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MASS-CONSERVING METHOD OF CHARACTERISTICS FOR STREAMFLOW MODELING

By William G. Sikonia

ABSTRACT

A robust numerical model is presented for the computation of
unsteady streamflow on steep river slopes. The one-dimensional
model uses the method of characteristics on a specified space-
time grid to solve the Saint-Venant equations. An additional
continuity equation requirement on each space-time element
provides greatly improved conservation of mass over traditional
implementations of the method of characteristics on a fixed grid.
The space-time geometry of the problem is described in a finite
element setting. Hermite interpolation of channel parameters is
used to avoid numerical difficulties that may occur with steep
slopes due to discontinuities in the derivatives of data such as
channel top width. Manning’s equation for friction slope can be
modified by a factor to make the slope more appropriate for steep
rivers. The standard Manning's friction slope can also be used,
if preferred. The computer model is not restricted to steep
slopes, and applies as well to gently sloping streams. Two
numerical examples support the mathematical approach and
computational algorithm.



INTRODUCTION

Background

The implicit method of characteristics is an appealing method for solving
hyperbolic differential equations. This method has been applied in the
context of hydraulics to solve the Saint-Venant equations that describe one-
dimensional unsteady open channel flow (Edenhofer and Schmitz, 1981). 1In the
method, characteristics are projected backward only within a given element on
a fixed space-time grid (fig. 1), and in particular are not extrapolated
beyond the boundaries of that element. Characteristics intersect either the
vertical boundaries 14 or 23 of the space-time element 1234, like
characteristic ab; or they intersect the base 12 of the element, like
characteristic de. (The mathematical construction of characteristics will be
given in succeeding sections for readers unfamiliar with the method.) 1In some
instances, however, the method has resulted in unacceptable non-conservation
of mass (Wylie, 1980). Wylie referred to nonconservation in the case in which
a characteristic such as de in figure 1 intersected the base 12 of the space-
time element. The situation was further compounded because the method seemed
to perform well for some applications, but for others serious inaccuracies
appeared. In the same paper, Wylie described a method of "time-line"
interpolations to improve mass conservation; more discussion of the "time-
line" method, and further insight into the problem was provided in a paper by
Goldberg and Wylie (1983). The "time-line" method involves projecting the
characteristics backward in time until a vertical boundary of the space-time
grid is intersected, even if this means projecting through the base of the
current space-time element into elements at preceding times, such as extending
characteristic de in figure 1 backwards in time along ef. Note that if the
characteristic such as ab in figure 1 intersects the vertical boundary within
the originating space-time element, the "time-line" and implicit methods of
characteristics are identical. See also Lai (1988) for a composite algorithm
for the method of characteristics that includes these approaches, as well as
another variant involving extension of a characteristic such as ab in figure 1
outward in distance along bc.

Purpose and Scope

This paper presents a solution method that will preserve the desirable
features of the method of characteristics, but will also conserve mass to a
satisfactory approximation. The method differs from other approaches just
mentioned, and does not involve extrapolation of the characteristic beyond the
originating element.
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Approximations of channel parameters within the element are carried out
by an independent procedure that will be described later in the development of
the method (see the section "Interpolation of Channel Parameters"). The
approximation provides values within and variation across the elements for
channel parameters A, B, P, n, and z, . These parameters are specified as
input at cross-section locations that need not necessarily correspond to nodal
locations such as 1, 2, 3, 4, 5, and 6 of the computational elements.

Characteristics

The characteristics are approximated piecewise by straight-line
segments ab and bc, or de and ef (fig. 3). The characteristics initiate at
points a and d, and are projected backwards according to equations 7. The
slope on each segment is averaged from the slope given by the appropriate one
of the equations 7 (upper or lower sign) at the end points of the segment; for
example, at points a and b for segment ab, or b and ¢ for segment bc. Figure
3 shows the situation for both subcritical and supercritical flow, as well as
for transitions between two flow regimes. 1In figure 3, the characteristics
associated with the upper sign in equations 7 are denoted by +, and those
associated with the lower sign in equations 7 by -.

