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PARTICLE MOTION INSIDE A FLUID-FILLED BOREHOLE

FROM INCIDENT PLANE WAVES

By M. W. Lee

ABSTRACT

The particle motions inside a fluid-filled borehole from incident plane
waves were studied under the assumption that the wavelength of the incident
wave 1s very large compared to the borehole diameter. These particle
motions were formulated by applying the continuity of the radial
displacement boundary condition to the particle motion at the wall of the
fluid-filled borehole as derived by Lee (1985a). This study shows that
incident plane waves generate not only axis—-symmetrical pressure but also

axis—asymmetrical pressure which approaches zero as borehole diameter
approaches zero.

INTRODUCTION

The particle motion induced in the surrounding earth medium from the
seismic wave is the most important information acquired by the vertical
seismic profiling (VSP) method and is recorded by a wall-locking geophone.
Sometimes the fluid motion inside a borehole is measured by a suspended
hydrophone or geophone for a particular purpose desired for the VSP method.
For example, Huang and Hunter (1981) showed the importance of the fluid
pressure in detecting open fractures in the rock. Thus, fluid motion inside
a borehole from incident plane waves is the principle focus of this paper.

White (1965) formulated pressure response in the borehole fluid for the
incident P~ and SV-waves by summation of elementary pressure caused by the
traveling wave and showed that the fluid motion is axis—-symmetrical in the
low-frequency limit. In this paper, the particle motions in the borehole
fluid were formulated by applying one of the boundary conditions at the wall
of the borehole (which is the continuity of the radial displacement) to the
displacement in the surrounding solid from the incident plane waves as
derived by Lee (1985a). The displacement fields of Lee (1985a) were derived
under the assumption that the wavelength of interest is very large compared
to the borehole diameter. This paper, in addition to the study by Lee
(1985a), completes the investigation of particle motion in and on the
fluid-filled borehole from incident plane waves.

By retaining terms proportional up to second-order frequency, the
borehole fluid pressure from the incident P- or SV-wave is shown to consist
of an axigs-symmetrical component (which is finite as the borehole diameter
approaches zero) and an axis—asymmetrical component (which approaches zero
as borehole diameter approaches zero). On the other hand, the incident

SH-wave generates only axis—asymmetrical pressure inside the fluid-filled
borehole.



DERIVATION OF PARTICLE MOTION

Agsuming that a cylindrical borehole with a radius "a" is embedded in
an isotropic, homogeneous, elastic medium with P-wave velocity a, S—-wave
velocity B, and demsity p, the fluid inside the borehole has a compressional
velocity af and demnsity Bf. The particle displacement potential inside a
fluid-filled borehole ( ® ) can be written in the frequency domain (Lee,
1985a) as:
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where Dp is the unknown constant to be determined, Jp is the Bessel function

of the p-th order, and % is radial wavenumber which is given by
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Equation (1) satisfies the following wave equation:

(2)
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The particle displacement field Ur’ U@’ and Uz’ and pressure P can be
written in a cylindrical coordinate system (fig. 1) as:
U, =
or
(3)

and
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Figure 1.--Coordinate system for the analysis. An orthogonal Cartesian

coordinate system (x, y, z), a cylindrical coordinate svystem (r, ©,
z), and a spherical coordinate system (R, #, 8) are shown.

Incident
angles of plane waves are given by @.



The general approach to solve equation (2) for the incident plane waves
requires a great deal of complicated mathematics including the plane-wave
decomposition into cylindrical waves. 1In this paper, the known displacement
fields at the wall of a fluid-filled borehole for the incident plane waves
and the boundary condition of the continuity of the radial displacement were
utilized in order to solve equation (2) under the assumption that the
wavelength of interest is much larger than the borehole diameter.

The plane-wave solution of equation (1) can be written for the incident

P-wave as:
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and for the incident S-wave as:
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where § is the Dirac delta function)ka = w/a, kB = w/g, and P is the

tod) a%)

(5)

propagation angle of the incident plane wave with respect to the z—axis;
Notice that kcposﬂ or chos¢ represents the vertical wave number of the
incident plane waves. Considering only the incoming plane waves (fig. 1),

the solution (4) can be written as:
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where ~ indica;es the quantity substituted k by kacosG.

Thus the radial displacement at r = a, which is at the wall of the
borehole, and z = 0 can be expressed [utilizing equations (3) and (6)] as:
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The boundary condition requires that the radial displacement Ur in the fluid
should be equal to the radial displacement Ur in the solid at r = a. If the
radial displacement at r = a in the solid is known, the unknown constant D
can be evaluated by equating the two radial displacements.

