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INTRODUCTION

SLOPE computes values for gravity-induced stresses in finite elastic slopes from
an exact elastic solution. Results compare favorably with published photoelastic and
finite-element results and satisfy the conditions that shear normal stresses vanish on the
ground surface except at corners where stress concentrations exist. The solution predicts
that horizontal stresses are compressive along the tops of slopes (tensile in the case of
a 90-degree slope) and tensile away from the bottom of the slope--effects caused by
upward movement in front of the slope in response to gravity loading of the slope.

SLOPE is written in the BASIC programming language (Microsoft Professional
Development System) incorporating data entry and information windows, mouse selection,
and pull-down menus. SLOPE.EXE will run on most PC-DOS (I.B.M.) or MS-DOS
(Microsoft Corp.) based systems running DOS 3.0 or higher and equipped with the
following hardware: CGA graphics display or better, a mouse (optional), and 640 kilobytes
of memory.

OVERVIEW OF THE THEORY BEHIND SLOPE

SLOPE is based on an exact solution for gravity-induced stresses beneath a finite
elastic slope of the type shown in figure 1. This solution is based on conformal mapping
and a single analytic stress function. The conformal transformation of a finite slope of
height b and slope angle 8 in x,y - coordinates into a half-plane in rectangular u,v -
coordinates is given by the Schwarz-Christoffel transformation (Churchill, 1948),
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Note that this conformal transformation applies for even values of p, for example, for
slope angles of 30 or 15 degrees. For odd values of p, for a slope angle of, say, 60
degrees, a different conformal transformation must be obtained.
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Figure 1--Finite 45° slope of height . The dimensionless x,y-coordinate system and the
conformally mapped u,v-coordinate system are shown.

The conformal transformation can be written in terms of real and imaginary parts
(indicated by Re and Im) by using a polar coordinate system. The result is

x=Re (W)
bR ﬂpcos[ (p-1)91+92]+ b (1+Re my)2+(Im m)?
2 | R, p 2r | (1-Re m)2+(im mp)z
b pl2-1 bn’2-1
-1 ¥ Re P, cos(2kn/p)+= Y Re Q, sin(2kx/p)
2“ k=1 T fe=t
y=Im f(w)
=£F»‘ E “psin (P—1)61+62]+£tan_1 m, stan-! Im m,
2n 1 P n 1+Re m, 1-Re m,
S b P! .
T Z:, Im Py °°S(2kﬂlp)+a g Im Q, sin(2kn/p)



where
Ry=y(u-1)2+v2, Ry=y(u+1)?+Vv?,

6,=tan"'(vi(u-1), 8,=tan™'(V/(u+1))
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This transformation is shown in figure 1 for a 45-degree slope.

The single stress function &(w) is given by
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This stress function leads to gravity-induced stresses in finite slopes given by
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These equations for gravity induced stresses beneath finite slopes like that shown in
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figure 1 satisfy the conditions that shear and normal stresses parallel and perpendicular
to the ground surface vanish. Note the sign convention adopted; compressive stresses
are negative.

Figures 2a-f show, respectively, contours of gravity-induced dimensionless

normal, o/pgb and o Jpgb ,and shear stresses, o,/pgb ,greatest principal stresses

a,/pgb ,least principal stresses 0,/pgb ,and maximum shear stresses <, /pgb in

the vicinity of a finite slope with a slope angle of 45 degrees when Poisson’s ratio is 1/3.
Note the concentrations of stress at the toe of the slope and the tensile region near the
bottom and to the left of the bottom of the slope caused by upward movement and near-
surface horizontal extension. Also note that the effects of the slope on gravity-induced
normal and shear stresses dissolve with depth.