The numerical process involves iteration, because although point a, for
example, is at a fixed location, the location of point b and the slope of the
characteristic segment passing through it are both unknown at the outset. An
initial approximation to the slope for the entire segment ab is the slope from
the appropriate one of equations 7 at point a. This locates an initial trial
endpoint b for the segment. Next, the slope of the characteristic at point b,
from equations 7, is averaged with the slope from point a to obtain a new
approximation for the slope of the segment. The process is repeated until
convergence of point b is obtained. Then the procedure used on segment ab is
repeated to track the characteristic through the next segment bc, with point b
taking the place of point a and point c replacing point b in the algorithm.

In order to carry out the above "inner iteration" to determine the
approximating characteristic path, the discharge Q and depth h must be known
throughout the space-time element, and in particular at the nodes 3, 4, and 6
at the forward time (fig. 3). Because these nodal values are the quantities
we seek to determine with the numerical algorithm, we must assume some initial
values at the forward time to get the process started. These initial values
for Q and h are taken to be identical to the values at the old time; that is,
values at node 1 are used as initial estimates at node 4, values at node 2 for
initial estimates at node 3, and values at node 5 for initial estimates at
node 6. These estimates are improved by an "outer" Newton-Raphson iteration
of the global system of equations to be described later in the section "System
of Equations for the Finite Element Solution" (see equation 85).
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The number of segments ab, bc, and so on is adjustable, but two appear to
be sufficient for the numerical procedure being described. The segmented
approximating path is restricted to lie within a topological "neighborhood of
restriction" lying within the element. In a manner analogous to the forward
time-weighting of the 4-point implicit numerical procedure (see, for example,
Cunge and others, 1980, p. 65), a parameter § € [0,1] is used to set the base
of the neighborhood of restriction at local time coordinate n = 1 — 2. By an
additional parameter x, the characteristic starting at point a = element node
3 is restricted to the right of local coordinate £ = 1 — 2x, and the
characteristic starting at point d = element node 4 is restricted to the left
of £ = -1 + 2x. Two neighborhoods of restriction are defined by this
procedure, namely 3ABC for characteristic abc, and 4DEF for characteristic def
(fig. 3). In a manner somewhat similar to the choice of Galerkin weighting by
shape functions that are unity at nodes 3 and 4 and that fall to zero at other
nodes, these neighborhoods provide a weighting of the numerical scheme closer
to the location of the unknown values of discharge Q and water depth h at
nodes 3 and 4. The neighborhoods of restriction thus specify a form of
subdomain collocation (see, for example, Zienkiewicz, 1977, p. 50). The
effect of the parameters x and § will be demonstrated after examples applying
the model are introduced later in the report (see the section "Example 2").

The lengths of segments such as ab and bc are chosen by the following
procedure, which prevents the segments from becoming too long either
horizontally or vertically. Divide the interval n . to n,, that is, from the
base to top of the neighborhood 3ABC, into equal parts An (two parts, for
three characteristic nodal points shown in the figure). Also divide the
interval £, to 5 into equal parts A¢ (two parts, for the case in fig. 3).
The local %1me 1nterva1 n along segment ab is equal to Anp, unless this
choice of time extent foraab would make the corresponding space interval |§
§b| more than A§. The latter situation occurs if the time steps are large
enough so that the slope of the characteristic in local coordinates is mild.
If A¢ is exceeded using the full An time interval, the se ment ab of the
approximation to the characteristic is truncated so that | equals Ag,
in which case n_ — 5, will be less that An. This procedure is tRen repeated
for the continu?ng segment bc (and possibly more segments) until the path
intersects the neighborhood of restriction, where the path is truncated. The
procedure occasionally can result in more than the minimum number of segments
(two, in the case of fig. 3) being required to terminate on the boundary of
the neighborhood of restriction. Such special cases occur rarely when the
procedure just described switches between using An and A¢ to determine the
length of segments within the approximating path.

