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1. INTRODUCTION
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THE CHALLENGE

* Most geological phenomena are extraordinarily
complex in their interrelationships and vast in their
geographical extension.

 Ordinarily, engineers and geoscientists are faced with
corporate or scientific requirements to properly
prepare geological models with measurements
involving a small fraction of the entire area or volume
of interest.

« Exact description of a system such as an oil reservoir
IS neither feasible nor economically possible.
* The results are necessarily uncertain.

Note that the uncertainty is not an intrinsic property

of the systems; it is the result of incomplete knowledge
by the observer.
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THE AIM OF GEOSTATISTICS

« The main objective of geostatistics
Is the characterization of spatial e

systems that are incompletely ® 2o
known, systems that are common 040
In geology.
* A key difference from classical .
statistics is that geostatistics uses
the sampling location of every

Northing

measurement.
Unless the measurements show spatial correlation, the
application of geostatistics is pointless.

Ordinarily the need for additional knowledge goes
beyond a few points, which explains the display of results
graphically as fishnet plots, block diagrams, and maps.
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GEOSTATISTICAL METHODS

Geostatistics is a collection of numerical techniques
for the characterization of spatial attributes using
primarily two tools:

« probabilistic models, which are used for spatial data
In @ manner similar to the way in which time-series
analysis characterizes temporal data, or

 pattern recognition techniques.

The probabilistic models are used as a way to
handle uncertainty in results away from sampling
locations, making a radical departure from alternative
approaches like inverse distance estimation methods.
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DIFFERENCES WITH TIME SERIES

On dealing with time-series
analysis, users frequently . Ny o
concentrate their attention
on extrapolations for
making forecasts.

Attribut

Although users of
geostatistics may be
Interested in extrapolation,
the methods work at their
best interpolating.

Attribute

Distance

This simple difference has significant methodological
implications.
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HISTORICAL REMARKS

* As adiscipline, geostatistics was firmly established
in the 1960s by the French engineer Georges
Matheron, who was interested in the appraisal of ore

reserves in mining.
» Geostatistics did not develop overnight. Like other

disciplines, it has built on previous results, many of
which were formulated with different objectives in

various fields.



PIONEERS

Seminal ideas conceptually related to what today we
call geostatistics or spatial statistics are found in the
work of several pioneers, including:

1940s: A.N. Kolmogorov in turbulent flow and N.
Wiener in stochastic processing

1950s: D. Krige in mining

1960s: B. Mathern in forestry and L.S. Gandin in
meteorology



CALCULATIONS

Serious applications of geostatistics require the use of
digital computers.

Although for most geostatistical techniques
rudimentary implementation from scratch is fairly
straightforward, coding programs from scratch is
recommended only as part of a practice that may help
users to gain a better grasp of the formulations.
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SOFTWARE

For professional work, the reader should employ
software packages that have been thoroughly tested to
handle any sampling scheme, that run as efficiently as
possible, and that offer graphic capabilities for the
analysis and display of results.

This primer employs primarily the package Stanford
Geomodeling Software (SGeMS)—recently developed at
the Energy Resources Engineering Department at
Stanford University—as a way to show how to obtain
results practically.

This applied side of the primer should not be
interpreted as the notes being a manual for the use of
SGeMS. The main objective of the primer is to help the
reader gain an understanding of the fundamental
concepts and tools in geostatistics.

11
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ORGANIZATION OF THE PRIMER

The chapters of greatest importance are those
covering kriging and simulation. All other materials
are peripheral and are included for better
comprehension of these main geostatistical
modeling tools.

The choice of kriging versus simulation is often a
big puzzle to the uninitiated, let alone the different
variants of both of them. Chapters 14, 18, and 19
are intended to shed light on those subjects.

The critical aspect of assessing and modeling
spatial correlation is covered in chapter 7.

Chapters 2 and 3 review relevant concepts in
classical statistics.

a2 USGS
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COURSE OBJECTIVES

This course offers stochastic solutions to common
problems in the characterization of complex geological
systems.

At the end of the course, participants should have:

« an understanding of the theoretical foundations of
geostatistics;

« a good grasp of its possibilities and limitations; and

 reasonable familiarity with the SGeMS software,
thus opening the possibility of practically applying
geostatistics.

13
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2. UNIVARIATE
STATISTICS
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EVERYTHING AND A PIECE

In statistics, a population is the collection of all possible
outcomes or individuals composing the complete system
of interest; for example, all people in the United States.

Populations may be hard or impossible to analyze
exhaustively. In statistics, a limited collection of
measurements is called a sample; for example, a Gallup
Poll.

Unfortunately, the term “sample” is employed with
different meanings in geology and statistics.

Geology Statistics
collection sample
sample observation

The statistical usage of the term “sample” is observed in
what follows.

a2 USGS
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RANDOM VARIABLE

A random variable or
variate is a quantity that
may take any of the values
within a given set with
specified relative
frequencies.

Frequency

Variate

The concept is used in geostatistics extensively to
characterize a population or convey the unknown value
that an attribute may take at any spatiotemporal
location.

16

a2 USGS



Chart2

		0

		1

		2

		2.7

		3

		3.3

		4

		5

		6

		7

		8

		9

		10

		11

		12

		13

		14

		15

		16

		17

		18

		19

		20

		21



Variate

Frequency

0

0.3

1.5

3.7

4

3.7

3

1.2

0.2

0.5

4

8.3

15.8

17.2

16.8

14.5

13.5

8

6.5

2

1.5

1

0.1

0



Sheet1

		0		0

		1		0.3

		2		1.5

		2.7		3.7

		3		4

		3.3		3.7

		4		3

		5		1.2

		6		0.2

		7		0.5

		8		4

		9		8.3

		10		15.8

		11		17.2

		12		16.8

		13		14.5

		14		13.5

		15		8

		16		6.5

		17		2

		18		1.5

		19		1

		20		0.1

		21		0





Sheet1

		



Variate

Frequency



Sheet2

		





Sheet3

		






DESCRIPTIVE ANALYSIS

« A sample of an attribute ordinarily comprises several
measurements, which are best understood when
organized in some way. This is an important aspect
of statistics.

 The number of measurements in a sample is the
sample size.

* There are multiple options to make the data more
intelligible. Some of these are more convenient than
others, depending on factors such as the sample size
and the ultimate objectives of the study.

ZUSGS i
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FREQUENCY TABLE

Given some numerical information, if the interval
of variation of the data is divided into class
intervals—customarily of the same lengths—and
all observations are assigned to their
corresponding classes, the result is a count of
relative frequency of the classes.

ZUSGS ®



UNCF EXAMPLE FREQUENCY TABLE

Class Count | Frequency, %
1 7,680-7,710 1 1.43
2 7,710-7,740 1 1.43
3 7,740-7,770 1 1.43
4 7,770-7,800 2 2.86
5 7,800-7,830 5 7.14
6 7,830-7,860 6 8.57
7 7,860-7,890 10 14.29
8 7,890-7,920 11 15.71
9 7,920-7,950 13 18.57
10 7,950-7,980 7 10.00
11 7,980-8,010 7 10.00
12 8,010-8,040 4 5.71
13 8,040-8,070 2 2.86
Total 70 100.00

This example from a major oil company relates to depth in
feet to an unconformity (UNCF) in an undisclosed area.

It will be used as a common reference to graphically
illustrate other definitions in this chapter.

ZUSGS ?



		Class

		Count

		Frequency, %



		1

		7,680-7,710

		1

		1.43



		2

		7,710-7,740

		1

		1.43



		3

		7,740-7,770

		1

		1.43



		4

		7,770-7,800

		2

		2.86



		5

		7,800-7,830

		5

		7.14



		6

		7,830-7,860

		6

		8.57



		7

		7,860-7,890

		10

		14.29



		8

		7,890-7,920

		11

		15.71



		9

		7,920-7,950

		13

		18.57



		10

		7,950-7,980

		7

		10.00



		11

		7,980-8,010

		7

		10.00



		12

		8,010-8,040

		4

		5.71



		13

		8,040-8,070

		2

		2.86



		Total

		70

		100.00






A histogram is a graphical representation of a

Frequency, percent

HISTOGRAM
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CUMULATIVE FREQUENCY

Summaries based on frequency tables depend on the
selection of the class interval and origin.
Given a sample of size n, this
drawback is eliminated by
’ ~| displaying each observation z,
% versus the proportion of the
sample that is not larger than z..
E == Each proportion is a multiple of
100/n. The vertical axis is
» divided in n intervals and the
data are displayed at the center
of the corresponding interval.

Customairily, the vertical axis is scaled so that data from
a normal distribution (page 49) display as a straight line.

ZUSGS *
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SUMMARY STATISTICS

Summary statistics are complementary or alternative
descriptors to histograms and cumulative
distributions.

A statistic is a synoptic value that is calculated from
a sample of observations, which is usually, but not
necessarily, an estimator of some population
parameter.

Generally, summary statistics are subdivided into
three categories:

» Measures of location or centrality
 Measures of spread or dispersion
 Measures of shape

24
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MEASURES OF LOCATION

Measures of location give an idea about the central
tendency of the data. They are:

* mean
* median
* mode

25



The arithmetic mean or
simply the mean, m, of a
sample of size n is the
additive average of all
the observations, z;

The mean of the UNCF
sample is 7,912.2 ft.

MEAN

Cumulative frequency

99
98
95 H
90 "-'
80 pe
70 P 4
60 y &
50 &
40 h
30 *
20 rd

0 P I Mean

d ]

5

2

1

0.01
7600 7700 7800 7900 8000 8100
Depth, ft
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MEDIAN

The median, Q,, of a

sample is the value that 83
evenly splits the number o
of observations z;intoa ; « I
lower half of smaller § @ vt
observations and an : 4 —A
upper half of larger g —r
measurements. § e AR

If z; is sorted by b
increasing values, then

Depth, ft

Z(n+1)/2’ if nis Odd,

Q, =
?710.5-(2,5 + Zn24 ). If Nis even.

The median of the UNCF sample is 7,918 ft.
ZUSGS “
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MODE

l The mode of a sample is
the most probable or
,,,,,,,,,,,,,,,,,,,,,,,,,,,, frequent value, or,
equivalently, the center
point of the class containing
ffffffffffff the most observations.

ffffffffff | For the UNCF sample,
T the center of the class with

7605 775 785 7875 7935 7995 60SH the Most Observat|0ns |S
| 7,935 ft.
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ROBUSTNESS

Robustness denotes the ability of statistical methods
to work well not only under ideal conditions but also in
the presence of data problems, mild to moderate
departures from assumptions, or both.

For example, in the presence of large errors, the
median is a more robust statistic than the mean.

29



MEASURES OF SPREAD

Measures of spread provide an idea of the
dispersion of the data. The most common measures
are:

e variance

« standard deviation
« extreme values

e quantiles
iInterquartile range



VARIANCE

The variance, &2, is the average squared dispersion
around the mean:

G* :%Zn:(zi -mY :1{512/2 _n'mﬂ,
P

nii=
expressions that are commonly restricted to estimate

variances of finite populations.

When dealing with samples, the denominator is
often changed to n - 1.

Because this is a quadratic measure, it is less
robust than most other measures of spread.

The variance of the UNCF sample is 5,474 sq ft.

31
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STANDARD DEVIATION

The standard deviation is .
the positive square root o s
of the variance. s 3 S .r‘gé
It has the advantage of ¢ el
being in the same units 5 & —— 77—
as the attribute. S i
The standard deviation .
of the UNCF sample is

L ! 1 1 1
7600 7700 7800 7900 8000 8100

74.5 ft. e

According to Chebyshev’s 6 6 6 6
theorem, for any sample and t > 1, the proportion of data

that deviates from the mean m at least t-& is at most t

Prop([X—n“?‘ zt-o“-)stiz
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EXTREME VALUES

The extreme values
are the minimum and

: 388
the maximum. o _*
For the UNCF g m -
sample, the minimum  § 2 St
value is 7,696 ftand ~ § 2 A
. . S 1 ¥ 4 s
the maximum valueis ° PR
8,059 ft. 8_; 1
ThIS measure IS nOt O‘OT;BOO 7700 7800 7900 8000 8100
particularly robust, Depin, f

especially for small samples.

33
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QUANTILES

The idea of the median splitting the ranked sample
iInto two equal-size halves can be generalized to any
number of partitions with equal numbers of
observations. The partition boundaries are called
quantiles or fractiles. The names for the most
common quantiles are:

* Median, for 2 partitions

* Quartiles, for 4 partitions

» Deciles, for 10 partitions

« Percentiles, for 100 partitions

The number of boundaries is always one less than
the number of partitions.

34
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UNCF QUARTILES

Q, =7,871.75 ft o

om
o0
b

p I

Cumulative frequency

Q, = 7,918 ft

(oY

\
\,
sl | §

Q, = 7,965.75 ft |

0.01
7600 7700 7800 7900 8000 8100

Depth, ft

Q, coincides with the median.
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INTERQUARTILE RANGE

The interquartile range, Q  Q
igr, is the difference 9;;; ' '
between the upper and N : .
. 98 : i .
the lower quartiles o ; 7
g 9 ; T i
s % ey
Iqr — Q3 - Q1 ) E gg :,i"f
s 30 :
thus measuring the 5o PR
central spread of the 2
data. 83 . ;
For the UNCF Sample, 0.071600 7700 7800 : 7900 : 8000 8100
the interquartile range is PPN ar
94 ft.

The interquantile range is more robust than the variance
but insensitive to values in the lower and upper talls.

a2 USGS
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OUTLIER

Outliers are values so markedly different from the rest of the
sample that they raise the suspicion that they may be from a
different population or that they may be in error, doubts that

frequently are hard to clarify. In any sample, outliers are

always few, if any. . —— 3igr ——{+- 159

A practical rule of thumbisto | ™ B ™
regard any value deviating N
more than 1.5 times the AN e
interquartile range, igr, fromthe ¢°| = | S

median as a mild outlier and a + R J
value departing more than 3 o I | =
times igr as an extreme outlier. ¢ < ¢ ¢ De SHEEE A

For the UNCF sample, all mild outliers seem to be legitimate
values, while the extreme outlier of 8,240 ft is an error.

37
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BOX-AND-WHISKER PLOT

The box-and-whisker plot is a
simple graphical way to summarize

several of the statistics: 8100
e Minimum
 Quartiles 8000 |
e Maximum
* Mean 7900 |

Variations in this presentation
style abound. Extremes may
exclude outliers, in which case
the outliers are individually plotted
as open circles. Extremes
sometimes are replaced by the
5th and 95th percentiles.

Depth, ft

7600

a2 USGS

UNCF

7800 [

7700 |

Max. .

Mean

Min. —

38




Chart1

		1		1		1		1		1		1		1		1		1

		1		1		1		1		1		1		1		1		1

		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96

		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04

		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96

		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04

		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96

		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04

		1		1		1		1		1		1		1		1		1

		1		1		1		1		1		1		1		1		1

		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96

		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96		0.96

		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04

		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04		1.04

		0.99		0.99		0.99		0.99		0.99		0.99		0.99		0.99		0.99

		1.01		1.01		1.01		1.01		1.01		1.01		1.01		1.01		1.01

		0.99		0.99		0.99		0.99		0.99		0.99		0.99		0.99		0.99

		1.01		1.01		1.01		1.01		1.01		1.01		1.01		1.01		1.01



Depth, ft

7696

7871

7871

7871

7918

7918

7966

7966

7966

8059

7871

7966

7871

7966

8059

8059

7696

7696



Sheet1

		1		7696

		1		7871

		0.96				7871

		1.04				7871

		0.96						7918

		1.04						7918

		0.96								7966

		1.04								7966

		1										7966

		1										8059

		0.96												7871

		0.96												7966

		1.04														7871

		1.04														7966

		0.99																8059

		1.01																8059

		0.99																		7696

		1.01																		7696





Sheet1

		



Depth, ft



Sheet2

		





Sheet3

		






MEASURES OF SHAPE

The most commonly used measures of shape in
the distribution of values are:

o Coefficient of skewness
* Quartile skew coefficient
o Coefficient of kurtosis
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COEFFICIENT OF SKEWNESS

The coefficient of skewness is a measure of asymmetry
of the histogram. Itis given by:

>y
n =1 |

By o3 E1GB7‘)'38__ ,,,,,,,,,,
If : B, <0, the left tail is **********************
longer; 2 R (0 B B I
B, = 0, the distribution is ﬂ }
SymmetriC; s s 18 s N 8055
B, > 0, the right tail is
longer.

The UNCF coefficient of skewness is -0.38.
2 USGS
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QUARTILE SKEW COEFFICIENT

The quartile skew coefficient serves the same purpose as
the coefficient of skewness, but it is more robust, yet only
sensitive to the central part of the distribution. Its
definition is:

(Q3_Q2)_(Q2_Q1) N -

qs = ; N il N O I
iqr T
If : gs <O, the left tail is longer; TR S i
gs = 0, the distribution is W I
symmetric; N |

gs > 0, the right tail is longer.
The UNCF quartile skew coefficient is 0.02.

= USGS +
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COEFFICIENT OF KURTOSIS

This statistic measures the concentration of values around
the mean. Its definition is:

Gaussian distribution
05 T T T

14 . _—
"Se-m
Bz = = 0_4 2 03"~ frY
If : B, <3, the distribution is more : *************
peaked than the | |
Gaussian distribution; s 25 o 25 s
B, =3, it is as peaked as ’
the Gaussian; ) -
B, >3, it is less peaked al
than the Gaussian. A — T
The UNCF coefficient of kurtosis “Hﬂ =

42
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PROBABILITY

Probability is a measure of the likelihood that an event, A,
may occur. Itis commonly denoted by Pr[A].
The probability of an impossible event is zero, Pr[A] = 0.
It is the lowest possible probability.

The maximum probability is Pr[A] = 1, which denotes
certainty.

When two events A and B cannot take place
simultaneously, Pr[A or B] = Pr[A] + Pr[B].

Frequentists claim that Pr[A] = N4/N, where N is total
number of outcomes and N, the number of outcomes of
A. The outcomes can be counted theoretically or
experimentally.

For others, a probability is a degree of belief in A, even
If no random process is involved nor a count is possible.

a2 USGS
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JOINT AND CONDITIONAL PROBABILITIES

Let A and B be two random events. The probability of their
joint (simultaneous) occurrence, Pr[A and B], is

Pr[A and B] = Pr[A ~ B] = Pr[A | B] - Pr[B]

where Pr[A | B] is the conditional probability of A given that
B has occurred.

If Pr{A|B]=Pr|A], then the result of one event affects the

probability of the other. Such types of outcomes are said to

be statistically dependent. Otherwise, they are statistically

iIndependent. For example:

 Heads and tails in successive flips of a fair coin are
Independent events.

* Being dealt a king from a deck of cards and having two
Kings on the table are dependent events.

ZUSGS ®




BAYES'S

HEOREM

This is a widely used relationship for the calculation of
conditional probabilities. Given outcomes A and B, because

Pr[A M B] = Pr[B M A] ;

Pr|A|B|=

L ]
Example
Suppose there are two boxes.
A blue ball is drawn (event B).
What is the probability the ball
came from box #1 (event A)?

