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" ABSTRACT

Inductively coupled plasma-atomic emission spectrometry can be
a particularly effective analytical technique if simultaneous multiple~
element determinations can be made with sufficient accuracy and precision.

This report investigates a method of optimizing instrument operat-
ing conditions (observation height in the plasma and forward power)
for simul taneous multiple-element analysis.

The report heuristically evaluates several objective functions
which provide a measure of response. The preferred objective function
is then used with the sequential simplex optimization algorithm to
select operating conditions for the simultaneous determination of
five elements. Experimental results demonstrate the feasibility of
this approach.

This optimization method can aid the analyst in selecting instru-
ment operating conditions. Conclusions regarding improvement in
system performance/cost effectiveness will depend upon the frequency
with which the method specifies operating conditions that improve
the analytical capability of the system or that allow simultaneous
determinations not possible at the instrument manufacturer's recommended

settings.
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Introduction

Analytical laboratories, faced with increased work loads and
decreased budgets and personnel ceilings, are seeking ways to
minimize personnel time required per analysis, without incurring
loss of analytical precision or accuracy. Automated instrumenta-
tion such as the commercially available direct-reading polychromators
with inductively coupled plasma (ICP) sources (see Appendix A) offer
one possible solution to this problem by providing simultaneous,
quantitative multiple-element determinations.

Several well known spectroscopists, Winefordner, Fassel, and
Boumans among them, have recognized the continuing need for improve-
ment in analytical methods and have compared the performance and cost
effectiveness of ICP-atomic emission spectrometry with that of estab-
lished methods such as flame and electrothermal atomic emission spec-—
trometry, spark atomic emission spectrometry, and x-ray fluorescence
spectrometry. Boumans, in his study, used as figures of merit sim-
plicity of instrumentation, cost, precision, multielement capability,
freedom from interferences, detection limits, sample handling require-
ments, and dynamic range. These comparisons have shown that ICP-
atomic emission spectrometry is a competitive analytical technique,
with the caution, however, that conclusions about a preferred method
can be drawn only for situations for which the analytical performance
requirements are precisely specified and calculations of cost-to-

performance ratios can be made.



Currently, many trace and major element analyses are performed
by a variety of sequential methods (e.g. flame and electrothermal
atomic absorption spectrometry and spectrophotometry). This means
that if a request comes in for determination of five elements on
a batch of one hundred samples, each element is determined sequentially
on each sample. The benefits of performing these analyses simultan-
eously -- meaning that all five elements of interest are determined at
the same time on a particular sample -- are obvious. Because these
multiple-element determinations by ICP-atomic emission spectrometry
are the consequence of simultaneous, rather than sequential, measure-
ments of spectral line intensities, a single set of operating con-
ditions must be chosen for polychromator and plasma source.

This report is, then, a feasibility study of a method of optimiz-
ing the instrument operating ?onditions for simultaneous multiple-
element analysis by ICP-atomic emission spectrometry. Previously,
selection of operating conditions has been accomplished by optimiz-
ing one variable at a time, or by simply accepting the instrument
manufacturer's recommended settings, although mathematical optimiza-
tion procedures have been applied to selection of operating conditions
for single element determinations. Application of a mathematical
optimization procedure to multiple~element determinations requires
the definition of an objective function, the selection and implemen-
tation of an optimization method, and the experimental verification
of results obtained using the objective function and optimization

method.



The selection, evaluation and acceptance of an objective func-
tion is crucial to solving this problem. The objective function
provides a single operative measure of response that is representative
of a collection of responses, such as the ratios of line-to-background
signals of spectral lines from all elements of interest in a parti-
cular sample. Definition of an objective function is of fundamental
importance to any empirical optimization technique requiring an
evaluation of a response function as part of each experimental cycle.
This objective function would thus be used with an appropriate
optimization algorithm to select optimum instrument settings. All
subsequent samples would then be analyzed at those optimum settings.

A low value of the objective function determined from the actual
analysis could be used as one parameter to target samples for re-

analysis at other operating conditions or by other methods.



Background

The applicability of the sequential simplex optimization method
to chemical measurement processes has been clearly demonstrated.
Only limited attention has been directed toward an evaluation of
a composite response that can be used as an objective function when
optimizing instrumental operating conditions for multiple-element
determinations.

Such an objective function should reflect a dependence upon
the individual concentrations of the elements of interest. The import-
ance of this dependence readily can be understood by considering
two multiple-element samples, both of which contain aluminum. In
the first sample, if aluminum is present at a concentration three or
four orders of magnitude above its detection limit, then the conditions
used for the determination of aluminum are relatively unimportant.
However, if aluminum is present in the second sample at a concentra-
tion only one to ten times its detection limit, then the aluminum
concentration becomes a dominant factor in the optimization. The
objective function, therefore, should give more significance to the
elements of interest which are present at low concentrations relative
to their detection limits., This implies that the solution used when
performing instrumental operating condition optimizations for simul-
taneous multiple-element analysis should at least approximately
reflect the concentrations of the elements of interest in the sample

solutions that are ultimately to be analyzed.



This work defines several possible objective functions which
could be optimized through the use of a sequential simplex techni-
que in order to determine observation height and power settings for
simultaneous determinations. This work evaluates the performance of
these proposed objective functions heuristically and then uses the
preferred objective function with the sequential simplex technique
to locate optimum instrument settings for the simultaneous determin-
ation of five selected elements by ICP-atomic emission spectrometry.
Objective function response values, obtained for three arbitrary
combinations of observation height and forward power settings, define
an initial starting simplex and initiate the optimization procedure,
The sequential simplex optimization algorithm (a direct climbing
procedure) then specifies the observation height and forward power
settings to test until an optimal combination is reached. Problems
with the instrument manufacturer's software limited the speed with
which this optimization procedure could be carried out, because it
was necessary to perform all simplex calculations on a Tektronix
4051 off-line instead of using the Digital Equipment Corporation PDP
11/34 which was interfaced to the instrument. Ideally, however,
instrument settings could be adjusted, data collected, an objective
function response calculated, and new instrument settings specified

in a matter of two or three minutes.



The time-saving advantage of the operating condition selection
procedure and the simultaneous multiple element method of analysis
used in this work over the currently used sequential methods of
analysis (e.g. spectrophotometric, atomic absorption) is obvious
and substantial. This work demonstrates the feasibility of using
the proposed objective function and a sequential simplex search to
locate optimal operating conditions. Studies in progress at the
U.S. Geological Survey will determine the effectiveness of this
search technique and the proposed objective function in achieving
time-saving or analytical advantages over alternative methods of
selecting operating conditions (use of the instrument manufacturer's
recommended'operating conditions or use of univariate or random

searches).



The Objective Function

Methods of experimental optimization, including the sequential
simplex, rely upon a clearly defined objective function which must
be evaluated after each trial.