@ | .. 03

Figure 2--Stress contours for a 45° finite slope of height » when Poisson’s ratio is 1/3.
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APPENDIX--BASIC program listing

Subroutine Rnprog

SHARED nus, umin, umax, nvs, vmin, vmax, p, mu, ¢, phil, filenamel$

’ifno number of u steps entered, exit sub
IF nus = 0 THEN

junk = Alert(4, " Run [Setup] first.",8, 5, 10, 55, "","","")

EXITDEF
END IF

CALL SaveToFile
IF filenamel$ = ""THEN EXIT DEF

IF Header% = 1 THEN
PRINT #2, " x y sigx  sigy  sigxy
END IF

LOCATE 10, 30

PRINT "WORKING"

mul =(1 -2 *mu) / (1 -mu)
mu2 =1/ (1 -mu)

mu3 =mu / (1 - mu)
kmax =p/2-1

pi = 3.14159265358979#
uinc = (umax - umin) / nus
vinc = (vmax - vmin) / nvs
numax% = nus

nvmax% = nvs

nv =0

V = vmin

cpl = COS(2 *pi/ p)

spl = SINQ2 *pi/ p)

DO
u = umin
nu =0
DO

rl =SQR(u -1)"2 +v~"2)
12 =SQR((u +1)*2 +v~*2)
IF 12 < 9.999999999999D-12 THENT12 =0

15
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IFr1 <9.999999999999D-12 THENTrl =0
thetal = Atan2(v, u - 1)

theta2 = Atan2(v, u + 1)

beta = (theta2 - thetal) / p

IFv* 2 <9.999999999999D-12 THEN v = 0

IFv =0 ANDu < -1 THEN

thetal = -pi
theta2 = -pi
beta =0
END IF
IFv =0 ANDu * 2 <1 THEN
thetal = -pi
theta2 =0
beta =pi/ p
END IF
IFv = 0 ANDu > 1 THEN
thetal =0
theta2 =0
beta =0
END IF

IFrl =0 OR r2 = 0 THEN
IFr1 = 0 THEN GOSUB choicel:
IF r2 = 0 THEN GOSUB choice3:
ELSE
GOSUB choice2:
END IF

tmax = SQR(((sigx - sigy) / 2) © 2 + sigxy * 2)

sigsum = sigx + sigy

sigd = sigy - sigx

sigt = sigsum / 2 - (sigd / 2) * COS(2 * beta) + sigxy * SIN(2 * beta)

sign = sigsum / 2 - (sigd / 2) * COS(2 * beta) + sigxy * SIN(2 * beta)

signt = (sigd / 2) * SIN(2 * beta) + sigxy * COS(2 * beta)

sigl = sigsum / 2 + tmax

sig2 = sigsum / 2 - tmax

alfa = (90! / pi) * Atan2(2 * sigxy, (sigx - sigy))

PRINT #2, USING "####.##### HA#H R #it## HHH HtH# HHH
HEHH A HERR.BHE HHHHERE BRI HHER AR, x;y; sigx; sigy; sigxy;
sigl; sig2; tmax; alfa

nu =nu + 1
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u =u + uinc
LOOP WHILEnu < =numax%
nv =nv + 1
v = Vv + vinc
LOOP WHILEnv < =nvmax%
CLOSE #2
GOTO around:

choicel:
x=0
y=20
sigk = -mul * SIN@R *pi/ p) *(p + 2 *LOG(2)) / (2 * pi)
sigy =0
sigky =0
beta =0
RETURN

choice2:

Rl =@/ )" 1/ p)

theta2l = (theta2 - thetal) / p

thetal23 = (theta2 + (p - 1) * thetal) / p

cs21 = COS(theta21)

sn21 = SIN(theta21)

mpr = 121 * cs21

mpi = r21 * sn2l

rfd = (p * mpr) / (2 * pi)

ifd = (p * mpi) / (2 * pi)

rtl = .5 *p *rl *r21 * COS(thetal23)

al = SQR(((1 + mpr) *2 + mpi *2)/ (1 - mpr) * 2 + mpi * 2))
racth = LOG(al)

itl = .5 *p *rl * r21 * SIN(thetal23)

iacth = Atan2((2 * mpi), (mpi * 2 + mpr * 2 - 1))

rsl =0
1s2 =0
isl =0
is2 =0
k=1
DO
IF kmax = 0 THEN
EXITDO
END IF
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cp = COSQ2 *k *pi/ p)
sp =SIN@R *k *pi/ p)
bl =1 +mpr “2-mpi *2-2 *mpr *cp)

