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APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

By Irwin Roman

ABSTRACT

The interpretation of resistivity observations can be facilitated
by the development of theoretical formulas and corresponding
curves. A development for a single overburden of uniform
thickness has been made and formulas derived that involve
infinite series. The series have been evaluated for the geophys-
ical case in which the measuring configuration is located on the
surface of the earth. A set of curves that can be superimposed
on the field observations has been prepared to permit direct
determination of the resistivity and thickness of the overburden,
and the resistivity of the underlying medium. Auxiliary tables
are given to simplify the numerical evaluations for configurations
not covered by the prepared curves.

INTRODUCTION

Geophysical methods of exploration in the United
States have developed steadily since the importation of
German instruments about 1923. Many methods have
been tested and equipment has been developed to a high
degree of proficiency. Theoretical development has
paralleled field techniques of measuring and each has
indicated improvements to be made in the other.
When theoretical conclusions were available, interpre-
tation of field data and techniques of observation have
been guided by them. When theoretical conclusions
were lacking, the interpreter has used empirical methods
or intuitive and qualitative conclusions.

Specifically, in the use of electrical methods, the work
of Fox, prior to 1830, and of Barus, in 1882, did not
develop exploratory methods. In 1915 Wenner fur-
nished the key to the exploratory difficulties and in
1925 Rooney and Gish demonstrated the possibilities of
the method of resistivity exploration. The theoretical
analyses gave little promise until the work of Hummel
(1929 a, b) which was followed by other theoretical
papers, and the use of field measurements was acceler-
ated thereafter. Although results have never been
spectacular, successful resistivity measurements have
been made by investigators in many parts of the world
(Heiland, 1940, p. 28 and p. 707-763; Jakosky, 1950,
p. 465-579; Roman, 1951).

In 1931, Roman published a mathematical analysis
and a set of tables for use in the interpretation of
resistivity measurements made at the surface of the
earth, which was assumed to consist of a uniform over-

burden of constant thickness overlying a uniform bed
of infinite thickness. The present report is the result
of a study intended to improve the analysis and the
tables of the earlier paper. Terminology has been
clarified by a systematic description or definition of
terms used. The upper limit of the argument in the
tables has been increased in extent from 5 to 30, cor-
responding to lateral separations of current poles from
potential electrodes of 10 and 60 times, respectively,
the thickness of the overburden. ILocal expansions for
small arguments have been augmented by asymptotic
expansions for large arguments. The algebraic deter-
mination of the image series has been replaced by a
geometric method, without sacrificing adherence to
fundamental relations. The modified potential has
been tabulated to eight decimals instead of five.

The increase in the range of the argument was the
result of inadequacy of the earlier tables in investi-
gating new methods of exploration. For the Wenner
and the Lee partitioning methods, they usually were
adequate. Over the years, problems arose in which
greater ranges were needed. Among these were the
single-probe method and multiple layering. In the
former, the potential-reference electrode or that elec-
trode and one current stake are remotely located.
Although the contributions of these points to the
measured potential differences are small, and sensibly
constant over the area of survey, their being considered
as negligible is not justified for all purposes, especially
if the measured potential difference is small. In the
latter, a distance that is a few times the depth of the
lowest contact can be many times the thickness of the
top layer.

The need for more significant figures also arose in the
investigation of new methods of exploration, especially
when the potential differences are much smaller than
the separate potentials involved. This condition arises
when the potential difference is measured between two
points that are closely spaced with respect to their
distances from the current poles, as can happen in the
single-probe method or the potential-gradient method.

The increase in range of argument led to investi-
gations resulting in greater accuracy of the calculated

1



2 APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

values. New formulas and methods of calculation
were developed and these made the inclusion of addi-
tional significant digits relatively simple and rapid.

In numbering equations, decimal grouping is used.
For example, the term ‘‘equations 2.4’ refers to both
of the equations 2.41 and 2.42. Likewise ‘“‘equation 1”’
refers to the entire set from 1.1 to 1.552, whereas
“equations 1.5” refers to the set from 1.51 to 1.552.

As Dbibliographies are available in the references
cited, references are limited to those specifically needed.

The author thanks his colleagues who assisted in the
execution of the project; in particular, Mrs. Mary E.
Knettles and Mr. W. W. Schwendinger, each of whom
checked some of the algebraic and numerical details
and assisted in testing alternative methods from which
the present methods were selected. Mr. Vincent
Latorre wired the control panels of the punched card
computing machines used in differencing tables calcu-
lated near the end of the project. Mrs. V. N. Rice
cooperated enthusiastically in the application of
punched-card equipment as an aid in the numerical
calculations. Punched-card equipment was not avail-
able until the project was almost completed.

PHYSICAL PROBLEM
HOMOGENEOUS SPACE

If electric current is introduced into a medium, an
electric field is created. In this field, a difference of
electrical potential exists between two points. The
character of this field depends on the properties of the
space and on the current introduced.

POTENTIAL FUNCTION

In a homogeneous isotropic space, the potential due
to an isolated current source of strength I has the
value

v=* B, (L1)
where r is the distance from the current source to the
field point at which the potential is evaluated, and
where k£ and B are constants for the field. As r in-
creases indefinitely, U approaches the value B, which
is usually considered as zero. If p is the resistivity of
the medium, the constant % is p/(47) so that the poten-
tial function may be written
v=2Lyp. (1.2)
4xr '
As the potential can not be determined at an infinite
distance, actual observation usually involves the
measurement of the excess of the potential at the test
point, H, over the potential at a reference point, L.
If the reference point is at the distance s from the current

source, equation 1.1 shows that the potential at the
test point is

U.=*1B,

p (1.3)

where k& and B have the same values as in equation 1.1.
Accordingly, the excess of the potential at H over that
at Lis

V=U-U,=ki(1/r—1/s), (1.4)

independently of B.
FOUR-ELECTRODE CONFIGURATION

In actual measurements, in addition to two potential
points, test-point and reference point, there must be
at least one current source, at which the current enters
the medium, and at least one sink, at which the current
leaves the medium. In the simplest form (see fig. 1)

[/}

I

Current & | N Current
source | sink
%
- 2 13)

f/\ Reference

P L/ [ Potential
Field v
potential

Fioure 1.—Four-electrode configuration. A current of Z amperes enters the medium
at P and leaves it at N under the influence of a source S. A drop in potential of
V volts from H to L results. The four points P, N, H, and L may have arbitrary
locations and need not be coplanar.

there is one current source, P, one current sink, N,
and two potential points, H and Z; this arrangement
is usually designated as a four-electrode configuration.
The four points may be located arbitrarily and need
not be in the same plane.

MODIFIED SUM

It is convenient to use the concept of a modified sum
in discussing potential problems. Let z be an arbitrary
value associated with a current pole and a potential
point, jointly. The modified sum is denoted by S{z},
which represents the sum of all possible values of z, each
with its own sign if a current source is paired with a
potential testpoint or a current sink is paired with the
potential reference point, and with its sign reversed in
the opposite pairings. This notation is convenient be-
cause a current source corresponds to a positive pole or
a positive current strength, a current sink corresponds
to a negative pole or a negative current strength, and
the total potential at the potential reference point is
subtracted from the total potential at the testpoint to
obtain a measured value.
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GENERALIZED CONFIGURATIONS

Either the source or the sink or both may consist of
multiple contacts. Thus the current may be fed into
the opposite corners of a quadrilateral and drained from
the remaining corners, or contacts may be made at
several points along a line. The only restriction is
that no two points may coincide. Each observation
must be of a single potential difference, so that the
potential points cannot be multiple.

FORM FACTOR

The potential difference, V, for a selected configura-
tion has the value S{U} where U is given by equation
1.1, so that it may be written as

- —glel o Bl
V=8{U) _s{m +B} (1.51)
As B occurs an equal number of times with each sign,
it disappears in the sum. As p and 47 are common to
all pairs, equation 1.51 may be written

4r " |r

(1.52)

For a four-electrode configuration, there are two cur-
rent poles of the same strength so that I is common to
all pairs and

eI f1
v=el H (153)
If a “form factor”, F, is defined by
1 1
F,=S{;}, (1.54)
equation 1,53 may be written as
—eL
V=_ (1.551)
or
p=4xFV/I. (1.552)

UNIFORM GEOPHYSICAL SPACE
DEFINITIONS

For purposes of the present paper, a ‘“geophysical
space” is defined as a space in which a medium of
infinite resistivity is separated by a plane from a
medium of finite resistivity, which may be constant or
may vary in an arbitrary manner; it may even include
one or more sections of infinite resistivity, if these
sections are not in contact with the insulating medium
other than at isolated points or along isolated lines.
For convenience the medium of infinite resistivity may
be called the ‘““‘upper’” medium, the second the ‘lower”
medium.

In a “uniform geophysical space’’ the lower medium
is uniform where the word ‘‘uniform’” implies homo-
geneity and isotropy. A homogeneous medium has

the same resistivity in a selected direction at every
point. An isotropic medium has the same resistivity
at a selected point in every direction. Accordingly,
in a uniform medium, the resistivity is the same for all
points and all directions. Physical properties other
than resistivity do not enter the present discussion.

The ideally uniform medium has the same resistivity
for every volume regardless of size. In practice, this
limiting condition is not necessary. A body may be
considered as uniform if variations from ideal uniformity
are not detectable by measurements. Thus, a mixture
of clay, sand, and gravel is not ideally uniform, but the
distribution may be such that the medium may be
considered as uniform for a selected accuracy of survey-
ing and a selected spacing of electrodes.

CONFIGURATIONS

The configurations and concepts of homogeneous
space apply to a uniform geophysical space, with all
current poles and potential points in the lower medium.
The form factor is calculated by the same equation
1.54, but the potential function of equation 1.2 must
be determined for each specific arrangement of current
poles. If the configuration has all of its points on the
separating surface, the value of £ in equations 1 becomes
p/(27) instead of p/(47), which is equivalent to replacing
the current I by 21. Thus, for a surface configuration
the potential drop is

—Lglll
V=L {T} @1
For a four-electrode surface configuration, the potential
drop is
=Pl gl _ el
and the resistivity is
p=2xFV|[I (2.22)

If the four-electrode surface configuration has the
source at P (fig. 1), the sink at NN, the potential reference
point at L, and the potential testpoint at H, the form
factor is F, where
1_ {1}=i_i__1_ 1,

F T} Tn Tz Ta T

2.3

SINGLE-PROBE CONFIGURATION

If the point L is remote from the other three, the
distances 7, and 75 are large and the form factor, F,
is determined by

F ory ry ’ @41
where
1 1
—_—— 2.42
4 Tas Ti ( )
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is small and may be assumed to be zero as a first approxi-
mation. This configuration has only one moving
point and the potential of H is such that the potential
vanishes at infinity.

If the poimts L, IV, and P are kept fixed the value of A
is constant, but not necessarily negligible. There is
only one moving point and the potential at infinity is
p IA[(27).

COLLINEAR CONFIGURATION

If N has the coordinates (—, 0, 0) P the coordinates
(¢ 0, 0), H the coordinates (z, 0, 0), and L the co-
ordinates (A, 0, 0), the system is collinear as well as
surficial. (fig. 2).

T

ERON
20

Hid.

F1qurE 2. Collinear configuration. 0=(0, 0, 0)=origin of abscissae; N=(~1, 0, 0)
=negative current pole; P=(Z, 0, 0) = positive current pole; H=(z,0,0) =field poten-
tial test-point; L=\, 0, 0) =potential reference point.

For this configuration, the form factor has the value F,
where

(2.5)

WENNER CONFIGURATION

If the linear surface configuration has the points in
the order NLHP with common separation [, it is the
usual Wenner configuration of figure 3, for which the

Current Current

source meter

"ll"' A
Voltage meter

l Overburden

FI1GURE 3. We;mer and Lee partitioning configurations, Notation asin figures 1 and
2, withA=—: and z = ;; h, thickness of overburden; by Tesistivity of overburden;
Py, Tesistivity of bed.

Bed

form factor is
F=l, (2.61)
uniform geophysical space, the resistivity is

2=2xlV/I, (2.62)

LEE PARTITIONING CONFIGURATION

If a third potential point 0 is located at the center of
the Wenner configuration and the potential drop is
measured from O to L for the “left” resistivity and
from H to O for the “right” resistivity, the form factor
for each half has the value

F=2] (2.71)

and the resistivity for a uniform geophysical space is

p=4xlV/I. (2.72)

BASIC CONFIGURATIONS

For a selected set of points in a four-electrode sys-
tem, there are only three distinct groups. Inter-
changing the two current stakes or the two potential
electrodes leaves the magnitude of the potential drop
unchanged, but changes the sign. Interchanging the
pair of current stakes with the pair of potential elec-
trodes leaves the magnitude of the potential drop
unchanged in uniform geophysical space. Ignoring
the sign of the potential drop, for four selected locations
considered In a specific sequence, there are the three
groups:

1. PNHL, NPHL, PNLH, NPLH, HLPN,
HLNP, LHPN, LHNP.
2. PHNL, NHPL, PLNH, NLPH, HPLN,
HNLP, LPHN, LNHP.
3. PHLN, PLHN, NHLP, NLHP, HPNL,
HNPL, LPNH, LNPH.
In the first group, the two current poles are consecutive
and the potential electrodes are consecutive. In the
second group, the current and potential poles alternate.
In the third group, one type of electrode is interior, the
other exterior. Experimentally, the order of PN de-
termines the order of HL and when P is interchanged
with N, H is automatically interchanged with L, if
the sign of the measured potential drop is to remain
unchanged.

NONUNIFORM GEOPHYSICAL SPACE
INTERPRETATION

If the medium of finite resistivity in a geophysical
space is not uniform, the simple formulas of the uniform
case do not apply. However, the departure of the
measured resistivity from that calculated for the
uniform case furnishes a basis of exploration. If the
measured resistivity is the same for every station point
and every direction, the medium of finite resistivity
may be considered as uniform.

NORMAL RESISTIVITY

If the formulas for uniform geophysical space are
applied to a potential drop as measured in a nonuniform
medium, the resistivity will depend on the type and size
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of the measuring configuration as well as on its location
and direction. If a selected type of configuration is
made smaller, the limiting value of the resistivity so
determined, if independent of direction, is a value that
may be called the “normal’’ resistivity at that point.
The normal resistivity of a uniform medium is inde-
pendent of the location, direction, or dimensions of the
measuring configuration.

RIGID CONFIGURATIONS

If a selected configuration of current and potential
points is considered as a unit that may be translated
or rotated in space without altering the respective dis-
tances between its member points, it may be considered
as a ‘rigid configuration”. The “station’’ may be a
point of the configuration determined by a selected
method applied to the elements of the configuration
and the ‘“direction” of the configuration may be a line
and sense determined by a second method. For ex-
ample, the station may be the midpoint of the current
poles, or the midpoint of the potential points, or a point
determined by a more complicated method, such as the
point the sum of whose distances from all points of the
configuration is a minimum. Likewise, the direction
of the configuration may be the direction from the cur-
rent sink to the current source, the reverse direction,
the direction from the current source to the reference
potential point, the direction from the station to the
current source, or some other direction, associated with
the configuration, but changing as the rigid configura-
tion is translated or rotated or both.

In the Wenner configuration, the station usually is
selected as the midpoint between the two current poles
and the direction as that from the current sink to the
current source. In the Lee partitioning configuration,
the station usually is taken as that of the corresponding
Wenner configuration, and each direction as that from
the station to the second potential point of that po-
tential drop measurement. These choices are not
critical, but some specific choices must be made for
clarity and definiteness in referring the configuration
to the earth, in field surveys.

The “‘size’”’ of a configuration is the distance between
two selected points of it. In a Wenner system, the
size may be taken as the ‘“separation’”, which is the
distance between adjacent elements, or as the “spread”,
which is the distance between the outer points and is
three times the separation. In the Lee partitioning
system, the size may be selected as that of the cor-
responding Wenner configuration, disregarding the
central electrode.

For the single-probe arrangement, the station may be
taken as the local current pole, the direction, that from
the station to the second current pole or to the potential

547123—60——2

reference point and the size as the distance between
current poles. As this system is not necessarily
collinear, a fourth quantity is involved; this quantity
may be taken as the angle at the local current pole
from the direction of the second current pole to the
direction of the potential test point. Unless the
potential reference point is very remote, the angle
at the local pole from the direction of the second current
pole to the direction of the potential reference point
is a fifth constant.

Other configurations are possible. In each, there are
constants of the configuration and parameters which
determine the position and direction of the specific
configuration. In a selected rigid configuration the
size is fixed.

APPARENT RESISTIVITY

If the potential drop for a selected current in a
selected configuration is substituted in the formula for a
uniform geophysical space, the computed resistivity is
an “apparent resistivity’”’ for that configuration. By
equation 2.22, if F'is the form factor for the configura-
tion used, V is the measured potential drop, and 7 is
the current strength, the apparent resistivity has the
value

pa=2xFV/I. (3.11)

If p, is the normal resistivity of the medium near the
station, a uniform medium having the resistivity p,
would cause a ‘“‘normal” potential V, where

po=2wFV,[I. (3.12)

Any variation of p, from p, indicates a nonuniformity
of the medium.

DISTURBING FACTOR

Because of the diagnostic value of the apparent
resistivity for a selected configuration, it is convenient
to define a disturbing factor as

—pa_V,
M_PO Vn

3.2)

Thus M is the ratio of the apparent resistivity to the
normal resistivity of the lower medium near the station.
It is also the ratio of the measured potential drop to
the potential drop which would have been measured if
the entire lower medium had been uniform, with its
resistivity that of the overburden.

If the disturbing factor is unity for all configurations
a uniform lower medium is indicated. If the disturbing
factor exceeds unity for a selected configuration, there
must be a region of resistivity higher than that near the
station somewhere in the lower medium but close enough
to the station to influence the value of the potential
drop. This indicates the presence of a relative insulator
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within the lower medium. Similarly, a disturbing
factor below unity indicates the presence of a relative
conductor within the lower medium.

RESISTIVITY SURVEYING METHODS

By varying the parameters of a system, the size of
the system, or by using various systems, the resistivity
properties of the earth below, but near its surface,
often can be detected and the variations in the apparent
resistivity can be used for purposes of interpreting
geological variations.

In well-logging, a set of electrodes with a selected
configuration is lowered into a drill hole. In some
applications, part of a configuration is located under-
ground and part at the surface. The theoretical
solutions of such problems can be obtained from the
formulas of this paper, but in this paper numerical
methods are applied only to surface configurations in a
geophysical space, and the expression “surveying” is
restricted to such applications.

HORIZONTAL SURVEYING

In horizontal surveying, the direction and size of a
system are kept fixed and the station position is changed.
A variation in the apparent resistivity indicates the
presence of a discontinuity or change whose position
horizontally can be determined approximately with
respect to the station positions. Such a change may
be a finite body, a change in thickness of the overburden,
a horizontal change in material of the earth, or a change
in water content. However, a horizontal surveying can-
not detect changes associated only with varying depth.

The simplest method of horizontal surveying is hori-
zontal profiling, in which the configuration of electrodes
is collinear and all stations are located on the common
line of the electrodes. The configurations most fre-
quently used for horizontal profiling are the Wenner and
the Lee partitioning, with fixed separations.

VERTICAL SURVEYING

In vertical surveying, the station of a system is kept
fixed and the size or the size and direction are varied.
As the size is increased, the depth of penetration of the
current lines usually is increased so that vertical sur-
veying usually can detect changes in the earth as the
depth changes. Vertical surveying is affected by hori-
zontal variations in the earth, so that depth effects can
be masked by lateral effects.

The Wenner and Lee partitioning systems are the
systems most commonly used for vertical surveying,
and usually the direction of the systems is kept fixed.
In vertical surveying, the direction of the system is that
of the line along which the stations are placed and a set
of apparent resistivities is determined for each station.
However, these resistivities can be rearranged later to

furnish a set of horizontal profiles for as many separa-
tions as desired. Horizontal profiling is not used
ordinarily to furnish vertical profiles, as it involves too
much moving of equipment.

AZIMUTHAL SURVEYING

In azimuthal surveying, the direction of a system is
varied, for a selected station. The size may be kept
constant or a set of sizes may be used for each azimuth.
Although usually slower in field operation than vertical
or horizontal surveying, azimuthal surveying is helpful
in some types of exploration, such as locating or identi-
fying faults, inclined beds, or relatively small bodies.

SINGLE-OVERBURDEN EARTH
NOTATION

In the single-overburden earth, the separating plane
of a geophysical space coincides with the surface of the
earth, the upper medium is air of resistivity p= «, and
a plane at depth h (fig. 4) separates a uniform medium

2=0 &

s
Overburden ]

1

2Z=h !

FIGURE 4.—Single-overburden earth. O, origin of coordinates; m, current pole;
P, test point; By, upper boundary, between air and overburden; B, lower boundary
between overburden and hed; &, thickness of overburden; 2z, depth of P below O;
I, axial distance of P from O (horizontally); r, distance of P from O; p= o, resistivity
of air; py, resistivity of overburden; and p, resistivity of bed.

of resistivity po from a second uniform medium of
resistivity p»£pp. A current pole of strength m is
located at the surface of the earth. The origin is taken
at the pole, the z-axis is directed downward, and the
z-axis and y-axis are taken as mutually perpendicular
in the surface of the earth. Except as bounded by the
planes 2=0 and z=h each medium extends indefinitely
in every direction.

NORMAL POTENTIAL

The normal potential at the testpoint P corresponding
to a current source I at the origin is

_.pd

5y (4.11)

where 7 is the distance of the testpoint from the pole.
For multiple poles, the normal potential drop between

two points is
=P g {1} (412)
"2y r
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For the four-electrode system

o

o (4.13)

1L
r
MODIFIED POTENTIAL

For the single overburden earth, the potential drop
for a surface configuration is shown in the development
of the mathematical problem to have the value:

V=Vatgy SUW(Q a)}, (4.21)

where @ is the reflection factor, whose value is

Q=§:—jr—zz, (4.22)
=+ (4.23
a=gp .23)

and W(Q, @) is a “modified potential” which can be
calculated, and values of which are shown in table 38.
For the four-electrode surface configuration, the poten-
tial drop is

v=tl [s{%} +1 871 ] (4.24)

TABLES OF MODIFIED POTENTIAL

Table 38, page 59, contains numerical values of the
modified potential for values of the reflection factor
from —1 to 41 by steps of 0.1, omitting the trivial
case @=0, and for values of the ratio of the distance
between current pole and potential point to twice the
thickness of the overburden by various steps from 0 to
30. The tabulated values may be rounded before
calculation if full accuracy is not needed. In applica-
tions, the forcing errors may result in an error of
several units in the last retained decimal place, so that
one extra decimal should be used for evaluations and
rounded out in final results.

INTERPOLATION

For the reflection factor of each, table 38 shows
selected values of the argument, the corresponding
values of the modified potential, and three differences
which are convenient for interpolating within the
table. For interpolation within each table, the spacings
have been selected to permit interpolation to orders
not exceeding the fourth. Interpolation between
tables for intermediate values of the reflection factor
follows the usual rules, but the differences must be
calculated as needed and there is no assurance that the
spacings between tables will justify interpolation of the
fourth order or lower.

The formula for interpolation to the fourth order
may be accepted as adequate. However, it frequently

PROBLEM 7

saves time in preparing calculations, to estimate the
order needed for interpolation before starting the
calculation. For convenience, use may be made of
the working rule:

if |A%,]>>43, use quartic interpolation;
if |A%,| <43 and |A%,|>16, use cubic interpolation;

if |A%,|<43, |A%,|<16, and |A%,|>8, use quadratic
interpolation;

if |A*,|<43, |A%,| <16, and |A%,|<8, use linear interpo-
lation; where the table has been rounded to the desired
extent before the criteria are applied. For derivation
of this rule see the discussion of Lagrangean inter-
polation (page 41).

In interpolation, the argument lies between two
tabulated values. Let the desired argument be ¢ and
let @ lie between a, and @, + &; where a, is the largest
tabulated argument below ¢ and % is the tabular
spacing from ¢, to the next larger tabulated argument.
Then z=(a—a,)/h is the “‘phase’” of the interpolated
argument and lies between zero and one.

For linear interpolation, the interpolant is

h=f@=f(0)+=z[f1)— F(0)], (4.311)
which may be written
Hi=f(z)=af(1)+ (1—2)f(0). (4.312)

As the expressions 4.31 are so simple, there is no need
to tabulate the first difference, which is f(1)—f(0). If
linear interpolation is adequate, the difference f(1)—f(0)
is small, For use with a computing machine, equation
4.312 is direct and does not use the first difference
explicitly.

For quadratic interpolation, the linear interpolant is
increased by F,A2; where Fy=—Y%z(1—z) is tabulated
in table 37 (p. 59) for two decimal placesin . Aszlies
between 0 and 1, the quadratic contribution has a sign
opposite that of the second difference.

For cubic interpolation, the quadratic interpolant is
increased by F3A%; where Fy=—%(1-+=z)2(1—=z) is tab-
ulated in table 37. The cubic contribution has a sign
opposite that of the third difference.

For quartic interpolation, the cubic interpolant is
increased by FyA%, where Fy=%, (14-z)x(1—z)(2—=) is
tabulated in table 37. The quartic contribution has
the same sign as the fourth difference.

For direct calculation, quartic interpolation leads to

fi=f(z) =2 f(1) + (1—2)f(0) + F,a% 1+ Fsa% 1+ Fiat s (4.32)

If the value of F is needed between those tabulated in
table 37 (p. 59), it may be calculated directly or ob-
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tained by interpolation. Linear interpolation is usually
adequate. The values of F, may also be found in more

extensive published values of Lagrangean interpola-
tion coefficients (see Mathematical Tables Project,

1944).
ASYMPTOTIC EXPANSIONS

The arguments in table 38, page 59, extend to 30,
corresponding to distances between the current pole
and potential point of not exceeding 60 times the
thickness of the overburden. For larger values of the
argument, asymptotic expansions are available.

If the bed is a perfect conductor, the reflection
factor is @=—1 and for @ = 30, the modified potential
can be shown to have the value, to at least eight

decimals,
1

W(—1,a)=log, 2— %’

(4.411)

where
log, 2=0.693 147 181.

If the bed is a perfect insulator, @=-+1 and for
a 230, to at least eight decimals, the modified potential
can be shown to have the value

(4.412)

W (+1,a) =K —log.(2a) -—51&, (4.421)

where

K=0.809 078 696. (4.422)

If the bed is neither a perfect conductor nor a
perfect insulator, the reflection factor has a numerical
value less than unity. For these cases @* <1, and the
modified potential for large values of a can be shown

to have the value

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

W=log,(1—Q) -—iB,.al"", (4.431)
=1

where the values of B, for the first five values of n
are shown in table 1. In this expansion, B, eventually
increases as the value of n becomes larger so that for
a selected value of @, the terms eventually increase
in numerical value. Such a series, in which the terms
initially decrease but pass through a minimum value
and eventually increase, is an asymptotically divergent
series, which can be of practical utility if the minimum
term has a negligible value. In such series, the error
usually does not exceed twice the first neglected
term, so that the expansion should stop after the term
immediately preceding the term having the minimum
absolute value. For Q=<0.6, asymptotic expansions
check the tabulated values at a=30, and hence may
be used for all larger values of @ to the eighth decimal
place, except for forcing errors. For @=--0.7 the
agreement is to six decimals, for @=--0.8 to four
decimals, and for @=-+0.9, to only two decimals.
For values of a much larger than 30, the agreement
is better, but for values slightly larger than 30 caution
is advisable.

For two points close to each other, it may be more
accurate to calculate the difference directly, in the form

W(a1) —W(as) =Z“)13n(a§-"—a}-") (4.432)

as the minimum term in this difference may be negli-
gible. In this form, the logarithmic term disappears.

TaBLE 1.—Coefficients in asymptotic expansions

Q B B B3 By Bj
— 0.9 4+ 0.473 684 210 — 0.006 560 723 — 0.009 800 194 — 0.034 513 792 — 0.218 709 985
— .8 4 . 444 444 444 — 013 717 421 — .020 195 092 — .069 727 872 — .430 814 191
—- .7 + .411 764 706 — .021 371 871 — . 030 560 296 — .101 350 283 — .594 086 090
— .6 + .375 000 000 — .029 296 875 . 039 825 439 . 122 916 698 — .653 030 165
— .5 4+ .333 333 333 — .037 037 037 — .046 296 296 — .126 028 807 — .553 876 600
- .4 + .285 714 286 — .043 731 778 — . 047 524 841 — .102 465 050 — . 283 957 451
- .3 + .230 769 231 — . 047 792 444 — .040 510 459 — .050 577 938 + .060 482 081
- .2 <+ .166 666 667 — .046 296 296 — .023 148 148 + .011 252 572 4+ .233 178 298
- .1 4+ .090 909 091 — .033 809 166 + .000 209 561 4 .031 692 485 4 . 059 492 146
+ .1 — 111 111 111 4+ .075 445 816 — . 140 413 047 -+ .655 170 329 — 6.059 494 754
+ .2 - . 250 000 000 + .234 375 000 — .834 960 938 4 8.042 907 715 — 152. 164 363 9
+ .3 — . 428 571 429 + .568 513 120 — 3.559 008 151 + 61.356 233 83 — 2 074. 095 551
+ .4 — .666 666 667 -+ 1.296 296 296 — 13.935 186 19 - 414,904 835 4 — 24 214, 693 53
+ .5 — 1.000 000 000 <4 3.000 000 000 — 56. 250 000 00 -+ 2 926. 875 000 — 298 503. 515 6
+ .6 — 1.500 000 000 + 7.500 000 000 — 258.750 000 O + 24 789.843 75 — 4 655 051. 953
+ .7 2. 333 333 333 4+ 22037 037 04 — 1 559. 120 370 + 306 389.802 0 — 118 011 731.7
+ .8 — 4,000 000 000 <+ 90. 000 000 00 — 16 267.500 00 + 8 167 556. 250 — 8 037 473 112.
+ .9 — 9.000 000 000 -+ 855. 000 000 O — 693 191.250 0 + 1 561 123 659. — 6.890 926 X 102
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APPARENT RESISTIVITY

For a single overburden earth, the apparent resistivity
of a surface configuration has the value

S{IW}
hs{f} ]w

DISTURBING FACTOR

Pa=|:1+ (4.5)

For a single overburden earth, the disturbing factor
of a surface configuration has the value

suwy
wsfi]

which reduces for a four-electrode surface configura-
tion to

M=1+

(4.61)

M=1+§m.

ol

WENNER OR LEE CONFIGURATION

(4.62)

For the Wenner Configuration of separation [, the
distances are ru=ryp=I[ and rp=ry=2/. By equation
4.23, the corresponding arguments of the modified
potential are an=axx=1/(2h) and a,=as,=I/h. Accord-
ingly, the disturbing factor for a Wenner configuration
has the value

wers2 [ ] -wfe 1]

For each half of the Lee partitioning configuration,
the disturbing factor is given by equation (4.63). Al-
though the applicable distances and arguments of W
are not those of the Wenner configuration, the final
form of the disturbing factor is the same.

For large values of [, the asymptotic expansions of W
lead to approximations for these two configurations:

(4.63)

For Q=—1, M=0. (4.641)

For Q=+1, M=% log. 4. (4.642)
-—]_+Q— il b h\2n

For Q@<1, M—ITQ 2 ng,; (2221 —1) Bopt (_l_) .

(4.643)

The errors in these expressions must be determined by
comparison with the calculated values if { is not large
with respect to . Thus, for @=—1, M<0.01, by direct
calculation, if />>4.4h. If the asymptotic expansions
are sufficiently close to the direct values for a tested
value of [/h, they will also be sufficiently close for every
larger value of I/h.

PROBLEM 9

SUPERPOSITION

If the apparent resistivities as measured match the
values predicted by theory, the characteristics of the
theoretical medium may be assumed as approximating
those of the earth. If the observations are made by
the Wenner or partitioning configurations, as in vertical
surveying, the modified potential makes it possible to
determine the disturbing factor, M, as a function of //A
and the observations determine the apparent resistivity,
pa, as a function of [.

As the disturbing factor is the ratio of the apparent
resistivity to the resistivity of the overburden,

log M=log p.—log po. (4.711)

Directly,

log (I/h) =log I—1log k. (4.712)

Accordingly, if log M is plotted against log (I/k) on a
reference chart, and log p, is plotted against log { on an
observation chart, either may be interpreted as a map
of the other, if the proper value of @ has been chosen
for the theoretical curve and if the earth approximates
the assumption of a single overburden. The notation
u = log (I/h), v = log M, x = log I, y ==log p, leads to
the curves » = f(u) and ¥ = ¢(z) and to the mapping
functions v = ¢ — log h, » = y — log po where log A
and log p, are constants. Accordingly, the uv-plane
and the zy-plane are identical except for translation of
the uv origin to the point z = log &, ¥ = log po. Cor-
responding curves on the two planes are superposed
exactly after the translation.

On the reference sheet, cross-sectional lines should
not appear, except for the resistivity index, for which
M = 1orlog M = 0 and the depth index, for which {
= h or log ({/k) = 0. The index point, which is the
intersection of the two index lines, should be designated
distinctly. If the reference curves are prepared on
transparent sheeting, a small hole may be cut at the
index point to permit marking through the sheet directly
on the observation graph sheet. On the observation
sheets, the cross-sectional lines should be retained, and
the observations should be shown isolated without at-
tempting to pass a curve through them.

In interpretation, the superposition and the obser-
vation curves are shifted, maintaining the disturbing
factor axis parallel to the apparent (measured) resis-
tivity axis. If a satisfactory agreement can be found
between the observed curve and one of the reference
curves, the earth may be considered as having a single
overburden. The reflection factor, @, is determined by
the curve of fit. The resistivity of the overburden is
determined as the observed resistivity corresponding to
the resistivity index, and the depth is determined as
the observed depth corresponding to the depth index.
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If the superposition sheet is laid over the observation
sheet, the intersection of the two index lines can be
shown directly on the observation sheet, or read and
recorded. Finally the resistivity of the bed is deter-

mined by
pr=(10)eo (4.72)

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

Values to be used in preparing a superposition sheet
are shown as the disturbing factors in tables 2 and 3
with the arguments @ and I/h. The Wenner or par-
titioning configuration is assumed. Superposition
curves, plotted from tables 2 and 3, are shown in figures
5 and 6, in which each curve is labeled with both the
reflection factor and the ratio of bed resistivity to over-

burden resistivity for which it is plotted.

TABLE 2.—Disturbing factor, Wenner or Lee configuration, buried conductor
[Items marked with asterisk (*) not needed for figure 5]

Disturbing factor for indicated values of @
Uh
/ -0.1 —0.2 -0.3 —0.4 —0.5 —0.6 -0.7 —0.8 —0.9 -1.0

(* (" ® (* W) (*) » (*) 0. 9948

(*) (*) * 0. 9804 (* (*) *) (*) 9629

(® 0. 9654 *) . 9439 (@) ® 0. 9134 (@) 8942

0. 9543 .9326 | 0. 9114 | . 8909 | 0.8710 | 0. 8516 . 8326 | 0. 8141 7960

. 9279 . 8938 | .8609 . 8290 . 7981 7682 . 7391 . 7108 6833

. 9002 .8534 | .8084 ( .7650 7233 6829 . 6439 | . 6061 5696

. 8732 . 8142 . 7579 . 7039 6522 6024 | . 5546 . 5085 4640

. 8482 . 7783 L7118 . 6485 . 5881 . 5304 . 4751 . 4222 3714

. 8257 . 7462 L6711 . 5999 5324 | . 4682 . 4071 . 3488 . 2932

. 8059 L7182 . 6358 . 5582 4850 . 4157 . 3502 . 2880 2289

L7887 | .6940 | . 6056 . 5229 4452 3723 . 3036 . 2387 1773

. 7738 . 6734 . 5801 . 4934 4124 . 3367 . 2657 . 1991 1364

L7610 | . 6558 | . 5587 | .4689 3854 | .3078 | .2354 | .1677 1044

. 7406 . 6283 . 5256 . 4316 3452 . 2655 . 1918 . 1236 0604

.7324 | .6175 . 5130 | . 4176 3304 | .2503 . 1766 . 1085 0457

L7195 | .6005 | .4934 | . 3965 3083 . 2282 . 1548 . 0876 0259

. 7097 . 5882 . 4794 . 3817 2935 . 2136 . 1412 . 0751 0146

. 7022 L5790 | . 4693 | . 3712 2833 . 2041 . 1323 . 0674 0082

. 6941 . 5691 . 4587 | . 3607 2733 . 1950 | . 1245 . 0610 0034

. 6856 . 5590 | .4483 | .3508 2644 | .1874 | .1186 | .0567 0008

. 6804 | . 5532 L4425 | .3455 | .2598 [ .1838 | .1159 . 0550 . 0002

. 6771 . 5496 . 4390 | . 3423 2572 L1818 | . 1146 | . 0543 . 0000

. 6749 . 5471 . 4366 | . 3402 2555 .1805 | .1137 | .0539 . 0000

. 6733 . 5454 . 4350 . 3388 2544 . 1797 . 1132 . 0536 . 0000

. 6712 . 5432 . 4330 . 3371 2530 . 1787 . 1125 . 0533 0000

. 6700 | . 5419 . 4318 | . 3361 2522 . 1781 . 1121 . 0531 0000

. 6692 . 5411 .4310 | . 3354 2516 | 1777 | . 1119 . 0530 0000

. 6687 . 5406 . 4305 | . 3350 2513 L1774 7 L1117 . 0529 0000

. 6683 . 5402 . 4301 . 3346 L2510 | . 1772 . 1116 . 0529 0000

2 e 8192 . 6680 | . 5399 . 4298 . 3344 | . 2509 L1771 . 1115 . 0528 . 0000
24 e 8190 | .6678 | . 5396 . 4296 . 3342 2507 L1770 | . 1114 . 0528 . 0000
26 e 8189 . 6676 . 5395 . 4295 . 3341 2506 . 1769 L1114 . 0528 . 0000
80, e 8187 . 6674 . 5392 . 4293 . 3339 2505 . 1768 . 1113 . 0527 . 0000
50 e 8184 . 6669 . 5387 . 4288 . 3335 2502 . 1766 . 1112 . 0527 0000
100 oo 8182 | .6667 | .5385 | .4286 . 3334 2500 | . 1765 L1111 . 0526 . 0000
0 e e 8182 . 6667 . 5385 . 4286 . 3333 2500 . 1765 . 1111 . 0526 0000
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TaABLE 3.— Disturbing factor, Wenner or Lee configuration, buried insulator
[Items marked with an asterisk (*) not needed for figure 6]

! Disturbing factor for indicated values of Q
+0.1 +0.2 +0.3 +0.4 +0.5 +0.6 +0.7 +0.8 +0.9 +1.0

0.2 e e e * ©) * ©) % g*) * ™ * 1. 0070
0.4 ool __ ® 6] &) (" | 1.0226 * E*) * (® 1. 0511
0.6 e (*) (*) 1. 0380 (* 1. 0658 (* *) 1. 1131 (*) 1. 1512
0.8 0241 | 1.0490 | 1. 0750 | 1. 1022 | 1. 1307 | 1. 1607 | 1. 1926 | 1. 2268 | 1. 2640 1. 3062
1.0 e 1.0383 | 1.0782 | 1. 1200 | 1, 1639 | 1.2104 | 1.2596 { 1.3123 | 1. 3694 | 1.4322 1. 5044
) 0 1.0534 | 1. 1095 | 1. 1686 | 1.2312 | 1.2977 | 1. 3689 | 1. 4458 | 1. 5298 | 1. 6235 1. 7329
14 1. 0685 | 1.1408 | 1.2176 | 1.2995 | 1.3872 | 1. 4819 | 1. 5851 | 1. 6991 | 1. 8278 1. 9810
16 - 1.0828 | 1.1708 | 1.2649 | 1. 3660 | 1.4753 | 1. 5942 | 1. 7251 | 1. 8713 | 2. 0385 2. 2410
. 1. 0959 | 1. 1987 | 1. 3094 | 1.4292 | 1. 5597 | 1. 7031 | 1. 8624 | 2. 0424 | 2. 2510 2. 5083
2.0 . 1.1078 | 1.2243 | 1.3505 | 1. 4883 | 1. 6395 | 1. 8072 | 1. 9954 | 2. 2103 | 2. 4627 2. 7799
2.2 e 1.1186 | 1.2475 | 1.3882 | 1. 5429 | 1. 7143 | 1. 9059 | 2. 1230 | 2. 3737 | 2. 6721 3. 0540
2 e 1.1281 | 1.2683 | 1.4225 | 1. 5932 | 1. 7838 | 1. 9989 | 2. 2450 | 2. 5321 | 2. 8782 3. 3294
2.6 e o 1. 1367 | 1.2871 | 1. 4536 | 1. 6395 | 1. 8486 | 2. 0865 | 2. 3613 | 2. 6852 | 3. 0808 3. 6056
8.0 - e 1. 1508 | 1.3190 | 1. 5077 | 1.7210 | 1. 9646 | 2. 2462 | 2. 5772 | 2. 9757 | 3. 4743 4, 1593
b3 0 I PN 1. 1567 | 1.3325 | 1.5309 | 1. 7567 | 2.0164 | 2. 3189 | 2. 6776 | 3. 1133 { 3. 6653 4, 4364
S U 1. 1668 | 1. 3558 | 1. 5715 | 1. 8200 | 2. 1096 | 2. 4518 | 2. 8640 | 3. 3746 | 4. 0360 4, 9907
4.0 . 1.1748 | 1. 3747 | 1. 6053 | 1. 8737 | 2.1905 | 2. 5698 | 3. 0338 | 3. 6184 | 4. 3922 5. 5452
4.4 e 1.1813 | 1.3903 | 1.6336 | 1.9199 | 2. 2613 | 2. 6751 | 3. 1886 | 3. 8464 | 4. 7348 6. 0997
5 J 1. 1888 | 1.4091 | 1. 6683 | 1.9775 | 2. 3517 | 2. 8130 | 3. 3965 | 4. 1614 | 5. 2250 6. 9315
S 1.1976 | 1. 4313 | 1. 7110 | 2. 0506 | 2. 4702 | 3. 0003 | 3. 6898 | 4. 6252 | 5. 9839 8. 3177
7 e e e 1.2034 | 1.4465 | 1. 7411 | 2.1039 | 2. 5599 | 3. 1475 | 3. 9306 | 5. 0251 | 6. 6787 9. 7041
< Z U 1.2074 | 1.4573 | 1.7630 | 2. 1439 | 2. 6292 | 3. 2653 | 4. 1308 | 5.3728 | 7. 3171 11. 090
L S 1.2103 | 1.4652 | 1.7794 | 2. 1745 | 2. 6838 | 3. 3609 | 4. 2990 | 5. 6771 | 7. 9055 12. 477
10 e e 1.2124 | 1.4711 | 1.7919 | 2. 1985 | 2. 7275 | 3. 4396 | 4. 4418 | 5. 9452 | 8. 4495 13. 863
) 1.2153 | 1.4792 | 1.8095 | 2.2329 | 2. 7922 | 3. 5599 | 4. 6691 | 6. 3941 | 9. 4421 16. 636
14 e 1. 2170 | 1. 4844 | 1. 8210 | 2. 2559 | 2. 8369 | 3. 6463 | 4. 8402 | 6. 7527 | 10. 265 19. 408
16 a2 1.2182 | 1. 4879 | 1. 8288 | 2. 2720 | 2. 8688 | 3. 7101 | 4. 9720 | 7. 0439 | 11. 002 22. 181
B 1.2190 | 1.4903 | 1.8343 | 2.2836 | 2.8924 | 3. 7586 | 5. 0754 | 7.2834 | 11. 650 24. 953
20 e 1.2196 | 1.4921 | 1.8384 | 2.2923 | 2. 9103 | 3. 7961 | 5. 1580 | 7. 4827 | 12. 223 27,726
Py 1.2201 | 1.4934 | 1.8415 | 2.2989 | 2. 9242 | 3. 8257 | 5.2250 | 7. 6502 | 12, 732 30. 498
24 s 1.2204 | 1.4944 | 1.8439 | 2.3040 | 2. 9351 | 3.8495 | 5.2800 | 7. 7923 | 13. 187 33. 271
26 e 1. 2207 | 1. 4952 | 1. 8458 | 2. 3081 | 2. 9439 | 3. 8688 | 5. 3254 | 7.9138 | 13. 596 36. 044
80 e 1. 2211 | 1. 4964 | 1.8486 | 2. 3141 | 2. 9569 | 3. 8980 | 5. 3959 | 8. 1091 | 14. 296 41. 589
50 oo 1,2218 | 1.4987 | 1. 8540 | 2. 3262 | 2. 9837 | 3. 9602 | 5: 5554 | 8. 5961 | 16. 387 69. 315
100, o 1. 2221 | 1.4997 | 1.8563 | 2. 3315 | 2. 9958 | 3. 9897 | 5. 6367 | 8. 8825 | 18. 060 138, 63
O e 1. 2222 | 1. 5000 | 1. 8571 | 2. 3333 | 3. 0000 | 4. 0000 | 5. 6667 | 9. 0000 | 19. 000 ©

If the logarithm of the disturbing factor is plotted
against the natural value of the reflection factor for
a selected set of values of the relative separation,
l/h, a set of smooth curves results and graphical in-
terpolation permits the plotting of superposition curves
for reflection factors intermediate between those shown
in figures 5 and 6. The sets of such curves shown in
figures 7 and 8 may be used for this purpose, or new

curves may be drawn on cross-section paper to permit
direct reading with better accuracy.