In the past, the most common multiple-element optimization
method has been to find the conditions that give the optimum response
for each individual element of interest and then to select a com—
promise set of operating conditions (1-4). Greenfield and Burns
(5) discussed several figures of merit which could be optimized in
order to compare the performance of argon—cooled and nitrogen-cooled
plasma torches. Using an alternating variable search method, they
optimized the net signal to net background ratio. However, they
also only worked with emission lines of individual elements.
Wegscheider, Jablonski, and Leyden (6) considered various objective
functions for use in multiple-element analysis by X-ray fluorescence
and concluded that objective functions could be derived which closely
resembled the qualities intrinsically sought by X-ray spectroscopists.

One such function which gave an overall measure of precision was

1 n Ii o Iiy
Y, = T, Ll Ci/Ii,p . for (1, - Ii’b)>(2.71 + 4.65\/'117)
and Y = O otherwise, where
ty = real time needed to acquire a spectrum
n = number of elements of interest
Ij,p = gross intensity of element i

Ii,p = background of element

c; = the concentration of element i



Morgan et al.(7) successfully used the sequential simplex method
to optimize multiple-component chromatographic separations. A
chromatographic response function (CRF) based on peak separation
was used as an operational measure of performance:

CRF = %
i=1

where P; = depéh of the valley below a straight line connecting

loge (P;)

two adjacent peak maxima divided by the height of the
straight line above the baseline at the valley of
the i-th pair pair of adjacent peaks
Ebdon et al. (8) compared the analytical performance of nitrogen-
cooled and argon—cooled plasmas for single element determinations
following preliminary optimization by the sequential simplex method.
This work defines several possible objective functiens for use
in multiple-element determinations by ICP-atomic emission spectrometry.
The performance of a proposed objective function is described and
evaluated in the Results and Conclusions section.
Because it is a measure of merit which is easily evaluated, the
net spectral line signal to spectral background ratio, as defined
by equation I, is used throughout this work.

(s/B) = Total Signal-Background 1
Background

Obviously, the signal-to-noise ratio would be another possible

figure of merit to measure.



It is important in the determination of compromise conditions
for multiple-element analyses that the objective function generated
provide greatest sensitivity for elements with the smallest (S/B)
ratio and that it provide progressively less sensitivity as the
(S/B) ratio increases. Initially, it appeared that a two-term
function, suéh as that given in equation I1I, might be appropriate.

- ) (s/B) min " 11

F=(S/B)® + k _

| /) nax

where m, n, and k are constants, and min and max designate the
minimum and maximum signal-to-background ratios for the lines of
interest. The first term of this function focuses specifically on
the line with the smallest signal to background ratio. The second
term introduces a uniformity criterion; that is, it can increase
the value of the objective function by discriminating in favor of
(S/B)pin at the expense of (S/B)p.x. A rather obvious shortcoming
of this function is that it requires the evaluation of the tﬁree
constants k, m, and n. A second and far more subtle problem was
discovered while using this function to generate responses from
experimental data. Because an ICP direct reading polychromator
with similar response photomultiplier tubes was used, (S/B)gin
and (S/B)max could very closely approach one another in the absence
of sample. This latter condition caused the objective function, F,
to range from zero to infinity when sample was present, but to give
a response approaching k when sample was absent. Because of these

problems, other objective functions were investigated.
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The general weighted average (Equation III) appears to have all

the features of an acceptable objective function.

III
n
I W; (8/B),
F = i=1 i
1
i=1

where w; is the weight assigned to the corresponding (S/B) ratio.
In a trivial case, this function reduces to the minimum (S/B)
ratio if Wy = Wp = ... = Wpin i = Wpin+i = Wn = 0 and Wpi, = 1.
The function reduces to a simple average if Wiy = Wp = ... = Wj.
These weighting functions were investigated, as were those of the
form W; = e -(S/B%. and W, = (S/B);N, where e is the base of the
natural logarithm and N is a constant.

Selectién of an objective function, at this point, might appear
arbitrary; this is not totally_the case. In X-ray fluorescence or
radiochemistry, where the experimental uncertainty can be estimated
via counting statistics; a theoretically based objective function is
possible, whereas in emission spectrometry, as in the case of
multi-component chromatographic separations, an objective function
must still be selected intuitively. Table I illustrates this
intuitive selection process. The first three columns in Table I
present five sets of simulated (S/B) ratios for three atomic emission
lines. Overall, the five sets of data are arranged in decreasing
order of desirability; therefore, the values of the objective function

should follow this trend. The last seven columns correspond to the
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values of the objective function (III) for the weights indicated.
Only the data in colummn D, W; = (S/B)i'l‘o, monotonically decreases,
indicating that weighting with the reciprocal of (S/B) agrees with
our a priori views.

A simple example using two sets of (S/B) ratios with the same
arithmetic mean (X) is algebraically represented in Table II. 1In
the second set, however, one ratio is displaced Z units above X
while the other has a ratio displaced Z units below X. The last
column summarizes the value of the weighted-average objective
function where W, = (S/B)i—l‘o in each case. Since the (S/B) ratio
must be greater than zero, xz-(zz/x) must always be less than X,
indicating that the uniformity criterion is implicit in this function.

Thus, weighting with the reciprocal of (S/B); agrees with our
a priori views, and our proposed objective function simplifies to

equation IV if W; = (S/B)i—1

F = n 1v

(S/B)i“l.o

[ e I8~

i
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Table 1. Illustration of selection process for an objective function.

Signal to-background Values of objective function III
ratio for different weighting factors¥*

o ——— (" 2210 S 2o s S . S St e e e e e o S s 1 g S 2y S St . W Sy e i S o . S S —— - -

(s/B)y (s/B), (S/B)3 A B c D E F G

2,000 2,000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.200 1.000 10.000 0.200 3.73 1.29 0.492 0.291 0.235 0.532

0.100 5.000 5.000 0.100 3.37 1.18 0.288 0.128 0.104 0.171

[
Qo
(o]
o
[
.

o
o
o

0.100 3.70 1.00 0.270 0.137 0.110 0.361

*A = Min (Wy = Wy = Wpin-1 = Ypin+l = «-- = Wy = 0 and Wy i, = 1)
B = Average (W] = Wp = W; = ... = W,)
c=w = (s/B); 70>
D=w = (s/B);71-0
E=w = (s/B);713
F=w = (5/B);72-0

G=w; = e (S/B),
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Table II. Illustration of the uniformity criterion.

Set No. (s/B) (s/B), Objective Function IV
1 X X X
2 X+ 2z X -2 X -z2/x
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The Sequential Simplex Algorithm

The applicability of empirical optimization techniques to chem-
ical processes was demonstrated by Box (9) in 1951 when he introduced
the Box-Wilson "approach to the optimum" technique. Later, Box,
advocated a simplified version of this "steepest ascent" procedure,
an experimental optimization technique which he called "evolutionary
operation" (10) for improving established industrial or chemical
processs, In applying this technique, a systematic cycle of variants
of the current chemical process was explored until an indication of
desirable change emerged. The process was then modified in the
indicated favorable direction. The procedure, however, did not
specify rules on either when to change or how to change the process.