Pr|B| A]Pr[ A] .
Pr(B] Y
Number of balls
Box | Blue | Red | Total
#1 20 5 | 25
#2 12 18 | 30
32 23 55

 If one only knows that there are 2 boxes, Pr[A] = 72 = 0.5.

* Now, if the table is available, Pr[B|A] = 20/25 = 0.8.

« Pr[B] = 32/55 = 0.59. Hence:
¢ Pr|A|B|=

= USGS

ﬁ0.5 =0.69

0.59
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		Box

		Number of balls



		

		Blue

		Red

		Total



		#1

		20

		5

		25



		#2

		12

		18

		30



		

		32

		23

		55






PROBABILITY FUNCTIONS

Analytical functions approximating experimental
fluctuations are the alternative to numerical descriptors
and measures. They provide approximations of
general conditions. Their drawback is the loss of fine
detail in favor of simpler models.

Models approximating histograms are called
probability density functions.

Variations in the parameters of a probability density
function allow the generation of a family of distributions,
sometimes with radically different shapes.

The main subdivision is into discrete and continuous
distributions, of which the binomial and normal
distribution, respectively, are typical and common
examples.

= USGS 4



BINOMIAL DISTRIBUTION

04
This is the discrete 203 | Fx: 01, 12)
probability density function, £ 02
f(X;p,n), of the number of & 0.1 M
successes in a series of 0 -

. . 01 23 4 5 6 78 9 1011 12
Independent (Bernoulll) Number of successes

trials, such as heads or

04
tails in coin flipping. Ifthe > 3| f(x; 0.5, 12)
probability of success at 3 4, |
every trial is p, the § 01 | H H
probability of x successes 0 __,I—IH Hl—lﬁ_
in n independent trials is v g2 9o 6T ge ARy
' Number of successes
f(x;p,n)= n p*(1-p) ", x=0,12,...,n

x!(n—x)!
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NORMAL DISTRIBUTION

05 ———— The most versatile of all

. continuous models is the normal
distribution, also known as the
Gaussian distribution. Its

parameters are 1 and o, which

coincide with the mean and the
standard deviation.

- (x—)’
1 B 2
filx;uo)= e %97 —m< X<
( # ) o271

If X =log(Y) is normally distributed, Y is said to follow
a lognormal distribution. Lognormal distributions are
positively defined and positively skewed.
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PROBABILITY FROM MODELS

Prob[X < x,]= [f(x)dx Prob|X < x,|=F(x,)
- Examples:
05 Gaussian distribution Gaussian distribution
0.4 0,818
0.8
g 03 g 0.6
é 0.2 '-% 0.4
0.1 0.2
0 0
5 25 o175 s 5 5
X X
1.17
Prob[X <1.17]= jNormaI(xO1)dx Prob[X <1.17|=F(1.17)

=0.88

=0.88
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EXPECTED VALUE

Let X be a random variable having a probability distribution
f(x) and let u(x) be a function of x. The expected value of
u(x) is denoted by the operator E[u(x)] and it is the
probability weighted average value of u(x).

If X is continuous, such as temperature:

Elu(x)]= J: u(x )f(x )dx,
and if it is discrete, like in coin flipping:

Elu(x)]=> u(x)f(x).

In the latter case, for the trivial example of u(x)= x, if all
values are equally probable, the expected value turns into

E[x]|= 12 X,
n=x
which is exactly the definition of the mean.

a2 USGS
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MOMENT

Moment is the name given to the expected value
when the function of the random variable, if it exists,
takes the form (X a) where k is an integer larger
than zero, called the order.

If a is the mean, then the moment is a central
moment.

The central moment of order 2 is the variance. For
an equally probable discrete case,

,=6 =—Z(x —mY
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3. BIVARIATE STATISTICS

a2 USGS
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TOOLS

Frequently there is interest in comparing two or more
measurements made for the same object or site.
Among the most common classical alternatives, we
have:

Scatterplot

Correlation coefficient
Regression
Quantile-quantile plot
Probability-probability plot

Some of these concepts can be generalized to deal
with more than two variables.
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SCATTERPLOT

A bivariate scatterplot is P "
a Cartesian posting in
which the abscissa and AT
the ordinate are any two ~ Mecklenburg Bay sea floor, Germany
variables consistently 0
measured for a series of ‘8005” -
objects.

Scatterplots are
prepared for exploring
or revealing form,
direction, and strength
of association between

two attributes. 1300 S — Y
Bulk density, g/cc

= USGS >

P-wave velocity, m/s
>
o
o
T
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COVARIANCE

The covariance is a measure of joint variation.

Given two random variables X and Y with means x4, and
L, , their covariance is the expected value:

Covyy = E[(X — Hy )(Y — My )]

The covariance estimator when using a sample of point
measurements is:

. 1 n 1 n n
Covxy =3 2% Vi — T & &Y

=1




CORRELATION COEFFICIENT

This coefficient is the number most
commonly used to summarize bivariate
comparisons. If o, and o, are the standard
deviations for two variables, their correlation

coefficient, p, is given by:
Cov,,

IO:
Oy Oy

* It only makes sense to employ p for
assessing linear associations.
« p varies continuously from -1 to 1:
1, perfect direct linear correlation
0, no linear correlation
-1, perfectly inverse correlation

a2 USGS
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REGRESSION

Regression is a method for establishing analytical

dependency of one or more variables on another

mainly to determine the degree of their dependency,

to estimate values not included in the sample, or to

summarize the sample.

« The variable in the abscissa is called the
regressor, independent, or explanatory variable.

 The variable in the ordinate is the regressed,
dependent, or response variable.

* In many studies, which variable goes into which
axis is an arbitrary decision, but the result is
different. Causality or the physics of the process
may help in resolving the indetermination.
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REGRESSION MODEL

 The model is:
Yi= f(Xi;e)+ €
. f(x,.;O) is any continuous
function of x that is judiciously

selected by the user. 0 are
unknown parameters.

« Term ¢ is a random variable
accounting for the error.

. Having selected f(x;;0),
parameters 0 are calculated by

Bxplanatory variable (x) minimizing total error, for which

there are several methods.

Avoid applying the model outside the extreme values
of the explanatory variable.

= USGS >0

Response variable (y)
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LINEAR REGRESSION

The simplest regression
case Is one in which the

parameters are estimated Mecklenburg Bay seafloor, Germany
by minimizing the mean 0
square error, r’ associated o] p—— e
with a linear model, ;

2 12”: 2
n-=

In this special situation, p°
accounts for the proportion
of variation accounted for by |
the regression. 1800 S —

In the example, p = 0.94. Bulk density, g/cc
Hence, in this case, the
linear regression explains 88% (1 00- pz)of the variation.
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NONLINEAR REGRESSION

Linear Quadratic polynomial
E 2 i | 2 P

ISOO;‘ r’ =25.47 ! 1800; r’=20.56 O// ° In theory, the
& 1700 F o // - 1700 | o/ .
216002 . /oﬁ"o/ o _ §1aoo§ o jg’o/o hlgher the
S el N % polynomial degree,

1500E /o o 1500; 4/0 .

. e the better the fit.

e e e e e * In practice, the

| higher the
| . polynomial, the less
rf=2033 4 | o198 g robust the solution.

Cubic polynomial Sixth degree polynomial

1700} s 1?005’ B 4 . .
: o 96 o o P50 « Overfitting may
e 0 B capture noise and

. e not systematic
o, | - T variation.
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IMPLICATIONS

Countries with a population of

more than 20 million in 1990

p=-0.81
80
\890
75 Q\\C% O
g \
> 70 Oﬁ
> O QQ G
2 N
©
§- 65 O onp\
S 4 00 MO
Q N
3 O O T
55 | \
O Q
50
1 10 100

Persons per television set

a2 USGS

High to good correlation:
 allows prediction of one

variable when only the other
IS known, but the inference
may be inaccurate,
particularly if the correlation
coefficient is low;

means the variables are
related, but the association
may be caused by a
common link to a third
lurking variable, making the
relationship meaningless;

does not necessarily imply
cause and effect.
62



Chart2

		4		1

		315		707

		4

		1.7

		8

		5.6

		15

		503

		2.6

		2.6

		44

		24

		23

		3.8

		1.8

		96

		90

		4.9

		6.6

		21

		592

		73

		14

		8.8

		3.9

		6

		3.2

		11

		2.6

		23

		3.2

		11

		5

		3

		3

		1.3

		5.6

		29



Persons per television set

Life expectancy, year

70.5

77.85

53.5

50

65

76.5

70

71

60.5

51.5

78

76

57.5

61

64.5

78.5

79

61

70

70

72

64.5

54.5

56.5

64.5

64.5

73

72

69

64

78.5

53

75

68.5

70

70.5

76

75.5

74.5

65



Sheet1

		Argentina		70.5		4

		Bangladesh		53.5		315

		Brazil		65		4

		Canada		76.5		1.7

		China		70		8

		Colombia		71		5.6

		Egypt		60.5		15

		Ethiopia		51.5		503

		France		78		2.6

		Germany		76		2.6

		India		57.5		44

		Indonesia		61		24

		Iran		64.5		23

		Italy		78.5		3.8

		Japan		79		1.8

		Kenya		61		96

		North Korea		70		90

		South Korea		70		4.9

		Mexico		72		6.6

		Morocco		64.5		21

		Myanmar (Burma)		54.5		592

		Pakistan		56.5		73

		Peru		64.5		14

		Philippines		64.5		8.8

		Poland		73		3.9

		Romania		72		6

		Russia		69		3.2

		South Africa		64		11

		Spain		78.5		2.6

		Sudan		53		23

		Taiwan		75		3.2

		Thailand		68.5		11

		Turkey		70		5

		Ukraine		70.5		3

		United Kingdon		76		3

		USA		75.5		1.3

		Venezuela		74.5		5.6

		Vietnam		65		29

				77.85						1

				50						707

								Allan J. Rossman, J. of Statistics Education, v. 2, no. 2, 1994





Sheet1

		



Persons per television set

Life expectancy, year



Sheet2

		





Sheet3

		






QUANTILE-QUANTILE PLOT

* A quantile-quantile or Q-Q plot is a
scatterplot based on ranked data.

« The pairing is independent of the
object or site where the
observations were taken. The first
pair of coordinates has the minimum :
value for each attribute, the second TR R
pair is made of the second smallest
readings, and so on until finishing o s o
with the two maximum values. g s
Interpolations are necessary for { “ES e
different size samples.

« Q-Q plots are sensitive to a shift and ‘§;j"
scaling of the distributions. L ;

1
1400 1450 1500 1550 1600 1650 1700 1750 1800  185C

P-wave velocity, m/s
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STANDARDIZED VARIATE

Standardized P-wave velocity

IfX IS a random Varlable gg‘é%?ds -0.078 0592 1.261 1.931 2601 3271 394 461 528
with mean x and "
standard deviation o, : S

~J
=]
—— Sy,

the standardized
variate, Z, is the
transformation: 2pe

. 87
z-X-4 :

.01
1400 1450 1500 1550 1600 1650 1700 1750 1800 1850

Cumulative Probability
{3}
(=]

O— P-wave velocity, m/s

A standardized variate always has a mean of zero and
a variance of one.

A standardized Gaussian distribution is a called a
standard normal distribution. It is often denoted by N(0,1).
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PROBABILITY-PROBABILITY (P-P) PLOT

99.99
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Cumulative probability for P-wave velocity

‘et
i

(=]
Ll

—— T T T T T T T T T T 0.01 L—
0 0.2 0.4 0.6 0.8 1 -075 -0.143 046 1065 167 2275 288 3485 409 4695 53

Cumulative probability for density Standardized attribute

A P-P plot is another scatterplot prepared by extracting
iInformation from the cumulative distributions of two variates.

« If the variates are in different units, preliminary
standardization is necessary.

* For given thresholds, the axes show the cumulative
probabilities for the two distributions being compared.

a2 USGS
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Q-Q AND P-P PLO

Main use of the Q-Q and P-P plots is
as a quick way to decide the degree of
similarity between two distributions.

 |f the distributions are the same, the

points align along the main diagonal.

There is no statistic or level of
significance for evaluating the results.

P-P plots are insensitive to shifting
and scaling, and the vertical scale is in
probability units.

The Q-Q plot in the example illustrates

its potential for calling the user’s
attention to the fact that normal
distribution with the same parameters
can take negative values.

a2 USGS
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GENERAL DESCRIPTION

The Stanford Geostatistical Modeling Software (SGeMS)
IS a general-purpose, user-friendly, state-of-the-art
geostatistical software package.

The software code is in the public domain,

downloadable from http://sgems.sourceforge.net/
(accessed in October 2017).

The code is in C++ and runs interactively under
Windows.

A manual published by Cambridge University Press is
listed in the selected bibliography.

SGeMS is an outgrowth of the Stanford Geostatistical
Library (GSLIB), with which it shares several features.
For details about GSLIB, please consult the book listed
In the bibliography.

ZUSGS >


http://sgems.sourceforge.net

MAIN MENU

& 5-GeMs
File ©Objects Data Analysis View Scripts Help

I | | Objects | Preferences | « »

Algorithm Description

+- Estimation Objects

- Simulation Cbjects
+-i Liilities {

Parameters

[ Load ][ Save ][ Clear Al ]

[ Run Algorithm ]

w@@@ﬁ*“

USGS

Ry

69



OBJECTS

Obijects are files with numerical information that can
be of two types:

A. Data, when each record specifies location.

B. Grid, when locations are in a regular rectangular
(usually square) or parallelepipedal (usually cubic)
pattern. Location is implicit and specified in a
separate file. A grid file contains attribute values only.
Typically they are the result of some calculation, but
they can be used as input for subsequent processing.

Evidently, no process is possible without prior
loading of an object, which is done by:
« clicking on <Objects> in the upper left corner of
main menu, or

 dragging the file icon into the Object area of the

main menu.
22 USGS
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A. DATA FILES

Data may be up to three-dimensional and have to be

coded into plain ASCII files. No special formatting is

necessary, yet they must observe the following

structure:

* The first record is intended to be a header to identify
the data. It is often automatically used to label the
output.

 The second record must be the number of fields per
data entry.

« Starting with the third record, there should be one
record per attribute containing a short description. A
logical choice is to provide attribute type and unit of
measurement, if any.

ZUSGS "



DATA FILES

« If the file has v attributes, the numerical values for the
sample start at record v + 3, one for each site, under
the following restrictions:

o The entries must be strictly numeric. No letters or
special symbols are allowed.

o T'here must be exactly as many columns as
iIndicated in the second record. A special code
chosen by the user, such as -999, should be used
If there are missing values.

o Itis required to provide at least two Cartesian
coordinates specifying location.

 The number of records is unlimited.

ZUSGS

72



EXAMPLE OF DATA FILE

UNCF unconformity
4

|dentification
Easting, m
Northing, m

Depth, ft

1
2
3

6200
6202

32000
38600
44000

85050
49400

87015
87030
86400

87000
84000

7888
8020
7949

8003
8032
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		UNCF unconformity



		4



		Identification



		Easting, m



		Northing, m



		Depth, ft



		1

		32000

		87015

		7888



		2

		38600

		87030

		8020



		3

		44000

		86400

		7949
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		85050
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		6202

		49400

		84000

		8032





_1209543825.unknown




DATA LOADING

Simply:

* Drag the file icon into the object area of the main
menu

» Click on <Objects>.

« Click on <Load Object> at new menu.
« Search for the file of interest.
 Highlight file name and click on <OK>.

The top of the file will be displayed. Finish by:

* Choosing <Point Type> at <Select object type>.
* Clicking on <Next>.

74
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1. COMPLETING DATA LOADING

Import from Gslib
Additional Parameters

Pointset name | UNCF dat|

Pr&?s Coordinates

Specify the columns containing the coordinates of the points

Col. #for X coordinates |1 -
Col. #for Y coordinates |2 =
Col. #for Z coordinates |MNA (2d) =

File Preview

UMNCF unconformity, sample size = 70 ~

]

Easting, m

Morthing, m

Id

Depth, ft

Code: 1, seismic; 3, well
32000 87015 178883
35600 87030 280203
44000 86400 379433
458200 87060 480033

No Data Value

Help

[] Use Mo-Data-Value

< Back ] [ Finish l [ Cancel

* Type an object name at
<Pointset name>.

 Indicate columns for
easting and northing
and also depth in three-
dimensional studies.

« Specify missing data
code, if any.

* Click on <Finish>.

The loading has been
completed and the data
file will show in the object
panel of the main menu.
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B. GRID LAYOUT

0000000000000 O O

—_—

00 0000000000000

Results from modeling of
spatial attributes come In
the form of arrays of
values at regular
intervals.

Coordinates for the nodes
are not printed; they are
implicit in the regular
arrangement.
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IMPLICIT ARRANGEMENT

In three-dimensional modeling, layer values go from
the lowermost layer to the uppermost layer.

Within a layer, the first value to go into the file is the
one in the lower left corner.

Then come the rest of the values for the lowermost
row, from left to right.

Within a layer, last value to enter the file is the one
In the extreme upper right corner.

Specification of grid geometry goes into a separate
file.
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GRID SPECIFICATION FILE

Create new cartesian grid

Grid name | UMCFgrid

Grid Dimensions

Mumber of cells in £ |1

Cell Size

The dimensions of a single cell

Size in X
SizeinY
Sizein £

Origin Coordinates

Mumber of cells in X 211
Mumber of cells in " | 281

LARELAREL]

100.0
100.0
1.0

The coordinates of the lower left comer of the grid

Che 23000 Cry 62000 Oz

Cancel

?X

Remember that grids
must be specified
before attempting
any processing that
will result in the
generation of a grid,
such as estimation
or simulation.

For specifying a
grid, click <Object>
and then select
<New Cartesian
Grid>.
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EXAMPLE OF GRID

To minimize storage space, SGeMS stores grid values in
binary form. Grids can only be displayed in graphical form.

Numerical display of a grid requires saving it in ASCI|
format and further viewing it with a text editor. To do such

saving:
o Cl iCk On <ObjeCt> . Look in: |13 C./AWorkingSpace/Primer/UNCE/ v A= EF =

» Select <Save Object>. | ==
* Name the file.
* Select place for storage

at <Look in>. B 3
* Make sure to select Gutoeme__ [ONCR s

GSLIB as the format.
* Click on <Save>.

= USGS A



VIEW OF GRIC

 WITH TEXT EDITOR

UNCFgrid (211x281x1)

2
OK

OK krig_var

7773.04
7766.52
7763.12
7759.76

7756.46

8017.93
8018.47
8018.98
8019.46
8019.92

2075.6

1902.38
1745.86
1595.19
1450.97

222909

2313.04
2404.05
2501.91
2606.35

SGeMS automatically
creates the first record,
which includes the
number of columns,
rows, and layers.
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OBJECT SAVE

Save Project

In SGeMS, all objectsina |7 = e ks
session make up a project.

The user can save all
objects in a project for
archiving or further use.
To do that: o e :

 Click on <File> at the upper right corner of the
SGeMS screen;

 Click on <Save Project>. This is all that it is
necessary to do for an existing project.

