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ABSTRACT

An efficient probabilistic model is developed and cascaded with a
deterministic model for predicting dynamic water-table elevations in regional
aquifers. The objective is to quantify model uncertainty where precise estimates
of water-table elevations may be required. The probabilistic model is based on
the two-point probability method which only requires prior knowledge of uncertain
variables mean and coefficient of variation. The two-point estimate method is
theoretically developed and compared with the Monte Carlo simulation method. The
results of comparisons using hypothetical deterministic problems indicate that
the two-point estimate method is only generally valid for linear problems where
the coefficients of variation of uncertain parameters (for example, storage
coefficient and hydraulic conductivity) are small. The two-point estimate method
may be applied to slightly nonlinear problems with good results, provided

coefficients of variation are small. In such cases, the two-point estimate



method is much more efficient than the Monte Carlo method provided the number of

uncertain variables is less than eight.

INTRODUCTION

Increasingly, workers in ground-water hydrology are recognizing the need to
systematically consider uncertainty when modeling regional ground-water flow. A
variety of deterministic ground-water flow models based on finite-element or
finite-difference approaches now are routinely and widely used. During the last
decade, ground-water modeling research has focused on methods for systematically
dealing with ground-water modeling uncertainty.

This study was undertaken as part of a larger study to develop models as
management tools for the ground-water basin in Owens Valley, California which
provides a major part of the water supply for the city of Los Angeles,
California. The overall study involved the development of several mathematical
models to provide tools to study management strategies for minimizing effects on
desert floor vegetation while providing required water for the city of Los
Angeles. Because of the assumed sensitivity of desert vegetation to water-table
elevations, mathematical models may have to be able to predict future water-table
elevations to a high level of precision. The objective of the research reported
in this study was to develop suitable models that would assess efficient models
of uncertainty and would define areas of the ground-water basin, where more study
is needed in order to obtain required precision in estimating water-table
elevations.

The overall study of Owens Valley ground-water was a cooperative study
involving the city of Los Angeles, Department of Water and Power, Inyo County,
and the U.S. Geological Survey.

Modeling uncertainty may be grouped into four categories of error, as



follows [Guymon et al., 1981]:

1. Errors due to the choice of a mathematical representation of an aquifer
and the choice of a numerical analog to solve the partial differential
equation that describe ground-water motion,

2. Errors due to spatial and temporal discretization and averaging that
arise when applying regional numerical ground-water flow models,

3. Errors due to boundary and initial conditions that are required to solve
the deterministic equation of ground-water motion,

4. Errors due to the choice of parameters that necessarily arise in any

physics-based model of ground-water motion.

Total model uncertainty or error is some function of the above errors. Errors
may be interrelated and total modeling uncertainty may be nonstationary in a
dynamic system.

Research relating to ground-water modeling uncertainty can be classified
as: (1) direct methods, where the statistics of the response function, that is,
water levels, can be directly obtained by reformulating the governing partial
differential equation, such as: first- and second-order error analysis
[Dettinger, 1979; Dettinger and Wilson, 1981], spectral analysis [Gelhar, 1974
and 1977; Mizell et al., 1982], perturbation and linearization [Tang and Pinder,
1977 and 1979], and sensitivity analysis [McElwee and Yukler, 1978], and (2)
cascade methods, where an assumed probability model is cascaded into a
deterministic numerical model, such as: Monte Carlo simulation [Warren and
Price, 1961; Wu et al! 1973; Freeze, 1975], nearest neighbor model [Smith and
Freeze, 1979 a and b], geostatistic approach [Delhomme, 1978 and 1979], method of

embedding matrix [Dagan, 1979, 1981, 1982 a, b, and c], and inverse problems and



conditional simulation [Neuman and Yakowitz, 1979; Neuman et al., 1980].