In order to approximate numerically that equations 8 are satisfied along
the corresponding characteristics of equations 7, we form the following
weighted integral along the characteristics:

i
=T, e, . 2 A" azy at
Fji(Q,h)Ej - [Qi - xBh, - qu - k) - w® Tu gA[sf + &—]] Wiy Gpdn.  (80)
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DESCRIPTION OF THE EQUATIONS FOR NUMERICAL SOLUTION

System of Equations for the Finite Element Solution

A finite element solution is obtained by requiring, from equations 80 and
81, that

F.,(Qh) =0 (82)
and J=

F_(Q,h) = 0, (83)

where Q and h are given by their finite element approximations (equations 10
and 11). Because the integrands in equations 80 and 81 are nonlinear

2 and a:, Newton-Raphson iteration on the
Q

approximating linear system is used. Let a

functions of the nodal unknowns a
= column vector of nodal

< h R 5 M vl i
discharges, a = column vector of nodal water depths, and a” = ((a*) ,(a )7) =
row vector of dependent nodal variables. (The superscript T indicates
transpose.) Let F(a) = column vector of integrals F.+(aQ,ah) = Fj+(Q,h) along
characteristics from equation 80, and integrals Fc(a ,ah) = FC(Q,h) over the
space-time element from equation 81. (Fj+ and FC are scalar-valued integro-

differential operators on functions Q and h, whereas F.+ and FC are regarded

Q h #8

as functions of the nodal variables a* and a .) In vector notation, the

nonlinear system of equations to solve is

F(a) = 0, (84)

and the approximating linear system is

F(a) + F'(a)éa = 0. (85)
OF . I
In equation 85, F’'(a) is a matrix with elements of the form Q_ ; h_ -
A A aak aak
aFc dF

Q and ——ﬁ, and fa is a column vector of variations of the nodal
aak aak

variables from the trial values given by vector a.

Equations 84 and 85 are treated as systems on individual finite elements
during their formation, but can be assembled into global systems by collecting
the equations from all elements in a river reach. For an N element reach, the
global form of equation 84 or 85 includes 2N+l unknowns h, and N+1 unknowns Q,
for a total of 3N+2 unknowns. There are 2N equations derived from equation
82, N equations derived from equation 83, and 2 boundary conditions specified
at the upper and (or) lower ends of the reach for a total of 3N+2 equations,
making the global system corresponding to equation 84 or 85 determinate.
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General Form of Partial Derivatives for Equations along Characteristics

Computation of the partial derivatives is carried out in the standard
2 x 2 finite element in independent variables (£,n). Let the par og the
integrand between the brackets in equation 80 be denoted by Fg+(a A XD -

[F +(Q,h)](x,t), where Fg+ is a differential operator on functions Q and h in
= = 5 A

independent variables x and t, and Fg+ is regarded as a function of nodal

Q

variables a~, ah, x, and t. Note that the integral of equation 80 is

dependent on the path of the characteristic as given by equations 7, and

A

therefore, for any time t, the space coordinate x at which integrand Fg+ is

evaluated also depends on nodal variables aQ and ah. Then the partial
.. 9B,
derivatives Q— 3 —%:— appearing in F’(a) are given by
aak 6ak
A ni A ,71 A
s 4 4
Z)F]i 1%, 05 o e h jx .aF 3 > dx 8¢ dt
. j* dn " ax + d¢ da, d
%k v Jda v J k7
"ji nji
ﬂi 1
+
NS o Wi T TR D 8t
gt 9x  d¢ da, dn 9 da gt "jt dn]| i
”V+ % "5+
j_ —