* If the project is new, navigate directories to locate a
storage folder, select name for the project file, and
click on <Save>.

a2 USGS
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HISTOGRAM PREPARATION

As a first practical application of SGeMS, let us prepare
a histogram of the object previously loaded. For that:

« Click on <Data Analysis> at main menu.
* In the new menu, click on <Histogram>.
» Select the object.

* Choose the property.

« Set the number of classes.

 If there is a need to change the axis extreme values,
click on <Display Option> and enter the settings.
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HISTOGRAM DISPLAY

k{ﬁ Histogram

Display Options | 02 o SR T TR L — L — L — g

Chject B
| UNCF dat |

Property
| Depth, ft |

Clipping Yalues
Min Max
7696 | (8059 |

[ Feset J

7700 TT50 TEDD TEED 790D TSED 2000 805D

Depth, ft
Summary Statistics
Number of Data 70 Maimum 2059
Upper Quartile 7365
Mean 791216 Median 7918
Varance 555558 Lower Quartile 7871

Minimum TESE

[Sa\re as Image] [ Cloze J
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SAVING IMAGE

Click on <Save as
Image>.

Select a folder.

Give a name to the
file.

Select type.

Decide on grid and
summary statistics.

Click on <Save>.

i SEems

Look in: |3 C:./AWorking Space.Course/UNCF/
..

File name: |histUNCF png|

File type: | PMNG format (7 png)

Extra Options
Write summary statistics

Pairt grid

The histogram graphical file is now at the specified folder.
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5. SPATIAL STATISTICS

a2 USGS
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RANDOM FUNCTIONS
ta, b A0, Aa
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A random function is a collection of random variables,
one per site of interest in the sampling space.

A realization is the set of values that arises after
obtaining one outcome for every distribution.

Geostatistics relies heavily on random functions to
model uncertainty.

a2 USGS
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MAIN DIFFERENCES BETWEEN CLASSICAL
GEOSTATISTICS AND CLASSICAL STATISTICS

« (Geographical location is an integral part of any sample.

« Measurements have an associated volume called support.
For example, in the case of density, the support is the
specimen volume; a depth measurement has a point support.

 (Geostatistics does not assume that the variables are
iIndependent and identically distributed.

« A spatial sample is regarded as a single realization of a
random function, instead of multiple outcomes of a single
random variable.

* Most geostatistical formulations do not require any particular
probability distribution, although some work better under
normality conditions.

« The most efficient forms of spatial sampling are those
following a regular pattern—cubic or hexagonal, for example.

ZUSGS Y



ERGODIC ASSUMPTION

We have seen that stochastic methods regard data as
one of an infinite number of possible realizations.

Ordinarily, one needs multiple realizations to infer
properties of the complete ensemble.

The ergodic assumption basically states that just
one realization is indeed sufficient to make reliable
assessments about ensemble properties.

It is an assumption because it is not possible to test it.

ZUSGS ”



STATIONARITY

This is another fundamental assumption, presuming
invariance through space of properties of the random
function.

The most general case assumes that the joint
probability distribution of any number of random
variables is the same.

Most geostatistical formulations require
independence of location only for moments and just
up to order two.

89



BIAS

Bias in sampling denotes preference in taking the
measurements.

Bias in an estimator implies that the calculations are
preferentially loaded relative to the true value, either
systematically too high or too low.

* \When undetected or not compensated, bias induces
erroneous results.

* The opposite of the quality of being biased is to be
unbiased.
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PREFERENTIAL SAMPLING

Although estimation and simulation methods are
robust to clustered preferential sampling, parameters
that need to be inferred from the same sample prior
to estimation or simulation can be seriously distorted,
especially for small samples.

The solution to preferential sampling is preparation
of a compensated sample to eliminate the clustering,
for which there are several methods.

Declustering is important for the inference of global

parameters, such as any of those associated with the
histogram.
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EXAMPLE OF SAMPLE WITH
PREFERENTIAL CLUSTERING

Clustered sample

50

| 100
40_] e F

3 10
20_]

] 0.1
10_ .

0.01

0 L —
0 0 0 30 0 50

a2 USGS



DECLUSTERING (1)

Clustered sampling

Cumulative probability
3

Distance to nearest neighbor

Detect presence of clusters by preparing a cumulative
distribution of distance to nearest neighbor.

a2 USGS
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50

DECLUSTERING (2)

Clustered sampling minus clusters

40_
30_]
20_]

10_

Ll | T T T T I Ll T T T I T Ll Ll T [ T 1 T Ll
10 20 30 40 50

S,

Decompose the clustering.

a2 USGS

100

10

0.1

0.01

50

Clusters

40_
30_
20_

10_

10

20 30 40
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Frequency

DECLUSTERING (3)

Histograms of the attribute by distance class

Clustered sample minus clusters

0.16 _] .
i Number of Data 86
i | mean 1.2885
] std. dev. 1.2404
0.12 coef. of var 0.9627
' maximum 5.1500
7 upper quartile 1.8200
] ] median 0.9350
] lower quartile 0.3100
0.08 minimum 0.0600
0.04 _]
0 T T T T ITrIr T T T TIT ||| T T ||||
0.01 0.1 1 10 100

Attribute

Frequency

Clusters

Number of Data

mean
std. dev.
coef. of var

maximum
upper quartile
median

lower quartile
minimum

54

9.2269
8.6781
0.9405

58.3200
10.2000
7.6350
3.6100
2.2200

0.1

1

Attribute

10

Preferential sampling shows as poor overlapping
between the two histograms.

Y

\)

a2 USGS

95



Distance to nearest neighbor, cluster-free subset S,

DECLUSTERING (4)

One possibility is to obtain the declustered subset (S,) by
expanding the subset without clusters (S,) by transferring

a few observations (S;) from the
. — clustered subset (S,).

5 . 7 » Transfer observations from
7 (S,) by decreasing distance to

o nearest neighbor in S,.
] o«  Stop transferring points when

] L the distribution of distances for
1 the original subset S, is about
Vs the same as that for the
| s o e i sl oot 5. transferred observations (S;)

| 3 within S,.

—y

ZUSGS *



POSTING OF A
DECLUSTERED SAMPLE (S,)

50

40_]
30] e
20_] °

10

0]

|||||||||||||||||||||||

@® from clusters (S5)

@® never clustered (Sy)

Best results are obtained by randomly repeating the
drawing from S, to generate multiple declustered sets.
The final answer is obtained by taking median values

from the cumulative distributions of all declustered sets.

a2 USGS
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6. TRANSFORMATIONS

a2 USGS
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COMPARING DISTRIBUTIONS

The distribution followed by some data and the one that may
be required by a method may be two different distributions.

If a method requires a particular distribution, such
distribution becomes
mandatory.

The simplest way to
compare a sample, F (x),
to an hypothesized
distribution, F(x), is to
superimpose their
cumulative distributions.

By transforming the
data, one can force the
data to follow almost any
other distribution. Attribute

Cumulative probability

99
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KOLMOGOROV-SMIRNOV TEST

The maximum discrepancy, D, is the measure of similarity in
the Kolmogorov-Smirnov test.

The significance of the discrepancy depends on the sample
size and on whether the parameters of the hypothesized
distribution are known. A statistic called p-value, commonly
read from tables, is used to decide the significance of the
discrepancy. Customarily, if the p-value is above 0.1 or 0.05,
the equality of the distributions is accepted.

Standard tables available to run the significance of the
discrepancy are not valid in geostatistics because the tables
do not take into account spatial dependence.

It has been found, however, that the standard tables may
be a limiting case for the situation considering spatial
correlation. In that case, each time two distributions pass the
Kolmogorov-Smirnov test without considering spatial
correlation, they also pass it considering that correlation.

The same is not true in case of rejection.

100
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WEST LYONS FIELD, KANSAS

Remember that the cumulative "% g

88— D =0.090

probability of any normal ool Lp,=014
distribution follows a straight ~ : = S :
line in normal probability scale. £ & : o

At 10 ft, the thickness PR

distribution of Lyons field -
reaches a maximum 63
discrepancy of 0.09 against a N
normal distribution with the

same mean and standard deviation as the sample. The
p-value without considering spatial correlation, p,, is 0.14.

Because the p -value is already above the threshold of
0.05-0.1, itis not necessary to go into the complications of
considering spatial correlation. Without further ado, it can
be accepted that the thickness is normally distributed.

a2 USGS
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NORMAL SCORES

In geostatistics, as in classical statistics, the most
versatile distribution is the normal distribution.

If the sample strongly deviates from normality, it may
be convenient or required to transform the data to follow
a normal distribution, so as to properly apply a specific
method.

The transformation is fairly straightforward. Itis
performed by assigning to the cumulative probability of
every observation the value of the standard normal
distribution for the same cumulative probability.
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Cumulative probability

NORMAL SCORES

Attribute

wn
s}
EFEEEEFEE

I I |

For the value z; of
the attribute, the
normal score is 1.45.

The transformation
also can be used
backwards to bring
calculated values In
the normal score
space to the original
attribute space.
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LOGNORMAL TRANSFORMATION

» This is a special case of normal score transformation.
The transformed value is simply the logarithm of the
original observation.

« |If the original distribution is exactly lognormal, the
distribution of the transformed values will be exactly
normal. Because this is never the case, the
distribution for a transformed variable is only
approximately normal.

* Most minerals and chemical elements have
distributions of concentration close to lognormal,
which explains the great attention paid to this
distribution since the early days of geostatistics.

ZUSGS h



INDICATORS

Given a continuous random function Z(s), where s
denotes geographical location, its indicator /(s,u) is

the binary transformation:
O,if Zls)>u
I(s,u)=3"". (s)
1if Z(s)<u
The potential of indicators lies in the possibility to
handle imprecise data and the fact that the expected

value of an indicator is equal to the cumulative
probability for the threshold value:

Eli(s,u | (n))|=Prob|Z(s)<u|(n)
= F(s,u|(n)

ZUSGS s



INDICATOR CODING FOR DIFFERENT
TYPES OF CONTINUOUS DATA

-

Y

\)

s

<max

¥
range of
Z-values

ZUSGS

Constraint
interval

u,

0

Prior

ALISUDAIUN PUOJUDLS ‘[2UJNOL "y JO AS24un0)

106



DISCRETE INDICATORS

The indicator /(u,k) of a categorical attribute is:

L
710, otherwise

In this case, the indicator is now equal to the
probability of belonging to class k.

El/(u,k | (n))]=Problu e k| (n)]
In this case, the indicator transformation offers the

possibility of digital processing for information that is
commonly qualitative.
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7. SEMIVARIOGRAM

108
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THE OBJECTIVE

The objective of structural
analysis is to capture the
style of the fluctuations
through an analytical
function.

109




CONTINUITY

Spatial continuity involves the concept that small
values of an attribute are in geographical proximity
to other small values, while high values are close to
other high values. Transitions are gradual.

Assessment of covariance or its close equivalent,
the semivariogram, has been the classical way in
geostatistics to measure spatial correlation.
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RELEVANCE

 The semivariogram or the covariance are
necessary in the formulation and application of
most estimation and simulation methods.

« Semivariogram analysis leads to some stand-
alone applications, such as sampling design.

=USGS "



DEFINITIONS

Given a spatial distance h involving magnitude and
direction, the semivariogram y(h)is

1
rh) = Var(z(s)-Z(s +)
and the spatial covariance is:

Cov(h)=E[(Z(s)-m)Z(s +h)-m)],

both with a constant mean m
m =E|Z(s)|=E|Z(s +h)].

Different from the classical covariance (page 56), the
spatial covariance is grouped by distance and applies to
the same attribute. Therefore, a more descriptive yet
seldom used term for the covariance is autocovariance.

112
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EQUIVALENCE

If the mean is constant and

the covariance is

independent of location,

then always Cov(0)

(h)=Cov(0)- Cov(h),

which makes it immaterial
which one to use.

In general, what is
estimated is the
semivariogram because its
estimation does not require  ° PR
knowledge of the mean.

Lag a is the range and the semivariogram asymptote
is called the sill, which is equal to the variance Cov(0).

=ZUSGS 3
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Covariance
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SEMIVARIOGRAM ESTIMATOR

(h)

plh) =5 > [2(s,) - z(s, +h)F

2n(h) 5
7(h): estimated or experimental semivariogram;
h :lag;
n(h) : number of pairs h units apart;
z(s,) : observation at site s..

I

Always remember that for the estimator to be valid, the
mean must be constant; hence, there must be no trend.

For any direction, it is recommended that n(h)>30 and
the estimation be restricted to h no more than half the
extension of the sampling domain in such direction.
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TRIVIAL EXAMPLE

S; Z(Si ) A20 Az0.5 A21.0 A21.5 A22.0 A22.5 A%.o Azs.s A24.0 A24.5

70 32 0.0 121 324 1089 2209 2401 1849 16.81 1225 3.76

75 43 00 049 484 1296 1444 1024 900 576 225

80 5.0 00 225 841 961 625 529 289 064

85 65 00 196 236 1.0 064 0.04 049

90 7.9 00 004 016 036 144 441

95 8.1 00 036 064 19 5.29

100 75 00 0.04 064 289

105 7.3 00 036 225

1.0 6.7 00 0.8

115 5.8 0.0
ZAZ,, 00 752 2274 3897 5015 4399 30.87 2321 1450 6.76
nlh) 10 9 8 7 6 5 4 3 2 1
Ah) 00 042 142 278 418 440 385 386 362 3.38

A0.5 A1.0 A1.5 §
® ® o @ @ ® o o @ 3

A
=
7Z]
]
7]
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CASE OF IRREGULAR PATTERNS

If the observations, z(s ), are not regularly spaced, they are
grouped into distance classes of equal radial thickness,

which customarily is set equal to twice ¢, .
Commonly used

parameters are:
t, . lag tolerance

S . angular tolerance
t, . bandwidth

t, only operates when the
cone is wider than twice £, .
Otherwise, & prevails.

Northing

Easting

Each class contributes one value to the experimental

semivariogram, 7 (h).
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MOST COMMON PERMISSIBLE MODELS

Permissible semivariogram models are a class of models
guaranteeing a unique solution to an estimation system of
equations and a nonnegative estimation variance.

Spherical 20— | |
( al:1,Cc=1 | |
3 h 1 h 3 . Expongntial
J(h) = C{EQ ‘5(;} } flhl<fal | =g
5 i
C.1]h] > a 5 -
- =
Exponential . H 3
y(h)=Cl1-e '] 08
Gaussian R 3 3
_ _3(§j 000 0.5 10 15 2.0
y(h)=Cl1-e **/]

Lag

A sum of permissible models is also permissible.

a2 USGS "



ASSESSMENT OF SPATIAL
CORRELATION

Proof of spatial correlation

Spatially correlated attributes have
gradually increasing semivariograms that
reach the range at a distance clearly

—r— Semivariogram

greater than zero. Nuge
If the semivariogram does not seem to Lag
be zero for a lag close to zero, the value
of convergence is called nugget effect. Lack of spatial correlation
Yet, 7(0)=0. e

Lack of spatial correlation is revealed by
a semivariogram that remains constant,

Semivariogram

following what is called a pure nugget-
effect model, which is permissible.

Mere assessment of spatial correlation does not require
semivariogram modeling.

ZUSGS

Lag

118



ESTIMATION BASIC STEPS

Make sure that the data are error free.
Correct preferential clustering, if any.
Perform transformations if required or desired.

Estimate semivariograms along at least 3 different
directions.

Detect trend. In the presence of trend, the
experimental semivariogram is an artifact that
iIncreases monotonically, reaching values orders of
magnitude higher than the sample variance.

F. If necessary, model semivariogram along the trend-
free direction.
When the attribute is isotropic, parameters do not change

with h. A semivariogram model prepared disregarding
azimuthal variation is said to be omnidirectional.

OO wx»

m
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A. DATA LOADING

File felsiZa=W Data Analysis View Scripts Help

Alao Mew Cartesian Grid  Ctrl+N n Objects — ;
Alge Load Object Ctrl+
I Save Object Objects
] : Objects
I Delete Objects
Delete Properties
Copy Property
Parameters
[ kad |[ swe |[ CeaAl |
[ Run Algonthm ]

b

N t*e

If data have not yet been loaded into SGeMS, load

them as explained in chapter 4 (page 74).
aUSGS
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B. MODELING WITH SGeMS

File Objects PeEI=R:GEVEEN View Scripts Help
SRR Histogram _ Ctrl+# - Objects | Preferences | ¥
Algorithm QQ/PP -plot :
Estimation Scatter-plot DbJEd_S
Simulation ] Objects
Uilitize Variogram
Parameters
[ Load ] [ Save ] [ Clear All ]
[ Run Algorithm ]
£ [ |*
Ready

First click on <Data Analysis> and then on <Variogram>.
See page 187 for more information about this dataset.

= USGS e



.@S-GEMS

File Objects Data Analysis View Scripts Help

Algorthms

Objed

C. SELECT FOLDER AND ATTRIBUTE

Algarithm Description
Estimation
Simulation
|tilities
Parameters
| load || Save || Cexral |
’ Run Algorthm

COhijs

. @Vﬂr‘iﬂgrmn Modeler [._J =]Ed
Select the working grid
-
Select Task:
(%) Compute variograms from scratch
) Load exisiting expermental variograms
Choose grid and properties
(Grid Mame
Byt |
Head Property W
|tn.|e Vl
Tail Property
|tn.|e v| 3
< | 3
< Back I Mext = l [ Cloge ]

« Select <Head Property> equal to <Tail Property>.
 After making selections, click on <Next>.

a2 USGS
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D. DIRECTIONS AND LAGS

For grids, the azimuth is specified by directional cosines.
For example, north in a horizontal place is (0, 1, 0).

For datasets, azimuth is specified as clockwise degrees
from the north; so, for example, NE is 45°.

Input the parameters for varogram computation l | p O n
A
Load Palameters...] [ Save ] S eCif i n
Lags and Directions p y g
vt ey vt lags and
Mumber of lags | 150 = Azl
Forexample (1. 7.0 is the 450egrees . .
dine in the (X, Y] plane. Unts are dll’eCtIOnS
Number of directions |4 = ‘number of gid cells " hence x. y and b
Z are imegers)
lick on
¥ z measure type head indic. cutoff | tail indic. cutoff
1 0 1 0 |variogram v < N ext>
2 1 1 0| variogram w L]
3 1 ] 0 |variogram -
4 1 1 0 variogram -
Misc. v
< Back ][ Next > ][ c |

= USGS 1%



E— F. TREND DETECTION AND MODELING

 Hide the main

menu screen;
* expand sideways 00 LK) e s
semivariogram et |
menu; _ 5 R
 click on | TR i a =
<Window>, and ! ' e D
then click on o ”
<Tile>; : 2
» pick best fitting S sl i
model parameters ~ Lo

by trial and error.

Here there is no trend because the semivariogram tends
to stabilize at a value close to the sample variance. See
pages 202—-203 for modeling of a nonstationary dataset.

a2 USGS

124



SAVING SEMIVARIOGRAMS

Click on the <File> option of semivariogram modeling.
Pick an option, for example, <Export Plot as Images>.
Check <Show Grid> if it is desired to display it.