ILLUSTRATIVE EXAMPLES
SUPERPOSITION

To illustrate the method of superposition, consider
the values shown in figure 9, in which the observations
are indicated by circles and the curve for @=+1.0
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FIGURE 5.—Superposition curves, buried conductor, Wenner or Lee configuration.

has been copied from a family of superposition curves.
The circles show the values of p, plotted against [
on double logarithmic paper. As the apparent resistiv-
ity increases with increasing spread, a buried insulator
is indicated. The family of curves for a buried insu-
lator (fig. 6) was laid over the grapk and translated
without rotation to obtain the curve of best fit. In
this example, the curve @=-1.0 fits best. The index
was indicated through the reference sheet, showing
a depth of 6.0 feet and an overburden resistivity of
2,440 ohm-cm. As @Q=-41, the bed resistivity is
infinite.

FOUR-ELECTRODE SURFACE CONFIGURATION

As an example of the four-electrode surface con-
figuration, let the current source lie at the origin, the
current sink at (2000,0,0), the potential reference point
at (1500, 500, 0), and the potential test point at
(400, 300, 0). Then ly=PH=>500, l,=PL=50010,
ly=NH=100+265, and lp,=NL=500y2. The normal
potential for a pole of strength 1000 units is

2.167 462 913. For the approximation in which N
and L are assumed to lie at infinite distances, the po-
tential is 2 units so that the approximation error
amounts to about 8.4 percent.

If a perfect conductor is taken at a depth of 100,
Q=—1 and the calculations are as follows:

W11=0.4934 8923

a=2.5V10 =7.905 694 150, W;;,=0.6299 0162
Wiu=0.6317 1767

an=(1/2)y/265 =8.139 410 300,
an=2.5y2 =3.535 533 905, Wx»=0.5517 3698.

Thus S{W}=-—0.2163 9308 and V=-+10.003 5321.

Assuming, N and L at infinity, l,=0s=ls= « and by
equations (4.41), Wi;,=Wy=Ws=log, 2=0.6931 4718
so that V=0.003 4205, the difference being about 3.2
percent. It may be noted that the use of eight sig-
nificant figures in the values of the modified potential
leads to only five significant figures in the calculated
value of the potential.

If the bed has a resistivity 19 times that of the
overburden, @=-40.9, the calculated potential is

a"=2.5,
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FIGURE 6.— Superposition curves, buried insulator, Wenner or Lee configuration.

13.736 310 and the limiting value as N and L recede
to infinity is 16.893 981. Accordingly, neglecting of
the contributions of N and L introduces an error of
about 25 percent.

INTERPOLATED VALUES OF THE MODIFIED POTENTIAL

The use of interpolation in table 38 (p. 59) may be
illustrated by specific examples. Let Q=—0.8 and let
the argument lie between 13.5 and 14.0, which appear
in the table. Then ¢,=13.5, ¢,=14.0 and the tabular
spacing is h=0.5 so that the phase is z=(a—13.5)/0.5
=2(a—13.5).

The table shows that W(a,)=0.5548 7048 and that
W(a,)=0.5560 4567. The second, third, and fourth
order differences, with the unit position in the eighth
decimal place of W, are A%,=-—9035, A%,=--934, At,
—149. Let L be the result of interpolating linearly
between the tabulated values. Then

L=zW(ay)+ (1—z) W(a,) =0.5560 4567z-0.5548 7048(1—z)

The correction to L is, in the proper decimal position,
C= FzA?.I-{'F;A’_l-l'F(Aiz,

or a reduced form.

Example 1

Let a=13.71 and W be to 4 decimals. As the values
of the differences to 4 decimals are each less than 1,
linear interpolation is adequate. The phase is
0.21/0.5=0.42 so that

W(13.71)=0.42(0.5560)1-0.58(0.5549) =0.5554.

Example 2

Let a=13.71 and W be to 6 decimals. Here the

differences are listed as
A?,=—90, A3, =19 and At,=—1,

and the phase is =0.42. As the fourth difference is
less than 43, the third less than 16 and the second
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greater than 8, quadratic interpolation should be used

so that C=TF,A? .

By table 37, page 59, the value of

F;=—0.12180. The linear interpolant is L=0.555 364,
and the quadratic correction is 11 so that W(13.71)
=0.555 375.

Example 3

Let @ =13.71, and W be to 8 decimals.

As A, >43

quartic interpolation is required. The phase is x=0.42.
Table 37, page 59, shows that F,=—0.12180, F;

=—0.05765, and F,=-0.0228.
Accordingly,

L=(0.42)(0.5560 4567)-(0.58)(0.5548 7048)=

0.5553 6406
and

C=(—0.12180)(—9035) -+ (—0.05765) (+934)

+(0.0228)(—149)=-11043

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN
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in the eighth decimal place, so that
W(13.71)=0.5553 7449

with the last digit subject to forcing errors of rounding.

Example 4
Let a=13.713 962 and W be to 8 decimals.
The phase is £=0.427 924.

By direct calculation

Fy=—(1/2)z(1—2)=—0.1224 0253

Fy=+(1/3)(1+x) Fy=—0.0582 6050
= — (1/4) (2—z) Fy= +-0.0228 9748
L=0.5553 7337

O=+1048

W=0.5553 8385

As the differences are to 4, 3, and 3 significant digits,
the tabulated values of F; may be interpolated linearly
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to the same accuracy, using the phase z=0.7924 and
leading to

F,=—0.1224, F,=—0.0583, F,=-0.0229,

C=+1048 and W=0.5553 8385. The difference is
within the forcing error of rounding. If the values for
F are taken directly from the table for ¢=0.43, they

are

F,=-—0.1226, F;=—0.0584, and F,=-10.0229 so that
C=1050 and W=0.5553 8387, also within the forcing
error of the refined value.

As this example illustrates, the values of table 37,
page 58, may be used without interpolation for most
purposes and with linear interpolation for better

accuracy. Only in rare calculations is it necessary to
calculate the coefficients by formula. The magnitudes
of the differences and their rates of change determine
the validity of the simpler approximations.

MATHEMATICAL PROBLEM

NOTATION

Mathematically, the present problem is that of
finding a function that determines the value of the
difference in electrical potential for each pair of field-
points when the locations of the current sources and
sinks are known. As the potential function for a
selected field is the algebraic sum of the potential
functions due to the separate current poles, the funda-
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mental problem is that of determining the potential
function corresponding to a single current pole. The
extension to more comiplicated fields is direct.

As actual measurements of electrical potential
always involve the measurement of the difference in
potential between two points, the potential function
lacks uniqueness to the extent of an additive constant,
which may be selected as convenient for each measure-
ment of potential difference and may be altered be-
tween pairs of points when such an alteration is conven-
ient. As a constant multiplier does not affect the
fundamental properties of a potential function, the
solution may be made for a unit current pole and the
function may be multiplied by -a factor appropriate to a
specific current strength,

The basic problem is that of an infinite space sepa-
rated into three sections by two parallel planes. Al-
though rotation of the entire space may be needed in a
geological application, such as exploration over a
sloping plane, the separating planes may be considered
as horizontal. The section between the two planes may
be considered as “the overburden”, one external section
as “the air”’, and the second external section as ‘“the
bed”. These terms have no mathematical significance
but are convenient in discussing the regions, and the
terminology transfers conveniently into geological
significance. The air, in this use, may have an arbi-
trary value of resistivity.

The Z-axis may be taken perpendicularly to the
boundary planes with its positive sense from the air
toward the bed. The - and y-axes may be taken
arbitrarily, but mutually perpendicularly, in the plane
separating the air from the overburden. For the funda-
mental problem, there is a single current source so that
the field has cylindrical symmetry about the Z-axis.
Let the air, the overburden, and the bed be designated
as G, G, and @, respectively (fig. 10), and let the

Air
A
4 :O/T 7777777K 7777777777 7777 777777777777777777777; ////”//////”////////”Il =7 B

b

Pole

z L-T—-GBm:r
¢

Overburden

Test point

e ] —»d
Z;h l[l[////////////:l////// LLLLLLLLLLLL LU LLLE LU XL LU L L L L L Ll B
A R TR T TR TR TR AR T T T T T 22

Bed

F1GURE 10.—Two-boundary space, internal pole. G is the air; Gy, is the overburden;
Gy, is the bed; m is the current pole of unit strength; ps, is the resistivity of Gs;
B, is the upper boundary; Bs, is the lower boundary; b, is the distance of the pole
below By; ¢, is the distance of the pole above Bz h=0b4-c, is the thickness of the
overburden; z, is the depth of the test-point below By; 7, is the axial distance of the
test point (horizontally from the axis) ..........

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

corresponding resistivities be pi, ps, and ps, respectively.
Let the plane B, separate the air from the overburden
and the plane B; separate the overburden from the bed.
In the geophysical case, the resistivity of the air is
infinite, but this restriction may be removed for the
mathematical problem. If the distance between the
separating planes is h, the plane B, is specified by 2=0
and the plane B, by z=h. There are two distinct
cases, according to the location of the current source.
For an “internal pole”, the current source lies between
the two planes; for an “external pole”’, the source lies
in one of the external regions. Let the source lie at
P=(0,0,b) and have a strength m=1. Let ¢c=h—0.
Let the test point lie at H=(z,y,2). Because of the
cylindrical symmetry, the values of z and y enter only

through [=+/22+7?2, the distance of H from the “axis”’
of the space.

As the term “electric’” or ‘“electrical” is implied
throughout this discussion, it will be omitted except
where need for clarity or emphasgis.

Unless otherwise specified, each counter will be as-
sumed to have the range of positive integers, excluding
zero and including infinity. A summation sign without
limits will mean that each counter covers the range of

«©
positive integers. For example, >a; means > a,,
=1
o«
by=>az means b,c=j§_:{‘a,,k, and b=>a; means

-]
i=1

Ms

@ jke

Specifically > a,-, is equivalent to ,?‘_,a,.
=1 =0

0.
I

POTENTIAL FUNCTION

The potential function due to a single pole has several
properties, not mutually exclusive, each generally
accepted:

1. The potential function is continuous at every point
of space, except at the pole.

2. At the pole, the potential function becomes infinite
in value in the order of 1/r, where r is the distance
from the pole to the field point at which the
potential is measured.

3. At points infinitely remote from the pole, the value
of the potential approaches a fixed value U.,
independently of the path of recession, in such a
manner that the difference U— U= approaches
zero in the order of 1/r, where U is the potential
value at the test point.

4. At a boundary separating two media, the product of
the conductivity by the derivative, in the direction
perpendicular to the boundary, of the potential
function is continuous. At a pole, located on the
boundary, this condition is meaningless but is not
needed, as it can be treated as the limiting con-
dition as the pole approaches the boundary.
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5. The derivative, in a direction parallel to a boundary,
of the potential function is continuous.

6. Except at the pole and at a boundary, the derivative,
in an arbitrary direction, of the potential is
continuous.

7. Except at the pole, the potential is harmonic, so
that the potential function satisfies Laplace’s
equation

iU | oU b”U

@ o tow ™ (5)

8. A special potential function is 1/r. Multiplication
by a constant and addition of a constant are
permissible.

For multiple sources, the potential function is the
sum of the functions that represent the potentials of
the separate sources, each multiplied by an arbitrary
constant. If the number of sources is infinite, the
sum becomes an infinite series, which satisfies the
conditions if it converges or if it consists of two parts,
of which one converges and the other diverges in a
manner independent of the distance from each pole.

UNIT POLE

In order to use the unit pole for problems involving
electric current, a relationship must be established
between a pole of strength m and a current of strength
I. If the current I enters a medium of uniform
resistivity p, the differential form of Ohm’s law is

olU

],

5 (6.1)

where U is the potential, r is the distance from the
source to the test point and 7, is the current density,
at the testpoint, measured perpendicularly to the
equipotential surface. As the total current I crosses
each closed surface enclosing the source and as the
equipotential surface for a single source in a uniform
medium is a sphere with center at the source, the
current density has the value

I
I, s (6.2)
and equation 6.1 becomes
oU I
i (63)
so that the potential is
Ip Ipo(dr

U=— T L)

(6.4)
where the integration is taken along the path of the
testpoint. The drop in potential from a point at the
distance r; from the source to a point at the distance
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75 is independent of the path followed by the testpoint
and has the value

Ip(T2dr _1I Ip _1_

Eﬂl 7 4r r"l"rz

The drop in potential from the distance 7, to the distance
r, due to a pole of strength m is

V=U,—Us=— (6.51)

V=m (—-— (6.52)

so that
=-£
m= ‘)I" (661)
and a unit pole corresponds to & current of strength

(6.62)

Accordingly, the solution for a unit pole must be multi-
plied by Io/(47) to obtain the solution for a current of
strength 7.

BOUNDARY CONDITIONS

At the boundary B, the conditions on the potential
function are:

z2=0 (7.11)
U,—U;=0 (7.12)
12U, 13U,
;1 '—bz——a —b? y (7.13)
and at the boundary B;, they are:
z=h (7.21)
U;— U;=0 (7.22)
13U, 13Us_
2z 0z (7.23)

As usual, in evaluating a function for specified condi-
tions, the conditions are imposed after all indicated
operations have been performed. Spemﬁcally, in equa-
tions 7.13 and 7.23, the differentiation is performed be-
fore the values of z are substituted.

SIMPLE-IMAGE METHOD

The general aspects of the Kelvin image method have
been known for about a century (Thomson, 1884, 1897,
especially article 109, p. 174-176), and the method has
been applied to the solution of a variety of problems.
(See, for example: Jeans, 1925, p. 185-299, 341-363;
Maxwell 1892, especially article 317, p. 443). The
method is based on the principle that if a surface
separates two media, the potential at every point of
space is the same as if the medium of one side occupied
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all space and the surface were replaced by properly
chosen fictitious poles, or images, determined by the
original pole and the surface.

Applied to a space consisting of two media separated
by a single plane, the images are determinable without
difficulty. This fundamental case may be used to
determine the image sets in spaces involving plane
boundaries, provided no contradictions of the funda-
mental conditions are involved (see Keller, 1953).
The method has been applied to nonplanar boundaries,
but such boundaries are not considered in the present
study.

In figure 11, let the boundary plane between the
media G, and @, be defined by 2=0, the resistivities of

————————— © m,
b ()
! . 2®
L] s \ Z=0
jz r%PE(X,}'J/
Complement b —--Q;,‘n/ z
: ®
Pole =  L————e- (i’{ﬂ

FICURE 11.—Simple images. B is the boundary plane between media & and Gs.
P, is the test point; px, is the resistivity of G; m, is the unit pole; b>>0, is the distance
of m below B; ba>0, is the distance of complement below B; m;, is the supplementary
image strength; ms, is the complementary image strength; b:>>0, is the distance of
supplement above B; r, is the distance from pole to test point, P; rx, is the distance
from mz to test point, P.

G, and G; be p, and p,, respectively, and a unit pole be
located at (0, 0,b) in G, where 520.

The method of images replaces the medium G, by one
of resistivity p, and two images: a supplementary
image in the space occupied by &, and a complement in
the original medium @,. Although the potential is
mathematically continuous and a single function, the
analytical expression for the potential function takes a
different form in the spaces occupied by G, and by G,.
For the space originally occupied by G, the actual pole,
located at (0,0,d) is replaced by a complementary pole of
strength m. located in the region of G; at (zs, ¥s, bs)
where b,>0; for the space originally occupied by @G,
the actual pole is augmented by a supplementary pole
of strength m, located in the region of G, at (2, ¥,, —b:)
where b;20. The distances of the test point P from
the pole, supplement, and complement are 7, 7;, and 7,
respectively, where

r2=gttg3t (2—b)? (8.11)

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

(8.12)
(8.13)

ri=@—a)*+ @—y)?+ (z-+b)?
ri=@—a)*+ y— )+ (=)
The potential in the space occupied by @, has the value

n="2 (8.21)

T2

and that in the space originally occupied by G, has the
value

1, m
U= r+ ™ (8.22)
But
or z—b
Y (8.311)
ory _z4+b
brz z—bz
Y (8.313)
so that
aU;_M2 (bz‘—Z)
W—Mrg (8.321)
U, b—z _m (b1+2)
57 o 3 (8.322)

At the boundary, the testpoint has 2==0, so that

U,=" (8.411)
83

=1, m
Ug—s - o (8.412)

bUl_mzbz
ETm ®.21)

aUz__b_ . m1b1
2z & o (8.422)
where

s=z21y2} b (8.431)
8= (x—x:)2-+ (y—91)%+bs (8.432)
8?== (2 —23)2 -+ (y—42) -+ b, (8.433)

By equations 8.4, the boundary conditions of equa-
tions 7.1 become

82—_8——:9_1.;—0 (8.511)
M3bg b m.b,

SO W ot TN O 512
p185° p233+92818 0 (8 )

Solution of equations (8.51) for m; and m, leads to

my ___m"_sf%’._bzw (8.521)
m2=b0181282"‘|;bxl)132882 (8.522)

where
8=byp;85*5% - bps8y2s°. (8.523)

To have significance, the image strengths and posi-
tions must be independent of the position of the test
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point. Accordingly, m; must be independent of z and

y where the test point is P=(z,y,0).

Specifically,
bm;

8 = —=0={b1p18:>s3 - bapss,?s3} {

bpil3si8? (x— 1) + 28,2 (z 1)1
ox

— b2pal3818% (2 —21) + 28z

— {bprs 82— bypusitst) { bipil25%(z—a2) +Bsssal } (8.531)

+bap2[ 282 (2 —x1) +3s,2s7]

As the right member of equation 8.531 is a polynomial
in p; and p,, the coefficients must vanish. The vanish-
ing of the coefficient of p;? reduces to

0==3b,bs;8,*s[ (82 —s:2) z — s%zy]. (8.532)
Hence, if zyb 0, either b,=0 or z,=0 and s,=s.
The coefficient of p,? reduces to
0="b,%3,3s3[ (8,2—s2)z -} s2z,]. (8.533)

Hence, if zybs£0, either 5,=0 or z,=0 and s,=s.
If 8155, b;=>5,=0, which is impossible for 550 by
equation 8.512. Accordingly ;=0 and s;=s. Simi-
larly, ¥:=0, so that b,=b.

Setting z;=y,=0, and b,=b, s;=s, equation 8.531
reduces to

2
0={bpss+ bzpzs’{bm[gszsx +2shs— 28%2]}

— bapa[5s%¢]
_ 2 bpi[ 288z — 283z, -+ 3s§sa:]}
{bpysz — bapas? }{_l_ bapsl 5sz] » (8.534)
and the coefficient of p;p, reduces to:
0=2bb283[2(02—s§)z—23’x2]. (8.535)

Hence b,=0 or z,=0 and s;=s, with y,=0 similarly.

3
If 5,=0, equation 8.512 shows that m1=zb—il=1, S0
103

Hence mis?®=4s}
Ac-

that by equation 8.511, m2=2?&“-
which leads to my,=+2, 2,=9%=0 and b,=b.
cordingly, in either choice, b;=>5 and s;=s.

If z,=z,=y,=y,=0 and b,=b,=b, it follows from

equations 8.43 that s=s;=s,, so that, by equations
8.52,

m,—m,=1 (8.5411)
my,m_ 1, (8.5412)
141 Pz P2
Equations 8.541 have the solutions:
__P1—p3
ml—--—-——-m_l_m (8.5421)
p— . (8.5429)

o=
p1tp2
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The notation

=f§i§: (8.551)
T=1+ Q=;124'1—1p, (8.552)
reduces the solutions of equations 8.542 to
m=Q (8.561)
my="T. (8.562)

The quantity @ may be called the “reflection factor” or
“supplement factor,” in B, of the medium @,, and the
quantity 7 may be called the “reflection complement,”
or “complement factor,”’ in B, of medium @,.

Substitution of equations 8.56 in equations 8.2
furnishes the two potential expressions:

Uy=T/r over the space occupied by G, (8.61)

U,=1/r+Q/r, over the space occupied by G, (8.62)

where » and 7, are defined by equations 8.1.

Stated in words, the image method applied to a
single horizontal boundary plane with a pole located
in the lower medium leads to the conclusion that the
upper medium may be considered as a continuation of
the lower medium by the introduction of two additional
poles obtained by ‘reflection’” in the boundary. Below
the boundary, the potential is that due to the original
pole added to that due to the supplementary image
located symmetrically above the boundary. The
strength of the supplementary image is the product
of the strength of the original pole and the reflection
factor, in the boundary, of the lower medium. Above
the boundary, the potential is that due to the comple-
mentary image located at the position of the original
pole. The strength of the complementary image is
the product of the strength of the original pole and the
reflection complement, in the boundary, of the lower
medium. As this method of analysis does not change
the value of the potential at any point of space, the
conclusions apply to the original space without change.
It must be remembered that the solution implies the
extension of medium G, to all space so that, by equation
6.61, a current of strength I corresponds to a pole of

_I P2
strength m= o

As a matter of notation, if a medium @, is reflected
in the boundary that separates it from a medium G,

the reflection factor has the value

Pr—P;

Py 8.71)

Qir=
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and the reflection complement has the value

20,

Tie= 1+Qik=pk+Pi°

(8.72)

The images contributing to the potential over a
selected region may be said to be “in” that potential,
but each such image is external to the region over which
the function applies. Specifically, an image contribut-
ing to the potential U; is “ in Uy’ but lies externally
to the region @ over which U, expresses the potential.
In the limiting case for which the pole is on the boundary
plane, both images coincide with the pole in position.
However, this causes no difficulty if considered as a
problem in limits.

POLE INTERNAL TO A PARALLEL PLATE

The two-boundary problem with plane parallel
boundaries includes two distinct cases, according as the
current source lies between the two boundaries or
external to the medium between them. An internal
pole lies in G, (fig. 10, p. 16), and external pole lies in
Gy or G;. The problem with the pole in G is omitted
from this discussion as it is obtainable by a simple
change in notation from the problem with the pole in
Gy.

For the problem of an internal pole, figure 10, the
original pole must be reflected in the boundary B;
and in the boundary B;. Each of these reflections in-
troduces into the external potential a complementary
image located at the position of the original pole, and
also introduces into the internal potential a supple-
mentary image located in an external region. The
new space has the uniform resistivity p,. At each
boundary, the original pole and the two images satisly
the potential conditions at that boundary. The com-
plementary image belongs to an external potential and
its region does not touch the other external region.
However, the supplementary image belongs to the
internal potential, whose region does touch the other
external region. Accordingly, this new image must be
reflected in the boundary which did not introduce it,
and the solution of the problem involves two sequences
of images, each involving reflections alternately in the
two boundary planes.

If a pole or image of strength m is located at the
depth ¢, reflection in a plane z=wu leads to two images.
The complement has the strength 7' m and is located
on the axis through the pole at the depth ¢. The
supplement has the strength @ m and is located on the
same axis at the depth (2u—¢{). For the present
problem, reflection is either upward in B; or downward
in B,. All images are located externally to the regions
to whose potential function they contribute. For
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some plane boundaries, the application of the image
theory leads to contradictions and can not be used
unless modified (Keller, 1953).

For the present problem, reflection is from & into

G, or G;. The two reflection factors are
__P1—p2
Qn--m_‘_m (9.111)
- 9.112
0 p3+p2 ¢ )
and the two complements are
=2 121
Tn p1+p2 (9.121)
=208 9.1
23_Pa+ﬂ2 (9-122)
It is convenient to write
Q=0 Q. (9.13)

The sequences of images are shown in table 4.
Inspection of table 4 shows that the images fall into
four groups whose depths are

Zim1y=—[2(k— 1)k+Dl 9.21)
Zr-1,=2(k—1)h+b (9.22)
Zi19=2(k—1)h—b (9.23)

Zp-tya=—[2(k—1)h—1l. (9.24)

The images of the three potentials are msu, where j
indicates the region or potential expression and k,u
indicate the indices of the image. With this notation,
the image strengths are

M1y p-,2= T Q% at depth zi—1,2 (9.311)
miks= T QQ* 1 at depth 23 (9.312)
Mg, k—-1,1==QnQ@%! at depth 2,1, (9.321)
Mmare= Q% at depth 2y, (9.322)
Mmaxs==Qu@* ! at depth 243 (9.323)
mape=Q* at depth 24 (9.324)
myy g—1,1== Qn T23Q*! at depth 23—y,1 (9.331)
M3, g1, = T23Q %1 at depth 2;—,e. (9.332)
In addition,

M1, k=191 == M1, fm1y4 == M3, fm1y3== M3, f=1,3==0 (9.341)
Mgs==Miggs==Mgo4==0 (9.342)
Mage=1. (9.343)

The notation
Pimtu=VEt 2l (9.41)
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TaBLE 4.—Two-boundary image sequences for an internal pole
Original pole is in Ui, has unit strength, and has depth b.
%:cg’ﬁanaiepresents a single reflection from the preceding line.

Sequence with first reflection upward

Reflection introduces
from preceding— e supplement in Uj complement
strength depth in— strength depth
Pole. o e Bl Q21 —b U| Tn b
Supplement _ _ ___ .. B, Q 2h+b Us Tz Qa1 —b
Supplement ________________________________ Bl Qzl Q —_ (2h+ b) U| 21 2h+ b
Supplement . _ . _ ... B, (9 4h+b U, Qg Tos —(2h+0b)
SUpplement ________________________________ B, Qs Q2 — (4h+0b) U, 21 4h+b
Supplement_ _ .o B, Qs 6h+b U, Qs Tos Q2 — (4h+b)
And so on, with the general terms:
Supplement . . _ . __ . _____ B, Qa Q%1 —[2(]k—1)h+Db] U, To QF1 2(k—1h+b
Supplement._ . ________ ... B, Q* 2kh-+b Us | Qy Th QF1 —[2(k—1)h+b]
S with first reflection downward
Reflection introduces
from preceding— n— supplement in U; complement
strength depth in— strength depth
Pole _______________________________________ Ba Q23 2h—b Us T23 b
Supplement . - _ __ e _____ B, Q —(2h—0b) f To Qn 2h—b
Supplement . . e ___ B, Qi Q 4h—b s Ty Q@ —(2h—0)
Supplement ________________________________ B1 QZ _ (4.h— b) 1 Tu st 4h—0b
Supplement_ _ . __ o ____ B, Qs Q2 6h—b s 23 — (4h—b)
Supplement ................................ B1 Q3 — (Gh— b) 1 Tm Qza Q2 6h—b
And so on, with the general terms:
Supplement.. . ... __ __ . By Q* — (2kh—b) U, T Qg3 QF1 2kh—b
Supplement - oo o B, Qg Q%1 2kh—b Us Ty Q%1 —2[(k—1)h—0]
leads to the potential functions: so that
-1 B-1 2= 202=204=0 (9.521)
Ui=Ty 2 rg + T2 Qs 2 ‘i— (9.421)
12 " 2= 2;3=2kh (9.522)
_ Qr Qi1 Qr Q*
Ue=Qu 2 r—+2 0+ 2 —+20 - 0422) 2= 2= —2kh (9.523)
k-1 k-1
Us=Qu T >, fz_l T 3] fz_l - (9.423) and
. ’ .. ro=ro=ru="vyP?-42? (9.531)
where > represents the sum in % over all positive
integers, excluding zero. ro=ru=vE+t (z—2kh)? (9.532)
For the limiting case of b = 0, in which the pole is ra=ru=ve+ (z+2kR). (9.533)

located on the upper boundary, corresponding to the
surface of the earth, the depths of equations 9.2 reduce
to

Ziin=—2(k— 1)k (9.511)
Zi12=2(k— 1)} (9.512)
2ia=2kh (9.513)
Zitp=—2(k— 1)k (9.514)

For this limiting case, the potential may be written

T k-1
V=24 Qe 3 4 (9.61)
k-1 k-1
Uy=Tu_>, r?,..l '1+Q23T21 >3 QT;; (9.62)
k-1
Us=TuT» > er-; N (9.63)
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If the pole lies on the lower boundary, a corresponding
change of notation reduces it to the present problem.

POLE EXTERNAL TO PARALLEL PLATE

In the problem of a pole external to a parallel plate,
the pole may be taken at 2= —b, using the notation of
figure 10. The first reflection is downward in B,
leading to the supplement @:;in U, at depth b and to the
complement T, in U, at depth (—b). The supplement
needs no further reflection, but the complement isin
U, and must be reflected in B,. This introduces a
complement in U; and a supplement in U, Ac-
cordingly, the U, images are reflected alternately in the
two planes to form a single sequence of images, each
with its associated image in an external potential.
The new space has a uniform resistivity p.. The
details are indicated in table 5, with the same notation
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Inspection of table 5 shows that the images fall into
two groups, for which the depths are

2e-1,1=—[2(k—1)h+D] (10.21)
2r-12=2(k—1)h+b (10.22)
and the corresponding image strengths are
mi=1 at depth zyn (10.311)
M=z at depth 2z (10.312)
M= Qs T13 T2 Q%1 at depth 23 (10.313)
Mo, i-1,1= T12Q*1 at depth z4-1,1 (10.321)
Mara= T12Q2:Q*% 1 at depth 2 (10.322)
map= T3 T2a@* 1 at depth 23—1,1. (10.33)

Accordingly, the potentials for the external pole case
are

as for an internal pole, except that the reflection Ul=_l+Q_13 (10.41)
factors are
— U= (10.42)
Q=220 (10.111)
P2 + Pi k-l
Us=Ty, TzaZ (10.43)
Qm—”‘+"2 (10.112)
e where 74_1,, is defined by equatlon 9.41.
Qu=L2"02 (10.113) For the limiting case =0, in which the original
ot unit pole lies on the upper boundary, the depths of
and the reflection complements are equations 10.2 . reduce to those of equations 9.5, so
that the potentials are
o=t (10.121) U= 224 QuTu Ty 8 (10.51)
2p1 k=1 k-1
Tu= . _ Q Q
n= (10.122) U,= Tmzr -y _— (10.52)
2p3
T%_—Pz-i-pa. (10.123) Ua__TmT%Zrk_l - (10.53)
TABLE 5.—Two-boundary image sequences for an external pole
Original pole is in Uy, has unit strength, and has depth (—b). Q=QnQux.
Each line represents a single reflection of an image from the preceding line.
Reflection introduces
from preceding— fn— supplement complement
in— strength depth in— strength depth
PO]e __________________________ B1 U] Q]g b Uz T12 —b
Complement. ____ .. .________.__ B, U, QyTia 2h+b 3 T19Tos —b
Supplement.. . _________ . _______ By U, QT — (2h + b) 1 QnTi, Ty 2h4-b
Supplement________________.__ B, U, QuT1Q 3 12 T2 — (2k+b)
Supplement ____________________ B1 Uz T12Q2 - (4h+ b) 1 23 Tl2 21 4h+ b
Supplement_ . ____ . ________. B; U, T1202302 3 12153 — (4h+b)
Supplement_ ... ______________ B U, T120? — (6h+ b) 1 QT T0Q? 6h+b
And so on, with the general terms:
Supplement ____________________ B) Uz Qgg TIQQ k-1 2kh + b U3 T12 T%Qk—l - [2 (k - 1) h + b]
Supplement. ... oo B U, T,QF — (2kh+b) U, Qs Ty To1 Q%1 2kh+b
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If equations 9.6 are compared with equations 10.5
an apparent inconsistency is detected. However, the
unit pole corresponding to the current I is Ip,/(4w)
for equations (9.6) and Ip;/(4w) for equations 10.5.
Furthermore,

2p03

p1+ps (10.6)

2T =p1T 1=

so that the potentials of both limiting cases reduce
to

_ IPIPZ ]
Ul_zﬂ(pri'pz) 7“02+Q23T21 Z (10.71)
el [0 sy
Uy 27 (p1+p2) Z Tk—~1, 1+Q23 Z (10.72)
— Tpip:Tas QF1
Us 27 (p1+p2) Th—1,1 (10.73)

SOME SPECIAL CASES

By choices of special values of the parameters
involved, the general problem reduces to forms of
interest for special purposes. The special case of
b=0 bhas been considered. Except for the geophysical
case, for which 2=b=0 and p;=, special cases will
be indicated without detailed consideration.

IMBEDDED PLATE

If the parallel plate @, is imbedded in a uniform
medium of resistivity p, ps==p,

so that
p1—p2
sz—st—pl_‘_m (11.11)
2P
To=Ty it (11.12)
Q=03 (11.13)
Qiz=— Q@ (11.14)
Tip=1—Qu. (11.15)

INSULATED PLATE

If the imbedding medium is a perfect insulator,
pr=pz3=o, 50 that

Qu=0xn=1
Tz[ - Tz3= 2.

(11.21)
(11.22)

The pole must be internal.

COVER PLATE

If the upper medium is a perfect insulator, the
problem reduces to a conducting cover plate in contact
with a second medium. For this case, py=w, so that

Qn:l (11.31)

Ty=2 (11.32)

Q=Qu=2"2 (11.33)
Tos=14 Qs (11.34)
Q= — Qs (11.35)
To=1—Qx (11.36)

Qp=-1 (11.37)
Ti12=0. (11.38)

GEOPHYSICAL CASE

In the geophysical case, the upper medium is air
and both current pole and test point lie on the upper

boundary, B,. Accordingly, for this case, p;=< and
b=2=0, so that
Q=1 (12.11)
Ty=2 (12.12)
TP
Q=Qxn= p +m (12.13)
T23=1+Q (12.14)
7‘02=l (12.15)
Tr=Trp=YvY p+(2kh)2- (1216)

By equations 10.7, the potential at the surface of
the earth has the value

=1 12.21
[ + Zw’z%(zkh)*] (122D

The introduction of the “relative displacement”
= (12.22)

changes equation 12.21 to

Ip
2 l+h Zsz—l_az] (12-23)

For Q=1, as k increases, the summand approaches
1/k so that U becomes asymptotic to a harmonic series,
which diverges. Accordingly, for every value of the
reflection factor, @, it is convenient to introduce the
auxiliary variable

Yr(a)= (12.31)

Ic 1/]cz_{.az

so that the potential function of equation 12.23 becomes

=2l sG]
As the potential function lacks uniqueness to the

extent of an additive constant and as Z@Q*/k is inde-
pendent of @ and hence of I, the potential function may

be written as
U...I_P? [}._l L ]
T2xL1 R k

(12.32)

(12.33)
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If h=1/2, then ¢=I and —zu=-zu=Fk, so that

1 1

i@ =z EEw the of the
reciprocal of the depth of an image over the reciprocal
of the distance from the testpoint to the image. Ac-
cordingly, it may be called the ‘‘reduced reciprocal
distance”. It depends only on the horizontal and ver-
tical distances between the testpoint and an image.
Accordingly, the summand is the product of @, which
depends only on the ratio of resistivities p, and p;,
and on y;(a), which depends only on the distances in-
volved. Each term of the summation is the product
of a “resistivity factor’” and a “distance factor.” For
many purposes, it is convenient to take the unit of
length as twice the thickness of the parallel plate.

If p;=p,, the earth is homogeneous and Q=0 so that
the potential reduces to the normal potential

represents excess

U Ip2

=52 (12.41)

Accordingly, the surface potential for a two-layer
earth is
U=Un—a2 34 (12.42)
The medium, G, has been called the overburden and
the medium 5 the bed (see p. 16). Then B, will
be the surface of the earth, assumed plane, and B,
will be the contact of the overburden and the bed,
also assumed plane. In applications, it is convenient
to replace p. by po and p; by ps, as a matter of notation,
Then
__Pv" PO,

“ostpo (12.5)

Interchanging p, and p, reverses the sign of @ (see
equation 12.5) but leaves its numerical value unchanged.
This suggests the separation of even and odd terms in
the potential, permitting simultaneous analysis of the
buried conductor and buried insulator, having the two
materials interchanged in the overburden and the bed.
Such an interchange corresponds to an interchange
of resistivities.

