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SCATTERING AND ATTENUATION OF HIGH-FREQUENCY SEISMIC
WAVES: DEVELOPMENT OF THE THEORY OF CODA WAVES

By M. Herraiz and A. F. Espinosa

ABSTRACT

Coda waves are one of the most striking features recorded on seismograms, and their study
has bloomed over the last 10 years. Scattering and attenuation of high-frequency seismic waves
constitute key subjects in both theoretical and applied research in present-day seismology. How-
ever, the narrow relations among coda waves, scattering, and attenuation are not taken into
account often enough, nor is an overall comprehension of these subjects always offered. Coda
waves of local earthquakes can be considered as backscattered S to S waves, and the quality
factor which accounts for their decay, Q., expresses both absorption and scattering-attenuation
effects. How scattering constructs coda waves and contributes to their attenuation is not com-

pletely understood; work now in progress will improve the understanding of scattering theory.
This review describes coda waves in detail and discusses their relation to attenuation in the
context of research on seismic-scattering problems. Care has been taken to explain the statisti-
cal models used to deal with the heterogeneities responsible for scattering. The important role
played by observational data is also stressed.

GENERAL INTRODUCTION

The assumption of lateral homogeneity in the propagation of seismic waves through the Earth
has decisively influenced the development of new concepts and applied procedures in seismology.
The classical Earth model, based upon this assumption, is one example of its usefulness.

Seismologists were very soon aware of the large departure from the real Earth that the above
assumption brings forth. The effects of scattering and attenuation, not explicable without
accepting lateral heterogeneity, became evident during the early 1960’s when more accurate
data were provided by modern seismic arrays. Since that time, interaction of elastic waves
and small obstacles, cracks, wedges, interfaces, etc., has received preferential attention. (See
Pilant, 1979, for references up to 1979.) The difficulties of explaining the new observations using
methods based on the classical model motivated the development of a new procedure specially
designed to deal with seismic waves in a laterally heterogeneous Earth. A wider comprehension
of scattering and attenuation processes was required as a basis for the new methodology being
proposed.

These requirements become particularly pressing when short-period waves, strongly affected
by the shallower crust, are used to study source parameters of local earthquakes and site effects
(Espinosa, 1968, 1969, 1971; Espinosa and Algermissen, 1972a, b, 1973; Bard and Gariel,
1986). The high sensitivity of these waves to the details of source and wave path increases their
importance. This sensitivity also makes their study more difficult because of the perturbations
in amplitude and phase of the primary waves caused by the path heterogeneities. Removing this
effect to extract path and source information separately is an extremely important objective.

Some of these problems began to be solved when some seismologists started to use statistical
techniques bypassing the usual deterministic approach. Lateral inhomogeneity could no longer
be approached in a deterministic way due to the large number of parameters to be considered.
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Under the new approach, only a small number of statistical parameters were sufficient to char-
acterize the heterogeneities of the Earth. This work began in the late 1960’s and early 1970’s
using explosion data (Wesley, 1965; Nikolayev, 1968; Nikolayev and Tregub, 1970; Levin and
Robinson, 1969; Dunkin, 1969; Greenfield, 1971), teleseismic records (Haddon, 1972; Cleary and
Haddon, 1972; Aki, 1973; King and others, 1973; Capon, 1974), and lunar seismograms (Naka-
mura and others, 1970; Dainty and others, 1974). Its application to high-frequency records was
pioneered by Aki (1969). In order to justify the statistical treatment, attention was directed
to the coda part of the seismograms, the part after all the direct waves such as P, S, and
surface waves have arrived, and where the backscattered waves were more likely to be found.
This type of wave is considered as the superposition of many secondary waves generated by the
incidence of primary waves upon the heterogeneities. Because they are the result of random
processes, they can be statistically analyzed. Moreover, the great variety of paths traveled by
these waves provides information concerning the average properties of the medium instead of
just the characteristics of a particular path. Thus, the possibility of discriminating source and
path effects is firmly established.

The theory required for these early studies just cited and for further investigations was initially
borrowed from other fields of physics where scattering had already been studied; for example,
astrophysics (Chandrasekhar, 1960), and atmospheric sciences (Tatarskii, 1961). The work by
Chernov (1960) on scattering of acoustic waves was a breakthrough. The first adopted steps
consisted of a simplified model in which scalar waves were singly scattered by an isotropic het-
erogeneous medium. The results obtained principally from coda analysis, attenuation estimates,
and heterogeneity studies have shown the possibilities and shortcomings of the assumptions just
mentioned. The requirement of a more realistic model, including vector wave and anisotropic
multiple scattering, has been clearly shown, and most recent studies move in this direction.

The intent of this paper is to summarize the more significant work published to date stressing
both observational contributions and progressive improvements in the scattering model. In
Section 1, a glossary of the most important terms used in the work, including a detailed definition
of two main items studied—coda and attenuation—is given. For perspective, a global description
of scattering is also included. Sections 2 and 3 review the effects of inhomogeneities in the
lithosphere on short-period waves and their influence in the assumed scattering model. In
Section 2, both theoretical aspects (Part 1) and applications (Part II) of coda-wave analysis are
studied. The attenuation analysis included in the last part describes Qg estimates and Qs—Q.
relations. The resulting model supposes that the coda is composed of single backscattered S
to S waves coming out from heterogeneities randomly distributed. Also, it is shown how the @
estimates just cited pose the necessity of improving the basic assumptions of the model.

P codas and temporal variations of coda-wave shapes are described in Parts III and IV of
this same section.

Section 3 compiles the analysis of wave propagation in heterogeneous media considered as
“random media”. The results obtained by using Chernov’s theory are compared to those arising
from the use of the “mean wave” and the “traveltime corrected mean wave” formalisms. Several
deterministic results are also described. All these results cast new light on the need to improve
scattering theory and on ways to change it. The ongoing attempts to extend the theory to
multiple anisotropic scattering of vector waves are presented in Section 4.
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SECTION 1: DESCRIPTION OF SEISMIC-WAVE SCATTERING TOPICS

This section has two main goals: to define some frequently used terms and to overview the

seismic-scattering problem.

First, a glossary in which “coda” and “attenuation” are defined is presented in detail. Sec-
ond, a reference frame will be established in which to place observational contributions, the
approaches taken by different investigators, and the search for new solutions.

GLOSSARY

Terms are grouped herein according to their necessary relation with the following physical
phenomena: waves, media, fluctuations, scattering, and attenuation. This classification is used
in table 1, where symbols and mathematical relations are defined. Only the meaning used in
this review is presented.

wave Disturbance which is propagated through a medium without involving net movement of
material.

primary wave Wave generated at the earthquake source and not due to scattering.

secondary wave Wave generated at the heterogeneities upon the incidence of primary
waves or other secondary waves.

scalar wave Wave in which the physical quantity involved is a scalar with three compo-
nents of ground motion.

vector wave Wave in which the physical quantity involved is a vector. S waves constitute
a seismic example.

coda wave Initially the word “coda” was used to refer to the oscillations of the ground
continuing long after the slowest theoretical surface arrival time (Jeffreys, 1929; Ewing
and others, 1957). A variant of the word, “cauda”, was also taken from Latin to name the
tail of surface waves following the maximum displacement. It was usually abbreviated
in such a way that these waves became “C” waves (Bdth, 1973). Another meaning of
“coda” has been used to identify the tail part of seismograms of local earthquakes. This
part corresponds to the recorded energy after the passage of all primary waves. This
latter meaning was used in the first studies related to local earthquake waves (Aki, 1969;
Takano, 1971).

If only body waves are considered, a distinction can be made between P and S codas.
The former is the train of waves placed between direct P and S phases. The latter
means the set following the direct S waves (fig. 1). The S coda is more noticeable on
local earthquakes and has received much attention lately. Unless otherwise noted, “coda”
refers to S coda.

The beginning of the coda was originally assigned to the point where the amplitude
decay starts to be regular. After the Rautian and Khalturin study (1978), the basic
procedure is to place the coda-start where the time measured from the earthquake-origin
time, usually called lapse-time, is twice the S-wave traveltime. If this rule becomes too
demanding, the coda-start can be placed closer to the S-wave time of arrival. In any case,
it is necessary to avoid contamination with the contribution made by direct S phases.

