and there are no critical angles for

P2
the reflected SV wave,

2) 1if ePl (6Pl ¥ n/2) 1s a critical angle for the transmitted

[ ]

P wave, 1t follows that Q,™' < Q™' , vy < vgp and the

critical angle is given by
[} ' ! -
sinfep = Imlkp®1/Imikp?) = vy ?F(Q 1)/ (vyp?F(Q™Y)) 4 (31a)

3) if ePl (ePl # n/2) 1{s a critical angle for the transmitted SV
. -1 '-1 ! ca
wave, it follows that Qp ° < Qg * » vyp € Vyg  and the critical

angle is given by

Sinzepl = Im[kézlllm[kpzl = VszF(Q;-x)/(VHSZF(QP-I)) ’ (3]b)

where the function F in 31 a and 31 b is defined by 21b.
An additional corollary analogous to 3-5 is
Corollary 7-2. 1If both media are anelastic, and the incident P wave is
homogeneous, then:
1) if QP'l = QS'1 no critical angles exist for the reflected waves,
2) if Q;" = Qp'l and VHPZ < vépz there is one

and only one critical angle for the transmitted P wave given by

[} ] ' t '
sinep = kpi/kp? = (0 /p) (kg + = )/ (kg + 3= wp) = v/t (322)

3) if Qg '=Q ' and v < V.o there is one and only
one critical angle for the transmitted SV wave given by
sin20, = ke2/k.2 = (p /0) (Ko + —— 1) 1 = Vuo2/Ve? (32b)
P, s /%p P /PIKR T 3T WRI/MR T Vyp MVys -

Results analogous to theorem 4 and corollary 4-1 may also be derived for the

problem of an incident P wave,
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DISCUSSION

The general theory of linear viscoelasticity, based on Boltzman's
principal of superposition, accounts for the behavior of both elastic and
linear anelastic materials and is independent of any particular viscoelastic
model. As a result the general theory provides a general mathematical
framework for considering wave propagation in the earth (Savage and Hasegawa,
1967), and in particular the classic P-SV problems solved herein.

The physical characteristics predicted for body waves in layered
anelastic media are significantly different from those for corresponding body
waves in elastic media. For anelastic media, the reflectd and refracted P and
SV waves are, in general, predicted to be inhomogeneous for all non-normal
angles of incidence and as a result exhibit: elliptical particle motions,
velocities and maximum attenuations which depend on frequency and the angle of
incidence, and velocities and directions of maximum energy flow different from
those of phase propagation. These physical characteristics predicted for P
and SV waves refracted at boundaries between materials with different
intrinsic attenuations such as a bedrock-soil, mantle-crust, or core-mantle
interface provide insight into the nature of anelastic waves and may be useful
for inferring anelastic properties of earth materials.
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APPENDIX 1

The purpose of this section is to prove theorem 1. A useful lemma is
Lemma 1. kpz/ks2 is a real number if and only if QP" = QS" , in which
2 2 = _ﬂ_ e 2 2
case kp®/ke? = up/lcg + == up) = vt/ v
Lemma 1 follows immediately from the following relations which are

easily derived from 1 and 2;
4 - -
kp?/ke?= [up/(kp + = up)1 [(1 + Q71 )/(1 + Q7))

v 2
kpifg? = 3 10+ 10T+ VI # g7 - 10,7/ (1 - 1067

To prove the "only if" part of theorem 1 for the reflected P wave assume
the reflected P wave is homogeneous (YP2= 0) , then 13 and 1-29 imply
2 2L 2 ein? -
k? = kp? sine, (1-1)
and

22 L 2 _ 2=} 2 2 -
da kP k kp cos ep2 . (1-2)

These relations, together with 10b, imply kPZ/kS2 is a real number for

eS1 # 0 and
2 2
dgz = k? -1 >0 . (1-3)
k kS sin 65

Hence, Temma 1 and 1-3 give the desired conclusion that
“1_.q "1 . 2 2/ 2 = 4 . 2 2 -
Qg Q% and  sin b, < kp“/kg uR/(KR Ml el VY AL TSV (1-4)

Converseley, if 1-4 is valid, then kpzlks2 is a real number from which
it follows that daz/kz is a non-negative real number. Therefore da/k

is a real number, say c¢ , which implies



Substitution of 1-5 into 3c and 3g with j = 2 shows that the propagation
and attenuation vectors for the reflected P wave are parallel, that is to

say the reflected P wave is homogeneous. The results stated in theorem 1 for

the transmitted waves may be proved in a similar fashion.

