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INTRODUCTION

The process of estimating the quantity of undiscovered crude o0il or natural
gas in a province is a complex problem that will be assumed to consist of
four stages. This paper deals with the last stage. 1In order to get a complete
picture of the whole process, the first three stages are briefly summarized.

The first stage is the information or data-gathering stage and is outlined
as to the types of data compiled as follows.

A. Data Compilation

1. Petroleum geology.

2. Exploration history.

3. Production and reserves statistics.
4, Analog selection.

5. Seismic data.

The second stage involves the analysis of the data and is outlined as to
the major categories of resource appraisal methods.

B. Data Analysis

1. Geological and geophysical interpretation.
2. Extrapolation of historical trends.

3. Areal or volumetric yield methods.

4. Geochemical material balance equations.

5. Play analysis.

The third stage is the making of a direct subjective estimate by a resource
appraisal team of geologic experts using a Delphi type of approach which is a
forecasting procedure. The third stage is outlined as to the steps that the team
members go through.

C. Direct Subjective Assessment

1. Geology and results of methods of stage B are discussed.

2. Each member determines his own conditional probability curve of potential

resources.

3. Team reviews all conditional resource estimates.

4, One or more revisions are possible.

5. Conditional resource estimates (curves) are averaged.
The resource assessment procedure results in the probabilistic estimation of two
uncertain events: (a) the presence of the assessed hydrocarbon, thereby obtaining
an estimate of the probability that the resource is present, and (b) its quantity, if
present, which involves conditional probability, thereby obtaining conditional

resource estimates.



Conditional probability is useful in practice for two reasons. First, -

in calculating a desired probability or expectation it is often extremely useful

to first "condition'" on some appropriate event, e.g., "oil is present." Second,
we are at times interested in calculating probabilities and expectations when some
partial information is available; hence, the desired probabilities and expectations
are conditional ones. Therefore, conditional probability can be a means to an end
(a tool) or an end in itself (a main interest).

The purpose of this paper is to present probabilistic methodology for processing
the probabilistic assessments of undiscovered hydrocarbon resources which is the fourth
stage. The problem is to determine the probability distribution of the quantity of
resource from the estimates of the probability that the resource is present and the
conditional probability distribution of the quantity of resource given that the
resource is present. From this judgmental resource distribution and its properties,
such as the mean, point and interval estimates of the quantity of undiscovered
resource are obtained.

Estimates are made of the quantity of undiscovered crude oil and natural gas
which is classified into two types.

Natural Gas Definitions

1. Non-associated gas is natural gas that is not in contact with significant
quantities of crude oil in the reservoir.

2. Associated-dissolved gas is natural gas that occurs in z crude oil
reservoir, either as free gas (associated) or as gas in solution in the
crude oil (dissolved). Associated gas is often called "gas-cap gas."

Probability distributions and their properties are established for several
petroleum resources in a province.

Petroleum Resources Estimated in

Part 1. O0il and non-associated gas.

Part 2. Associated-dissolved gas.

Part 3. O0il plus its associated-dissolved gas.

Part 4. Total gas (sum of non-associated gas and associated-dissolved gas).

Part 5. Petroleum resources in two or more provinces.

This paper includes nearly all of the probabilistic methodology used in
Dolton and others (1981). Also included are some methods that were not used
in that report. Computer programs and graphics routines are illustrated with

examples from that study.



PART 1. OIL AND NON-ASSOCIATED GAS
It is assumed that oil and non-associated gas are separately and
independently assessed in a province. Let
X: Quantity of undiscovered resource
where the resource of interest is either oil or non-associated gas. Treating X
as a random variable with range x>0, a probability distribution of X will be
determined. From this judgmental resource distribution and its properties,
estimates of the quantity of undiscovered resource are obtained.
Let the more-than cumulative distribution function (more-than cdf, also
referred to as the complementary cdf) be denoted by
F(x) = P(X > x)
which is the probability that the quantity of undiscovered resource is more than
the amount x. Other equivalent phrases used instead of '"'more than" are

"exceeding" and "

greater than." The cumulative distribution function (cdf) is
defined by
F(x) = P(X < x) = 1 - F(x)

which is the probability that the quantity of resource is at most the

amount x. The probability density function (pdf) is given by

f(x) =

dx T ax

The following notation will be used:

u, : Mean of X

m,, : Median of X

oi : Variance of X

o, : Standard deviation of X

Because Wy, or my can be used aé.'poidt" estimates of the quantity of

0}

undiscovered resource, they are called the mean estimate and median estimate,

respectively.



Let Xa denote the amount of resource such that

F(x ) =P(X>x ) =a.
a a

Examples:
a) P(X > x0.95) = 0.95; X5 95 is called the 95th fractile.
b) P(X > XO.SO) = 0.50; X050 is called the 50th fractile.
c) P(X > XO.OS) = 0.05; X0 05 is called the 5th fractile.

Note that me = Xy gqs i.e., the median is the 50th fractile. Also,

P(x <X <x ) = 0.90.

0.95 0.05

Hence, resource estimates will be obtained for the province such that
X g5 Tepresents a low resource estimate

and
Xy o5 Tepresents a high resource estimate.

The range from low to high estimates forms an "interval' estimate of
the quantity of undiscovered resource.
In order to determine the above quantities of interest, a conditional
probability approach will be used. Because
P(X > x) = P(X > 0, X > x) x>0,
we have the important relationship

P(X > x) = P(X > 0)P(X > x|X > 0),
where

P(X > 0) is the probability that the resource is present, called traditionally
the marginal probability,

P(X > x|X > 0) is the conditional probability that the quantity of resource
is more than the amount x given that the resource is present, called
the conditional more-than cdf.

Therefore, the assessment procedure depends upon probabilistic estimation

of two uncertain events: (a) the presence of the assessed hydrocarbon, and

(b) its quantity, if present.



The Marginal Probability

Let the marginal probability be denoted by p, i.e.,

p=P(X>0).

Note that

1-p="PX-=0)

which is the probability that the resource is not present. (The marginal
probability is also referred to as the '"adequacy chance" in the oil and gas
industry.)