b2 =2 * (mpi * mpr - mpi * cp)

cl = mpi - sp

c2 = mpi + sp

c3 = mpr - cp

4 =(3"2+c2"2)/(3"2+cl™2

rsl =r1sl + .5 *LOG(b1 *“2 +b2 *2) *cp
1s21 = Atan2(cl, c3)
1s22 = Atan2(c2, c3)
1s2 =152 + (1521 -1s22) * sp
isl = isl + Atan2(b2, bl) * cp
is2 =is2 + .5 * LOG(c4) * sp
k=k+1
LOOP WHILEk < = kmax

x = (rtl + racth - rsl + rs2) / pi

y = (itl - iacth - isl + is2) / pi

cost = COS(2 * (theta2 - thetal) / p)

sint = SIN(2 * (theta2 - thetal) / p)

Ir2 = LOG(r2)

rphl = -mul * ((1 - cpl) * theta2 + 112 * spl) / (4 * pi)

rph2 = (p *mu2 *v)/ (8 *pi) -p *mul * (u *spl -v*cpl) / (8 *pi) + mul * (x *
spl -y *cpl) / 4-(y*mu2) / 4

sigsum =4 * (rphl + rph2) + mu2 *y

sumrphi = -mul *1r2 *spl / (2 *pi) -p *mul *u *spl / (4 *pi) + mul *x *spl /
2

difiphi = -mul * theta2 *spl / (2 *pi) -p *mul *v *spl / (4 * pi) + mul *y * spl
/2

theta2 + theta2l

theta2 + theta2l + 2 *pi/ p

2 * theta2 + theta2l

2 * theta2 + theta2l +pi/ p

rdl =2 * mul * (COS(tl) - COS(t2)) / (p * r21 * r2)

rd3 = mu2 * (1 - COS(theta21)) / r21

rdd = mul * (COS(2 * pi/ p) - COS(theta2l + 2 *pi/ p)) / r21

rdw = rdl + rd3 + rd4

idl =2 * mul * (SIN(t2) - SIN(t1)) / (p * 2 * r21)

id3 = (mu2 * SIN(theta21) + mul * (SIN(theta2l + 2 * pi/ p) - SINQ2 * pi / p))) / 121
idw = idl + id3

t1
t2
t3
t4

IF v = 0 THEN
dw =0
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dw =y
END IF

sigdl = dw * rdw

sigd2 = -2 * sumrphi * cost

sigd3 = -2 * difiphi * sint

sigdif = sigdl + sigd2 + sigd3 + mul *y
sigx = .5 * (sigsum - sigdif)

sigy = .5 * (sigsum + sigdif)
sigxyl = -difiphi * cost

sigxy2 = sumrphi * sint

sigxy3 = .5 * dw * idw

sigxy = sigxyl + sigxy2 + sigxy3
RETURN

choice3:
k=1
rs2 = 9.999999999999D-12
x=0
DO
IF kmax = 0 THEN
EXITDO
END IF

xs =-4*k*SIN2*k*pi/p/p
X =X + Xs§
k=k+1

LOOP WHILEk < =kmax

y =-1

sigtau = mul * ((pi *x + p / 2 - LOG(rs2)) * SIN(2 *pi / p) + pi * COS(2 * pi/
P) / 2 *pi)

sigx = sigtau * SIN(2 * pi / p)

sigy = sigtau * (1 - COS(2 * pi/ p))

sigxy = sigtau * (1 + COS(2 * pi / p))

beta =0
RETURN
around:
junk = Alert(1, " Finished with the calculations”, 15, 20, 17, 55, "OK","","")

IF Displaytype THEN
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ColorDisplay
ELSE
MonoDisplay
END IF

MenuSetState 1, 1, 1
MenuSetState 1, 2, 1

END SUB

SUB RnProg STATIC

SHARED nus, umin, umax, nvs, vmin, vmax, p, mu, ¢, phil, filenamel$

’ifno number of u steps entered, exit sub
IFnus = 0 THEN

junk = Alert(4, " Run [Setup] first.",8, 5, 10, 55, "","","")