Spendley et al. (11) in 1962 developed the sequential simplex
optimization method in an effort to automate the evolutionary pro-
cedure. The method depended upon comparison of function values of
the vertices of a simplex, followed by replacement of the vertex
with the worst value by another point. Calculations were rigidly
specified, yet simple enough to be easily automated.

Brooks (12) compared the performance of several optimum seeking
methods for which the functional relation between the response and
the variables was unknown. Factorial designs, univariate procedures,
methods of steepest ascent, and random experimentation were compared
on the basis of the magnitude of the response at the estimate of the
optimal variable combination resulting from application of the methods
for a fixed number of trials. On this basis, the slope method of

steepest ascent performed better than the other methods considered.
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Using the same response surfaces as Brooks, and as far as possible
the same experimental regions, Spendley et al. made similar compar-
'isons of the performance of the sequential simplex optimization
method. These simulations showed that by virtue of its performance
(only the slope method of steepest ascent was clearly better) and

its simplicity, the sequential simplex technique was a useful optimi-
zation method. |

Long (13) successfully applied the theoretical proposal of simplex
optimization to two analytical chemistry procedures, the p -rosaniline
method for determination of sulfur dioxide and the molybdenum-blue
method for determination of phosphate.

Since its introduction in 1962, the simplex optimization pro-
cedure has undergone several modifications. A modification by
Nelder and Mead (14) of the simplex method allowed acceleration in
directions that were favorable and deceleration in directions that
were unfavorable. King (15) modified the Nelder and Mead algorithm
to allow for failed contractions (decelerations). Yarbro and Deming
(16) discussed selection of variables, initial step size, and initial
vertices. Routh et al. (17) suggested the use of second-order
polynomials to locate the position of the new vertex. However, this
had the disadvantage of significantly increasing the programming
effort required. Ryan et al. (18) proposed a "controlled weighted
centroid" method and an "orthogonal jump weighted centroid" method,

both of which more closely approximated the gradient direction than
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did the Nelder and Mead algorithm. Although both of these weighted
centroid methods did find the neighborhood of the optimum more rapidly
than did the Nelder and Mead algorithm, they were less efficient

when forced to determine the optimum point itself.

The sequential simplex optimization method has been applied in
recent years to many areas of chemical research and instrument design,
including, but not limited to the study of pulsed hollow cathode lamp
performance (19), preparation and operation of microwave excited
electrodeless discharge lamps (20), flame atomic absorption (21),
and energy dispersive X-ray spectrometry (22), and gas-liquid chromato-
graphic methods. The method has proven to be an efficient and con-
ceptually simple technique for improvement of response in chemical
applications.

This work applies the sequential simplex method to the selection
of optimal compromise operating conditions for the simultaneous
determination of five elements by inductively coupled plasma-atomic
emission spectrometry. The algorithm used ié?based on the King
modification of the Nelder and Mead algorithm.

The variable-size sequential simplex algorithm of Nelder and Mead
consists of reflection, expansion, and contraction rules. It is
useable with any number of variables and is applicable to minimization
as well as maximization of response. A two variable maximization
problem will be used to illustrate the process (see Fig. 1). .For the
current work, these variables are observation height in the plasma

and forward power.
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VARIABLE 1

Figure 1. Two variable simplex.
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In the initial simplex, w, n, and b correspond to the responses
at the vertices with the worst (W), next-to-worst (N) and best (B)
responses. P is the centroid of the simplex calculated without W.

r represents the response at the vertex associated with the reflection,
R, which is accomplished by extending the line segment WP beyond P
to the new vertex R, where

R=P+ (P -W

If the response at R is better than that at B, an expansion is

attempted by extending the line segment WR to the new vertex E, where
E=P+2 (P-W

and e represents the response at the vertex E. According to the

expansion rules of Nelder and Mead, as stated by Shavers et al.

(23): "If the response at E is better than the response at B,

E is retained and the new simplex is NBE, If the response at E

is not better than at B the expansion is said to have failed and BNR

is taken as the new simplex". King modified the expansisn rule of

Nelder and Mead by comparing the response at E to the response at R,

rather than that at B.

Although this modification appears to improve the rate of con-
vergence of the simplex, it was not discussed in an Analytical
Chemistry review article by Deming et al. (24). Explicit use of this
modification appears to be limited to an engineering application by

Dowson et al. (25).
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In Fig. 1, cgp and cy represent responses at the contracted vertices
Cr and Cy. Shavers et al, stated the contraction rules of Nelder and
Mead as follows: "If the response at R is worse than the response at
N, but not worse than at W, the new vertex should be closer to R than

to W: _ o
CR=P + 0.5 (P - W)

The process is restarted with the new simplex BNCR. If the response at
R is worse than the response at W, the new vertex should lie closer to

W than to R: _ _
Cy=P-0.5(F-W

' A contraction

The process is restarted with the new simplex BNCy.'
fails if the response at Cp is worse than that at R, or if the response
at Cy is worse than that at W and results in a massive contraction in
which the size of the simplex is further reduced.

King suggested the following modification which was used by Morgan
and Deming in their chromatography work: "If the contraction
vertex is the worst vertex in the new simplex, do not reject that vertex,
but instead the next-to-worst vertex, N",

It was not apparent at this point whether, in the event of a failed
contraction, the contracted vertex was always to be retained or was
to be retained only if the response at the contracted vertex was better
than that at both R and W. This ambiguity led to the incorporation
of the following contraction modifications. The CR contraction rule
was modified so that the response at the contracted vertex, Cg, was

compared with the response at R. The vertex Cg was retained only if
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the response at Cr was better than that at R. The Cy contraction rule
was modified in a similar manner, so that the contracted vertex, Cy,
was retained only if the response at Cy was better than that at W.

Because the overall effect of these modifications is to slow
the size-variation of the simplex without altering the directional
movement, these modifications may reduce the likdihood of aimless
wandering of the simplex in response to noise and thereby improve
the efficiency of the algorithm in the presence of noise as well.

No comparison was made, however, of the performance of the modified
and unmodified algorithms under experimental conditions.

When the Nelder and Mead algorithm is used on responses subject
to error, the simplices may retain a false high result as though it
were a true optimum. Therefore, if a vertex has been retained in
(k+1) successive simplices (where k equals the number of variables),
the response at the persistent vertex should be re-evaluated and the
results should be averaged with previous observations. Less difficulty
is caused by false low results, as these vertices will be quickly
eliminated through application of the algorithm rules.