The end of the coda is usually placed where the signal-to-noise ratio reaches a chosen
value, generally 1 or 2. Care must be taken in following the above procedure since it
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TABLE 1.--Main symbols used in this study

[Dim, designates dimensionless]

Symbol(s) Meaning Dimension
A Wave amplitude L
f, w Wave frequency -1
T Wave period T
v Wave velocity LT-!
¢ P-wave velocity
B S-wave velocity
A Wavelength (A = y/f)==————————-- L
K Wave number (k = 2w /A)-——————— -1
L Medium extent length--———-———-=——-—— L
n Density of discrete-scatterers—-—
ng Number scatterers/area—-——--—-----— 1-2
v Number scatterers/volume——-—----— L-3
R, & Source-receiver distance-—--——-—--—- L
r Scatterer-receiver distance-———- L
Ty Reference distance-———-—-—=—-—-- L
R Source-scatterer distance—-——-—-- L
() Fluctuation (usually velocity Dim
fluctuation).
N(;) Correlation function—-—————————-- Dim
a Correlation distance——————-———-- L
D Wave parameter (D = 4L/ka? )-—- Dim
<u?> Mean-square of velocity Dim
fluctation.
a Scattering cross section———-=-=--- L2, L
Mean free path
z Mean free time (g = 2/v)-————
x* Average distance that wave
travels before its energy
is totally attenuatec.
g(8) Differential scattering L-1
coefficient.
2 Backscattering coefficient————-~- L-!
g Scattering or turbidity L-!
coefficient.
AT/T Scattered energy ratio————-—-———- Dim
Qe Quality factor from coda waves~— Dim
QB Quality factor from S waves-—-~-— Dim
Q Quality factor Dim
Qi Quality factor accounting for Dim
absortion (intrinsic
attenuation).
Qs Quality factor accounting for Dim

scattering (apparent
attenuation).
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tends to minimize the site amplification effect on the recorded signatures. In addition,
coda duration can be affected by the background noise of the station site.

medium Place in which the scattering process occurs.

homogeneous medium with discrete scatterers Unperturbed medium with uniform
velocity and density in which fluctuations are introduced by discrete scatterers: cracks,
faults, density contrasts, and velocity anomalies. The number of heterogeneities per unit
volume inside a homogeneous medium is represented by n,. When a two-dimensional
homogeneous medium is considered, n, becomes n,: the number of the heterogeneities
per unit surface. Both n, and n, are contained in n, which is the density of scatterers.

heterogeneous medium The whole space is taken as inhomogeneous. In this case the
scattering field is treated as a continuous medium where an inhomogeneous wave equation
should be solved.

random medium Region with average characteristics in which deviations from these
mean values produce random heterogeneities. The fluctuating parameters can be velocity,
density, or the Lamé parameters.

medium-extent length, L The medium where scattering can take place, also called
“travel distance” as is the distance in which waves can travel.

fluctuation
fluctuation, p(r) Variable of a random medium which expresses the difference between
the actual and the average value of parameter u at a point defined by r. Media with
<;L2> < 1 can be considered as weakly inhomogeneous media. Hereafter the triangular
brackets represent average values.
correlation function, N(r') Mathematical expression which gives the spatial correlation
of fluctuations. It can be expressed as:

N(F) = {(u(f1), n(r2)) (1)

where 7] and 7y define the points at which a fluctuation is measured and the average
is made over an ensemble of the random media. Initially, N(7) adopted Gaussian or
exponential forms. In the latest studies Von Karman functions are preferred.
correlation distance, o It expresses the separation for which fluctuations become un-
correlated in the statistical study. It is also called “inhomogeneity scale length”.
uniform random field, N(7") depends only on the difference 77— 75.
isotropic random field, N(r) depends only on the modulus of 7}~ 75.
normal random field, N(7) has the form of a Gaussian curve

N() = N(o)e ™7/ (2)
wave parameter, ) Ratio of the size of the first Fresnel zone to the scale length of

inhomogeneities. It can be given by the expression:

4L

D=
Ka?

(3)

where k is the wave number.



scattering
scattering cross section, o (also called effective cross section) Represents the ratio
of the time average of the scattered wave energy per unit time to the mean energy flux
density of the incident wave (Landau and Lifshitz, 1959).
mean free path, £ Parameter which controls the energy transferred from the primary
to the scattered waves throughout the traveled path. The scatterers reduce the mean

2/t z being the distance along the

energy flux density of the incident plane wave by e~
propagation direction.

mean free time, ¢ Time necessary for a wave with velocity v to travel the mean free
path.

direct path, path connecting source and receiver.

forward scattering Process in which most of the scattered energy is pumped forward in
the incident primary wave direction. The opposite result constitutes backward scattering.

differential scattering coefficient, g(#) 4 times the fractional loss of energy by scatter-
ing per unit travel distance of the primary wave, and per unit solid angle at the radiation
direction # . This angle is measured from the direction of the incident primary wave so
that @ < 7/2 represents the forward direction.

backscattering coefficient, g, Value of g(#) for § = 7. Physically g(#) expresses 4x
times the fractional energy lost by backscattering into a unit solid angle around 8 for
every kilometer traveled by the primary wave.

scattering coefficient, g Average of g(#) over 8. It evaluates the capacity of the medium
to originate scattering. For an isotropic scattering g(f) =g. If the medium contains
discrete heterogeneities “g” can be obtained multiplying n (density of scatterers) by o
(scattering cross section). The scattering coefficient is also called “turbidity coefficient”.
From energy considerations, Chernov (1960) defined the turbidity coefficient as:

Al
9= 7L (4)

where AJ represents the loss of energy by scattering when a wave of energy I passes
through a layer of thickness L.

weak scattering The fluctuations of perturbed parameters are small when compared with
their corresponding mean values. The fractional energy loss from primary waves, Al /I, is
very small and Born’s approximation can be applied. Any other situation different from
the above definition implies “strong scattering”.

single scattering Process in which, if discrete obstacles inside a homogeneous medium are
assumed, it may be sufficient to consider only one wave-scatterer encounter. Weak scat-
tering is required. In “strong scattering” it is necessary to consider “multiple scattering”.
If the scattering is very strong it can be treated as a “diffusion process”.

Born’s approximation Scattering analysis method in which both the loss of energy
from the primary waves and multiple scattering are neglected (Born and Wolf, 1965).
This approximation, which violates the energy conservation law, has been accepted in
various physical problems (for example, sound turbulence (Lighthill, 1953); sonic boom
spikes (Crow, 1969); atomic collision (Mott and Massey, 1965)), but it can break down in
many seismic cases.



Rayleigh scattering A particular but important situation when the obstacle size is
much smaller than the incident wavelength, that is ka < 1 . In this case, o is inversely
proportional to the fourth power of the wavelength and proportional to the square of the
particle size (Rayleigh, 1896).

Mie scattering The particles are comparable to the wavelength (Mie, 1908).

attenuation Expresses the wave amplitude decay that takes place when a wave propagates
through real media and cannot be attributed to geometrical spreading. Attenuation is usu-
ally expressed by the quality factor Q and is caused by two main sources: scattering due to
heterogeneities and intrinsic absorption. Coda wave analysis can be a useful tool for distin-
guishing both contributions (Gao, 1984). Dainty and Toks6z (1981) summed up this fact by

the relation:
1 1 1

—_ = 4 —
Q Q'i Qs
where @ is the quality factor obtained by experimental measurements based on the decay of
seismic waves. Q:] considers the intrinsic absorption and Q! represents the attenuation

(5)

due to scattering. Dainty (1981) writes expression (5) as

s-ats ©)
2

where g, v, and w are the turbidity coefficient, the velocity, and the frequency of the wave under

consideration, respectively. The last equation is used by Dainty to explain @ observations

and by several authors to estimate absorption and turbidity coefficients (Del Pezzo and Zollo,

1984; Castellano and others, 1986) or the mean free path (Rovelli, 1983b).

It has been noticed that the relative importance of these factors in a given geographical
area determines the characteristics of seismograms of local earthquakes. Negligible absorption
and strong scattering produce very long time duration seismograms. This is the case for lunar
seismograms. On the contrary, an area with high absorption diminishes the scattering process
and shortens time duration on the recordings. Hence, we see that the coda is affected by
attenuation and therefore the coda recordings can be used to estimate its attenuation value.
In fact, since 1975, coda waves have proved to be a useful tool to evaluate regional @, joining
the more conventional methods based on body waves, surface waves, and free oscillations of
the Earth. For the sake of clarity, Q measurements based on coda waves will be identified
as Q.. It has been shown for regions of Dodaira and Tsukuba in Japan that for frequencies
higher than 1.5 Hz, Q. estimates agree closely with those obtained for S waves and identified
as Qg (Aki 1980 a, b). This is one of the facts which supports the model of coda waves as S to
S backscattered waves. At this point it must be recalled that Qg values may depend on “how
to window” S waves; either from the peaks measured using band-pass data analysis or by
using the measurements obtained from Fourier Transforms from digital data. The difference
is the amount of forward scattering that is pumped back into primary waves.