Lee (1985a) derived the required displacement fields in the surrounding
solid for incident plane waves using the seismic reciprocity theorem (see

Appendix).



A. Incident P-wave.--By using equations (3), (7), and (A-1) shown in

the appendix, and retaining the dominant terms of the Bessel function, the
following equations can be derived.
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Therefore, the unknown quantity Dp is written as:
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Substituting equation (9) into equation (3), the particle displacements and
pressure are expressed as:
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B. Incident SV-wave.--By using equations (3), (7), and (A-2) in the

appendix, and following the exact procedure for the incident P-wave, the
following constant can be derived.
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The displacement field and pressure are
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C. Incident SH-wave.--The constants are:

ﬁa = 0 ,
(13)
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The particle displacement and pressure for the incident SH-wave are:
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DISCUSSION

The vertical component of the particle motion and pressure inside a
fluid-filled borehole are the main quantities of interest in the VSP. The
relation between the vertical component of particle displacement (U ) and
pressure (P) is given by:

Y= "/:/Z;L;O( U‘; (15)

Because the behavior of Uz can be inferred from that of the pressure, this

section focuses on the discussion of pressure inside a fluid-filled borehole
due to incident plane waves.

The pressure inside the borehole due to incident P- and SV-waves can be
decomposed into two components: (1) the first-order or axis-symmetric
component, a term proportional to the first power of frequency ; and (2)
the second-order or axis—asymmetric component, a term proportional to the
second power of frequency. The first—-order term is identical to the formula
derived by White (1965). However, in the incident SH-wave, there is no
axis—symmetrical motion inside a fluid-filled borehole except for the
axis—-asymmetrical motion. As shown in the equations, the fluid inside the
borehole affects only the axis—symmetrical motion. The effect of the fluid
on the axis—-symmetrical wmotion can be analyzed by introducing tube-wave
velocity (C ) into the equation:

= 2ff e’ B /xR G /-apice™B It
4 2 2 2 )
Lo+ G C - Geplel) as)
fin2f & 2in 28
/

2 2,5 2
o v G Fr U= Ge¥ye)
Figure 2 shows the quantities of equation (16) with respect to the
incident angle ¢ and velocity ratio CT/B. The solid line represents the

first term of equation (16), which is for the incident P-wave, and the
dotted line, for the incident SV-wave. This figure indicates that the
contribution of the symmetrical component increases as the shear-wave
velocity approaches the tube-wave velocity, and the effect of the fluid on
pressure is very substantial. The maximum fluid pressure for the incident
P-wave occurs at ¢ = 90° and monotonically decreases with the decreasing
angle of incidence. Peak pressure for the incident SV-wave occurs at:

/

95 = C¢>§w' > 2z

and pressure decreases monotonically to zero at ¢ = 0° and g =90,
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Figure 2.--The effect of fluid on the first-order pressure
response (axis-symmetrical component) for the incident
P-wave (heavy solid line) and for the SV-wave (heavy

dotted line), with respect to the incident angle @ and

velocity ratio q = CT/B'
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The second-order term has maximum value at the wall of the borehole, r

= a, and its contribution to the total pressure can be examined by the
following transfer function concept defined as:

total pressure

Pa
Transfer function =
symmetrical component of pressure.

For example, in the case of the incident P-wave, the transfer function
T at r = a can be written as:
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Figure 3 shows the transfer function for the incident P-wave with ¢ =
900, 8 = 00, p/pf = 2,5, and ag = 1,500 m/s with respect to the

wa
L hen :;— ((ﬂ/ .

dimensionless parameter 2a/) , where )X is the wavelength and formation
P-wave velocity o. When 2a/A = 0.03, and o = 6,000 mn/s, the amplitude of
the total pressure increases about 15 percent and the phase advances about

15 degrees compared to the axis-symmetrical component; when 2a/A = 0.03 and a
= 2,000 m/s, the contribution of the second-order term is negligible. As

shown in the figure, the contribution of the second-order term increases
with increasing formation velocity simply because the contribution of the

first—order term decreases with the increasing formation velocity. For the

conventional near-offset VSP, the contribution of the second-order term is
negligible as evidenced by equation (17).