If a new vertex lies outside the boundaries of the independent
variables, it may be assigned an undesirable response to force the
simplex back inside its boundaries. Alternatively, a Cy contraction
may be performed to generate a new vertex lying between W and P.

This latter approach was used in this work.
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Because very often little is known about the response surface
of the chemical system under investigation, it is difficult to estab-
lish response and variable termination criteria for the simplex search.
Suggested approaches have included halting the search when the simplex
step size becomes less than some predetermined value, when the
differences in response approach the value of the indeterminate error,
or when some predetermined number of iterations has been performed.
In this work, the simplex was allowed to continue until the forward
power and observation height coordinates converged to within the pre-
cision with which they could be adjusted.

A flow chart of the algorithm and computer programs in BASIC and

in Fortran are presented in Appendix B.
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Experimental Measurements

Throughout this work a Jarrell-Ash Mark III, a direct-reading
polychromator with an argon plasma source, was used. A nebulizer
flow of 0.55 L min~! of argon and a coolant gas flow of 17.0 L min~1
of argon were maintained. A signal integration time of two seconds
was used for both peak and background measurements. The background
for each line was selected at 10 spectrum shifter units (approximately
0.032 nm) to the high wavelength side of each spectral line peak.
Observation height above the upper loop of the coupling coil and
forward power ranged from 7 to 27 mm and from 700 to 1900 watts,
respectively. Prior to each determination, the reflected power was
set to a minimum (X 3 watts) while the sample solution was aspirated
(sample uptake rate = 1.0 mL min~1),

A stock solution was prepared from Fisher certified aluminum,
manganese, sodium and titanium 1000 ug mL~! atomic absorption standards
and Spex Industries phosphorus 997 pg mL~! atomic. absorption standard.
The emission‘lines_ggd;concentrations were: Al I 396.152 nm,

6 pg mL™l; Na I 588.995 nm, 2 yg mL~l; Ti II 334.941 nm, 40 ng mL™l;
PI 214.914 nm, 1 yg mL™l. For this solution to better reflect the
properties of the real samples that frequently are dissolved in HF
or other acids, the following reagents were added: 4 mL (28.9 M)
hydrofluoric acid, 2 mL (12.1 M) hydrochloric acid, 1 mL (15.9 M)
nitric acid and 1lg H3B03‘Per 100 mL of stock solution. Under the
operating conditions selected, Al was present at approximately 1000
times its detection limit, P was present at approximately 10 times

its detection limit, and Na, Mn, and Ti were present at approximately
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100 times their detection limits which were determined at 1100 watts
forward power and at an observation height 16 mm above the coil

(power and location suggested by instrument manufacturer). These
elements, lines and concentrations were selected because they encompass
a variety of conditions commonly associated with the analysis of
geological samples.

Spectral line intensity data were acquired using a Jarrell Ash
Mark III ICP. Data were recorded and processed using a Digital
Equipment Company PDP 11/34 minicomputer with 64K words of memory
and dual RLO1 disk drives which was interfaced to the spectrometer.
All simplex calculations were performed off-line using a BASIC language

program on a Tektronix 4051 microcomputer.
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Results and Conclusions

Objective functions have been described for use in multiple-
element determinations by X-ray fluorescence spectrometry and for
use in multiple-component chromatographic separations. This work
describes an objective function for use in multiple-element deter-
minations by atomic emission spectrometry. The objective function
is then used with the sequential simplex optimization method to
select optimal forward power and observation height settings for
multiple-element determinations by ICP-atomic emission spectrometry.
The sequential simplex optimization method was chosen because of
its simplicity and its proven effectiveness in chemical applications
where the functional relationship between response and variables is
usually unknown.

Table I11 summarizes the forward power, observation height,

individual (S/B) ratios for each of five spectral lines, and the value

n
of the objective function (equation IV, F = g (S/BZ;I) for each

i=1
instrument setting tested. The simplex was allowed to move until the

forward éower and observation height coordinates had converged to
within the precision with which they could be adjusted (20 watts for
forward power and .20 mm for observation height). The asterisks
indicate that random noise caused the background (B) to exceed the
line intensity signal(S) for the designated spectral line. Whenever
this happened (vertices 2, 8, and 13 in Table III1), the corresponding
(8/B) ratio and the objective function were assigned very unfavorable

values. Vertices 13, 17, and 22 in Table 1II illustrate the retention
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of a vertex having a high response. The response at this retained
vertex was periodically reevaluated and 'averaged with previous
observations, resulting in an objective function value of 0.852 for
an observation height of 14.0 mm and forward power of 1220 watts.
Had the initial high response at vertex 13 been due to noise, the
vertex probably would have been eliminated from the simplex when it
was reevaluated. Once the optimum had been located (1220 watts and
14.5 mm), ten replicate determinations of the objective function at
those settings provided a response of 0.802 * 0.032 units. The
convergence criterion-ﬁsed in this experiment was the precision with
which forward power and observation height could be adjusted. It
was, therefore, relatively unimportant whether the optimum setting
was considered to be the best point of the final simplex (1200 watts
and 14.3 mm) or the center or average of the final simplex (1220
watts and 14.5 mm).

The data and results in Table III1 are based on printout from
optimization calculations performed off-line (see Appendix C). Table
IITI indicates that the last simplex would not correspond to the best
conditions for any single element. For example, a lower power and
highér observation height setting such .as the 1050 watts and 17.7 mm
used at vertex 10 would have been better for an Al determination. Exam—
ination of the individual elemental S/B ratios indicates, however,
that these conditions provide a very realistic compromise when deter-

mining the five selected elements in the concentration regions specified.
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At present, the value of the proposed objective function at the
optimal instrument operating conditions is of importance only in that
it specifies a preferred combination of settings relative to other
settings tested. Software modifications could be made, though, to
indicate low elemental S/B ratios and to suggest the possibility
of deleting the corresponding element or elements from the optimiza-
tion procedure. During actual sample analysis, however, interest
centers on the individual S/B ratios and information concerning noise.
This information, not the proposed objective function, dictates
whether a particular sample should be reanalyzed for a particular
element.