If the bed is more conducting than the overburden,
pp<po and @<0. For a homogeneous earth, @=0.

For purposes of analysis, it is convenient to write

7=1Q| (12.61)
W].:Eqﬂ;_llﬁzk_l (12.621)
W2=Eq2"¢2k. (12.622)

As ¢ and ¢ are both positive, W; and W, will each be
positive except for the trivial case in which @=¢=0.
If the bed is relatively an insulator,
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Q=q (12.71)
Q=W (12.721)
ZQMa=W, (12.722)
2R =W+ W, (12.73)
U=U, +I”° W, (12.741)
where
Wi= — (W1 Ws). (12.742)
If the bed is relatively a conductor,
Q=—q (12.81)
QY= — W, (12.821)
QY= W, (12.822)
ZQMy =Wy~ (12.83)
U=Ust 5 2W,, (12.841)
where
We=W;—W,. (12.842)

Inspection of equations 12.7 and 12.8 indicates that
W, is negative and W, is positive, except for the trivial
case Q=0. Accordingly, for a buried insulator, the
actual potential is less than for a uniform earth
having the resistivity of the overburden; whereas for a
buried conductor, the actual potential exceeds that
for a uniform earth. This paradox of a buried insulator
corresponding to a decrease of potential arises from the
fact that the introduction of the reduced reciprocal
distance reverses the sign of the sum in the potential as
given by equation 12.23 when expressed by equation
12.33. In the original notation, the potential becomes
infinite for /=0 and approaches the value zero for l=c.
In the modified notation, the potential vanishes for [=0

sy & Q" for {=w. The

discrepancy disappears in the dlﬁ'erence in potential
between two points of observation. Specifically, con-
sider two points at distances /; and [, from the surface

and approaches the value-—

L A . .
pole, so that a;=5 3% and a;=<z7 % In the original equa-
tion 12.23,
U= IPO
[ll+ D m (12.911)
r— IPO
U [l{"h > == Tate 2+k2 (12.912)
so that
U=u"-vu

R B TICEo)
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In the modifiied notation of equation 12.32,

vr=in I_I_EZQ::(%_V%I_E)] (12.921)

U”——-h l_lZQk(k Vk3+a22)] (12.922)

v=v 0= () H = ()]

(12.923)

Inspection shows that equations 12.913 and 12.923 are
identical.

Ag W, and W, depend only on ¢ and @, tables may
be prepared using one table for each value of @ and the
value of ¢ as the argument in each table.

For some purposes, it is convenient to write

U=Uatsp I"" (12.931)

without reference to whether the bed is a better or a
poorer conductor than the overburden. For this use

W=—3Q%;. (12.932)

For a buried insulator W=W, and for a buried con-
ductor W=W,. For this reason it is convenient to call
W the modified potential function.

FORMULAS FOR THE EVALUATION OF THE MODIFIED
POTENTIAL

CALCULATION OF THE REDUCED RECIPROCAL
DISTANCE
DIRECT CALCULATION
The basic calculation in evaluating the modified po-
tential is that of evaluating the reduced reciprocal
distance

= S S S
'I‘k—‘l’k(a)—z W (12.31)
If
k>3 V30, i< ka+ -
and the terms of
W= —2Qk; (12.932)

are respectively smaller than those of > —=— \/lcz
occur in equation 12.23. Furthermore y¥; decreases
more rapidly than (e®>-+£%?)~% as k increases.

If an adequate table of square roots is available, the
calculation is simplified. If not, the method of itera-
tion may be used for finding the square root. If D
is an approximate value of 4N, better approximations
are
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VN=(1/2) (D+N/D) (13.11)

VN=D-+ (N*—D%/{2D). (18.12)

If a calculating machine with adequate capacity is
available, the first form is simplest. However, the
second expression leads to a somewhat more accurate
value, as it determines a correction to the approxima-
tion, to the same degree of accuracy as the first form
determines the entire value.

After 4/k?+a? has been determined, the value of ¥ is
calculated by some convenient routine, such as

1 1

R (12.31)
b= %’“ (13.21)
h=1 (1— Vﬁ) (13.22)
Vo= k2+a2 ‘/’“2""“2—1) (13.23)
'l’k_%;‘ \/I%tﬁ (W—k)] (13.24)

depending on the available computing machine and the
preferences of the operator. Of this group equation
12.31 has the advantage that the values of 1/k may be
preprinted on the calculation form. However, it is
less occurate than the others because of forcing errors
of rounding. The values should be calculated by two
independent methods, as a check.

RESCALING

As ¢, is homogeneous of order minus one in % and a

jointly, it follows that ¥u (na):-"-"% so that if ¥ (a)

is known ¢¥,x(na) is available by division. In preparing
tables of the reduced reciprocal distance, this device
of “re-scaling” avoids the need for calculating a con-
siderable number of values of ¥:. As an example,
direct calculation shows that

¥3(2)=0.055 983 235,
so that
¥s(4)=0.027 991 618

¥9(6)=0.018 661 078,
and so forth.

CONTROL VALUES

The modified potential is given by equation 12.932,
in which the terms decrease as the counter of the term
increases. As each term has a resistivity factor which
is a power of g, the largest value of ¢ needed in the
calculations will determine the largest value of & needed



26

to attain a selected accuracy. For ¢=1, the series
converges very slowly. For the range ¢=[0(0.1)0.9],
the value [¢=0.9] determines the control on the value
of k needed.

By the definition in equation 12.31, the value of the
reduced reciprocal distance, ¥;, decreases as k increases.
Hence

Yortou—1<¥or—1 (13.31)
borroundake (13.32)
Equation 12.62 may be written
] ©
W= kzl Q“""//zk—!-l-kzl g (13.411)
u ©
Wy= I:E—:i q”\’/zk-l-kz_l i utag, (13.412)
so that
L2 [
0< Wl—k}:{ EF o <@V Wpumy kzl ¢*  (13.421)
u ©
0< Wz—kZ,‘l M P u kzl ¢t (13.422)
But
- 13.43
= q _l_qz’ ( N )
so that
P ¢ 2u—1
wi< k2==1 q \[’Bk—l‘l‘(l_qz)(q vl uy) (13.451)
i 2
2k q 2%
W< kgl C*das +(1_ qz) (@) (13.452)

If W, or W, is calculated term by term for the first u
terms, the last term is ¢** y,—1 OT ¢*“¥2,, respectively,
so that the remainder, in either evaluation, can not
exceed the product of ¢?/(1—g¢?) by the last retained
term. The remainder is always positive, so that if the
remainder is taken as the product of the last retained
term by ¢%/[2(1—¢?)], the error can not exceed this
remainder, except for the forcing errors of rounding.
This method fails for ¢g=1, but is not needed, as con-
vergence is too slow for direct calculation.

The values of the error coefficient ¢%/[2 (1—¢?)] are
shown in table 6. For ¢=0.9, the error coefficient is
81/38 or about 2.13. Accordingly, for ¢=0.9, the error
in W, or W, can not exceed 81/38 times the last retained
term. For an error not in excess of one in the ninth
decimal place, the last term must not exceed the product
of 1X10~° by 38/81 or about 5X10-1%, This furnishes
a control, ¥, such that the last term needed in the direct
calculation is the last one for which ¢¥,=¥,. As
Ve <<n¥rrn Deed not be calculated i ¢ <<Wiy,.
Accordingly, direct calculation may be stopped as soon
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as ¥;<W.y. The values of the controls are shown in
table 7, for nine decimal calculations, with the unit in
the ninth decimal place. For ¢<C0.9, the series con-
verges more rapidly than for ¢ =0.9 and the y; usually
vanish to the ninth decimal place before the control
value is reached. If the ¢, do not become negligible, the
same control values may be used as for ¢=0.9.

TaBLE 6.—Error factors in direct evaluation of W for varying
factors of q

Error factors for indicated values of Q@

0 01 0.2 0.3 04 | 05 0.6 0.7 0.8 0.9 1

0 1 1) 9 | 211 9 H |8 8 ®
198 | &8 | 18 {21 ]| 6 32 102 9 38
TaBLE 7.—Conirol values for q=0.9
[Unit: 10-9]
k ¥y k Y k ¥

21 5 66 524 hib! 50 987
22 6 67 582 112 66 652
23 6 68 649 113 74 057
24 7 69 719 114 82 286
25 7 70 708 1 91 429
26 8 71 887 116 101 588
27 9 72 986 117 112 875
28 10 73 1095 118 125 417
29 11 74 1217 119 139 352
30 12 75 1362 120 154 835
31 14 76 1 502 121 172 039
32 15 i 1 669 122 101 165

17 78 1854 123 212 394
34 18 79 2 060 124 235 993
35 20 80 2 289 125 262 215
36 23 81 2 543 126 201 350
37 25 82 2 826 127 323 721
38 28 83 3 140 128 359 691
39 31 84 489 129 399 656
40 34 85 3 876 130 444 063
41 38 86 4307 131 493 403
42 42 87 4785 132 548 225
43 47 88 5 317 133 600 139
44 52 89 5 908 134 676 821
45 58 90 6 564 135 752 024
46 64 91 7293 136 835 582
47 7 92 8 104 137 928 424
48 79 93 9 004 138 1031 582
49 g8 94 10 005 139 1 146 203
50 98 95 11 116 140 1 273 558
51 108 12 351 141 1 415 065
52 120 o7 13 723 142 1572 204
53 134 98 15 248 143 1 746 993
54 148 99 16 042 144 1 941 104
55 165 100 18 825 145 2 156 782
5 183 101 20 916 146 2 396 424
57 203 102 23 240 147 2 662 694
58 226 103 25 823 148 2 958 b48
59 251 104 28 692 149 3 287 276
60 279 105 31 880 150 3 652 529
61 310 106 35 422 151 4 058 365
62 344 107 39 387 152 4 500 295
63 382 108 43 730 153 5 010 327
64 425 109 48 589 154 5 567 030
65 472 110 53 088 155 6 185 589

As ¢, < 1/k for every value of a, no value of £ in excess
of 155 will be needed for nine decimal calculations,
because (0.9)%6/156<<5X 10", As y, is large for small
values of %, controls for £<{21 are seldom needed and
do not appear in table 7.
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ASYMPTOTIC LIMITS OF W

As the value of @ increases indefinitely, the value of
W defined by equations 12.932 and 12.31 approaches
the limit

Wm=—2%~k- (14.1)
From the customary series expansions of the logarithm,
TR\ _ Z2k~1 22
log, (1+z)=27 (— 1)+ (7)“2%71"2?15 (14.211)
k 2k—1 2k
log, (1—z)=—3F=-3——2 5 (14212)
it follows that
k
> ‘;—’k—_——% log., (1—a?) (14.221)
-1 1+z
> =5 los m) (14.222)
Accordingly,
Wao=log. (1—Q). (14.31)

Also, by equations 12.62, as @ becomes infinite W, and
W, approach, respectively, the limits

Wiw=1 log, (1+q (14.321)

W2m=_— log. (1—¢?).

5 (14.322)

As ¢ lies between zero and unity, Wi, and W, are
positive, as are W; and W,, for all positive values of a.

For ¢=1, equations 14.3 hold in a limiting sense but
are of no use in computation. The numerical values
of the limits are shown in table 8.

TaBLE 8.—Asymplotic limits of W

q Wi Wi - Wi +Wee
(115 S 0.100 335 348 | 0.005 025 168 | 0.105 360 516 0.095 310 180
0.2 . 205 732 554 . 020 410 997 . 223 143 551 . 182 321 557
0.3 .309 519 604 .047 155 340 . 356 674 944 . 262 364 264
0.4 . 423 648 930 .087 176 694 .510 825 624 . 336 472 237
0.5 . 549 306 144 . 143 841 036 . 693 147 181 .405 465 108
0.6 . 693 147 181 .223 143 551 . 916 290 732 . 470 003 629
0.7. . 867 300 528 .336 672 277 | 1.203 972 804 . 530 628 251
0.8 1.098 612 289 .510 825 624 | 1.609 437 912 . 587 786 665
0.9 1.472 219 490 .830 365 603 | 2.302 585 093 . 641 853 886
1.0 @ [ o . 693 147 181

EULER-MACLAURIN SUMMATION FORMULAS

For reflection factors numerically less than unity,
the series W, and W, converge with sufficient rapidity
that direct evaluation is at least feasible. It is true
that as many as 78 terms may be needed in each of
these series to assure an accuracy of a few units in the
ninth decimal place, but the process is definite and the
error can be limited arbitrarily. However, if the
numerical value of the reflection factor is unity, the
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terms of each series approach those of a harmonic
series, which diverges, and direct evaluation is not
practicable.

For this case, a group of formulas developed inde-
pendently by Euler and by Maclaurin almost simul-
taneously (Charlier, 1907, p. 1) are applicable and
permit the evaluation of the remainder after a number
of initial terms have been calculated. For many
series, the Euler-Maclaurin formulas permit the trans-
formation of a slowly convergent series into an equiva-
lent series that converges more rapidly. For this
reason, one of the Euler-Maclaurin formulas is derived
in a form convenient for the present problem (Roman,
1931, 1936).

In the series

=ﬁ Uy (15.1)
k=a
let the limit @ be finite and the limit & be finite or
infinite. If a function f(x) can be found, such that
for every positive integer %k from a to b,

I (k)=ux, (15.2)

the series S may be replaced by an integral, as a first
approximation. All needed derivatives of f(x) must
exist over the range (a,b) and for values somewhat out-
side this range. Usually, the function f(z) can be se-
lected directly from the general term of the series.

The translation

z=n+h (15.31)
f@)=¢(h) (15.32)
permits writing Taylor’s theorem in the form
s@=sm =+ a5y
=1

Integration of f(x) from (n—h) to (n+Ah) in z is equiva-
lent to integration of ¢ (k) from (—%k) to (+h) in k, so
that term by term integration of equation 15.41 leads to

[ ae= " oman=[ nsm+ SB[
(15.42)

Tor odd values of k, the corresponding members of the
summation have the same value at each limit so that

f *(2)do= 2hf(n)+22 (%;ff))lhnﬂ (15.431)
which may be written
L e S JOP (n)
f(n)—ZhJ;_hf(z)dx §(2k+1)'h. (15.432)
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Application of this equation to ¥ (n) leads to

_1 ~ n+h f(21+2k)(n)
fm)(n)_zh[jm 9 (x)]n i j=Z IES] p2i-  (15.433)
The notation
02k=—(2k—}|_m (15.51)
1 (b
9°=2_hf,.-n @) de (15.521)
nt+

b=y [rerv @) | (15.522)

converts equations 15.43 to
f(n) =9o+ki asf @9 (n) h3E (15.61)

=1
78 (n) =035+Z”) ag;f @428 (n) p2i. (15.62)

=

Successive applications of equation 15.62 to 15.61
lead to

f(n)= 00+Z a“‘%kh”‘-l-;l kz PRI W 1 R
(15.71)

If by, represents the sum of all possible products of the
@z for which the sum of the indices is 2u, with each
term having a coefficient that is the number of possible
distinct permutations of the indices, equation 15.71

may be written:
f(n) =ao+Z)1 brubruh?™. (15.72)

U=

Inspection of equations 15.7 shows the structure of
byy. For u=1, the only term of equation 15.71 which
can contribute to the term involving A% in equation

15.72 is the one for which % is 1 in the second term.
The corresponding term is

az03h2=—6,h2/3], (15.811)

so that
by=—1/6. (15.812)

The term involving A* in equation 15.71 can come from
the second term for k=2 and from the third term for
j=k=1. Accordingly,

1 1\2 7
b=atid=—3+(~3) =555

In a similar manner, other values of b,, are available.
For example,

(15.82)

be=as-+2aa4+a3
by=as+2a:a5+ai+3a3as+aj.

(15.83)
(15.84)

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

Arbitrary selection of

bo=1 (15.91)
leads to the relation
% % b
bou= Dou—ge= L L 15.92
2 E A3909u~3 Z @+ 1)‘ ( )

The common fractional values of by for values of
from zero to eight and the decimal values of &;, to 18
decimals for values of % from 0 to 18 are shown in
table 9. It can be shown that the ratio of bsus to
b approaches —1/7? as u increases indefinitely.

TABLE 9—Euler-Maclaurin coefficients

[Values of b3s]
Common fraction
2u sign Decimal
Numerator Demoninator
0 + 1.000 000 000 000 000 000 1 1
2 - . 166 666 666 666 666 667 1 6
4 -+ . 019 444 444 444 444 444 7 360
6 - . 002 050 264 550 264 550 31 15 120
8 + .000 209 986 772 486 772 127 604 800
10 - .000 021 336 045 641 601 3 421 440
12 -+ .000 002 163 347 442 779 1 414 477 653 837 184 000
14 - . 000 000 219 232 713 446 8 191 362 124 800
16 -+ .000 000 022 213 930 854 16 931 177 762 187 345 920 000
18 — . 000 000 002 250 767 479
20 + . 000 000 000 228 021 077
22 —_ . 000 000 000 023 101 422
24 + . 000 000 000 002 340 586
26 - . 000 000 000 000 237 149
28 + .000 000 000 000 024 028
30 - .000 000 000 000 002 435
32 -+ . 000 000 000 000 000 248
34 - .000 000 000 000 000 025
36 + .000 000 000 000 000 002

By means of the definitions in equations 15.5 equation
15.72 becomes

sy=gp [ 1@tz S [ 1@ | aew (16.10)

Introduction of the notation

2() =g5| [1)ds+ Sbaution@) | (16.12)
transforms equation 16.11 into
f)y=Zn+h)—Z(n—h). (16.2)

Successive applications of equation 16.2 results in the
relations

Slk+2sh)=Z[k+ (2s+1)h]—Z[k+ (2s—1)R] (16.311)
fle+2(s+ 1)h]=Z[k+ (2s+3) k- Z[k+ (2s+1)R}  (16.312)
and so on to

Fe+2@—1)hl=2Z[k+ (2t —1)h]— Z[k+ (2t —3)h] (16.321)

F b+ 2thl= Z[k+ (2t + 1)kl — Z[k+ (2t — 1)h). (16.322)
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Addition of equations 16.3 and cancellation of balancing
terms leads to

¢
Do f(k+2h3) =Z[k+ (2t+1)h]—Z[k+ (2s—1)R).  (16.33)

i=g

Several special cases of equation 16.33 are important.
The basic equations may be rearranged to furnish
additional results (Roman, 1936).
For h=1, equation 16.33 becomes

3
2 (k420 =Z[k+(2t+1)]—Z[k+(2s—1)]  (16.411)
=8
where
Z(x)=—;- [ff(x)dz+ gbzufa“‘”(x) - (16.412)

For k=0, equation 16.411 takes the form

13
fv‘__.,f(2i)=Z(2t—l—1)—-Z(2s—-1) (16.421)
=3
and for k=1, it takes the form
13
Zf(2i+1)=Z(2t+2)—Z(2s). (16.422)
=8

The utility of the Euler-Maclaurin summation
formulas is determined by the function Z(z). To be
useful, the integral and odd order derivatives of f(x)
must exist over the interval (s—hk) to (¢(+4) and be
obtainable by direct calculation or by available tables.
The derivatives must decrease as the order increases or
at least increase so slowly that b8,,f®* P (x) converges
with convenient rapidity as u increases.

The error in applying the Euler-Maclaurin formula
in the original form usually does not exceed twice the
first neglected term (Charlier, 1907, p. 14; Scarborough,
1950, p. 184). Accordingly, if the terms begin to in-
crease as the counter increases, the calculations should
stop after the term preceding the minimum. Without
proof, the present form of the Euler-Maclaurin formula
may be assumed to have the same error criterion. The
Euler-Maclaurin formula permits the evaluation of a
divergent series if a term sufficiently small can be
reached. For convergent series, the use of the formulas
often increases the speed of convergence, thus reducing
the amount of numerical calculations needed.

In the present study, the Euler-Maclaurin formula
has proved convenient for ¢=1, but for ¢<1, it has not
proved practicable because the integral has not been
obtainable in closed form or in available tables. For-
tunately, it is not needed.

As the Euler-Maclaurin formula uses only the
difference between two values of the auxiliary function,
a constant term may be dropped from that function.

547123—60—3

The formula is especially convenient if Z() approaches
a determinable constant as ¢ increases indefinitely.

LOCAL EXPANSIONS
LOCAL EXPANSIONS FOR @!=1

. I the first » terms of the modified potentials are
calculated directly, equations 12.62 may be written

n

W‘=k2 P W1+ R (17.11)
=1
n
Wz=k21 e 2T ¥ (AN (17.12)
where
Ru= D ¢ Yy (17.21)
k=n+1
an= Z q2klhg. (1722)

k=n+1

The quantity R, is the remainder, or residue, of order
n, for the series W;.

For @?=1, ¢g=1 and each of the series W;, W, con-
verges very slowly. The Euler-Maclaurin summation
formula expedites the numerical evaluation unless the
argument ¢ is so small and the degree of accuracy
needed is so low that direct calculation is adequate.
By equation 12.31 the simplest choice of equivalent
function is

—_——— 18.1
f (@)= Tors (18.1)
Direct integration transforms equations 18.1 to
JS1(z)dz=—log [1+VI+a] (18.2)
where
a\? 3
a_(;) . (18.3)
Differentiation shows that
&0 (g)=(—1)(k—1)I(1—D;Ep)z~* (18.41)
where
Di=(1-+a)i* (18.42)
and
E,=1 (18.51)
Ey = 1—% (18.52)
15
5 35
By =1—2—21 at 1P s (18.54)
189 105 315
55 495 1,155 5,775 693
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Eu=1-39 at 2120 o0 2088 45 45045
-?10—2? a’+%(%i’ ot (18.57)
Bam1-108 4005 26005, 226205 ,
B S8 e
Bu=1—68ap 1000 o DT80 5, 125,425,

It can be shown by mathematical induction that

A4
E-=2 (—1)*E (% y (18.61)
=0
where
_ (w—1
E“'"m (18.62)

and A is the largest integer not exceeding (1/2)(u—1).
In particular, A=0 for ¥=2 and odd values of u are not
needed in the present study.

With the notation

gar== (2k— 1) by s7~2% (19.11)
Y PO T
Do—2[l+ _1__.+a] (19.12)

the Euler-Maclaurin function of equation 16.42 be-
comes, for ¢g=1,

Z(x)=——é— flog. Do+292k(1—DzkEzk)]. (19.2)

By equations 15.8 and 19.11, the early values of
g are

1
g1= e (19.31)
. (19.32
9 =50zt 32)
31
0= 1550 (19.33)
127
gs-—m (19.34)
511
g10= =510 (19.35)
1414 477
gxz-—m (19.36)
8191
gu=—"g=T (19.37)
118518 239

gw——w (19.38)

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

For a selected value of @, as k increases indefinitely,
the values of a and gy approach zero and the values of
Dy, Dy, and Ej, approach unity. Accordingly, equa-
tions 17.2 and 19 show that, for ¢=1,

Rpy=—2Z(2n) (19.41)

Ru=—2Z@2n+1) (19.42)

In each remainder, the argument of the Kuler-Mac-
laurin function Z(z) is one unit greater than the counter
of the last term of the direct calculation.

In an isolated application, the value of Z(x) must be
computed term by term until a term of negligible value
isreached. In group calculations, it usually is preferable
to predetermine the number of terms needed. Direct
analysis leads to the values of (1—DyEx») shown in
table 10. On each interval between the values shown for
a, the expression is monotonic. Numerical values are
shown for a={1(1)25(5)50] and k<5, in table 11.

TABLE 10.—Variations of (1— DaEsx)
[Monotonic between values shown)

2k 3 1—Dnlin
. J 0 0
@ 1
4 e 0 0
2/3 1
4/3 1. 051 532 505
© 1
I 0 0
0. 217 786 631 1
0. 450 806 662 1. 112 759 589
2. 448 880 035 1
3. 549 193 338 | 0.998 2;)44 737
o«
8 ceccceccaccmcaam——- 0 0
0. 110 117 150 1
0. 235 232 105 1. 158 338 770
0. 818 616 636 1
1. 180 638 620 0. 990 473 786
5. 071 266 214 1
6. 584 129 275 1. 000 (1)31 129
~ (-]
10 o el 0 0
0. 066 855 287 1
0. 146 317 486 1. 192 181 694
0. 430 721 573 1
0. 624 921 564 0. 978 416 470
1. 657 987 349 1
2. 129 978 868 1. 000 509 415
8. 511 102 456 1
10. 432 115 413 0. 999 %99 619
o«

In calculating the residue, the number of terms
needed depends in a complicated manner on the value
of the argument and the number of terms initially cal-
culated. A reduction in the number of initial terms
usually requires an increase in the number of terms
needed in the residue to obtain a selected accuracy. No
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TaBLE 11.—Values of (1— Dy Eg)

31

Us__ 39

b iy (20.227)
U7__ 1056(.
T (20.228)

Except for rounding errors, the errors do not exceed
five units in the 10th decimal place for the approxi-
mations

a 1~DyE, 1-D.Ey 1—DeEs 1—DeEs 1—DnEn

) S 0.646 446 610 | 1.044 1064 174 | 1.046 956 310 | 0.992 058 859 | 0.991 077 006
2 .807 549 911 1.042 766 687 | 1.003 563 891 | .996 040 i 1. 000 487 652
: S .875 1.027 343 750 | .998 506 192 | .999 128 342 | 1.000 261 620
[ S .910 557 281 1.017 888 544 | .008 425 808 | .999 833 994 | 1.000 083 576
| T .931 958 618 | 1.012 285 249 | .998 799 038 | .899 995 351 | 1.000 026 369
.946 005 075 | 1.008 815 498 | .999 134 192 | 1.000 028 454 | 1.000 008 304

.955 805 827 | 1,006 560 072 | .999 375 5562 | 1.000 030 293 | 1.000 002 383

.962 962 963 | 1.005 029 921 | .999 542 753 | 1.000 025 298 | 1.000 000 412

. 968 377 223 | 1.003 952 847 | .999 658 869 | 1.000 019 766 | .999 999 787

.972 589 878 | 1.003 171 419 | .999 740 708 | 1.000 015 147 | .999 999 629

) § S .975 943 739 | 1.002 589 389 | .999 799 444 | 1.000 011 585 | .999 999 630
1.002 146 086 | .999 842 385 | 1.000 008 906 | .999 999 679

1.001 801 871 | .999 874 339 | 1.000 006 905 | .999 999 737

1.001 530 067 | .999 898 506 | 1.000 005 404 | .999 999 788

1,001 312 266 | .999 9.7 060 | 1.000 004 271 | .999 999 831

1.001 135 420 | .999 931 502 | 1.000 003 400 } .999 999 866

1.000 990 176 | .999 942 885 | 1.000 002 746 | .990 999 893

1.090 869 632 ;| .999 951 960 | 1.000 002 231 | .999 999 915

1.000 768 648 | .999 959 270 | 1.000 001 828 | .999 999 931

1,000 683 330 | .999 965 216 | 1.000 001 510 | .999 999 944

1.000 610 689 | .999 970 095 | 1.000 001 256 | .999 999 856

1.000 548 406 | .999 974 131 | 1.000 001 052 | .999 999 963

1.000 494 658 | .999 977 495 | 1.000 000 886 { .999 999 970

1.000 448 000 | .999 980 319 | 1.000 000 751 | .999 999 975

1.000 407 273 | .999 982 704 | £.000 000 641 | .999 999 979

1.000 265 269 999 990 349 | 1.000 000 311 | .999 999 91

1.000 183 971 999 994 149 | 1.000 000 166 | .999 999 996

1.000 {33 693 999 996 1.000 000 096 | .989 909 998

1.000 100 732 999 597 442 | 1.000 000 059 | .999 995 999

1.000 078 115 999 998 199 | 1.000 000 038 | .999 999 999

simple working rule has been found. Usually the terms
of the residue are more difficult to compute than are
those of the original series.

If the value of « is small, it usually is simpler to cal-
culate log D, by series than to interpolate in a table of
natural logarithms. Specifically, by equation 19.12 and
the usual series expansions,

gt Lol s 3 7
Do=1tga—qgeltgzd—gmd i3
21
2048a°+4096 ... (20.11)
so that by equation 14.211
1 35 63
]og, Do—za a + a“ 1024014—]-%0:
77 429 6 435
~1006% 2w e2” Bz - (2019
which may be written
loge Do=2 g (20.21)
where
uo=g (20.221)
ux___3_a
w="3 (20.222)
U _ Se
=% (20.223)
U _ 2le
=" (20.224)
u_ 18«
=5 (20.225)
U__5%a (20.226)

lOg. Do‘——-"lz

1 3
log. Do-—za—32

for «<0.000 073 030

for <0.002 125 317

log. D°=Z°’ 32a?+96a3 for a<<0.010 997 665-

More generally,

(2u— 1)!

loge Do=2 3 (—1)%1 gt Qu(ul)s &

(20.31)

(20.32)

(20.33)

(20.4)

For k>0, equations 18.42 and 18.61 may be written

(2% +2u—3)1(k—1)!

Di= 143 (—1ys B B Do

%=1

(k—1)!

A
Ei=1+2(—1)*

%=1

Pl (h—2u—1)1%?

(20.51)

(20.52)

where A is the largest integer not exceeding (k—1)/2.

If equation 20.51 is written

Dy=1+433(—1)*Dyua®,

(20.53)

the values of D, may be calculated and tabulated as
in table 12, which shows the values of Dy, for 4 = 8

and even values of £ not exceeding 10.

TasLE 12.—Values of Dy,

k u=1|u=2] u=3| u=4 u=5 u=6 u=7 u=8
5 3 |15 |35 [315 |ees 3 003 6 435 109 395
""" 2 8 16 | 128 256 1024 27048 32 768
. 7 |63 |23 |3008 |9009 |51 05 138 567 | 2 909 907
““““ 2 |% |16 | 128 | = 1024 2 048 32 768
6 11 |148 |75 [12155 (46189 |323323 | 1062347 |26 558 675
"""" 7 |3 |16 |1 26 | 1024 2 048 32 768
. 15 | 255 | 1615 |33 915|156 009 | 1300075 | 5014 675 | 145 422 675
------ 2 |% {16 = | =6 102 2 048 35 768
19 | 399 | 3050 | 76475 | 412 985 | 3991 995 | 17 678 83 | 583 401 585
10--.-. 2 8 |16 | 18 256 1024 2 048 32 768
The Euler-Maclaurin function may be written
Z(z)=—2 A, (20.61)
where
=\ Ais
Apy=2 =52 (20.62)
u=0 ¥
Values of A, are shown in table 13 for ¥ = 8 and

values of 2u not exceeding 10.
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APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

TaBLE 13.—Values of Ay,ou

r 2u equals—
0 2 4 6 8 . 10

1 1 7 31 381 2555
Lo t3 ~3 +51 91 T30 7

3 5 49 93 4191 33 215
Prrmmm e 61 B> r *16 e +=55—

5 35 49 1705 18 161 1 162 525
B 193 02 33 ~96 61 ~— Tz
4 _ 85 +£5 _ 2695 22 165 1 906 905 +19 762 925
"""""""""" 2048 512 1024 512 2 048 768
5 n 63 _ 231 21 021 93 093 .6 483 477 _ 45 059 469
--------------- 5 120 1 024 5 120 1 024 2 560 512
8 7 n 1001 49 049 +527 527 _ 123 186 063 +525 693 805
"""""""""" 8192 4 096 8192 3 072 20 480 T2 048
. i 429 2145 +17 017 4 295 577 |, 52 794 027 _ 2 714 296 585
"""""""""""" 57 344 3192 2 048 14 336 Y74 096 4 096
N 6 435 n 36 465 2 909 907 64 433 655 | 13 356 888 831 | , 203 572 243 875
""""""""""" T 1 048 576 131 072 | ~ 262 144 Y131 072 524 288 ' 131 072

Noting that a4 is not to be confused with o having

no indices, the notation

leads to the relation

Early values of a5 are shown in table 14 with azy=A.
If a good table of natural logarithms is available, it

Ak=2 Uk, 250
=0

may be preferable to write

Arou
Q=
A 2k,u~2
Uro== Ao
e QU202
Uk, 21 —-—r L]

—Z(z)= %log.Do+Z‘,Aka",

where

® 4.,
Ai'—_-z m’;f”

Jj=1

so that, by equations 20.62 and 20.82,

A=Ay +A,;

LOCAL EXPANSIONS FOR @1

For points near the current pole, the axial displace-
ment, I, of the test point, is small and the relative
displacement, a=I/(2h), likewise is small. For such

(
(

(20.71)
20.721)

20.722)

(20.73)

(20.81)

(20.82)

(20.83)

points, the reduced reciprocal distance of equation
12.31 may be written

Yr=__ (—1)v1H gtuk-@utD, (21.11)
where
_ (2u)!
Hu=go; (21.121)

and the definition of equation 21.121 is extended to
include

Hy=1. (21.122)

The value of H, depends only on the value of u, and is
shown as a common fraction for ¥ <24 and as a decimal
fraction for w <32, in table 15.

If the first (n—1) terms of the modified potential are
calculated directly and if w is an arbitrary constant,
the notation

2
ﬁ=(§;) (21.21)
transforms equation 12.932 into
n—1 d hd —_ 2ug u
=—2 QW+ Q> EL,;};}"’—‘S, (21.221)
k=1 k=n u=1
which is reducible to
W—-"z':l QS (—1)*Hamge 30— (21.2221)
= * f=5 (nfgpett ’
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TaBLE 14.—Values of ax,2;
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2, equals—

2

4

6

8

10

{ +35730
40.012 304 688

__17

{ 8192
—0.009 399 414

429

{ +57 34
40.007 481 166

6435
{ 17048 576
—0.006 136 894

1 1
o
+0. 125 1
_3 10
{ 64 3
—0.046 875 3. 333 333 333
5 7
{ +153
+0. 026 041 667 7
35 12
{ 2048
—0. 017 089 844 12
55

3
18. 333 333 333
26

26
35

35
186

3
45. 333 333 333

4
3
2.333 333 333
49
10
49
42
5
8. 4
77
6
12. 833 333 333
91
5
18.2
49

24. 5
476

15
31.733 333 333

399
10
39.9

31

7
4. 428 571 428
372

49
7. 591 836 735

1705

147
11. 598 639 456

806

49
16. 448 979 59
155

7
22. 142 857 14

4216
147

28. 680 272 11
1767
49

36. 061 224 49
310

7
44. 285 714 29

1143

155
7.374 193 548

1397

124
11. 266 129 03

4953

310
15. 977 419 355

2667
124
21. 508 064 52

4318

155
27. 858 064 42

21 717

620
35. 027 419 35

2667

62
43.016 129 03
32 131

620
51. 824 193 55

12 775

1143
11,176 727 91

66 430

4191
15. 850 632 30

89 425

4191
21. 337 389 64

347 480

12 573
27. 636 999 92

48 545

1397
34, 7497463 14
178 850
4191
42,674 779 29
58 765

1143
51. 412 948138

255 500

4191
60. 963 970 41

Tasre 15.—Values of Hu Upon isolating the term =0, equation 21.2221 becomes
% Decimal Numerator Denominator n—1 ® Q © Qi
W=‘Z Q’%+Z (—1)*H g [n2u+l+2 (n+3)2+ ]’
- 378 06 0000 3 H = v = (21.2222)
. 21.
*812 500 0000 5 16 . .
+273 437 5000 35 18 | which may be written
-246 093 7500 63 256
B T
. — — k,
. 196 380 6152 6 435 s | W= 25 Qe
anE i Sg) F
. ©
HuwauﬁuQn
. 168 188 0951 88 179 524 2 42 (1) | 14-n2eH - (21.2223)
1161 180 2578 676 030 4 104 304 uz;‘l niutt 12;: (”+J )’“'”
“154 981 0171 1 300 075 8 388 608
1149 445 9808 5 014 575 33 554 432 . . . L.
+144 464 481 9 604 845 67108864 | Ag  increases indefinitely, the quantity in the square
.139 949 9341 300 540 195 | 2 147 483 648 i i
15 358 0 R it i brackets approaches unity so that the summand in the
128 585 3206 3008 15075 | 34 3% 78 38 | second sum approaches
©125 370 6876 | 34 461 632 205 | 274 877 906 944
.122 385 6712 | 67 283 234 305 | 549 755 813 888 (—1)s (}L’) (.‘2)"‘ Qg
T110 604 1787 | 263 012 370 465 | 2 199 023 255 552 A
. 117 004 0879 514 589 420 475 | 4 398 046 511 104
1114 566 5027 | 8 061 900 920 775 |70 368 744 177 B64
112 275 1727 |- which suggests that w should be selected as having the
“108 o 9450 S value n, for which choice
2106 146 9052 |- oo oueeo oo
] 1 — —— H
B Y L - ) R B e L T T L
I =—2 Q":ﬁk+2( e (7)Q"ﬁ"[l+n2““2 W]
: 7537
099 346 (21.2224)
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and equation 21.21 becomes

-y

For systematic calculation, it is convenient to write

(21.23)

Q=¢q (21.31)

where e=1 for a buried insulator and e=—1 for a buried

conductor. The notation
o« qm+2i
S’“_jsz’; CEEIE (21.321)
leads to
L. n+j
;)) (n fj)z’—“m:f"sﬁ"“+6“+‘S‘i“f ) (21.322)
so that equation 21.2221 becomes, for w=n,
n-1 ®
W= Q%+ > (—1)«H n2vguen (824 +1 4 eS2H),  (21.331)
k=1 u=1
With the notation
Cru=(—1)v 1 H n2uen(S2+1 4 (924! (21.332)
equation 21.331 may be written
n—1
- W—kZ‘, Q’%+}_, Crnu B (21.333)

For selected values of ¢ and n, the values of C,. may be
tabulated for values of u. If powers of 8 are available,
equation 21.333 is convenient for small values of B,
as the remainder series converges rapidly, especially if
7 is selected as greater than a.

If powers of B are not available, a ratio form is more

convenient. The notation
_— __‘73"“ (21.411)
leads to
Cr,ut 184 = =gy, (Cru8) B (21.412)
which starts the recursion sequence with
C= wen(S2 4652 1) (21.413)

Because of equations 21.12 and 21.332, the ratio of
equation 21.411 may be written

2u+ 1)/ Sp 0+ eSPUH
= n? .
Au=1n (2u+2)(5§"+1+ es,zlzf'_-(-ll)
As the value of u increases indefinitely the value
of C,, approaches the limit

(21.42)

Cn=(—1 )«-I—I%@ (21.511)
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and the ratio \,, approaches the limit

_2ut1

M=2ute

(21.512)

The series for Sy, usually converges rapidly so that it
frequently is simpler to calculate

Qi

#”“=nzu+1§___(n+j)h+l, (21.521)
in terms of which
Cauw=(—1)"H ..Q"(H';:—‘i‘—“) (21.522)
and
(B (i)

As u increases indefinitely, u., approaches zero, leading
again to the limits of equations 21.51.

Omitting the constant subscript n, for a selected
value of » and large value of %, N, approaches the

value

_2u+l_
)\u—2u+2'—'1 Puti—o

(21.611)

where

1
(ﬁk—-z—(-;—_*_—k)-' (21.612)

Dropping the subscript », equation 21.411 may be
written

Cup1=—2LC. (21.613)

In particular,
Cotr=—NCo=—(1—¢)C, (21.621)
Criz=—Mpt1Cor1=(1—¢2) (1—,) C, (21.622)
Cors=—(1—¢3) (1 —3) (1—¢1)C, (21.623)

Cori=(—1)i(1—6) (1—i~1) (1—i3)...(1—¢1) C,
(21.624)

If the first (n—1) terms of the modified potential are
calculated directly, the remainder has the value, by
equation 21.333, upon dropping the subscript 7,

= —Z) CuBr— > Cupv, (21.631)
u=1 w=g1
which may be written
Ro=— Cupit C.8°5, (21.632)
u=1
where
S=§:(—1)‘(1—¢£)(1—¢f—1)---(1—'¢z)(1—-¢,)ﬁ". (21.633)
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The value of S is expressible as a power series in 8, and
the various ¢;. Specifically, the term free of ¢; has the

value
S,= (—1)éis, (21.641)
=
For ?<1, and n>a, B<1, so that
Spm=—t—t (21.642)

1+8

The terms of § which are linear in ¢; have the sum
(21.651)

® i
=2 (-0 30
1 ‘=1( )i =1¢

Reversal of the order of summation transforms this
relation to

8= jil‘, ¢,-_Z:‘, (—1)e (21.652)
= =
Summation in % reduces S; to
(=D
3?:‘1' ) (21.653)

which may be written, by equation 21.612, in the form

(=1)igi
S=3mry o

j=1

(21.654)

Separating the even and odd terms, this equation may
be written

_ ﬁ2i‘l
Si= =5 2| F it T

in which all of the summands are positive, and converge
conveniently to zero as j increases, for small values of 8.