Expression (5) indicates that estimates of Q based on the amplitude decay rate of coda
waves, namely @Q., include not only scattering attenuation but also absorptive attenuation as
well.



DEFINITION OF SEISMIC-WAVE SCATTERING

The scattering problem demands special attention; it is a rather new concept in seismology
and occupies a decisive place in this study.

A simple definition of scattering is the process in which a primary wave interacts with a het-
erogeneity of the medium and produces new secondary waves. This oversimplified description
can be applied to many different physical fields, but every case presents some peculiar charac-
teristics. A general overview of the just cited common background is found in Uscinski (1977)
or in Ishimaru (1978). The seismic case can be better understood if the different elements which
take part in the phenomenon are considered. The adopted starting point supposes a seismic
wave travelling within an elastic medium. P and S waves are particularly interesting because
they are considered to make up the major part of coda waves of local events. Although Knopoff
and Hudson (1964, 1967) showed that P—S and S— P conversions can be neglected when high
frequencies are considered, the complete treatment must be accomplished studying vector waves
and including the possibility of P—S and S—P conversions. However, because of the difficulty
posed by vector waves, most of the early contributions to this field have considered only scalar
waves. This approach has been followed to study local coda waves (Section 2) and, in a great
measure, velocity fluctuations (Section 3).

The medium where the scattering takes place can be basically considered as homogeneous or
heterogeneous. In the first case discrete obstacles such as cracks, faults, low- or high-density
inclusions, and low- or high-velocity inclusions are considered inside the homogeneous medium.
Aki (1969), Aki and Chouet (1975), Dainty (1981), and Kikuchi (1981), for instance, have
utilized this discrete scatterer model with a random uniform distribution.

If the medium is taken as inhomogeneous, the scattering field is treated as a continuous
medium where inhomogeneous wave equations should be solved. The problem may become
extremely complicated. An approach to this case is considering a “random medium”; that is, a
space with average characteristics in which deviations from these mean values produce random
heterogeneities. The fluctuating parameters can be velocity, density, or the Lamé parameters.
This idea constitutes the basis of Chernov’s (1960) and Karal and Keller’s (1964) models which
will be applied to analyze the Earth’s small-scale heterogeneity. These models, which are
examples of the use of stochastic theory in seismology (Hudson, 1982), will be explained in
detail in Section 3. An updated study of the theoretical background can be found in Sobczyk
(1985). They generally assume that the dimension of the chosen medium, L, or, in other words,
the wave travel distance, is much greater than the correlation distance, that is L < a.

In scattering processes, the relation between the wavelength “A” and the linear dimension of
the heterogeneous medium “L” affects the characteristics of the phenomenon. These variables
are lumped in the parameter kL; and the greater kL, the more difficult it is to study the problem
by using deterministic approaches.

Another important parameter is k. When ka is comparable to unity or greater, the effect
of scatterer shape must be considered. Scattering by regular shaped obstacles has been a
classical problem in wave propagation (Morse and Feshbach, 1953; Morse, 1968) and the case
of a spherical intrusion has received particular attention in seismology (Ying and Truell, 1956;
Knopofl, 1959a, b; Einspruch and others, 1960; Yamakawa, 1962; Dainty, 1981; Wu and AKki,
1985a). The obstacle shape is not important for the case of Rayleigh scattering (ka < 1). If
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ka <& 1 or ko >> 1, the waves are not affected by the obstacles and the medium acts like a
homogeneous body (fig. 2). If 1 < ka < 10, the waves travel in a medium with heterogeneity
scale similar to wave-length and scattering can become strong. This case is frequently met in
many physical situations. In the seismic case, a discrete obstacle or a random heterogeneous
medium can be characterized by perturbations of elastic parameters (6u, §A) and density (6p)
which can modify the amplitude and the velocity of incident waves. If it is assumed that
these perturbations are relatively small to their corresponding mean value, this case becomes
the “weak scattering” case. Impedance (density times velocity) fluctuations tend to introduce
mainly backscattering, while velocity perturbations without impedance fluctuations create more
forward scattering. However, in both cases, the results depend strongly on other factors: relative
signs of anomalies; ko value; type of incident wave, etc.

The interaction between wave and inhomogeneity; that is, the scattering process core, depends
on many parameters, defined in the Glossary. The mean free path, £, evaluates the scatterers’
distribution in the Earth and provides useful information on the tectonic characteristics. If £ is
greater than the travel distance from the source, there will be little need to consider multiple
scattering. Single scattering theory is used in most coda models, but multiple-scattering theory
is needed in some cases. This problem has been addressed recently by several investigators.

The opposite situation to single scattering takes place when seismic waves are affected by
scatterers so strongly that energy is diffused through the medium. This is the diffusion model
introduced by Wesley (1965) and applied later to explain the scattering found on lunar seismo-

grams.

When scattering is weak, the Born approximation can be used. However, it has been shown
(Cleary and Haddon, 1972) that strong scattering can be present even in the mantle-outer
core transitions. A discussion of the Born approximation can be found in Kennett (1972) and
Hudson and Heritage (1981); this last work, which is not based on observational data, offers
a too pessimistic opinion. A discussion founded on actual data is presented in Aki (1973). In
high-frequency seismic-wave analysis, the Born approximation is used frequently to explain coda
decay or to deal with attenuation of seismic waves. The discrimination between weak or strong
scattering processes can be made considering if the ratio AI/I between the energy carried by
the scattered waves, Al, and the primary energy, I, is small or not.

Another problem to be considered is in the angular dependence in the scattering process.
This matter was studied by Yamakawa (1962) for different shaped inclusions and by Chernov for
random fluctuations of the wave propagation velocity. Initial models explaining coda formation
consider only backscattering or isotropic scattering, but the angular dependence has received
a careful treatment in the latest studies of Sato (1984) and Wu and Aki (1985a). The early
arriving coda waves are more sensitive to the angular dependence of scattering than the latter
parts of the record, which are more affected by multiple scattering. The early part is also
more sensitive to the asymmetry of source radiation pattern, another factor which has been
considered in recent studies.

The results presently available show that scattering problems can be classified according to a
few parameters whose values condition the mathematical procedures which can be used to solve
each case. These parameters are ka, kL, AI/I, and D. Figure 3 shows the general distribution
of seismic scattering problems according to the above parameters (left), and the area dealing
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with the subject matter which is going to be treated in this paper (right). First of all, it can
be noticed that the area of interest presented in this paper is characterized by the condition
L > a, namely the travel distance is longer than the inhomogeneity scale length. It seems that
a solution cannot be obtained by using numerical methods such as finite differences (F.D.) or
finite elements (F.E.). The F.D. case must be reconsidered after the results obtained by Frankel
and Clayton (1984, 1986). The enlargement at the right in figure 3 indicates that the seismic
problems that will be studied include the possibility of “strong scattering”. When ke < 1,
the cases D < 1 and D > 1 may be distinguished. The former can be treated by ray theory
and the latter (Fraunhofer case) requires diffraction theory. Coda-wave analysis comprehends
the situation ka ~ 1, that is, the scattering in which wavelength and obstacle have similar
dimensions and scattering can be particularly strong. Figure 3 places the coda wave analysis
within the global scattering problem and reveals the importance of the parameters described in
the Glossary.

Summarizing Section 1 it is possible to state that a complete solution to the scattering problem
will have to deal simultaneously with the following physical phenomena:

vector waves and P—S and S—P conversions
heterogeneous three dimensional and anisotropic media
scatterers with a size comparable to the wavelength
multiple and anisotropic wave-scatterers interaction

SECTION 2: CODA-WAVE ANALYSIS
PART I: MODELING CODA WAVES

Introduction

The study of coda analysis occupies a substantial part of this review not only for its im-
portance in scattering theory but also because coda waves have become a powerful resource in
many fields of seismological research.