The data in Table III and Appendix C show that the proposed
objective function specifies an optimal setting which is in agreement
with our a priori views concerning a preferred combination of S/B
ratios for the five elements being determined. The relatively low
S/B ratios of Ti and P are improved at the expense of the Al, Na,
and Mn S/B ratios. Additional experimentation was not done to verify
the location of the optimum because the region of the simplex search
included the instrument manufacturer's recommended settings (1100
watts and 16 mm for determination of any element or combination of
elements in aqueous solution) and published recommended settings for
the individual elements determined. Under different circumstances,
the simplex algorithm could have been started from several locations
to see whether it converged to the same point. Factorial designs and

univariate searches could also have been used to verify the optimum.
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Thus, this work has demonstrated the feasibility of using the
proposed objective function in conjunction with a variable-size
sequential simplex algorithm to optimize operating conditions for
simultaneous determination of five selected elements by ICP-atomic
emission spectrometry. Although this search method can aid the analyst
in locating optimal operating conditions, its usefulness in actual
sample analysis will depend upon the frequency with which it specifies
optimal operating conditions that improve the analytical capability
of the system or that allow simultaneous determinations not possible
at the instrument manufacturer's recommended settings. The search
method described is general and subsequent work will expand this
approach to a multiple~variable optimization (observation height,
forward power, nebulizer gas flow, coolant gas flow, concentration of
an ionization suppressing element, e.g. Cs) which is expected to
facilitate the determination of major, minor, and trace elements in

silicate rocks and minerals of geochemical interest.
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Appendix A

Brief Description of Inductively Coupled

Plasma-Atomic Emission Spectrometry
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Brief Description of Inductively Coupled
Plasma—-Atomic Emission Spectrometry

In ICP-atomic emission spectrometry, a radio frequency (RF)
generator provides energy to a plasma torch and creates an RF
magnetic field. Argon gas is passed through the field and is
ionized to become the plasma. Sample solution is aspirated from a
container and carried by another stream of argon gas to the plasma
discharge, where excitation occurs. Excited elements emit photons
of light which are directed by the optical system through an entrance
slit onto a concave grating surface. The grating diffracts the
light into its component wavelengths which are focussed to form
images of the entrance slit on a focal curve. Exit slits isolate
wavelengths of interest. Photomultiplier tubes behind these exit
slits convert light to electrical energy proportional to the intensity
of the spectral lines. A computer then converts these signals into
desired concentration units and prints or displays the results. The
location and magnitude of these emission signals and the noise from
sample and discharge gas are influenced by physical properties of
the plasma discharge. These properties are in turn controlled by
the operating characteristics of the instrument system. Among the
critical parameters for analysis are the power input to the discharge
and the observation region in the plasma. Selection of these operat-
ing conditions affects the limits of detection for simultaneous

multiple-element analysis.
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Appendix B

Flow Chart of Sequential Simplex Algorithm

and BASIC and Fortran Programs



Enter Set Int
tialize
Initial ] Factor — n
Vertices Linits D=0 :
Pesponses H
| N
N
Countex Vertex
Sort - N for sed N + 1 3L Continue C=+1.0
Print 4 Mai£ Loop Tim/ T i
2 .
1 Sort :L
Print
Calculate
T New Vertex
R1(1) =
Response {5 RI(1) + R \L
2 Print New
Coordinates
Print New Calculate
BNC, Response - -
W P Coordinate New Vertex ¢ 0.5
Response
’ Bound Print New Calculate C=+2.0
' BNE Y Response Violatio Coordinates New Vertex
;1
N Y )
& BNR (4
Print New Calculate |- C=40.5
BRCy Response (‘"J C(mrdlnatei New Vertex |
3
& Ry = -100-DK
Print New Calculate 9
p BNCY Response vordinates New Vertex K—{C = -0.5
N
ey = -100-D F BNW

Flow Chart of Sequential Simplex R]sorithﬁ



35

N 0L T=] 304

T+H Ol 1= 404

»wIJLUNIQH00Dw ‘ u# ¥OLIYSL ‘ul X3L43N LANINd
«X3TdHIS WILINI. »nwmu

X3NdWIS LSUI4 3ZITWILINI 64007 40 13S LIX3IN W3
422 Yiva

8061082 bibg

8=

I 1X3N

(IHCI)T au3y

N Ol I=] 304

SNOISNIHIQ N ¥0d SL1IWIT S13S 4007 INIMOTI04 W3IN
(82,04 W14

(9¢001)IM‘(QB1)M HIQ
(02)88°(82)8S¢(AT)YGN‘CATIPN WIQ
(OTIENCBTIZNICOT AT TN (BTIN (BT TH*(BIDH!(BT) T NIQ

LM LINdNI

{w = GNS 3SNOISIY -- NOILINNSA ONILHDIIM NI 43asn 38 Ol mm:omn »xwmw
{w = SINIT 40 #. INI1Nd

N 1lNdHI

fu = SNOISN3WIQ 40 #. ININd
# A010Yd4 = 1 W3N
# X3143n = F WA

X4
8c¢e
)1 ¥4
Sec
vec
e8c
861
sl
2ll
8L1
891
sl
14
£€1
el
1£1
8Ll
821
221
el
14!
1A
acl
ary
eal

JISYE UT WDJBOJJ XB|dWIS (DIIuBNbLEg



36

1CIDN LNINd
N Ol I=1 dOd

nNOTLOUHINOD 3dAL MO ¢X3L33N MIN. LNI¥d

6et_anso)

082 N3HL CT+N)TdC2Y 41

8088 NIHL C(H)TNCZY 41

8006 NIHL CT)T¥ced i

8007 8NS0H

8005 NIHL @01-=¥ J]

" e862_ansod

I 1X3N

£¢1)2n" LN1dd

¢DA=CI)2N

, N OL T=I ¥04
«X3TdHIS TUMYON ‘X31¥3n MINe LNI¥d
LINT3d

e00r 8NS03

0086 8NS09

0896 8NS09

081 8nS0d

«Aum$d 137

«S3O1L¥IN WILINI L¥0Sa LNINd
LHI¥d

rLX3N

A= ()T

0081 _8n509

1 _LX3N

CI4F)TA LNdNT

fo « LININd
S14F ININd

<89
089
G6S
065
08s
(- 4™
089%
0SS
Q9
oSy
Gl¥
184
C9¢
29t
a9t
SSE
141>
2GE
8SE
orE
OLE
et
eIt
8ot
COL
2oL
00f
862
eac
0s2
052
Cre
ore



37

01£ 0L 09
2y=C1+N) 18
I 1X3N
CDZA=CIST+H) TN
N OL I=I 304
. a-081-=(N) 13
«X3LY¥IN LSHOM-0L-IXIN_LIAr3de LNINd
«0311Y4 NOLLOWALNOD 3dAL ¥J. LNI¥d
0882 N3HL 2¥ChY 4l
d=bY
8001 _8nso9
I 1X3N
£¢I)n LNT¥d
o SDIzELe
-
#NOILOUNINOD 3dAL ¥ *X3L¥3N M3N. LNIdd
866E @NS03

onomaa& 1817

01£ 01 0D
Safa. LI
o X31¥3N L1SYOM-0L-LX3IN 1O "
«@3710U4 NOILIVIINOD 3dAL MI. LNINd
0089 N3HL (T+N)THCSY JI
4=Gy
0001 8NS0J
I LX3N
(DA=C(I)SA

828
818
918
148!
18
o018
06l
08¢
822
894
0Se
ore
3202
0Ll
a2s
S1e
81
08l

069
089
049
899
0s9
or9
09
829
819



NiNL3y

r LX3N

INIdd

1 LX3N

fCIrYIN INTNd

N 0L Is] 404

$(r>TY LNIdd

I+N 01 1=r ¥0d

A LX3N

2 1X3N

I LX3N

18=¢I*'2>1n
SRFARNTISES PRY)

(IO 1In=19

N OL I=] ¥O04

8=(2) 1Y

(D TA=COD 1Y

D 1Y=8

8297 N3IHL (2)Td<=O 1Y dl
T+N Ol T+i=2 304

N OL T=) ¥0d4

pba2 223302032202 0333380033033803 33 30333022983¢233833¢ ALY
. LNIdd 3 L¥0S OL wzukszMﬂmoumw

38

N3NL3Y
sz, LI

fo = Q3ZIWILd0 INI3E 3ISHO "
* eesy ansod
INIdd
SISNOdS3Y ¥04 ang W3y
0oLl ‘000!