In equation 86, a,_ represents either a nodal discharge a? or a nodal water
depth . The first term in the equation is the main variation, obtained
under iﬁe assumption of a fixed path for the characteristic. The second and
third terms take into account the variation of the path of the characteristic,
but under the assumption of a fixed intercept 5., with the element boundary.
The third term is zero under the assumption of a constant weighting function
that is taken here. The fourth termirepresents the contribution due to the
variation of the integration limit »n.,. If the path of the characteristic,is
through the b?ttom of the neighborhoga of restriction of figure 3 where n%+ =
1 - 26 and €00 € (-1,1), this term is zero. In the linear iteration defined
by equation 55, its contribution is omitted even when the exit of the
characteristic path is through the vertical sides AB, DE, 3C, or 4F. Note
that for the exact solution of the system of equations 7 and 8, the integrand
in equation 80 is id%ntically.zero along characteristics, regardless of the
integration limits nj+ and n... The choice of limits and interpolations for
the variables of the”Integrand only serve to define the numerical approx-
imation of the solution. The variation of the characteristic path with éa is
treated as confined between fixed n coordinates during each iteration (see
fig. 4). Then the improved approximation to the characteristic path
determined at the beginning of the next iteration is again truncated to lie
within the appropriate neighborhood of restriction. This procedure avoids
computational difficulties, especially with near-vertical characteristic
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INTERPOLATION OF CHANNEL PARAMETERS

Channel geometry is assumed to be specified at data cross sections along
the length of the river. For each of these sections, channel width, wetted
perimeter, and Manning’s "n" are specified as a function of elevation. The
locations of the data cross sections need not correspond to the locations of
the computational cross sections. This independence of the two types of cross
sections allows computational cross sections to be located and concentrated
where they are most beneficial in describing the dynamics of a particular
problem.

On gentle slopes, the choice of a scheme to interpolate channel geometry
can be made easily; linear interpolation will suffice. As the slope steepens,
however, it has been our experience, as well as the findings of others (see,
for example, Franz, 1976), that discontinuities in derivatives 3/8z of channel
parameters within a cross section, or in derivatives 3/dx along the channel
length, cause solution instabilities. For this reason, Hermitian interpo-
lations are used to provide continuously differentiable approximations of
channel parameters.

The Hermitian interpolation is carried out sequentially, first within
cross sections in elevation, and then along the channel length. This
sequential processing is used because channel geometry is most conveniently
specified with variable elevation increments Az between data specifications at
elevations z, . These increments are chosen during data collection, depending
on the geome%ry of the particular cross section, and vary from one section to
the next. It is, therefore, not convenient to try to match Az segments from
one cross section to the next, as would be done in a bi-Hermitian approach in
X X z space.

The sequential interpolation process is as follows. Cross sections that
surround the stream coordinate x where the interpolation is desired are first
identified. Thus, let xl, Koy wees xn denote the stream coordinates at which

data are specified. Choose xj 89" that x' < %, “or xj = X . The cross sections
at Xj—l and Xj are the nearest neighbors for the desired location x, and the

2

then xj_2 cannot be formed, and similarly if xj =X

cross sections at Xj 2

and xj+1 are the next-nearest neighbors. (If xj = X

n’ then Xj+1 does not

correspond to a defined cross section. The method to be described in this
section will make allowance for these special cases.) At each of these four
data cross sections, construct interpolations of channel parameters in water

depth h. Focusing attention on one of these cross sections, let Zys Zos s
z be the elevations at the cross section at which channel parameters are
specified, where z, = 2 is the bottom, or thalweg, elevation of this cross

section. Recognizing that water surface elevation z is related to water depth

h simply by z = z,. + h, define depth nodes hk =z z, corresponding to the

b kb
elevations where data are given. In a manner similar to choosing near-
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Having defined interpolated values of the channel parameters at water
depth h, at the neighboring and near-neighboring cross sections xj—2’ Xj—l’

xj, and xj+1, we now proceed to the Hermitian interpolation in river

coordinate x. The Hermitian expansion is given by
B*(x,h B h) + ¢ B (x,,h
(x,h) = ¢ (xj_l, ) ¢Op (xj, )