The first observation about coda waves, relevant to the backscattering model, was that the
total time duration of seismic waves is independent of epicentral distance, at least when the
epicentral distance is shorter than about 100 km (Soloviev, 1965). Other investigators had also
observed the similarity in the spectral content of coda waves for events with different epicenter-
station paths (Aki, 1956). These results received new attention when the need for a practical
method of dealing with seismic waves in a laterally heterogeneous medium led to the search
for statistical methods. They also increased the interest in backscattering waves formed by
the superposition of waves generated by the interaction between scatterers and primary waves.
Since these backscattering waves can be considered as the superposition of many independent
events, they are more suitable to be treated statistically. If these waves exist, they must be
located in time after the passage of all the primary waves, that is, in the coda. The above
observations were supported and confirmed in Aki’s (1969) paper in which the aftershocks of
the June 1966 Parkfield, California, events were studied. Coda waves appeared to be insensitive
to the nature of direct path and to have similar amplitude and spectral contents for different
stations and for a given source as backscattered waves should. The path independence suggested
the separation of source and path effects in the coda power spectrum values. This poses the
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possibility of finding an expression with the form:
P(w|t) = S(w)C(w]t) (7)

where P(w|t) is the power spectrum of the coda for frequency w at lapse-time ¢t. S(w) includes
only the source parameters and C(w|t) represents the effect of a large geographical area and is
independent of distance and details of path connecting source and station.

If C(w|t) is common to all the events of the same area and two of these events are considered,
the above relation (7) becomes

Pilt) _ $iw) Cwlt) _ Siw) (8)
Po(wlt) ~ 52() Clult) ~ $2(w)

which allows the extraction of source information from the power spectra. In this manner,
source effects and path effects are distinctly separated.

Relation (7) constitutes a cornerstone in coda-wave analysis and has been confirmed for many
different areas (Aki and Chouet, 1975; Rautian and Khalturin, 1978; Rautian and others, 1978;
Tsujiura, 1978; Roecker and others, 1982). It also indicates the two steps which must be
accomplished in coda wave analysis:

1. Finding a mathematical expression for S(w)C(w|t). The results will be tightly linked to
the model chosen to explain the coda.

2. Relating P(w|t) and coda amplitudes. This step will depend on the kind of data, analog
or digital, considered.

The following paragraphs describe the successive attempts to accomplish these steps using
different models.

Evolution of Model

The evolution of coda wave models comprises four main stages.

1. The elimination of surface waves as a possible cause for coda waves, at least for Japan,
and their progressive substitution by S waves. Investigators have focused on this stage
from the initial “surface-wave model” (Aki, 1969) to the studies on Q—Q. relation
carried out around 1980. The decisive arguments to draw this result were:

a. Coda waves corresponding to surface and deep borehole (~ 3.5 km) sites in Japan
share the same main features (Sato, 1978).

b. Coda and S waves have similar site effects for a wide frequency range (1 to 25
Hz) (Tsujiura, 1978)

c. Qg and Q. are very similar for the above frequency range (Aki, 1980a, b).

2. The abandoning of the diffusion process as a possible origin for terrestrial codas. Al-
though diffusion theory had been previously applied by Wesley (1965) to explosion data,
it received new attention when the comparison between lunar and terrestrial seismo-
grams suggested a different origin for each phenomenon (Latham and others, 1970, 1971;
Nakamura and others, 1970). Lunar seismograms have a very long duration, exceeding
1 hour, and a very slow growth from the first arrival to the maximum amplitude. This

14
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increase takes about 5-10 minutes and does not show any predominant phase; body-wave
phases are very small and loom up only in the first minute of the seismogram (Toks6z
and others, 1974). The coda is very large and occupies almost the whole seismogram. Its
maximum amplitude varies with both epicentral distance and focal depth (Latham and
others, 1971) and can be used to estimate the magnitude (Nakamura, 1977a). All these
features suggested more intense scattering and much lower absorption on the Moon than
on the Earth (Dainty and Toksoz, 1977, 1981), demanding a method based upon diffu-
sion models. This analysis has been developed by several authors who assumed isotropic
scattering and studied energy instead of amplitude relations (Berckhemer, 1970; Dainty
and others, 1974; Nakamura 1976, 1977b). Dainty and Toksoz (1981), by comparing
values of £ (mean free path) and z* (average distance seismic energy travels before being
attenuated) showed that the diffusion theory is inapplicable to terrestrial codas although
it can be used for lunar data. This same result was also established by Kopnichev (1977b)
from a different theoretical approach. In addition, the experimental agreement between
Q. and Qg, firmly stated in the early 1980’s, proved that Q). accounts for both @; and
Q: as a nondiffusive process should do. (For a diffusion model, Q. is equal to Q.) Nev-
ertheless, diffusion theory has recently been reconsidered to model coda waves for large
lapse-times, for both isotropic and anisotropic scattering (Gusev and Lemzikov, 1983;
Gusev and Abubakirov, 1986).

3. The consideration of multiple scattering instead of only single scattering. This stage
originated in a study by Kopnichev (1977b) and has received a new impulse in the
studies of Gao and others (1983a, b).

4. The analysis of scattering with more realistic assumptions, such as non-spherical ra-
diation source, anisotropic scattering, consideration of vector waves, and others. This
last stage was initiated in 1982 and constitutes the “ongoing research” which will be
summarized in Section 4. Its results have clarified many aspects related to coda waves.

The more important features of the main models proposed during this evolution will be
reviewed next.

A. Single-Scattering Models

The groundbreaking work (Aki, 1969) supposed that the coda is comprised of backscattered
surface waves generated within an unbounded, homogeneous, and isotropic medium in which
the heterogeneities are randomly and two-dimensionally distributed on the surface. The size of
scatterers is considered to be greater than the wavelengths, and no velocity perturbations or
multiple scattering is allowed. Station and source event are placed at the same point. Under
these assumptions expression (7) was written as:

Plolt) = M3 dofulro)|*2 ") -t/ ©)
where
S(w) = Mg (10)
and
C(ul) = [dolwro) *2 D) mwrre (1)
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In this expression, N(r¢) is the number of scatterers within a radius of rq. ](ﬁo(w[ro)i expresses
the absolute value of the Fourier transform of displacement due to secondary waves generated
at a scatterer at a distance ro by a source of unit moment located at the same distance from
the scatterer. The term e™“*/@ includes the dissipation introduced by the medium. P(w|t) was
related to the measured amplitudes y(t) by the relation:

50) =\ srirzaary Pl (12)

obtained by approximating P(w|t) by an error function with a peak at a frequency p. This peak
frequency was determined by measuring the wave period directly on the seismogram at time ¢.
With the preceding equations the seismic moment of small and very small earthquakes can be
estimated. Also the dependence of the coda excitation on the geology of the station site can be
clearly shown.

This model (hereafter “surface-wave model”) has been extremely useful in the development of
coda analysis despite its wrong assumptions (at least for Japan, for frequencies higher than 1 Hz)
and its oversimplifications. Lately, some modified versions have been established with definite
purposes: estimating seismic moment and magnitude (Suteau and Whitcomb, 1979), evaluating
@ (Herrmann, 1980), or dealing with poor paper-recorded data (Herraiz, 1982; Herraiz and
Mezcua, 1982, 1984).

The “surface-wave model” is incorporated as an asymptotic case in the theory developed by
Kopnichev (1975) to explain surface-wave coda of seismograms in the range 100km < A <
3,000km. Kopnichev assumed that:

Primary and secondary waves are short-period surface waves of the same type.
Primary and scattered waves are monochromatic with period 7.

Scattering is single and isotropic.

The inhomogeneities are random and stationarily distributed in the near surface.

Ll oA

Under these assumptions, this method adjusts coda envelopes, that is, the curves drawn
through the peak amplitudes, by the expression:

Aqi(t, At) ~ \/f&t—t e mHQT (13)

where A; is the square root of energy contained within the time At after the reference time ¢.
The agreement of this theoretical expression with coda wave envelopes at epicentral distances
from 100 to 1800 km was excellent. This same model was used as a starting point to accomplish
the analysis of double and triple scattering that will be described later.