For values of 8 near unity, another form is preferable.
Upon retarding the counter by », equation 21.654 be-
comes

(21.655)

S =Dt S (=Dise

e PP (21.656)

which may be written

(=D [ (=g & (= 1)/‘3
=30THF L; 7 Z) } (21.6562)

But

—log, 1+8), (21.6563)

e
so that

(=1)>= R e Ve
8= 3(1+B)8* {10g4(1+ﬁ) E'—J—} (21.6564)

The notation

1)"

8,=log, (14+8)— Z (= (21.6565)
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reduces equation 21.6564 to

(=1)"1o,

S=iTmE

(21.6566)

The terms of S which are quadratic in ¢; have the sum

i-1

2 (—1)‘—13‘2 bi Z b

(21.661)

Interchanging the j and &k summations, this becomes

o o k-1
=22 2 (1) g%

i=2 k=2 J=

(21.662)

i

Interchanging the ¢ and % summations, this becomes

k—

-

Ms
Ms
M

8= ( 1)#1pipuBie (21.663)

=

=2

-]

&
&.
-

Since the limits of 7 and j are mutually independent,
this may be written

k—

-

= > > (— 1) 1gigas (21.664)
k=2 j=1 i=k

and the summation in 7 may be performed, leading to

k—

H

8y= 1_1—,3 ;"2 ] (—1)*~18*pipie (21.665)
= =
By equation 21.612 this is equivalent to
o k-1 _
L (ZLp (21.666)

CET)) ,,22!, fv:"l (0+7) (v k)

For small values of 8, equation 21.666 is convenient.
For values of 8 near unity, a procedure similar to that
used for S, is convenient. Interchanging the j and %
summations, equation 21.666 becomes

1 Sy oo _(—1)kigE
SR 2 12y GFD ly. (LEOTD)
If the % counter is retarded by v, this becomes
1 L L (—1)k=s=1gk=2
S =1i1H ;:,; D N I (21.6672)

which may be written

(D0 &1 [& (=g
S =T 06 = +'{Z 2

J %=1

%ﬁ (—1)k~1pk

k=1
(21.6673)

By equations 21.6563 and 21.6565 this becomes

= Oti,

=1 D+J

_(=1)>

~TIFHF 3 (21.6674)
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Retarding the counter by v, this becomes

Sz ( 1) ° 01’

W;‘;’:l i (21.6675)
which may be written
(D) (S8 Sl
S=giTee {f?—*; ;;J} (21.6676)

Summarizing, the first (n—1) terms of W are calcu-
lated by the products —@Q%¥;, the next v terms are
calculated by the product —C,.8% and the residue is
calculated as — C,,8°(So+S1+S2). Additional values
of S; are not needed as the method is used only when the
term C,,8° is numerically small. The values of S; need
not be calculated with great accuracy. The value of S,
may be calculated directly. The residue factors are
independent of @ and are needed only for values of 8
near unity. However, @ enters the residue through the
coefficient C,,8°. Table 16 shows the values of S, S,
Sz, and S to 6 decimals, for a/n on the range [0.80(0.01)
1.00] for »=30. 1If intermediate values are needed, S,
should be calculated directly, S; may be obtained by
interpolation in table 16, and S; may be taken directly
from the table. The value of S'is the sum of S;, Si, and
Se.

TaBLE 16.—Residue factors for v=30
[Last figure in columns —.S; and ~ 8, are in sixth decimal place]

a/n +So -S -8, Factor
0.80 . 0. 390 244 3886 24 | 0.386 334
L8l . 396 172 3907 25 . 392 240
.82 . . 402 057 3928 25 . 398 104
L83 . . 407 899 3947 26 { .403 926
L84 . . 413 696 3964 26 . 409 706
L85 . . 419 448 3980 27 . 415 441
86 . 425 155 3996 27 . 421 132
87 . . 430 816 4010 28 . 426 778
88 . . 436 429 4023 28 . 432 378
89 . 441 995 4034 29 . 437 932
90 . 447 514 4045 29 . 443 440
L9 . 452 984 4055 29 . 448 900
92 . 458 406 4064 30 . 454 312
L J . 463 778 4071 30 | .459 677
94 . . 469 102 4078 31 . 464 993
95 . 474 376 4083 31 . 470 262
96 . 479 600 4088 31 . 475 481
97l . 484 775 4091 32 . 480 652
98 . . 489 900 4094 32 . 485 774
L99 . 494 975 4096 33 . 490 846
1,00 . 500 000 4097 33 . 495 870

In preparing table 16, the values of S, were computed
for each entry. The values of 8, and S, were calculated
on the range a/n=[0.80(0.05)1.00]. The intermediate
values were interpolated from a fourth degree poly-
nomial passing through the five points, with adjustments
when needed.
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ASYMPTOTIC EXPANSIONS
ASYMPTOTIC EXPANSIONS FOR Q<1

The modified potential function has been defined as

W(Q, a)=—2>,Q%(a), (12.932)
where
o232 129
¥x(a) __k‘/?l—+_az' (12.31)
a=% (12.22)

The limiting value of the modified potential as ! in-
creases indefinitely is

—--z‘, (14.1)
so that
W=Weot> W_W 22.1)
For o>k,
TP, 1l/kN, B /kN 5 /RN
Vita o (-G +G) -5 ()
+2 &)+ ] e
so that
Weo— W=_2_Bnal, (22.31)
where
=@ (22.321)
B=1 3 bk (22.322)
Ba=—-% S e (22.323)
Bi=1: 3 ks (22.324)
35
Bi=—32 57 kb, (22.325)

with similar expressions for higher order terms.

Each of the coefficients B, is of the form Zk2"~2Q*
with a constant factor. The ratio of the (4+1)-th
term to the k-th term in B, is Q[(k+1)/kl*~2 Al-
though the coefficient of @ in this ratio exceeds unity,
it approaches unity as % increases indefinitely so that
for @2<1, B, converges. However, only the early
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values of n lead to values of B, that are convenient for
calculation.

Excluding the cases @?=1, the values of B, may be
evaluated directly. Specifically, B; is a geometric
series of ratio @ and first term —@. Accordingly

B Q.

e (22.41)

As B; involves the factor k2, whose third difference
vanishes, it is convenient to isolate the initial terms
and write

2By =Q+ 4Q*+ 9@+ > (k+3)2Q4+8 (22.511)
2By=Q+4Q2+ > (k+2)2Qk+ (22.512)
2By =Q+ > (k+ 1)2Qk+ (22.513)

2By =D | kIQk, (22.514)

The third difference of k% is (k-+38)2—3(k+2):+
3(k+1)2—k2, and the exponents of the summations in
equations 22.5 may be made k-3 by multiplying by
1, @, @?, and ¥, respectively, leading to

2B, =Q+4Q+ 93+ > (k-+3)2Q+ (22.521)
—3Q(2B;) =—3@Q2—12@3— > | 3(k-+2)2QF3  (22.522)
3Q2(2B;) =3Q8+ >3 (k+ 1)2Q+3 (22.523)
— Q¥(2By) = — D> 3QH+s (22.524)

Addition of equations 22.52 leads to
(1—Q)3(2By)=Q+ ¢, (22.531)

so that

Bz=g((11_"‘§)3. (22.532)

A procedure similar to the determination of B; leads
to

Ba=—3Q“+§()1“_E§?Q+QZ) (22.541)
Bg___sQ(1+Q>(1+51%?1t2g§37@+56@+Q*) (22.542)
35Q(14+ Q) (1+246Q+4,047Q2
By—— +11,572Q3;I—2§,8€%4);l-246Q5+Q5 . (22.543)
The notation

0=2 (-5—1) (22.551)
u=Q+% (22.552)

transforms equations 22.53 and 22.54 to
Bl=—§ (22.561)
B,=4—%;'fT® (22.562)

547123—60———4

37
_12(14Q) (u+10)

Bi= o (22.563)
40 (1+Q) (v +56u+244
B=2% Q)(zw? ut244) (22.564)
B 140 (1+Q) (1246w +4,044u + 11,080)
[ and Q5v°
(22.565)

Each quantity B, depends only on @ so that numerical
values may be calculated. For 2<1, the first five
values of B, are shown in table 1, as noted on page 8.

As @ approaches unity, » approaches zero and u
approaches 2, so that each value of B, becomes infinite
and the usefulness of these asymptotic expansions
disappears. As @ approaches minus one, » approaches
—4 and u approaches —2 so that B, approaches one-half
and all other B, vanish. This property is convenient
for large displacements but its validity may need
verification for small displacements.

The use of asymptotic expansions may lead to
divergent series as the value of n increases. Usually
an asymptotically divergent series has a remainder
less than twice the first neglected term, so that the
evaluation should stop after the term ahead of the
smallest has been calculated. If the first neglected
term is sufficiently small, the series may be used for
calculation.

ASYMPTOTIC EXPANSIONS FOR @=+1

If the underlying bed is a perfect insulator, p,=o
and @=1, so that the modified potential function of
equation 12.932 may be written by equation 12.31,

=2 s

In calculating this function, the Euler-Maclaurin
summation formula uses the integral and odd order
derivatives of the function

(23.1)

1

f(x)=m‘ (23.21)
Direet differentiation shows that
I (z)= —z(z2+a?)~¥2 (23.22)
I (z) = (222—a?) (2?4 a?)~¥2 (23.23)
' (2) = — (623 —9a?x) (22 +a?) ~72. (23.24)

These derivatives suggest the relation

k
f®(z)=(—1)*(a2+a?)~4~12 > Agarztv,  (23.31)
%=0
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where Az, must be determined for k21 and 0Su=Ek.
By differentiation, equation 23.31 leads to

[k
7 (2k+1) A gaatzkti-u

u=0
k—1

FORAD () =2 (— 1)+ (g2 @2) k=32 — > (k—u) A pyarzhti=u
u=0

k-1
_Z (k—u) A puavtigpk—1—u
u=0

(23.321)
Replacing & by (k+1), equation 23.31 becomes
k+1
FOED ()= (— 1) BH (224 a2) =532 3 Ajpy,wavabti-v,  (23.322)
u=0

Equating the right members of equations 23.32 and
dividing by the common factors leads to

i A gy, uaiz v = Z (2k41) A pyarakti-u

u=0

k-1
_2 (k—u) A puavzkti=u
u=0

k=1
_2 (b—u) A puasHizhti-u,

u=0

(23.331)

Upon retarding the counter of the final summation by 2,
this becomes

k+1
2 A ..a“zkﬂ—"—z'_‘,(zk-x- 1) Aguauziti-e

u=0 u=0Q

k=1
_E(k_u)'Ahauzbﬂ—-

%=0

k41
T S——

u=2

(23.332)

Upon equating coefficients of corresponding terms,
this equation determines the conditions:

Apro=(k+1)Ax (23.341)
Ara=(k+2)44 (23.342)
Apie=(k+1+u)Apu— (k+2—u)Aru-2 (2Su=k) (23.343)

A=A xz-1 (23.344)

For positive integral values of %, equations 23.34 are
satisfied by the values

Axau-1=0 where 1=2u—1=k

- (1)2
D ahiamg—2a1

(23.351)

A= where 0=2u=k. (23.352)

Specifically, equations 23.35 take the special forms
Aw=Fk! (23.361)

Aszp—1,21-1=0 (23.362)
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(2K)17 %
2%k

Agpap=(—1)* (23.363)

By equations 23.35 and 23.36 the derivative of equation
23.31 may be written

k
F® (@)= (—1) ¥@?+a?)~*~} tA P Ar T A (23.30
u=0

The Eulerian constant is defined as

$=1im &,, (23.411)
oo
where
t
=>, -,1;—1og. & (23.412)
=1

To 16 decimals (Jolley, 1925, p. 19), the value of the
Eulerian constant is

&=0.5772 1566 4901 5325. (23.413)
Equation 23.412 may be written
t
2%='I>‘+log. i (23.421)
k=1
so that
8—1 1
; —-——q>,+1og. t—-é . (28.422)
For k=Y, k=0, the Euler-Maclaurin summation
formula of equation 16.33 reduces to
=Z (1 —Z(8—53 23.431
Ef(z) Z(+2> (s ) ( )
where equation 16.12 reduces to
Z(2) ~ff(z) dz+ Z b’“ﬂ«-l(x) (23.432)

Accordingly, by equations 23.21, 23.37, and 23.43,

,;Z, ‘/,;;14_752 (H‘%)—Z (8—-) (23.441)
where
Z(z)=log . (z+Vz*Fa?)

F b o ™ S st @.442)

o=0

Combination of equations 23.42 and 23.44 leads to

kZ:)l¢k=§,+lOg,t—-Z (t+%)+z (%)

(23.451)

¢ —l
3 w=srtlog.i— b Z(H——)-!-Z(s——) (23.452)

For large values of ¢, & approaches & and
log.(z++22+a?) approaches log, (2::) For specific values
of a, w, and v, the summand in equation 23.442 ap-
proaches a finite constant multiplied by 2~?*~** and
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accordingly approaches zero as z becomes infinite.
Hence Z(x) approaches log, (2x), and equations 23.1
and 23.45 lead, for the limiting values, to

—W=3" Yy=0—log. 2+7 (l) (23.461)
k=1 2
©. 8—1 1
Sl h=%—log, 2—> 7+Z (s ——-) (23.462)
k=3 k=1 k

For small values of z, corresponding to large values

of a, Maclaurin’s expansion may be used for Z(z). As
= log.(a:+x/x2+a2)— m_z (23.51)
the notation
¢ (z)=log.(z+Va?Fa2) (23.521)
leads to the relations
¢’ (z)=f(z) (23.5221)
¢+ (2) =0 (z), (23.5222)

where f(z) is the function defined by equation 23.21.
Accordingly, by equations 23.35, 23.36, 23.37, 23.521
and 23,522,

¢(0)=log.a (23.531)
¢'(0)=1/a (23.532)
3@ (0)=0 (23.533)
¢V (0) = 4,,, 5, a~21, (23.534)

If the definition of A,; is extended to include
Ap=1, (23.541)

equations 23.532 and 238.534 may be combined to

¢@u=D=A,, a4, o a~2H, (23.542)
Accordingly, Maclaurin’s series leads to
Asy—z su—

log (z+Vritat) = log,a+2 (22u “1),"( ) (23.55)

Combining of equations 28.442 and 23.55 results in the
relation

Z(@)=log.a+ 3 =22

© b . U—1 .
—EWZP)AM-L,,a%x“ 21, (23.56)
By equations 18.42 and 20.51,
e B v, (2 2—3)k—1)!
(1+a)t "—Z_‘(,)( D Sl o y1%>  (2857D)

so that
e 1S 1ye _ (4u+20—3)1(2u—1)1  sx\?e
@ +a)ie=a=2 ) (=1 Z = Gut o= (a) :
(23.572)
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The notation
(4u+20—5)1(2u—1)!

Guromr= (=1 G, (40— 2) I(2u 1 o= 3!
(23.581)
reduces equation 23.572 to
— S zy",
(224 a) 2w gi=4 %Gu.(a) (23.582)

so that

Z(z)=log, a+2 f‘é;i2;)—f ( )z«-—;

3

© %-l1 2\ dut3u—37-1
P IPIPIL 22%,,, Agu-1,2:Guw (a) - (28.583)
If the term u=1 is isolated and the counter advanced
by unity in the first summation, equation 23.583
becomes

d 2u+1
7@ =log. "“‘%"‘Z (2‘;14?-2;)! (%)

mmulbz

4ut+2w~=2v=—1

For #=1/2, this determines

A?“ 24

1 * 2u+1
7 ((g)=tos. "‘*‘2a"'uz:'l @u+ D1 %)
© y-—1

—S) S S bow Aset, 22 G (—2-15)“"'”"1- (23.591)

#u=1 w=0 p=1

If the counters » and w in the triple summation are
retarded by unity, this equation becomes

1\ _ Aguzu
z (§>'l°g° a+2a+2(2u+l)! 2a

© 4ut+2w—2v—1
_Z Z Z bBuAZa—l,h-zGa.w—l(éla) .

u=lu=1w=1

2u+1

(23.592)

If the order of summation in ¢ is reversed, this equation
becomes

1 _ Asy 2u SuHl
z (5)—1°g~“+2a+u23_1<2u+1>: 2a)

© u «©

- bZUAzu-l W2u—2 vGu; w—1 ‘]'.‘ posarae=s (23.593)
2a .

y=1 g=1w=1

In equation 23.593, the coefficient of 1/(2a)%**! is

A2k.2k

© %
'(—m "'Z Z quA 2u—1,2u—2uG:,k—u—u+l-

u—1 g=1

The value selected for % restricts 4+ to the range
2=u-tv=k+1, so that u is restricted to the range
1S4 =k and » can not exceed either w or (k—u-1).
Two cases exist, according as % is even or odd. If &
is even, it may be written as k=2j. For u<j, k+1—
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u=j+1, so that w<k+1—w and 1 v<u. Foru=j+
1, k4+1—u <7, so that k+1—w<u and 1 Sv<k+1—w.
Accordingly the coefficient of 1/(2¢)**!' in equation
23.593 is

Asi i I, &
- - b A gu— 2 2u— nGu, f~t—1
@+ 01 uZ—I; 2_1: 2u A 2u~1, 2u—2 24 +1

o=

2j  2j4l-u
b2uA2u-l,2u—2 uGu,Zi—u— vl

If % is odd, and greater than 3, it may be written as
k=2j+1, where 7>1. Foru=j+1, k+1—u=j+41, so
that v <k+1—wu and 1Zv=<u. For u=j+2, k}+1—
w=<j, so that k+1—u=w and 1=<9=<2j+2—u. Ac-
cordingly, the coefficient of 1/(2a)**® in equation 23.593
is

A41+2 4142 i G
(4J+3)' Z,‘ ;l b2uA2u—l 2u—2wGu 2—u—y+2
2§41 2j4-2—u
- qu Aza-l . 2u—2y Gu. 2i—u—p+42
u=j+2 v=1

For the coeflicient of 1/(2¢)® in equation 23.593, all
counters must be taken as unity so that the coefficient

of 1/(2a)® is A____zz_b}Ame

Ap=—1; by equatlon 15.812, b,=—1/6; by equation
23.361, Ayy=1; and by equation 23.581, Gy=1; hence
the coefﬁcient reduces to zero. Direct calculation for
k<6 has shown that the coefficient of 1/(2a)%*!
vanishes, so that the modified potential of equation
23.461 reduces to

But by equation 23.363,

W=log, 4—&—log. (20) oo (23.61)
at least for powers not above the 14th, in 1/(2a), and
except for errors in the application of the Euler-Mac-
laurin summation formula. To 16 decimals, logd=
1.3862 9436 1119 8906 so that for large values of q,
the modified potential is given approximately by the
asymptotic expansion

W=K —log(2a) —1/(2a), (23.621)

where

K=0.8090 7869 6218 358. (23.622)

Comparison with the direct series calculations shows
that the asympotic expansion is valid to eight decimals
if @ exceeds about three.
REDUCTION FORMULA FROM POSITIVE TO NEGATIVE
REFLECTION FACTOR

Displaying both arguments, the modified potential is
given by

wQ, a>=—kZ:"i Q4vi(a) (24.11)
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where
\l«k(a)—-k——\/—k%- (24.12)
For a positive reflection factor,
Wi(g a)=—2 g (a) (24.21)
and for a negative reflection factor,
W (—g,a)=—2_ (—1)*g*% (a) (24.22)
where
7=l (24.23)
If the terms for odd and even values of %k are
separated, equations 24.2 become
W (g,0)=—2]¢" Wara(a) — S ¢*ar(a)  (24.31)
W(—g¢.a) =2 " War1(a) — 2 3¢Mui(a).  (24.32)
But, by equation 24.12
(24.41
S =]
so that
¥2u(a) =% i (%) (24.42)
Accordingly, by equations 24.3 and 24.42,
W(g,a)=—2_ ¢* Yu-1(a) —%Z 4, (%) (24.51)
W(—ga)=2_ ¢* Yy-1(a) —%Z @y (—‘2'—) (24.52)
But
> g (%)= —-W (q’, %), (24.6)
so that
W(—g,a) +W(q,a)=W(qz, —g), (24.71)
which leads to the reduction formula
LA —q,a)=W(q’, %)—W(q,a)- (24.72)

Hence if W is available for Q=¢, and for Q=¢* a
simple subtraction furnishes W for @=—¢. In the
present study, the spacings in ¢ are by one-tenth of a
unit, so that the only useful case is that for ¢=1, for
which

W(—1,a)=W (1,%)—W(1,a)- (24.81)

However if tables of W are available for reflection
factors on the range Q=[—1(0.1)1], equation 24.71
furnishes W(¢%a/2).

Combination of equations 23.621 and 24.81 furnishes
the result, for large values of a,

1
W(—1,a)=log, 2—%: (24.91)
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where

log. 2=0.6931 4718 0560. (24.92)

As for the case Q= +1, equation 24.91 must be con-
sidered as an approximation which is valid only for
values of the relative displacements that are sufficiently
large. To eight decimal places, the approximation of
equation 23.621 is valid for values of a above 3, so that
equation 24.91 is valid for values of ¢ above 6. For
fewer decimal places, the lower limit of ¢ may be
decreased.

TABLE SMOOTHING AND ERROR DETECTION

Two important uses for differences in tables are de-
tection of gross errors of calculation and smoothing for
small errors due to forcing errors of rounding. (Scar-
borough, 1950, p. 57; Steffensen, 1927, p. 46; Willers,
1948, p. 101). Specifically, the descending differences
of f(z) at x=a are defined as

A.=f(a+h)—f(a)

AT=A"Ti— A2 for n=2,

(25.11)
(25.12)
where & is the constant spacing in the argument . If
a unit error occurs at some position in a table of exact

values, the successive differences have the values
shown in table 17, where correct values have been

TABLE 17.—Error patterns

v A A3 A At As AS
0 0 0 0 0 0 0
0 0 0 0 0 0 +1
0 0 0 0 0 +1 —6
0 0 0 0 +1 -5 +15
0 0 0 +1 —4 +10 —20
0 0 +1 -3 +6 —10 +15
0 +1 -2 +3 —4 +5 —6
1 -1 +1 -1 +1 -1 +1
0 0 0 0 0 0 0

subtracted from the functional values y, leaving only
the error residuals, and the error shown is assumed to
be the only error in this portion of the table. This
example illustrates the general rule that the errors in
the n-th descending differences begin on the ascending
diagonal through the error in the function, end on the
line of the error, and are the value of the error multiplied
by the coefficients of « in the expansion of (1—zx)".
The errors on the ascending diagonal through the error
are the same as the error in the function, and the errors
on the line of the error are the error with alternating
signs, beginning with the error itself. If the function
is a polynomial of degree k in the variable z, the k-th
difference is constant and the (k-41)-th difference
vanishes. Hence, the presence of the error pattern in
the (k41)-th difference detects the error, locates it,
and determines its value.
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If the functional values are approximations, they
are subject to forcing errors of half a unit in the last
digit, if the table contains no gross errors. Hence the
various differences will not approach zero, as for a
polynomial, but will eventually alternate and the sum
of (k-4-2) successive values of the (k4-1)-th difference
will approximate zero. To be of much value for
interpolating, the successive order of differences must
decrease in numerical value except where they change
signs for two successive lines. In the early order of
differences, an error may not be recognizable; for large
order of differences, the forcing error causes a pattern
of large numerical value. For some intermediate
order of differences, the error pattern may be recog-
nizable, and the error recognized and determined.
The term in error can then be verified and corrected.

If the tabulated function is subject to normal forcing
errors of rounding, but contains no gross errors, the
table may be “smoothed”” by making arbitrary adjust-
ments by small amounts to improve the error pattern.
Although such smoothing does not necessarily improve
the accuracy of the tables, it does tend to do so by
producing a table that is more regular in behavior. To
insure greater accuracy, the only safe method is to
retain a sufficient number of decimal places in each
calculation to prevent an accumulation of forcing errors
from causing a tabular error in excess of half a unit in
the last tabulated digit. For data obtained from
observations, no such improvement is possible.

Although the forcing errors due to rounding increase
the numerical errors of successive differences, the co-
efficients used in interpolation usually decrease with the
order so that the net effects of such increased differences
usually tend to decrease, and smoothing a table usually
does not lead to errors which exceed the permissible
tolerance associated with the table.

LAGRANGEAN INTERPOLATION

Numerous formulas are available in the literature
(for example, Scarborough, 1950, chap. 3; Steffensen,
1927; Willers, 1948, chap. 2) for interpolation but the
simplicity and directness of the Lagrangean formulas
favor their use except for specialized problems.

The Lagrangean interpolation formulas are based on
the assumption that a polynomial of a selected degree,
not inconveniently high, can be used with sufficient
accuracy to determine the value of a function for argu-
ments between those in a table of that function, or only
slightly outside the range of the table. As a polynomial
of degree n in a single variable has (n+1) terms, its
determination requires (n4-1) tabulated values of the
function. Accordingly, the degree of the polynomial
must be less than the available number of functional
values. Usually, a polynomial of small degree is suf-
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ficient. The arguments need not be equally spaced,
but the formulas and their use are simplified if they are.
Interpolation by a polynomial of degree (n—1) is called
“interpolation of order (n—1)” or “n-point interpola-
tion”’,

To illustrate the method, consider a table of two
entries. For such a table, the polynomial must be
linear and the usual formulas of interpolation result.
Let the two arguments be #y=a and z;=0, and let the
corresponding functional values be y,=7(e) and y,=7(d).
The desired function is y=f(z). Then

y=ayo+ By, (26.11)

where « and 8 are functions of z to be determined. For
z=a, y=1, so that B=0 for z=¢ and B may be taken
as the product of (x—a) and a constant y. For =),
y=1, s0 that a=0 for x=5 and a may be taken as the

product of (x—b) and a constant 8. Hence,
y=8@—bYy-tvE—a)y. (26.12)
But, for 2=a, yo=08(a—b)y,, so that
6=a—i—b ’ (26.131)
and for =0, y,=v(b— @)y, so that
r=p (26.132)
Accordingly,
y=z——_—;§ yo+§—:—§yx- (26.14)

Introducing the phase of z on the interval (e,b) as

$=Z70,

[~

(26.151)

=]

equation 26.14 may be written

y=(1—¢)yo-+o(y1) (26.152)

or

y=yo+6(y1— o). (26.153)

Equation 26.153 is the customary formula for linear
interpolation without a computing machine or where
the first difference A=y,—1y, is tabulated or small
enough to be calculated quickly. Equation 26.152 is
preferable if a computing machine is available, as
differencing is not needed.

For three tabulated entries, linear interpolation
may be used between the first two and between the
second two, if the results are sufficiently accurate.
Usually quadratic interpolation on the whole interval
is more reliable. Let the arguments be zmy=a, 7;=0,
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and z,=e¢, and let the corresponding functional values
be yo=f(@), 1,=f(), and y.=f(c), respectively. Let
the function be y=f(x). As f(@)=1,, the coeflicients
of y; and ¥, must vanish for z=a and hence, each must
have the factor (z—a). Similarly the coefficients of
o and 7y, must have the factor (x—b) and the coef-
ficients of 4, and y; must have the factor (z—c). Hence,
the function may be written y=a(r—>b) (x—c)yo+
Blz—a)(@—c)y+y(@—a)(@—Db)y.. For z=a, y=1, so
that (¢—b)(a—c)a=1, with similar relations for
Band y. Accordingly,

_(z—=b)(z—¢) (z—a)(z—c) (z—a)(z—b)
Y=(a=0)(a—0) " T o=a) 5=0) " T c=a) (c—p) ¥ %022

Similar formulas may be derived for higher order of
interpolation.

The formulas derived by the method just discussed
are general and take simpler forms if the arguments
are equally spaced. For most functions, the results
are most accurate when the interpolating argument
is as near the center of the range as possible. As a
matter of notation, it is convenient to select the argu-
ments so that the range of z is (0, 1), whence 0<2<1,
and so that where possible there are the same number
of arguments below z as above for odd order inter-
polation and the same number of positive as of negative
for even order interpolation. If the available func-
tional values do not permit this choice, the restriction
0<2<1 may be removed or the notation may be
changed. The results may be somewhat less accurate
for such conditions, as near the beginning or end of a
table.

For the choices of the preceding paragraph, linear
interpolation has 2=0, z;=1,¢=2, so that equations
26.152 and 26.153 may be written

Y = (1—2)yo+ztn (26.311)

¥ =yo+z(h—yo). (26.312)

For quadratic interpolation, zy=—1, 2,=0, z,=1
so that equation 26.22 may be written

y''=(1/2) A—z)zy-1+ 1—2) A +2)yo-+ (1/2)z(1+2) 1 (26.32)
For cubic interpolation, similar analyses show that

Y =—(1/6) (2—2) (1 —z)zy—1+ (1/2) 2—2) (1—2) (1 +2) %o
+(1/2) @—z)z(L+2) 51— (1/6) A —2)z(1+5) ys. (26.33)
The corresponding quartic interpolation formula is:

yir=(1/24) (1+2)2(1—2) (2—2)y-2— (1/6) @+2)z(1—2) 2—2)y
+(1/4) 2+2) (14+2) 1—2) 2—2) yo+ (1/6) (2 +2) (1 +2)z
2—z)y1— (1/24) (2+2) 1 +2)z(1—2)y2. (26.34)
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The corresponding quintic interpolation formula is

y*=(1/120) (1 +=2)2(1—2) (2—=) 3—2) y—2
—(1/24) 2+2)2 (1—2) (2—2) (3—2)y—1
+ (U/12) (2+2) (14+2) (1—2) (2—2) (3—2) o
+(1/12) 24-2) (1+2)%(2—7) B—2)y
—(1/24) 2+2) (1+2)z(1—2) (3—2)y2
+ (1/120) (2+2) (1 +2)or (1 —12) (2—2) ¥. (26.35)

The value of the function as determined by a selected
order of interpolation may be considered as the value
as determined by interpolation of order one lower plus

the “contribution” of the selected order. Thus, the
contribution of order n is
L=y —ytn-D, (26.41)

Direct calculation shows that the quadratic contribution
is

Lg=— (1/2)x(1—1x) A2, (26.421)
where
A=y — 2yt yor. (26.422)
The cubic contribution is
Ly=—(1/6) (1 —x)z(1+=z) A%, (26.431)
where
AS_y=y,— 311+ 3yo—y-1. (26.432)
The quartic contribution is
Ly=(1/24) (1+3)x(1—2) (2—z) A%, (26.441)
where
At y=ys— 4+ 6yo—4y—1+ Y. (26.442)
The quintic contribution is
Ls=(1/120) 2+a) (1 +2)s(1—2) 2—2) A%,  (26.451)
where
AS_y=1y3— 5y + 10y1— 10y + 5y—1— y—2. (26.452)
The notation
Fy=—(1/2)(1—2)z (26.51)
Fy=—~(1/6)(1—z)z(14z) (26.52)
Fy=(1/24) 14-2)z(1—2) (2—2) (26.53)
Fs=(1/120) (2+2) (1+2)#(1—2) (2—2) (26.54)

permits equation 26.35 to be written as the quintic
interpolation formula

y=ay1+ (1—z)yo+ Fo2y+ F3A3_+ FyAt 3+ FsA®_;.  (26.55)
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The coeflicients of the differences in equation 26.55
may be written

F3=(1/3)(14-=2)F, (26.61)
Fy=—(1/4)(2—2z)F, (26.62)
Fy=(1/5)(2+=2)F, (26.63)

with F; given by equation 26.51,

Table 37 (p. 59) shows the numerical values of F3, Fj,
and F, for the range x=[0(0.01)0.99]. The values of
F, are exact, but the values of F; are rounded to five
decimal places and the values of F; are rounded to four
decimal places. If values not in the table are needed,
they may be calculated directly by equations 26.5 and
26.6 or obtained by interpolation in the table. Values
of Fy are not needed in the use of table 38 (p. 59) but
have been used in the selection of arguments,

Excellent tables are available for interpolating with-
out differences (Mathematical Tables Project, 1944),
but the present method usually is preferable if the
necessary differences are tabulated.

Analysis of equations 26.5 is of assistance in selecting
the order of interpolation to be used. The coefficient
F, has a minimum value of —% for z=1 so that its
absolute value on the interval (0,1) cannot exceed %.
The coefficient F; has a minimum of —+/3/27 for
2=+/3/3 and a maximum value of 4/3/27 for 2=—+/3/3,
so that its absolute value on the interval (0,1) cannot
exceed v3/27. 'The coefficient F, has a minimum value
of —1/24 at 2=1/2 (1—+/5), a maximum value of
3/128 at z=1,2, and a minimum value of —1/124 at
2=1/2 (1++/5), so that its absolute value cannot
exceed 3/128 on the interval (0,1). The coefficient Fj
has extrema at &= --10v150+10y/145 where the signs
are mutually independent. These four extrema are
located at approximately z=+0.55 and approxi-
mately 2=+41.64. On the interval (0,1), F5 has a
maximum value of (1/6000)y150—10y145v/1++145 at
2=(1/10)4/150—104/145. Approximately, the maximum
is 0.011 822 at x=0.543 912.

The assumption that the successive differences de-
crease monotonically, or at least do not increase too
rapidly, as the order of the differences increases, leads
to the working rule:

If|A%,|>43, use quartic interpolation.

If|A%,|< 43 and |A%,|>>16, use cubic interpolation.
If|A%,] <43, |A%,|<16 and |A%,|>8, use quadratic inter-
polation.

If|A%,|< 43, |A%,|< 16 and [A%,| <8, uselinear interpola-
tion. Table 38 (p. 59) has been arranged so that
quartic interpolation is always sufficient.
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NUMERICAL EVALUATION OF THE MODIFIED
POTENTIAL

PLAN OF CALCULATION

In the numerical evaluation of the modified potential
for selected values of the reflection factor @ and the
relative displacement a, various methods were tested;
some of them proved to be relatively inferior to others
previously developed and some proved to be superior
but the ranges of superiority were so short that they
were discarded. In the present discussion only those
methods are considered that could be recommended for
recalculation or for extensions of the present tables.
The accepted values of the modified potential, W(Q,a)
are shown in table 38 (p. 59).

As a framework for determining the accuracy of ap-
proximation formulas, the modified potential was cal-
culated directly for each reflection factor on the range
@=[—1(0.1)1], omitting the trivial case =0, and for
each relative displacement on the basic range a=[0(0.1)
10(0.5) 15(1) 30]. In addition, the values were calcu-
lated for ¢=50, a=100, and a=w, but these values
were used only for checking and are omitted from the
tables.

In making the direct calculations, the control values
¥ of table 7 (p. 26) were preprinted on a standardized
calculation form and the values of y;(a) for each value
of a were calculated for each value of £ for which
$u<¥rt+;. The values of ¢, were entered in a double
entry table, for the selected value of a, with the argu-
ments k and ¢, under the heading ¢g=1. The values of
¢*were calculated for each pair of values (k,g). If
the product did not vanish before the control value of &
was reached, the remainder was calculated by the error
coefficients of table 6 (p. 26) for ¢<1 and by the Euler-
Maclaurin formula for g=1. In these calculations, the
odd and even values of ¥ were considered separately,
so that there were two sets of calculations for each value
of a, one for odd values of k, the other for even values.
Finally, the modified potentials were calculated by
algebraic addition of the contributions for the odd and
for the even values of .

In most of the computations, 10-bank desk calcula-
tors were used. The computations usually were made
to nine decimal places or to ten significant figures. For
purposes of checking, a few computations were made to
ten decimals and occasionally more significant figures
were retained, by double precision methods, to test the
effect of accumulated forcing errors. For some of the
auxiliary functions, as many as thirty significant figures
were used.

For small values of the relative displacement, the
modified potentials were calculated by the local expan-
sion formulas; for large values, by the asymptotic for-
mulas,
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For both local and asymptotic expansions, the limits
of validity were determined by comparison with the di-
rect evaluations for relative displacements on the basic
range. Between the limits of validity of the local and
the asymptotic expansions, no satisfactory approxima-
tions were developed so that interpolation or special
devices were used.

For each value of @, and for each spacing in the value
of a, the calculated values of W were differenced to de-
tect gross errors and to determine the spacing of the
argument needed to make fourth order interpolation
valid, if that spacing did not exceed the spacing on the
basic range. The criterion used was that the fifth dif-
ference A°_, must not exceed 425 in the ninth decimal
for any line of the table. This value of A®_, is not in-
cluded in the table, as it is not needed for the use of the
table.

If the fifth difference exceeded 425, intermediate
values were selected for the relative displacement and
the corresponding values of the modified potential were
determined by one of the approximate formulas, or by
means of interpolation of orders as high as the ninth.
As a guide for selecting intermediate values of the argu-
ment, a simple approximation was used: if the equal
intervals of a selected table are divided into n equal
parts, the fifth difference is divided by n®, neglecting
higher order differences. As the new tables were dif-
ferenced, the resulting fifth differences were calculated
to check the choice of n, which was usually 2 or 5. If
the fifth difference exceeded 425, a larger value of n was
selected.

As a guide to consistency, the tabular spacing was
selected as 0.02, 0.05, 0.1, 0.2, or 0.5. The break-points
are subject to personal choices and in the tables for a
few values of the reflection factor, some of these spacings
are omitted. The choices of breakpoints were affected
by the ease of calculation, by the number of lines in the
resulting tables, and by calculations previously made.

In the tables of the modified potential, the func-
tional values and the differences are listed to eight deci-
mals. In most of the entries, the functional values are
correct to within half a unit in the eighth decimal place,
as they have been rounded from values calculated to
at least nine decimals. In a few cases, forcing errors
may cause the values of the function to be in error by
more than half a unit in the eighth decimal place, but
no functional value should be in error by more than a
few units. The differences may have larger errors so
that interpolated values of the modified potential may
have errors of several units in the eighth decimal place.
The results of calculations with these tables should be
reduced to fewer significant figures, depending on the
use made of the table, but no general rule can be given
beyond that of observing the customary precautions.
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Because of forcing errors, the differences as rounded
may not agree exactly with the corresponding differ-
ences calculated from the rounded values of the func-
tion. This discrepancy does not decrease the reliability
of the interpolated value.

In some intervals of the tables, empirical or semi-
empirical methods were used. One of these deserves
specific mention. If the calculated values of the
function have differences that are too large for interpola-
tion, the remainders after subtracting the first few terms
of the series used in calculating the functional values
may have differences that are small enough to permit
interpolation. If this condition exists, the remainders
are calculated for the intermediate arguments by
interpolation and added to the sums of the initial terms
that are calculated directly. This device is useful
because the terms of the various series used decrease
rapidly at first and more slowly after the first few terms.
In some cases, a single isolated term is sufficient to
justify interpolation in the remainder, in other cases two
isolated terms are sufficient. Rarely is there a gain in
isolating more than two terms. This method applies
to direct series, to local expansions, and to asymptotic
expansions. The restriction to fourth order interpola-
tion does not apply. In some parts of the tables, in-
terpolations of orders as high as the ninth were used for
remainders. Judgment as to relative difficulties and
accuracy of possible methods is the only guide for details
in selecting procedures.

FORMULAS FOR CALCULATIONS

In an earlier section, various results were derived
for use in calculating the value of the modified potential
function for selected values of the reflection factor,
Q, and of the relative displacement, a. To avoid the
necessity of searching for these results, they are sum-
marized here.

The calculations fall into three groups: direct series,
local expansions, and asymptotic expansions, with
auxiliary devices applicable to one or more of these
groups.

For the direct series form the modified potential is,
by equation 12.932:

n
W=—,§Q’°¢»+R.. (27.11)
where
1 1
and
R.=— 2 Q4 (27.12)
k=n41

The remainder, R,, after isolating the initial n terms,
is available by the Euler-Maclaurin formula for ¢g=1

45

and by comparison with a geometric series for ¢<{1.
For purposes of calculation, it is convenient to separate
the terms into two groups, one for odd, the other for
even, values of the counter 2. For this purpose, the
modified potential is given, because of equation
12.932, by

— W=eW,+ W, (27.13)
where
W= i @ Wy (12.621)
k=1
W= i PFag. (12.622)
k=1
By equation 12.61,
e=Q/q. (27.14)
For ¢=1, equations 12.62 may be written
3
W1=k21¢2k_l+Rm (27.211)
n
Wz=kzl'//2 e (27.212)
where
Ru=—Z(2n) (19.41)
R,,=—Z(2n+1) (19.42)
2(z)=—llogDo+ g (1—DusBas)).  (19.2)

The values of ¢y are obtainable from equations 19.1
or 19.3 The value of D, is given by equation 19.12.
The values of D, are given by equation 18.42 and the
values of E,; are given by equations 18.5 or 18.6. A
few values of (1-D,E,;) are shown in tables 10 and 11,
pages 30 and 31.