Click on the three dots <...>.

Select storage folder.

Give generic name to semivariograms.

Click on <Save> in both menus.

= Variogram Plot Settings @E| p a@]
v settings to Savein: |—’Eh" ﬂ & cf &
| LY
ﬁ true vs. true () Selected plots: My I‘Re;cent
Documents
Variogram Madeling @
Note: i “Save as"is “homeAoto myprefi_", the T
- : A plots wil be saved as: eskiop
| Settings Window - /homestoto/mypretic_plbt._1_azth=0 dp=0png _
. - shomeAofo myprefic plof 2 szth=45 dp=14png Y
Load Variogram Model - thometoto/inyprefi_all drections g =/
Fiiles with such names ex?, they will be ovenwiten... My Documents
Save Variogram Model
: : Saveas |lorkingSpace./Primer/Ely/semBsh E] :ﬁ.g
Save Experimental Variograms 9P
Wy Computer
Format | PNG format () ~
Export Plots As Images | E— = <)
Show Grid . ]
My Network  File name: semExh - Save
Places | J Q
s : Al Files (* - Cancel
I Save ] ’ Cancel EoELE | ie= (] J
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OTHER DIRECT APPLICATIONS

Direct applications of the semivariogram, not necessarily
requiring to go through modeling, include:

» Detection of anisotropy by

finding out if the . .\
semivariogram is different ‘ 55?\@?‘%%&/.{%/@@&%
along different directions. . /A/A" .

» Comparative studies of Y.
origins in the processes Y
behind attributes based on i K 7 oreins
the premise that different gx —5
geneses lead to different 2 s

semivariograms.
« Sampling design. In any direction, sampling interval
should not exceed half the range.

=USGS 120
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8. SIMPLE KRIGING
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KRIGING

Kriging is a form of generalized

linear regression for the R r
formulation of an optimal spatial Ty
estimator in a minimum mean-
square-error sense. | s g

Given some observations at
locations s;, kriging provides an
estimate and a standard error at
locations, such as s, typically ¢
not considered in the sampling.

In contrast to classical linear regression, kriging takes
Into account observation volume and stochastic
dependence among data.

The method works best inside the convex hull determined
by the peripheral data.

a2 USGS
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VARIANTS

There are several forms of kriging, each making
different assumptions to adjust to different styles of
attribute fluctuations.

« Simple kriging

* Ordinary kriging

* Universal kriging

» Lognormal kriging

* |ndicator kriging

The last two types are simply any of the first three

forms of kriging applied to transformed data as
explained in chapter 6.

ZUSGS =



SIMPLE KRIGING

Simple kriging is the estimation of

Ziu(so)=m+ 32, -(els,) -m),

where:

z. (s, ) is the estimator at geographical location S,
S, denotes the location of measurement i;

n is the number of observations to consider;

m is the mean of Z(s),

4; i1s a real number, commonly referred to as weight.
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NORMAL EQUATIONS

The originality of kriging is the use of weights, 4., such
that they minimize the estimation error variance. Such
weights turn out to be the solution of the following system
of equations, called the normal system of equations:

N

k
> 4 Cov(s,s;) = Cov(s,,s,)
i=1
k
> 2, Cov(s,,s,) = Cov(s,,s,)|
i=1
s
> 4. Cov(s;s,) = Cov(s,,s,)
=1 y

ZUSGS b



DERIVATION OF NORMAL EQUATIONS

The steps are:

A. Make necessary assumptions.

B. Calculate error variance.

C. Express error variance in terms of covariances.
D. Find the weights that minimize the error variance.
E. Calculate the minimum error variance.

ZUSGS s



A. ASSUMPTIONS

1. The sample is a partial realization of a random
function Z(s), where s denotes spatial location.

2. Z(s) is second order stationary, which implies:
Elz(s)]=m

E[(Z(s)-m)Z(s +h)-m)|=Cov(h),
where E] denotes expected value, mis a scalar
constant, and his a vectorial distance.

3. Unique to simple kriging is the assumption that the
mean is not only constant but known.
These assumptions make simple kriging the most
restricted form of kriging.

The weakness of this simplicity is the same as with any
simple model: limitation in its applicability or suboptimal
results if its use is forced.

a2 USGS
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B. ESTIMATION VARIANCE

By definition, the estimation variance is:

o° (So ) = Var[Z;K (So)_ Z(so )]

We know neither the random function Z(So) nor the
estimator Zg, (so), so we cannot directly calculate the
variance of the difference.

The way to solve this conundrum is to transform the
expression for the variance to have it in terms of
guantities that we know.
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C. ALGEBRAIC MANIPULATIONS (1)

The residual Y(s) of a random function is the difference

between the random function and its expected value. In
this case:

Y(s)=2Z(s)-E[Z(s)|=Z(s)-m

Expressing this estimation variance in terms of the
residuals, we have:

(s, )= Var{ii:/l,Y(s,)— Y(so)} = Var{izkoz/l,Y(s,)}

If one defines 4, =-1.

)

&
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ALGEBRAIC MANIPULATIONS (2)

From the properties of the variance (pages 31 and 52):

(s, )= E{Zkoj AY(s, )}2 - {E{Zko‘, AY (s, )}}2.

Expanding the squares and introducing the expectations
iInside the summations:

o (SO ) = Zk: Zk: ﬂ«,-;tj E[y(si )Y(Sj )]

i=0 j=0

3344, Elv(s JElY (s, )]

i=0 j=0

= USGS 196



ALGEBRAIC MANIPULATIONS (3)

Grouping the terms by coefficients:
5 k k
o80)= 33 4, ElV (s, (s, -l 6 JEDV (5,
i=0 j=
Backtransforming to the random function and expanding:
c’(s,)= Zklzklxl,ﬂj Elm?> -mz(s,)-mz(s,)+ Z(s,)z(s,)
i=0 j=0

—m?+mE[Z(s, )]+ mE[Z(s, )|-E[z(s, )E[z(s, )]}
Because of the cancelation of terms,

o*(s0)= X3 44, El2(s,)2(s, ) El2(s, JELZ(s, )

i=0 j=0
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ALGEBRAIC MANIPULATIONS (4)

which is the same as:

k k
o%(s)=Y Y 2,2 Covls,.s,)
i=0 j=0
Finally, remembering trjwat Ao =—1:

k
o?(s,)=Cov(s,y,s,)-2> 4 Cov(s,,s;)
=1

k
> A, Cov(s,.,sj),

+ j

/

k
=1

J=1

which is an expression in terms of covariance, a
measurable property, hence a useful expression.

\

\

—

—

[
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D. OPTIMAL WEIGHTS (1)

The expression for az(so) Is valid for any weights. Among
the infinite weight combinations, we are interested in those
that minimize the estimation variance associated with the
estimator Zg, (s, ).

The expression for o%(s, ) is quadratic in the unknowns,
the weights. Under these circumstances, according to an
operations research theorem, the necessary and sufficient
condition to have a unique global nonnegative minimum is
that the quadratic term must be larger than or equal to zero.
This implies that the covariance function must be such that
any combination, like the one in the general expression for
(s, ), cannot be negative. In mathematics, such is the
property of being positive definite. This is the condition a
covariance model has to satisfy to be permissible.

= USGS 199




OPTIMAL WEIGHTS (2)

The optimal weights are those that make zero all partial
derivatives of o2(s,) with respect to the weights:

0(s,)
04,
for all locations J,j=12,..., k
Cancellation of factor 2 and rearrangement give:

k
= —2Cov(s,,s,)+2) 4 Cov(s,,s,)=0
i=1

3\

k
> 4 Cov(s,,s,) = Cov(s,s,)
=1

Il
O
o
<

~—~
»
<
»
N
S~

k
> 4, Cov(s,,s,)
=1

k
> 4 Cov(s,s,) = Cov(s,s,)
i=1 J

Vo
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E. OPTIMAL ESTIMATION VARIANCE

Multiplying each optimality condition by 4. and adding
them together, we have a new optimality relationship:
k k k
Y 2 2,Cov(s,,s, )= 4 Cov(s,,s,).
=1 j=1 i=1

Introducing A. under the second summation and
replacing the resulting double summation in the general
expression for o(s, ):

k
sk (So ) ~ COV(SO S ) - Z 4 COV(SO 'S, )
=1
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SUMMARY

Simple kriging normal equations for optimal weights A.:

) \
> 4 Cov(s,s,) = Cov(s,,s,)

k
> 4 Cov(s,s,) = Cov(s,s,)
i=1 y

Simple kriging estimation:

Z;K(SO): m + Z/Ii(z(si)_ m)
i=1
Simple kriging mean-square-efror variance:
ik (8y)=Cov(sy, S, )~ DA Cov(s,,s,)
i=1

ZUSGS s



MATRICES

A matrix is a rectangular
array of numbers, such as A.

When n=m, A is a square - i
. a11 312 a1m
matrix of order n. o )
Tl’anSposing all rows and A=| % 22 om
columns in A is denoted as A’ -
Matrices are a convenient ay, @, v Ay

notation heavily used in

dealing with large systems of
linear equations, which X = |
notably reduce in size to just '

A X =B or X=A"B, where
A1 denotes the inverse of matrix A.
The main diagonal of a square matrix is the sequence

of elements a,q, a,,, ..., a,, from upper left to lower right.

a2 USGS
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SIMPLE KRIGING MATRIX FORMULATION

Cov(s,s,) -~ Cov(s,,s,)[4 ] [Cov(s,s,)]
Cov(s,,s,) ... Cov(s,,s,)|| 4 | |Cov(sysk)]
T

_2(31)_’77_ _21_
Z;K(SO):m+ : :

Z(s,)-m| | A

Cov(s,,s,)] [ 4]
GgK(sO):COV(SO’SO)_ : .

| Cov(s,, s, )| | A

ZUSGS h



EXERCISE

300 5
o SAMPLE
250 - . . .
Index Easting Northing Attribute
p— 1 10 20 40
o 2 30 280 130
£ 150 | ? 3 4 3 250 130 90
3 O ® Py 4 360 120 160
100 - ? 180 120
50 1
. m=110
0 100 200 300 400 Cov(h)=2000e™"/%*
Easting
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EXERCISE

For the previous configuration, using simple kriging:
A. Discuss the weight values.

B. Find the estimate.

C. Compute the estimation variance.

D. Calculate the estimation weights.
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A. CALCULATION OF WEIGHTS (1)

Distance matrix among observations:

0
260.8 0

264.0 266.3 O
364.0 366.7 1104 O

Distance from estimation location to each observation:

[197.2 219.3 70.7 180.0]
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CALCULATION OF WEIGHTS (2)

Weights:
2000 17790877 [0.185"
704.8 2000 831.8 | | 0.128
695.6 689.4 2000 1507.2| | 0.646
466.4 461.2 1285.8 2000 | 973.6 | |-0.001
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300

250

200

Northing

100

50

B. REMARKS

150

o 2
0.128

200
Easting

300

400

 Weight 4 is almost zero

despite being closer to
the estimation location
than weight 1. This
reduction known as
screen effect is caused
by the intermediate
location of weight 3.

Weight 4 is negative.

Negative weights open
the possibility to have
estimates outside the
extreme values of the
data (nonconvexity).
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C. ESTIMATE

Z(s,)-m7 4]
Zg (Sy)=m+ : :
_Z(Sk)_m_ _ﬂ“k_
"40-1107 0.185 °

130-110 | | 0.128
90-110 | | 0.646
160-110 | |-0.001

7., (180,120) =110 +

z.,(180,120)=86.7
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D. ESTIMATION VARIANCE

Cov(s,,s,)] [ 4
UéK(So):COV(So’So)_ . :

| Cov(s,,s, )| | A

- 0.185 |

T

908.6

831.8 | | 0.128
c2,(180,120) = 2000 —

1507.2 | | 0.646

1 973.6 | | -0.001]

c2.(180,120)=752.9
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PROPERTIES OF SIMPLE KRIGING

* Nonconvexity

« Screen effect

* Declustering

* Global unbiasedness

 Minimum mean-square-error optimality

« Exact interpolator

 When interpolation is exact, the error variance is 0
Intolerance to duplicated sites

The estimate is orthogonal to its error
Independence to translation of Cartesian system

152
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PROPERTIES OF SIMPLE KRIGING

» Independence of estimator to covariance scaling

» Scaling of covariance changes the estimation
variance by same factor

« Estimation variance depends on data configuration

« Estimation variance does not depend directly on
Individual sample values

 If the weights sum up to 1, the estimator is
independent of the value of the mean
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MULTIGAUSSIAN KRIGING

This is kriging of normal scores.

The univariate marginal distribution of a multivariate
normal distribution is normal, yet the converse is not true.

Under multivariate normality, simple kriging is the best of
all possible estimators, linear or nonlinear, biased or
unbiased.

Multivariate normality cannot be verified; at most, it
cannot be rejected.

Considering that the mean of normal scores is zero, if
they are second order stationary, they provide a rare
opportunity to apply simple kriging.

Backtransformation of estimated normal scores outside

the interval of variation for the normal scores of the data
IS highly uncertain.

ZUSGS h



9. ORDINARY KRIGING
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BRILLIANT TRICK

One can rewrite the simple kriging estimator as

7' (s,)= m(1_iz,j+iz,z(s,).

If the weights sum up to 1, then the estimator is
independent of m, thus resulting in a more general
formulation applicable to samples with constant, but
unknown mean (no trend).

It can be proved than the constraint has the additional
benefit of making the estimator unbiased.

Ordinary kriging was a first formulation of improved
simple kriging. Simple kriging roots predate
geostatistics. We will see that one can still find weights
minimizing the mean square estimation error.
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ORDINARY KRIGING

The ordinary kriging estimator is:

( Kk

> AZ(s;)
Z ok (so) =1

> 4 =1,

_ I:1

where:

z.«(s, ) denotes estimation at geographic location s,;
s, Is the location of measurement J;

k denotes the number of observations to consider;

m is the mean of Z(s); and

A 1S a real weight.
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DERIVATION OF EQUATIONS

The whole purpose of ordinary kriging is to find
optimal weights that minimize the mean square
estimation error. The steps are the same as those
required to formulate simple kriging:

A.
B.
C.

M

Make necessary assumptions;
Find expression for estimation error variance;

Modify estimation error variance equation to have
it in terms of covariances;

. Out of all possible weights, find those that

minimize the error variance.

. Replace the optimal weights in the expression for

error variance. This is the kriging variance.

ZUSGS h



A. STRONGER ASSUMPTIONS

1. The sample is a partial realization of a random
function Z(s), where s denotes spatial location.

2. Z(s) is second order stationary, that is:
E[z(s)]=m
E[(Z(s)-m)Z(s +h)—m)|= Cov(h),
where E[] denotes expected value, m is a scalar
constant, and h is a vectorial distance.

As in simple kriging, the mean is still constant, but
now it can be unknown.
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WEAKER ASSUMPTIONS

The following is a set of slightly weaker assumptions,

in the sense that they do not require that the variance
be finite.

1. The sample is a partial realization of a random
function Z(s), where s denotes spatial location.
2. Z(s) honors the intrinsic hypothesis, meaning that:
E[z(s)|]=m
Var|Z(s)-Z(s + h)|= 2y(h),
where y(h) is the semivariogram.

The mean must be constant, but because it will
not enter into the calculations, it can be unknown.

a2 USGS
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B. ESTIMATION VARIANCE

The estimation variance is the error variance:

G( ) Var[ZOK(SO) Z(so)]’

where Z(s, ) is the random function at the estimation
location s, and Z,, (s, ) is the ordinary kriging estimator.

We know neither of these; thus, it is not possible to
calculate o2(s,). The way out is to transform the
expression for the variance to have it in terms of
guantities that we can calculate. This will require even
more laborious algebraic manipulations than for simple
kriging. Nothing comes for free!

ZUSGS b



LEMMA 1 (1)

Let Z(s,) be a random variable of a continuous random
function. Then for any coefficient 4;:
k k

E {Zk; ﬂb,.z(s,.)}2 - 2,2 E|Z(s,)Z(s) )]

i=1 j=1

Proof:
One can regard 4,4, as a new constant and

Z(s,)Z(sj)as a new variable.
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LEMMA 1 (2)

Then, by the distributive and commutative properties of
the expectation:

E {IZK;A,Z(S,)}Z :/111,2E[Z(s1)2(s,)]

+/12£,izk1:E[Z(sz)Z(s,)]+...+ik/1,izk1:E[Z(sk)Z(s,)]

and the proof follows by condensing the expression
using a second summation index.
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LEMMA 2 (1)

Let Z(s,.) be a random variable of a continuous random
function. Then for any coefficient A.:

Var

DRSS

/

k
Z/’L./I.Cov[s,,sj].

(|
=1

Proof:
By the definition of variance (pages 31 and 52):

Va{i"ziz,z(s,)} _E {iﬁ“z,z(s,)}z —{E{iﬁ:i,z(s,)}}z.
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LEMMA 2 (2)

In the right side, by Lemma 1 and expanding second the term:

Va{gz,z@,,)} > > 42, Elzls 2ls))

i=1 j=1

-3 44, Elz(s, JElZs, |
Factoring, o
VarLZk;/I,Z(s, )} Izk;jzk;iﬂ, {E[Z(Si )Z(Sj )]

~E|Z(s i)]E[Z(Sf)]}'
The fact that the difference is equal to the covariance of
Z(s,) and ZFSj) proves the lemma.
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LEMMA 3 (1)

Let Z(s) be an intrinsic random function. Then:
7/(3/' _sj): 7/(8, —S)—I—)/(Sj —S)

— Cov(s,. ~§,8; — s).

Proof:
By the stationarity assumption:

7/(5 —S —E[ Z(Sj)}z]’

which does not change by adding and subtracting a third
variate

/(s -s,)=Ellizis )-z(s)}- 2(s))- Z(s))F ]

a2 USGS
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LEMMA 3 (2)

Expanding:

/s, -s,)=Eliz(s )-z(s)F [+ S Eliz(s ) - Z(s)F ]

~E|z(s,)- z<s>,2(s,-)— Z(s))
and again, by the stationarity assumption:
V(Si _Sj): V(Si _s)'I'V(Sj _S)
~Elz(s,)-z(s) 2(s,)-Z(s)]
The proof follows from the definition of the covariance

because of the special fact that the mean of the differences
IS zero because the mean is constant.
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C. NEW ERROR VARIANCE EXPRESSION (1)

Replacing the estimator by its definition in the expression
for the error variance:

o(s0) = VarlZy(s,)- 2(s, )] var| 3.4(2(6,)- 2(s,)

because Y 4 =1. From Lemma 2,
i=1 k k
o(sy)=Y > 242, Covls, —s,.8, -, )
i=1 j=

which, by Lemma 3, is:

o*(s,)= Zk:Zk:/@ij{?/(Si _So)+7(sj _SO)_7/(SI' _Sj)}-

i=1 j=1

=USGS 108



NEW ERROR VARIANCE EXPRESSION (2)

k
Expanding, because of the constraint Zﬂ, =1:
i=1

The first two terms in
are the same, thus:

o
>
®
=,
Q
>
i
>
Q
-
Q
23
Q
D
®)
*
o
>
®
@D
e
-
Q
=>
)
-

ZUSGS h



D. OPTIMAL WEIGHTS

The expression for 02(30) IS quadratic in the unknowns,
the weights. In such a case, the necessary and sufficient
condition to have a unique global minimum is that the
quadratic term must be equal to or larger than zero, which
implies that the semivariogram must be negative definite.
Thus, we need to employ only permissible models.