The conclusions from the surface-wave model were checked by Takano (1971) and enriched
with new observational data. Particularly interesting are the studies which showed the lack
of regular plane waves coming from the epicenter in the analysis of codas recorded by a small
aperture array of seismographs (Aki and others, 1958; Aki and Tsujiura, 1959; Scheimer and
Landers, 1974). All these results were the basis for improved attempts to explain the origin
of coda waves (Aki and Chouet, 1975; Chouet, 1976). These authors proposed two extreme

17



models. The first, the single-backscattering model, considers the coda as the superposition
of backscattering wavelets from discrete scattering sources. The second, the diffusion model,
assumes the seismic energy transfer as a diffusion process. As this last physical phenomenon
has been ruled out as a possible explanation for terrestrial seismic codas, attention will be paid
here only to the single-backscattering model.

Its initial assumptions are very similar to those of the surface waves model, but it proposes that
body waves are responsible for coda waves, which represents a turning point in the explanation
of coda waves.

Under these assumptions and taking into account the geometrical spreading and the attenu-
ation due to the Earth’s anelasticity for body waves, expression (7) takes the form:

8rirn, _

P(w]t) = |(wlro)|” =25~ e7*/2 (14)
v

|¢(w|ro)| represents the amplitude spectra of the backscattering wavelet from a single scatterer

located at a reference distance ro, from the source (receiver), n, is the density of scatterers per

unit of volume, v is the wave velocity, and t represents the lapse-time. Expression (14) has the

form
e_“’t/Q
P(wlt) = S(w) e (15)

where S(w) is the source term, and t~™e “* @ stands for the medium effect. A closer look at
this last term shows that t~™ is the geometrical spreading factor. e"“*/? must represent both
intrinsic and scattering attenuation effects although initially Aki and Chouet (1975) thought it
only included the intrinsic attenuation. This assumption is correct for the diffusion model but
not for the single-scattering model. For its part, S(w) sums up the effect of both the primary
and secondary wave sources. As the scattering is common to all earthquakes, differences in S(w)
among different earthquakes should be attributed to the variations in the earthquake source.
Writing the S(w) expression,

2 8r4mn,

S(w) = [#(w]ro)| (16)

it can be noticed that S(w) results from two factors |¢o(w|ro)|? and 8rgn,mv™' . The latter
term includes the total number of scatterers and, for a given 7o remains constant, independent
of the source. The former term represents the intensity for a single secondary wave leaving a
scatterer at a reference distance rq. Its relation to the primary source is given by

|¢(w|ro)| = Mo|do(w|ro)| (17)

where Mg is the seismic moment, and |¢o(w|ro)| is independent of source effect (Aki, 1969).
Expression (17) assumes that w is lower than the corner frequency of the earthquake. Both
source and station are located at a distance ro from the scatterer. If the assumption that
scatterers are uniformly distributed in space in the statistical sense holds, .(bo (wlro)l is constant
in a given area and the variations in S(w) among the different events will be only due to
differences in Mg.

The next step is to relate the power spectra and the seismogram’s amplitudes. As was men-
tioned above, the procedure will be very different depending on whether the data are recorded in
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digital or analog form. In the first case, Fast Fourier Transforms over consecutive time samples,
of amplitudes or of coda-waves, are measured on the band-pass filtered digital record.

Analog data require a more laborious treatment and some different procedures have been
applied to accomplish it. Some of the methods include digitizing a manually smoothed coda
envelope of a band-pass filtered seismogram (Chouet, 1976) or measuring only the peak ampli-
tudes of the coda (Rautian and Khalturin, 1978). Chouet’s method is easy to apply and has
achieved very good results.

Chouet (1976) and Rautian and Khalturin (1978) used data recorded by a special filtering
seismograph system which registered the signatures through several consecutive channels with
independent frequency bandwidths. Chouet employed the spectral analyzing seismograph of
Tsujiura (1966, 1967, 1969), while the Russians used the ChISS device designed by Zapolskii
(1960, 1971). These recordings allowed the above investigators to study the frequency depen-
dence of coda wave parameters.

Mean values, given by the envelope <f2(t)>, are related to power spectrum by using the
relationship between coda power and the autocorrelation function:

(t,7) = (fO)f (t+7)) = 51;/: P(w]t)e™" duw (18)

For zero lag (7 = 0), we get #(¢,0) =(fZ(t)) and expression (18) becomes

() =5 [ Pt (19

where the term on the left represents the mean square of the time series. For a band-passed
signal it is possible to make

P(w(t) = P, constant within a certain frequency band

20
P(wlt) = 0, otherwise (20)

and this leads to
(2 (1)) = 2Pl)5 s 1)

where Af is the signal bandwidth. If the actual seismogram’s recorded amplitude, A(w|t), is
approximated by the root mean square value of the amplitude, then

Awlt) = V2P(w|t)Af (22)

However, if the peak-to-peak amplitude of the manually smoothed envelope is measured, then
it may be roughly approximated by twice the root mean square of f(t), therfore

A(wlt) = 2/2P(w[t)Af (23)

Combining expressions (15) and (22) leads to

e~wt/2Q,.

Awlt) = Clw)

(24)
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with

m
= — 25
a= 7 (25)
and
C(w) =V2S(w)Af (26)
If natural logarithms are taken, expression (24) gives
InA(wlt) =InC(w) — aln(t) — bt (27)
where "
b= 50. (28)

Expression (27) will be useful for estimating source factors and Q. values. It will be considered
again when the coda applications are studied, but it must be borne in mind that expression (27)
has been obtained using the single-scattering approximation and thus it will not be suitable in
strong-scattering cases.

So far, the model built by Aki and Chouet (1975) to explain the observational features of
the codas has been considered. Sato (1977a) succeeded in extending the above single-scattering
model to the case in which the source and receiver are not coincident. His model, called the

“single isotropic-scattering model” or “SIS model”, supposes a three-dimensional infinite and
perfectly elastic medium in which the scatterers have a homogeneous and random distribution.
This distribution is characterized by the mean free path £.

Only S waves generated from a point source in a short time are considered as primary waves.
The medium is characterized by the constant wave-velocity v and the mean free path £, and the
scattering is assumed to be single and isotropic.

The energy density of the scattered S waves, E(t), is given by

W t
E(t) = I K(Z) fort > ¢, (29)

where t and £ have their usual meanings, t, is the traveltime of S wave, and R is the hypocentral
distance to the receiver. Letting t/t; = z, the function K(z) is given by

T rz—1

K(z):lln(““> for z > 1 (30)

This last expression, with some corrections in order to include the anelastic effect, has often
been used in practical coda analysis (Jin and Aki, 1986).

The single isotropic-scattering model, designed to study the energy balance more than the
amplitude attenuation, was soon improved by including P—S and S — P conversions (Sato,
1977b). Its first version was applied to 96 local earthquakes recorded in the Kanto district,
Japan, to estimate the mean free path (Sato, 1978). These results will be used in the next
section, where a study of parameters describing the medium’s heterogeneity will be made. In
a more recent study, Sato and Matsumura (1980a) applied the SIS model to study the three-
dimensional partition of scattered P waves. The theoretical analysis predicts that the radial
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component of energy is always larger than the transverse one and that this difference diminishes
as t increases before the arrival of the S phase. Application of this model to data obtained at
the bottom of a well (Sato, 1978), showed a good agreement only for the horizontal component,
suggesting the necessity of including P—S conversion in the scattering process.

B. Multiple-Scattering Models

Single-scattering theory used so far is strictly valid only if the mean free paths of the waves
between scatterers are greater than the travel distances from scatterers to receiver. Very of-
ten, actual physical situations do not satisfy this condition, and the consideration of multiple
scattering becomes a pressing necessity (Subash and Gir, 1979). The first attempt to solve this
problem was made by Kopnichev (1977b) who assumed a random, uniform, isotropic, and nor-
mal medium, and studied three cases: double, triple, and diffusion scattering. This last one was
discarded for the Earth because the strong scattering required is hard to find. The double and
triple scattering are studied both for surface and body waves assuming that the waves which
act as primary and those due to scattering have the same nature. Isotropic scattering was also
assumed. Without including absorption, the expression of intensity obtained at the source for
body waves and double scattering is :

“kat
Ja(t, At) = nJorinZat el AtS t (31)
and for triple scattering:
Js(t, At) = 27°(2In 2 — 1)Jorin3a®¢3vAt e~ ¢Vt (32)

where

t Lapse-time of the signal commencement
At  Interval considered such that At > 1, ¢ being the duration of the source pulse
Jo  Energy density of a regular body wave at a reference distance rq
ro  Reference distance from the epicenter
n,  Density of heterogeneities in a three-dimensional medium
o Medium correlation distance
&  Scattering efficiency of the heterogeneity
& Factor introduced to account for the energy lost by secondary waves due to scattering.
(Not estimated in this study. It isintroduced in order to maintain the energy conservation
law.)
v Wave velocity

These expressions are obtained assuming that the total distance traveled by scattered waves
is much larger than the epicentral distance. They indicate that the energy of the initial part
of the coda is mainly determined by the contribution of singly scattered waves while there is
a relative increase of the energy of secondary and tertiary scattered waves as t increases. This
result poses the necessity of being cautious if long duration codas are studied.