EXITSUB
END IF

CALL SaveToFile
IF filenamel$ = ""THEN EXITSUB

IF Header% = 1 THEN
PRINT#2, " «x y sigx  sigy  sigxy
END IF

LOCATE 10, 30

PRINT "WORKING"

mul =1 -2 *mu) / (1-mu)
mu2 =1/ (1 - mu)

mu3 = mu / (1 - mu)
kmax =p/ 2-1

pi = 3.14159265358979#
uinc = (umax - umin) / nus
vinc = (vmax - vmin) / nvs
numax% = nus

nvmax% = nvs

nv =0

vV = vmin

cpl = COS(2 *pi/ p)

spl = SIN(2 * pi/ p)

DO

20
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u = umin
nu =0

DO

rl =SQR((u -1)*2+v™*2

2 =SQR((u +1)"2+v"*2

IF r2 <9.999999999999D-12 THENT2 =0
IFrl <9.999999999999D-12 THEN Tl =0
thetal = Atan2(v, u - 1)

theta2 = Atan2(v, u + 1)

beta = (theta2 - thetal) / p

IFv* 2 <9.999999999999D-12 THENvV = 0

IFv =0 ANDu < -1 THEN

thetal = -pi
theta2 = -pi
beta =0
END IF
IFv =0 ANDu * 2 <1 THEN
thetal = -pi
theta2 =0
beta =pi/ p
END IF
IFv =0 ANDu > 1 THEN
thetal =0
theta2 =0
beta =0
END IF

IFrl =0 OR r2 = 0 THEN
IF r1 = 0 THEN GOSUB choicel:
IFr2 = 0 THEN GOSUB choice3:
ELSE
GOSUB choice2:
END IF

tmax = SQR(((sigx - sigy) / 2) © 2 + sigxy * 2)
sigsum = sigx + sigy
sigd = sigy - sigx

sigt = sigsum / 2 - (sigd / 2) * COS(2 * beta) + sigxy * SIN(2 * beta)
sign = sigsum / 2 - (sigd / 2) * COS(2 * beta) + sigxy * SIN(2 * beta)
signt = (sigd / 2) * SIN(2 * beta) + sigxy * COS(2 * beta)
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sigl = sigsum / 2 + tmax

sig2 = sigsum / 2 - tmax

alfa = (90! / pi) * Atan2(2 * sigxy, (sigx - sigy))

PRINT #2, USING "#### . ###4# HItH HaHiH HAHH A HunH AHH
HERH HHH HitHH ik HHRH HHH I HH HEREBH", X y; sigx; sigy; sigxy;
sigl; sig2; tmax; alfa

nu =nu + 1

=u + uinc

LOOP WHILEnu < =numax%

nv =nv + 1

V = vV + vinc
LOOP WHILEnv < =nvmax%
CLOSE #2
GOTO around:

choicel:
x=0
y=0
sigk = -mul *SINQ2 *pi/ p) *(p + 2 * LOG(2)) / (2 * pi)
sigy =0
sigxy =0
beta =0
RETURN

choice?2:

221 =@2/r1)" 1/ p)

theta2l = (theta2 - thetal) / p

thetal23 = (theta2 + (p - 1) * thetal) / p

cs21 = COS(theta2l)

sn21 = SIN(theta2l)

mpr = r21 * cs21

mpi = 121 * sn21

rfd = (p * mpr) / (2 * pi)

ifd = (p * mpi) / (2 * pi)

rtl = .5 *p *rl *r21 * COS(thetal23)

al = SQR(((1 + mpr) * 2 +mpi ~2)/ ((1 - mpr) * 2 + mpi * 2))
racth = LOG(al)

itl = .5 *p *rl * r21 * SIN(thetal23)

iacth = Atan2((2 * mpi), (mpi * 2 + mpr * 2 - 1))