The expression for o2(s, ) is valid for any weights.
Among the infinite weight combinations, we are interested
In those minimizing the estimation variance associated
with the estimator Z,.(s,). This is a constrained
operations research problem, best solved by the Lagrange
method of multipliers.

ZUSGS "



LAGRANGE METHOD

The Lagrange method of multipliers is a procedure for the
optimization of a function of several variables

f(V., Vp....y, ) constrained by ¢, é,, ..., &,,.

The solution is found by equating to 0 the n partial
derivatives of an unconstrained auxiliary function

F(Viy Voroos Vo )+ D 1
i=1

with respect to all y,, regarding the Lagrange multipliers,
L;, as constants.

The resulting n equations plus the original m constraints
provide a system of equations from which the unknown y.
and the auxiliary variables, ;, can be calculated.

ZUSGS "



TRIVIAL LAGRANGE EXAMPLE

To find the maximum area of a rectangle whose perimeter
IS the given value p, it is necessary to find the maximum
value of the product of the sides a- b, subject to the
constraint 2a+2b—-p =0.

The auxiliary function is in this case
u=ab+u2a+2b-p),

which after differentiation with respect to the unknowns a

b gi .
and b gives a+24=0

b+2u=0
2a+2b=p

Vo

whose solution is a=b=0.25p, 1 =-0.125.
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NORMAL EQUATIONS

The Lagrange auxiliary function in this case is:

k k k k
L=2)27(5,8,)-Y > 227(s,.s,)+ 2;{2/1] —1)
j=1

j=1 i=1 j=1
The derivatives with respect to the unknowns are:

%: 27/(sj —so)—zk:ﬂ,y(s, —sj)+ 2u=0,for j=1,.. k.
- =1
Tr:us

ooooooooooooooooooooooooooooooooo
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E. OPTIMAL ESTIMATION VARIANCE

Multiplying each optimality condition by A. and adding them
together, we have the new optimality relationship:

Kk K K
Zlizljy(si’sj): Z/Iiy(si’so)"‘ 1y -
= = =

Because the weights sum up to 1, introducing A. under the
second summation and replacing the resulting double
summation in the general expression for the estimation
variance, one obtains:

K
05 (8)= 22&'7/(3/,30)_Zlﬂ/(siaso)_ﬂ
=

=1

-

or

0o (S) = D A(8:,80) - 1.

W'M»
—
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SUMMARY

Ordinary kriging normal equations for optimal weights /1, ;

k
Z’L‘?/(Swsi)_ﬂ = 7/(30’31)
i=1

i=1

Ordinary kriging estimate:
Z(*)K (So) = ﬂ’iz(si)
i=1
Ordinary kriging mean-square-error variance:

K
O o (So): Z/I,)/(S,-,SO)— H
i

S
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INTRINSIC MATRIX FORMULATION

y(s.,s,) - rsos) 1 A ] [#(s,s,)
: . : 11 :
7/(51’Sk) 7/(sk’sk) T A B 7(SO’SK)
1 1 1 Ol|—x] | 1

Z(s)] [ A4
7 _ :
OK(SO) Z(sk) A
0 | [—#
7/(50,51)_T_ A
) :
S )=
GOK( 0) 7(So’sk) Ay
1 — M
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STATIONARY MATRIX FORMULATION

Cov(s,s,) --- Cov(s,,s,) 1[4 [Cov(s,s,)]
: : 15 :
Cov(s,s,) --- Cov(s,,s,) 1|4, | |Cov(s, s,)
1 1 1 o | | 1

Z(s))] [ 4

7 _ :
OK(SO) Z(Sk) ﬂ/k
0 J[u

G(ZDK (so) = COV(SO’ so)_
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EXERCISE

300
@ 2 SAMPLE
250 Index Easting | Northing | Attribute
p— 1 10 20 40
2 2 30 280 130
£ 150 | 2 3 4 3 250 130 90
5 o ® ° 4 360 120 160
100 ? 180 120
50 11
0 Cov(h)=2000e ">
0 100 200 300 400
Easting
178
-
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SAMPLE

		Index

		Easting

		Northing

		Attribute



		1

		10
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		2
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		3
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EXERCISE

Apply ordinary kriging to the previous sample to do
the following:
A. Find the estimation weights.

B. Note any interesting peculiarities in the weight
values.

C. Use the data and weights to evaluate the
estimate.

D. Calculate the estimation variance.

Compare to the results obtained using simple
Kriging.
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A. ORDINARY KRIGING WEIGHTS

Distance matrices:

0

260.8 0
264.0 266.3 0)
1364.0 366.7 110.4 0

197.2 219.3 70.7 180.0[
Weights and Lagrange multiplier:

" 2000 1TM908.77 [ 0.198]

704.8 2000 831.8 0.141

695.6 689.4 2000 1507.2 |=| 0.650

466.4 461.2 1285.8 2000 | | 973.6 0.011

B 1 1 10/ | 1 | |-42714
ZUSGS %0



300

B. WEIGHT COMPARISON

[ W

250 | 0.141

200 -
(@)]
£
(5,3 150 - 3 g
z o @ O

100 0.650 0.011

50 |. ’

0l 0.198 | |
0 100 200 300 400
Easting

Weight SK OK

1 0.185 0.198

2 0.128 0.141

3 0.646 0.650

4 -0.001 0.011

Sum 0.958 1.000
181
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C. ESTIMATES

Using the subscripts OK to denote ordinary kriging and
SK for simple kriging,

Z(s) ][ 4
ZOK(SO): Z(sk) A
0 | |-
40 7'70.1987
* 130 | 0.141
., (180,120) = o0 | 0650
160 | [ 0.011

z.,(180,120)=86.6
z.,(180,120) was 86.7

182



D. ESTIMATION VARIANCE

T_ —

Cov(s,,s,)]| [ 4

GSK(SO):COV(SO’SO)_ COV(S. S ) l
0k K

T Ll
1908.6 |'[ 0.198
831.8 0.141
c3,(180,120)=2000—|1507.2| | 0.650
973.6 0.011
1 |- 42714

03,(180,120)=754.7  ©2,(180,120) was 752.9

u (-42.714) provides the variation in o per unit of change in
the constraint. The change in the sum of weights from OK to SK
is 0.042. Hence the reduction of —1.8 (752.9 — 754.7) agrees
with the fluctuation in o (0.042-(-42.724)).

a2 USGS
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PROPERTIES

Ordinary kriging shares the same properties with simple
kriging. In addition,
° GSK(SO)ZgéK(SO)

» For the trivial case of considering only one observation
in the calculation of the estimate,

Ucz)K(so):Z‘7/(ho1)’

where h,, is the distance from the observation, z(s,),
to the estimation location, s, .

ZUSGS b



SEARCH NEIGHBORHOOD

Because of the screen
effect and numerical
Instabillities, it is
recommended that only
the closest observations
to the estimation location
be used.

Three observations are a
reasonable bare minimum
and 25 are more than
adequate.

Use octant search to
further ensure good radial
distribution.

a2 USGS
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SUBSAMPLE SIZE SENSITIVITY FOR THE
CASE OF THE UNCF DATASET

k

k 2, 2, 2 2 Ao ;4 Zo, ooy

5 0.351 0.311 0.043 0.157 0.137 0.766 0.159
7 0.358 0.328 0.047 0.157 0.137 -0.047 0.750 0.159
8 0.356 0.325 0.050 0.178 0.165 -0.074 0.767 0.158
10 0.355 0.324 0.050 0.178 0.170 -0.077 0.756 0.158
15 0.355 0.324 0.051 0.178 0.169 -0.077 0.753 0.158
20 0.355 0.324 0.052 0.178 0.169 -0.078 0.754 0.158
25 0.355 0.324 0.052 0.178 0.169 -0.078 0.758 0.158
= USGS 160
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THE ELY WEST SAMPLE

This is a semi-artificial, exhaustive
. dataset that will be used extensively to
"~ illustrate and compare several methods.
The data are transformed digital
"~ elevations in an area in Nevada with
extreme cases of continuity: flat dry
lakes surrounded by rugged sierras

running roughly north-south.
The sampling is perfectly regular on a 286 by 286 grid,

making 81,796 observations with a Gaussian anisotropic

semivariogram (p. 124): y.(h)=0.1+11-Gaussian (N10E,80,34).
The exhaustive sample will be used solely for comparisons.

All calculations will be done employing the same subset of

size 40. Based partly on crossvalidation, its semivariogram is
(h)=0.1+13-Gaussian(N15E,80,35).
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ORDINARY KRIGING WITH SGeMS
A. LOAD SAMPLE

Load data according to instructions in

S Choplord |
et o If data have been previously loaded
and saved:

Quit Cirl4Q

* click on <File>;
eeeeeeeeee * click on <Open Project>;

= Objects

Loading is complete.
To post data, operate on
e <Object> and <Preferences>.

188



B. CREATE GRID FOR STORING RESULTS

i

File Objects Data Analysis View Scripts

Algorithms Grid name |Griu:| |
Algorithm Description ) )
Estimation Grid Dimensions

Simulation

* Click on <Objects>; == et T

¢ CIiCk On <NeW Numberofcellsinz
Cal‘teSIan Gr|d>, Cell Size

* fill in options;

. Sizein £
» click on <Create
G rl d > . Parameters ﬁ:ic:ordina’[e;?::’a lower left comer of the grid
ari

Lot JL2ee T 00 o9 o[ 4
|
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C.SET P|

* Click on
<Estimation> and
then on <kriging>.

« Complete the form.
To be able to do
that, it is required to
previously have
modeled the
semivariogram.

 Click on <Run
Algorithm> when

ready.

Algorithms

Algorithm

= Estimation

cokriging
indicator_knigi...
keriging

£~ Simulation
F- Ltilties

Gene

<

Kriging Grid
Grid Name
Grid

MNew Property MName
0K

Ordinary Kriging {OK)

Hard Data
Object
Ely4ldata

Property
Attribute

Search Ellipsoid
Conditioning data
Min |3

Max Med
Ranges 150
Azimuth  Dip
Angles 15

ral and Data Variogram

Description

Max |16

80

0

Min

Rake

80

0

¥

»

w

|

ARAMETERS

Algarithms x

Algorthm

= Estimation
cokriging
indicator_lrigi...
kriging

#- Simulation

- Ltilities

General and Data | Variogram

MNugget Bfect |0.1

Mo of Structures |1 B

Structure 1

You may want to click on <Save> to store all parameters
as *.par file for further reference.

a2 USGS
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D. RESULTS

Click on camera icon ( @) at lower right corner of screen
to save maps as electronic files.

191
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10. UNIVERSAL KRIGING

=ZUSGS 192



INTRODUCTORY REMARKS

There are several instances of attributes—water depth
near the shore, temperature in the upper part of the
Earth’s crust—that have a clear, systematic variation.
Hence, models that presume constancy of the mean are
inadequate for the characterization of such attributes.

Universal kriging is a full generalization of simple
kriging that takes to the limit the ordinary kriging
Improvement. Universal kriging removes both the
requirement that the attribute must have a constant mean
and that the user must know this constant mean.

As the model complexity goes up, unfortunately so does
uncertainty. Thus, universal kriging should not be used
indiscriminately.

Universal kriging is also known as kriging with trend.

193
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ESTIMATOR

The universal kriging estimator has the same form as that
for ordinary Kriging:

Z (So ) =1"%

where

s denotes spatial location,
A. are real weights,

K is the number of observations to consider, and
Z(s,) is a variate at site s, .

ZUSGS h



ASSUMPTIONS

. The residuals Y(s) are a partial realization of a
random function Y(s)= Z(s)-m,(s) , where m,(s) is
the trend or drift of the random function Z(s).

. As in ordinary kriging, one can select second order
stationarity or intrinsic hypothesis, depending on
whether the derivations will be done on terms of
covariances or semivariograms of the residuals.

. The mean is now neither known nor constant.

. The trend in the mean is considered a deterministic
component amenable to analytical modeling. The
most common practice, yet not the only alternative, is
to employ polynomials of the geographical
coordinates. The coefficients become additional
unknowns in the trend expression.

195
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TREND (DRIFT)

Attribute
ri

— — - Drift

’\\/\\/\/ I ok, WO S L//\V\/J\/

Residual

p
m,(s)=a, + Zaifi
=1

196
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NORMAL EQUATIONS

k p )
Zﬁvi Covy (s;,81)+ 4 +Zﬂ/f/(s1): Covy(so,s)

i=1 1=1

p
Z/li Covy (s;,8;)+ 1t + Zﬂ/f/(sz): Covy (s, s;)
i=1 =1

p

k
Z/’ti Covy(s;,8,)+ s + Z:U/fl(sk): Covy (s, Sy )
=1

i=1

ooooooooooooooooooooooooooo

Note that the covariance is that of the residuals.
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ESTIMATION ERROR VARIANCE

k p
O'LZJK(SO): COVY(O)_ Zfli COVY(SI’SO)_ﬂO _Zﬂjfj(so)
i

198
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SOME MATRIX DEFINITIONS

_COVY(S1’S1) COVY(Sk’S1) 1 f1(s1) fp(51)_

Covy(sy,8c) - Covy(sy,s,) 1 filse) - f(sy)

p
K= 1 1 o o0 - 0
fi(s4) fi(s) 6o o - 0
fp(s1) fp(sk) 60 0
k=|Cov,(sg,8;) - Covy(sy.sc) 1 fi(sg) - £,(so)f
X:[/11 Ay g _l“p:T

Z-[2s) - 2s,) 0 0 - 0]

= USGS 199



MATRIX FORMULATIONS

Normal equations
Kx =k
Estimator
Zk(sy)=2Z"x

Estimation variance

o’ =Cov,(0)—k'x

200



NUMERICAL EXERCISE

Elevation of water table in northwestern Kansas is a
clear example of an attribute with a linear trend. Use
the sample to:

A. Apply the semivariogram estimator on page 114 along
different directions.

B. Obtain the semivariogram for the residuals by fitting a
model to the experimental semivariogram along the
trend-free direction—in this case, the only
experimental semivariogram that is not an artifact.

C.Use the closest observations to estimate the weights
and Lagrange multipliers at location (60, 193).

D.Find the estimate and its kriging variance.

E. Produce a map of water table elevations using
SGeMS.

ZUSGS a



Semivariogram, sq ft X 1000

Semivariogram, sq ft x 1000

A. EXPERIMENTAL SEMIVARIOGRAM
FOR THE ATTRIBUTE
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B. SEMIVARIOGRAM MODEL ALONG
TREND-FREE DIRECTION (N20W)

y(h) =119 + Gaussian(sill = 3948, range = 29.8)

A low angular tolerance of 10° was used to properly
filter out the trend.

a2 USGS
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191
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C. WEIGHTS

993
o
1002
i o
1003
o

- O
1 5.04

1505 1892

54 56 58 60 62 64
Easting, mi

USGS

66

Data

Easting Northing Elevation

Well mi mi ft
993 61.56 197.85 3065.0
1002 62.94 194.81 3099.4
1003 55.68 193.56 3200.0
1502 64.96 189.77 3114.9
1504 54.80 190.60 32171
1505 59.12 189.47 3189.7

60.0 193.0 ?
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DISTANCES

Observation—observation:

0
3.3 O
7.27 7.37 0

8.77 5.44 10.03 0
991 917 3.09 1020 O
18.72 6.57 05.34 585 447 0

Estimate—observation:

[5.09 3.45 4.36 592 573 3.64]

1‘
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COVARIANCES AND UNKNOWNS

(3710.5
3489.4 3710.5
2970.1 2954.3 3710.5
27071 3250.3 2471.3 3710.5
K=12494.0 2633.9 3511.0 2438.4 3710.5
2716.0 3084.4 3262.7 3192.0 3372.7 3710.5
1 1 1 1 1 1 0
61.56 6294 5568 6496 5480 5912 0 O
1187.85 194.81 193.56 189.77 190.60 189.47 0 0 O

k=[3296.1 3478.8 3385.5 3181.3 3209.4 34614 1 60.0 193.0]

x =[0.073 0.348 0.274 0.012 -0.056 0.350 33.95 0.27 0.53]

206

a2 USGS

Ry



D. ESTIMATE AND VARIANCE

13065.0] [ 0.073 13296.1]'[ 0.073
3099.4 | | 0.348 3478.8 | | 0.348
3200.0 | | 0.274 3385.5| | 0.274
3114.9| | 0.012 3181.3| | 0.012
z,,.(60,193)=| 3217.1| | -0.056 | 0«(60,193)=|3209.4| | -0.056
3189.7 | | 0.350 3461.4 | | 0.350
0 33.95 1 33.95
0 0.27 60.0 0.27
0 || 053 1193.00| | 0.53
z,,(60,193)=3149.4 c2(60,193)=111.71
2ZUSGS 207



WEIGHTS, ESTIMATES, AND VARIANCES

199

3065
o
197 | 0.073
3099
195 | ®
S 3200 0.348
. o 3149.6
= 193 | 0.274 O
© 11.7
O
< | 3217
191 °
3115
-0.056 329 ®
189 | 0.350 0.012
187

54 56 58 60 62 64 66

Easting, mi
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E. WATER TABLE ELEVATION WITH SGeMS

General and Data Wariogram

Kriging Grid
Grid Name

Grd ~

New Property Name
WTE

Kriging with Trend (KT)
Trend Components
X Y 0z
[ x2 [ r2 [1zz
Fl XY [ Xz Oyz
Hard Data
Object
WTEdata v
Property
Water Table Elevation, ft v

Search Hiipsoid

Conditioning data
M Max |24
Max Med Mi
Ranges 16 16 16
Azimuth | Dip Rake
Angles ] ] 0
<

A Algorithms

Algorithm Description -

=I- Estimation
colriging
indicator_krigi...
kriging

General and Data | Variogram

Variogram

MNugget Efect |115

Nb of Structures |1 =

Structure 1

Contribution | 3548

Type | Gaussian w

Max Med Min
Ranges 258 258 258
Azimu Dip Rake

b

< *

[ Load ][ Save ][ Clear All ]

[ Fun Algorithm l

e Click on

<Estimation and
<kriging>;

Fill in form and
modify default
values. Trend
model Is:
m(s)=a+b-X+c-Y
where:

m(s): trend

a, b, c: coefficients
X: easting

Y: northing

e Click on <Run

Algorithm>.
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MAPS

ft
2903

2609
331&
20zl
2728
24324

2140

sq ft
E7EE

4513
28l
2944
2007
1070

132.4

210




11. BLOCK KRIGING
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MOTIVATION

 Block kriging is the generic name given to any form of
kriging in which one is interested in estimates of the
linear average of an attribute inside supports that are
intermediate in size between the support of the
observations and the sampling domain.

 This formulation was originally the most widely used
form of kriging in mining applications.