0021
8691
c891
0891
0491
8991
8591
8r91
0£91
8291
8191
8891
86ST
88s1
0467
89S17
0SeST
aval
0£G!
4
18
1061
ees1
1817

0sol

Ghol
orel
82oel
e1el
eao!
1817



39

NiN13Y e2It

1 LX3N B11E

CCTAT+N) TA=d) $J+d=( 1N 201F

N/S=d 001¢

f IX3N 066

(1'F)TN+S=S 9BOL

N OL I=f J04 ofef

B=S 820

N Ol I=1 404 @10%

$30I143N MIN 3LYINIT¥I OL INILNONANS W3H BBOE

eeLL‘eent 1SIN

N3N134 8see

001-=Yy 0+0C

0502 01 09 S£ee

. : I 1X3N efec

0%02 NIHL C(IDHCCIIN J1 ez2ee
0¥0Z N3HL (IDNCI)A J1 0182
N OL T=] ¥04 002

ONN08 W3y 008

eecz‘eewe LSIN



40

. NiNL3Y

INIdd

6M/6Y=Y

I- 1X3N

8M+6M=6M

BHxCI)0d+64=6

MY CC1)Y0U/T)=8M

(1)0Y¥%s = OILYY ANNOYAINIYE O TUNDIS. ININd
(1)88/(C1)88-¢1)85)=(1)>0Y

18°8+(1)>88=(])8S

84S N3HL (1)88¢(])8S J1

(1)88°C1>8S LNdNI

fa  GNNOYDNIVAIUNDIS  wfIf.  3NIT » ININd
W 0L Is=] d0d

@=6M

0=63

3SNOdS3¥ 31vINITWI 0L ans W3y

00Lr ‘o0s

ledd
SE9P
0£9¥
B829¥
8194
805¢
86Sh
085S+
8.SP
09G#
oSS
145 4
0LESH
8csy
111Gy
31814
08SH
1s17



41

8I£ 0L 09
a-007-=¢N)> 13

9¥09 NIHL C(NITICSY 41

I LIX3IN

CIISA=CT CT+N) TN

N OL T=I 304

CmCI+N) 1Y

«IN4SSIIINS HOILIVELNOD 3dAL MIu LNINd
" "HOILOUHLINDD 3dAL MD W3

8029 ‘0009

0008 0L 09

" zoumzcuxw d31dW3lLY NI zo~h¢40~: dNNO8 « wmmzm
1NIdd

NOISNUdJX3 ew»mzmhhc NO NOILYTI0IN ONNOS W3

006S ‘00SS

@1£ 01 09
A= CT+H) 13

eeel_ansod

1 LX3N

CIO=CTT+R TN

£¢I> LNI¥d

N 0L T=I ¥04

«NOILOWNINOD MJ X31¥30 M3IN. LNINd
eoec_8nso

« X3NdHIS TUAYON NI HOTLUI0IN ONNOR o ININd
dWIS ¥ON-NOILYI01N QNNOG W3Y

0025 '000s

8v89
»£09
cLe9
0£e9
8209
8189
<0089
1009
eee9
1817

1SS
SOsS
£06S
20SS
085S
1817

e81S
0605
08065
G208
0205
090eS
8%0S
av»es
0£08s
8208S
Gaes
14435
800
1811



42

81t 01 09

. I LX3N
(D)2N=CI¢T+N) 1N

N Ol I=] d0d

C=(T+N) 1Y

JNON X3ITdWIS TUWNON W3IY
00»8 ‘0008

e1g 01 09

4-801-=(N> 1}

Bb0Z NIHL (HOTACHY dI

I LX3N

(DPA=CTT+N) IN

N Ol T=] ¥O4

PuU=CT+N) TY

» INISSIIINS NOTLIVHINOD 3dAL ¥« LNINd
NOILJUALNOD 3dAL ¥) W3d

00£2 ‘0082

ev08
0£08
e2es
8108
cees
0008
1817

8v8L
b£aL
2E0L
8£6s
0202
818L
00l
1802
8008¢
1817



43

81£ 01 09

I LX3N

CHENCT T+NY TN

N OL I=I 304

1 L= T+N) T
=NOISNUAX3 IN4SS32InS. LNIdd
NOISNYdX3 N4$5329nS W3
0808 01 09

«0371Yd NOISNYAX3 Q3LdW3LLY. INIdd
8026 NIHL 2d(E¥ 41

d=£y

@081 8NS09

00SS NIHL 88T-=¥ 41

8002 8NS09

I 1X3N

(1)N=(IEN

£C1)0 INIdd

N OL T=I ¥04

«X3VdWIS QIANUDXI*XIL¥IN MIN. LNINd

ooet m:wow
ozcmxm W3y
0056 ‘0006

0SE6
orE6
8LL6
82t£6
B1E6
10£6
00L6
8s16
colé6
0016
8606
8806
0206
8906
8586
8+86
CE86
8Lee6
G206
82086
8186
0006
1811



44

N3N13y

08<1 anso9

(D 1Y=(a)n
C/(Y+(TTAI=CI) 1Y
8007 ansoy

«QIVAIANY 38 1IN ISNOASIY ~- SIWIL T+N 43SN XIL¥IA. IN1dd

I LX3N

8246 01 09

8496 NIHL (I'N-Q)TM=CI‘Q)IM 4]
N OL T=] 304

82i6 01 09

1496 NIHL (N-Q)M=(Q)M 4]

8246 NIHL T+N>Q 4l

INIdd

PUL. = (S3OILN3N T+N LSY1) 3ISNOJS3N 40 n3d dlS« LNIY¥d

af

(N/E£Y)ABS=pY
(T+N)7231Y-2Uuty

1 1X3N

cH(I)TY+2Y=2y

(DD TA+1Y=TY

T+N 0L V=] 304

I 1X3N

(I TIN=C1¢a) 1N

N Ol TI=] ¥04

(D TA=(QON

INIdd

» = d007T NIUW OLNI S3WIL. INI¥d
1+Q=q

ININd

o=2y

é=1Y

¢ SIHIL T+N Q3sn X3IL¥3n WY
6626 °'0096

0226
126
016
00846
0696
0896
8496
$296
£296
12496
8496
2996
$996
£996
2996
1996
8996
6596
8596
¢696
9696
£696
G966
1696
0596
8¥96
8L£96
8296
0196
»096
c896
8896
1817