* *
dx JdB dx 4B
el (xy_y ) Y %y, h)” i

e . * * * %
with similar expressions for A , P , and n . Channel bottom elevation z, at
river coordinate X is interpolated in the same manner, but there is no

dependence on water depth h. The Hermitian basis functions ¢Om’ ¢Op’ ¢l , and

m
¢lp are defined in local element E € [-1,1] corresponding to global element x

S [xj_l,xj . (We use capital Greek letter xi, E, instead of the more
typically used lower case xi, £, to distinguish the interpolation of channel

geometry being defined here from the local computational space-time element of
equations 22 and 23 that was defined earlier.) The linear transformation
between E and x is similar to the mapping between { and z:

2R = x._l)

T - 3 (210)
K= 1Ky
( 3 J_1)

implying that

d= 2

= o —— (211)

dx X —iX,
( j J_1)

The basis functions themselves are defined by replacing ¥ with ¢ and ¢ with E
in equations 172 to 183.

Partial derivatives with respect to x are given by

* aé - aé =
8| _omam 0p &= 4
3 bixd) 98 o= T Ty dL T SEEGR Y e
1n 28" . i o (212)
& ax |(x,_j.h) 9= ax | (xy.h)’

* %
w;th similar expressions for partial derivatives with respect to x of A , P

n , and z, . In equation 212, the partial derivatives of the Hermitian basis

functions with respect to E are obtained by replacing ¥ with ¢ and ¢ with E in
equations 199 to 206.
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STEEP-SLOPE FACTOR

The factor & in equation 92 adjusts the friction slope determined by
Manning’s equation 93 for steep slopes (Jarrett, 1984; Glass and others,
1987). We emphasize that the use of this factor is by no means necessary for
the proper performance of the model. The factor is nevertheless included to
provide an estimate of friction slope that is, by Jarrett’s recent work,
perhaps better suited to steep rivers. In running the model, the factor can
be set to unity, if desired. Factor ¢ is derived from equation 9, page 1,532,
of Jarrett’s paper, that gives Manning's coefficient "n" as a function of
slope S and hydraulic radius R = A/P:

mypis = - QuAg 8 0 I (226)
where n. is used to distinguish Manning’'s "n" computed using Jarrett's
formula. Equation 226 was derived on the basis of data including slopes
ranging from 0.002 to 0.04, and for hydraulic radii from 0.5 to 7 feet.
Although the multiple regression used to derive the coefficients in
equation 226 used S defined as friction slope, the sentence after equation 9
in Jarrett's paper indicates that water-surface slope S could be used
instead, at least for fairly uniform channels. We do use water-surface slope
for our approximate implementation of Jarrett’s ideas, and normalize equation
226 to S, = 0.002 and R, = 7 feet to yield

0.16
__ 0.00°%%° (0.39) [Eg] [53]0'38
3 0.16 R 5,
Ry 1) (5.00.38
- {0.027 qu Eij : (227)

Our desire is to implement a steep-slope correction to Manning's
coefficients specified by more traditional estimates of channel roughness.
Our data specification already allows n to be a function of water depth, which
might conflict with or duplicate the factor in equation 227 that is dependent
on hydraulic radius. The approximation we use is to replace the first factor
in braces by n, the input, traditional, depth-dependent estimate of Manning's

coefficient, to yield
S 40.38
~ w
n = n [S—] a (228)
0
We use n to distinguish the slope-corrected Manning's coefficient from the
traditional estimate n. If n replaces n in Manning’s formula, equation 93,

one obtains the steep-slope factor & of equation 92, at least in the range of
slopes between 0.002 and 0.04 where the Jarrett formula is supported by data:

Sw 0.38 2
® = {—J for 0.002-<58" <004, (229)
Sy w
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MODEL DEMONSTRATIONS AND VERIFICATIONS

Example 1

The use of the model is demonstrated by using a test river channel whose
thalweg profile is given in figure 5 and table 1. The profile steepness was
mild-steep-mild, becoming as steep as 13 percent at the middle of the reach at
river coordinate 25,000 feet. Variable cross-sectional geometry was specified
at 2,000-foot intervals, as given in figure 6 and table 1. The upstream
boundary condition was a specified discharge hydrograph (fig. 7). Downstream
from the demonstration reach from O to 50,000 feet, the profile was extended
at a slope of 0.1 percent to 60,000 feet, to avoid any lower boundary effect

in the example reach.