As an example, in assessing undiscovered recoverable oil, an assessment
must be made as to its presence in commercial deposits within the province.
Although the assumption of its presence may be made with confidence in
already producing provinces, this assumption cannot be made with certainty
in areas where no economically recoverable petroleum has been discovered.

In frontier areas where there has been little or no drilling, there is a risk
that no recoverable petroleum exists. Therefore, the likelihood of any
recoverable resource being present is estimated. A marginal probability is
estimated for the event '"recoverable oil present" or for the event 'recoverable
non-associated gas present'" depending upon the resource of interest. The
reader should realize that instead of recoverable quantities of a resource,

one could be interested in estimating in-place quantities; the methods are
still applicable.

A more general marginal probability is written as

p = P(X > ¢)

where ¢ > 0 is called a resource cut-off value.



The Conditional Probability Distribution

The conditional probability distribution represents the judgmental
probability distribution of the quantity of undiscovered resource conditioned
on the resource being present in the province. (This distribution is also
referred to as the "unrisked" distribution in the oil and gas industry.)
The conditional probability distribution is quite important in its own right
and is not just a tool to obtain the probability distribution.
Let the conditional more-than cdf be denoted by

Fc(x) = P(X > x|X > 0), X

|v
o

the conditional cdf by
F (x) = P(X < x|X>0) =1 - ?c(x), x>0

and the conditional pdf by

£ (x) = drc(x) - _ ch(x) , %> 0.
c ————e e ————
dx dx

Note that
F(0) =1 and F (0) =0,
c c
.that is, the graph of the conditional more-than cdf has the value of 1 at the

origin; the graph of the conditional cdf has the value of 0 at the origin.

The following notation will also be used:

}(c : Conditional quantity of undiscovered resource
Mo Conditional mean
m : Conditional median
Mc : Conditional mode
2 .. .
o~ : Conditional variance
c
o, Conditional standard deviation



Xc is a continuous random variable with range x > 0. Let %y denote the
conditional amount of resource such that

F (x)=PX> cxalx > 0) = o.

Examples:
a) ﬁc(cx0.95) = 0.95; X0.95 is called the conditional 95th fractile.
b) f‘c(CXO.OS) = 0.05; <*0.05 is called the conditional 5th fractile.
Note that
P(%g.95 < X < c¥0.05) = 0-90

The determination of a conditional probability distribution for a province
is a major problem in itself. One approach to the problem will be given.

For illustrative purposes, the lognormal distribution will be used as a
probability model for the conditional probability distribution in a province.
Of course, other probability distributions are possible, e.g., the gamma and
triangular distributions. The conditional pdf would then be expressed as

1 ., _ 2
- —Un x - ¢)

fC(X) = __i___ e 26 x>0

Sx¥am
with parameters £ and §. (If a resource cut-off value is used, the probability
model would become the three-parameter lognormal distribution.)
Conditional resource estimates are made for the province. For example,
‘estimates of the following are made by a resource appraisal team of geologic experts:
a) <¥0.95° resulting in ‘a low conditional resource estimate

b) resulting in a high conditional resource estimate.

x
¢70.05°
The range from low to high conditional estimates forms a conditional "interval"
estimate. There are other possible pairs of conditional resource estimates

that could be used to establish a lognormal distribution, e.g., the conditional

mode MC and cx0.05'



Given the conditional fractiles <*0.95 and %0.05° it can be easily shown

that the lognormal parameters can now be estimated by

e - 2 X005 T 17 X5,
2
and .
§ =10 Ko 05 ~ 11 Xp g5,

3.29

Knowing the parameters, any conditional fractile, Xy can now be calculated

for a given a from the formula
E+z40
x =
. ca
where Z is a standard normal random variable and P(Z > Za) = a.

The following quantities can also be calculated:

2
=L r8/2

Uc e
m = e

c 2
M =c¢e -6

c

2 2 2 )

oi =25 6 (e6 -1) = ui(e6 -1

Note that p >m > M .,
c c c



For an example from Dolton and others (1981), we will consider the
Montana Overthrust Belt province for illustrative purposes. A USGS (U.S.
Geological Survey) resource appraisal team made the following assessments of
undiscovered recoverable oil:

1. At the time there had been no recoverable oil found in the -province.

The chance of o0il being present in recoverable quantities was estimated
to be 86 percent, i.e., the marginal probability of oil is p = 0.86.
2. Conditional upon recoverable oil being present, conditional resource

estimates were expressed in billion barrels

a)

<%0.95 0.08, a low conditional resource estimate

b) = 2.17, a high conditional resource estimate

¢*0.05
The conditional probability distribution of the quantity of undiscovered
recoverable oil for the Montana Overthrust Belt province is displayed in figure i.
The graph of the conditional more-than cdf (fig. la) has the value of 1 at the
origin. The graph of the conditional pdf (fig. 1b) has the value of 0 at the

origin. Some numerical characteristics in billion barrels (BB) of the lognormal

distribution in figure 1 are the following:

CX0.95 = 0.08 Mo = 0.69
cx0.75 = 0.21 m = 0.42
X050 = 0.42 Mc = 0.15

x = 0.82 62 = 0.83 (BB)>
¢"0.25 T c )

CXO.OS = 2.17 Oc = 0.91
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(b) CONDITIONAL PROBABILITY DENSITY FUNCTION

Figure l.-Conditional probability distribution of undiscovered recoverable oil for Montana
: Overthrust Belt province. Estimates are mean, median, mode, standard deviation
(s.D.) and fractiles that correspond to percentages listed.
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The Probability Distribution of X

The marginal probability of a resource for a province is applied to its
corresponding conditional probability distribution to produce the probability
distribution of the quantity of undiscovered resource. (This distribution
is also referred to as the "unconditional" or "risked" distribution in the
0oil and gas industry.) More explicitly, recall the basic relationship

P(X > x) = P(X > 0)P(X > x[X > 0) x>0
or

F(x) = p fc(x),

which could also be expressed as

= _ F(x)
Fc(x) =

More completely, the more-than cdf of X is given by

1 for x <0
F(x) = {p for x = 0
pfc(x) for x > 0

Note that if p = 0, then §c(X) is not defined, i.e., if the margimal probability
is 0, then the conditional probability distribution is not defined. Also,
if p =1, then F(x) = fc(x), i.e., if the marginal probability is 1, then

the probability distribution is equal to the conditional probability

" distribution.