For ¢<1, equations 12.62 may be written

n
W1=kZ) P Yo+ Ry (27.311)
=1
n
W2=kZ)1 E8 it R po. (27.312)

By equations 13.45, the maximum absolute values of the

remainder are
' 21y,
I—g) 1 ¥

2
(£55) e
respectively.

If the remainders are written

R =[_L_] gty
al 2(1—¢) 2p—1

Rpe= [Q—(l—qjﬁ] C™an

and

(27.321)

(27.322)
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the error in equations 27.31 cannot exceed the applicable
remainder. The second factor in each of the equations
27.32 is the last retained term of W,, where u=1 or 2.
The values of the first factor are shown in table 6,
page 26.

For small relative displacements, local expansions are

available. For ¢=1, after isolating =n terms, the
remainders are given by equations 19.4 where
Z(x)=—2 At (20.61)
=‘2 Ak‘m:'“ (20.62)
u=0
a=2 (18.3)

x?

The values of Ay, are shown in table 13, page 32.

For ¢<1, after isolating (n—1) terms, the modified
potential is

n—1 @
W=—kZ: Q’°¢I,+ZIC.W6" (21.333)

— Y=

where
Cruw=(—1)H nven(SP ! 4 e84  (21.332)
C’nu=(—-1)“‘1HuQ”(1_i’M) (21.522)
n
Cn.u+1 =—MuCo (21.41 1 )
2
p=> (21.23)
2u)!

H..=—2—2(,,(”—T)!)—2 (21.121)

m+27
8= Z CREAT (21.321)

= n2utl __._Q,—.
B =AY e (21.521)

2u+1 S2u+3+es2u+3
nu= 2u+2) (82"“-!-652"“) (21.42)
- 2u+1 1+I~"n, u+l

Anu—(2u+2>( T ) (21.53)

Values of H, are shown in table, 15 page 33. After
isolating (n—1) terms, the remainder of equation 21.333
has the value, by equations 21.632, 21.633,

R,= 210,..5“— (CnsB?) (So+81+82)3 (27.4)
U=

where the values of S, Sy, S;, and the factor (Sy+S,-+S,)

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

are shown in table 16, page 36, for »=30, as discussed
in the summary following equations 21.667.

The local expansion for ¢<{1 is also valid as a limiting
case for ¢g=1.

The asymptotic expansions are available for large
values of the relative displacement. For @=-1, the
modified potential for large displacements is given by

— W(1,a) =log.(2a) +1/(2a¢) — K, (23.621)

wnere K=0.8090 7869 6218 358. (23.622)
For Q=—1, the modified potential for large relative
displacements is given by

W(—1,0) =log.2—1/(2a), (24.91)
where

log.2=0.6931 4718 0560. (24.92)

For ¢<1, and large relative displacements, the modi-
fied potential has the value

W=W,—ZB,alt», (22.31)
where

W, =log.(1—Q). (14.31)

The values of W, are shown in table 8, page 27, and
the values of B, are given by equations 22.32, and
22.5 and are shown in table 1, page 28.

CALCULATIONS FOR SEPARATE VALUES OF Q
CALCULATIONS FOR Q=41

For @=-1, the local expansion may use the re-
mainder calculated by the Euler-Maclaurin formula
19.4 and 19.2 or by one of the forms used in evaluating
the remainder of equation 21.333, setting e=1. For
n=1, 2, 3, and 4, the early values of Sy, given by
equation 21.321, are shown in table 18 and the early
values of C,,, given by equations 21.332 and 21.522,
are shown in table 19. The values of \,,, given in
equations 21.42 and 21.523, are also shown in table 19.

For isolated calculations, n may be taken as 4.
Increasing the value of n reduces the value of B for a
selected value of a and causes the remainder series to
converge more rapidly. In the calculations for the
present study n was selected as the smallest integer
not less than the value of a. Local expansions were
used to evaluate the modified potential for relative
displacements from 0 to 3.2, with various spacings.

For relative displacements of three or greater the
asymptotic expansion of equation 23.621 is sufficiently
accurate for eight decimal values. There is no gap
between the regions of applicability of local and asymp-
totic expansions.
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TaBLe 18.—Values of 82 for q=+1
[D, The number in the preceding column is to be divided by this power of 10]

@ m=1 m=2 D m=3 D m=4 D m=5 D
. JI 1.051 799 790 | 1. 502 571 129 11 5.179 979 026 2] 2. 525 711 289 21 1.476 275 323 2
5 S, 1. 004 523 763 | 3. 240 399 235 2| 4.523 762 795 3| 1.153 922 348 3| 4085 364 577 4
0 e 1.000 471 549 | 7. 877 728 730 3| 4.715 486 524 4 | 6. 522 872 955 51 1. 430 128 155 5
L 1. 000 051 345 | 1. 957 047 642 3| 5.134 518 384 5| 3.922 642 238 6 [ 5399 204 185 7
11 1. 000 005 666 | 4. 885 225 530 4 | 5.666 051 090 6 | 2. 413 030 294 712102 182 063 8
13- 1. 000 000 628 | 1.220 852 922 4 | 6.280 5564 218 7 1 1. 497 965 669 8 | 8.299 474 160 10
15 . 1. 000 000 070 | 3. 051 851 160 5 6.972 470 313 8| 9.334 788 912 10 | 3. 298 375 303 11
17 1. 000 000 008 | 7. 629 452 798 6 | 7.744 839 456 91 5. 826 719 389 11 | 1. 315 080 730 12
19 .. 1. 000 000 001 | 1.907 352 272 6 | 8 604 441 145 10 | 3. 639 626 916 12 | 5,251 728 516 14
21 e 1. 000 000 000 | 4. 768 373 856 71 9.560 116 531 11 | 2.274 193 701 13 | 2. 098 951 642 15
23 s 1. 000 000 000 | 1,192 093 038 7 | 1. 062 220 241 11 | 1.421 212 267 14 | 8. 392 273 200 17
25 e 1. 000. 000. 000 | 2. 980 232 328 8 | 1.180 238 743 12 | 8. 882 136 200 16 | 3. 356 190 276 18
27 e 1. 000 000 000 | 7. 450 580 652 9| 1,311 373 995 13 | 5. 551 212 869 17 | 1. 342 329 631 19
29 . 1. 000 000 000 | 1.862 645 153 9 | 1. 457 081 262 14 | 3. 469 474 099 18 | 5. 369 019 901 21
31 1. 000 000 000 | 4. 656 612 875 10 | 1. 618 978 798 15 | 2. 168 411 885 19 | 2. 147 547 056 22
b 1 S 1. 000 000 000 | 1. 164 153 218 10 | 1. 798 865 178 16 | 1. 355 254 810 20 | 8. 590 063 973 24
21 1. 000 000 000 | 2. 910 383 046 11 | 1. 998 739 026 17 | 8. 470 335 290 22 | 3. 436 000 239 25
TaBre 19.—Local coefficients Coy and ratios Apy for Q=+1
Coefficients (—1) “-1Cnu where— Ratios Ans where—
°
n=1 n=2 n=3 n=4 fn=1 n=2 n=3 n=4
1 0.601 028 452 | 0.404 113 806 | 0.346 756 064 | 0.320 158 929 | 0.646 970 883 | 0,548 277 550 | 0.497 357 740 0. 468 525 923
2 mcecme e —c e m e ————— 388 847 908 221 566 531 172 461 812 . 150 002 765 810 366 065 .753 658 719 .709 053 184 .678 643 583
3 315 109 149 166 985 548 .122 284 597 .101 798 414 869 497 666 .841 914 164 . 810 827 999 785 563 542
4 273 986 670 .140 587 498 .099 151 775 .079 969 123 .898 639 948 . 885 822 209 .865 776 198 846 481 748
5 246 215 367 .124 535 528 . 085 843 247 . 067 692 403 .916 326 315 .910 480 205 . 898 039 849 883 920 046
6 225 613 620 .113 387 133 .077 090 657 .059 834 672 . 928 485 894 . 925 844 266 .918 302 191 . 908 237 390
7 209 479 064 . 104 978 827 .070 792 519 . 054 344 086 .937 478 485 . 936 291 026 .931 791 768 924 747 712
8 .196 382 115 .098 290 734 .065 963 886 . 050 254 569 944 439 034 .943 906 906 . 941 254 827 936 392 380
9 .185 470 935 . 092 777 302 . 062 088 826 . 047 058 007 .949 998 641 . 949 760 649 . 948 211 799 .944 802 488
10 eeee|  L176 197 136 . 088 116 231 .058 873 358 . 044 464 747 .954 545 112 .954 438 813 .953 540 852 . 951 204 873
1 .168 188 115 .084 101 551 .056 138 152 . 042 299 086 .958 333 248 . 968 285 810 . 957 768 238 . 956 259 248
12 161 180 263 .080 593 323 .053 767 339 . 040 448 926 . 961 538 440 .961 517 286 . 961 220 356 960 214 870
13, 154 981 018 .077 491 873 .051 682 260 . 038 839 627 .964 285 708 . 964 276 280 . 964 106 571 . 963 438 824
14 149 445 981 .074 723 575 . 049 827 207 . 037 419 605 . 966 666 666 .966 662 464 .966 565 761 .966 124 740
15 144 484 448 .072 232 475 . 048 161 272 .036 152 006 .968 750 000 .968 748 128 .968 693 159 .968 403 081
16. 139 949 934 .069 975 075 . 046 653 405 .035 009 714 .970 588 235 . 970 587 401 .970 556 218 . 970 366 082
17.... 135 833 760 067 916 926 045 279 839 .033 972 239 L9072 222 222 .972 221 852 .972 204 188 . 972 079 909
18, 132 960 600 066 030 320 044 021 249 .033 023 731 .973 684 210 .973 684 046 .973 874 052 .973 593 081
19, . 128 585 321 064 292 669 . 042 862 348 .032 151 676 .975 000 000 974 999 926 . 974 994 279 .974 941 617
20, - ----| .125 370 688 062 685 348 .041 790 544 .031 346 007 .976 190 471 976 190 444 . 976 187 255 .976 153 071
21 .122 385 671 061 192 837 . 040 795 397 030 598 501 L977 272 731 977 272 712 .977 270 913 L9977 248 755
22 119 604 179 059 802 090 .039 868 155 029 902 347 .978 260 868 978 260 863 . 978 259 849 978 245 554
- S 117 004 088 . 058 502 044 .039 001 415 029 251 838 .979 166 668 979 166 664 .979 166 091 979 156 865
24 . 114 566 503 .057 283 252 .038 188 863 . 028 642 138 . 980 000 000 979 999 999 .979 999 674 .979 993 672
25. .112 275 173 .056 137 586 .037 425 074 .028 069 114 . 980 769 230 980 769 230 . 980 769 049 .980 765 193
26 o--u| 110 116 035 .055 058 017 .036 705 354 .027 529 210 . 981 481 480 . 981 481 481 .981 481 379 .981 478 909
27.... - . 108 076 849 .054 038 424 . 036 025 621 . 027 019 339 . 082 142 855 . 982 142 857 .982 142 799 L9082 141 199
28, ——- .106 146 905 .053 073 453 .035 382 299 .026 536 806 .982 758 621 .982 758 621 982 758 589 . 982 757 562
20 e . 104 316 786 .052 158 393 .034 772 260 .026 079 146 .983 333 334 .983 333 333 .983 333 314 .983 332 655
30.__. e — e e e . 102 578 173 .051 289 086 . 034 192 724 . 025 644 512 . 983 870 968 .983 870 968 .983 870 958 .983 870 534
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CALCULATIONS FOR Q@=-1

In preparing the tables for @=—1, shown in table 38,
page 59, methods similar to those used for Q=1 were
used. In fact, the calculations for the direct series
are the same for =gq and for =—gq, except that the
sum of the odd terms is subtracted from the sum of the
even terms instead of being added as for Q=-1.
Likewise, the values of S5, C,,, and \,, are obtained
from the same basic data in the two cases.

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

By equation 24.81, the modified potential for @=—1,
and the argument ¢, is the excess of the modified poten-
tial for a/2 over that for @, each calculated for Q=1.
Accordingly the values of Sy, C,., and \,, are omitted
from the tables.

CALCULATIONS FOR Q=-+0.1

For ¢=-+0.1, the early values of S, are shown in
table 20, the early values of C,, in table 21, and the
early values of M\, in table 22,

TaBLe 20.—Values of S for q=0.1
[D, The value in the column preceding D is to be divided by this power of 10]

a n=1 D n=2 D n=3 D n=4 D n=5 D

b S 1. 000 371 173 1| 1. 251 567 149 313711 732 996 5 | 1. 567 149 261 6 | 8.029 292 449 8
5 P 1. 000 041 184 1] 3.125 977 852 41 4. 118 432 304 619 778 515 700 8 | 3.205 966 899 9
R 1. 000 004 574 1] 7. 813 110 709 5 | 4.573 754 925 7 | 6. 107 092 648 9 | 1.281 216 362 10
[ I 1. 000 000 508 1| 1.953 163 157 5| 5.081 038 591 8 | 3.815 690 302 10 | 5. 122 480 679 12
j 5 1. 000 000 056 1| 4. 882 836 345 6 | 5. 645 234 120 9| 2. 384 461 544 11 | 2. 048 506 052 13
13 . 1. 000 000 006 11 1.220 704 615 6 | 6.272 336 674 10 | 1. 490 192 703 12 | 8. 193 032 502 15
15 - 1. 000 000 001 1| 3.051 758 744 7 | 6.969 204 708 11 { 9. 313 438 457 14 | 3. 277 010 683 16
17 (O . 7.629 395 113 8 | 7.743 537 483 12 | 5. 820 825 174 15 | 1. 310 762 993 17
19 e jeooos 1. 907 348 669 8 | 8 603 921 215 13 | 3.637 995 218 16 | 5. 242 967 735 19
21 |l 4. 768 371 605 9| 9.559 908 733 14 | 2. 273 741 313 17 | 2. 097 169 905 20
P2 JS] PO UPUUPOURR SN 1. 192 092 897 9| 1.062 211 932 14 | 1. 421 086 738 18 | 8. 388 644 539 22
P2 JR P USRI RN JUS 2. 980 232 240 10 | 1. 180 235 421 15 | 8. 881 787 714 20 | 3. 355 450 657 23
27 e 7. 450 580 597 11 | 1. 311 372 666 16 | 5. 551 116 100 21 | 1. 342 178 802 24
29 e |eeaee 1. 862 645 149 11 | 1. 457 080 730 17 | 3. 469 447 223 22 | 5.368 712 226 26
F2 ) RUSRUUPRON FEUSOUPpI IR PP 4. 656 612 873 12 | 1. 618 978 585 18 | 2. 168 404 420 23 | 2. 147 484 282 27
b3 JR [P PPN EPUS 1. 164 153 218 12 | 1. 798 865 093 19 | 1. 355 252 737 24 | 8. 589 935 885 29
k21 SEUUEUURN FEESIEREPI IO IS 2. 910 383 046 13 | 1. 998 738 992 20 | 8. 470 329 531 26 | 3.435 974 101 30
B e 7.275 957 614 14 | 2.220 821 102 | 21 | 5.293 955 936 27 | 1.374 389 589 31
39 1. 818 989 404 14 | 2. 467 579 002 22 | 3.308 722 455 28 | 5. 497 558 249 33
4 e 4. 547 473 509 15 | 2.741 754 447 23 | 2. 067 951 533 29 | 2.199 023 278 34
43 e 1. 136 868 377 15 | 3. 046 393 830 24 | 1,292 469 707 30 1 8.796 093 068 36
45 | 2. 842 170 943 16 | 3.384 882 033 25 | 8.077 935 670 32 1 3.518 437 218 37
47 e 7. 105 427 358 17 | 3.760 980 037 26 | 5.048 709 794 33 | 1. 407 374 885 38
49 o 1. 776 356 839 17 | 4. 178 866 707 27 | 3. 155 443 621 34 | 5. 629 499 538 40
5% ISR BRI IO 4. 440 892 099 18 | 4. 643 185 230 28 | 1.972 152 263 35 | 2.251 799 814 41

1. 100 223 025 18 | 5.159 094 700 29 | 1. 232 595 164 36 { 9.007 199 256 43

2. 775 557 562 19 | 5.732 327 445 30| 7.703 719 778 38 | 3.602 879 702 44

6. 938 893 904 20 | 6.369 252 716 31 | 4. 814 824 861 39 | 1. 441 151 881 45

1.734 723 476 20 | 7.076 947 463 32 | 3.009 265 538 40 | 5. 764 607 523 47

1For 0217, 87= 0.1 to 9 decimal places.

For n=7, the value of C,, is

Cru=(—1)#-1 (%‘)xm—v. (28.11)
For =8, [Coa ST 1010,
7
so that W=—3 ks, (28.12)
k=1

to nine decimal places.

As the number of isolated terms increases, the terms
of the remainder converge more rapidly, so that less
accuracy is needed in C,, and especially in \,,,.

TaBLE 21.—Local coeffictents Cpy for @ = +0.1

Terminal digit of Cay is in ninth decimal place.
Sign is that of (—1) =1,
For u >15, Cnu=(—1)*1iHu«Qr/n

u n=1 n=2 n=3 n=4 n=>5 n=6
5064 4342 | 257 7369 | 17 4080 13180 1062 89
3761 8769 | 190 0297 | 12 8068 9695 782 65
3127 4559 | 157 1770 | 10 5687 7981 643 54
2734 9105 | 137 0771 9 1840 6930 558 47
2461 0578 | 123 1897 8 2381 6206 499 42
2255 8869 | 112 8511 7 5375 5671 455 39
2094 7330 | 104 7603 6 9918 5256 35
1963 8077 | 98 2003 6 5510 4921 395 33
1854 7062 | 92 7395 6 1850 4644 372 31
1761 9706 | 88 1003 5 8746 4409 353 29
1681 8810 | 84 0948 5 6070 4207 337 28
1611 8026 | 80 5904 5 5633 4032 322 27
1549 8102 | 77 4906 5 1663 3876 310 26
1494 4598 | 74 7230 4 9817 3737 209 25
1444 6445 | 72 2322 4 8155 3612 289 24
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Values of Anw Where—
%
n=1 n=2 n=3 n=4 n=5 n=6 n=7
1 .. 0. 742 802 985 0. 737 301 229 0. 735 681 818 0. 747 685 0. 73613 | 0. 7369 0. 737
2 e . 831 355 200 . 827 117 762 . 824 463 968 . 832 043 . 82273 . 8226 . 823
B e . 874 484 103 . 872 119 485 . 869 606 840 . 874 153 . 86734 8669 . 867
4 . . 899 867 780 . 808 687 776 . 897 205 037 . 895 577 . 89456 8966 . 893
S . 916 633 054 . 916 076 902 . 914 958 513 . 913 789 . 91284 9120 . 910
6 e 928 562 923 . 928 305 637 . 927 600 761 . 926 725 . 92588 9253 . 925
T 937 502 147 . 937 380 872 . 936 949 785 . 936 305 . 93562 9350 . 935
944 443 904 . 944 391 144 . 944 133 053 . 943 675 . 94314 . 9425 943
. 949 999 864 . 949 976 177 . 949 823 964 . 949 505 . 94908 9487 948
954 545 421 . 954 534 818 . 954 446 008 . 954 227 . 95391 9535 . 954
958 333 324 . 958 328 589 . 958 277 210 . 958 129 . 95789 9577 . 957
. 961 538 460 . 961 536 348 . 961 506 786 . 961 407 . 96123 . 9610 961
. 964 285 713 . 964 284 773 . 964 267 854 . 964 202 . 96406 9638 963
. 966 666 667 . 966 666 246 . 966 661 004 . 966 613 . 96652 | . 9664 . 967
. 968 750 000 . 968 749 813 . 968 744 325 . 968 715 . 96864 | . 9686 . 969
. 970 588 235 . 970 588 152 . 970 585 037 . 970 567 . 97052 | . 9704 . 971
972 222 222 972 222 184 . 972 220 418 972 207 . 97217 . 9721 . 972
. 973 684 211 973 684 192 . 973 683 197 . 973 675 . 97365 . 9736 974
. 975 000 000 974 999 995 . 974 999 429 . 974 994 . 97498 . 9750 975
. 976 190 476 . 976 190 470 . 976 190 152 . 976 186 . 97617 | . 9762 . 976
21 ol L9977 272 727 . 977 272 727 . 977 272 547 . 977 270 LO7726 | . 9773 . 977
2 .. . 978 260 870 . 978 260 870 . 978 260 786 . 978 260 . 97825 | . 9783 . 978
23 . 979 166 667 . 979 166 667 . 979 166 612 . 979 166 . 97916 . 9792 . 979
24 L lla. 980 000 000 . 980 000 000 . 979 999 967 . 979 999 . 98000 . 9800 . 980
25 . 980. 769 231 . 980 769 231 . 980 769 211 . 980 769 . 98077 . 9808 981
26 .. 981 481 481 . 981 481 481 . 981 481 472 . 981 480 . 98148 | . 9815 981
27 e . 982 142 857 . 982 142 857 . 982 142 848 . 982 143 . 98214 . 9821 . 982
28 . . 982 758 621 . 982 758 621 . 982 758 619 . 982 759 . 98276 | . 9828 983
29 . 983 333 333 . 983 333 333 . 983 333 332 . 983 333 . 98333 . 9833 . 983
30 ol . 983 870 968 . 983 870 968 . 983 870 968 . 983 871 . 98387 | .9839 984
As seven initial terms are always sufficient and as Tasie 23.—Local coefficients Cau for Q=—0.1
the basic range furnishes values of the modified poten- [Terminal digit in ninth decimal place. Sign is that of (—1)»++~1]
tial for whiqh fourth order interpolation is adequat‘e, u el wez | nes | n=t | ns | n=e
local expansions were used for a<{9, and asymptotic
expansions were used for' =9 on tl_le bas'%c range to %ﬁ% gég ?ég aggg ig %2%2 1 éégg Zgg §§
check the du:ect calcul-atlons. For immediate values Slap ol | (oo duro| w0z el M A
above ¢=10, interpolation was used. 2460 8175 | 122 0052 | 81688 | 6100 | 486 @
22558319 | 112 7362 | 7 so1s | 5609 | a4 37
CALCULATIONS FOR Q@=-0.1 2004 7202 | 104 7124 | 6 9731 5219 416 35
1963 8047 | 98 1803 6 5411 4899 391 33
For @=—0.1, the values of Sy, are the same as for 186 7054 | 027311 | € L7 | & a
@=-+0.1 and are shown I table 20. However, the st ss0 | seoom | 5ooss|  ame| 33 2
values of C,, and of \,, are different for the two cases 1611 8026 | 80 2808 | § 3723 o8| = 2
1 209 26
for small values of u. The values of C,, are shown in 1o ases | 74720 | 4814|3736 200 2
table 23 and of \,, In table 24.
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TaBLe 24.—Local ratios As for Q=—0.1

u Values of Ans Where—
n=1 n=2 n=3 n=4 n=5 n=6 n=7
U 0. 756 878 312 0. 762 022 477 0. 763 410 135 0.763 322 | 0.762 71 | 0. 7619 0. 760
2 e . 835 262 665 . 839 318 535 . 841 783 145 . 842 800 . 843 23 . 8431 . 842
. . 875 509 583 . 877 811 233 . 880 023 802 . 881 464 . 882 27 . 8827 . 883
4o e . 900 131 459 . 901 290 959 . 902 921 342 . 904 280 . 905 23 . 9058 . 906
5 . 916 700 192 L 917 252 772 . 918 346 551 . 919 475 . 920 37 . 9211 . 921
6 e . 928 579 925 . 928 835 786 . 929 531 158 . 930 385 .931 19 . 9318 . 932
7 e . 937 502 145 . 937 618 754 . 938 046 038 . 938 679 .939 34 | .9351 . 940
S S . 944 444 985 . 944 497 650 . 944 754 255 . 945 206 .945 74 | | 9426 . 946
O e . 950 000 136 . 950 023 795 . 950 175 443 . 950 492 . 950 90 . 9487 . 952
100 e . 954 545 489 . 954 556 083 . 954 644 668 . 954 861 . 955 17 . 9535 . 956
Y . . 958 333 342 . 958 338 076 . 958 389 385 . 958 536 . 958 76 . 9575 . 959
12 e . 961 538 463 . 961 540 577 . 961 570 104 . 961 668 { .961 85 . 9610 . 963
18 e . 964 285 714 . 964 286 657 . 964 303 567 . 964 370 . 964 51 . 9638 . 965
) . 966 666 667 . 966 667 087 . 966 676 734 . 966 721 . 966 81 . 9664 . 967
15 e . 968 750 000 . 968 750 187 . 968 755 676 . 968 785 . 968 86 | .9686 . 969
16 el . 970 588 235 . 970 588 319 . 970 591 434 .970 609 | .970 66| .9704 L 971
17 e . 972 222 222 . 972 222 259 972 224 025 972 237 972 27 9721 972
18 e . 973 684 211 . 973 684 227 973 685 226 973 693 973 72 9749 974
1 . 975 000 000 . 975 000 007 975 000 572 975 006 975 02 9750 975
20 .. . 976 190 476 . 976 190 479 976 190 798 976 194 976 21 9762 976
2 o eaas . 977 272 727 .977 272 727 . 977 272 909 . 977 276 .977 28 | . 9773 . 977
22 e . 978 260 870 . 978 260 870 . 978 260 972 .978 262 | ,978 27 | .9783 . 978
23 e . 979 166 667 . 979 166 667 . 979 166 724 . 979 168 . 979 18 . 9792 . 979
24 el . 980 000 000 . 980 000 000 . 980 000 033 . 980 001 . 980 00 | . 9800 . 980
25 . . 980 769 231 . 980 769 231 . 980 769 251 . 980 769 . 980 77 . 9808 . 981
26 e . 981 481 481 . 981 481 481 . 981 481 490 . 981 482 | .981 48| .9815 . 981
27 e . 982 142 857 . 982 142 857 . 982 142 866 . 982 143 .982 14 ] .9821 . 982
28 e . 982 758 621 . 982 758 621 . 982 758 623 .982 759 | .982 76 | .9828 . 983
29 ol . 983 333 333 . 983 333 333 . 983 333 334 . 983 333 . 983 33 . 9833 . 983
B0 e . 983 870 968 . 983 870 968 . 983 870 968 .983 871 | .983 87 | .9839 . 984

The values of the modified potential for Q=—0.1
were calculated by local expansions for values of the
relative displacement from 0 to 6 and by asymptotic
expansions from 5 to 30; the overlapping values were
used for adjustments.

CALCULATIONS FOR @=+0.2
For Q=+0.2, the use of y,, given by equation 21.521

is preferable to that of Sy, as p., converges to zero
rapidly. The early values of u,, are shown in table 25,
the values of the local coefficients in table 26, and the
values of the local ratios in table 27. In each of these
tables, the number of retained decimal places is reduced
as the value of » increases.
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TaBLe 25.—Values of ppy for Q=-+0.2

51

Values of u»s where—

7=1 n=2 2=3 n=4 n=5 n=6 n=7 n=8
1 0. 026 620 979 | 0. 064 839 148 | 0.094 160 60 | 0.115 977 48 | 0.132 5926 | 0. 145 600 | 0.15607 | 0. 1646
. . 006 422 979 | .027 676 633 . 050 847 14 .071 347 20 | .088 6719 . 103 221 . 11550 . 1260
| S . 001 581 301 | . 012 031 926 . 027 883 64 . 044 457 02 | . 059 9378 . 073 841 . 08616 . 0971
4 . .000 392 689 | .005 282 767 . 015 436 50 . 027 939 37 | .040 8225 . 053 176 . 06465 . 0751
R . 000 097 828 | . 002 332 080 . 008 596 20 .017 660 10 | .027 9534 . 038 484 . 04873 . 0585
6 - . 000 024 439 | .001 032 584 . 004 804 70 . 011 206 39 | .019 2153 . 027 954 . 03685 . 0456
/S . 000 006 106 | .000 457 961 . 002 691 75 .007 130 08 | .013 2454 . 020 361 . 02794 . 0357
- S . 000 001 526 } .000 203 298 . 001 510 22 . 004 544 80 | .009 1486 014 861 . 02124 . 0279
9. . 000 000 381 | . 000 090 295 . 000 848 11 .002 900 54 | .006 3282 010 865 . 01617 . 0219
10— . 000 000 095 | .000 040 116 . 000 476 56 .001 852 76 | .004 3819 . 007 952 . 01232 . 0172
________ . 000 000 024 | .000 017 826 . 000 267 89 .001 184 17 | . 003 0366 . 005 826 . 00938 . 0136
........ . 000 000 006 { . 000 007 922 . 000 150 62 . 000 757 17 | . 002 1055 . 004 270 . 00718 . 0107
________ . 000 000 001 | .000 003 520 . 000 084 70 . 000 484 28 | . 001 4605 . 003 132 . 00548 . 0084
________ . 000 000 000 | .000 001 565 . 000 047 64 .000 309 80 | .001 0134 . 002 298 . 00419 . 0066
_______________________ . 000 000 695 . 000 026 79 .000 198 21 | .000 7033 . 001 687 . 00320 . 0051
_______________________ . 000 000 309 . 000 015 07 . 000 126 83 | .000 4893 . 001 239 . 00245 . 0041
_______________________ . 000 000 137 . 000 008 48 .000 081 16 | .000 3389 . 000 909 . 00188 . 0032
_______________________ . 000 000 061 . 000 004 77 . 000 051 93 | .000 2353 . 000 668 . 00143 . 0026
....................... . 600 000 027 . 000 002 68 . 000 033 24 | .000 1634 . 000 490 . 00109 . 0020
....................... . 000 000 012 . 000 001 51 .000 021 27 | .000 1135 . 000 360 . 00084 - 0016
....................... . 000 000 005 . 000 000 85 . 000 013 61| .000 0788 . 000 264 . 00064 . 0013
....................... . 000 000 002 . 000 000 48 .000 008 71 | .000 0547 .000 194 . 00049 . 0010
_______________________ . 000 000 001 . 000 000 27 . 000 005 58 [ .000 0379 . 000 143 . 00038 . 0008
....................... . 000 000 000 . 000 000 15 . 000 003 57 | .000 0264 . 000 105 . 00029 . 0006
...................................... . 000 000 08 . 000 002 28 ; .000 0183 . 000 077 . 00022 . 0005
...................................... . 000 000 05 .000 001 46 | .000 0104 . 000 057 . 00017 . 0004
...................................... . 000 000 03 . 000 000 94 | .000 0088 . 000 042 . 00013 . 0003
...................................... . 000 000 02 . 000 000 60 [ .000 0061 . 000 031 . 00010 . 6002
______________________________________ . 000. 000 01 . 000 000 38 | .000 0043 . 000 022 . 00007 . 0002
...................................... . 000 000 01 . 000 000 24 | .000 0030 . 000 016 . 00006 . 0002

TapLE 26.—Local coefficients Cyu for @=+0.2 In calculating the values of the modified potential,
Terminal digit of the coefficient is in ninth decimal place. . .
Sign s that of (—1)»~ for @=-0.2, local expansions were used for relative
a1 n=2 n=3 | n=i |n=5|n=6|n=7|s=s | displacements from 0 to 8 and asymptotic expansions
were used for relative displacements of 14 or more.
10266 2098 | 1064 8301 | 145 8880 | 22 3195 | 36243 | 6109 | 1057 186 . L] .
7548 1723 | 770 7575 | 105 0847 | 16 0702 | 26128 [ 4413 [ 765 | 135 | For the gap between 8 and 14, with some.overlapping,
sann | ) sum|ham e )8 W) o esymptotic expansion of () through Byat was
4922 3665 | 493 3363 | 66 1801 | 10 0176 | 16190 | 2726 | 472 84 € as ptolic expansion o . gug & .
45118201 | 4516378 | 60 4453 | 91245 | 14715 | 2473 | 428 | 75 | augmented by the quantity 355.7/a¢Y, determined
4189 4787 | 419 1372 0098 | 8 4386 | 13584 | 2279 | 394 69 P . . . .
3027 6183 | 302 8410 | 52 4473 | 78909 | 12683 | 2126 | 367 | 65 | empirically by comparison with the direct series values
3709 4130 | 370 9747 | 49 5007 | 7 4403 | 11945 ) 1999 | 344 60 . . .
8523 0413 | 3524082 | 470083 | 70610 | 11326 | 1804 | 326 | 57 | on the applicable intervals of the basic range.
3363 7620 | 336 3822 | 44 8622 ( 6 7355 { 10797 | 1804 | 311 55
3223 6052 | 322 3631 | 42 9879 | 6 4521 | 10838 | 1726 | 297 53 CALCULATIONS FOR Q=-0.2
5088 0106 | 703 auat | 30 apd> | & oror | 96 |does | 274 | 48
2880 2800 | 288 0201 | 38 5240 | 57797 | 0253 | 1544 | 265 | 46 For the reflection factor @=—0.2, the early values of
2798 9987 | 279 9000 | 373206 | 55087 | 8061 | 1495 | 257 | 45 ;
2res e e | 84000 | s | 1 | 2hs | & | Mew Cruy and \ny are shown in tables 28, 29, and 30,
%éﬁg :(12)%223 5280 i%é? :2% 25) respectively. In calculating values of the modified
2sam | 4o | ent e | 2| @ potentxal,. local expansions were used for a6 and
St | 4o | TiSue | 2| asymptotic expansions for a= 7.3. On the range
ool ) gomar) T2l 2 ) 4.8<a<7.2 the asymptotic expansion values of W
20 3643 | 44046 | 7047 | 1175} 201 35 9 10 ]
o | 4| | ng ) ie| B thro.ugh Bia® were dec?ea,sed by 0.208/a¢'°, determined
B35 4240 Gra 12| 14| ¥ | empirically. Overlapping of ranges served as a check
73z 41031 65511004 18] | on the calculations.
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TasLe 27.—Local ratios for Q=+40.2
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” Values of A\ns Where—
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8

) B, 0. 735 244 311 0. 723 825 262 0. 7203 1048 | 0.7200 059 | 0. 7209 158 0. 722 255 0. 72368 0. 7252
2. . 829 324 351 . 820 647 187 . 8151 2303 . 8124 249 . 8113 386 . 811 141 . 81141 8119
F S . 873 961 607 . 869 164 696 . 8644 0420 | .8611 622 | .8592 199 . 858 161 . 85768 8574
: S . 899 734 730 . 879 358 337 . 8939 3732 . 8910 001 . 8888 721 . 887 445 . 88654 . 8861
L S . 916 599 400 . 915 478 233 . 9132 2075 . 9108 534 . 9088 746 . 907 372 . 90628 . 9055

. 928 554 405 . 928 038 401 . 9266 1878 . 9248 282 . 9231 324 . 921 712 . 92059 . 9198

. 937 495 706 . 937 261 363 . 9363 9529 . 9350 935 . 9337 095 932 447 . 93139 . 9305

. 944 443 363 . 944 337 740 . 9438 2006 . 9428 986 9418 048 . 940 725 . 93976 . 9389

. 949 999 728 . 949 952 335 . 9496 4732 . 9490 075 . 9481 626 . 947 262 . 94640 . 9456

. 954 545 387 . 954 524 179 . 9543 4636 . 9539 084 . 9532 670 . 952 532 . 95178 . 9512
11 . 958 333 316 . 958 323 742 . 9582 2098 . 9579 246 . 9574 437 . 956 850 . 95622 . 9555
12 ___ . 961 538 457 . 961 534 229 . 9614 7509 . 9612 763 . 9609 196 . 960 449 . 95991 . 9593
18 . . 964 285 713 . 964 283 829 . 9642 4997 . 9641 175 . 9638 552 . 963 484 . 96306 . 9626
14 ___ . 966 666 667 . 966 665 826 . 9666 4652 . 9665 588 . 9663 672 . 966 077 . 96571 . 9652
15 . . 968 750 000 . 968 749 626 . 9687 0945 . 9687 431 . 9685 428 . 968 317 . 96802 . 9678
16 ___ . 970 588 235 . 970 588 069 . 9705 8184 . 9705 439 . 9704 422 . 970 268 . 97004 . 9697
17 . . 972 222 222 . 972 222 148 . 9722 1861 . 9721 938 . 9721 215 . 971 988 . 97178 . 9716
18 .. . 973 684 211 . 973 684 178 . 9736 8218 . 9736 660 . 9736 142 . 973 511 . 97335 . 9731
19 ____ . 975 000 000 . 974 999. 985 . 9749 9886 . 9749 883 . 9749 513 . 974 873 . 97476 . 9746
20 ... __ . 976 190 476 . 976 190 469 . 9761 8984 . 9761 830 . 9758 518 . 976 096 . 97599 . 9759
21 . L 977 272 727 . 977 272 724 . 9772 7237 L9772 679 L9772 491 . 977 205 . 97712 . 9770
22 . . 978 260 870 . 978 260 869 . 9782 6066 . 9782 578 . 9782 445 . 978 211 . 97815 . 9781
23 . . 979 166 667 . 979 166 666 . 9791 6655 . 9791 647 . 9790 541 . 979 130 . 97908 . 9790
24 _________ . 980 000 000 . 980 000 000 . 9799 9993 . 9799 987 | . 9799 921 . 979 973 . 97993 . 9799
25 . . 980 769 231 . 980 769 231 . 9807 6920 . 9807 684 . 9807 615 . 980 749 . 98072 . 9807
26 _______ . 981 481 481 . 981 481 481 . 9814 8146 . 9814 810 . 9814 658 . 981 466 . 98144 . 9814
27 . . 982 142 857 . 982 142 857 . 9821 4284 . 9821 425 . 9821 402 . 982 132 . 98211 . 9820
28 . __. . 982 758 621 . 982 758 621 . 9827 5861 . 9827 584 . 9827 568 . 982 750 . 98273 . 9826
29 . ____ . 983 333 333 . 983 333 333 . 9833 3333 . 9833 332 | .9833 320 . 983 327 . 98332 . 9831
B0 . 983 870 968 . 983 870 968 . 9838 7097 . 9838 702 [ .9838 701 . 983 870 . 98387 . 9839

TaBLE 28.—Values of (—unu) for Q=—0.2
Values of (— pnwu) Where—

* n=1 n=2 n=3 n=4 n=>5 n=6
S 0.023 632 035 0. 054 718 586 0. 076 623 86 0.091 865 39 | 0.102 8770 | 0. 111 142
2 e . 006 092 729 . 025 163 338 . 044 579 54 . 060 710 89 . 073 6253 . 083 983
S U IR . 001 544 678 . 011 405 454 . 025 635 59 . 039 749 59 . 052 2958 063 071
4 - . 000 388 623 . 005 126 353 .014 628 72 . 025 852 10 . 036 9343 . 047 137
5 T . 000 097 489 . 002 293 000 . 008 305 68 . 016 733 66 . 025 9729 . 035 093
6 . . 000 024 389 . 001 022 817 . 004 700 16 .010 794 94 . 018 2058 . 026 049
T e . 000 006 101 . 000 455 519 . 002 654 12 . 006 947 29 . 012 7307 019 290
8 e . 000 001 526 . 000 202 688 . 001 496 68 . 004 463 58 . 008 8860 014 260
O . 000 000 381 . 000 090 142 . 000 843 23 . 002 864 45 . 006 1943 010 526
10 . . 000 000 095 . 000 040 078 . 000 474 81 . 001 836 71 . 004 3136 . 007 761
) . 000 000 024 . 000 017 816 . 000 267 26 .001 177 05 . 003 0017 . 005 718
12 . . 000 000 006 . 000 007 919 . 000 150 40 . 000 754 00 002 0877 004 210
18 . . 000 000 001 . 000 003 520 . 000 084 62 . 000 482 87 . 001 4514 . 003 098
14 . . 000 000 000 . 000 001 565 . 000 047 61 . 000 309 17 001 0088 . 002 279