Model space-time elements had space dimension equal to 2,000 feet, so
that corner nodes were at the locations of the data cross sections. The
downstream boundary condition required that the water depth be the same at the
last computational node at 60,000 feet and the midside node of the last
element at 59,000 feet. The model was run to establish a steady-state
condition at a discharge of 180 cubic feet per second, corresponding to
reference time = 0. The upstream input hydrograph (fig. 7) then changed
abruptly from 180 cubic feet per second at time = 0 to 1,800 cubic feet per
second at time 32 seconds, and remained constant at 1,800 cubic feet per
second thereafter. The time increment At was 4 seconds during time 0 to 120
minutes. A longer time increment of 24 seconds was used between 120 minutes
and 8 hours in running the model to a steady-state condition at a discharge of
1,800 cubic feet per second. A Manning’s "n" of 0.030 was used throughout.
The neighborhoods of restriction were specified by x = 0.5 and § = 0.5. The
model’'s steep-slope factor was set to unity for this example in order to allow
comparison with another model and to demonstrate transitions between super-
critical and subcritical flow. The flow changes from subcritical to super-
critical near river distance 10,000 feet, and back from supercritical to
subcritical near 40,000 feet. The depth profiles (fig. 8) show the flood wave
progressing down the river channel.

The steady-state conditions at the start and end of modeling were
compared with results from the U.S. Geological Survey step-backwater program
J635 (Shearman, 1976; 1977). River depths obtained using J635 are plotted in
figure 8 as squares, and show excellent agreement with depth profile curves of
the finite element model. (The J635 model can only treat the steady-state
case.) A demonstration of mass conservation was provided by comparing inflow
at the upstream end of the reach minus outflow at the downstream end, to the
change in channel storage within the reach. The time interval 0 to 60
minutes, during the most dynamic part of the floodwave passage, was chosen for

the comparison:

Inflow = 64,540,800 cubic feet
—Qutflow = —6,480,149 cubic feet
Difference = 58,060,651 cubic feet
—Change in Channel Storage = —58.131, 844 cubic feet
Error = -71,193 cubic feet
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The error represents only 0.1 percent of the inflow to the reach. In th%s
mass conservation check, the volume in channel storage was calculated using
two-point Gaussian integration over the length Ax of each computational
element of cross-sectional area below the water surface, and inflowing and
outflowing volumes were calculated by trapezoidal-rule time integration of the
inflowing and outflowing discharge hydrographs.

Another indication of mass conservation comes from the observation that
for steady-state discharge, the modeled discharges through all cross sections
are the same. For example, the modeled discharge at 8 hours was computed as
1,800.000000 cubic feet per second at every cross section. This seemingly
simple requirement of constant discharge throughout the reach in steady state
is one that standard implementations of the implicit method of characteristics
will not satisfy unless the time steps are large enough that the intercepts of
the characteristics fall on the sides of the space-time elements, rather than
the bases (fig. 1). For highly dynamic problems, such large time steps are
not practical.