11



The graph of a typical more-than cdf of X, F(x), is shown below with the

curve having the value of the marginal probability, p, at the origin.

S
(al
X

Quantity of Undiscovered Resource

Determination of Various Fractiles of X, X,

Given p # 0 and specified a, find X, using

for o <p

0
o
o e

Case I: of/p <1, i.e., o <p. Find X such that

Therefore,
a cxa/p'
Case II: o/p > 1, i.e., a > p. Then x, = 0.

The 95th and 5th fractiles, in particular, can now be determined. Recall

that the range from low (x ) to high (x ) estimates forms an "interval"

0.95 0.05

estimate of the quantity of undiscovered resource.

12



Examples:
1) Given p = 0.20

Case I: o < 0.20, find X, such that

Fo(x) =555 -

Therefore,
¥a T c*a/0.20

For o = 0.05, find X3 05 such that
FC(XO.OS) = %f%% = 0.25.

Therefore,

%0.05 ~ ¢70.25

The 5th fractile of X equals the conditional 25th fractile.
Case II: o > 0.20, then x, = 0.
For a = 0.95, we have Xy.95 = 0.

2) Median of X, my - Recall that my = Xy g5os SO that o = 0,50.

Case I: p > 0,50, find X350 such that

Fc(XO.SO) = 9459 .
Therefore,
Xy cx0.50/p
For p = 0.75, find Xy 50 such that
Fc(xo.so) - %f%% = 0.67.
Therefore,
x =

0.50  ¢*0.67

The median of X equals the conditional 67th fractile.

Case II: p < 0.50, then x = 0.

0.50

For p = 0.10, we have Xy 50 = 0.

13



The random variable X is a mixed type of random variable. Because for
the continuous part of the distribution

£(x) = - dF(x) = -p dFc(x) = pf (x) x > 0,
dx dx ¢

we have the pdf of X

1-p for x =0
f(x) = pfc(x) for x>0

0 otherwise

where f(0) = P(X = 0) for the discrete part of the distribution. For a
more formal expression of f(x), the Dirac delta function can be used.

Note that
= f d = = .
L»f(x)dx p L” c(x) x =p(l) =p

The graph of a typical density function of X is shown below with a spike
at the origin of probability weight 1 - p. Assuming a unimodal conditional

distribution with mode Mc’ then £(x) would also peak at Mc for x > 0. However,

if the marginal probability is less than 1, the unconditional mode is not a

meaningful concept.

f(x)

T >
0 M X
c

Quantity of Undiscovered Resource

14



Because

F(x) = 1 - F(x) x>0
=1 - pF_(x)
=1-p[1-F (x)]
=1-p+ pF (x)

the cdf of X is given by

0] for x < 0

F(x) = 1-p for x = 0
1-p+ ch(x) for x > 0
The graph of a typical cdf of X, F(x), is shown below with the curve having

the value of 1 - p at the origin.

F(x)
1

1-p 1

xY

0
Quantity of Undiscovered Resource

15



The Mean of X, Hy

Theorem ux = puc

Proof: Define the indicator random variable I by
1 if the resource is present
0 if the resource is not present
Note that (I = 0)= (X =0) and (I =1)= (X > 0)

We will determine My = E(X) by conditioning on I.

An important property of conditional expectation is that

E(X) = § E(X|I = 1)P(I = 1).
1

Hence
E(X) = E(X|I = 0)P(I = 0) + E(X|I = 1)P(I = 1).
Because
E(X|I = 0) = E(X|]X = 0) = 0 with P(I =0) = P(X =0) =
and
E(X[T = 1) = EX|X > 0) = u_with P(I = 1) = P(X > 0)
we have

My = (0)(1 - p) + (“c)(P) = Py,
Remark: fc(x) E leI(Xll)

Example: Refer to the Montana Overthrust Belt province.

Because p = 0.86 and He = 0.69,

we have

My = PH, = (0.86)(0.69) = 0.59 BB

16



2

The Variance of X, ox

2 2 2
Theorem o, = po_ + p(l - p) N

Proof: We will determine Oi.z Var(X) by conditioning on the indicator

random variable I defined previously. An important property of conditional
variance is that
Var(X) = E [ var(x|1) ] + var [ E(X|1) ].

Evaluating the two terms on the right side, we get

E [ Var(x|1) ] = var(X|I = 0)P(I = 0) + Var(X|I = 1)P(I = 1)

(0)(1 = p) + (62)(p)

02
PO,

and

var [EX|D) 1 =80 [ EX|D 1%} - & [ ex|n ] )2

E{ [ Ex|D) 1% - [ B0 1

]

2 2
W, P (puc)

_ a 2
= p(1 - p) Mo
recalling that
i | Exlr=9) [ P(I = i)
0 0 1-p
1 Moo p

Therefore
2 _ 2 _ 2
oy = po_ + p(l - p) U

The standard deviation of X is given by

_ 2 } 2
oy = “V%cc + p(1 - p) M.

17



Example: Refer to the Montana Overthrust Belt province.

2
Because p = 0.86, Mo = 0.69, and o, = 0.83,

we have
2 2 o2
oy = PO, * p(1 p)uc
= (0.86)(0.83) + (0.86)(0.14)(0.69)*
2
= 0.77 (BB)
and
Oy = 0,88 BB

Example: Referring once again to the Montana Overthrust Belt province, the
probability distribution of the undiscovered recoverable o0il is displayed

in figure 2. The graph of the more than cdf (fig. 2a) has the value of the
marginal probability, p = 0.86, at the origin. The graph of the pdf (fig. 2b)
has a spike at the origin of probability weight 1 - 0.86 = 0.14 which represents
the chance of no o0il being present in recoverable quantities. Some numerical

characteristics (in billion barrels) of this distribution are the following:

x0.95 = 0.00 ux = 0.59
Xy 75 = 0.13 my = 0.34

= 0.34 220.77 8)°
*0.50 ~ " oy = 0.77 (BB)
xo.25 =0.73 Oy = 0.88
X4 05 = 2.02

The mean estimate of 0.59 or the median estimate of 0.34 can be used as
"point' estimates of the quantity of undiscovered recoverable o0il in the
Montana Overthrust Belt province. The range from low resource estimate

(0.00) to high resource estimate (2.02) forms an "interval' estimate.