« Any form of point kriging is a limiting form of an
equivalent formulation of block kriging.

« Ordinary block kriging under second order stationarity
Is the most common form of block kriging.
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LINEAR AVERAGE

Let Z(s) be a point support random function in D and
let S(so) be a support of finite size S centered around
s,. The true block average Z(s,) at location s, is:

1
Zs(so): S _[Zs(s) ds.
S(so)
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ESTIMATOR

The purpose of block kriging is to produce direct block
averages from point or quasi-point measurements, not
by averaging point estimates.

Let Z(s,) be k variates of a random function and let
S(s,) = D be the support for the estimator Z;(s, ) at
site s,. Then the ordinary block kriging estimator is:

= USGS 214



POINT TO BLOCK COVARIANCE

The main peculiarity of block kriging is the use of
supports of two different sizes for the observations and
the estimator, and hence covariances between two
different volume sizes.

Let Cov(s,,s)be covariances between the variate Z(s,)
and all the variates Z(s) inside the block S. Then the
covariance Cv(s,,S) between the site and the block is:

Cv(s,,S)= %jCOV(SO, s)ds.
S

ZUSGS "



BLOCK TO BLOCK COVARIANCE

Let Cov(s,u) be covariances between a variate Z(s)
in block S, and variates Z(u) inside the block S;. Then

the block covariance CV(S,,SJ.) between two blocks is:

CV(S,.S, —S—HCovsu)dsdu

/ jSS
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ASSUMPTIONS

The minimum set of assumptions required to formulate

ordinary block kriging are the same as those for ordinary
Kriging:

1. The sample is a partial realization of a random
function, Z(s), where s denotes spatial location.

2. Z(s) is second order stationary, which implies:
Elz(s)]=m
E[(Z(s)- m)Z(s +h)—m)]= Cov(h),
where E[-]denotes expected value; m is a scalar,
unknown constant; and h is a vectorial distance.

3. The mean is constant, but unknown.

The SGeMS implementation requires that the block size
be of the same dimensions as the grid cell size.

ZUSGS 2”



NORMAL EQUATIONS

In an entirely similar way to the derivation of the normal
equations for point ordinary kriging, one can obtain the
following system of equations that provides the ordinary

block kriging weights A.:
p ;
> 4, Cov(s;,s,)+ 1 =Cv(s,,S)
i=1

/

k
p Cov(s,,s,)+ u =Cv(s,,S)
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ESTIMATION VARIANCE

The minimum mean square error for ordinary block
kriging, gy » iS:

Kk
GCZDBK(SO) = CV(S’S)_ ZCV&,(S,,S)— H
=1

The form of the expression remains the same as the one
for point ordinary kriging, but all point covariances have
been replaced by block-to-block or point-block
covariances.
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POINT COVARIANCE MODELING

As in other forms of kriging, performance of block kriging
presumes knowledge of some covariance terms, which in
this case, however, are of different types.

The solution to this requirement is not different from what
we have seen before: model the covariances and ignore
the effects that the use of models instead of the true
covariances have in the normal equations. The common
practice is to first model the semivariogram and then use

Cov(h)=Cov(0)- y(h)

to obtain the point-point covariance model. The block-
block and point-block covariances are derived from the
point-point covariance.

ZUSGS =



NON-POINT COVARIANCE MODELING

In early days of geostatistics there was great effort
devoted to solve exactly the integrals for point-block and
block-block covariances for multiples shapes of blocks.

Today the simplest and prevailing practice is to calculate
the integrals by numerical approximation. The block is
tessellated into smaller units that are treated as points and
then the block covariance is calculated as the average
between all possible point-point covariances. The
following table gives the recommended minimum number
of subdivisions.

Dimension Subdivisions
1 10
2 6 by 6
3 4 by4by4
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		Dimension

		Subdivisions



		1

		10



		2

		6 by 6



		3

		4 by 4 by 4






EXAMPLE OF NUMERICAL
CALCULATION

0.756{0.714]0.673|0.634|0.597

0.773|0.727|0.684|0.643|0.604

® 0.779]10.732{0.687|0.646|0.607

0.773(0.727|0.684|0.643|0.604

0.756(0.714|0.673|0.634| 0.597

When the point-point covariance is the exponential
model e08 the values show the point covariance
between the point on the left and the center of squares
0.05 miles on the side. Averaging the 25 numbers
gives a value of 0.682 for Cv(0.3).

a2 USGS
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WEST LYONS FIELD, KANSAS

2 USGS

AVERAGE POROSITY

Ordinary kriging
Cell size: 0.05 mi

«

ft

16

14

Ordinary block kriging
Cell size: 0.25 mi
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STANDARD ERROR OF POROSITY

Ordinary kriging Ordinary block kriging
Cell size: 0.05 mi Cell size: 0.25 mi

4.8

4.8

0.3 - 0.3
2.75 0.75

2.75

miles
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12. COKRIGING
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INTRODUCTION

« Simple, ordinary, and universal kriging are not
multivariate models in the usual statistical sense of the
term. Despite the fact that they employ random function
models comprising infinite numbers of random variables,
they are employed in the modeling of one attribute at a
time.

* The main purpose of cokriging is to work as a true
multivariate estimation method able to deal
simultaneously with two or more attributes defined over
the same domain, which is called a coregionalization.

* Not all attributes must be measured at all locations, but a
bare minimum of collocated measurements per pair of
attributes is necessary for structural analysis.
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VECTORIAL NOTATION

Like in spatial univariate geostatistics, geographical
location is the vectorial term:

s, = |(easting,, northing,, elevation. )|’ .
Cokriging makes heavy use of vectorial and matrix
notation for conciseness in the notation and similarity with

the univariate formulations. Let us start with the definition
of a vectorial random function.

If Z,(s) Z,(s).... Z(s) ...,Z,(s) is a set of prandom
functions defined over the same domain, then the vectorial
random function Z(s)is the vectorial matrix:

Z(S) - [Z1 (S) Z, (S) L) (S) o Zp (S)]T'
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COEFFICIENT MATRIX

The coefficient matrix, A;, is the square matrix:

111.1 /122 o /qu
A = 2121 /1122 /Ilzp
_llm %2 ’Ilpp_

where /Ii-k are real numbers and p is the number of
attributes to model.
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ORDINARY COKRIGING ESTIMATOR

The objective of cokriging is to find the minimum mean-
square-error weights for the linear estimator, Z'(s,):

4 (So ) - Z;:Aiz(si )

or
A ] [2(s,)
Z'(s,)= A, Z(zsz)
A, | 2(s,)
both subject to - _
n A =1

ZUSGS 226



VECTORIAL MOMENTS

For the purpose of listing the assumptions, we need to
define the vector of means, m:

m:[m1 m,

and the matrix covariance

Cov(Z(s)Z(s+h))=

;
m,|

_COV11(Z1(S.)’Z1(S t h)) o

Cov,(2,(s)Z,(s+h) --

Cov,, (21 (S.)’ Z, (s + h))

Cov,, (zp(é),zp(s +h) -
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ORDINARY COKRIGING ASSUMPTIONS

The minimum set of assumptions required to formulate
ordinary cokriging under second order stationarity are:

1. The sample is a partial realization of a vectorial
random function, Z(s).

2. Z(s)is second order stationary, which implies:
E[Z(s)|]=m
E[(Z(s)-m)Z(s + h)-m)|= Cov(h).

3. Each term in m is unknown, but constant.

4. None of the variables is a linear combination of the
others:

Z(s)2a,+Y aZl(s) fork=12..,p.

J#k
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NORMAL EQUATIONS

N

> ACov(s,,s,)+u=Cov(s,s,)

i=1

ZA'ZCov(s,,sz)Jr u=Cov(s,,s,)

|=

k

Y A Cov(s,s,)+u=Cov(s,,s,)

i=1
n
ZA:' =1
i=1

where M Is a square matrix of Lagrange multipliers of the
same order p as the number of attributes in the
coregionalization.

J
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ESTIMATION VARIANCE
If
W=[A, A, - A, uf

k=[Cov(s,,s,) --- Cov(s,s,) I,

then the estimation variance for ordinary cokriging 2. (so)
IS:
o2.(s, ) = diagonal(Cov(0)-k"W).
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STRUCTURAL ANALYSIS

The structural analysis required by cokriging is much
more demanding than the one for kriging because:

 Besides the p covariances, the user must model
additional p(p —1)/2 cross covariances.

. Cov(-) must be positive definite to properly solve the
normal equations. Individual selection of permissible
models for all covariances and cross covariances is

not sufficient to produce a positive definite Cov(:).

The common way to conduct structural analysis is
through the application of the so-called linear
coregionalization model.
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LINEAR COREGIONALIZATION MODELING

Linear coregionalization modeling is a solution based on
the decomposition of all structural functions in terms of a
basic set of permissible models, first done in terms of
semivariograms and cross semivariograms and then
converted to covariances and Cross covariances.

( ) ZBIVI( )

For all structural functlons to be permissible, all coefficient
matrices B, of order p must be positive semidefinite. If a
matrix is positive semidefinite, its determinant, all its
principal minor determinants, and all its eigenvalues are
nonnegative. A cross semivariogram, y,.j(h), Is the moment:

h) = ElZ(s)-Z (s +h)}z,(5)-2 (s +h)]]
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EXAMPLE OF LINEAR
COREGIONALIZATION MODEL

The following would be an example of isotropic linear
coregionalization for the case of two attributes considering
nugget effect, one exponential model with a range of 200,
and one spherical model with a range of 150:

_3h 3
F(h){z 1H4 2}(1_9 N 1}{§L1[Lj ,1]_
1 3 2 3 1 22150 2150
This notation implies, for example, that the cross
semivariogram between attributes 1 and 2 is:

3h 3
30 (3 n 40 h
h)=1+2/1-¢ 200 [4[2 1 10 A ) 4
712(h) ( J £215o 2(150) ]
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EFFECTIVE APPLICATION OF COKRIGING

Abundant information on additional variables is not a
guarantee of superior results of multivariate cokriging
over just kriging for the variable of interest. The
following are two prerequisites:

« The secondary variables must be significantly
correlated to the primary variable.
A significant proportion of secondary measurements

must be at locations other than those of the primary
variable.

A corollary is that when all attributes are measured at
the same sites without missing values, cokriging provides
similar results to kriging of individual attributes.
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POROSITY OF SEA FLOOR,
MECKLENBURG BAY, GERMANY

Sample Kriging estimation
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COKRIGING FOR SEA-FLOOR POROSITY
MECKLENBURG BAY, GERMANY

Cokriging porosity map using porosity
Sample for grain size median micron and grain size median data

2000
aiasazistae sttt i
Ty SRS ssaol
fes

200

20
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13. CROSSVALIDATION
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ACCOUNTABILITY

* Upon selecting any estimator plus its parameters and
producing estimations for a given spatial attribute,
crossvalidation addresses the curiosity and need to know
about the quality of the job done.

* The ultimate approach would be to run an exhaustive
sampling and then assess the quality of the estimation by
comparing the new data with the collocated estimates
produced with the original data. Unquestionably, the best
estimator would be the one with the best statistics on the
basis of a previously agreed criterion.

» As conclusive as this approach may be, its
implementation ordinarily is either impossible to execute
or prohibitively expensive and defeats the purpose of the
estimation in practical situations.

a2 USGS

241



ALTERNATIVE EVALUATION METHOD

Crossvalidation is an ingenious alternative to exhaustive

sampling.

« Given a sample of size n, crossvalidation is based on the
dropping of each observation with replacement. For
each ignored observation, an estimate is computed at
the location of the discarded observation by using at
most the remaining n —1 measurements.

* By pretending that a drawn observation was never taken,
one can genuinely attempt to produce an estimate, and
by comparing it to the deleted measurement, one can
have an instant and cost free error measurement.

 The discarded observation is replaced in the sample
before continuing with the analysis.
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WORD OF CAUTION

Crossvalidation is a fast and inexpensive way for
indirectly testing anything about kriging or the data.
However, one must apply crossvalidation with caution.
» Crossvalidation does not indicate whether an

observation, estimate, parameter, or assumption is
Inadequate.

« Complex interdependencies among the errors have
precluded finding their distribution, thus hindering a
rigorous analysis or testing of the results.

* Nonetheless, crossvalidation remains a useful tool
primarily to dispel blunders and assist in drawing
honest conclusions by comparison, instead of making
arbitrary decisions or assumptions.

Crossvalidation is not part of SGeMS, but it can be
found in GSLIB.
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UNFAVORABLE CIRCUMSTANCES

Special circumstances deserving extra caution are:

* In the case of kriging, the estimate is insensitive to
scaling of the semivariogram, thus making the
estimates insensitive to proportional changes in both
sill and nugget.

* Irregular sampling patterns may lead to
unrepresentative errors. A typical situation is the
sampling in clusters, which results in abnormally low
errors at all locations making the clusters. For better
results, decluster first, then crossvalidate.
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DIAGNOSTIC STATISTICS

Comparisons or remedial actions based on crossvalidation

are more straightforward and conclusive if the collection of

errors is reduced to some key statistics such as:

« Some quantiles of the error distribution, such as the 5th
percentile, the median, and the 95th percentile.

 The mean and standard deviation for the square of the
errors.

* The slope and intercept of the regression line between the
measured and estimated values.

* The correlation coefficient between the measured and
estimated values.
There is plenty of redundancy in the statistics. In addition,

all statistics do not always point in the same direction.

245

a2 USGS



CRITERIA

Guidelines to follow based on the statistics include:

The ideal estimation method should result in no errors
and a correlation coefficient between measurements and
estimates of 1.

Large individual errors may be the effect of blunders or
outliers. Data preparation and coding, including
geographical location, should be checked carefully.

A slope different from 45° in the regression line between
measurement and estimates denotes conditional bias.

|deally, errors should be spatially uncorrelated, resulting
In a pure nugget effect semivariogram.

If the z-scores—the ratio of the error over the standard
error—follow a standard normal distribution, one cannot
discard the possibility that the errors are multinormally
distributed.

a2 USGS
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PRACTICAL EXAMPLE: UNCF

m ]
87000 _]

82000_]
77000_]
72000_]

67000_]

62000_]

o0
8050

® | 8000
| 7950
| 7900
| 7850

| 7800

R
| . 7700

29000

T
34000

L
339000 44000 49000 m

a2 USGS

A.

D.

The sample size is too
small for a directional study
of the semivariogram.
Employ crossvalidation for
iInvestigating anisotropy.

Utilize optimal parameters
to run ordinary kriging.

For an 8-km search radius,
employ crossvalidation for
finding the optimal number
of estimation points.

Analyze crossvalidation
errors.
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A. OPTIMAL NUMBER ESTIMATION

POINTS

For an 8-km search radius, the mean square error of
ordinary kriging is minimum when the maximum

number of estimation points is 11.

Maximum number of
observations

Mean square error
sq ft

589.6

632.1

658.7

657.4

593.9

545.2

539.5

—
OO0 |IN|O|O1|H~(W

451.0

11

361.2

12

376.0

13

385.1

1‘

)
W

USGS

P

Mean square error, ft

2

8 10

12 14

Maximum number of observations
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		Maximum number of observations

		Mean square error


sq ft



		3

		589.6



		4

		632.1



		5

		658.7



		6

		657.4



		7

		593.9



		8

		545.2



		9

		539.5



		10

		451.0



		11

		361.2



		12

		376.0



		13

		385.1






Chart8

		3

		4

		5

		6

		7

		8

		9

		10

		11

		12

		13



Mean square error, ft

Maximum number of observations

Mean square error, ft

589.6

632.1

658.7

657.4

593.9

545.2

539.5

451

361.2

376

385.1
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		Maximum number of observation		Mean square error, ft

		3		589.6

		4		632.1

		5		658.7

		6		657.4

		7		593.9

		8		545.2

		9		539.5

		10		451

		11		361.2

		12		376

		13		385.1
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Mean square error, ft

Maximum number of observations

Mean square error, ft
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B. INVESTIGATION OF ANISOTROPY

For anisotropic semivariograms, the practice is to vary
the range as the length of a cord from the center to the
perimeter of an ellipse. Below are the results of an
analysis keeping the average of the axes equal to

Isotropic range.

Axes size Major axis Mean square

_ Isotropic semivariogram m orientation error, sq ft
8107 8107 N 361.2
8500 7714 N 302.8
9000 7214 N 257.7
9300 6914 N 247.0
i B 9400 6810 N 246.0
A 9500 6714 N 246.2
°°°°°°°° 9600 6614 N 2475
h)=10+5.64 1_¢ (o) 9400 6814 N20E 253.8
9400 6814 N10E 243.6
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		Axes size


m

		Major axis orientation

		Mean square error, sq ft



		  8107  8107

		             N

		361.2



		  8500  7714

		             N

		302.8



		  9000  7214

		             N

		257.7



		  9300  6914

		             N

		247.0



		  9400  6810

		             N

		246.0



		  9500  6714

		             N

		246.2



		  9600  6614

		             N

		247.5



		  9400  6814

		       N20E

		253.8



		  9400  6814

		       N10E

		243.6






C. OPTIMAL ORDINARY KRIGING

PARAMETERS

Minimum number of observations: 3
Maximum number of observations: 11

Search neighborhood radius:

Best semivariogram model:

8,000 m
Type: Gaussian
Nugget: 10 sq ft
Sill: 5,640 sq ft

Major range: 9,400 m
Direction: N10E
Minor range: 6,814 m
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ORDINARY KRIGING MAPS

8050

8000

7950

7900

7850

7800

7750

7700

29000 m 50000

Estimated depth

2 USGS

Kriging standard deviation
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D. CROSSVALIDATION ERRORS (1)

8070

— ] o
Number of Data i 5 d
Data std. dev. 74.54 4
= Errors 8020 4 ¢
me ] P
std. dev. _ /*
maximum . 5 .
upper quartile 7.71 = 7970 /'
median 1.18 = b -’
lower quartile -6.00 =1 b
minimum  -32.3 2 ] A
| ° 7920 ] ‘."
- £ /
i & 7870 ] ¥
: /
] 7820 _ '/
y L N ] J
50 1] 50 100 ;
ted minus measur epth, ft

L T ——
7770 7820 7870 7920 7970 8020 8070

400 Measured depth, ft

* Errors are slightly positive.
* Distributions for estimated
B and true values are

- extraordinarily similar.
« Crossvalidation errors are

||||||||||||||

i spatially correlated.
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Cumulative probability

899 D =0.09

p, = 0.59

Standard error, ft

Z-score

CROSSVALIDATION ERRORS (2)

50]
40_]
30
20}
N\

10

0]

Error/Std. error=1

] .

4

-40

. * .-.'//
e A

Estimated minus measured depth, ft

40

The Kolmogorov-Smirnov p -value is 0.59, which is
significantly larger than 0.1. Thus, according to the criteria
in p. 100, one cannot reject the normality of errors
independently of the influence of the spatial correlation.

* The larger the standard error, the larger the error

a2 USGS

dispersion, but without being correlated.

80
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14. CRITICAL REVIEW
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SAMPLING

 Minimum mean square error methods—Kkriging
iIncluded—produce realistic estimations when the
average sampling interval is one order of magnitude
smaller than the minor axis of the semivariogram
range.