Example 2

The model also was compared against dynamic model DWOPER (Fread, 1978).
DWOPER is based on the four-point implicit computational scheme. It has been
our experience that the DWOPER algorithm will treat situations with gently
sloping streams and slowly changing dynamic conditions, but is more difficult
to use on steep slopes and (or) under rapidly changing flow conditions. In
order to facilitate comparison of our model with DWOPER, we therefore based
example 2 on the same cross sections as used in example 1, but restricted
attention to a thalweg profile that is much less steep (figs. 5 & 6; table 1).
The profile included gentle slopes of 0.02 percent near the ends, steepening
to only 0.24 percent near the middle of the profile at 25,000 feet; this mild
slope insured that the flow was always subcritical. The input discharge
hydrograph at the upstream boundary was similar to that of example 1, but rose
less abruptly from a low constant discharge of 90 cubic feet per second at
time zero to a high constant discharge of 900 cubic feet per second at time 8
minutes (fig. 7). The water depth at the downstream boundary at 60,000 feet
was set at 5 feet to provide the second required boundary condition. The
computational elements had space sides of length 2,000 feet as in example 1,
and again the corner nodes coincided with the data cross sections. The DWOPER
computational nodes were also chosen at the 2,000-foot spacing of the data
cross sections. A time step of 1 minute was used for both models. A
Manning’'s coefficient of 0.030 was used throughout, and the steep-slope factor
was again set at unity. The neighborhoods of restriction were specified by
the parameters y = 0.5 and 6 = 0.5.

Results of the comparison are given in the depth profiles of figure 9.
Only that part of the reach from 0 to 50,000 feet was compared in order to
stay some distance from the lower boundary; the backwater curve from the
5-foot downstream depth is, however, still visible near 50,000 feet because of
the gentle slope. The solid curves in figure 9 were computed using the model
that has been described in this paper. The overlying squares show depths
computed using DWOPER. There is excellent overall agreement between the two
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models, except near the flood-profile front, where DWOPER water depths were
too small. This phenomenon is a known difficulty of the DWOPER 4-point scheme
that is caused by high-frequency waves numerically moving ahead of the main

flood rise.

A mass conservation check again showed excellent balance. From time zero
to 4 hours, over the reach from O to 50,000 feet, our model computed the

following volumes:

Inflow = 12,765,600 cubic feet
—OQutflow = —2.403,424 cubic feet
Difference = 10,362,176 cubic feet
—Change in Channel Storage = —-10,371,201 cubic feet
Error = -9,025 cubic feet

This error represents only 0.07 percent of the inflow volume to the reach. It
was not necessary to run this example as long as example 1, because comparison
in example 2 is with a dynamic model, and there was no need to reach steady
state, as was the case in example 1. The model'’s approximation to mass
conservation seems to be slightly better with milder slopes, more nearly
prismatic channel geometry, and less sharply rising hydrographs, given the
same cross-sectional spacing.

The effect of using restricted neighborhoods can be shown using the data
of example 2. 1In the first demonstration, example 2 as run above using x =
0.5, § = 0.5, and At = 4 seconds was compared against a model run using
neighborhoods equal to the full space-time elements, that is, using x = 1 and
# =1 (fig. 10). Because of the relatively short time steps, specifying
x = 0.5 and # = 0.5 was equivalent to specifying x = 1.0 and § = 0.5; thus,
the comparison focuses on restricting the neighborhood vertically. Figure 10
shows that the restricted neighborhoods diminish overshoot of the profile
below the initial steady-state profile at the front, at the expense of some
spreading of the front.

In a second demonstration, example 2 was run using At = 15 minutes, and
the use of x = 0.5 and # = 0.5 was compared with using x = 1 and § = 1
(fig. 11). Because of the relatively long time steps, choosing x = 0.5 and
§ = 0.5 was equivalent to specifying x = 0.5 and § = 1; therefore, this
comparison focuses on restricting the neighborhood horizontally. Figure 11
shows that the restricted neighborhoods prevent oscillations in the profile.

FUTURE EXTENSION

We hope to use the model described in this paper as a basis for a one-
dimensional sediment transport model that is suitable for rivers on steep
slopes. In addition, we would like to investigate if the approach can be
extended to multidimensional streamflow models for rivers on steep slopes.
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