Gao and others (1983a) dealt with multiple scattering following the single-scattering model
of Aki and Chouet (1975). First, they considered a two-dimensional infinite elastic medium in
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which scatterers having a cross section ¢ are uniformly distributed with a density n,. Under
these assumptions they calculated the expression of power spectrum P(w|t) for double, triple,
and quadruple scattering, showing it can be decomposed as

P(w|t) = Py(w|t) + Pn(wlt) (33)

where P,(w|t) and P,,(w|t) represent the contribution for single and multiple scattering respec-
tively. These terms can be expressed by the following approximate form fitted to the exact
numerical results for the first 7*" order multiple scattering;

Po(wlt) = ¥ (w)e (%5 +37) (34)

and
3)

Py (w|t) = %Y(w)eﬂut(&_{'“"f (35)

where Q, is the quality factor due to single scattering, which according to (6) can be written as

Qe = ZT:tar (36)
and
Y (@) = (ne0)*rov]é(wlro)|” (37)

Qs and Q; (quality factor for intrinsic absorption) are related to Q by expression (5), given by
Dainty (1981). As is already known, (d)(w['ro)i means the amplitude spectrum of the primary
waves at the reference distance rg.

Expressions (34) and (35) show that at short lapse-time, the power spectral density is mainly
composed by single scattering contributions, while as t increases, multiple scattering becomes
more important. These results, which agree with Kopnichev’s conclusions, can be better un-
derstood by defining two new parameters

N = 2ns07 (38)

and 0
0O== 39
=2 (39

and plotting the values of P, (w|t) and P,(w|t) against v for different Q (fig. 4). As 7 is the
product of the turbidity “n,0” and the travelled distance r, it expresses the power loss due to
scattering. It is obvious that ~ increases with traveltime. In its turn, if Q is small, namely
the scattering loss is smaller than the absorption loss, the coda attenuation before the multiple
scattering becomes important. Therefore, in such a case, the single scattering assumption works
well. The intersection of P,(w|t) and P, (w|t) curves indicates that the ~ value for which the
multiple scattering starts to be dominant is v, = 0.8. Thus, it can be seen that for v < 0.8
or for the traveltime ¢ < t., being {, = 0.8 (n,ov)™, the single scattering correctly explains
coda power. The turbidity coefficient has been estimated as 0.008 km™" for the Montana LASA
(Large Aperture Seismic Array) area (Aki, 1973). Although this result is for P waves and
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and multiple scattering. [Reproduced with permission from the Seismological Society

of America.]
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0.5 Hz, and may not apply to coda waves, it implies that, assuming v = 3.5km/s, t. will be
29 s, a value which indicates that multiple scattering may be more important than expected.
Neglecting this effect implies that for ¢t > t., Q, values are overestimated by a factor of 0.74.
Gao and others (1983b) extended their model to the three-dimensional case showing that ~,
equals 0.65, and the @, overestimation is for this situation 0.67.

Summarizing the results of this theoretical development it is possible to conclude that, so far,
the coda of local earthquakes is supposed to be the result of S to S single-backscattered waves,
although multiple scattering has been introduced in recent models.

This conclusion has been obtained by considering an infinite, homogeneous, and isotropic
medium within which the heterogeneities are randomly and uniformly distributed.

These assumptions may seem too simplistic, and the results may seem not to resemble the
actual phenomenon. However, these models have provided a basis upon which to develop coda
wave analysis and have led to the useful applications reviewed in the next part of this study.

PART II: USING CODA WAVES TO ESTIMATE SEISMIC PARAMETERS

The search for a better explanation of the origin, composition and decay of coda waves
yielded many important applications. Since the initial studies, accomplished between 1969 and
1978, it has been clearly proven that coda waves are an effective resource in estimating source
parameters and in extracting information about the characteristics of wave paths.

For the sake of clarity, the review of these applications has been divided into three main parts
according to whether the results are more related to seismic source, wave path, or station site.
However, it must be kept in mind that the tight existing relation linking these effects of the
seismic phenomenon makes any separation of the studied parameters artificial.

Source Parameters

As has been previously mentioned, the separation of path and source effects was one of the
initial motivations for the statistical option which gave place to the coda wave analysis. In the
surface wave model, and assuming that w is lower than the corner frequency (Aki, 1969), this
possibility is given by the expression

rwef 1@\t
Moy/ZRra)féo(ipro)] = vaesrt22 (- 52} 3 e w) (40)

The left hand side is the product of the seismic moment Mg, which represents the source factor,
and the factor /2N (ro) |d>0 (wpiro)l , which describes the mechanism of scattering. These terms
have been explained previously.

The right-hand side expresses the path effect. The first factor, v/¢, can be interpreted as a
geometrical spreading correction, the second factor as a dissipation correction, and the third as
a dispersion correction applied to the observed amplitude. Their product is called the “reduced
coda spectrum” and can be evaluated directly from the seismograms. The term which describes
the mechanism of scattering is assumed to be the same for every earthquake of a chosen area. It
may be determined by calculating the reduced coda spectrum of an earthquake with known M.
Knowledge of the regional scattering parameter then allows estimation of the seismic moment
of all other earthquakes (Aki, 1969; Herraiz and Mezcua, 1982, 1984).
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The separation of path and source effects also can be evaluated by using expression (8):

Pi(wlt) _ Si(w) C(wlt) _ Si(w) (8)
Py(wlt)  Sz(w) C(wlt)  Sa(w)

where P; (w|t) and S;(w) can be given by equations (15) and (16) of the single-backscattering
model. The above expression allows calculation of the other source spectra if the estimation of
the absolute value of S(w) for any one event can be obtained.

In order to calculate the absolute value of a reference source, Aki and Chouet (1975) and
Chouet and others (1978) selected the S-wave recordings from a small and nearby event which
sustains the least amount of scattering. The Fourier Transform, F'(w), of S-waves is evaluated
from the band-pass filtered trace A,(w), according to

As(w) =2Af|F(w)] (41)

| F(w)| 1s used in the process of estimating the source spectrum from

M(w)) =

O | -

4mpB°R | F (w)] _ (42)

where (M(w)) is the mean Fourier Transform of the seismic moment corresponding to a point
dislocation source in an infinite homogeneous medium (Maruyama, 1963), A is the shear wave
velocity, p is the density, and ¢ is a geometrical factor equal to or less than 1. The source
spectrum {(M(w)) given by expression (42), which is only valid for a homogeneous medium, was
taken as an absolute reference value. This method was also independently used by Rautian
and Khalturin (1978). Reference earthquakes, together with source factors S;(w), are employed
to construct a scaling law, that is, the way in which the spectrum changes with increasing
magnitude. Comparison of the scaling law for different regions may offer some useful information
about local seismo-tectonics. Applying this method to small earthquakes in Stone Canyon and
San Fernando, California; Kilauea, Hawaii; and Oishiyama, Japan, Chouet and others (1978)
observed a remarkable departure of the seismic moment-corner frequency relation from the
self-similar case in all these regions except Kilauea (fig. 5). This departure corresponds to
the variation of stress drop with magnitude over a certain range of magnitude. A possible
explanation is the existence of a scale length of heterogeneity unique to each fault zone that
affects the rupture process.