18
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Figure i.—Probability distribution of undiscovered recoverable oil for Montana Overthrust
Belt province. Estimates are mean, median, mode, standard deviation (S.D.)
and fractiles that correspond to percentages listed.
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Inequalities

One of the important uses of expectations of random variables lies in the
collection of inequalities that involve the mean and standard deviation
and that give bounds on the probabilities of particular events. It may happen that
we can estimate the mean and standard deviation of a random variable without
assuming its distribution. This knowledge often suffices to give upper or

lower bounds on the probability of particular events, regardless of the exact

definition of the distribution.

The Markov Inequality

Because X is a random variable that takes only nonnegative values, then

for any value x > 0
- U
F(x) < _).(.
5.
That is, the probability that the quantity of undiscovered resource is more

than the amount x will be at most ux/x regardless of the distribution. Hence,

.the quantity ux/x is an upper bound for F(x).

The Chebyshev Inequality
Because X is a random variable with mean Hy and standard deviation o,, then

for any value k > 0

|v

1
P(uX kcx <X <ug o+ kcx) 1 - ik

For k = 2,

P(uX - 20, < X <yp, + 2ox) > 0.75.

X X

That is, the probability that the quantity of undiscovered resource lies within

two standard deviations of the mean of any distribution is at least 0.75,

20



PART 2. ASSOCIATED-DISSOLVED GAS

The resource of interest to be estimated is the associated-dissolved gas

in a province. We will derive an associated-dissolved gas distribution
from its corresponding oil distribution in Part 1. From this judgmental
resource distribution and its properties, estimates of the quantiti of
undiscovered associated-dissolved gas are obtained.

A gas-o0il ratio (GOR) is established for the province. The GOR is the
ratio of associated-dissolved gas to its oil for the particular province
and varies from province to province. The gas-o0il ratio could represent a
consensus estimate of an appraisal team and based, when possible, on
extrapolation of historic gas-oil ratios. Let

Y: Quantity of undiscovered associated-dissolved gas.
Assume that associated-dissolved gas is related to its oil by a linear model
Y = aX
where
| a: Gas-o0il ratio for the province, a > 0
X: Quantity of undiscovered oil, x > 0.
The GOR 1s taken to be an estimated constant, whereas X is a random variable
from Part 1. 0il (X) and its associated-dissolved gas (Y) are obviously
dependent random variables. Hence, treating Y as a random variable with
range y > 0, a judgmental probability distribution of Y will be determined.

Y is the same type of random variable as X, i.e., a mixed type.

21



More explicitly, the following will be determined

The more-than cdf of Y

fY(y) = P(Y > y)
The cdf of Y

FY(y) =P(Y <y)=1- FY(y)
The pdf of Y _

f (y) = ¢ FY(y) = -d FY(y)

Yy dy dy
Along with

uY: Mean of Y

m,: Median of Y

o%;' Variance of Y

GY; Standard deviation of Y

Let y, denote the amount of associated-dissolved gas such that

EY(ya) =P(Y>y) =a.

a
Examples:
a) 0.95 is the 95th fractile of Y
b) Y0.50 is the 50th fractile of Y
c) 0.05 is the 5th fractile of Y

Note that m, = Y0.50°

Resource estimates will be obtained for the province such that
Yo.g5 Fepresents a low resource estimate

and
Yy.05 Tepresents a high resource estimate

The range from low (yO 95) to high (yo 05) estimates forms an "interval"

estimate of the quantity of undiscovered associated-dissolved gas.

22



There are two approaches that can be used to determine the probability
distribution of Y and its properties.
Approach I: Using the methodology of Part 1.
Approach II: Using the results of Part 1.
Approach I has an advantage from a computer programming point of view

because the same program can be used as in Part 1. Approach II can be easily

applied as a check on the work done by Approach I.

23



Approach I: Using the methodology of Part 1
The problem is approached exactly as it was in Part 1 using the marginal

probability and the conditional probability distribution.

We once again have the important relationship
P(Y>y) =P(Y>O0P(Y>y | Y>0)
The marginal probability of Y is P(Y > 0). Because
P(Y > 0) = P(aX > 0) = P(X > 0),
the marginal probability of Y is equal to the marginal probabili:y of X.
That is, under the assumed linear model, associated-dissolved gas has the same
marginal probability as the oil with which it occurs.
The conditional more-than cdf of Y is P(Y > y|Y > 0).
Let Vo denote the conditional amount of associated-dissolved gas such that

P(Y > v, | Y > 0) = a.

Examples:
a) Jo.95 1s the conditional 95th fractile
b) J0.05 1S the-condltlonal S5th fractile

Recall that

P(X> x | X>0)=a.

c’a

" Because

P(Y > y|Y > 0) = P(aX > y[aX > 0) = P(X > y/a | X > 0),
we have

= = “' > .

a=P(Y> y | ¥Y>0 =PX> y/a | X > 0)

Therefore, the conditional fractiles of Y are related to the conditional

fractiles of X by

Ja ~ ?
Examples:
a) c¥0.95 = 2 c*0.95
b)

c¥0.05 =~ 2 ¢%0.05

24



If we let
XC: Conditional quantity of undiscovered oil
Yc: Conditional quantity of undiscovered associated-dissolved gas,
then
Y = aX
c c
Of course, there are many relationships between XC and Yc'
The conditional more—than cdf of Y
F, () = Fy (y/a)
c c
The conditional cdf of Y
Fy (y) = Fy (y/a)
c c
The conditional pdf of Y
_ 1
£, (y) " fX (y/a)
c c

The conditional mean of Y
The conditional median of Y
The conditional mode of Y

The conditional variance of Y

02 _ .2 2

y 2 %
c c :

The conditional standard deviation of Y
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The probability distribution of Y and its desired properties can be
determined simply by multiplying the conditional oil estimates,
cX0.95 and ch.OS’ by the gas-oil ratio, a, and by using the methodology of
Part 1. Recall that associated-dissolved gas has the same marginal probability
as the oil with which it occurs.