. 000 000 695 . 000 026 78 . 000 197 93 . 000 7010 . 001 676
. 000 000 309 . 000 015 07 .000 126 71 . 000 4859 . 001 232
. 000 000 137 . 000 008 48 .000 081 10 . 000 3383 . 000 906
. 000 000 061 . 000 004 77 . 000 051 91 . 000 2350 . 000 665
. 000 000 027 . 000 002 68 . 000 033 22 . 000 1632 . 000 489
. 000 000 012 . 000 001 51 . 000 021 27 .000 1134 . 000 360
. 000 000 005 . 000 000 85 . 000 013 61 . 000 0787 | .000 264
. 000 000 002 . 000 000 48 . 000 008 71 . 000 0547 . 000 194
. 000 000 001 . 000 000 27 . 000 005 58 . 000 0379 . 000 143
. 000 000 000 . 000 000 15 . 000 003 57 .000 0264 [ .000 105
________________ . 000 000 08 . 000 002 28 . 000 0183 . 000 077
________________ . 000 000 05 . 000 001 46 . 000 0104 . 000 057
________________ . 000 000 03 . 000 000 94 . 000 0088 . 000 042
________________ . 000 000 02 . 000 000 60 . 000 0061 000 031
________________ . 000 000 01 . 000 000 38 . 000 0043 . 000 022
________________ . 000 000 01 . 000 000 24 . 000 0030 . 000 016
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TABLE 29.—Local coefficients Cpy for Q=—0.2

Terminal digit of the coefficient is in ninth decimal place.
Sign is that of (—1)n+u=1,
For u>>22, the value of Cxy is the same as that shown in table 24.
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Values of Cns where—

n=1 n=2 n=3 n=4 n=>5 n=6
PR 9763 6797 9452 814 1231 168 181 627 28 708 4740
2 e 7454 3045 7311 275 955 420 140 893 22 233 3664
B e 6240 3458 6178 716 811 970 120 031 18 954 3123
4 e 5466 6247 5440 715 718 500 106 547 16 854 2780
O . 4921 3952 4910 589 650 799 96 791 15 341 2533
6 . 4511 6088 4507 104 598 736 89 260 14 175 2343
T e 4189 4275 4187 545 557 111 83 207 13 235 2191
8 e 3927 6063 3926 816 522 898 78 201 12 456 2065
L 3709 4102 3709 078 494 171 73 975 11 796 1957
10 e 3523 9407 3523 800 469 636 70 350 11 228 1864
B 3363 7618 3363 702 448 382 67 196 10 732 1784
12 . 3223 6052 3223 605 429 749 64 423 10 294 1712
18 . 3099 6203 3099 620 413 248 61 962 9 905 1648
P 2988 9196 2988 915 398 504 59 760 9 555 1590
16 e 2889 2890 2889 287 385 229 57 775 9 240 1538
16 .. 2798 9987 2798 999 373 194 55 973 8 953 1491
S 2716 6752 2716 675 362 220 54 332 8 690 1448
1 T 2641 2120 2641 212 352 162 52 821 8 450 1408
19 e 2571 7064 2571 706 342 893 51 432 8 228 1371
20, e 2507 4138 2507 414 334 321 50 147 8 023 1337
) e 2447 7134 2447 713 326 362 48 953 7 832 1305
2 e 2392 0836 2392 084 318 944 47 842 7 655 1276
TaBLE 30.—Local ratios Apy for Q=—0.2
“ Values of ane where—
n=1 n=2 n=3 n=4 n=5 n=6
472 871 0. 773 449 562 0. 7760 2757 | 0. 7757 295 | 0. 7744 546 | 0. 772 916
146 609 . 845 094 179 . 8498 5655 . 8519 301 . 8525 205 . 852 357
013 113 . 880 557 600 . 8848 8440 . 8876 637 . 8891 831 . 889 881
262 122 . 902 563 158 . 9057 7522 . 9084 244 . 9102 436 . 911 376
733 682 . 917 833 677 . 9199 9941 . 9222 031 . 9239 764 . 925 259
588 411 . 929 098 745 . 9304 8029 . 9321 832 . 9337 500 | .935 015
504 289 . 937 737 137 . 9385 8799 . 9398 448 | .9411 509 . 942 308
445 525 . 944 550 759 . 9450 6251 . 9459 615 . 9470 093 . 948 022
000 272 . 950 047 566 . 9503 5029 . 9509 792 . 9517 978 . 952 654
545 523 . 954 566 705 . 9547 4366 . 9551 763 . 9558 032 . 956 510
333 350 958 342 818 . 9584 4535 . 9587 392 . 9592 119 . 959 787
538 467 961 542 692 . 9616 0172 . 9617 994 . 9621 516 . 962 612
285 715 964 287 599 . 9643 2140 . 9644 533 . 9647 131 . 965 079
666 667 966 667 508 . 9666 8681 . 9667 742 . 9669 645 . 967 251
750 000 968 750 374 . 9687 6134 . 9688 190 . 9689 624 | .969 181
588 235 . 970 588 402 . 9705 9464 . 9706 325 . 9707 316 . 970 904
222 222 972 222 296 . 9722 2583 . 9722 506 . 9723 226 . 971 988
684 211 . 973 684 244 . 9736 8624 | .9737 024 . 9737 541 . 973 513
000 000 . 975 000 015 . 9750 0114 . 9750 117 . 9750 486 . 974 874
190 476 976 190 483 . 9761 9112 . 9761 980 . 9762 244 . 976 284
21 . 977 272 727 . 977 272 730 L9772 7309 | . 9772 775 | . 9772 962 [ . 977 341
2 e . 978 260 870 978 260 871 . 9782 6108 . 9782 639 . 9784 252 . 978 311
23 e . 979 166 667 979 166 668 . 9791 6679 . 9791 686 . 9791 780 979 204
24 e . 980 000 000 . 980 000 000 . 9800 0007 . 9800 013 . 9800 794 . 980 027
2D e . 980 769 231 . 980 769 231 . 9807 6926 . 9807 700 . 9807 769 . 980 789
26 e . 981 481 481 . 981 481 481 . 9814 8150 . 9814 820 . 9814 831 . 981 496
1 (U . 982 142 857 . 982 142 857 . 9821 4287 . 9821 432 . 9821 456 . 982 154
28 e . 982 758 621 . 982 758 621 . 9827 5863 . 9827 588 . 9827 604 . 982 768
20 e . 983 333 333 . 983 333 333 . 9833 3334 . 9833 335 . 9833 346 . 983 339
) U . 983 870 968 . 983 870 968 . 9838 7097 | .9838 702 | .9338 701 | .983 870
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CALCULATIONS FOR Q@=+40.3

For the reflection factor @=-+0.3, early values of
Bnu; Cnuy and N, are shown in tables 31, 32, and 33,
respectively. In calculating values of the modified
potential on the basic range, the direct series values
were checked by local expansions for a=<8, by
asymptotic expansions from a¢=16 to ¢=30, and by
asymptotic expansions of (—W) through B;/a® aug-

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

mented by 6650/a' from ¢=10 to a=16. The direct
value for a=9 was checked only approximately.

For values of the relative displacement not on the
basic range, values were obtained by local expansions
for <2.2, by asymptotic values for a>>16, by aug-
mented asymptotic expansion for 13<a<{16, and
by interpolation in the first order direct remainder for

10<a<13.

TABLE 31.—Values of pnu for Q=-+0.3

u Values for uau Wwhere
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8
1 0.041 333 926 | 0.1022 3805 | 0. 1501 779 | 0.1865 849 | 0.214 783 | 0.23716 | 0.25530 | 0.2703
2 s . 009 774 692 . 0426 3397 | .0791 724 | .1121 053 . 140 394 . 16449 . 18508 . 2027
R . 002 386 664 . 0183 0979 | .0428 000 | .0687 922 . 093 423 . 11583 . 13593 . 1539
S . 000 590 618 . 0079 8699 | .0234 895 | .0427 995 . 062 937 . 08247 . 10082 . 1178
L TR . 000 146 999 . 0035 1343 | .0130 110 | .0268 719 . 042 766 . 05919 . 07532 . 0907
6 . 000 036 678 . 0015 5265 | .0072 482 | .0169 749 . 029 237 . 04273 . 05658 . 0703
T L . 000 009 161 . 0006 8787 | .0040 522 | .0107 672 . 020 075 . 03098 . 04270 . 0547
T . 000 002 290 . 0003 0518 [ .0022 705 | .0068 488 . 013 827 . 02253 . 03232 . 0427
Q- . 000 000 572 . 0001 3550 [ .0012 740 | .0043 647 . 009 545 . 01643 . 02452 . 0334
10 . 000 000 143 . 0000 6019 | .0007 155 | .0027 852 . 006 599 . 01200 . 01864 . 0261
L . 000 000 036 . 0000 2674 | .0004 020 [ .0017 790 . 004 568 . 00877 . 01420 . 0205
12 . 000 000 009 . 0000 1188 | .0002 261 | .0011 370 . 003 165 . 00643 . 01082 . 0161
R . 000 000 002 . 0000 0528 | . 0001 270 | .0007 270 . 002 202 . 00471 . 00825 . 0127
14 . 000 000 001 . 0000 0235 | .0000 715 | .0004 649 . 001 522 . 00345 . 00630 . 0100
15 . 000 000 000 . 0000 0104 | .0000 401 | .0002 974 . 001 056 . 00253 . 00482 . 0079
e . 0000 0046 [ .0000 226 | .0001 903 . 000 733 . 00186 . 00368 . 0062
17 e . 0000 0021 | .0000 127 | .0001 219 . 000 509 . 00136 . 00282 . 0049
18 . . 0000 0009 | .0000 071 | .0000 779 . 000 354 . 00100 . 00216 . 0039
19 L . 0000 0004 { .0000 040 | . 0000 498 . 000 245 . 00074 . 00166 . 0031
20 el . 0000 0002 | .0000 023 | .0000 319 . 000 170 . 00054 . 00126 . 0024
2] | . 0000 0001 | .0000 013 | .0000 204 . 000 118 . 00040 . 00096 . 0019
22 e . 0000 0000 | .0000 007 | .0000 131 . 000 082 . 00029 . 00074 . 0015
23 - . 0000 004 | .0000 084 . 000 057 . 00021 . 00056 . 0012
24 . . 0000 002 | . 0000 054 . 000 040 . 00016 . 00043 . 0009
25 . 0000 001 | .0000 034 . 000 027 . 00011 . 00033 . 0007
26 e e . 0000 001 | .0000 022 . 000 019 . 00008 . 00025 . 0006
27_. 000 | .0000 014 . 000 013 . 00006 . 00019 . 0005
28__ --| . 0000 009 . 000 009 . 00005 . 00015 . 0004
290__ -| . 0000 006 . 000 006 . 00003 . 00011 . 0003
B0 e . 0000 004 . 000 004 . 00002 . 00009 . 0002
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TaBLE 32.—Local coefficients Cp, for Q=+0.3 CALCULATIONS FOR Q=-0.3
Terminal digit of the coefficient Is in ninth decimal place. Sign is that of (—1)u-t
u n=l n=2 n=3 | n=4 | n=5 | a=6|a=7|a=8 For the reflection factor @=—0.3, early values of

2% 9350 | SiTp S0L | 1201 417 | 205 192 | To100 | 10608 | 528 | pipy, 0,'.,,, and \,, are ShO.WH in tabl'es 34, 35, and 36,

i?ﬁ, %& %ﬁggﬁ gﬁ} ;;‘? i‘ﬁ g% gggg% 1%;% %5?5% respectively. On the basic range, direct values of the

e 1s9 | s sn | 40 60 |12 10 | o | e | 10 modified potential were c.hecked by local expansions for

a3 aiot| 1soa 808 | 428740 1103848 ) 20300 | 684 | 1812 fz§6.9 ar.ld by asymptotic expansions for =6.4. For

B oo | lomL 302 | ST T | 0% | 22005 | %87 | 1272 | intermediate values, local expansions were used for

756 8666 1 i

706 8666 | 1514 302 | 341187 | 83 11z | 20614 | 5330 | 1407 2<<2.2 and asymptotic expansions were used for a¢>>10.

697 4183 | 1305 006 | 314 065 | 75 487 | 18019 | 4882 | 1287

672 5085 | 1345 110 | 302 769 | 72 742 | 18221 | 4698 1237

0907 | 1300 202 628 | 70 284 | 17596 | 4535 | 1194 CALCULATIONS FOR 0.4=Q=0.9

629 7750 | 1250 577 | 283 453 | 68 066 | 17036 | 4388 | 1155

iR s D) Bl s ) 0 .
19 ssor soo | 578 6o | ey Zra | 200 oo | 02 37 | 1385 ;“é%z }é’g? For reflection factors @, where —0.9<Q=<-—0.4 or

..... 0 | 15 1030 : :
b1 S— 3671 5701 | 550 7355 | 1101 472 | 247 836 | 59 486 | 14876 | 3828 [ 1006 0'4 § Q §0'9’ lOC&l expansion mVOIVG so Ir.m,ny te'rms tha’t’
E;;;;: g% i% % Eigi 1076 430 | 22201 G813 14080 M0 982 | other methods were developed, and special devices were
2| Saas genh | S0 Saas | 1031099 | 231998 o gel| 13022 )| 3811 240 | used. For the sake of conciseness, these 12 cases are
b S— 3303 4810 95 1 1 1
- 20 dins 3?-“, :332‘:’5% :95: ‘ég:g %‘ﬁ %z‘g g?‘l,gég 13380 | 341} 904 | discussed in a condens.ed notation. For each case, the
3077|312 505 | 60 465 | oom ses | 211 5a1 | 50 oom | 1oork | ds0 | asg | volues of W on the basic range were calculated by direct
30..... 3077 3452 | 461 6018 0923 204 | 207 721 49 853 | 12463 | 3205 841 Series, and the Summm.y Omits Such Values.
TaBLE 33.—Local ratios Nyy for Q=+0.3
u Values for Ana Where—
n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8§

) SIS 0.727 270 091 0. 7094 4337 | 0.7036 992 | 0. 7029 240 0.704 073 0. 70595 0. 70805 0. 7101
U . 827 236 241 . 8138 9204 | .8052 466 | .8008 775 . 799 010 . 79851 . 79877 . 7995
S S . 873 432 201 . 8661 2996 . 8587 968 . 8537 203 . 850 604 . 84884 . 84795 . 8476
L SR . 899 600 979 . 8960 0570 . 8007 858 | .8862 535 . 882 921 . 88064 . 87916 . 8782
L S . 916 565 554 . 9148 7558 . 9114 520 . 9078 318 . 904 773 . 90242 . 90069 . 8996
6l . 928 545 878 . 9277 6966 . 9256 250 . 9229 034 . 920 305 . 91811 . 91637 9150
(S . 937 493 558 L9371 4147 . 9358 364 . 9338 656 . 931 758 . 92981 . 92817 9268
8 e . 944 442 821 . 9442 8423 . 9435 054 . 9421 143 . 940 455 . 93880 . 93730 9360
L I . 949 999 592 . 9499 2846 . 9494 701 . 9485 060 . 947 228 . 94586 . 94455 9433
100 . 954 545 353 . 9545 1352 . 9542 464 | . 9535 877 952 619 . 95150 . 95039 9493
11 __ . 958 333 307 . 9583 1909 . 9581 648 . 9577 192 . 956 994 . 95611 . 95514 9542
12 . 961 538 455 . 9615 3211 . 0614 432 | . 9611 447 . 960 615 . 95990 . 95910 9583
13 e . 964 285 713 . 9642 8288 . 9642 322 . 9640 332 . 963 631 . 96308 . 96243 9617
14 .. . 966 666 666 . 9666 6540 . 9666 363 . 9665 048 . 966 217 . 96578 . 96525 9647
15 . 968 750 000 . 9687 4944 . 9687 330 . 9686 463 . 968 437 . 96810 . 96766 9672
16 . 970 588 235 . 9705 8800 . 9705 786 . 9705 219 . 970 371 . 97010 . 96976 9693
| A . 972 222 222 . 9722 2210 . 9722 168 . 9721 794 972 071 . 97187 . 97158 9712
18 e . 973 684 211 . 9736 8416 . 9736 812 . 9736 569 . 973 578 . 97343 . 97319 . 9729
19 . . 975 000 000 L9749 9998 | . 9749 983 | .9749 825 . 974 927 . 97480 . 97460 9743
20 . . 976 190 476 . 9761 9047 . 9761 895 . 9761 792 . 976 139 . 97605 . 97591 9757
21 . . 977 272 727 L9772 7272 L9772 721 . 9772 656 . 977 238 . 97716 . 97706 9769
22 . . 978 260 870 . 9782 6087 . 9782 606 . 9782 563 . 978 237 . 97818 . 97808 9780
23 e . 979 166 667 . 9791 6667 . 9791 665 . 9791 637 . 979 150 . 97912 . 97904 9789
24 .. . 980 000 000 . 9800 0000 | .9799 999 . 9799 980 . 979 987 . 97995 . 97990 9798
P SR . 980 769 231 . 9807 6923 | .9807 692 | .9807 681 . 980 761 . 98074 . 98069 9807
26 . . 981 481 481 . 9814 8148 . 9814 814 . 9814 807 . 981 475 . 98146 . 98142 9814
2 L . 982 142 857 . 9821 4286 . 9821 429 . 9821 424 . 982 139 . 98213 . 98210 9820
28 . . 982 758 621 . 9827 5862 { . 9827 586 . 9827 583 . 982 756 . 98274 . 98272 9827
29 Ll . 983 333 333 . 9833 3333 . 9833 333 . 9833 331 . 983 331 . 98332 . 98331 9832
30 L . 983 870 968 . 9838 7097 | . 9838 710 . 9838 712 . 983 872 . 98389 . 98389 9839
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TaBLE 34.—Values of (—na) for Q=—0.3

Values for (—pne) Where—
u
2=1 n=2 n=3 n=4 n=5 n=6 n=7
1. 0.034 533 220 | 0.0791 1414 | 0.1099 658 | 0. 1311 404 | 0.146 263 | 0.15752 0. 16620
2 . . 009 028 680 . 0369 4084 | . 0649 351 . 0878 799 . 106 039 . 12047 . 13208
B . . 002 304 150 . 0168 9604 0377 174 . 0581 282 . 076 077 . 09135 . 10424
4. . 000 581 464 . 0076 3460 0216 675 . 0380 853 . 054 142 . 06879 . 08179
S . . 000 145 981 . 0034 2545 0123 565 . 0247 828 . 038 296 . 05153 . 06387
6 . . 000 036 564 . 0015 3066 | .0070 128 | .0160 480 . 026 961 . 03843 . 04968
0 e . 000 009 149 . 0006 8238 | .0039 675 . 0103 557 . 018 916 . 02856 . 03853
8 o . 000 002 288 . 0003 0381 . 0022 400 | .0066 660 . 013 235 . 02118 . 02980
U ISP . 000 000 572 . 0001 3516 | .0012 630 | .0042 835 . 009 243 . 01567 . 02300
10 . . 000 000 143 . 0000 6010 0007 116 | .0027 492 . 006 445 . 01157 . 01773
1 . 000 000 036 . 0000 2673 { .0004 007 | .0017 629 . 004 490 . 00853 . 01364
12 . . 000 000 009 .0000 1188 | .0002 256 | .0011 298 . 003 125 . 00629 . 01049
18 o . 000 000 002 . 0000 0528 | .0001 269 | .0007 238 . 002 173 . 00464 . 00806
14 L. . 000 000 001 . 0000 0235 . 0000 714 . 0004 635 .001 511 . 00342 . 00618
16 . 000 000 000 . 0000 0104 | .0000 401 | .0002 968 . 001 051 . 00251 . 00474
16 o __ . 000 000 000 . 0000 0046 | .0000 226 . 0001 900 . 000 730 . 00184 . 00363
17 .. . 000 000 000 . 0000 0021 | .0000 127 | .0001 216 . 000 507 . 00136 . 00279
18 o _ . 000 000 000 . 0000 0009 | .0000 071 | .0000 778 . 000 352 . 00100 . 00214
19 _ . 000 000 000 . 0000 0004 | .0000 040 | .0000 498 . 000 245 . 00073 . 00164

For u>19, the absolute value of une is the same as that shown in table 31,

TaBLE 85.—Local coefiicients Cpy for Q=—0.3
Terminal digit of the coefficient is in ninth decimal place. Sign is that of (—1)=+u~1

Values of Cnhu Where—
17

n=1 n=2 n=3 n=4 n=5 n=6 | n=7
144 820 017 | 2071 9932 | 4005 154 | 879 720 | 207 458 | 51181 | 13025
111 484 274 | 1625 1623 | 3153 844 | 692 641 | 162 924 | 40073 | 10169
93 533 986 | 1382 4899 | 2706 420 | 596 028 | 140 321 | 34501 | 8745
81 983 552 | 1221 0747 | 2407 616 | 532 623 | 125 696 | 30938 | 7844
73 817 347 | 1103 6285 | 2187 476 | 485 990 | 115 022 | 28350 | 7198
[ S 67 673 307 | 1013 5829 | 2016 035 | 449 481 | 106 670 6981
941 9838 | 1877 774 | 419 789 878 { 24724 | 6293
883 4443 | 1763 467 | 395 020 94 178 | 23355 | 5952
9 834 5048 | 1667 127 | 373 969 89 306 | 22182 | 5662
) (LS. 52 859 108 792 8390 | 1584 645 | 355 818 85 080 | 21160 | 5407
50 456 427 756 8262 | 1513 086 | 339 981 81 372 | 20261 | 5183
48 354 Q77 725 3026 | 1450 295 | 326 (21 78 089 | 19460 | 4983
46 494 305 697 4109 | 1394 652 | 313 610 75 157 | 18743 | 4803
44 833 794 672 5053 | 1344 918 | 302 488 72 521 | 18096 | 4640
43 339 334 650 0893 | 1300 128 | 292 454 70 136 | 17508 | 4492
41 984 980 629 7744 | 1259 521 | 283 345 67 966 | 16973 | 4356
40 750 128 611 2518 | 1222 488 | 275 030 65 082 | 16482 | 4232
39 618 180 504 2726 | 1188 537 | 2A7 402 64 158 | 16020 | 4117
38 575 596 578 6339 | 1157 263 | 260 372 62 477 | 15612 | 4010
37 611 206 564 1681 | 1128 333 { 253 868 60 920 | 15225 | 3912
36 715 701 550 7355 | 1101 470 | 247 826 59 472 | 14864 | 33820
35 881 254 538 2188 | 1076 437 | 242 195 58 123 | 14528 | 3734
35 101 226 526 5184 | 1053 €37 | 236 931 56 861 | 14213 | 3654
34 369 951 515 5403 | 1031 099 | 231 996 b5 677 | 13918 | 3577

33 682 552 505 2383 | 1010 477 | 227 356 54 565 | 13639
33 034 810 495 5222 | 991 044 | 222 985 53 515 | 13378 | 3439
32 423 055 486 3458 ;| 972 692 | 218 856 52 524 | 13130 | 3376
31 844 072 477 6611 | 955 322 | 214 947 51 587 | 12896 | 3316
31 295 036 469 4255 | 938 851 | 211 241 50 698 | 12674 | 3259
30 773 452 461 6018 | 923 204 | 207 721 49 853 | 12463 | 3205

As a matter of convenience, certain expressions are
adopted:

Wla(h)B8] means that the function W(Q,a) for the speci-
fied value of @ was calculated and tabulated by
steps of A from a=a to a=8.

Wy(k)8] were interpolated in W{a(h)B] means that the
values of W on the range y<a <8 were calculated
for steps of £ by interpolation in the values on the
basic range, in which the step is k.

Wly(k)8] were interpolated in R,[a(h)B] means that:

1. The values of the remainder of order n, (retain-
ing the first n terms of the series) are calcu-
lated, tabulated, and differenced on the range
(a, B) as far as needed to justify the interpo-
lation.

2. The remainder table is smoothed by correction
of errors and adjustment.

3. The range (a, B) is extended at each end so that
the differences will be complete over the
range (o, B).

4, The value of B, is calculated by interpolation
for each value on the range a=[y(k)s] from
the smoothed table for the range a=[a(h)B].
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TaBLE 36.—Local ratios Apy for Q=—0.3

u Values for Ans Where—
n=1 n=2 n=3 n=4 n=>5 n=6 n=7

0. 769 812 598 0. 7843 4734 | 0. 7879 457 | 0. 7873 425 0. 785 336 0. 78298 0. 78069

. 838 988 164 . 8506 7806 . 8575 898 . 8605 152 . 861 263 . 86092 . 86006

. 876 510 744 . 8832 4303 . 8895 941 . 8936 199 . 895 773 . 89673 . 89693

. 900 392 252 . 9038 1738 . 9085 655 . 9124 463 . 915 078 . 91669 . 91757

. 916 766 981 . 9184 0953 . 9216 264 . 9248 770 . 927 471 . 92933 . 93057

. 928 596 887 . 9293 6033 . 9314 191 . 9339 433 . 936 248 . 93810 . 93946

. 937 506 432 . 9378 5515 . 9391 260 . 9409 953 . 942 929 . 94462 . 94601

. 944 446 065 . 9446 0377 . 9453 692 . 9467 097 . 948 265 . 94976 . 95106

. 950 000 408 . 9500 7132 | . 9505 245 . 9514 638 . 952 683 . 95396 . 95512

. 954 545 865 . 9545 7731 . 9548 425 . 9554 895 . 956 424 . 95749 . 95852

5 . 958 333 359 . 9583 4756 . 9585 012 . 9589 411 . 959 647 . 96050 . 96139
12 . . 961 538 469 . 9615 4481 . 9616 334 . 9619 293 . 962 456 . 96314 . 96391
18 - . 964 285 715 . 9642 8854 . 9643 392 . 9645 369 . 964 925 . 96548 . 96612
14 .. . 966 666 668 . 9666 6793 . 9666 970 . 9668 279 . 967 113 . 96755 . 96807
15 . . 968 750 000 . 9687 5056 9687 670 . 9688 535 . 969 061 . 96940 . 96984
16 . . 970 588 235 . 9705 8848 . 9705 978 | .9706 546 . 970 804 . 97106 . 97141
17 . . 972 222 222 . 9722 2234 . 9722 276 . 9722 648 . 972 373 . 97257 . 97285
18 o . 973 684 211 . 9736 8426 . 9736 872 . 9737 115 . 973 788 . 97394 . 97417
19 . . 975 000 000 . 9750 0002 | .9750 017 | .9750 175 . 975 073 . 97519 . 97538
20 . . 976 190 476 . 9761 9049 . 9761 915 . 9762 017 . 976 241 . 97633 . 97647
2 . L 977 272 727 L9772 7274 . 9772 733 . 9772 799 . 977 308 . 97738 . 97748
22 . . 978 260 870 . 9782 6087 . 9782 612 . 9782 655 . 978 285 . 97834 . 97844
28 o . 979 166 667 . 9791 6667 . 9791 669 . 9791 696 . 979 184 . 97922 . 97930
24 .. . 980 000 000 . 9800 0000 . 9800 001 . 9800 020 . 980 013 . 98005 . 98010
P S . 980 769 231 . 9807 6923 | . 9807 692 | .9807 704 . 980 777 . 98080 . 98085
26 .. . 981 481 481 . 9814 8148 . 9814 815 . 9814 823 . 981 487 . 98150 . 98154
27 . 982 142 857 . 9821 4286 . 9821 429 . 9821 433 . 982 147 . 98215 . 98218
28 o . 982 758 621 . 9827 5862 . 9827 586 . 9827 589 . 982 762 . 98278 . 98280
29 .. . 983 333 333 . 9833 3333 | .9833 333 . 9833 335 . 983 335 . 98334 . 98335
30 . . 983 870 968 . 9838 7097 9838 710 . 9838 708 . 983 870 . 98387 . 98385

5. The resulting values of R, are tabulated, dif-
ferenced, and smoothed, with necessary
corrections and adjustments.

6. The value of W is calculated by evaluating the
first n terms directly and adding the corre-
sponding value of R,.

The nth direct residue means the residue or remainder
of the direct series after isolation of the first n
terms.

The nth asymptotic residue means the residue of the
asymptotic expansion, after isolation of the terms
through B,/a?"1.

Interpolation in the nth specified residue means that
the specified residue is evaluated over the indicated
range, that this residue is interpolated to complete
the new range, and that the values of the isolated
initial terms are added to the residues to obtain
the values of the function over the new range.
The expanded table is smoothed and corrected by
differences.

With the foregoing condensations, the calculations of
W(Q, @) may be summarized for each case.
Q=-+404:
1. The values of —W[0.00(0.05)2.50] were inter-
polated in the first direct residue R,[0.0(0.1)-
2.5].
2. The values of —W[0.00(0.02)1.40] were inter-
polated in — W[0.00(0.05)2.50].
3. The values of —W[10.0(0.2)14.0] were interpo-
lated in —W[10.0(0.5)14.0)].
4. The values of W[15.0(0.5)20] were interpolated
in the third asymptotic residue F5[15(1)20].
5. For @ >>20, asymptotic expansions are adequate.
QRQ=—04:
1. The values of W[0.00(0.02)1.30] were interpo-
lated in the first local residue, £4[0.0(0.1)1.3].
2. The values of W[1.30(0.05)2.20] were interpo-
lated in W[1.3(0.1)2.2].
3. For ¢ 25.8, fifth order asymptotic expansions are
adequate.
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Q=-+0.5:

1. Values of — W[0.00(0.02)1.60] were interpolated
in the first direct residue R;[0.0(0.1)1.6].

2. Values of —W[1.60(0.05)3.00] were interpolated
in the first direct residue, £,[{1.6(0.1)3.0].

3. Values of —WT[15.5(1.0)29.5] were interpolated
in the fourth asymptotic residue E,[15(1)30].

4. Values of —W10.1(0.1)10.4(0.2)15.8] were in-
terpolated in — W[10.0(0.5)16.0].

Q=-—0.5:

1. Values of W[0.00(0.02)1.40(0.05)2.20] were in-
terpolated in the first direct residue,
R,[0.0(0.1)2.2].

2. For a 6.4 asymptotic expansions are adequate.

@=-+0.6:

1. Values of — W¥[0.00(0.02)1.60(0.05)3.00] were
interpolated in the first direct residue,
R,[0.0(0.1)3.4].

2. The value of — W(15.5) was inserted between
— WT110.0(0.5)15] and — WJ16.0(0.5)30.0] by
smoothing.

3. Values of —W[10(0.2)16.0] were interpolated in
— W[10.0(0.5)16.0].

4. Values of —W[16.0(0.5)30.0] were interpolated
in the fourth asymptotic residue R,{16(1)30].

=—0.6:

1. Values of W[0.00(0.02)1.40(0.05)3.20] were in-
terpolated in the first direct residue, R,[0.0
(0.1)3.2].

2. For @ 26.7, asymptotic expansions are ade-
quate.

Q=+40.7:

1. Values of —W70.0(0.02)1.60(0.05)2.40] were in-
terpolated in the first direct residue, R,[0.0
(0.1)2.4].

2. Values of —W/[15.0(0.5)30.0] were interpolated
in —W[15(1)30].

3. Values of —W[10.0(0.2)17.0] were interpolated
in — W[10.0(0.5)17.0].

=—0.7:

1. Values of W1{0.00(0.02)1.40(0.05)3.20] were in-
terpolated in the first direct residue, R;[0.0
(0.1)3.2].

2. For @ 2 6.5, asymptotic expansions are adequate.

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

Q=-1+0.3:

1. Values of — WJ[0.00(0.02)1.60(0.05)2.50] were
interpolated in the first direct residue, £,[0.0
(0.1)2.5].

2. Values of —WT[15.0(0.5)30.0] were interpolated
in the second direct residue, R;[15(1)30].

3. Values of — W[10.0(0.02)18.0] were interpolated
in —W1[10.0(0.5)18.0].

Q=—0.8:

1. Values of W[0.00(0.02)1.50] were interpolated in
the first direct residue, E,[0.0(0.1)1.5].

2. Values of W[1.50(0.05)3.40] were interpolated in
the second direct residue, E,{1.5(0.1)3.4].

3. For ¢ 26.6 asymptotic expansions are adequate.

Q=-+0.9:

1. Values of —1¥]0.00(0.02)1.60(0.05)2.4] were in-
terpolated in the first direct residue, R;[0.0
(0.1)2.4].

2. Values of —W[15.0(0.5)33.0] were interpolated
in the second direct residue, R,{12(1)33].

3. Values of —W[10.0(0.2)19.0] were interpolated
in —W[10.0(0.5)19.0].

Q=—09:

1. Values of W[0.00(0.02)1.70(0.05)3.60] were in-
terpolated in the first direct residue, £;[0.0
(0.1)4.0].

2. Fora = 6.7, asymptotic expansions are adequate.

NUMERICAL VALUES OF THE MODIFIED
POTENTIAL

The results of the analysis described in this report
are summarized in tables 37 and 38. Table 37 (p. 59)
shows the coefficients to be used for interpolating be-
tween arguments shown in table 38 (p. 59). Table 38
shows values of the modified potential for reflection
factors from —1 to +1 by steps of one-tenth (except
for the trivial case of zero) and for relative displace-
ments not exceeding 30, spaced so that fourth order
interpolation is always adequate.

In the use of table 38, the following observations
should be noted:

Values of == Ware complete, except for forcing errors
of calculation. Differences are expressed in units of
one in the eighth decimal place. Values have been
rounded so that apparent inconsistencies occur, but
the values of == W are usually within half a unit in the
terminal digit and within one unit except in rare cases.
The 2nd and 3rd differences are usually within 1 unit
and the 4th difference within 2 units.
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TasLe 37.—Difference coefficients for interpolation For two additional digits in the argument, beyond
y=2y1+U—2) yob Fsdd + Foal (+ Fiaby+.. those tabulated, the values of F} are shown in table 37.
, For more than two additional digits, F;, may be calcu-
Pe=—z (-0 A=ttty lated from the formulas shown in table 37, or taken
F==Qtn)z -0/ ALy=pr=SptSp—y-1 from more extensive tables of Lagrangean interpolants.
Fi=(Q+2) 2 1-2) (2~2)/24 Aby=yr—ppH8yo—by-1+y-2 For some purposes linear interpolation in table 37 is
purp TP
. adequate.
P - ~F | +F ~F —F | +F
i ' : ‘ ! : : TasLE 38.—Modified potential
0.00 | 0.00000 | 0.0000G | 0.0000 0.50 | 0.12500 | 0.06250 | 0.0234
.01 . 00495 .00167 | .0008 .51 . 12495 . 06289 . 0234 2 3 i
.02 | .00880 | 00333 | .0016 52| 12480 | .0%323 | 0234 a w Ay al Al
.03 01455 . 00500 0025 .53 12458 . 06352 .0233
04 01920 . 00666 .54 12420 06376 0233 Q=—1.0; tabular spacing=0.02
05 02375 .00831 | .0041 .55 12375 . 06394 0232
07 | cosass | 1vien | [oos 67| i | ot | 0mw 0.00 | 0.0000 0000 | -3 6050 70 140
;08| 03680 | 01325 | .0064 (58| .12180 | 06415 | .0228 : ) -
09 04095 01488 0071 59 12095 06410 0226 02 0001 8025 3 5980 —209 —139
.10 . 04500 .01650 | .0078 . 6 . 12000 . .0224 _— —_
o) SRR el %) ) R 6B 03| 0t isor| s oiE| _aro| 138
13| 038 | 0130 | loioe (05| libss| ogass| .oar .08 | .0028 7008 3 4946 —608 —129
4 06020 .02288 | .0106 .64 . 11520 06298 . 0214
- .10 . 0044 7157 3 4338 —730 —122
‘16| 0o | 0ae0s | 012 ‘G| i | omoe | 0a0s ‘12| .0064 1643 33608 | —846 —116
17| .07055 | .02751 | .0126 .67 11055 06154 | .0205 .14 . 0086 9737 3 2762 —954 —~—108
.18 . 07380 .02903 | .0132 .68 . 10880 . 06093 .0201 16 0113 0593 3 1808 —1052 —98
.19 07695 .03052 § .0138 .69 . 10695 . 06025 0187 . 18 * 0142 3257 3 0756 —1141 —89
ARE- ARl T ) . .
: * 1008 .20 .0174 6676 2 9614 —1220 —79
98| 0mass| oseet | loies 73| deees| Omes | lois 22| 0200 9710 2 8304 | —1289 —69
.24 | .00120| .03770 [ .0166 .74 | .00620 | .05580 | .0176 .24 . 0248 1138 2 7105 —1347 —58
.26 . 0288 9671 2 5758 —1395 —48
5| 000%0 | 0dedo | :otrs 70| 0ota | 0me0| 016 28| 0332 3962 2 4364 | —1432 —37
1E I E
20| 10295 | 04427 | .0189 79| 0205 | 04040 | 0150 . gg gigg 2%1 g %Z?i :iigg :%g
30 . 10500 .04550 | .0193 .80 . 08000 . 04800 . 0144 : 34 . 0476 7265 2 0000 — 1482 -7
3| Cl0as0 | Oersy | Coant B T e o 136 | ©0529 0326 18518 | —1480 +2
33| 11055 | .04001 | .0205 83| 07055 | .04304 | .0126 .38 . 0583 1905 1 7038 —1470 10
.3 . 11220 05012 0208 .8 . 06720 04122 0120 1452 18
7 .40 . 0639 0522 1 5568 -
% [l | 0| lomt ‘| 0eos0 | oam| ot 42| 0696 4707 14115 | —1428 25
3| im0 | 0| 039 g7 | 068 | 03625 | 0100 “44 | 0755 3007 12688 | —1307 31
39| 11805 | lossin | (0222 .89 | 04805 | .03084 | .0086 ig 82,172 gggg 1 éggi :%g?g 2?
B R e e ) ow) o) o] . 5
: . : . . : : : . 50 . 0938 8485 8612 —1274 4.
43| cims | oses | lome ‘| 05| oot | 00 "52 | 1001 9307 7338 | —1225 49
44| .12320 [ .05914 { .0231 .04 | .02820| .01824 { .0048 .54 . 1065 ‘7467 6113 - Hgg gg
. 56 . 1130 1740 4939 -
o | 12im | ook | 0o "9 | Omm0| omst| o033 58| 1105 0953 3819 | —1066 54
SR
a0 | 12095 | o626 | .0234 (00| 00408 | 00328 | <0008 gg . ggg gggg %;Zi '___lgég gg
.64 | .1391 7298 +791 —896 57
. . . 66 . 1457 5618 —105 — 840 56
For interpolation, use . 68 . 1523 3834 —945 — 785 55
—1 —730 56
f@)=2f(1)+ (1 —2)f(0)+ Foa,+ Fya%, 4+ Fial, 72| 164 eeds Tha0 | —enr 53
. . .74 L1719 9722 — 3138 —625 52
with the line selected so that 0<z<{1. Except for .76 . 1784 0664 —3763 — 575 50
forcing errors, sufficient accuracy is obtainable by: .78 | .1849 5843 —4338 —827 48
. . . " 3 . 80 . 1913 7684 — 4865 —480 46
linear interpolation if|a%,| £43,]|A%,| <186, .82 | .1977 4660 —5345 —436 45
and|AZ,|<8 .84 [ .2040 6291 —~5781 —394 42
ThE" . eerna 3 .86 | .2103 2141 —6175 —354 40
quadratic interpolation if|AL,| £43,]A2,| <16, .88 | .2165 1816 —6528 -315 39
2
but|a,|>8. - . .00 | 2226 4963 —6843 | —279 36
cubic interpolation if|AL,] =43 but|AZ,|>16. .92 | .2287 1266 —7122 -2%5 gg
quartic interpolation  if]A%,|>43. -1 2847 488 :;ggg -2 50
. 98 . 2464 6498 — 7763 —155 28
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TaBLE 38.—Modified poteniial—Continued
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TaBLE 38.— Modified poteniial—Continued