45

NiNL3Y O¥86

dN3 0£86

8¥86 NIHL «Au=$A 4] 9286
$A LNdNI 0186

nd 3dAL INNILNOJ OLla
6666

¥

N1dd 0886
0086 LSIN



46

HXATAUTS YILINT o Sk INTMA

ro0 SKLNTIMA

XAMAWIS L8MIA 40 S30TLMAN SUINIMNA §4007 A0 L3S LXAN IHL
ZM 4 ,= NOTILINNA SNAGSIM NI 1380 39 04 MIMO0A . SXAINTMA
W 4= SINIWATNE 0 MITUWAN 3HL , 4% 1INIMdA

N4, = SIMVINYA 40 MITWOAN 3HL , “XLINIMdA

s SRLINIMA

0 =11

JOCTATHG/LMANSW VIR

70*8/(T4L)TIN viwd

Z70*GE/(EAEYTH VIV

70*8/¢E4TXTIN Vv

70°004T/C(T4E) TN VIV

70°05ZET/(T4)THh vivd

70°008/7¢T4T)Th viwvd

Q0 LE/(EIH RLYT

Z0°006T/¢CTHH YLl

/0003 VLR

70°004/7CT)7 wLwg

XATAWIS LEMTA SAZIIYILINL (INY

SATMEVYIMUA N MNMOJ SONNOYT S138 vIVT ONIMOTI04 JHL
OZHXOM (0BT (0BG NOISNAWIN

(G400T)XTM S (O0THXM NOISNIWIAI

OTIGA “COTIXVN “(OTHEN “(OTIEA “(0T)NA NOISNAWIUI
(OT400XTA “(OTHXTYM “CQTIH “(O0T)T NOISNAWIT

Z4T MADDUNT

B L B

# INIWI3I

# ATTIVINVA

F X3ALMAN

it

i
T~ E

i

NUMLMOA NI WOMO0MS XINIWIS IWILNINDAS

)

.

a

P
-



47

(IDA = (I)8A

N‘T = I 09 00

(NOILIYMINGD HdAl MO <XILYIA MAN , SXINIMA
, o+ SXINIMd

(A4D4TASNIDTIVD 119D

540~ = )

69 0L 09 CCTHNITM*LO*EM) AT
008 0L 09 ((NXTM*LH*EM) AT
006 OL 09 (CTITU LA TM) AT

¥ = oy

CLMA WD SNASIN 10

00¥ 0L 09 (0*00T~-*BA*M) AI
(MEH4T4AN) TINNOE 1IVD
((XS4G°0TAIT XT) LYWNOJ

(N*T = T4(I)A) 405 INIMJ

(DDA = (I)ETN

N‘T = I Ob O

SXATAHIS TYHNON 4XTLMIN MIN , “KINIMA
/s AXINIMd

(A€I4TAN) 29D TIWD

0°1 = 2

096 OL 0O (LA, *AN*IR) AT
(OAINILNOD 1190
(MELMATASTHAMANSD OAY TTIYD)
(TA4TMN) 1MOS 179D

,SADTLNAA WILINI 1MOS , “XINIMNJ
. . SXINIMd

M= ()T

(LMEMEU) SNLSAN 1790
(TULASXBTCCIAXFTATIAXY) LYWNO
(I4M)TA 41 40 4682 INIM

N‘T = I 0T Oa

THNST =  0F O

it

CoALYNITMO0D, 4XOT 4, % FTIVINYN, ¢XO0T 4, # XALMIAN L 4XT) LVWNMOA

OT INIMA

0%

ov



(I)A = (T4THNITA
N‘T = I OTb O

SNOTLOVMINGD MO 4X3LMAA MAN ., OKINIMJ
(ASD4TA4N) 2TWD TW0

‘ 500~ = 2

(XT1IHIS TYMMON NI NOTILVTIOIA AMVINNOA ,4XT4/) LYMMOA
5O INIMA

X3TAWIS IYWHON NI NOILYTIOIA AMVINNOH MO 4007
S8 0L 09

EM = (T4+N)TM

(DT = (T4THNTA

N¢T = 1 &2 O

(D LY014-0° 00T~ = (NI TN

SXALMAN LSHOM-0L-LXAN LIACAN , KINIMA
AIATIYA NOTLOYMANOD A4AL MD ., SXINIMA

;o SKINIMA

004 DL 09 (M L9°vY) A1

M= by

(LMAM4W) SNASIN TW0

(N‘T = I 6CI)A) 405 LNIMd

(I)A = (I)bn

N4T = I 0Z OI

(AST4TASN) 2TWD TTVD

48

5'0 = 0

(oNOTLIVEMLINOD JdAL MO 4X3LM3AN MAN L, 4XT) LoWM0Od
99 LNIMd

S 0L 09

(D IY0TA-0* 00T~ = (N)ITM

A XALHAA LSMOM-0L-LXAN LIACIN , SRINIMA
STV NOTLIYMANOD AdAL MDD . AXKINIMA
e 7 SRINIMA

009 0L 09 ((THNITH*LO*EM) 4T

, ¥ = 5Y

CZMAM4W) SNASIY TIWD

(NAT = 1 4(I)A) 405 LNIMdA

0L

??
59



49

(NACDCTASNY DTIVD TTTIVD)