The lognormal distribution was used in Part 1 as a probability model for
the conditional probability distribution of X with parameters Z and 3.
In this case, it can be easily shown that the conditional probability
distribution of Y is also lognormal but with parameters £'= £ + 1n a and §.

The GOR could also be treated as a random variable and be estimated by a
range of estimates, i.e., an interval estimate. Conditioned on associated-

dissolved gas being present, we have

where a potential probability model would be to have the random variables
Ac and Xc be independent and lognormally distributed. Then YC would also be
lognormally distributed because the product of independent lognormals is

lognormal. Once again the methodology of Part 1 is applicable.
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Example: Refer to the Montana Overthrust Belt province.
1. The gas—oil ratio for this province was estimated to be
a = 2,200 cu £ft/bbl = 2.2 trillion cu ft/billion bbls
2. The marginal probability of associated-dissolved gas is p = 0:.86 which
is the same marginal probability as the oil with which it occurs.
3. Conditional upon recoverable associated-dissolved gas being present,
conditional resource estimates are in trillion cu ft

= 2.,2(0.08)

1

a) J0.95 = 2 <X0.95 0.18, a low resource estimate

b)

2.2(2.17) = 4.77, a high resource estimate.

¢¥0.05 = # ¢¥0.05
The methodology of Part 1 is now used. The conditional probability
distribution of the quantity of undiscovered recoverable associated-dissolved
gas for the Montana Overthrust Belt province is displayed in figure 3. The
graph of the conditional more-than cdf is given in figure 3a and the graph of

the conditional pdf in figure 3b. Some numerical characteristics in trillion

cubic feet (TCF) of the lognormal distribution in figure 3 are the following:

1.52

o5 = 2:2€0.08) = 0.18 by = 2.20.69) =

g 95 = 2:2(0.21) = 0.46 my = 2.2(0.42) = 0.92

Yo 5o = 2-2(0.42) = 0.92 My = 2.2(0.15) = 0.33

T g5 = 2:2€0.82) = 1.80 o5 = 2.27(0.83) = 4.02 (zcr)”
o 05 = 2:2(2:17) = 4.77 ch = 2.2(0.91) = 2.00
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(b) CONDITIONAL PROBABILITY DENSITY FUNCTION

Figure 3.-Conditional probability distribution of undiscovered recoverable associated-
dissolved gas for Montana Overthrust Belt province. Estimztes are mean, mediar,
mode, standard deviation (S.D.) and fractiles that correspond to percentages
-listed.
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As in Part 1 there are many similar relationships between the probability
distribution of Y and its conditional distribution, i.e., between Y and Yc'

The more~than cdf of Y

ﬁY(y) - 1 _ fory <0
P FY(y) for y > 0
c
The cdf of Y
FY(y) - 0 for y <0
1 - p + pFy (y) for y >
c
The pdf of Y
1-»p for y =0
fY(y) = prc(y) for y > 0
0 otherwise

where fY(O) = P(Y = 0) for the discrete part of the distribution.

The mean of Y

Wy TP My
[

The standard deviation of Y

= 2 - 2
oy \/poY + (1 .- plug

[ C
Note that

My = PHy = pany = alpuy ) = apy
c . c (o]
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Example: Refer to the Montana Overthrust Belt province.

The methodology of Part 1 is used as it was for oil. The probability
distribution of the quantity of undiscovered recoverable associated-dissolved
gas is displayed in figure 4. The graph of the more-than cdf (fig. 4a) has
the value of the marginal probability, p = 0.86, at the origin. The graph of
the pdf (fig. 4b) has a spike at the origin of probability weight 1 - 0.86 = 0.14
which represents the chance of no associated-dissolved gas being present in
recoverable quantities. Some numerical characteristics (in trillion cu ft)
of this distribution using a computer program based upon the methodology of

Part 1 are the following:

Yo g5 = 0-00 b, = 1.31

Yo 75 = 0.30 m, = 0.76

So 50 = 0-76 oi = 3.65 (TCF)>
Yo 95 = 1.61 oy = 1.91

Yo.05 = 444

The mean estimate of the quantity of undiscovered recoverable associated-
dissolved gas for the Montana Overthrust Belt province is 1.31 TCF. The

interval estimate is 0.00 to 4.44 TCF.
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Figure 4.-Probability distribution of undiscovered recoverable associated-dissolved gas

for Montana Overthrust Belt province. Estimates are mean, median, mode, standard
deviation (S.D.) and fractiles that correspond to percentages listed.
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Approach II: Using the results of Part 1.

The problem is now approached using the results of Part 1, i.e., the
probability distribution of X. There are many well known relationships
between the random variables X and Y:

The mean of Y

UY‘:aUX
The median of Y
My = 8 my
The variance of Y
02 = a2 02
Y X

The standard deviation of Y

The more-than cdf of Y
FY(y) = Fx(y/a)
because
P(Y > y) = P(aXx > y) = P(X > y/a).
Hence, we have
a = P(Y > ya) = P(X > ya/a).
Recalling that

P(X > xa) =a,

the fractiles of Y are related to the fractiles of X by

Q o
Examples:
a) 5,95 = 2 X5 95
b) Y550 = 2 %Xp 50
c)

Y0.05 - 2 *0.05
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The cdf of Y
FY(y) = PX(Y/a)

since P(Y <y) = P(aX <y) = P(X <y/a).

The pdf of Y

1 -9 for y =0
f,(y) = ({1 £ .(y/a) for y > 0

a

0 otherwise

where fY(O) = P(Y = 0) for the discrete part of the distribution.