The advantages of using the direct methods are that simple assumptions can
be used concerning uncertain data or parameters and tedious computation is not
needed. The drawbacks of these methods are that the reformulation process is
complicated and only linear or quasi-linear systems have been studied. The
advantages of using the cascade methods are that they are simple to formulate and
applicable to any system. The major drawbacks to current cascade methods are
complete information is required for the probability model and tremendous
computation efforts usually are required. The objective of this paper is to
develop a probability model that systematically evaluates parameter uncertainty
and avoids the drawbacks commonly encountered in the cascade methods. To do
this, a new probability approach based on the point estimate of the probability
moments [Rosenblueth, 1975] is proposed. The new approach, which uses the

advantages of both the direct and cascade methods,is presented.

REVIEW OF DETERMINISTIC GROUND-WATER FLOW MODEL
For purposes of clarity and completeness, the example deterministic model is
reviewed. In general, flow through a porous medium domain is three
dimensional. The governing partial differential equation, derived from the

linear Darcy’s law and continuity equation, has the form
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where S~ Kyy, K,, are the principal components of the hydraulic conductivity

tensor; ¢ = ¢(xX,y,z,t) 1is the total potential hydraulic head;

Q = .Z Qi 6(x-xi) 8(y-yi) 8(z-zi) 6(t-ti)



are the sources or sinks and § is the Dirac delta function; and S is defined
either as the specific yield (Sy) of an unconfined aquifer or as the storage
coefficient (SS) of a confined aquifer.

However, because the saturated thicknesses of most aquifers are thin
relative to their horizontal dimensions, a simple approach, that is, concept of
horizontal flow, usually can be used to represent the complicated phenomenon of
flow through porous media. This approach assumes that the flow in an aquifer is
everywhere approximately horizontal and vertical flow components are
negligible. The error introduced by this assumption is small in most cases of
practical interest [Bear, 1979].

Integrating (1) in the z-direction, one obtains
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where B 1is the averaged thickness of an aquifer and ¢ is defined as:

bz(x y)

(;S =$ (X’Yrt) f b (X y) ¢(x)yvz7t)dz ’ (3)

where by (x,y) and b2(x,y) are the lower and upper boundaries of an aquifer,
respectively.
By using the nodal domain integration method [Hromadka et al., 1981], the

final compact matrix representation of (2) is

is) {¢} + &) {¢} - {v} . @)

where [S] is a symmetrical stiffness matrix which depends only on the geometry



and hydraulic conductivity, {¢} is a column matrix, which stores the averaged
potential hydraulic head of the aquifer; [P] is a symmetrical capacitance matrix
which depends on the geometry as well as on the specific yield for an unconfined
aquifer or the storage coefficient for a confined aquifer; {&} is a column
matrix which consists of the time derivatives of the averaged potential hydraulic
head; and {F} is a column matrix, which stores the sinks or sources and
specified boundary conditions.

For a triangular-finite element (fig. 1), the element matrices for [S] and

[P] are
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where K® is the averaged saturated hydraulic conductivity of an element; B® is
the averaged saturated aquifer thickness of an element; A® is the area of an
element, Xij = xj B TR B 1,2,3 (where x is the x-coordinate for node i); S*
is the averaged specific yield or storage coefficient for unconfined or confined
aquifer, and 7 1is the mass lumping factor for a nodal domain integration model

( n equal to 2, 22/7, + « for a Galerkin, subdomain, or integrated finite

difference scheme, respectively).
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This statement has been proved by Mammana [1954], who showed that the solutions
of x's and P's are necessarily unique. The values of Xq1,%9, ..., X, are obtained

by solving for the n distinct roots of
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If we let X be a random variable taking values Xq & Fgy, weny X with
corresponding probabilities Pl’ PZ' e Pn, then (10) represents the moments of

random variable X. On the other hand, if one can estimate the first 2n-1 moments
of random variable X, then one can use (8) and (9) to find a discrete probability
density function of n mass densities for the random variable X. 1In practice,
only the first few moments can be estimated from successive experiments or
observations for any random variable. Thus, limited n values of x's and P’'s can
be obtained from (8) and (9), respectively.