a w a2, A%, A, a w a2, a3, Al
Q=—1.0; tabular spacing=0.02—Continued Q=—1.0; tabular spacing=0.02—Continued
1.00 | 0.2522 2971 —7918 —128 27 2.20 | 0.4668 0839 —3331 72 —2
102 | .2579 1526 —8046 —104 24 2.22 | . 4687 9519 —3259 71 —1
1.04 | .2635 2035 8150 —82 22 2.24 | .4707 4939 —3188 69 -2
1.06 | .2690 4394 —8232 —60 21 2.26 | .4726 7172 —3119 68 —2
1.08 | .2744 8522 —8292 —41 19 2.28 | .4745 6287 —3051 66 —2
110 | .2798 4357 —8333 —23 18 2.30 | .4764 2350 —2085 64 -2
1.12 | 2851 1859 —8357 —7 16 2,32 | .4782 5428 —2921 63 —2
114 | .2903 1005 —8364 +8 15 2,34 | .4800 5586 —2858 62 -1
1.16 | .2954 1787 —8356 29 14 2.36 | .4818 2884 —2797 60 —2
1.18 | . 3004 4212 —8334 34 13 2.38 | .4835 7387 —2737 58 —2
1.20 . 3053 8304 — 8300 46 11 2. . 4852 9152 —9 —9
1. 22 . 3102 4096 —8254 56 10 2. ig . 4329 gggg _22%? gg —1
1241 .3150 1633 —8198 65 9 2.44 | . 4886 4705 —2566 54 —1
1.26 | . 3197 0972 —8133 73 8 2.46 | .4902 8605 —~2512 53 -1
128 | .3243 2178 —8060 81 8 2.48 | . 4918 9993 —2459 52 —1
1.30 1 . 3288 5323 — 7979 87 7 2.50 | .4934 8923 —2407 51 —1
1.32 | .3333 0489 7892 93 6
- 2,52 | .4950 5446 —2356 49 —2
1.34| .3376 7763 7799 98 5
— 2.54 | .4965 9612 —2307 48 -1
1.36 | .3419 7238 7701 103 5
138 3461 9013 7508 107 4 2.56 | .4981 1472 —2259 47 -1
: : 2.58 | .4996 1072 —2212 46 -1
1.40 | .3503 3190 —7491 110 3
1. 42 . 3543 9876 —7381 113 3 2. 60 . 5010 8460 —2167 45 —1
1.44 | .3583 9180 —7268 115 2 2.62 | .5025 3681 —2122 43 -1
1.46 | .3623 1216 —7153 116 1 2.64 | .5039 6781 —2079 43 -1
1.48 | . 3661 6099 —17037 118 2 2.66 | .5053 7802 —2036 42 -1
2.68 | .5067 6786 —1994 40 —2
1.50 | .3699 3945 —6918 119 1
1. 52 . 3736 4873 —6799 120 0 2.70 . 5081 3777 — 1954 39 —1
1. 54 . 3772 9001 — 6679 121 1 2. .79 . 5094 8813 —1915 39 -1
1.56 | .3808 6450 —6558 120 0 2.74 | .5108 1934 — 1876 38 -1
1.58 | .3843 7341 —6438 121 0 2.76 | .5121 3178 —1839 37 —1
2.78 | .5134 2584 —1802 36 -1
AU A - B
1164 | 3945 1869 —6077 119 —1 280 | -g13T 0188 —irer 38 _9
1.68 | .4009 7633 —5840 117 -1 286 | 5184 2540 1664 39 1
%_ ;g ) 43 % 1832 _gggg i%Z 1 2.88 | .5196 3284 1632 32 0
. . 4072 0 - —2
.74 | . 4102 2767 —5493 113 -1 2.90 | . 5208 2395 —1600 31 -1
1.76 | . 4132 0006 —5380 112 -1 2,92 . 5219 9907 —1569 30 -1
1.78 | .4161 1866 — 5268 110 —2 2.94 | .5231 5849 —1539 30 0
2.96 | .5243 0252 —1510 29 -1
1.80 | .4189 8457 —5158 108 -2 2.98 | .5254 3146 —1481 28 —1
1.82 | .4217 9892 — 5049 107 —2
1.84 | . 4245 6277 —4942 105 —2 3.00 | .5265 4558 —1453 27 0
1.86 | .4272 7719 —4837 103 —2 3.02 | . 5276 4517 —1426 27 0
1.88 ] .4299 4325 —4734 102 —2 3.04 | .5287 3051 —1399 26 —1
3.06 | .5298 0186 —1373 26 0
1.90 | .4325 6196 —4632 100 —2 3.08 | .5308 5948 —1347 25 -1
1.92 | 4351 3436 —4533 98 —2
1.94 . 4376 6142 —4435 96 —2 3. 10 . 5319 0363 —1322 24 -1
196 | .4401 4414 —4339 94 —2 3.12 | .5329 3456 —1298 24 0
1. 98 . 4425 8347 —4245 92 —2 3. 14 . 5339 5250 —1274 23 —1
3.16 | . 5349 5771 —1251 23 -1
2,00 | . 4449 8035 —4152 90 -2 3.18 | .5359 5040 —1228 22 0
ph cwman) gl x|
. . —3974 - - -
2.06 | 4519 2546 —3887 85 —g| 320 .B5369 3082 T8 o 5
2.08 | .4541 6159 —3802 83 —2 - :
L) amEs) hm) B
2.10 | .4563 5971 —3719 81 —2 - : _
%‘ ﬁ : 4%2 2(5)?2 _gg?gs ;g _3 3.28 | . 5407 3400 1122 19 1
. . 4606 4 —3558 -
2.16 | .4627 3414 —3481 76 -1 3.30 | .5416 5623
2.18 | . 4647 8829 —3405 74 —2
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TaBLE 38.—Modified potential—Continued ‘ TaBLE 38.—Modified potential—Continued
e w H \M al, e w a3, a3 aly
Q=—1.0; tabular spacing=0.1 Q@=—1.0; tabular spacing=0.1—Continued
3.3 0. 5416 5623 —2 7587 2313 —276 9.5 0. 6405 1560 —1166 36 —2
3.4 . 5461 0578 —2 5274 2068 —245 9.6 . 6410 6385 —1130 35 -1
9.7 . 6416 0079 —1096 33 —1
3.5 . 5503 0258 —2 3206 1854 —214 9.8 . 6421 2677 —1063 32 —1
3.6 . 5542 6733 —2 1352 1666 — 188 9.9 . 6426 4213 —1031 31 —1
3.7 . 5580 1856 —1 9686 1500 — 166
3.8 . 5615 7293 —1 8186 1353 — 147 10. 0 . 6431 4718
3.9 . 5649 4544 —1 6833 1224 —129
4.0 . 5681 4962 —1 5609 1110 —114 Q=—1.0; tabular spacing=0.2
4.1 . 5711 9772 —1 4499 1008 —102
4.2 . 5741 0083 —1 3491 917 —91 10. 0 0. 6431 4718 —4002 231 —19
4.3 . 5768 6903 —1 2574 836 —81 10. 2 . 6441 2757 —3771 | 214 —17
4. 4 . 5795 1148 -1 1738 764 —72 10. 4 . 6450 7026 —3557 198 —16
10. 6 . 6459 7737 —3360 183 —14
45 . 5820 3655 —1 0974 700 —64 10. 8 . 6468 5088 —3176 170 —13
4.6 . 5844 5187 —1 0275 641 —58
4.7 . 5867 6445 —0633 589 —52 1.0 . 6476 9264 —3006 158 —12
48 . 5889 8069 —9044 542 —47 11. 2 . 6485 0432 —2848 147 -11
4.9 . 5911 0649 —8502 500 —42 11. 4 . 6492 8753 —2701 137 —10
1.6 . 6500 4373 —2563 128 —9
5.0 . 5931 4728 ~—8002 461 —38 11. 8 . 6507 7430 —2435 120 -8
5.1 . 5951 0804 —7541 427 —34
5.2 . 5969 9339 —7114 395 —32 12.0 . 6514 8051 —2316 112 —8
5.3 . 5988 0760 —6719 366 —29 12. 2 . 6521 6357 —2203 105 -7
5. 4 . 6005 5462 —6353 340 —26 12. 4 . 6528 2460 —2098 98 —6
12. 6 . 65634 6464 —2000 92 —6
5.8 . 6022 3811 —6012 316 —24 12. 8 . 6540 8468 —1908 87 —5
5.6 . 6038 6148 —5696 295 —22 .
57 . 6054 2789 —5401 274 —20 13.0 . 6546 8564 —1821 81 -5
5 8 . 6069 4029 —5127 256 —18 13. 2 . 6552 6839 —1740 77 —5
59 . 6084 0142 —4870 240 —17 13. 4 . 6558 3375 —1663 72 —4
. 13. 6 . 6563 8248 —1590 68 —4
6. 0 . 6098 1385 —4631 224 —16 13. 8 . 6569 1530 —1522 64 . —4
6.1 . 6111 7997 —4407 210 —14 ‘
6. 2 . 6125 0202 —4197 197 —13 14. 0 . 6574 3290 — 1458 61 —4
6.3 . 6137 8210 —4000 185 —12 14, 2 . 6579 3591 —1397 58 -3
6. 4 . 6150 2218 —3816 173 —11 14. 4 . 6584 2496 —1340 54 -3
14. 6 . 6589 0060 — 1286 51 -3
6.5 . 6162 2410 —3642 163 —10 14. 8 . 6593 6340 — 1234 49 —2
6. 6 . 6173 8960 —3479 154 —10
6.7 . 6185 2032 — 3326 145 —9 15.0 . 6598 1385 —1185 46 —3
6.8 . 6196 1777 —3181 136 —8 15.2 . 6602 5244 -—1139 44 —2
6.9 . 6206 8341 —3045 129 —8 15. 4 . 6606 7965 —1095 41 —3
15. 6 . 6610 9590 —1054 40 -2
7.0 . 6217 1861 %916 122 —7 15. 8 . 6615 0161 —1014 37 —2
7.1 . 6227 2465 —2795 115 —6
7.2 . 6237 0274 ~—2680 109 —6 16.0 . 6618 9718 —977 36 —2
7.3 . 6246 5403 —2571 103 —6 16. 2 . 6622 8298 —041 34 -2
7.4 . 6255 7961 —2468 98 -5 16. 4 . 6626 5938 —907 32 =2
16. 6 . 6630 2670 —875 31 —2
7.5 . 6264 8052 —2371 92 —5 16. 8 . 6633 8528 —844 29 —2
7.6 . 6273 5771 —2278 88 —5
7.7 . 6282 1212 —2191 83 —4 17.0 . 6637 3542
7.8 . 6290 4462 —2108 79 —4
7.9 . 6298 5604 2029 75 4 @=—1.0; tabular spacing=0.5
8.0 . 6306 4718 —1953 71 —4
81 . 6314 1878 — 1882 68 —3 17.0 0. 6637 3542 —5093 424 —53
8 2 . 6321 7157 —1814 65 -3
83 . 6329 0622 —1749 62 —3 17.5 . 6645 7575 —4668 378 —46
8 4 . 6336 2337 — 1687 59 —3 18.0 . 6653 6940 — 4290 339 —40
18. 5 . 6661 2015 —3951 304 —34
85 . 6343 2365 —1629 56 -3 19.0 . 6668 3139 — 3647 274 —31
8. 6 . 6350 0765 —1572 54 —2 19. 5 . 6675 0616 —3374 247 —27
87 . 6356 7592 —1519 51 -2
88 . 6363 2900 — 1468 49 —2 20. 0 . 6681 4718 —3127 223 —23
89 . 6369 6740 —1419 47 —2 20. 5 . 6687 5694 —2904 203 —21
21.0 . 6693 3766 —2701 184 —18
9.0 . 6375 9162 —1372 45 —2 21. 5 . 6698 9137 —2517 168 —16
9.1 . 6382 0213 —1327 43 —2 22.0 . 6704 1991 —2349 153 —14
9.2 . 6387 9936 —1284 41 —2
9.3 . 6393 8374 — 1243 39 —2 22. 5 . 6709 2496 —2196 140 —13
9 4 . 6399 5569 —1204 38 —2 23.0 . 6714 0805 —2056 128 —12

547123—60——5
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TaBLE 38.—Modified potential—Continued TaBLe 38.—Modified potential—Continued
e w Al A% Aty a w Ay A} Aty
Q=—1.0; tabular spacing=0.5—Continued Q=-—0.9; tabular spacing =0.02—Continued
23.5 | 0.6718 7058 —1927 118 —10 90 | 0. 202 - -
e CESER CE) W B| o) cpmael cewl ocm)os
245 - 6727 3902 —1701 100 -9 104 | 2138 8372 —6569 | —1907 29
.96 | .2193 0358 — 6767 —170 .27
25.0 . 6731 4718 —1601 92 —8 _ —145
gg_ (5) _gggg ?gi % ~ i o - .98 | .2246 5579 6937 145 25
- . —1423 79 —6 100 | .2299 3862 —7082 | ' —121 T 24
3‘75-3 . g;‘% ;ggg —1344 74 -5 102| .2351 5064 —7203 —99 22
. - 674 —1270 68 —5 1. 04 .3403 ggg?, —7302 —78 20
106 | .245 1 —7380 —60 19
27. 5 . 6749 6536 —1202 63 —5 — —
ggg .gggg ggg % e o -5 L0S | .2503 5078 7440 42 18
- . —1080 55 —~4 1.10| .2552 6957 —7482 —26 16
gg-g '2?2? gggg “1022 51 —4 1L12| .2601 1353 —7507 -1 15
29 . —97 48 -3 } %g .3648 %43 —;518 +3 14
: . 2695 7614 —7515 15 13
30.0 - 6764 8051 118 | .2741 9471 —7500 27 11
Q=—0.9; tabular spacing=0.02 1.20| .2787 3827 —7473 37 10
1.22] .2832 0710 —7436 46 9
0.00 | 0.0000 0000 3 2735 —63 —126 1.24 . 2876 0157 —73%0 | - - 55 9
.02 | 0001 6368 3 2672 —189 —126 126 .2919 2214 —17335 63 8
.04 . 0006 5407 3 2483 —312 —123 1.28 . 2961 6937 —7272 - 69 7
.06 | .0014 6930 3 2171 —432 —120 ,
.08 . 0026 0624 3 1739 —549 —116 1. 30 . 3003 4386 — 7203 75, 6
132 | .3044 4633 —7128 81 6
.10 | .0040 6058 3 1190 —659. —111 1.34| .3084 7751 —7047 85, 5
.12 | 0058 2681 3 0531 —764 —104 136| .3124 3823 — 6962 90’ 4
- .14 | .0078 9836 2 9768 —861. —97 138 | .3163 2933 —6872 93’ 4
-.16 | .0102 6758 2 8907 —950 —89
.18 | . 0129 2587 27957 | —1030 —80 1.40 | .3201 5170 —6779 96 3
1.42| .3239 0630 —6682 99 3
.20 | .0158 6373 2 6927 —1102 —72 144 | .3275 9406 —6584 101 2
.22 | . 0190 7086 2 5825 —1163 —62 1.46 | .3312 1599 — 6482 103 2
.24 1 0225 3624 2 4662 —1216 —53 1.48 | . 3347 7310 —6380 104, 1
.26 | .0262 4824 2 3446 —1259 —43 ) ~
.28 | .0301 9469 2 2186 —1293. —34 1.50 | .3382 6641 —6275 106 1
152 | .3416 9696 —6170 106 1
.30 | .0343 6301 2 0894 —1317 —24 154 | .3450 6582 — 6064 107 +1
.32 .0387 4027 19577 —1332 —15 1.56 | .3483 7404 —5957 107’ 0
.34 | .0433 1330 1 8245 —1338 —6 158 | .3516 2269 —5850 107 0
.36 | .0480 6879 1 6907 —1337 +1
.38 | .0529 9334 1 5570 —1328 9 1.60 | .3548 1284 —5743 107 0
1.62 | .3579 4556 —5636 106 0
.40 | .0580 7359 1 4241 —1313 16 1.64 | .3610 2191 + —5530 106 0
.42 0632 9625 1 2928 —1291 22 1.66 | .3640 4297 —5424 105 -1
.44 | 0686 4819 1 1638 —1263 28 1.68 | .3670 0978 —5320 105 0
.46 | . o0741 1651 10375 | —1230 32
.48 | . 0796 8859 9145 —1193 37 1.70 | .3699 2340
.50 | . 0853 5211 7952 |  —1153 40
o521 . 0910 9515 6799 | —1109 44 Q=—0.9; tabular spacing=0.0
.54 | .0969 0617 5690 —1062 46 ,
.56 | . 1027 7410 4627 —1015 48
.58 | .1086 8830 3613 — 966 49 1.70 | 0.3699 2340 —~3 2596 1600 —37
.60 | . 1146 3862 2647 —915 50 1.75 | .3769 8155 —3 0995 1553 —47
S62 | . 1206 1542 1732 —864 51 1.80 | .3837 2976 —2 9442 1499 —54
S84 | .1266 0954 868 —813 51 1.85 | .3901 8354 —2 7942 1440 —59
.66 | .1326 1234 +55 —763 50 1.90 | .3963 5791 —2 6502 1379 —62
.68 | 1386 1568 —708 —713 50 1.95| .4022 6725 —2 5123 1315 —64
L70 | . 1446 1195 —1421 —664 49 2.00 | .4079 2535 —2 3808 1252 —64
.72 | . 1505 9400 —2085 —616 48 2.05 | .4133 4538 —2 2557 1188 —63
.74 | . 1565 5521 —2701 —569 47 2,10 | . 4185 3983 —2 1369 1126 —62
S76 | . 1624 8941 —3270 —524 45 2,15 | .4235 2060 —2 0243 1065 —61
.78 | .1683 9090 —3794 —481 43 2,20 | .4282 9894 —1 9178 1007 —59
.80 | . 1742 5446 —4275 —438 42 2,25 | .4328 8550 —1 8171 950 —56
.82 | .1800 7526 —4714 —399 40 2.30 | .4372 9035 —1 7221 896 —54
-84 | .1858 4894 —5112 —361 38 2.35 | .4415 2299 —1 6325 844 —52
.86 | .1915 7148 —5473 —324 37 2.40 | .4455 9238 —1 5480 796 —49
.88 | .1972 3931 —5797 —290 34 2.45 | .4495 0698 | —1 4684 750 - —46
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a w Al A Aty a w AN a8, at,
Q=~0.9; tabular spacing=0.05—Continued Q=—0.9; tabular spacing=0.1~Continued
2.50 | 0.4532 7472 | —1 3935 706 —44 7.0 | 0.5742 0447 —2758 115 -7
2.55 | .4569 0312 | —1 3229 664 —42 7.1 . 5751 5672 —2643 108 —6
2.60 | .4603 9923 | —1 2565 625 —39 7.2 . 5760 8253 — 2534 103 —6
2.65 | .4637 6968 | —1 1940 589 —37 7.3 . 5769 8301 —2432 97 -6
2.70 | .4670 2073 | —1 1351 554 —35 7.4 . 5778 5917 —2334 92 ~5
2.75 | .4701 5828 | —1 0797 522 —32 7.5 . 5787 1198 —2242 87 -5
2.80 | .4731 8785 | —1 0276 491 —30 7.6 . 5795 4238 —2155 83 —4
2.85 | . 4761 1466 —9784 463 —28 7.7 . 5803 5121 —2072 79 —4
2.90 | .4789 4364 —9321 436 —27 7.8 .5811 3933 —1994 74 —4
2.95 | .4816 7940 —8885 411 —~25 7.9 . 5819 0750 —1919 71 -3
3.00 | .4843 2630 —8474 388 —23 8.0 . 5826 5649 —1848 68 -3
- 3.05 | .4868 8847 —8086 366 —22 8.1 . 5833 8700 —1780 64 —4
3.10 | .4893 6977 ~17721 345 —21 8.2 . 5840 9970 —1716 61 -3
3.15 | .4917 7386 —17376 326 —19 8.3 . 5847 9524 —1655 58 -3
3.20 | .4941 0420 —7050 308 —~18 8. 4 . 5854 7422 —1597 56 -3
3.25 | .4963 6404 —6742 291 —17 8.5 . 5861 3725 —1541 53 -2
©3.30 | .4985 5646 —6451 275 —16 8.6 . 5867 8486 —1488 51 -2
3.35 | .5006 8437 —6176 260 —14 8.7 . 5874 1760 ~1437 48 -2
3.40 | .5027 5053 —5916 246 —14 8.8 . 5880 3596 —1389 46 -2
3.45 | .5047 5752 —5670 233 ~13 8.9 . 5886 4043 —1343 44 —2
3.50 | .5067 0782 ~5436 221 —12 9.0 . 5892 3148 —1298 42 -2
3.55 | .5086 0376 —5215 210 —12 9.1 . 5898 0955 —1256 41 -2
3.60 | .5104_4754 9.2 . 5903 7505 —1215 39 -2
9.3 . 5909 2840 —1177 37 —2
- 9.4 .5914 6999 —1140 35 -2
Q=—0.9; tabular spacing=0.1 )
of | gmes cuwl o) o
3.6 | 0.5104 4754 | —2 0033 1551 —173 9.6 - 5925 1932 - -
3.7 .5139 8693 | —1 8483 1397 —154 9.7 - 5930 2777 —1087 32 -1
- - 9.8 . 5935 2584 —1006 30 —2
3.8 .5173 4149 1 7086 1262 134
3.9 .5205 2519 | —1 5823 1144 —~119 o9 - 8940 1388 —976 29 -1
4.0 .5235 5066 | —1 4680 1038 —106
4.1 .5264 2933 | —1 3642 942 —95 @=—0.9; tabular spacing =0.2
i) gmus| iy om) oo
. —1 18 83 —~175 _ -
€4 | sszsse | —11038| 77| —6r| 095 | “3osio0sa| _sseo|  sop| 1o
4.5 .5366 6991 | —1 0342 656 —60 }8:% - 3908 13 -3 1 ity
4.6 | 5389 5275 9685 602 —54 1 1008 | .5979 9951 —3007 161 —12
| omEn pmlom
- : —8 51 —44 11.0 . 5987 9668 —2846 150 —11
4.9 . 5452 4373 —8020 470 —40 11. 2 . 5995 6?38 _269g lgg ~_%0
11.4 . 6003 0712 —255 130 —10
8.0 | .5471 7338 — 7550 434 =361 116 | .6010 2329 —2427 121 -8
5.1 . 5490 2754 —7117 401 —32 11.8 6017 1519 —92306 113 -
: . 6 —6 345 —27 - -
5.4 | 5541 7876 —5998 321 o | 139 | - Sozs 804 T o192 108 =1
2. . — -
5.5 | 5557 7118 —5677 298 —o3 | 13E | a8 aT0e ey a0 ]
5.6 . 5573 0683 —5379 277 —21 12. 8 6048 5046 —1806 82 - —B
Pl ogmesl caom) o cw) D0
' . 1 - 241 —17
5.9 .5616 0193 —4602 226 —15 13.0 - 6054 1965
6.0 . 5629 3831 ~—4376 212 —14 Q=—0.9; tabular spacing =05
6.1 . 5642 3094 —4164 198 —13 :
6. 2 . 5654 8192 —3966 186 ~13 13.0 | 0.6054 1965 | —1 0791 1156 —193
6.3 . 5666 9325 —3780 174 ~12 13.5 . 6067 6886 —9635 996 —159
6. 4 . 5678_6676 —3607 163 —10 14.0 . 6080 2171 —8639 864 —~133
14.5 . 6091 8818 —7775 752 —112
6.5 . 5690 0421 —3443 154 -9 ‘
6.6 . 5701 0723 —3289 145 -9 15.0 . 6102 7690 —17023 658 —94
6.7 . 5711 7736 —3144 137 —~8 15.5 . 6112 9539 —6364 578 —80
6. 8 . 5722 1605 —3008 129 ~8 16. 0 . 6122 5023 —5786 511 —68
6.9 . 57322465 —2879 121 -7 16.5 . 6131 4722 —5276 452 —59
17.0 . 6139 9145 —4824 402 —50
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@ w a2, A%, AL, o w A% A% AL,
Q=—90.9; tabular spacing =0.5—Continued Q=-0.8; tabular spacing =0.02--Continued
17.5 0. 6147 8745 —4422 358 —44 0.60 | 0.1030 1304 2511 —819 45
18.0 . 6155 3923 —4063 321 —38 .62 . 1083 9496 1692 —774 45
18.5 . 6162 5038 —3742 288 —33 . 64 . 1137 9380 918 —729 45
19.0 . 6169 2410 — 3455 259 —28 . 66 . 1192 0181 4189 —684 45
19.5 L6175 6328 —3196 234 —25 . 68 L1246 1171 —496 — 640 44
20. 0 . 6181 7050 — 2962 211 —22 .70 . 1300 1665 —1135 —506 44
20. 5 . 6187 4810 —2750 192 —19 .72 . 1354 1024 —1732 —~553 43
21,0 . 6192 9820 —2558 174 —18 .74 . 1407 8651 —2285 —512 41
21. 5 . 6198 2272 —2384 159 ~15 .76 . 1461 3994 —2797 —472 40
22,0 . 6203 2340 —2225 145 —14 .78 . 1514 6540 — 3269 —433 39
22.5 . 6208 0183 — 2080 133 —12 . 80 . 1567 5817 —3702 —306 37
23.0 . 6212 5946 —1947 122 —11 . 82 . 1620 1393 — 4097 —360 36
23.5 . 6216 9762 —182% 112 —10 .84 . 1672 2871 —4458 —326 34
24.0 . 6221 1752 —1714 103 -9 . 86 . 1723 9892 — 4784 —204 32
24. 5 . 6225 2028 —1611 95 —8 . 88 .1775 2129 —5077 —263 31
.90 . 1825 9289 —5340 —234 29
25. 0 . 6229 0694 —1516 87 -7 .92 | .1876 1108 —5574 —207 27
25. 5 . 6232 7843 —1429 81 —6 .94 . 1925 7354 —5780 —180 26
26. 0 . 6236 3564 —1348 75 —6 .96 . 1974 7819 —5961 —156 24
26.5 . 6239 7936 —1273 69 —6 98 | ..2023 2324 —6117 ~134 22
27.0 . 6243 1036 —1204 64 -5
1.00 . 2071 0711 —6251 —113 21
27.5 . 6246 2932 —1139 60 —4 1. 02 . 2118 2847 —6364 —93 20
28.0 . 6249 3689 —1079 56 —4 1. 04 . 2164 8619 —6456 —74 18
28.5 . 6252 3367 —1023 52 —4 1. 06 . 2210 7936 —6531 —58 17
29.0 . 8255 2022 —971 48 —4 1. 08 . 2256 0721 —6588 —42 16
29.5 . 6257 9705 —923 46 -3
1.10 . 2300 6919 —6630 —27 14
30.0 . 6260 6466 1.12 . 2344 6486 —6657 —14 14
SN A R
08 - 1. 16 . 2430 56 - 1
@=—0; tabular spacing=0.02 L18 | 2472 5204 — 6663 20 10
0.00 | 0.0000 0000 2 9365 —56 —112 1. 20 . 2513 8109 —6643 29 10
.02 . 0001 4683 2 9309 —168 —112 1.22 . 2554 4370 —6614 38 9
.04 . 0005 8675 2 9141 —278 —110 1.24 . 2594 4018 —6576 45 7
.06 . 0013 1808 2 8863 —386 —108 1. 26 . 2633 7091 —6531 52 7
. 08 . 0023 3805 2 8478 —489 —103 1.28 . 2672 3632 —6478 58 6
. 10 . 0036 4279 2 7989 —587 —98 1. 30 . 2710 3695 —6420 64 6
12 . 0052 2742 2 7401 —681 —93 1.32 . 2747 7338 —6356 69 5
.14 . 0070 8605 2 6720 — 767 —86 1.34 . 2784 4625 —6287 73 4
.16 . 0092 1190 2 5953 —847 —80 1. 36 . 2820 5625 —6214 77 4
18 . 0115 9728 2 5107 —918 —72 1.38 . 2856 0410 —6137 80 3
.20 . 0142 3372 2 4188 —982 —64 1. 40 . 2890 9059 — 6057 83 3
.22 . 0171 1204 2 3206 —1038 —56 1. 42 . 2925 1651 —5974 86 3
.24 . 0202 2243 2 2168 —1084 —47 1. 44 . 2958 8269 — 5888 88 2
. 26 . 0235 5450 2 1084 —1123 —38 1. 46 . 2991 8998 — 5800 89 1
.28 . 0270 9741 1 9961 —1153 —30 1.48 . 3024 3928 —5711 91 2
.30 . 0308 3993 1 8808 —1175 —22 1. 50 . 3056 3146
.32 . 0347 7054 1 7634 —1188 —14
.34 . 0388 7748 1 6446 —1194 —6
. 36 . 0431 4888 1 5251 —1194 +1 Q=—0.8; tabular spacing=0.05
.38 . 0475 7279 1 4058 —1186 8
.40 . 0521 3728 1 2872 —1172 14 1. 50 0. 3056 3146 -3 5125 1441 43
.42 . 0568 3049 1 1700 —1152 19 1.55 . 3133 6804 —3 3683 1459 +17
.44 . 0616 4070 1 0548 —1128 25 1. 60 . 8207 6778 —3 2225 1456 —2
.46 . 0665 5639 9420 — 1099 29 1. 65 . 3278 4528 —3 0768 1438 —18
. 48 . 0715 6628 8321 —1066 33 1.70 . 3346 1510 —2 9330 1408 —30
.50 , 0766 5939 7255 —1030 36 1.75 . 3410 9161 —2 7922 1369 —39
.52 . 0818 2504 6225 —992 39 1. 80 . 3472 8890 —2 6553 1324 —46
.54 . 0870 5204 5233 —950 41 1.85 . 3532 2065 —2 5230 1274 —50
.56 . 0923 3318 4983 —908 43 1. 90 . 3589 0012 —2 3956 1221 —53
.58 . 0976 5624 3375 —864 44 1. 95 . 3643 4002 —2 2735 1167 —54
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a w a3 A, al, a w A, Ay Aty
Q@=--0.8; tabular spacing=0,05—Continued Q=-—0.8; tabular spacing=0.1--Continued
2.00 | 0.3605 5258 | —2 1568 1112 —55 6.9 | o187 7801 W o Z15
2. 05 . 3745 4945 —2 0457 1057 —55 6.2 . 5161 6208 —3710 173 —12
2.10 | .3703 4176 | —1 9400 1003 —54 6 3 " 5172 9704 —3537 162 —i1
g. %g -ggg‘g gggg :i gig; ggg :g? 6. 4 . 5183 9663 —3375 153 —9
) ) 2 —39922 14 —10
2.25 | .3025 9425 | —1 6548 850 —49 5.2 - Sace 3222 185 18
2.30 | 3966 6863 | —1 5699 802 —47 67 ‘5214 9892 —2943 128 —7
2.35 | 4005 8601 | —1 4896 757 —45 6. 8 | 5224 7232 —2815 120 -8
2. 40 . 4043 5444 —1 4139 714 —43 6.9 . 5234 1758 —2695 113 -7
2.45 | 4070 8147 | —1 3425 674 —41
7.0 5243 3589 —2582 107 —¢
2.50 | .4114 7426 | —1 2751 635 —39 1 - 5202 2839 —2373 1o —6
2.55 | .4148 3054 | —1 2116 598 —36 73 " 5260 4017 — 2977 91 -5
2,60 | .4180 8366 | —1 1517 564 —35 71 " 5277 6143 —2186 86 -5
2.65 | .4212 1260 | —1 0954 532 —32
2.70 | 4242 3201 | —1 0422 501 —30 7.5 5285 6083 ~2100 82 —4
. : —201 -
2.75 | . 4271 4720 —9921 472 —29 Z8 2500 9ras — 1941 74 —4
2. 80 . 4299 6319 —9449 445 —27 7.8 . 5308 3626 —1867 70 —4
2. 85 . 4326 8468 —9004 420 —25 7.9 . 5315 5639 —1797 66 -3
2.90 | 4353 1614 — 8584 396 —24
2.05 | 4378 6176 — 8188 374 —22 8.0 5322 3855 —1i7a1 3 =
81 - 5329 434 —1 -
3.00 | .4403 2550 —7814 353 —21 8 2 " 5336 1158 —1608 57 -3
3.05 | .4427 1111 — 7461 333 —19 33 {3342 6368 —1550 55 -3
310 | 4450 2210 —7128 314 —19 8 4 - 5349 0027 — 1496 52 —2
3.15 | 4472 6182 —6813 297 —17 _
3.20 | 4494 3340 —6516 281 —16 85 5355 2190 —144a %0 =
3.25 | .4515 3982 —6235 266 —16 8.7 - 5367 2236 —1347 46 -2
3.30 | . 4535 8390 —5969 252 —14 38 " 5373 0214 — 1301 43 -2
3.35 | . 4555 6829 —5717 238 —13 g9 15378 6892 —1258 41 -2
3. 40 . 4574 9550 9.0 . 5384 2312 —1217 40 —2
9.1 - 5389 6516 —1177 38 —2
9:2 - 5394 9542 —1139 36 —2
@=—0.; tabular spacing=0.1 9.3 - 5400 1430 1103 35 -1
9.4 - 5405 2214 — 1068 33 —2
3.4 | 0.4574 9550 | —2 1928 1759 —203 9.5 . 5410 1931 —1035 32 —1
9. 6 - 5415 0613 —1003 31 —2
3.5 .4611 8783 |  —2 0169 1583 —176 o7 " 5410 8203 Zor2 30 -1
3.6 | 4646 7846 | —1 8586 1426 —157 9 8 " 5424 5000 — 943 28 —1
3.7 | 4679 8324 | —1 7160 1287 —139 9.9 ' 5429 0764 —914 27 —1
38 T4711 1642 | —1 5874 1164 —123
3.9 | 4740 9086 | —1 4710 1055 —109 10.0 . 5433 5615
4.0 .4760 1820 | —1 3655 958 —96 o =
41 L4796 0900 | —1 2697 872 —87 Q=—08; tabular spacing~0.2
£3 | i isso| —1101| 7|  —ap| 100 | osamsels|  —aeo) 2080 17
Z ” 10, . - —
44 . 4869 5365 1 0305 664 61 10.2 3450 aiug ~iiss 172 —if
_ _ 106 - 5458 696 —208 —
8| goo1 sose e A 3 108 | 5466 4543 —2819 151 —12
47 - 4933 6714 —8474 514 —45 o 5473 9306 2668 140 1
4.8 | .4953 2788 7960 474 01 112 5481 1401 —2528 131 —10
49 . 4972 0901 — 7486 437 —37 1.2 Biss oaes —5387 152 =
- _ 11. 6 5494 81 — ~ -
30 | 2990 1529 e 3 381 1ls | 5501 3032 —2162 106 —8
53 | sosmzor| som| am| 24| 129 | -ssorsms|  —20m 9 -7
' . — — 12. . 551 - _
5 4 - 5055 7436 5605 299 23 12.2 B9 sisd a3 &7 =
5.5 . 5070 6565 —5306 277 —22 12. 6 -8 -1 : .
: : 1 - —1
5.8 L5112 3210 — 4528 226 —16 13.0 - 5586 0493
5.9 . 5125 2707 — 4303 210 —15
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a w - A3, A%, JAN e w Al AN a4y
Q=—0.8; tabular spacing=0.5 Q=—0.7; tabular spacing=0.02—Continued
13.0 0. 5536 0493 —1 0118 1083 —181 0.44 { 0.0545 0045 0415 —992 21
13.5 . 5548 7048 —9035 934 —149 .46 . 0588 5180 8494 —966 25
14.0 . 5560 4567 —8101 810 —124 .48 . 0632 8737 7457 —038 28
14. 5 . 5571 3986 —7292 705 —104 .
. 50 . 0677 9753 6519 —906 32
15.0 . 5581 6113 —6586 617 —88 . 52 . 0723 7287 5613 —873 34
15.5 . 5591 1654 — 5969 542 —75 .54 . 0770 0435 4740 —837 36
16. 0 . 5600 1226 — 5427 479 —64 .56 . 0816 8323 3903 —800 37
16. 5 . 5608 5371 —4948 424 —55 .58 . 0864 0114 3104 —761 38
17.0 . 5616 4568 — 4524 377 —47
.60 | .0911 5010 2342 —722 39
17.5 . 5623 9241 —4147 336 —40 .62 . 0959 2248 1620 —683 40
18.0 . 5630 9767 —3811 301 —35 .64 . 1007 1106 938 —643 39
18. 5 . 5637 6482 —3510 270 —31 . 66 . 1055 0901 +2094 —604 39
19.0 . 5643 9686 —3240 243 —27 .68 . 1103 0991 —310 —565 39
19.5 . 5649 9650 —2998 219 —24
.70 . 1151 0772 —875 —527 38
20.0 . 5655 6616 —2778 198 —21 .72 . 1198 9677 — 1402 — 490 37
20. 5 - 5661 0805 —2580 180 —18 .74 | .1246 7180 —1891 —454 36
1.0 - 5666 2413 —2400 164 —16 .76 . 1294 2793 —2345 —418 36
215 . 5671 1621 —2236 149 —15 .78 . 1341 6060 —2763 —384 34
22.0 . 5675 8594 — 2087 136 —13
.8 . 1388 6564 —3147 —352 33
22. 5 . 5680 3479 —1951 125 —11 . Sg . 1435 3921 —3499 —320 31
23.0 . 5684 6412 —1827 114 —11 .84 . 1481 7780 — 3819 —290 30
gi- g . gggg ggfg ‘iéé% lgg —g .86 | .1527 7819 —4109 —262 29
s . - - . . 1573 37 —4371 —23 27
24.0 . 5696 4701 —1511 89 —8 88 1573 3750 5
‘ .90 . 1618 5309 — 4606 —210 25
25.0 . 5700 0977 —1422 82 -7 .92 . 1663 2261 —4816 —185. 24
25.5 - 5703 5830 —1340 76 —6 .94 . 1707 4398 —5001 —163 23
%g' g . g;flig ?ggg —ggi gg —g .96 | .1751 1533 —5164 —142, 21
- - - - . . 1794 —530. —122 20
27.0 . 5713 2646 —1129 61 —4 98 1794 3505 5305
' 1. 00 . 1837 0171 —5427 —103 18
27.5 - 5716 2571 — 1069 56 —4 1.02 | .1879 1410 —5530 —85 18
28.0 . 5719. 1428 —1012 52 —4 1. 04 . 1920 7119 —5615 —69 16
28.5 - 5721 9272 —960 49 -3 1. 06 . 1961 7213 —5685 —54 15
29.0 - 5724 6156 —911 46 -3 .08 | .2002 1622 —5739 —41 14
) 29. 5 . 5727 2129 — 866 43 -3
1.10 . 2042 0292 —5780 —28 13
30.0 - 5729 7236 1.12 | .2081 3183 —5807 —16 12
1.14 . 21?0 0236 —-2223 -l—-g %(1)
— 0. g 1. 16 . 2158 1525 — 582
@="0; tabular spacing=0.02 1.18 | 2195 6957 —5824 14 9
0. 00 0. 0000 0000 2 5938 —49 —98 1. 20 . 2232 6564 —5810 22 8
.02 . 0001 2969 2 5889 —148 —908 1. 22 . 2269 0363 —b5787 30 7
.04 . 0005 1828 2 5742 —244 —97 1. 24 . 2304 8374 —5758 36 7
.06 . 0011 6428 2 5498 —338 —94 1. 26 . 2340 0627 —5721 43 6
.08 . 0020 6525 2 5160 —429 —91 1. 28 . 2374 7159 —5678 48 6
. 10 . 0032 1783 2 4730 —516 —86 1.30 . 2408 8013 —5630 53 5
.12 . 0046 1770 2 4215 —597 —82 1. 32 . 2442 3237 — 5577 57. 4
.14 . 0062 5973 2 3618 —673 —76 1. 34 . 2475 2883 —5520 62 4
.16 . 0081 3793 2 2944 —743 —69 1. 36 . 2507 7010 — 5458 65 3
.18 . 0102 4558 2 2202 —806 —64 1. 38 . 2539 5678 —5393 68 3
.20 . 0125 7524 2 1395 —862 —56 1. 40 . 2570 8954
.22 . 0151 1885 2 0533 —911 —49
.24 . 0178 6779 1 9623 —952 —41
. 26 . 0208 1296 1 8671 — 9086 —34 Q=—0.7; tabular spacing=0.05
.28 . 0239 4484 1 7685 —1012 —26
. 30 . 0272 5357 1 6672 —1031 —19 1. 40 0. 2570 8954 -3 3277 1124 103
.32 . 0307 2902 1 5641 — 1044 —12 1. 45 . 2646 8998 —3 2152 1193. 69
.34 . 0343 6088 1 4598 —1049 —6
. 36 . 0381 3872 1 3548 —1048 41 1. 50 . 2719 6890 —3 0959 1234 41
.38 . 0420 5204 1 2500 — 1042 7 1. 55 . 2789 3823 —2 9725 1253 19
1. 60 . 2856 1031 —2 8472 1254 +1
. 40 . 0460 9036 1 1458 —1030 12 1. 65 . 2919 9768 —2 7217 1241 —13
.42 . 0502 4327 1 0428 —1013 17 170 . 2981 1287 —2 5976 1218 —23
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e w A A}, a4, e w A, At AL,
a=-0% 0.05—C : Q=—0.7; tabul =0.1—Continued
1.75| 0.3039 6830 | —2 4758 1186 —31 .
1.80 | .3095 7614 | —2 3572 1149 —38 57 | 0.4585 0096 — 4400 222 —~16
185 | .3149 4827 | —2 2423 1108 —41 5.8 . 4597 4910 —4178 207 —15
1.90| .3200 9616 | —2 1315 1063 —44 5.9 . 4609 4646 —3970 194 —13
1.95| .3250 3091 | —2 0252 1017 —46 '
6.0 . 4621 0412 — 3777 181 —13
2.00 | .3297 6314 | —1 9234 971 —46 6. 1 . 4632 2401 —3595 170 —11
2.05| .3343 0302 | —1 8264 924 —46 6. 2 . 4643 0795 —3425 160 —11
2.10 | .3386 6026 | —1 7339 878 —48 6.3 . 4653 5763 —3266 150 —10
2.15 | .3428 4412 | —1 6461 833 —45 6. 4 - 4663 7466 —3116 141 —9
2.20 | .3468 6336 | —1 5627 790 —44
6.5 . 4673 6054 —2975 132 -8
2.25 . 3507 2634 —1 4838 747 —42 6. 6 . 4683 1666 — 2843 125 —8
2.30 | .3544 4093 | —1 4090 707 —40 6.7 - 4692 4435 —2718 118 -7
2.35 | .3580 1462 | —1 3384 668 —39 6.8 . 4701 4486 —2600 111 —7
2.40 | .3614 5448 | —1 2716 631 - =37 6.9 - 4710. 1937 — 2489 105 —6
2.45 | .3647 6717 | —1 2085 596 —35
7.0 . 4718 6899 —2385 99 —6
2.50 | .3679 5902 | —1 1489 562 —33 71 | 4796 9476 — 2286 03 —5
2.55 | .3710 3598 | —1 0927 530 —32 7.2 - 4734 9766 —2103 89 —4
2.60 | .3740 0367 | —1 0397 500 —30 7.3 | 4742 7864 —2104 84 -5
2. 65 . 3768 6739 — 9896 472 —28 7. 4 . 4750 3858 —2020 79 -5
2.70 | .3796 3215 —9424 446 —27
7.5 . 4757 7832 —1941 75 —4
2.75 . 3823 0268 —8978 421 —25 7.6 . 4764 9865 — 1866 72 -3
2.80 | .3848 8342 — 8558 397 —24 77 DA77 0032 —1794 68 —4
2. 85 . 3873 7858 —8160 375 —22 7.8 . 4778 8406 —1726 64 —4
2.90 | .3897 9215 7786 354 —21 7.9 | 4785 5053 —1662 61 -3
2.05 | .3921 2785 — 7432 334 —20
8.0 . 4792 0039 —1600 58 —3
3. 00 . 3943 8924 — 7097 316 —19 81 L4798 3424 — 1542 56 -3
3.05 | .3965 7966 — 6782 209 —17 8 2 14804 5268 — 1486 52 —3
3. 10 . 3987 0225 — 6483 282 —16 8 3 . 4810 5624 —1434 51 —2
3.15 | .4007 6002 — 6201 267 —15 8 4 14816 4547 —1383 48 -2
3.20 . 4027 5578 85 . 4822 2087 —1335 46 -3
8. 6 . 4827 82902 —1289 44 —2
- 8.7 . 4833 3207 —1245 42 -2
Q=—0.7; tabular spacing=0.1 8.8 . 4838 6878 —1203 40 —2
: 89 . 4843 9344 —1164 38 —2
3.2 | 0.4027 5578 | —2 3749 1970 —229 _
3.3 | .4065 7182 | —2 1779 1767 —203 R R Tl 3 -2
3.4 - 4101 7007 | —2 0011 1588 —179 o3 .2858 3313 _ 1833 gg _g
9.3 . 4863 795 -1 -
3.5 . 4135 6821 | —1 8423 1430 —158 -
g_ ? : ilgg 3%5; -1 gggg 1%90 ~1s 9.4 . 4868 4966 988 31 1
) L41 -1 1166 —124
38 | .4227 1303 | —1 4537 1056 —~110 9.5 - 4873 0994 957 30 -1
3.9 4254 5461 | —1 3480 959 —o7 9.6 | .4877 6064 928 29 !
ol B dmim) o) om o
9.8 . 4886 345 - -
40 . 4280 6138 | —1 2521 871 —88
b | e ) oml o cnl 0SS T T
. - 4 —69
43 [4351 6452 | —1 0132 662 —e2 | 100 - 4894 7347
4.4 - 4373 1971 —9470 607 —56
45 . 4393 8019 —8863 556 —50 Q=—0.7; tabular spacing=0.2
46 . 4413 5204 —8307 511 —45
47 . 4432 4083 7796 470 —41
48 - 4450 5165 —7326 433 —37 10.0 | 0.4894 7347 —39285 190 —15
49 . 4467 8922 — 6892 400 —33 10. 2 . 4902 7959 —3096 175 —15
10. 4 - 4910 5475 —202] 162 —13
5.0 . 4484 5786 — 6492 370 —30 10. 6 - 4918 0070 —2759 150 —-12
5.1 . 4500 6158 —6122 343 —27 10.8 . 4925 1907 —2609 140 —~11
5.2 . 4516 0408 —5779 318 —25
5.3 - 4530 8880 —5462 295 —23 1.0 . 4932 1135 —2460 130. —10
5.4 . 4545 1890 —5167 274 —20 11.2 . 4038 7894 —2339 121 =9
11. 4 . 4945 2313 —2219 113 -8
5.5 . 4558 9733 —4892 255 —19 11.6 . 4951 4514 —2106 105 -7
5.6 . 4572 2683 — 4637 238 —17 11.8 . 4057 4608 . —2001 98 -7
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a w a? Al aly e w A% Al Al
Q=—0.7; tabular spacing=0.2—Continued Q=~—0.6; tabular spacing=0,02—Continued
12.0 | 0.4963 2702 —1902 92 -7 0.24 | 0.0154 6994 1 7021 —819 —35
12.2 . 4968 8893 —1811 86 -5 .26 | .0180 2083 1 6202 —848 —29
12. 4 . 4974 3274 —1724 81 —6 .28 | .0207 3374 1 5354 —871 —23
12. 6 . 4979 5929 — 1644 76 -5
12.8 . 4984 6942 —1568 71 -5 .30 ] 0236 0020 1 4484 —887 —17
.32 | .0266 1148 1 3596 —898 —10
13.0 . 4989 6386 .34 | .0297 5873 1 2698 —903 -5
.36 | .0330 3296 1 1796 —902 0
.38 | .0364 2515 1 0893 —897 +6
Q=—0.7; tabular spacing=0.5
40| 0% 2uas on0 | _sre 14
.4 . 0435 2735 11 —
13.0 | 0.4989 6386 —9367 1002 —167
135 | 5001 3502 —8365 864 —138 L44) . 04T2 1954 gaT | & 8
14.5 - 5022 3774 —6751 653 —97 . .
50 | .0587 5637 5742 —782 27
15.0 . 5031 8364 —6098 571 —82 .
15.5 | 5040 6856 — 5527 502 —69 (82 . 0627 2769 pr 2
16. 0 . 5048 9820 —5025 443 ~59 26| 10708 1163 3187 Z 690 32
17.0 . 5064 1117 —4190 349 —44 . .
.60 | .0790 3535 2139 —624 33
17.5 . 5071 0285 —3841 311 —387
180 | 5077 5612 |  —3530 279 —33 AR R 02| 50 51
19.5 . 5095 1500 —2776 203 —22 . .
70 | . 0998 6580 —642 —456 33
20,0 . 5100 4270 —2573 184 —19 .
20. 5 5105 1466 —2389 167 —17 ;i : 183‘1’ 232? jggg :ggg g?
21.0 . 5110 2272 —2223 152 —15 ‘ 76 * 1123 3079 —1916 —363 30
22.0 . 5119 1369 —1033 126 —12 : :
80 | .1205 5204 —2613 —306 28
2.5 . 5123 2048 —1807 115 —11 .
23.0 | 5127 2720 —1692 105 ~10 82 1236 2514 74 B 154 "
23.5 . 5131 0800 —1586 97 —8 : .
2 0 194 7904 1489 90 —: .86 | .1326 8096 ~3452 —229 25
545 " 3138 2208 Z 1400 32 - .88 | 1366 5836 —3681 —206 23
.90 | .1405 9896 —3887 —184 22
2.0 | 5141 5908 —1ais re —¢ 192 | 1445 0069 —1070 | —163 21
5 0 ‘2147 9236 i &5 : 194 | . 1483 6172 —4234 —144 20
2. 5 " 3150 9111 1108 o0 - 106 | . 1521 8040 — 4377 ~125 18
30 " 2128 7879 — 1048 o6 -2 .98 | . 1559 5532 — 4503 —108 17
.00 | .1596 8521 —4611 —92 16
oo | - 5158 5892 o &2 _3 102 | 1633 6898 —4703 —177 15
2% 5 o101 8126 Z 289 i _3 1.04 | .1670 0573 —4780 —63 14
%0 o184 5034 o s o3 1.06 | .1705 9468 — 4843 —50 13
%05 " 2166 7096 ~ 802 36 3 108 | .1741 3520 —4894 —38 12
' 1.10 | .1776 2677 —4932 —27 11
30.0 - 5169 0355 112 | .1810 6903 —4959 —17 10
L) s ocam) o oel
00 _ .16 | . -
@=~0.6; tabular spacing=0.02 118 | .1910 9766 — 4983 9 8
e
0.00 | 0.0000 0000 2 2451 —42 —85 120 .1943 4088 —4974 16 7
.02 | .0001 1225 2 2408 —127 —84 1.22 | . 1975 3437 ~—4958 22 6
.04 . 0004 4859 2 2281 —210 —83 1.24 | .2006 7828 —4936 28 6
.06 . 0010 0774 2 2072 —291 —81 1.26 | .2037 7283 —4907 34 6
.08 | .0017 8760 2 1781 —369 —78 1.28 | .2068 1831 —4873 39 5
.10 | . 0027 8528 2 1412 —443 —74 1.30 | .2098 1505 —4835 43 4
.12 | .0039 9708 2 0969 —513 —70 1321 .2127 6345 —4792 4 4
S14 | . 0054 1856 2 0456 —579 —65 134 .2156 6393 —4745 50 3
.16 | .0070 4461 1 9877 —639 —60 1.36 | .2185 1697 —4694 o4 3
.18 | .0088 6942 1 9238 —693 —54 1.38 | .2213 2306 —4641 56 2
.20 . 0108 8661 1 8545 —741 —48 140 | .2240 8274
.22 | .0130 8926 1 7804 —783 —42
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e w A3 a3, Aty a w Aty A%, aly
Q=—0.6; tabular spacing=0.05 Q=—0.6; tabular spacing=0.1—Continued
1.40 | 0.2240 8274 | —2 8650 933 92 5.2 | 0.3981 0860 —5228 286 —22
1.45 | .2307 8262 | ~—2 7717 995 62 5.3 .3994 5654 —4942 266 —20
5.4 | 4007 5506 — 4676 247 —19
1L50 | .2372 0533 | —2 6722 1033 38
1.55 | .2433 6082 | —2 5689 1053 19 5.5 4020 0681 —4430 230 —17
1.60 | 2492 5941 | —2 4637 1056 +4 5.6 4032 1427 4200 214 —15
1.65 | .2540 1164 | —2 3580 1048 —8 5.7| 4043 7974 — 3985 200 14
1.70 | 2603 2807 | —2 2532 1030 —18 5.8 4055 0535 —3785 187 —13
5.9 | .4065 9311 —3508 175 —12
L75| .2655 1918 | —2 1502 1006 —24
1.80 | .2704 90526 | —2 0496 976 —30 6.0 | 4076 4490 —3423 164 -1
1.85 | .2752 6639 | —1 9520 042 —34 6.1 4086 6247 —3259 154 —10
1.90| .2798 4233 | —1 8578 906 —36 g-§ -ﬁgg 3{3@ —g})gi }gg —lg
1.95 | 2842 3248 1 7672 868 38 6.81 4950136 A 15 e
2.00 | .2884 4592 | —1 6803 830 —39
2.05| .2924 9133 —1 5974 791 —38 6.5 | . 4124 2172 —2699 120 -7
2.10 | .2963 7700 —1 5182 753 —38 6.6 | .4132 9079 —2579 113 -7
2.15| 3001 1085 | —1 4429 716 —37 6.7 | .4141 3407 —2466 106 —17
2.20 | .3037 0041 —1 3713 679 —37 6.8 | .4149 5269 —2359 100 —6
6.9 | 4157 4772 — 2250 95 -5
2.25 | .3071 5284 | —1 3034 643 —35
2.30 | .3104 7492 | —1 2391 609 —34 7.0 1 .4165 2015 —2165 90 —4
2.35| .3136 7309 | —1 1782 576 —33 7.1 .4172 7094 —2075 85 -5
2.40 | .3167 5345 —1 1205 545 —31 7.2 . 4180 0098 —1990 79 —5
2.45 | .3197 2175 | —1 0660 516 —30 7.3 | L4187 1112 —1910 76 -3
7.4 | . 4194 0216 —1834 72 —4
2.50 | .3225 8345 | —1 0144 487 —28
2.55 | .3253 4371 — 9657 460 —27 7.5 | . 4200 7486 —1762 68 —4
2,60 | 3280 0739 —9197 435 —26 7.6 . 4207 2993 —1694 65 —3
g. 65 | .3305 7910 — 8762 411 —24 ;g -gig gggg ‘}SE? g§ —‘2
.70 | 3330 6319 8351 388 23 781 4219 8990 Y 38 ~3
2.75 | .3354 6377 —7963 366 —22
2.80 | .3377 8472 —7596 347 —20 8.0 | .4231 8713 — 1454 53 —2
2.85 | .3400 2970 —7250 328 —19 8.1 - 4237 6366 —1401 51 —2
2.90 | .3422 0219 —6922 310 —18 §'§ .gig ?253 —}ggg ig —3
2.05 | .3443 0545 6612 203 17 53| -8 m —1302 b —Z
3.00 | .3463 4259 — 6320 277 —16
3.05 . 3483 1654 —6043 262 —14 8.5 - 4259 3463 —1213 42 —2
3.10 | .3502 3005 —5781 248 —14 8.6 | 4264 4592 —1171 40 —2
3.15 | .3520 8575 — 5532 235 —14 8.7 | .4269 4551 —1132 38 —2
88| .4274 3377 —1094 36 —1
3. 20 . 3538 8614 89 . 4279 1110 — 1057 35 —2
9.0 | .4283 7785 —1022 33 -2
=—0.6; tabular spacing=0,1 9.1 . 4288 3438 —9089 31 —2
9.2 | 4202 8101 —958 31 -1
0.3 | 4297 1807 —027 30 —1
3.2 0. 3538 8614 —2 1203 1735 —198 9. 4 . 4301 4585 —898 28 -2
3.3 | .3573 3019 | —1 9468 1560 —176
3.4 . 3605 7956 —1 7909 1404 — 156 95 . 4305 6465 —870 26 —1
0.6 | 4309 7475 —844 26 —1
3.5 . 3636 4985 —1 6505 1266 —137 9.7 . 4313 7642 —818 25 —1
3.6 . 3665 5508 —1 5238 1145 —122 0.8 . 4317 6991 —703 24 —1
3.7 . 3693 0794 —1 4094 1036 —109 0.9 . 4321 5547 — 769 23 —1
3.8| .3719 1986 | —1 3058 940 —96
3.9 . 3744 0119 —1 2119 854 —86 10. 0 . 4325 3334
40| .3767 6134 | —1 1265 777 —77 -
4.1 . 3790 0885 —1 0488 708 —69 Q=—0.6; tabular spacing=0.2
421 03811 5147 —9780 647 —61
43| 3831 9630 —9132 593 —55 10.0 | 0.4325 3334 —2087 172 —14
4.4 | 3851 4980 —8540 543 —50 10.2 | . 4332 6690 —2815 159 —13
10,4 | 4339 7232 — 2656 147 —12
45| .3870 1791 —7997 498 —45 10.6 | . 4346 5118 —2509 136 —10
4.6 | .3888 0605 —7499 458 —40 10.8 | . 4353 0494 —2372 127 —10
47| .3905 1920 —7040 422 —36
4.8 | 3921 6195 —6618 389 —33 1.0 | .4359 3498 —2246 118 -9
49| 3937 3851 —6229 360 —30 1.2 | 4365 4257 —2128 110 -8
11.4 | .4371 2888 —2018 102 -7
5.0 | .3952 5279 — 5869 333 —27 1.6 | .4376 9501 —1916 95 —7
5.1 | .3967 0838 —5536 308 —25 11.8 | 4382 4198 —1820 90 -5