Note that
00 oo o0
¢ £,(ndy = § 15y (y/a)dy = § £4(x)dx = p.
o+ o+ o+

The graph of a typical density function of Y would also have a spike at the

origin of probability weight 1 - p.
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Example: Refer to the Montana Overthrust Belt province.

The probability distribution of the quantity of undiscovered recoverable
associated-dissolved gas is now considered using the results of Part 1,
i.e., the probability distribution of the quantity of undiscovered recoverable
0oil. Some numerical characteristics (in trillion cu ft) of this distribution

are the following:

Yo.95 = 2-210.00) = 0.00 uy = 2.2(0.59) = 1.30

Yo 75 = 2-2(0.13) = 0.29 m, = 2.2(0.34) = 0.75

Yo 50 = 2:2(0.34) = 0.75 o5 = 2.22(0.77) = 3.73  (TCF)?
Yo 95 = 2-2(0.73) = 1.61 o, = 2.2(0.88) = 1.94

Yo o5 = 2-2(2.02) = 4.44

The difference in the answers between Approaches I and II in this illustrative
example is due to round-off error. The computer calculations are much more
precise. Nevertheless, the answers agree, and Approach II can be used as

a quick check on Approach I.
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Petroleunm Resources in Portion of a Province

The methodology of Part 2 could also be used in an entirely different
situation. Suppose we are interested in estimating the quantity of undiscovered
resource in only part of a province or basin that has already been assessed.
Let us make a resource appraisal of an area of interest from a province
resource appraisal. The area itself is a fraction of the province. Whereas,
the area resource is also a fraction of the province resource. The resource
can be 0il, non-associated gas or associated-dissolved gas. Let

X: Quantity of undiscovered resource in the province, i.e., the province

resource,

Y: Quantity of undiscovered resource in the area, i.e., the area

resource.
Assume that the area resource is related to the province resource by

Y = aX
where

a: The fraction of the province resource that is in the area, i.e., the

area resource fraction; 0 <a <1.
Note that a is taken to be an estimated constant, whereas X is a random
variable. When a = 1, the area resource appraisal would be the same as the
province resource appraisal.
Example: Suppose it is estimated that 15% of the province resource is in the
area. Then a = 0.15 and

Y = 0.15X.

Realize that under this model no matter what the province resource is, 157% of
the province resource is in the area of interest.

Treating Y as a random variable with range y > 0, a judgmental probability
distribution of Y can be determined in exactly the same way as it was done for
associated—-dissolved gas.

As in the case of the GOR, the area resource fraction could also be treated

as a random variable and estimated by a ''range estimate."
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Example :
1. Consider an offshore province in the Gulf of Mexico called the Western
Gulf Shelf province. A shelf province extends from shoreline to 200 meters
water depth. Let

X: Quantity of undiscovered recoverable non-associated gas.

The marginal probability of non-associated gas was estimated to be 100
percent, i.e., p = 1.00. In this case, the probability distribution of X is
the same as the conditional probability distribution of X.

Conditional upon recoverable non-associated gas being present, conditional
resource estimates were made in trillion cu ft

a)

b)

<X0.95 16.36, a low resource estimate

<X0.05 72.37, a high resource estimate

The methodology of Part 1 was applied by means of a computer program. The
probability distribution of the quantity of undiscovered recoverable non-
associated gas for the Western Gulf Shelf province is displayed in figuré 5.
The graph of the more-than cdf (fig. 5a) has the value of the marginal
probability, p = 1.00, at the origin. The graph of the pdf (fig. 5b) has no
spike of probability weight at the origin. Some numerical characteristics

(in TCF) of this lognormal distribution are the following:

Xy g5 = 16.36 by = 38.11

X 55 = 25.37 m, = 34.41

Xy o = 34.41 02 = 329.06 (TCF)?
Xy 55 = 46.67 oy = 18.14

%o 05 = 12+37

Mean estimate of 38.11 TCF.

Interval estimate of 16.36 to 72.37 TCF.
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Figure 5.-Probability distribution of undiscovered recoverable non-associated gas for
Western Gulf Shelf province. Estimates are mean, median, mode, standard
deviation (S8.D.) and fractiles that correspond to percentages listed.
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2. The Western Gulf Shelf province is divided into two areas of interest, called
the Texas Shelf and the Louisiana Shelf. It was estimated that 23% of the
undiscovered recoverable non-associated gas in the Western Gulf Shelf province
was located in the Texas Shelf, and 77% in the Louisiana Shelf.

(a) Texas Shelf

The probability distribution of the quantity of undiscovered recoverable
non-associated gas for the Texas Shelf is displayed in figure 6. Some numerical

characteristics (in TCF) of this lognormal distribution are the following:

Yo 95 = 0.23(16.36) = 3.76 u, = 0.23(38.11) = 8.76

Yo 75 = 0.23(25.37) = 5.83 m, = 0.23(34.41) = 7.91

Yo 50 = 0-23(34.41) = 7.91 02 = 0.23%(329.06) = 17.41 (TcF)?
Yo g5 = 0-23(46.67) = 10.73 o, = 0.23(18.14) = 4.17

Yo o5 = 0-23(72.37) = 16.65

Mean estimate of 8.76 TCF
Interval estimate of 3.76 to 16.65 TCF

(b) Louisiana Shelf

The probability distribution of the quantity of undiscovered recoverable
non-associated gas for the Louisiana Shelf is displayed in figure.7. Some numerical

characteristics (in TCF) of this lognormal distribution are the following:

Yo.95 = 0.77(16.36) = 12.60 My = 0.77(38.11) = 29.34

Yo 75 = 0.77(25.37) = 19.53 m, = 0.77(34.41) = 26.49

Yo sg = 0-77(34.41) = 26.49 02 = 0.77%(329.06) = 195.10 (TCF)?
Yo o5 = 0.77(46.67) = 35.94 o, = 0.77(18.14) = 13.97

Yo o5 = 0-77(72.37) = 55.72

Mean estimate of 29.34 TCF

Interval estimate of 12.60 to 55.72 TCF.