For example, let random variable X have a finite mean x , variance 52
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In general, an M-point representation of moments of a random variable,
Y = f(Xl, Xy, «ov, XN of N correlated random variable can be obtained as
illustrated above. There are M distinct values on each of the N coordinate axes,
giving MN points on the axes. The N-variate mass density involves MY points. We

may represent any of these points by (x ) for all N-tuples

S S R TS e
110 21l NlN_l
(Lg4 L4 wune Ligag s where each i takes values from O through M - 1, and where

the projections of all the points on the kth axis are Ko 1 Xl oo ORI and
the mass density at each such point is denoted by P(io,il, N A iN-l)' Thus, the
approximate expression of an M-point estimate method for a function of N random

variables can be expressed as
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This means we need to solve MN + MY unknowns in order to have a unique

expression of (20). The solution of the MN + MY unknowns primarily depends on

the prior information of each random variable. If the first K moments of each

random variable can be estimated, then it provides 1 + (N - 1)N/2 + KN

simultaneous equations, such as

(1) The sum of M concentrations (mass densities) must equal unity, that is,
M-1 M-1 M-1
5 )3 b =1 (21)
i=o0 i;=o0 ig1=o0°
(2) The (N - 1)N/2 correlation equations between N variables (assuming
cross-moments only up to order 2 for simplicity), that is,
1D [ Sl R T S
e Py - 7 ] 22
1] S.S. : (22
1]

for 1,3 = 1,2,

(3)

The KN moment equations for N variables, that is,

14



Bl (., - ii) ] = Estimated Values (23)

HonNN A=t o2t s S patid il S 1 D5 o s TN

In order to have a unique representation of (20), the number of the system

equations must equal the number of unknowns, that is,

MN + M =1+ . + KN . (24)

If the number of unknowns is greater than the number of the system equations,
some unknowns can be arbitrarily assigned before solving the system equations.
On the other hand, if the number of unknowns is less than the number of the
system equations, relation between the random variables have to be assumed before
solving the system equations. Table 1 shows some combinations of N random
variables and M points of concentrations for minimum first K moments needed in
order to have a unique representation for (20). From table 1, it is clear that
it is impractical to find a unique representation of (20) such that

Orx Pij < 1 when the number of random variables is greater than 2. It is also
tedious to estimate the 4 or higher order moments for each random variable. To

avoid these problems, a simplified two-point estimate method is proposed and will

be discussed in the following section.
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COMPARISON OF SIMPLIFIED TWO-POINT ESTIMATE METHOD
AND FIRST-ORDER ERROR ANALYSIS
In this section, we prove that the simplified two-point estimate method for
the expected value and the variance of a system response function Y, becomes
equivalent to the first-order error analysis [Dettinger, 1979] when the variances

of the random variables become small, such as
E[Y] = f(xl, Koy ooy X s

af(il,iz, e B (29)

First, consider a single random variable case. For a function of a single
component variable, the approximate expression for the first two moments of the

response function of the two-point estimate method can be expressed as

E(Y] = 3 {E(x) + £} (30)

Varirees % {xp - f(xz)}z ] (31)

where xl =x - s and x2 =X + s, for ¥ = £(X).

If Y = £(X) is expanded in a Taylor series about X1 and x,, we obtain
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Expanding each individual term on the right hand side of (41) by Taylor series

about (ilfs x

1’ 2fsz) for the first moment yields

I
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By neglecting the second and higher order derivative terms, (42) can be

simplified as
E(Rp+ sp, %yt 5,) = £Ghp %) + {(hs, G L s, (3= >} (43)

Finally, the first moment of Y is
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Insensitivity of the skewness coefficient which leads to the simplified two.

point estimate method is examined in Example 1.