A different method to estimate the seismic moment of local earthquakes from coda waves was
devised by Vostrikov (1975), who used analog data of the Garm region recorded by a seismograph
with a 0.7-10 Hz band-pass filter. Vostrikov assumed that the formation of coda waves was
a “black box” process and studied the data without introducing corrections for absorption,
divergence and scattering. He calculated the individual envelope A(t) for 30 earthquakes and
shifted them in order to fit the overlapping sections of adjacent envelopes. In this way he
obtained a set of master curves which give the seismic moment from the intensity of the general
shape C(t) of envelopes. This procedure uses the relation between one individual shape A(t)
and the general C(t) given by

A(t) = hMoC(t) (43)
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Figure 5.— Comparison of growth of seismic source spectrum, seismic moment, with
local magnitude, My, for earthquakes within the areas of Stone Canyon, Califor-
nia, and in Oishiyama, Japan. In both cases, the seismic moment corner-frequency
relation deviates from the linear trace with a slope -3 expected if the similarity as-
sumption were to hold. |Reproduced with permission from the Seismological Society
of America.|

where h represents the source directivity multiplied by a constant and Mg is the seismic moment.
The factor C(t) in Vostrikov’s theory is a property of the medium and depends on scattering
and absorbing characteristics.

It seems to us that the empirical relations obtained recently by Biswas and Aki (1984) can
be more useful. These authors have constructed a new set of relations among seismic moment,
coda amplitude, and magnitudes, by using moderate-size Alaskan earthquakes. This procedure
can be useful when events with well-known seismic moment are available.

Magnitude is another source parameter which can be easily estimated from coda waves by
taking advantage of the independence of total signal duration from epicentral distance. The
idea originates from Bisztricsany (1958), who calculated the relationship between magnitude and
surface-wave duration at epicentral distances between 4° and 160°. The use of total duration
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of local earthquake seismograms to obtain the empirical duration-magnitude relationship was
started by Soloviev (1965) and Tsumura (1967), and since 1972 has become widespread (see
for instance: Lee and others, 1972; Crosson, 1972; Real and Teng, 1973; Herrmann, 1975;
Bakun and Lindh, 1977; Saphira, 1980; Chaplin and others, 1980; Havskov and Macias, 1983).
Nersesov and others (1975) extended this procedure to distances as great as 3,000 km and
introduced a correction for site station effect. In their turn, Suteau and Whitcomb (1979)
found a theoretical relationship between the seismic moment of shallow local earthquakes, coda
amplitudes, and the total duration of the signal measured from the earthquake origin time. A
new coda magnitude, M., can also be determined by using this relationship. More recently, Aki
(1980c) has reviewed the physical basis for duration-magnitude relationships, recommending the
use of coda amplitude, at selected lapse-times, instead of using measurements of coda duration.
Bakun (1984) found empirical formulas relating local magnitudes and seismic moments to signal
durations and epicentral distances for central California.

Propagation Medium Parameters

Coda waves can be used to estimate two medium parameters: @, the attenuation quality
factor, and g., the backscattering coefficient. This review starts by analyzing Q. and Qp
estimates, their relation, and frequency dependence. The results will be placed within the
general pattern of @ evaluation and used to check the theoretical model. A general review of
Q. versus tectonic and Q. versus time relations will also be included. Finally, the g, estimates
and their effect on the explanation of coda decay will be considered.

Q. and Qg Measurements on Frequency Dependences

The first estimates of Q. (Aki and Chouet, 1975) were accomplished by applying expression
(27) of the single-backscattering model to data from Tsukuba and Oishiyama, Japan, and Stone
Canyon, California. Two main features were observed: a clear increase of Q. with frequency
and a remarkable variation in the value at 1 Hz among different regions. The observation was
initially attributed to the dependence of @ on depth instead of to some intrinsic Q.-frequency
dependence. Coda waves at 1 Hz were thought to be predominantly composed of surface waves
scattered from shallow heterogeneities, while those at 24 Hz would primarily be body waves
backscattered from the deep, high-Q lithosphere.

Rautian and Khalturin (1978) and Rautian and others (1978) observed the same increase of
Q. with frequency for the Garm region. By using the single backscattering model and a broader
frequency range (from 0.027 to 40 Hz) they obtained the relation

Qe =qf (44)

where f is the frequency of the waves and ¢ varies with the coda interval taken, increasing as
longer time intervals are considered. This expression is similar to that obtained by Fedotov and
Boldyrev (1969) who used a single-station method to study P- and S-wave attenuation in the
Kuril Islands chain. Although no theoretical explanation was given, Rautian and Khalturin’s
result reinforced the attempts made previously to introduce frequency-dependence in @ (Sato
and Espinosa, 1964, 1967; Tsai and Aki, 1969; Nur, 1971; Solomon, 1972; Espinosa, 1977; Lee
and Solomon, 1978; Der and others, 1984).
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Studying the frequency dependence of Q requires the measurement and interpretation of
attenuation for waves in a very broad frequency range. Until the late 1970’s the study of low-
frequency waves (f < 1Hz) had progressed furthest (Anderson and Hart, 1978) because the
analysis of primary waves of local events is more complicated: they are strongly affected in
amplitude and phase by local heterogeneity (see Aki, 1984, for a review on the main character-
istics of short-period seismology). Besides, the amplitude and spectral contents of such waves
are very sensitive to the velocity gradient at and near the turning point through which rays
emanating from a near-surface source must pass.

The study of the attenuation of high-frequency S waves was made by Aki (1980a), applying
a single-station method to minimize site effect and using direct body waves generated by deep
sources to eliminate the turning point problem. In addition, the use of coda waves allowed
elimination of the source effect without introducing arbitrary assumptions on source spectrum
used in earlier single-station methods (Asada and Takano, 1963; Fedotov and Boldyrev, 1969).
The method expresses the amplitude-source spectrum for primary S waves as

e—wR/2ﬂQﬁ

As(w, R) = S(w,0) 7

(45)
where R is the distance from the source to receiver, S(w, #) represents the source factor includ-
ing the radiation pattern effect, and 8 is the unperturbed S wave velocity. A more detailed
expression for the amplitude of body waves, A,(w, R,t,0,¢), where A, can be either the am-
plitude of P or S waves in the frequency or in the time domain, is given by Sato and Espinosa
(1967). The observation on coda decay leads to the formula for the coda amplitude spectrum
measured at time tg as

Ac(wlto) = S(w)C(wlto) (46)
where C(w|to), the path term, is independent of hypocentral distance. The ratio at a given time
tis

As(w,R)  S(w,8) e~ wR/26Qs

Ac(w|t)  Sw)R C(w]t)
Taking logarithms of both sides and averaging the left-hand side over many events which lie
in a restricted distance range (R — AR, R + AR), it is possible to smooth out any systematic
variation of focal mechanism with R:

where a is independent of R and

(47)

p— Y
28Qp

is the slope of the averaged logarithmic ratio versus distance R. It is important to remark that

(49)

this method for determining Qg is founded only on observed properties of coda (see expression
46), independent of the models developed to explain them. The coda is used here only to remove .
the source effect on S waves with the assistance of expression (47) given above.

This method was applied by Aki (1980a) to data from the Kanto region of Japan obtained
by Tsujiura (1978) at the Dodaira and Tsukuba stations. Both sources of data were used
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independently in the application of the single-station method. The resultant values of Q) were
identical between the two data sets, confirming the validity of the method. The results show a
clear frequency-dependence of Qs of the form f™, n being 0.5, 0.6 or 0.8 according to the studied
area. This dependence is similar to the frequency-dependence of @), discussed earlier, which
strongly supports the hypothesis that considers the coda composed of S to S backscattered
waves. The frequency-dependence of Q. has been found for many different tectonic regions
after Aki and Chouet’s (1975), Rautian and Khalturin’s (1978), and Rautian and others’ (1978)
studies. (See for example Console and Rovelli, 1981; Rovelli, 1982; Del Pezzo and others,
1983, 1985; Del Pezzo and Zollo, 1984; Rodriguez and others, 1983.) Herrmann’s (1980) results
support this theory by finding a similar agreement between Q. and @ of L, waves. Espinosa’s
(1981) results on @ of L, waves for periods around 1 Hz evaluated in the contiguous United
States are similar to those @), obtained by Singh and Herrmann (1983). Similar results, on a
regional basis, are also shown in studies by Nuttli (1973, 1980), Street (1976), Bollinger (1979),
and Roecker and others (1982). ‘

Relation Between Q. and Qg

The previous results lead to several conclusions concerning Q. and Q4:

1. Q. and Qs vary with frequency in the form f™. Assuming that coda waves are com-
posed of scattered S waves, the frequency dependence of Q. can be attributed to an
intrinsic frequency dependence of Q. A previous explanation, which supposed an ap-
parent frequency dependence produced by a combination of depth-dependent @ and a
frequency-dependent variable contribution from surface waves to coda waves, can be
ruled out (Aki, 1982).