rsl =0
rs2 =0
isl =0
is2 =0
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IF kmax = 0 THEN
EXITDO
END IF

cp = COS(2 *k *pi/ p)

sp = SIN(2 *k * pi / p)

bl =(1 +mpr 2 -mpi *2 -2 * mpr * cp)
b2 =2 * (mpi * mpr - mpi * cp)

cl = mpi - sp
c2 = mpi + sp
¢3 = mpr - cp

c4d=@c3%2+c2%2)/(3"2+cl*2
rsl =rsl +.5*LOG(b1 *2 +b2 *2) *cp
rs21 = Atan2(cl, ¢3)
1s22 = Atan2(c2, c3)
1s2 =182 + (1521 -1s22) * sp
isl = isl + Atan2(b2, bl) * cp
is2 = is2 + .5 * LOG(c4) * sp
k=k+1
LOOP WHILEk < =kmax

x = (rtl + racth - rsl + rs2) / pi

y = (itl - iacth - isl + is2) / pi

cost = COS(2 * (theta2 - thetal) / p)

sint = SIN(2 * (theta2 - thetal) / p)

Ir2 = LOG(r2)

rphl = -mul * ((1 - cpl) * theta2 + 112 * spl) / (4 * pi)

ph2 = (p *mu2 *v)/ 8 *pi) -p *mul * (u *spl -v *cpl) / (8 *pi) + mul *(x *
spl -y *cpl) / 4-(y*mu2) / 4

sigsum = 4 * (rphl + rph2) + mu2 *y

sumrphi = -mul *1Ir2 *spl / 2 *pi) -p *mul *u *spl / (4 * pi) + mul *x *spl /
2

difiphi = -mul * theta2 *spl / (2 *pi) -p *mul *v *spl / (4 * pi) + mul *y * spl

theta2 + theta2l
theta2 + theta2l + 2 *pi/ p
2 * theta2 + theta2l
2 * theta2 + theta2l + pi/ p
rdl =2 * mul * (COS(tl) - COS(t2)) / (p * 121 *r2)
rd3 = mu2 * (1 - COS(theta2l)) / r21
= mul * (COS(2 * pi/ p) - COS(theta21l + 2 *pi/ p)) / 121

t

—
BN
| O
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rdw = rdl + rd3 + rd4

idl =2 * mul * (SIN(t2) - SIN(t1)) / (p * 12 * 121)

1d3 = (mu2 * SIN(theta2l) + mul * (SIN(theta2l + 2 *pi/ p) - SIN(2 * pi/ p))) / r21
idw = idl + id3

IFv = 0 THEN
dw =0
ELSE
dw =y
END IF

sigdl = dw * rdw

sigd2 = -2 * sumrphi * cost

sigd3 = -2 * difiphi * sint

sigdif = sigdl + sigd2 + sigd3 + mul *y
sigx = .5 * (sigsum - sigdif)

sigy = .5 * (sigsum + sigdif)
sigxyl = -difiphi * cost

sigxy2 = sumrphi * sint

sigxky3 = .5 * dw * idw

sigxy = sigxyl + sigxy2 + sigxy3
RETURN

choice3:
k=1
1s2 = 9.999999999999D-12
x=90
DO
IF kmax = 0 THEN
EXITDO
END IF

xs =-4*k*SINQR*k*pi/p)/ p
X =X + X8
k=k+1

LOOP WHILEk < =kmax

y=-1

sigtau = mul * ((pi *x + p/ 2 - LOG(rs2)) * SIN(Q2 *pi/ p) + pi * COS2 * pi/
p) / 2 *pi)

sigx = sigtau * SIN(2 * pi/ p)

sigy = sigtau * (1 - COS2 * pi/ p))

sigxy = sigtau * (1 + COS(2 * pi/ p))
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beta =0
RETURN

around:
junk = Alert(1," Finished with the calculations", 15, 20, 17, 55, "OK","","")

IF Displaytype THEN
ColorDisplay
ELSE
MonoDisplay
END IF

MenuSetState 1, 1, 1
MenuSetState 1, 2, 1

END SUB
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