Example 1

Let random variables X and Y have a functional relation as Y = X2. Assume
that x =0, s = 0.1, 0.2, 0.5, and v =0, 0.2, 0.4, 0.8. Results from the
two-point estimate method are given in table 3. It is interesting to note that
the moments of Y are less sensitive to the skewness coefficient than to the
standard deviation of X.

The accuracy of the simplified two-point estimate method is demonstrated by

considering two examples.

Example 2

Consider the random variable Y = Exp(X), and let X have the normal
distribution N (u,az). Then Y has a log normal distribution. The expected
value and variance of the log normal variate Y are

02
E[Y] = Exp(p + 57)

(49)
Var[Y] = {E[Y]}Z{Exp(az) - 1}

If we let p =1.0 and o = 0.1, 0.2, and 0.5, table 4 shows the results of the
exact solution and the simplified two-point estimate method for the mean and
variance of Y. It is clear that the estimated variance is sensitive to the
effect of the coefficient of variation of the random variable X. This indicates
that the two-point estimate method is accurate for estimating the mean value but

less accurate for variance estimation using a high coefficient of variation.
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Table 3. Results of two-point estimate method for Y = X
v e sy = 0.1 sy, = 0. 5, =0.5
0 Y 101 1.04 1:25
sy 0.20 0.40 1.00
) 0 0 0
¥
0.2 ¥ 1.01001 1.03999 1.24994
Sy 0.19800 0.39200 0.94999
0 0.20020 0.20020 0.20020
0.4 Y 1.01003 1.03992 1.25004
sy 0.19600 0.38400 0.90000
U 0.40020 0.40010 0.40020
0.8 Y 1.00999 1.03999 1.24998
Sy 0.19200 0.36800 0.80020
os 0.79999 0.79999 0.80000
Example 3

200 -
Y = X1X2, xl = x2 =1, , 87 = 02, Sy = OL-44

Using (18) and (19), we obtain Pll =

Consider the example:

vy = 0.1, Yo

0.3688, P1o = 0.1312, P9y = 0.1374, Pyy = 0.3626 and xq1 = 0.8807, x7, = 1.3353,

= 0.2 and P19 = 0.5;

Baq =0, 3502, Koo = 1.2462. Substituting all the P’'s and x's into (39), we

obtain y = 1.2333 and Sy = 15 281485

method, & = 1.3664 and sy

By using the simplified two-point estimate
= 1.1706, which represents about a 10-percent

difference from the standard two-point estimate method. If we use the Taylor
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series expansion, the results are & = s B6gand sy = 1.097, which is close to t}
simplified two-point estimate method. For small coefficients of variation of X
and X,, the simplified two-point estimate method is equivalent to the Taylor
series expansion method. However, this does not indicate that the simplified
two-point estimate method is better than the standard two-point estimate method
for this particular problem because the relation between Y and Xy and X, is

nonlinear.

Table 4. Comparison of exact solution and two-point estimate method

for Y = Exp(X)

R 01 Oh i Q2 0 . =05
Item 3 X
Y o Y o Y g
Y ¥ ¥
Exact solution 2.7319 0.2739 2% 1739, 0.5602 3.0802 1.6416
Two-point estimate 2.7318 0.2723 2.7728 0.5473 3.0652 1.4165
me thod

Relative errorl(%) 8.5x10°% 5.8x10°1 1.32%10°2 2.31x10% 4.87x10°1 1. 37x10l

Coefficient of Qi 0.2 0.5
variation

|Exact Value - Estimated Value]
Exact Value

Relative Error (%) = 100%
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A random variable with a discontinuity in the first derivative must be

treated with care as is illustrated in the following example.

Example 4

For example, let

0,0 < % <L

o

b < <2

with probability density function P(x) = 0.5 for 0 < X < 2. By direct

integration, dwevobtain x W=8L s =" YL/ y= [0 and iy i=a0,25, s, = 0.3227.