0*c =0

O XANARIS JAONVAXT XALMIN MAN /) LYKHNMDA
0Té& ININMA

NOISNVAXI XATAWIS 04 4007

g 0L 09

(IXCH = (I4T+N) TN

N4T = I 018 01

Y = (THND TN

ANOH XFTAHIS TTYHMON MOA 4007

Se 01 09

(D AVOT1A-0° 00T~ = (NITM ((NYTM*ATHM) 41

(DN = (I4T+HNI TN -

NT = I 0cs O
P = (THN) TN
€, INASSAIING NOILIVEINOD 3dAL MI L 4XT 4/) LUWNOA

OT4 LNINMA

NOILJVMLNOD 3d4A1 MI NO4 4007

5¢ 0L 09

GDLVOTA-000T~ = (NITM ((NYTM*IT°SM) 41
(IXSA = (T4T+N)I TN

N4T = I OC9 0O

G = (THN)TY

(,INASE3IINS NOTLIVMINOGD JdAL MDD L 4XT /) LYWMOA
019 LNIMJ

NOILIOVMINOD 3dAL MD MOA 4007

008 0L 09

SNOISNVAXT JI3LANALLY NI NOILYTOIA AMVINNOT , “XLINIMA
r2 SKAINIMA

0°05~ = Y

NOISNVAX3 J3LARIALLY NI NOILYTIOIA ANMVAINNOGT MO 4007
52 QL 09

M o= (THN)TM

(LMAMAWD) SNASEN VD

(NAT = T SC(ICTHNDTA) 405 LINIMA

01
00<

J

019
009

00%
J



50

LANOMA LNANT i (% X54, d4G , 421 4, ANIT , 4XT) LUWMOA
: I “0TO0T AINIMA
WET = T 0C0T OO

s+ SKININMA

0 = 6M

0 = 64

(0C)IOM 4(0T)H)BA (0BG NOISNAWIA
ASNOASIN IV 01 ANTILNOMANS

CZMANAW) LM ANTLNOMANS

aN3

NMNL3M

/7 SKLNINMA

(B°G5T4¢, = AFZIUILA0 ONIIT FENOQASIEM L, 4XT 4/) LYWHMOA
M 4000T LNIMA

(LMEMAW) LM T1TIVD

(OS)BASCOTIBS S (OC)HIONM NOISNIWIT
ASNOLSAY ALYINITIVI 04 ANILAOMANSG
CZMAM W) SNASTINM ANILAOMANS

1INJ

e 0L 09

(IEN = (I4T+N)TA

N¢T = T 0%6 O

£ = (T+N)TY

HNOISNYAXA NASSHAIING , S$XRLNINMA
NOISNYAXE INASSIIING MO4 40071

008 01 09

HAI3TIVE NOISNYAXD JILAWALLY , AXLINIMA
NOISNY4XA J3INIv4 ¥M04 3007

ové6 0L 09D (&M 19 e AT

¥ = £

(LMEMEW) SNASAN TV

005 0L 09 (0*00T~-°*H3a*M) 41
(MAHATSASN) ONNOT T1TIVD

(NST = I 4(I)A)Y 405 LINIMA

(IDa = (I)XEN

N4T = T 0dé6 0O

o107

0001

096

056

ové



51

UXTATLAIE SXT 45°5Td 4XT) LVWMOA
(N4T = T $(I4M)TNA) 4(M)TY 08T LNIMJ
THENAT = [ 4517 0d

/s SXUININMA

JNNILNOD

AONILNOD

ANNILNOD

Td = (I4Z)TH

(I4Z)TAh = (I4N)TIN

(I4N)IN = T4

NT =T OTT O

= (2)TM

(Z)TY = (M)TM

(MTY = o

ITT OL 09 ((Z)TY*IAD (NI 4T
FTENATHN = 2 TIT 0Od

NT = M &TT 01

(/74¢.%,005 $XT//7) LUWMNMOA

00T LININMd4

Z MANIALNI

: (OT4OT)TA “COT)TY NOISNIWINI
SAATLHYIN LNIMA 1INV LMOS 0L INILNOMINS
(TASTHIN) LMOS ANILNOMANS

IN3

NMN L3N

6M/6M = M

8M + 6M = 6M
BMx(I>0M + 68 = 6M
LMRXCCIIONM/T) = 8M

WAT = 1 0£0T 01

(B*CTA4XS 4,= 0ILOY A/86 , 4XT) ALVYWMNOA
(I)0M 4SCO0T UINIMA

(I)Bd/((1)8d ~ (1)88) = (I)0M

T0'0 + (I)8d = (I)8S ((IH)BI* AT (1)H)BS) JI
(183 4(I)8S %1433V

oct
511

A
1T
orrY

00T

0£0T1

LCOT

0cot



52

0 = &V

0 = 1TV

1 MIADILINI

(0T)8d 4(0E)IBS “(0C)IOM NOISNAWIN

(2400T)TM 4(O0OTHM “(OT40THTA “(OTITY NOISNIWIMT
THOVMIAANY MY SIASNOJSIM 4SHAWIL THN J3ISN XILMIN 4T J
SAHIL T+HN d35N XALMIAN MIAHLFHM SNIIHI INILNOMANS -

(HELMATAATYHAHSN AT ONY NI LNONING

aIN3

NMN.LINM
IANNILNOD org

(C(I4THNI TA~-ADI %D + o = (I)A

N/ZWNG = o
ANNILNGD 00g

(I4M)TA + HWAS = WAS

NT =+ 00£ 04

0°'0 = WNS

N¢T = 1 OTE 0On

(OT)XN “(OT40T)TA NOISNIWIN

S$33IL43N MAN JALVYINITRD 0L ANILOAOMANS J
(NCDETASNIDTIYD NI LNOMANS
iIN3

NMNLEN 0cc

0°'00T- = ¥ ote

oce 0L 09 S0¢

ANNILNOD 00c

01 0L 09 CC(IXH*LO*CIIN) AT
01 0L 09 (DI LT IIN) JI
N¢T = I 00€ O
(OTXH 4(OT)IT “(0T)XA NOISNIWIN
, T VAN
SNOTLUTI0IA AMVINNOT MOA4 NIIHD 0L 3ANILNOMANS -3
(MAHAT4ASN) ONNDT ANILAOYMENS
IN3
NMNLAN



33

. JALOTOT 14330V
LAWOMa LNANT (%4, A AdAL ANNILNOD 0L ., 4XT) LYWMOA
000& INIMA

ANNILNOD 01 SAHSIMN MIASN A SMSY ANILNOMANSG

(JA) NILNOJ ANILNOMINS

IN3

NMNL3M

(TAYTMIN) INOS VD

()T = (1M

O*C/d + (TXTH) = (T)TNM

(LM4M4W) SNASIN VD

LI39V4INY 39 TIIM SASNOASIY~~-GAWIL TN JISN XILMIN . KININMI
ANNILNOD

084 01 09 (N*DI*I). 41

NENLAY CCIAN-T) TM AN (T AT TM) dX

NT = I 046 Ol

NMNLEM CIN-TDM AN OIM) dI

NMOLAY CCTHN) L) 4T

(50444, = (SADTLMIN THN LSV ASNOLASHM 40 AT 118 , 4XT) LYWMOA

by ‘394 INIMdA
(N/EY)IHOS = vy
(THNY /0 CXXTIY ~ &V = £Y
ANNT ANOD

O*CXX(INTY + ¢V oy
(I + 1Y = 1V

T+N4T = T 5946 014
ANNILNOD

(I4T)H)TINA = (I40)1M

N4T = I 0946 O

()T = ()M

s+ SKLINIMA

Jé,= 4007 NIVW OLNI SIWIL ., “XINIMA
T4 = 1

¢/ s SXKLNIMA

¢

i

000c

J

086
0L6

896

096



54

INA
NYN.LAN
(ITV) Lund0d

0t10cC



55

Appendix C

Printout of Experimental Data
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