34



35

APPENDIX 2
The purpose of this section is to prove theorem 2 for the reflected
P wave. The proofs for the transmitted P and SV waves are similar.

1f esl is a critical angle for the reflected P wave, then $92 is

~

parallel to X and 3c  implies daR = 0 which implies

2 = = - = -
Im[da ] 2 daRdaI 2 kpok 2 kRk 0o . (2-1)

PR™PI I

Equations 10a and 1-29 show that for V anelastic  kpk; = -lﬁw’lliwlln

sin eS: sin (6Sl - YS,) » Mmay be written as

kpkp = kgpkgy  sin 6 sin(eSl - YS1)/ cos yg - (2-2)

Substitution of 2-2 into 2-1 yields

sin eS; sin(eSx - YS) = (cos Ysl)(kPRkPI/kSRkSI) . (2-3)

which simplifies with trigonometric identities for eS: ¥ n/2 to the desired

relation 20a.



APPENDIX 3
Part (2) or corollary 3-4 for the transmitted SV wave is proved in this
section. Analogous proofs are deduced easily for the reflected and transmitted

P waves.

Suppose esl is a critical angle for the transmitted SV wave and that
the incident wave is homogeneous, that is Yg, © 0 . Theorem 3 implies for

esl ¥ n/2 that the critical angle is given by
. 2 " ‘2 2 .
sin esl Im[kS ]/Im[kS ] (3-1)
and simplification with 2b gives part of the desired result:
. 2 . '2 29 = 2p(n -1 "2 -1

where

Flo) = o7/ s VT4 (0™ (3-3)

In addition, 3c implies dBR = 0 , hence the definition of dB (3f) implies

.2 )
dg” = 'dBI

2 2 Re[ké*] - Relk?] (3-4)
which shows

Relks?] - Relk?] < O . (3-5)

By assumption, the incident wave is homogeneous, hence 10b implies that 3-5
simplifies to

]
27 _ cin2 2 -
Relkg’) sin esl Re[kS 1<0. (3-6)
Substituting (3-1) into (3-6) yields

Relkg?] < Imlkg?IRe[k¢?)/Imk?] (3-7)

36
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Since Relkg?) > 0 (Borcherdt 1971, p. 25), 1-72 shows that 3-7 implies

an additional part of the desired result

07t < o . (3-8)
Equation 3-2 shows that

(Vs 2/ vps?) (F(QGT1)/F(QST)) < 1 (3-9)
and (3-8) implies
F(Og™) < F(Qg™Y) (3-10)

Equations 3-9 and 3-10 yield the desired final conclusion
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APPENDIX 4
The purpose of this section is to prove corollary 3-5 for the reflected P
wave. Proofs for the transmitted waves are similar.
From 3c, the component of the propagation vector for the reflected P

wave is daR given by (see 18)

dop = \/(|kp2 - k2| + Re[kp? - k2))/2 . (4-1)

Since the incident SV wave is homogeneous, 10b shows k? = ks2 sinzes’
hence,

k 2
kp? - K2 = kG2( r;-, - sineg ) . (4-2)

By lemma 1 (appendix 1), QP'1= QS" implies kpzlks2 is a non-negative

real number and
p2/k? = up/ (kg + 5= 1) = Vus®/vp? - (4-3)
QS'1 = Qp" implies vHsz/vaz <1 , and substitution of 4-2 into 4-1

together with 4-3 shows there is one and only one angle of incidence, namely

sin? es1 = uR/[KR + (4uR/3)] = vﬁszlva2 , such that daR 0 , that is,

such that the reflected P wave is an interface wave.



APPENDIX 5
The purpose of this section is to prove theorem 5.
Suppose es1 is a non-zero angle of incidence such that the amplitude,

c,, ° of the reflected SV wave is zero, then 25b implies
212 2,12Y ¢ (d 272 o 1) -
16(da /k )(d8 /k*) (d8 /k 1) . (5-1)

By assumption the incident SV wave is homogeneous, hence,

k = kg sin 8¢ (5-2)
and the definition of dB (3f) implies
2712 = ein~28 .1 = -2 _
dB /k sin 651 1 = tan GS1 (5-3)
Equation 5-3 shows dB’/k2 is a real number, hence 5-1 shows d ?/k
is a real number, which, using 3e and 5-2, imply
2127 = 2 2¢4n2 = 2/ 21/ein2 = -
Im[dOL /k?] = Im[(kP /(kS sin 951)) =11 Im[kP /kS 1/sin es1 0o . (5-4)

Equation 5-4 shows kP2/k52 is a real number, hence lemma 1 (appendix 1)
implies the desired result

Qp-l = Qs-l . (5'5)

39
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