38



100

{0 ESTIMAT
_ ES .
€, \ MEAN -  B.76
=S MEDIAN -  7.9]
W] g5% - 3.76
x ] 754 = 5.83
2 507 - 7.91
L ] 25/ .= 10.73

1 SZ = 1B6.85
o MODE =  B.4S
5] \ s.0. =~ 4.17
a0}
> P
o] \
o 1 \

2] —

0.0 3.5 7.0 10.5 14.0 17.5 21.0 24.5 28.0 31.5 35.0
TRILLION CUBIC FEET RECOVERABLE GRS

Figure 6.-Probability distribution of undiscovered recoverable non-associated gas for
Texas Shelf. Estimates are mean, median, mode, standard deviation (S.D.)
and fractiles that correspond to percentages listed.
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Figure 7.-Probability distribution of undiscovered recoverable non-associated gas for
Louisiana Shelf. Estimates are mean, median, mode, standard deviation (s.D.)
and fractiles that correspond to percentages listed.
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PART 3. OIL PLUS ITS ASSOCIATED-DISSOLVED GAS

The resource of interest to be estimated is the undiscovered oil
plus its associated-dissolved gas in a province. We will derive a judgmental
probability distribution of oil plus its gas. From this judgmental resource
distribution and its properties, estimates of the quantity of undiscovered

o1l plus its associated-dissolved gas are obtained.

In order to combine oil with its associated-dissolved gas, the gas is
converted into an equivalent amount of oil with respect to energy, based on
the BTU content of the gas to its oil. Thus, the conversion depends upon the
quality of the gas to its oil. A typical range of conversions is 1 barrel
of oil to 5,000-6,500 ft3 of gas. A rich gas (high BTU content) would
correspond to the 5,000 ft3 of gas. An average conversion factor would be
1 bbl/6,000 ft3. When gas is converted into an equivalent amount of oil,
the unit reported is

BOE: Barrels of oil-equivalent.
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Let

Y": Quantity of undiscovered associated-dissolved gas expressed in BOE's.
Associated-dissolved gas is converted into an equivalent amount of oil by

Y’= by
where

b: BOE conversion factor for the province, b > 0

Y: Quantity of undiscovered associated-dissolved gas, y > 0
Note that b is a constant, whereas Y is the random variable from Part 2.
Because Y = aX, we get

Y* = bY = b(aX) = abX.

The unitless constant ab is the fraction of the quantity of undiscovered
oil that would represent the quantity of undiscovered associated-dissolved
gas in BOE. This linear model that relates Y” to X is the same type of
model as in Part 2; the coefficient of X is ab instead of a. Therefore, the
methodology of Part 2 applies in this case. Hence, treating Y* as a random
variable with range y- > 0, a judgmental probability distribution of Y~

could be determined.
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Let

Z: Quantity of undiscovered oil plus its associated-dissolved gas expressed in BOE's
We have

Z=X+Y"
where

X : Quantity of undiscovered oil, x > 0

Y“: Quantity of undiscovered associated-dissolved gas in BOE, y~ > 0.
Because Y” = abX, we get

Z=X4+Y =X+ abX = (1 4+ ab)X
which can be written as

Z = dX
where d = 1 + ab.
Note that d is a unitless constant, whereas X is a random variable from Part 1.
The constant d is the fraction of the quantity of undiscovered oil that would
represent the quantity of undiscovered oil plus its associated-dissolved gas
in BOE. This linear model that relates Z to X is again the same type of
model as in Part 2; the coefficient of X is now d instead of a. Therefore,
the methodology of Part 2 also applies in this case; simply replace Y by Z and
a by d. Hence, treating Z as a random variable with range z > 0, a judgmental
probability distribution of Z can be determined. From this distribution estimates
of the quantity of undiscovered oil plus its associated-dissolved gas are
obtained.

The reader should realiée that only one computer program is necessary.for

Parts 1, 2and 3. The difference lies in the input and its interpretation.
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It is important when reporting estimates of oil plus its associated-
dissolved gas in BOE, to also give the fraction that is oil and the fraction

that is associated-dissolved gas in BOE. The fraction that is oil (or percent

oil) is
Z dX d
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Example: Refer to the Montana Overthrust Belt province.

1. The gas-oil ratio for this province was estimated to be
a = 2,200 cu ft/bbl = 2.2 trillion cu ft/billion bbls
The BOE conversion factor for this province was estimated to be
b =1 bbl/6,000 cu ft = 1 billion bbls/6 trillion cu fF

Hence, we get

ab = (2.2 trillion cu ft)(1 billion bbls = 0.367
billion bbls 6 trillion cu ft ) °

oY

_{» cu ft 1 bbl _
ab ("’200 bb1 )(6,000 cu fr) - 0-367

Note that ab is a unitless number and that the quantity of undiscovered associated-

dissolved gas in BOE is equal to 36.7% of the quantity of undiscovered oil.
Therefore, we have

d=1+ab=1+ 0.367 = 1.367
The fraction of o0il plus its associated-dissolved gas in BOE .that is oil equals

1
1.367

o

= 0.73
and the fraction that is associated~dissolved gas equals

1-==1-20.73 =0.27

[«

i.e., 73% o0il and 27 7% gas.
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2, The marginal probability of oil plus its associated-dissolved gas is
p = 0.86, which is the same as the marginal probability of oil.
3. Conditional upon recoverable oil plus its associated-dissolved gas being

present, conditional resource estimates are in billion BOE

a) .2g9.95 = d.Xg 95 = 1.367(0.08) = 0.11, a low resource estimate

b) Z5.05 = 9c%0.05

1.367(2.17) 2.97, a high resource estimate

The methodology of Part 1 is now used. The conditional probability
distribution of the quantity of undiscovered recoverable o0il plus its associated-
dissolved gas in billion BOE (BBOE) for the Montana Overthrust Belt province is
displayed in figure 8. The graph of the conditional more-than cdf is given
in figure 8a and the graph of the conditional pdf in figure 8b. Some numerical
characteristics (in billion BOE) of the lognormal distribution in figure 8 are

the following:

%0.95 = 1.367(0.08) = 0.11 bz T 1.367(0.69) = 0.94
oZ0.75 = 1.367(0.21) = 0.29 mZC = 1.367(0.42) = 0.57
Po.50 = 1.367(0.42) = 0.57 My 1.367(0.15) = 0.21
Zo.95 = 1.367(0.82) = 1.12 o%c = 1.3672(0.83) = 1.55 (BBOE)?
Zg 05 = 1:367(2.17) = 2.97 5 - 1.367(0.91) = 1.24
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Figure 8.-Conditional probability distribution of undiscovered recoverable oil plus its
associated-dissolved gas in BBOE for Montana Overthrust Belt province. Estimates
are mean, median, mode, standard deviation (S.D.) and fractiles that correspond
to percentages listed.
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Example: Refer to the Montana Overthrust Belt province.