Using the two-point estimate method, we have P1 Do OS5 S 0.4226, Xg =

1.5774 and y = 0.2887, Sy = 0.5. If we recalculate the mean and variance of Y

from individual segments 0 < X =<1 and 1 < X < 2, separately, we get for segment

<X o< 2 x5 and Sy

0.2887 by direct integration. From the two-point
estimate method, we obtain L 0525, X = 12013, Xy - 1.7887. Notice that
P; + Pp = 0.5 is equal to the probability of X on 1 < X < 2. 1In segment 0 <

X <=1, it is clear from the probability density function of Y that y = 0 and s

4

= 0. Finally, the two-point estimate method gives y = 0.25 and s, = 0.3227,

¥
which coincides with the exact solution. This is because in each segment, Y(X)

and P(X) are linear functions of X.

DETERMINISTIC-PROBABILISTIC MODEL
Information on assumed uncertain variables, parameters, and boundary
conditions are applied to a deterministic model in a sampling sense. In the
Monte Carlo method, a probability density function must be known or assumed for

each selected uncertain variable from which random variables are generated to
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apply to the deterministic model. Usually a large number of samples (perhaps as
many as 500) are required to develop reliable statistics on the dependent
variable (for example, water table-elevations). In the simplified two-point
estimate method, each uncertain variable selected is represented by the assumed
or known mean and coefficient of variation. No a priori knowledge of the
probability density function is required. Statistics of the dependent variable
are generated from the deterministic model by using only two sample points for
each random variable.

By use of the output moments, statistical inference is used to determine the
reliability of simulated aquifer response. The statistics from the

deterministic-probabilistic model can be estimated by the unbiased estimators as

] 1N
D gy N,
g Al
and (50)
) 1 N 2
S =D (yi-y),
b N-1 i=1

for the mean and variance of the response function. The most interesting part of
the statistic is the confidence interval for the mean of the response function.
A discussion on the corffidence interval is included for completeness.

If we know nothing about the probability density function for the solution,
denoted as Y, Chebyshev’s inequality [Hogg and Tanis, 1977] can be used to obtain

the confidence interval as

Prob [y - hsy <y=<y+ hsy] = i , (51)
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where y and Sy are the mean and standard deviation for Y, respectively. For
example, if two standard deviations are assumed (h = 2), the probability that y
is bounded by [y - 2sy,§ + ZSy] is greater or equal to 75 percent. Now if Y is
assumed to be symmetrically distributed, Gauss’ inequality may be applied

Prob[}_i-hsysySy +hsy]21-%, (52)

9h
If h = 2, there is at least an 89 percent of probability that y is bounded by
ly - 25y,§ + 2sy]. Or if Y is assumed normally distributed, a 95-percent
confidence interval of y is given as [y - 1.96sy,§ + l.96sy]

The versatility of the Beta (Pearson’s type I) distribution [Harr, 1977]
permits representation of a wide diversity of distributional shapes whose
measures must be positive quantities and whose ranges are of rather limited
extent. The Beta distribution is given by the expression

B
1 y - a s v
S e DD b 2 -t

(53)

where a and b are the lower and upper bounds of the distribution, respectively,
and « and B are the Beta distribution parameters; a <y <b, a >-1, 8 >-1,

and

Dilee + 1IT(A. 4 L)
™o + p + 2)

B(at+l,p+l) =

The expected value and variance are

E[Y] = a + (bre= faymy; (54)

+ |~

a +
a + B
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It is assumed that there are three horizontal layers of equal thickness in
the model, and it is also assumed that within each layer the saturated hydraulic
conductivity is log normal, A (-2,0.432). It is assumed that hydraulic
conductivity is the only uncertain parameter. Figure 4 shows the results from
the Monte Carlo simulation method with 500 sample solutions. The mean and
variance of the saturated hydraulic conductivity, which are generated from the
Monte Carlo simulation method, were used as input information for the simplified