* As the sampling becomes sparser, maps based on
Kriging show increasing smoothing, which can be
appreciated in various ways.

We explore here the weak sides of kriging as a
motivation to go into stochastic simulation.
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EVALUATION OF ORDINARY KRIGING
THROUGH THE EXHAUSTIVE SAMPLE
AT ELY WEST

Exhaustive sample Ordinary kriging map
81,796 measurements 40 measurements
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Estimate

CROSSVALIDATION

14_]

10_ . * /.

L ]
Number of data 40

/ Correlation coef. 0.170
/ Intercept 8.362
Slope 0.065

S/ Error: mean 0.310
Sq. rt. mean square 3.713

/ Std. score: mean 0.067
Std. dev. 1.096

Measurement

-2 2 6 10 14

Estimated values
are close to being
pure noise, with
estimates for low
measurements
above the main
diagonal and
conversely for the
highest data values.
This a form of
smoothing.
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SEMIVARIOGRAMS OF
ORDINARY KRIGING MAP

plot 1: {0, 1, 0) plot 2: (1, 0, 0)

[TTT [T T[T T[T I TIT[TIT [ TIT]] |
i) 0 40 B) 8D 100 120 140 1] 20 40 &b B 100 12D 14D

distanoce distancs

There is wide disagreement between the actual
semivariogram and that of the ordinary kriging map.
This is a consequence of smoothing.
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HISTOGRAMS

21746 Data count: 217496

2764 Mean: 865662
1 6d7 Yariance: 7. 2T6ES
14,3158 M aximum: 13.6651
11.2565 Upper guartile: 10.4254
054004 Median: Q19657
720807 Loweer quarile: 7.58478
i Minimum: -1.26333

The ordinary kriging histogram is not bimodal like the
histogram of the exhaustive sample, which is also a
consequence of smoothing.
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CUMULATIVE DISTRIBUTIONS

: : : Yariahle ¥
; . : Data count: 31796
i i i Mean: 8.73164
| | : Variance: 11.647
: Variahle ¥
! ' ' Data count: 21796
: . . Mean: 2.BAARZ
; ' ' Variance: T.2TERS
{ & N N I
TT] 1T T TTT] TT [T T TT T [ TT T TTT] 1
1] 2 4 3 a 1m 12 14
true

Discrepancy in the proportion of zeros results in
clearly different distributions.
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ERRORS ACCORDING TO
EXHAUSTIVE SAMPLE

0‘25__ Number of nodes 81796
mean -0.0745

. std. dev. 2.4243
0.20_ maximum 11.6760

upper quartile 0.8135
median -0.1120
lower quartile -1.1910

B\ 015_- minimum -11.8680
5 r 2.425
=
o
9 -
" 0107

0.05_]

Q]

-12.5 -7.5 -25 25 7.5 12.5

In agreement with the global unbiasedness of kriging, the
errors are symmetric around a value approximately equal
to zero.

a2 USGS
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SEMIVARIOGRAM OF ERRORS
ACCORDING TO EXHAUSTIVE SAMPLE

plot 1: (0,1, 0) plot 2: (1,0, 0)
I i el e SR T e I B T S T TR e T
0 Fi---tomodeoodooo o oo B S Neth et
I G GOREEEEEEEEE ke 2 3
L R o T 4
2Tl - 2
(R il Rt REbl CECE CEbh tebh bt ot 0 3 --d-oodaad e
[TTTJ VIV TT [TV VIT[TTT [ I T [TTT VI T T T[T T [ Irq?’
O 2 40 &) BD 10D 12D 14D 0 2 40 &0 ED 10D 12D 14D
distancs distance

Errors are spatially correlated, with a range remarkably
similar to that of the sample, but with a significantly
smaller sill.
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A VIEW AT ERRORS AND
KRIGING STANDARD DEVIATIONS

Kriging standard deviation

Kriging standard deviation

Most kriging standard deviations are no P
more than twice the error, but there is I
no correlation, nor the type of assurance

provided by the Chebyshev’s theorem.
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REMEDIAL ALTERNATIVES

There have been efforts along two different lines to
eliminate smoothing:

« Compensation procedures
e Simulation

Success of compensation procedures has been
limited.

By far the bulk of the effort and results have been in
the generation of equiprobable realizations using
simulation.

When simulation is used, uncertainty is modeled by
generating several realizations. The wider the
discrepancies, the larger the uncertainty.
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SIMULATION METHODS

The most common methods are:

e Turning bands method

« Lower-upper triangular method

* Truncated plurigaussian methods
* QObject oriented methods

« Sequential Gaussian simulation

« Simulated annealing

 Filter simulation

When a realization by any method reproduces the
value and location of all observations, the procedure is
said to be a conditional simulation. Otherwise, it is an
unconditional simulation.

ZUSGS >



15. SEQUENTIAL GAUSSIAN
SIMULATION
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BACKGROUND

Sequential Gaussian simulation is a stochastic method that
Is basically multigaussian kriging with feedback.

Let Z(s) be a subset of N variates of a random function
and let z(s) be a sample of size n. By the multiplication
rule in p. 45, one can break a bivariate cumulative
frequency distribution function into the product of two
univariate cumulative frequency distribution functions:

Flsisatuty [n)=F(st, [n)-F(s,,t; [ n+1)
where F(s,,t, | n+1)is the probability Pr(Z(s,)<t,),
conditional to the original sample plus a value Z(ss drawn
from the distribution F(s,.t, | n).
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EXTENSION OF THE DECOMPOSITION

By extension, the decomposition of a bivariate distribution
can be generalized to any number of random variables:

F(S1,8,,. . Syutpty.. oty [ N)=
Fls, 1) Flot, |n+1).- Flsy by In+N-1)

Sequential Gaussian simulation is a numerical
application of this recursive decomposition for the special
case when the joint distribution F(s.,s,,...,S,,t,t,,....t, | N)
IS multivariate normal, in which case the marginal univariate
distribution F(s1,tN |n) and all the conditional univariate
distributions F(s,,t,|n+i—1) are also normal.

171

In practice, the locations are the N nodes of a regular grid.
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TEN-STEP APPROACH (1)

To generate a partial realization of a random function at the
nodes of a regular grid, do the following:

1.

In case the sample is not univariate normal, transform
the data into normal scores. SGeMS can do it, going to
<Algorithms> then <Ultilities> then <transf>.

Using standard semivariogram modeling techniques,
find the best semivariogram model for the transformed
data.

Define a grid, pick nodes at random, and stack them all
In a visitation queue.

For faster execution, move the data to the closest node.
In case two or more observations land in the same
node, implement a criterion to end up with one value
per node, such as averaging or discarding.

ZUSGS >



EN-STEP APPROACH (2)

5. From the node sequence queue, draw the next location
s, due for the calculation of a simulated value. Employ
multigaussian kriging to find the estimate z*(s,.) and the
corresponding estimation variance o(s;)using an
expanded sample comprising all n original data plus all
values that may have been already simulated.

6. Use z'(s;)and &%(s,) to z
define a normal distri-
bution with mean z'(s,)
and variance o?(s;),

N(Z* (Si )= o (Si ))

Z(s,x)
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10.

TEN-STEP APPROACH (3)

Draw at random a value, 4
z,(s;), from N(Z*(si)’gz(si))' :
The number z_(s, )is the
simulated value at location
S..

Add z_ (s,.) to the expanded !
sample. X

Z(s,x)

If s, is not the last node in the queue, then go back to
Step 5.

In case Step 1 was necessary, backtransform all the
values in the partial realization to the original sampling

space.
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EXERCISE

Use SGeMS and the Ely West sample of size 40 (page 188)
to do the following:

A.

B.

m O

Generate 100 realizations by sequential Gaussian
simulation; compare the first one to the exhaustive sample.

Examine the semivariograms for the first realization along
the north-south and east-west directions and compare
them to the exhaustive semivariogram.

. Compare the histograms for the exhaustive sample and

the first realization.

. Prepare a Q-Q plot to compare the same distributions.
. Use the exhaustive sample to obtain the errors for the first

realization. Map them and study the semivariogram.

. Investigate errors in the first realization and the standard

deviation that results from all realizations at every node.
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A. SGeMS CODE FOR GENERATING 100
SEQUENTIAL GAUSSIAN SIMULATIONS

Algorithms

Algorithm

+- Estimation

= Simulation
cosgsim
cosisim
dssim
filtersim_cate
filtersim_cont
sgsim
sisim
snesim_std

1 Ltilties

General Data

Simulation Grid

Description

sequential gaussian co-simulation
sequertial indicator cosimulation
direct sequential simulation
Filter-based Categorical Simulation
Fitter-based Continuous Simulation
sequerntial gaussian simulation
sequential indicator simulation
Single Mormal Equation Simulation

Variogram

Simulation Grid Name

Grid w

Property Mame Prefix

SGS
Mb of realizations ‘IDI}| =
Seed 14071789 >
Kriging Type:
Ordinary Kriging [OK) w

< >
Parameters

[ Load ] [ Save ] [ Clear All ]

[ Run Algorithm

completing RunGeostatAlgorithm took 4156ms

x l Algorithms
Algorithm
& Estimation
= Simulation

Description

General Data | Varogram

Hard Data
Object
Ehy40

Property
Attribute

~ Assign hard data to simulation grid

Search Ellipsoid
Max conditioning data 16
Max Med Min
Ranges 100 50 50
Azimuth = Dip Rake
Angles 0 0 0

Target Histogram
Use Target Histogram

Reference distrbution from:
(® From Object (O From File

() Break ties
Property with ref. distribution
Object
Ely4D v

Property
Attribute v

Lower Tail Bxtrapolation

Function Min  omega
Power v (0 3

Upper Tail Bxdrapolation

Function Max omega
Power w14 0333

4

Algorithms
Agorithm Description
- Estimation
=) Simulation
cosgsim sequential gaussian co-simulation
cosisim sequential indicator cosimulation
dssim direct sequential simulation
filtersim_cate  Filter-based Categorical Simulation
filtersim_cont  Filterbased Continuous Simulation
sgsim sequential gaussian simulation
sigim sequential indicator simulation
snesim_std Single Mormal Equation Simulation
H- Utilities
General Data | Varogram
Variogram
Load existing model...
Nugget Effect |0.01
Nb of Structures |1 =]
Structure 1

Cortribution |0.59

Type | Spherical w

Max | Med = Min
Ranges 80 40 40
Azimu Dip Rake
Angles 0 0 0

Parameters

[ Load ] [ Save

][ Clear Al ]

[ Run Algorithm

* Note that the

attribute is the
data, not the
normal scores.
However, the
semivariogram
Is for the
normal scores,
not for the
attribute.

No backtrans-
formation is
necessary.
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TWO REALIZATIONS FOR ELY WEST

13.593 1399

11.561 _ 1l.88
9.288

_ 9.32E

[=p=1-1 _ 5,994

4. 544 1. 8632

2,322 _ Z.331

These are conditional realizations honoring the same 40
data. Thus, although hard to note, the values of both
realizations at those 40 nodes are the same.
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BACK TO THE EXHAUSTIVE CASE

14,32

11.33

5.544

7.158

4,772

2,386

[m]

Exhaustive sample
81,796 measurements

a2 USGS

® .f:_: -..:i':":. i11.54

First realization
40 measurements

13.97

3.313

B.983

4.E56

2.328
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B. FIRST REALIZATION
SEMIVARIOGRAMS

plot 1: {0, 1, 0)

£ k3 b B B3 £ R g

IR R
0 20 40 &) 82 100 120 140

distance

plot 2: (1,0, 0)

A L L L
O 2 40 & 8 10 120 14D

distance

Agreement is not perfect but is significantly better

than in the case of kriging.

a2 USGS
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C. HISTOGRAMS
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hean: 87364 04 —oooo- R b ] e a.12128
“arance: 11,647 ] ; ; ; | varance: 110918
Wi 143158 008 —ro----- R RRDEEEE EEEED -] - haEximum: 13.932
________________________________ Upper quartile: 112665 4 | . . 1| Upper quartile: 11842
Median: EXTTR F - : ) | Median: 10.072
_______ Lower quartile: 7.38807 ’ - . . . i Lower quartile: ]
hnirmum: i ] hAnimum: i
o —H o
_________________ 0.0z — Smmleemmond
- - 0 — n n n n n n i
L L L L L L L L L L LA o L L L L L LA LA LN L L L L L L
1} 2 4 G g 10 12 14 o 2 4 |53 g 10 12 14
true Simulated

The realization follows the sample histogram, not that of
the exhaustive sample.
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D. CUMULATIVE DISTRIBUTIONS

14 —+ Z |
12 1 1 :
: : | YVariable X
10 I I l Data count: 81706
= : : : Mean: 873164
= Variance: 11.647
EIJ B 1 1
= ; ! ; Variable
w g : : Crata count: 21796
o 5 5 5 Mean: 512128
: : | Yariance: 11.99165
4 —i i :
- * :
e e Lt LT R R LR EEEE T P
Te |
T S e T e R LT LT i
2 KL LI LI L L L L L L) L L NN LI
1] 2 4 5 ] 10 12 14

According to the Q-Q plot, agreement between distributions
IS also better than in the case of ordinary kriging.
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quen

E. ERRORS ACCORDING TO
EXHAUSTIVE SAMPLE

0.20 _|
_ Number of nodes 81796
mean -0.3896
std. dev. 3.6891
0.15 T maximum 12.9890
T pper quartile 1.5523
h median -0.2093
lower quartile -2.1143
minimum -13.6847
. ‘7
0.10_ r 3.710
0.05_]
|

Errors are unbiased but are larger than those for

Kriging.
aUSGS

13.00
9.75
6.50
3.25
0.0
-3.25
-6.50
-9.75

-13.00
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SEMIVARIOGRAM FOR ERROR IN
FIRST REALIZATION

plat 1: (0, 1, 0) plat 2: (1,0, 0)

14

12

0

B

4

7 3 -

(R Ehly sl Bt Bel st Itk R el Skttt elehl eletle sehiek dehdele
AR A A R A R A [TT T T [T T T [ T [ T [ TT]
0 20 40 &) ED 10D 120 14D 0 2 40 &0 BD 10D 120 14D

distance distanoe

The error semivariogram resembles that of the
attribute.
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F. ALOOK AT FIRST REALIZATION ERRORS
AND NODAL STANDARD DEVIATIONS

g ¥
| -6.50
I-g.?s
#*
-13.00

Errors

| -3.25

Nodal standard deviation

4.8
3.6

3
p A 12
.0-0

Given a node, the nodal standard deviation
IS the standard deviation of the values from
all realizations at that node.

Larger standard deviations are associated

with large errors, but there is no correlation.
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16. SIMULATED ANNEALING
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THE GENERAL IDEA

Simulated annealing was one of the first methods for the
modeling of spatially correlated attributes that moved away
from generating values for uninformed nodes by combining
the sample values.

Simulated annealing started as an approach to model the
cooling of a piece of hot metal, but it is now more widely
used as an optimization tool instead.

In geostatistics, simulated annealing is used to move
around node values in order to have a realization with
some property as close as possible to a target function,
which commonly is the semivariogram.

Its main feature is the lack of any distributional
assumptions.
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"COOLING"” A GRID

A simulation grid is populated by placing each sample
value at the collocated or closest node. The unsampled
nodes are given values randomly taken from a probability
distribution, typically that of the sample.

By so doing, the realizations honor the data and the
selected histogram, but in a typical situation, unless the
sample is large relative to the grid size, the grid is totally
chaotic and lacking spatial correlation.

The aim of simulated annealing is to transform the grid
to gain additional properties, customarily to be spatially
correlated by following a semivariogram model.
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OBJECTIVE FUNCTION

When the target function is a semivariogram model y(h), the
objective function G is:

6 -3 elh)-7(o)f
= y(h)
where (h) IS the semivariogram of the realization.

Reduction in the value of G is achieved through swapping
pairs of values at nodes which are not sampling locations.

Key to a successful process is not to reject 100 percent of
the exchanges of nodal values that do not result in an
improvement of the objective function G.

The cooling schedule controls the proportion of
unfavorable swaps as a function of total swaps attempted.

ZUSGS =



COMPONENTS OF AN
ANNEALING SCHEDULE

1ifG,,, <G,
Pr[accept swap] =< GoyGhew
e ! ,otherwise.
t is the temperature, starting at {,.
Other critical components are (p. 289):
A temperature reduction factor;

K_is the maximum number of all swaps for a given
temperature, after which it is reduced by 4;

K is the maximum number of accepted swaps for a given
temperature, after which it is reduced by 4;

ex_is the maximum number of times for reaching K, ;
G.in (O.in) Is the target value for the objective function.
aUSGS
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ANNEALING IN ACTION
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FEATURES

No computational power at all is used to calculate node
values.

As all nodal values are drawn from the sample
distribution, its representativity is more critical than for
the other simulation methods.

All efforts are devoted to moving around node values.

Given a sample, processing time is in general the
longest among simulation methods, which increases
more steeply than linearly with the number of grid nodes.

Despite its novel computational approach, simulated
annealing continues to rely on a sample and global
properties that can be derived from the sample, most
commonly the semivariogram.

The most salient property is independence from any
distributional assumptions.

a2 USGS
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REPETITION OF PAGE 272 EXERCISE
NOW FOR SIMULATED ANNEALING
The method is not part of SGeMS, but it is in GSLIB.