The methodology of Part 1 is used as it was for oil. The probability
distribution of the quantity of undiscovered recoverable oil plus its
associated-dissolved gas in billion BOE for the Montana Overthrust Belt province
is displayed in figure 9. The graph of the more-than cdf (fig. 9a) has the
value of the marginal probability, p = 0.86, at the origin. The graph of the
pdf (fig. 9b) has a spike at the origin of probability weight 1 - 0.86 = 0.14,
which represents the chance of no 0il plus its associated-dissolved gas being
present in recoverable quantities. Some numerical characteristics (in billion
BOE) of this distribution using a computer program based upon the methodology

of Part 1 are the following:

2y g5 = 0.00 u, = 0.81

2y 45 = 0.18 m, = 0.47

2y 5 = 0-47 o% - 1.44 (BBOE)
2y.95 = 0-99 o, = 1.20

243,05 = 2.76

The mean estimate of the quantity of undiscovered recoverable o0il plus its
associated-dissolved gas for the Montana Overthrust Belt province is 0.81

billion BOE. The interval estimate is 0.00 to 2.76 billion BOE.
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Figure 9.-Probability distribution of undiscovered recoverable oil plus its associated-
dissolved gas in BBOE for Montana Overthrust Belt province. Estimates are mean,
median, mode, standard deviation (S.D.) and fractiles that correspond to
percentages listed.

48



Example: Refer to the Montana Overthrust Belt province.

The probability distribution of the quantity of undiscovered recoverable
oil plus its associated-dissolved gas in billion BOE is now considered using the
results of Part 1, i.e., the probability distribution of the quantity of
undiscovered recoverable 0il. Some numerical characteristics (in billion BOE)

of this distribution are the following:

24,95 = 1.367(0.00) = 0.00 My = 1.367(0.59) = 0.81
25 95 = 1.367(0.13) = 0.18 m, = 1.367(0.34) = 0.46

= = 2 2 2
24,50 = 1.367(0.34) = 0.46 9, = 1.3677(0.77) = 1.44 (BBOE)
24,05 = 1.367(0.73) = 1.00 oy = 1.367(0.88) = 1.20
20,05 = 1.367(2.02) = 2.76

The slight difference in the answers between Approaches I and II in this
illustrative example is due to round-off error. Nevertheless, the answers

agree, and Approach II can be used as a quick check on Approach I.
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PART 4. TOTAL GAS

The resource of interest to be estimated is the undiscovered total gas
in a province. Total gas is all the undiscovered natural gas in a province,
i.e., the total of the non-associated gas and the associated-dissolved gas.

Total gas is also referred to as the aggregation of non-associated gas and

associated-dissolved gas. We will derive a probability distribution of total

gas. From this judgmental resource distribution and its properties, estimates

of the quantity of undiscovered total gas are obtained.
Let
T : Quantity of undiscovered total gas
Thus, we have by the definition of total gas
T=X+Y
where
X : Quantity of undiscovered non-associated gas
Y : Quantity of undiscovered associated-dissolved gas
Note that X is a random variable from Part 1, and Y is the random variable
from Part 2. Assume that X and Y are independent random variables because
"we will take the position that oil and non-associated gas are separately

and independently assessed in a province.
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Example : Refer to the Montana Overthrust Belt province.
1. Quantity of undiscovered non-associated gas, X.
The marginal probability of non-associated gas was estimated to be
100 percent, i.e., Py = 1.00. 1In this case, the probability distribution
of X is the same as the conditional probability distribution of X.
Conditional upon recoverable non—-associated gas being present, conditional
resource estimates were made in trillion cu ft

a) %0.95 = 1.78, a low resource estimate

b) 20.50, a high resource estimate

¢*0.05

The methodology of Part 1 was applied by means of a computer program. The
probability distribution of the quantity of undiscovered recoverable non-
associated gas for the Montana Overthrust Belt province is displayed in figure 10,
Note that the graph of the more-than cdf has the value of the marginal

probability, = 1.00, at the origin. Some numerical characteristics

Py

(in trillion cu ft) of this lognormal distribution are the following:

Xy g5 = 178 : by = 7.96

xq 75 = 366 my = 6.04

x = 6.04 o2 = 46.65 (TCF)>
0.50 = © X .

xg 55 = 9-97 oy = 6.83

XO.OS = 20.50
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Figure 10.-Probability distribution of undiscovered recoverable non-associated gas for
Estimates are mean, median, mode, standard
deviation (S.D.) and fractiles that correspond to percentages listed. ‘

Montana Overthrust Belt province.
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Figure 11.-Probability distribution of undiscovered recoverable associated-dissolved gas

for Montana Overthrust Belt province.

Estimates are mean, median, mode,

standard deviation (S.D.) and fractiles that correspond to percentages listed.
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2. Quantity of undiscovered associated-dissolved gas, Y.

The probability distribution of Y was determined in Part 2. However,

the probability distribution of the undiscovered recoverable associated-

dissolved gas for the Montana Overthrust Belt province is again displayed in

figure 11 (same as figure 4a) for easy reference. Recall that the graph of

the more-than cdf has the value of the marginal probability, Py = 0.86, at

the origin.

distribution are the following:

Y0.95 = 0.00
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