two-point estimated method. Results of this simulation are shown in figure 4.
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FIGURE 3.—Two-dimensional, vertical slice ground-water flow
model (18 elements).
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Also, a 500-sample solution run of the Monte Carlo simulation method was done on
a normal distribution by using the same statistics as the simplified two-point
estimate method. These results also are shown in figure 4. Comparing the
results of these three models, the log normal model distribution had smaller
standard deviations for all regions. The simplified two-point estimate method
had higher standard deviations for all regions. As was mentioned previously, the
success of the simplified two-point estimate method requires a small coefficient
of variation of the random variable; that is, the saturated hydraulic
conductivity in this case. In this case, the coefficient of variation of the
saturated hydraulic conductivity was about 123 percent. Using a normal model to
approximate the log normal model gave results that also were poor. Since the
solution (total potential hydraulic head) is not merely a linear function of the
saturated hydraulic conductivity, the simplified two-point estimate method will
not provide good results with a high coefficient of variation. Also, this
example indicates that a highly skewed distribution function cannot be
successfully approximated by both the normal model and the simplified two-point
estimate method.

Repeating the simulation described above for a 72-element representation
yielded similar results; however, estimated standard deviations were somewhat
higher. The reasons for this is that fewer elements tend to smooth
variability. The level of spatial discretization affects statistical results.

Figure 5 shows the results from a normal model and the simplified two-point
estimate method using a coefficient of variation of 50 percent for hydraulic
conductivity. In this case, the mean hydraulic conductivity was 1. It is clear
that both models are comparable and provide good results when compared to the
deterministic model. If we further assume a positive coefficient of correlation

between each layer, the solution (fig. 6) tends to converge to the deterministic
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model.

This simple example shows that (1) higher standard deviations occur at nodal
points with a higher mean hydraulic gradient, (2) standard deviations of the
response function are directly proportional to the variances of the component
variables, and (3) the simplified two-point estimate method is comparable to the
Monte Carlo simulation method providing that the coefficient of variation of the
random variable is small. How small this coefficient of variation should be
depends on the relation between the solution and the random variable. The more
nonlinear a system response function is, the smaller the coefficient of variation

must be.

DISCUSSION

It is clear that if the coefficient of variation of the random variable is
small and if the system response function is smooth and linear the simplified
two-point estimate method yields results that are as good as the computationally
more costly methods studied. This is because the simplified two-point estimate
method is equivalent to the first-order analysis. Under the assumption that the
response function is a linear function of the component variables, the first-
order analysis yields the exact solutions for the mean and variance for the
response function. If the response function is not linear, then the coefficients
of variation of the component variables must be small in order to achieve a
satisfactory result from the first-order analysis [Cornell, 1972].

In order to apply the simplified two-point estimate method, all we need to
know are the mean and variance of each variable, and the coefficient of
correlation between each pair of variables. Here we only need to perform ol
iterations (N is the number of random variables) instead of usually assumed many

sample solutions for the Monte Carlo simulation method. But the iteration number
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of the simplified two-point estimate method increases rapidly when the number of
random variables increases. If the number of the random variables is greater
than nine, the Monte Carlo simulation method is preferred because the total
number of iterations by the two-point estimate method will be greater than 512.
In order to reduce the iterations of the two-point estimate method, a sensitivity
analysis needs to be done and rational lumping of uncertain parameters needs to
be made. This will allow one to treat several random variables as a group of
random variables. In other words, we assume that these random variables have
either a perfect positive or negative correlation.

The advantages of the simplified two-point estimate method are (1) no prior
assumption of the probability density functions for the random variables are
required, (2) there is no need to calculate the first or second order derivatives
of the system response function, which is usually not explicitly known, and (3)
there is no need to perform as many iterations as the Monte Carlo simulation
method requires, providing that the number of random variables is small.

Disadvantages related to use of the simplified two-point estimate method
relate to an a priori assumption of near linearity of the response function or
small coefficient of variation of the random variable. If this assumption cannot
be made, or is suspect, a Monte Carlo method may provide better results in
critical areas of concern in a ground-water basin or in the areas of the basin

where the response function is definitely nonlinear.
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