Parameters for SASIM (1992

EAIE AR R S S e S S S o EalEa e *

Ry

START OF PARAMETERS:
s40.dat

1 2 0 4
-1.0e21 1.0e21

\conditioning data (if any)
\columns: x,y,z,vr
\data trimming limits

0 \O=non parametric; 1=Gaussian
s40.dat \non parametric distribution

4 0 \columns: vr,wt

0 14.0 \minimum and maximum data values

1 1.0 \lower tail option and parameter

4 2.0 \upper tail option and parameter
sasim.out \output File for simulation
sasim.var \output File for variogram

3 500000 \debug level, reporting interval
sasim.dbg \output file for debugging

1 \annealing schedule? (0O=auto)

1.0 0.12 4000000 400000 5 0.0001 \manual schedule: t0,lambda,ka,k,e,Omin
2 \1 or 2 part objective function
112063 \random number seed

100 \number of simulations

286 0 1 \nx,xmn,Xsiz

286 0 1 \ny,ymn,ysiz

1 0.0 1.0 \nz,zmn,zsiz

150 \max lags for conditioning

1 0.1 0 \nst, nugget, (1=renormalize)

3 45.0 13.0
15.0 0.0 0.0 0.45 0.0

USGS

\it,aa,cc: STRUCTURE 1
\angl,ang2,ang3,anisl,anis2:
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                   Parameters for SASIM (1992)

                   ***************************

START OF PARAMETERS:


s40.dat                                 \conditioning data (if any)


1   2   0   4                           \columns: x,y,z,vr


-1.0e21    1.0e21                       \data trimming limits


0                                       \0=non parametric; 1=Gaussian


s40.dat                                 \non parametric distribution


4   0                                   \columns: vr,wt


0   14.0                                \minimum and maximum data values


1      1.0                              \lower tail option and parameter


4      2.0                              \upper tail option and parameter


sasim.out                               \output File for simulation


sasim.var                               \output File for variogram


3      500000                              \debug level, reporting interval


sasim.dbg                               \output file for debugging


1                                       \annealing schedule? (0=auto)


1.0  0.12  4000000  400000  5  0.0001   \manual schedule: t0,lambda,ka,k,e,Omin

2                                       \1 or 2 part objective function


112063                                  \random number seed


100                                     \number of simulations


286 0 1                                 \nx,xmn,xsiz


286 0 1                                 \ny,ymn,ysiz


1    0.0    1.0                         \nz,zmn,zsiz


150                                     \max lags for conditioning


1   0.1   0                             \nst, nugget, (1=renormalize)


3   45.0   13.0                         \it,aa,cc:       STRUCTURE 1


15.0  0.0  0.0  0.45  0.0               \ang1,ang2,ang3,anis1,anis2:



A. TWO REALIZATIONS FOR ELY WEST
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BACK TO THE EXHAUSTIVE CASE

14 .32 14

11.93 11.87

5.544 9.333

7.158

4,772 4.667

2,386 Z.333

[m]

Exhaustive sample First realization
81,796 measurements 40 measurements
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B. SEMIVARIOGRAMS FOR
THE FIRST REALIZATION

plot 1: (0, 1,0}

plot 2: (1,0, 0)

Semivariogram reproduction is good.

a2 USGS
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C. HISTOGRAMS

13.4201

i4

11.6156
26105

T.1544

Uppsr quartile:

Lower quartile:
inirmiam:

1]

21746

Data count:

4.731684
11 647

Mean:

ariance:

142158

hEximum:

11.2865
0.54004
7.39807

Upper quartile:

Median:

Lower quartile:

hefnirmurm:

Te——-—r-- - -

e
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'
'
]

-
'
'
'

01z —

004 —

LI L L L L LA LA L LB LI L B
2

14

i2

10

14

12

L]

simulated value

true

First realization

Exhaustive sample

There is also good reproduction of the sample histogram.
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D. CUMULATIVE DISTRIBUTIONS

First realization

Warisble X

Diata count: B1T9G
M=an: B. 73164
Variance: 11.847
Warisble ¥

Data count: 81798
Mean: B 63141
Warianoe: 13.4201

Agreement between the distributions of realizations
and the population is limited only by the unbiasness

of the empirical sample.
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Frequency

E. ERRORS IN FIRST REALIZATION
ACCORDING TO EXHAUSTIVE SAMPLE

0.20 _,
Number of nodes 81796
mean 0.1002
0.15 ] std. dev. 3.6773
] maximum 12.8101
upper quartile 1.7833
median -0.1266
lower quartile -1.8732
010 minimum -12.6966
T r 3.679
0.05_]
(VI
-15

Errors are comparable to those of sequential Gaussian
simulation.
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ERROR SEMIVARIOGRAMS
FOR FIRST REALIZATION

plat 1: (0, 1. 0) plat 2: (1,0, 0)

i|||i|||i|||i|||i|||i|||i
i) 20 40 ] &0 100 120 0 20 40 &0 ] 100 120

distanos distangs

Errors have a semivariogram resembling the
semivariogram of the attribute.
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F. TRYING TO RELATE ERRORS AND
NODAL STANDARD DEVIATIONS

The tendency of errors to stay within
four nodal standard deviations is still
true, but it is less pronounced than
for kriging and sequential Gaussian
simulation.

5

i
@

Errors in first
realization

Nodal standard deviation

Nodal standard deviation
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17. FILTER SIMULATION
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CLASSICAL GEOSTATISTICS

» Until recently, geostatistics had evolved to provide
modeling tools relying on methods typical of
stochastic processing.

« Central to past developments is the heavy use of
moments up to order 2, particularly the
semivariogram or its equivalent the covariance.
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MULTIPLE POINT STATISTICS

* The first attempts to expand classical geostatistics
aimed to calculate statistics involving three or more
points.

 These efforts have had limited success because of
the high demands in terms of sample size required

for the estimation of higher order moments.
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MULTIPLE POINT RELATIONSHIPS

 However, the idea of considering relations among
several points has stayed.

* The concept of moment has received less
attention than techniques related more to image
analysis and pattern recognition, such as filtering
and cluster analysis.

Filter simulation is a member of the multipoint
statistics family of simulation methods. It is based on
pattern recognition and does not require the
semivariogram at all, even though one can still
estimate it for purpose of evaluation or comparison.
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MULTIPOINT SOURCES

Sources of multiple point
relations are:

« Either images borrowed
from sites considered
analogous to the one of
Interest or

« Synthetic models
generated on the basis of
fundamental geological
principles.

These pictures are called
training images. They are
absolutely critical to the
success of the simulation.

a2 USGS
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FILTERING

Filters are used to extract essential pattern information,
such as average, gradient, and curvature. SGeMS
employs six filters for two-dimensional patterns and nine
In three-dimensional cases.

1 15 0o

‘o applied generate :

o — m— m +

5 to £t

° L& 10 15 “
Filter weights a pattern a score

303



CLUSTER ANALYSIS

The general idea is to group objects ®
in attribute space into clusters as |
internally homogeneous as possible |

and as different from the other |
clusters as possible. ol

Different types of approaches, |

distances, and proximity criteria have | — =

resulted in several methods. Filter R S

simulation offers two:

» Cross partition, where classes are defined by the
quantiles of each filter score. Two patterns belong to the
same cluster if they are bounded by the same quantiles
for all filters. Results depends on the number of quantiles.

« K-means, which operates by trial and error. Cluster
membership evidently varies with the number of clusters.

ZUSGS >
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EXAMPLE OF CATEGORICAL CLUSTER

Prototype

¢

* The prototype here
IS the average of 56
template patterns
from a training
iImage involving two
lithologies.

* By the nature of
cluster analysis, all
the patterns are
quite similar.

a2 USGS
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FILTER SIMULATION

Filter simulation is closer to putting together a puzzle than
to estimation. The steps to generate a realization are:

1.

oo A WON

Define a grid and select a training image at least as large
as the study area.

. Tessellete the training image into small templates.

Use different filters to generate scores to characterize
template patterns.

Use the filtering multivariate information to classify the
templates into clusters that group pattern styles.
Define a random visitation sequence.

. Select at random a template from the cluster best

matching the conditioning data or select a template at
random if there are no conditioning data.

. Paste the central portion of the template (inner patch) in

the realization.

. Go back to Step 5 until the modeling is completed.
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DIAGRAMMATIC GENERATION OF AN
UNCONDITIONAL REALIZATION

Q
o
c
3
=+
o
%3
<
o
=+
>
o
o
=

Note that the progression is by patches, not by pixels.
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BACK TO THE ELY WEST EXAMPLE

Training image

Image
The training image must at least extend over the area
of interest.
308
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PAGE 272 EXERCISE ONCE MORE, NOW
EMPLOYING FILTER SIMULATION

Algorithms 4

Algorithm Description =
Estimation
= Simulation
cosgsim sequential gaussian co-simulation
cosisim sequential indicator cosimulation
dssim direct sequential simulation
fitersim_cate  Fiterbased Cateqgorical Simulation
filtersim_cont  Filtter-based Continuous Simulation
sgsim sequential gaussian simulation
sisim sequential indicator simulation
snesim_std Single Mormal Equation Simulation w
General | Conditioning Region Advanced
Simulation Grid
Simulation Grid Mame
Property Name Prefi
fs |
# of Realizations [100 =]
Seed [211175 =]
Training Image
Object
| Traininglmage Vl
Property
| Image Vl
Search Template Dimension |15 15 5 |
Inner Patch Dimension |5 3 |
Match Training Image Histoaram I
< | >

a2 USGS

Algorithm Description
Estimation
= Simulation
cosgsim seguential gaussian co-simulation
cosisim sequential indicator cosimulation
dssim direct seguential simulation
fitersim_cate  Filtter-based Categorical Simulation
filtersim_cont  Filter-based Cortinuous Simulation
sgsim seguential gaussian simulation
sisim sequential indicator simulation
snesim_std Single Normal Equation Simulation
Ltilities
R A
General | ! Region Advanced 1
Hard Data
Object
| Data v
Property
| Attribute ~|
[] Use Soft Data

Soft Data Property

General

S -~
Conditioning | Region Advanced |

[] Use Region

|£

S A~
General Conditioning Region |: vanced: 1

Mumber of Multigrids 3 =

>

Min # of Replicates for Each Multigid {10 1010

Weights to Hard, Patch & Cther 04503502

Debug Level :
Pattem Partition Method
() Cross Partition () Partition with K-mean
Maedmum Mumber of Clusters

Inttizlization 32 ==

»

Secondary Parition

Distance Calculation Based on

(%) Template Pixels () Fitter Scores

Filters Definition

(%) Default Fitters () User Defined Fiters

) =
|

5

|Data File with Fitter Definition

Parameters

[ Load l l Sawve ]

l Clear Al ]

[ Run Algorithm ]

completing RunGeostatAlgorithm took 611339ms
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A. TWO REALIZATIONS FOR ELY WEST

—
-+
houl
—

lz.01

2.60%

T.E07

4305

4._805

Z.402
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COMPARISON TO EXHAUSTIVE SAMPLE

14,32

11.93

9,544

7,158

4,772

2.386

=

Exhaustive sample
81,796 measurements

a2 USGS

First realization, based on
40 measurements plus
the training image

14,41

. 1z.01

_  9_&0%

_ 7.z07

_ 4.805

_ 2_402
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B. SEMIVARIOGRAMS
FOR FIRST REALIZATION

. plot .1: (0. 'I ) . . . plat 2: (1.0, 0)

[t I|I|'I|'I'|'I'|'I|'I
1] 20 40 it B0 106D 20 140
istanoe

Reproduction of exhaustive semivariogram is not as
good as that of simulated annealing, but comparable
to the overall approximation by sequential Gaussian

simulation.

a2 USGS
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C. HISTOGRAMS

0 Jr--- A AT

Dad il
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B B e e [ | B

143158 2 - ! ! ! ! ! Mascimum: 14.4142
11.2565 T o A HR R J ce—--i-| Upper quartile: 11.0837
asdgs O ] ! Madian: 24315
L R S S S coeeob.|  Lower quartik: 74751
0 I Miinirriann: 0

0.04 - -

0.02 8 ------- -4

0 . . . . .
LIS L L L L L L L L |

4] 2 4 ] ] 10 iz 14

fs_ reall

Filter simulation does a superior job approximating the
histogram of the exhaustive sample because of the
positive influence of the training image.
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D. Q-Q PLOT

fs  reald

The distribution for the first realization is in close
agreement with that of the exhaustive sample.
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Frequency

E. ERRORS IN FIRST REALIZATION
ACCORDING TO EXHAUSTIVE SAMPLE

25_]
0-25— Number of nodes 81796 13
mean -0.0086
] std. dev. 3.3365
0.20_] maximum 13.3815 02

upper guartile 1.3003
median -0.0115
lower quartile -1.3917
minimum -12.7276

6.5

3.25

r 3.337

-3.25

0.05_] 65
| -9.75
o]
-15 -13

Errors are unbiased and the lowest among the simulation
methods considered in this primer.
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ERROR SEMIVARIOGRAMS

plot 1: (0, 1,0) plot 2: (1,0, 0)

[TTT T T T T [ TTTTT T[T TTTTTIT]
0 20 40 D 80 100 120 14D 1] 20 40 &0 80 100 120 14D

distanos distancs

In common with all other methods, errors here are
correlated. The semivariogram resembles the one for
the attribute being modeled.
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F. AVIEW OF ERRORS AND NODAL
STANDARD DEVIATIONS

.

Nodal standard deviation

Nodal standard deviation

Above a nodal standard deviation of
1.5, the dispersion of errors tends to
be the same regardless of the value of
the nodal standard deviation.
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18. RELIABILITY
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UNCERTAINTY

From the outset, the
quantitative
assessment of the
uncertainty associated
with the resulting
models has been an
important objective of
geostatistics. X

Z(s,x)

Basic to the analysis is having information about
the probability distribution of the errors.

This chapter explores the different ways in which
geostatistics uses results from previous methods for
uncertainty assessment.
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THE RANDOM FUNCTION MODEL

By collecting the values of multiple realizations at the
same node, it is possible in practice to model the
concept of multiple variates over a sampling domain.
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MAPS OF MOMENTS

Although nodal distributions have all the information for
assessing uncertainty, customarily there are so many
nodes that their individual inspection is impractical,
creating, once more, a need to prepare summaries.

The easiest solution is to map some consistent
summary statistic for the nodal distributions. The most
common options are:

A. Nodal mean, also known as E-type
B. Nodal standard deviation

Both options share the advantage of reducing all
iInformation to one map, no matter how many the
realizations.

ZUSGS .



A. NODAL MEAN MAP

+ E-type maps tend to remind us of kriging maps, sharing
their smooth appearance.
« As in kriging, smoothing disqualifies E-type maps from
being realistic models.
* In the event that an E-type map is a good model, it is
always less demanding to prepare it by using kriging.
The link between E-type maps and kriging is an interesting
fact to remember.

' 4 ] '
-8050 8050 Number of nodes 14700 i . 8050
1 correlation 0.988 - -
| 800 | 8000
| 7950 7950 7950
- ]
00 3
£ -
= 1 -
o 7850 "
50 k| £ 7850
7800 -_'."w' ] | 7800
7750 SE
7750 N 7750
=3 i
7700 17 7700
- -
......................
] o o 7650 7750 7850 7950 8050
Ordinary kriging estimation Kriging estimate Sequential Gaussian simulation

322

a2 USGS



B. NODAL STANDARD DEV]

80

TION MAPS

703 Number of nodes 14700
] correlation 0.898 .

M

Nodal standard deviation
.
(=]

0 10 20 30 40 50 60 70 80
Kriging standard deviation

Oriary riiné estimation equential aussian simulation

* The resemblance between standard deviations from
simulation and kriging can be good, but never as good as
the one for the means.

 Although nodal standard deviation provides a semi-
quantitative feeling about uncertainty, other summary
statistics are more efficient for summarizing the

information contained in the realizations.
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NORMALITY

Kriging can be used in reliability
estimation, but it is necessary to
assume the form of the nodal
distributions. The common
practice is to assume normality,
with a mean equal to the 5
estimate, z', and a standard X

deviation equal to the kriging standard error, o .

When the errors indeed follow a multivariate normal
distribution reasonably closely, results can be quite
reliable, as we will see for the case of the UNCF sample.

Whereas kriging may not be great at characterizing the
true attribute, it can do a much better job, comparable to
that of simulation, when it comes to assessing confidence
intervals.
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BEST DISPLAYS FOR SUMMARIZING

UNCERTAINTY

A. The probability distribution for some global attribute
after reducing each realization to one single number,
which can be of the same nature or different from
the sampled attribute.

B. The kth percentile map displaying the threshold for
which there is a probability 0 < k/100 <1 that the
true value is less than or equal to the threshold. The
units of this type of map are the same as those of
the attribute.

C. A probability map showing the chances that the true
value be equal to or less than a given threshold.

D. Interval probability map displaying fluctuations in the
chances that the true value be between a pair of
fixed values.
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Frequency

A. SUMMARY DISTRIBUTIONS
ASSESSING GAS POTENTIAL IN
GREATER NATURAL BUTTES, UTAH
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B. BACK TO THE UNCF EXAMPLE.
10" PERCENTILE MAP

Prob|Z(s)< node _value(s)|=0.10
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Sequential Gaussian simulation

2 USGS

Ordinary kriging estimation
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C. PROBABILITY MAP FOR TWO
THRESHOLDS USING SEQUENTIAL
GAUSSIAN SIMULATION

Prob|Z(s)< 7872] Prob|Z(s) < 7966 ]
2 USGS
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PROBABILITY MAP FOR TWO
THRESHOLDS UNDER NORMALITY

Prob[(s) <7872] Prob|Z(s)< 7966

329

a2 USGS



D. INTERVAL PROBABILITY

Prob[7872 < Z(s)< 7966 |

Sequential Gaussian simulation Ordinary kriging estimation
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BACK TO ELY: WHERE ARE TRUE VALUES
LANDING AT THE NODAL DISTRIBUTIONS?

Each node shows
the cumulative
probability below
the true value.
Blanks denote
that the true value
IS outside the
_nodal distribution,
. which is certainly
not a good
situation.
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Actual frequency

ACCURACY OF CONFIDENCE INTERVALS
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Using the nodal
distributions, for a
given probability, the
scatterplots show how
frequently the true
values are indeed
below the quantile
associated with the
given probabillity.

Note that these plots
are global assessments
comprising all nodes
for all realizations.
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19. NAVIGATION CHARTS
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KRIGING OR SIMULATION?

Although there are no clear excluding rules, common criteria
to choose one approach over the other are:

* Perform kriging if the paramount criterion is individual
minimization of prediction error, if the data spacing is low
relative to the semivariogram range, or if the main interest is
an exploratory mapping of a poorly known attribute through
a deliberately smooth, thus simplified, version of reality.

* Go for simulation if it is not acceptable to assume normality
of the errors for reliability assessment, if correct modeling of
spatial continuity is more important than local accuracy, or if
there is interest in a stochastic assessment of some global
attribute, such as the examples in page 326.

Always remember that, unless you are in a terrible hurry,
nothing prevents trying both kriging and simulation, as done

with the Ely data, and compare the results.
aUSGS
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RANKING OF FOUR METHODS
IN THE SPECIAL CASE OF ELY WEST

Reproduction | Reproduction Issues Mean
of of with square Confidence | Process.
Method distribution semivariog. Texture errors error interval time Total
1 Filter simulation 1 2 1 1 2 2 3 12
2 Seq. Gaussian simul. 2 2 2 1 3 4 2 16
3 Simulated annealing 2 1 3 4 3 1 4 18
4 Ordinary kriging 4 4 4 3 1 3 1 20
Exhaustive sample
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WHAT TYPE OF KRIGING?

Selection of the type of point kriging is ruled by the

knowledge of and type of mean (trend).

« Use simple kriging if there is no trend and the population
mean is known, a rare situation.

* Run ordinary kriging if the mean is unknown and the
trend is approximately constant within the search
neighborhood (page 185). This is the predominant case.
Ordinary kriging is actually a special name for universal
kriging for a polynomial of degree O.

« Otherwise, employ universal kriging proper of degree 1 or
2, whose main feature is extrapolation, which is still poor.
Use the same criteria to decide the type of block kriging

and cokriging.

As the complexity of the trend model goes up from simple
to universal kriging, so does the estimation variance.
Use of semivariogram or covariance is immaterial
because, for all practical purposes, they are equivalent.
a2 USGS
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WHAT KIND OF SIMULATION?

* Apply filter simulation if you already have a good idea
about the spatial variation of your attribute, good
enough to be able to provide a training image. The
quality of the results is crucially dependent on the
quality of the training image.

* In terms of usage, the popularity of the methods is
divided among the other two types covered here. Go
for simulated annealing if you want to stay away from
any form of normality assumption and the grid size is
less than 100,000 nodes.

« Otherwise, try sequential Gaussian simulation.
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