The effect of the second-order component can be easily illustrated by
the time-domain representation of the pressure. Figure 4 shows the pressure

response for the incident P-wave using 250 Hz Ricker wavelet with ¢ = 900, e
=0, p/pf = 2.5, and ag = 1,500 m/s. In this figure, the heavy solid line

represents the first-order compomnent; the light solid line, the second-order
component; and the light dotted line, the total pressure. Figure 4a shows
the pressure response for o = 4,000 m/s and a = 0.16 m, which is equivalent
to 2a/)x = 0.02, where A_ is the dominent wavelength. In this case, the
seCOnd—grder component ig negligible compared to the first-order component.

Figure 4b shows the pressure response for o = 8,000 m/s and a = 0.032
m, which is also 2a/>\p = 0.02. In this case, the contribution of the

second-order component is substantial,

11
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Figure 3.--Transfer function for the incident P-wave with respect to
the dimensionless parameter 2a/) and the formation of P-wave
velocity with @ = 90°, 8 = 0°, r = a, ar = 1,500 m/s, and

p/pg = 2.5. a) o = 2,000 m/s; b) o = 4,000 m/s; ¢c) o = 6,000 m/s.

12



a)

|E 10 ms

b)

Figure 4.--Pressure response at 6 = 0° and r = a using 250 Hz Ricker
wavelet for the incident P-wave with respect to the formation of
P-wave velocity with ¢ = 90°, a = 1,500 m/s, and p/pg = 2.5.

Heavy solid line represents the axis-symmetrical component; light

solid line, the second-order component; and light dotted line, the
total pressure. a) a = 4,000 m/s and a = 0.16 m; b) o = 8,000 m/s
and a = 0.32 m.
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When wa/a << 1, the phase spectrum shown in equation (17) can be
approximated in the time domain by §(t +71), where

p_ _all ? 2/p) enf o8 (18)
X (/= .1/22&90’?’/0(9 .

The effect of the phase shift due to the second-order component can be
explained using the result shown in figure 5. In figure 5, the heavy solid
line represents the pressure at r = 0, which is equivalent to the
first-order component; the light solid line, at 8 = 0 and r = a; and the
light dotted line, at 6 = 180" and r = a. About 0.4 ms arrival-time
difference can be observed between the two azimuthal angles in this figure,
which is very close to the predicted value 0.5 ms from equation (18).

Similar analyses can be performed for the incident SV-wave, and some of

the examples are shown in figures 6 through 8. The results for the incident
SV-wave are similar to those for the incident P-wave, except that the fluid
has more pronounced effect.
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I 10 ms

Figure 5.--Pressure response at r = a for the incident P-wave with respect

to the orientation of the detector with # = 90°, o = 6,000 m/s,
agp = 1,500 m/s, p/pf = 2.5, a = 0.24 m, and 250 Hz Ricker wavelet.

Heavy solid line represents the pressure at r = 0; light so%id line
at r = a and 8 = 0°; light dotted line at r = a and 6 = 180 .
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Figure 6.--Transfer function for the incident SV-wave with respect to the
dimensionless parameter 2a/ and the formation of S-wave velocity
with ¢ = 20°, @ = 0°, r = a, ag = 1,500 m/s, and p/p. = 2.5

a) B = 2,000/Y3 m/s; b) 8 = 4,000/ V3 m/s; c) B = 6,000/V3 m/s.
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a)

b)

Figure 7.--Pressure response at 8 = 0° and r = a using 150 Hz Ricker wavelet
for the incident SV-wave with respect to the formation S-wave velocity
g with ¢ = 20°, a = 1,500 m/s, and p/p,. = 2.5. Heavy solid line repre-
sents the axis-symmetrical component; light solid line, the second-order
component; light dotted line, the total pressure. a) g = 4,000/v3 m/s and
a=0.16 m; b) g = 8,000//3 m/s and a = 1.32 m.
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Figure 8.--Pressure response at r = a for the incident SV-wave with respect
to the orientation of the detector with @ = 20°, B8 = 6,000/V3 m/s,
ag = 1,500 m/s, p/pf = 2.5, a = 0.24 m, and 150 Hz Ricker wavelet.

Heavy solid line represents the pressure at r = 0; light solid line
at r = a and © = 0°; light dotted line at r = a and 6 = 180°.
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APPENDIX

The radial displacements (Ur) at the wall of a fluid-filled borehole
from incident plane wave (Lee, 1985a), are as follows.

A., Incident P-wave:

U = x52w) coo® tind
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\S(w): displacement waveform of the incident wave.

B. Incident SV-wave:
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with

C. Incident SH-wave:
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