2. Q. and @ agree well for frequencies higher than about 3 Hz at least for the Kanto area
of Japan. Q. is somewhat greater than Q4 for frequencies lower than 3 Hz, suggesting
some defect in the S to S single-scattering theory. It is important to recall that Q. has
been calculated using a single backscattering theory, while Q4 does not depend on any
coda model we adopt. In an earlier explanation, Aki (1980b) attributed the failure to the
presence of multiple scattering. Later, considering that Rautian and Khalturin (1978)
and Roecker (1981) obtained a good agreement between Q. and Qg at all frequencies
in addition to a common increase with depth, Aki (1981b) suggested that Q. probably
represents the value of Q5 below the crust, while Q4 at 1.5 Hz represents the attenuation
in the crust.

3. If the agreement between Qs and Q. holds, the use of coda waves is the easiest way to
estimate Qg.

4. The values of Qg and Q. for different regions tend to converge at high frequencies but
are clearly dependent on the degree of current tectonic activity at frequencies around
1 Hz. Higher activity is characterized by lower @ values in such a way that @ can be
used as a tectonic activity estimator (Espinosa, 1981, 1984; Pulli and Aki, 1981; Singh
and Herrmann, 1983; Rovelli, 1983a). This Q versus activity relation can be observed
for frequencies less than 25 Hz and may include differences in Q of more than one order
of magnitude between stable and active areas. The hypocentral depth influence in the
observed Q. variations is discussed by Rovelli (1984a, b).
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These results confirm a previous study of the lateral variation of @ obtained from P waves
generated by explosive sources (Suzuki, 1972). An increase of coda @ with the age of the
oceanic crust has been observed by Jin and others (1985). Another effort has been undertaken
by Canas and Pujades (oral commun., 1986) in evaluating the spatial @ distribution in the
Iberian peninsula.

The importance of these results increases when we consider that the high @4 values obtained
at high frequencies are comparable to those inferred for the lithosphere from the attenuation of
long-period surface waves (Kovach, 1978). This agreement reaffirms the possibility of comparing
Q. and Q4 values with @ estimates given by more conventional methods.

Taking into account these results, Aki (1980a, b, 1981b) used only one diagram to plot the
estimates of Q! obtained by different authors employing coda-wave analysis, single-station
methods or L, waves (see fig. 6 and table 3A for references concerning the United States). This
figure suggested to Aki that the frequency dependence of Q! should have a peak around 0.5
Hz. Circles, in figure 6, represent Q! values obtained from L, waves, with a period of 1 s,
throughout the United States (Espinosa, 1981, 1984). According to Espinosa, the mean Q™*
values for different regions in the United States show a definite correlation with crustal thickness
and with the general regional physiography. They are characterized as follows:

Northeast Q~'= 0.001

Southeast Q= 0.001

South @~ '= 0.002

Central United States Q~'= 0.00089

Basin and Range province Q@ ~'= 0.0017

The Rocky Mountains Q ~1= 0.0033

Northwest Q1= 0.0045

There is good correlation of the Q! distribution in areas where high heat flow has been
reported and characterized with a Q= 0.0056

PN Ok W

The Q! peak around 0.5 Hz, known as “Aki’s conjecture”, was seriously taken up by Sato
(1982b) in his theoretical work (fig. 7). As will be studied in the next section, the fit of
experimental results by the curves expressing the Q-frequency relation for a particular model
constitutes a decisive test to check the model’s quality for explaining attenuation and scattering
mechanisms.

One more aspect of @ versus frequency relations must be considered. It concerns the mech-
anisms assumed to explain the frequency dependence and how they are affected by the ob-
servational results. Aki (1980a), after discarding several possibilities, indicated that only the
thermoelastic effect and the scattering process are really viable (Zener, 1948; Savage, 1966).
These phenomena require radically different scale lengths of heterogeneities to explain the peak
of attenuation around 0.5 Hz: 1 mm and 4 km respectively. Although more recent studies
underline the importance of scattering, this discrepancy demands more studies of Q versus fre-
quency relations and points out the importance of the analysis of heterogeneities that will be
described later in this paper.

The main features of coda-wave analysis, particularly expression (8), and the regional and
frequency dependences of @ have been shown for many different tectonic regions (see table 3B).
They can be considered well-established facts. The results obtained under the assumption of
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constant Q may require future revision if important variations in frequency or different tectonic

regions were involved.
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Figure 6.— Q™! vs frequency for the lithosphere in different regions of the world.

(1) Results obtained for two areas of the Kanto region in Japan. S stands for results
obtained from S waves (Aki, 1980a). B and C identify the results, also from the
Kanto region, which are in a hotter and more complex area than region A. Stippled
area identified as Coda implies those values obtained, for the same region, using
coda wave analysis (Tsujiura, 1978).

(2) Results for Central Asia obtained from § and coda waves (Rautian and Khalturin,
1978; Rautian and others, 1978).

(3) Estimates obtained from L, waves for Iran, Midwest, and Eastern U.S. (Nuttli,
1973, 1980; Street, 1976; Bollinger, 1979); open circles, contiguous United States
{Espinosa, 1981, 1984).

(4) Results from attenuation of long period surface waves. (Tsai and Aki, 1969;
Solomon, 1972). Question marks indicate both lack of data and likely trends
of variation.

{Reproduced with permission from the American Geophysical Union.]

Backscattering Coefficient

Information about lithospheric heterogeneity can be obtained from the scattered waves orig-
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Figure 7.— First display of “Aki’s conjecture” made by Sato (1982b) for Q;l obser-
vational data. On the right are shown several results obtained by the single station
method: solid circles, Southern Kuril Island (Fedotov and Boldyrev, 1969); open
circles, Iwatsuki, Kanto, Japan (Sato and Matsumura, 1980b); open squares, Do-
daira, Kanto, Japan (Aki, 1980a); and bold line, Garm, Central Asia (Rautian and
others, 1978). On the left are shown the estimates given by surface wave analysis.
The contour, or broken lines, shows the Q !-frequency trend suggested by “Aki’s
conjecture” which assumes a maximum for Q! around 0.5 Hz. [Reproduced with
permission from the American Geophysical Union.]

inated by this heterogeneity. Backscattered waves—as coda waves—provide more information
about impedance contrasts; forward scattered waves—as primary P and S waves—provide more
information about velocity contrasts. However, the large number of variables affecting the scat-
tering process makes any deterministic interpretation difficult. In this discussion, coda waves
will be used to estimate the ability of a particular medium to create backscattering. Later, in

Section 3, some effects of forward scattering will be employed to improve the knowledge about
heterogeneity.

The heterogeneity is usually estimated by the scattering coefficient “g”, which measures the
intensity of scattering. As has been defined in the glossary, it has a dimension of (length)™!
and is the reciprocal of “¢”, the “mean free path” used by Sato (1978).
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TABLE 3A.--Regions of the United States in which Q
from Lg waves has been estimated

Region Reference
Contiguous------------- Sutton and others (1967), Espinosa (1981,
1984) .

Eastern North America-- Nuttli (1973).

Northeastern----------- Street (1976).

Southeastern----------- Jones and others (1977), Bollinger (1979).
New Madrid------------- Nuttli (1978), Dwyer and others (1981).
Central---------------- Dwyer and others (1983).

Basin and Range-------- Mitchell (1681).

Western---------—--=-—--- Mitchell (1981), Patton (1983).

Colorado Plateau------- Mitchell (1981).

Southwestern----------- Peseckis and Pomeroy (1684).

Great Basin------------ Chavez and Priestley (1986).

A first attempt to estimate the backscattering coefficient, g, , using coda waves was made by
Aki and Chouet (1975) using both single backscattering and diffusion theory. Only the result
based on the single backscattering model (Aki, 1981b) will be discussed. Aki related coda power
spectrum P(w|t) and g, by the expression:

Pl = Jarlsta) (5 ) e (50)

It is known that P(w|t) can be estimated from the seismogram’s amplitude A(wl|t), which is
measured on a band-pass filtered record at the center frequency w in equations (21) and (22).
In a similar manner, for coda-wave amplitude A.(w|t), it is possible to obtain the expression

A (w|t) = V2P(w|t)Af (51)

On the other hand, the Fourier amplitude spectrum ]F(w)] for S waves may be estimated by
equation (41) with an R dependence, which takes the form:

As(w, R) = 2Af|F(w)| (52)

Note that this last expression is only applicab<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>