547123—60——6
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APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN
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e w A, a4 AN e w AL A% Al
Q=-—0.6; tabular spacing=0.2-——~Continued Q=—10.5; tabular spacing=0.02-—~Continued
12.0 | 0. 4387 7075 —1731 84 —6 0.26 | 0.0151 7497 1 3675 —~709 -25
12. 2 . 4392 8221 —1647 78 —6 .28 . 0174 6049 1 2966 —728 -19
12. 4 . 4397 7720 —1569 73 -5
12.6 . 4402 5650 —1496 69 —4 . 30 . 0198 7566 1 2238 —742 —14
12. 8 . 4407 2084 —1427 65 —4 .32 . 0224 1322 1 1496 —751 -9
.34 . 0250 6572 1 0744 — 755 -4
13.0 . 4411 7092 .36 . 0278 2568 9989 — 755 0
.38 . 0306 8552 9234 — 750 +5
Q=~0.6; tabular spacing=0.5 . 4(2) ) Oggﬁ 31;(2) §$84 ";‘?1’(2) lg
.4 . 41 -
13.0 0. 4411 7092 —8523 912 —152 .44 . gggg 5914 7011 —~715 15
13. 5 . 4422 3785 — 7611 786 —126 .46 . 0429 7368 6295 —697 18
14.0 . 4432 2867 — 6825 682 —104 .48 . 0462 2116 5598 —677 20
14. 5 . 4441 5123 —6144 594 —88
.50 | .0495 2463 4921 —655 22
15.0 . 4450 1236 - 5550 519 -74 .52 . 8528 7730 4266 —631 24
15.5 . 4458 1799 —5030 457 —62 .54 C 0562 7263 3635 —~605 2
16.0 . 4465 7332 — 4574 403 —-54 . 56 . 0597 0431 3029 — 579 27
16. 5 . 4472 8291 —4170 357 —46 .58 . 0631 6628 2450 —~552 27
17.0 . 4479 5080 —3814 317 -39
. 60 . 0666 5275 1899 —524 28
17.5 . 4485 8055 — 3496 284 —34 .62 _ 0701 5821 1375 —496 28
18.0 . 4491 7534 —3213 254 —30 .64 . 0736 7741 879 — 468 28
18. 5 - 4497 3800 —2959 227 —26 .66 | .0772 0541 +412 —439 28
19.0 . 4502 7108 —2732 205 —22 .68 . 0807 3753 —928 ~412 28
19. 5 . 4507 7682 —2527 185 -20
.70 . 0842 6936 — 440 —384 27
20.0 . 4512 5730 —2342 167 —-18 .72 . 0877 9681 —824 —358 27
20. & . 4517 1436 —~2175 152 —16 .74 . 0913 1601 —1182 —332 26
21.0 . 4521 4966 —2024 138 —-14 .76 . 0948 2340 —~1513 —307 25
21. 5 . 4525 6473 —1886 126 —12 .78 . 0983 1565 —~ 1820 —982 24
22.0 . 4529 6093 —1760 115 —~11
. . 1017 8970 —2102 —259 23
22. 5 . 4533 3954 —1645 105 —10 . gg .1052 4274 —2361 —236 22
23.0 - 4537 0170 —1540 96 -9 .84 | .1086 7215 —2598 —215 21
23.5 - 4540 4844 —1444 88 -8 .86 | .1120 7559 —2813 ~195 20
24.0 - 4543 8075 —1356 81 -7 .88 .1154 5091 —3008 —-175 20
24. 5 . 4546 9950 —1274 75 —6
.90 | .1187 9614 —3183 —157 18
25.0 - 4550 0551 —1200 69 -6 .92 | .1221 0955 —3340 —140 17
25.5 - 4552 9952 —1130 64 -5 .94 | 1253 8956 — 3480 —123 17
gg- g . iggg gzgg _%83‘? gg —2 .96 | .1286 3477 —3603 —108 15
27 0 " 4561 1623 952 51 1 . 98 . 1318 4396 -3710 —94 14
1.00 | .1350 1604 —3804 —81 13
27.5 - 4563 6868 —901 48 -3 1.02 | .1381 5008 —3885 —67 13
28.0 - 4566 1211 —854 44 —4 1.04 | .1412 4526 —3052 — 56 11
280 . i?% ;ggg - %8 g% =3 1.06 | .1443 0092 — 4008 —45 11
: . - - . .14 —4 -
20. 5 . 4572 9291 —730 36 -3 1.08 1473 1651 053 35 10
1.10 . 1502 9156 —4088 —26 9
80.0 - 4575 0471 1.12 | .1532 2572 —4114 —-17 9
1.14 . 1561 1874 —4131 -9 8
Q=—0.5; tabular spacing=0.02 1.16 . 1589 7045 —4140 -2 7
1.18 . 1617 8076 —4142 +5 7
0.00 | 0.000C 0000 1 8898 —36 -71 1. 20 . 1645 4964 — 4138 11 8
.02 . 0000 9449 1 8862 —106 —-70 1. 22 1672 7714 —4127 16 8
.04 | 0003 7760 1 8757 -175 ~70 : :
1.24 . 1699 6337 —4111 21 5
. 06 . 0008 4829 1 8582 —243 —68 1 26 11726 0849 —4090 26 5
. 08 . 0015 0479 1 8338 —308 —65 128 11752 1271 — 1064 30 1
.10 . 0023 4467 1 8030 —370 —62
12| 10033 6486 17660 |  —429 —58 .30 . 1777 7629 4034 3 3
1. 32 . 1802 9954 —4000 37 3
.14 . 0045 6164 1 7231 —484 —55
1. 34 . 1827 8278 — 3964 40 3
16 . 0059 3073 1 6747 —534 —50
' 1. 38 . 1876 3076 - 3881 45 2
.20 . 0091 6599 1 5634 —620 —40
S22 10110 2102 15014 |  —655 —35 1.40 1 . 1899 9632
.24 . 0130 2620 1 4359 -~ 684 -30
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e w A% A%, Aty a w A% A%, Al
Q@=—0.5; tabular spacing=0.05 Q=~0.5; tabular spacing=0.1-——Continued
. 0. 3500 8749 —3024 144 -
1.40 | 0.1899 9632 ~2 3971 749 79 g (1) . 3509 8341 — 2880 135 _13
1. 45 . 1957 4343 -2 3221 804 55 6.2 . 3518 6253 — 92745 127 -8
. . 3527 082 —261 9 -
1. 50 . 2012 5832 —2 2417 839 35 g i . 3?3% 2?68 _2293 Hz _?7;
%. gg .gosg %288 —g 1578 858 13
. . 211 —2 0720 863 + . . 222 -2 -
1.65 | .2164 9175 —~1 9856 859 —4 2_2 ,?,?gé’; 9282 _2323 133 _2
1.70 . 2211 6093 —1 8998 846 -13 6.7 . 3558 4067 —~2182 94 —6
6. . 35 6 -2 -
1.75 | .2256 4014 | —1 8151 828 ~18 6_3 _3533 ?‘fgg _1333 22 _2
LR oEma o m| o
. . —1 6519 8 - . . 3579 569 —1916 9 -
1. 90 . 2380 2158 —1 5741 750 —29 ; (1) . 35§e 3292 —1837 ;5 ..i
1.95 . 2418 2345 —1 4991 720 —-30 7.2 . 3592 7057 —1762 71 —4
7.3 . 3599 0057 —1691 67 —4
2.00 | .2454 7541 —1 4271 689 —31 - -
%Og -3439 ggg -1 3522 63? . 7.4 . 3605 1366 1624 64 4
- 1 - 2523 -1 2924 6 —31 . . 3611 1051 —1560 60 -4
2.15 . 2556 0227 -1 2297 596 -30 ; g . 3616 9175 —1500 57 -3
7.7 . 3622 5799 —1443 55 -3
220 | .2587 2348 7.8 . 3628 0979 —1389 52 -3
7.9 . 3633 4771 —1337 49 -3
Q= ~05: tabular spacing=0.1 8.0 | .3638 7226 —1288 47 —2
8.1 . 3643 8392 —1241 45 -2
2.2 | 0.2587 2348 —4 6834 4421 —473 8.2 . 3648 8318 —1197 43 ~2
2.3 . 2646 2054 —4 2412 3978 —444 8.3 . 3653 7046 —1154 40 -2
2.4 .2700 9347 | —3 8434 3567 —411 8.4 . 3658 4621 —1114 38 —2
2.5 . 2751 8206 —3 4868 3195 372 8.5 . 3663 1082 —1075 37 -1
2.6 . 2799 2198 —3 1673 2860 —335 8.6 . 3667 6467 —1038 35 -2
2.7 . 2843 4516 —2 8813 2558 -301 8.7 . 3672 0814 —1003 34 —1
2.8 . 2884 8021 —2 6255 2290 —268 8.8 . 3676 4158 —969 32 -2
2.9 . 2923 5271 —2 3965 2052 —238 8.9 . 3680 6532 —938 31 -1
3.0 . 2959 8556 -2 1913 1840 —212 9.0 - 3684 7969 —907 29 —1
3.1 . 2993 9928 |  —2 0073 1652 —-188 9.1 - 3688 8409 —878 28 -1
3.2 . 3026 1228 —1 8422 1485 —166 9.2 - 3692 8151 —849 27 -1
3.3 . 3056 4105 —1 6936 1338 —147 9.3 - 3696 6954 —822 26 -1
3.4 . 3085 0047 —1 5598 1206 —-132 9.4 . 3700 4936 —1796 25 -1
3.5 .3112 0390 | —1 4392 1090 —116 9.5 - 3704 2120 —772 24 —1
3.6 13137 6341 | —1 3302 987 —~103 28 - 3707 8533 TS 3 -1
3.7 . 3161 8990 —1 2315 805 —92 - : _ -
_ _ 9.8 . 3714 9138 703 21 1
3.8 . 3184 9325 1 1420 812 83 o9 3718 3374 682 20 ~1
3.9 . 3206 8239 —1 0608 739 —-73 - :
RIS i B ) I < B Bl i
1 . 4981 —9195 - -
4.2 . 3266 4223 — 8580 geg —5? Q=—0.5; tabular apacing=0.2
4.3 . 3284 4886 ~8017 1 —4
4.4 . 3301 7530 —7502 473 —43 10. 0 0. 3721 6929 —2649 152 —13
oo o ) i
4.5 | 3318 2674 ~7029 434 -38 | 1041 3731 471 - -
4.6 - 3334 0788 — 6594 400 -34 | 10.6 - 3740 002 2228 1 -1
. 33 4 -5 -
_ 11.0 . 3751 9020 —1993 104 -8
4.9 . 3377 7134 — 5485 315 25 9 | S7E7 2933 - i%? 37 _;
. .3 059 - 1 -
0 | .sstiue|  -so| oLl -24) qiG | aordass | _ifo0| o8| o
g: : :3456 A _4(%2 %gé *}3 11. 8 . 3772 3927 —1616 79 —6
. 3 . 3428 3314 —43 - ‘ . 089, —1536 74 —5
5.4 . 3439 8311 —4126 217 —-16 }33 g;g 6323 — 1462 70 —4
12.4 . 3786 0297 —1393 65 —4
5.5 . 3450 9182 —3909 202 —-15 12,6 - 3790 2874 —1328 61 —4
5.6 . 3461 6145 - 3707 188 —14 12. 8 . 3794 4124 —1267 58 | - -3
5.7 . 3471 9401 —3519 176 -12
5.8 . 3481 9138 —3343 164 -12 13.0 . 3798 4107
5.9 . 3491 5532 —3178 154 —-10
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e w A% A} al, e w al A% Aty
Q=—0.5; tabular spacing=0.5 Q=—0.4; tabular spacing=0.02—Continued
13.0 | 0.3798 4107 — 17567 809 —134 0.8 00321 2941 3732 —318 12
13.5 - 3807 8891 —6758 697 —111 e aLoe —sl 1
14.0 - 3816 6917 —6061 605 —93 ‘ .
14.5 | 3824 8882 —5456 527 -7 .50 | . 0400 8964 4051 | —527 18
15.0 . 3832 5392 — 4929 461 —66 -82 | . 0428 0805 8524 —508 19
159 3852 8392 —4929 pried —s 54| 0455 6170 3016 488 21
: : - 56 | .0483 4550 2528 — 466 21
16.0 - 3846 4086 4062 358 —18 3 O sane Soas o8 3
16. 5 - 3852 7137 —3704 317 —41 : ‘
17.0 . 3858 6484 — 3388 282 —35 60| o530 8428 1617 492 99
17.5 . 3864 2443 —3105 251 —31 621 - 0558 3015 o “an £
18.0 - 3869 5296 —92854 225 —26 o - Deas It Pt sl o
18.5 - 3874 5206 — 2629 202 —23 88| 008 oats e -3 o
19.0 3879 2667 —2427 182 —20 . :
20.0 | 3888 0308 2081 148 —16 -2 0Tl sale - B 22
20. 5 - 3892 0926 —1933 135 —14 (Th ) OTa0 2aLs 5 — 209 0
21. 5 - 3809 6497 —1676 112 —11 ' :
99 5 3006 5355 469 03 g 82| 0853 5949 —1827 —192 18
o2 oy o3a8 — 1362 o3 -3 "84 | 0881 5313 2020 175 17
23.9 8009 1529 1509 & 8 .86 | 0909 2658 —2195 —159 16
: - - .88 | .0936 7807 —2354 —144 15
24. 0 -3915 7890 —1205 72 —6
"9 - 0991 — 2626 —11
250 | 30 ails 1008 62 -3 J94 | 1017 8571 —2741 —102 13
25.2 3028 o 1008 4 =3 96 | . 1044 3502 — 2842 —89 12
- - .98 | .1070 5591 —2932 —78 12
26.5 - 3928 8849 —895 49 —4
27.0 - 3931 2132 —846 46 —3 L00 | .1096 4747 —3010 —67 11
o7 5 3033 4568 g1 2 3 102 | 1122 0894 —3077 —57 10
104 | 1147 3964 3134 17 10
28. 5 . 3037 7080 —720 37 —3 L AR e —3 o
29,0 - 39390 7238 —683 34 —2 : -
2.5 - 3941 6712 —649 32 32 Lo | iz 4o ~a30 93 ;

(12| 1245 4478 —3273 —16

80.0 - 3943 5537 114 | 1269 1490 —3290 —10 7

116 | 1292 5212 —3300 4 6

0.4, tabular spacing—0.02 118 | 1315 5635 —3303 +1 5
1.20 | .1338 2754 —3302 6 5
0.00 | 0.0000 0000 1 5277 —29 —57 1221 . 1300 6o12 —3296 i1 4

24| 1382 7004 3985 15 4
.02 | .0000 7638 1 5248 —85 —56 -

1.26 | . 1404 4331 3270 19 3
04| 0003 0525 1 5163 —140 —56 L2 1195 Soog - 3210 3 :
06 | .0006 8575 1 5023 —195 —54 - '

.08 | 0012 1648 1 4828 —247 —52 L30 | 1446 9014

10| 0018 9549 1 4580 —207 —50

1 . 030 1 4283 —344 —47 ot o,

14| 0036 8795 1 3939 —388 44 @=~04; tabular spacing =0.05

16| .0047 9498 1 3551 — 428 —40

18| .0060 3753 1 3122 — 465 —36 1.30 | 0.1446 9014 | —2 0174 420 119

1.35 | .1498 1733 | —1 9754 510 90
.20 | .0074 1130 1 2657 —497 —32 140 | . 1547 4698 | —1 9243 576 66
22| 0089 1165 1 2160 —526 —29 1.45 | .1594 8419 | —1 8667 622 46
24| 0105 3360 11635 —550 —24
126 | 0122 7189 1 1085 —569 —20 1.50 | .1640 3474 | —1 8045 652 30

28 | 0141 2103 1 0516 —585 —16 1.55| .1684 0484 | —1 7392 670 17

1.60 | .1726 0101 | —1 6723 676 +6
.30 | .0160 7534 9931 —596 —11 1.65 | .1766 2996 | —1 6047 674 —2
32| 0181 2895 9335 —603 —7 1.70 | 11804 9844 | —1 5372 666 —8
“34 | 0202 7502 8732 —607 -3
.36 | 0225 1020 8125 —607 0 L.75| .1842 1320 | —1 4706 653 —18
38| 0248 2574 7519 —603 +3 1.80 | 1877 8090 | —1 4054 636 —17

1.85 | .1912 0806 | —1 3418 616 —20
.40 | . 0272 1647 6915 —596 7 1,90 | .1945 0104 | —1 2801 595 —22
.42 | 0206 7634 6319 — 587 9 195! .1976 6601 | —1 2207 572 —23
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TaBLE 38.— Modified potential—Continued TaBLE 38.—Modified potential—Continued
w a3, at, al, a w A}, 4%, aby
Q=~0.4; tabular spacing=0.05—Continued Q=—0.4; tabular spacing=0,1~-Continued
2.00 0. 2007 0891 —1 1635 548 —24 7.5 0. 2984 8274 —1331 51 -3
2. 05 . 2036 3546 —1 1087 524 —24 7.6 . 2989 7982 —1280 49 -3
2. 10 . 2064 5115 —1 0562 500 —24 7.7 . 2994 6410 —1232 46 -2
2.15 . 2091 6121 —1 0062 478 —~22 7.8 . 2999 3606 —1186 44 -2
7.9 . 3003 9617 —1141 42 -2
2. 20 . 2117 7064
8.0 . 3008 4486 —1099 40 -2
81 . 3012 8256 —1060 38 -2
@=—0.4; tabular spacing=0.1 8. 2 . 3017 0967 —1022 36 -2
8 3 . 3021 2656 — 986 34 -2
A . 2167 0651 —3 4821 3195 — 347
85 . 3029 3111 —918 31 -2
2.4 . 2212 9416 —3 1626 2874 —321 3 6 3033 1944 — 887 30 —1
2.5 | .2255 6556 | —2 8751 2581 —293 8.7 | -3036 b8l - > -1
2. 6 . 2205 4945 |  —2 6170 2316 —265 89 " 3044 3942 — 801 26 ~1
2. ’87 . 5233 :;134 -2 3??4 2078 —238 . : h
2. . 2367 5529 —2 1776 1865 —213
9.0 . 3047 8702 —~775 25 -1
2.9 . 2400 2118 —1 9912 1674 —190 01 ' 3051 3332 _;gg gg _]1
9.2 . 3054 73 - -
3.0 . 2430 8795 :1 8238 1505 :169 9.3 " 3058 0534 — 703 99 -1
3.1 . 2459 7234 1 6733 1354 151 0 4 3061 3042 — 681 91 —1
. . 2012 5: —1 41 1101 —119
9.5 . 3064 4868 — 660 20 —~1
3.5 | .2550 6553 | —1 2062 901 —94 o7 | - 3070 656 — 820 19 -1
9.8 . 3073 6472 —~601 18 1
3.6 . 2581 3604 —1 1162 817 —84 9.9 3076 5779 —583 17 -1
g. g . 3601 939? —1 0333 7;2 —75 ) :
. . 2621 503 — 96 675 —67 .
3.9 | 2640 0978 — 8928 615 —60 | 100 | .3079 4502
4.0 . 2657 7991 —8314 561 —53 Q=—0.4; tabular spacing=0.2
2. % . %633 (75690 ——%23 5%3 —48
- - 2690 7636 — 7240 470 —43 10.0 | 0.3079 4502 —2265 130 -10
4.3 - 2706 1343 — 6770 431 —39 10. 2 . 3085 0268 —2135 120 ~10
4.4 - 2720 8280 —6339 396 —35 10. 4 . 3090 3898 —2015 111 -9
10. 6 . 3095 5514 —1904 103 -8
4.5 . 2734 8877 —5943 364 —32 10. 8 . 3100 5226 —1800 96 -7
i. ? . 2;48 gfég% —5379 3(3;5 —30
- - 2761 —5244 309 —26 11.0 . 3105 3137 —1705 89 -7
4.8 . 2773 6439 —4935 286 —23 11.2 . 3109 9344 —1615 83 —6
4.9 . 2785 5336 —4648 265 —-21 11. 4 . 3114 3935 —1532 78 —6
11. 6 - 3118 6994 — 1454 72 -6
5.0 . 2796 9585 —4384 245 —20 11. 8 . 3122 8599 —1382 68 -5
5.1 . 2807 9450 —4139 228 —-17
5.2 . 2818 5177 —3911 211 —16 12.0 . 3126 8822 —1315 64 —4
5.3 . 2828 6993 —3700 196 —15 12. 2 . 3130 7730 —1251 59 —4
5.4 - 2838 5108 —3504 183 —13 12. 4 . 3134 5386 —1192 55 -4
12. 6 . 3138 1851 ~1136 52 -3
5.5 . 2847 9720 —3321 171 —12 12.8 . 3141 7180 —1084 49 -3
g. (73 . 3257 1011 —-—gé50 159 —12
) . 2865 9152 —2991 148 —11 ! 3145 1425
5.8 . 2874 4303 —2842 139 -9 13.0 3145
5.9 . 2882 6611 —2703 130 -9 @——04; tabular spacing =05
6.0 . 2890 6215 —2573 122 -8
6.1 . 2898 3247 —2451 114 —8 13.0 0. 3145 1425 — 6476 692 -115
6. 2 . 2905 7828 —2336 108 -7 13.5 . 3153 2609 —5784 596 -95
6. 3 . 2913 0072 —2229 101 -7 14.0 . 3160 8010 —5188 517 —-79
6. 4 . 2920 0088 —2128 95 -5 14. 5 . 3167 8222 — 4671 451 —66
6.5 . 2926 7975 —2033 90 -5 15.0 . 3174 3764 — 4220 395 —56
6. 6 . 2933 3830 —1943 84 -5 15. 5 . 3180 5085 —3825 347 —48
6.7 . 2939 7741 —1859 79 -5 16. 0 . 3186 2582 —3478 306 —41
6. 8 . 2945 9794 —1779 75 —4 16. 5 . 3191 6599 —3172 271 —35
6.9 . 2952 0068 —1704 71 -4 17.0 . 3196 7445 —2901 242 —30
7.0 . 2957 8637 —1633 67 -4 17. 5 . 3201 5390 —2660 215 —26
7.1 . 2963 5573 —1566 63 -4 18. 0 . 3206 0674 —2444 192 —23
7.2 . 2969 0943 —1503 60 -3 18. 5 . 3210 3515 ~2252 173 —19
7.3 . 2974 4810 —1442 57 -3 19.0 . 3214 4104 —2079 156 —-17
7.4 . 2979 7235 —1386 54 -3 19.5 . 3218 2614 —1923 140 -15
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a w Al AR Aly a w Al A% Aty
@=—0.4; tabular spacing=0.5—Continued Q=—0.3; tabular spacing=0.02—Continued
20. 0 0. 3221 9200 —1783 127 —13 0.74 | 0.0562 8380 —593 —9204 16
20. 5 . 3225 4004 —1656 115 —-12 .76 . 0584 6132 —797 —189 15
21.0 . 3228 7153 —1540 105 —10 .78 . 0606 3088 —086 —174 15
21. 5 . 3231 8761 —1435 95 —10
22.0 . 3234 8934 —1340 87 -8 .80 . 0627 9058 —1160 —160 14
.82 | .0649 3867 —1320 —147 13
22. 5 . 3237 7767 -1253 80 -7 .84 . 0670 7356 — 1467 —134 13
23.0 . 3240 5348 —1173 73 -7 .86 . 0691 9378 —1601 —122 12
23.5 . 3243 1756 —1099 67 —6 .88 | .0712 9798 —1723 —110 12
24.0 . 3245 7064 —1032 62 -6
24.5 . 3248 1341 —970 57 -5 .90 . 0733 8495 —1833 —99 11
.92 | .0754 5359 —1932 —88 10
25.0 . 3250 4647 —913 53 —4 .94 . 0775 0292 —2020 —79 10
25.5 . 3252 7040 —861 48 -4 . 96 . 0795 3204 —2099 —69 10
26.0 . 3254 8572 —812 45 —4 .98 . 0815 4018 —2168 —60 9
26. 5 . 3256 9292 —767 42 -3
27.0 - 3258 9245 —725 39 -3 1.00 | .0835 2662 —2229 —53 g
1.02 | .0854 9079 —2281 —45
27.5 - 3260 8473 — 686 36 -3 1.04 | .0874 3214 —2326 —38 7
28.0 - 3262 7015 —650 34 -3 1.06 | .0893 5023 —2364 —31 6
28.5 - 3264 4907 —617 31 -2 1.08 | .0912 4468 —2395 —25 6
29.0 . 3266 2182 —585 29 -2
29. 5 . 3267 8871 — 556 27 -2 1. 10 . 0931 1518
30.0 . 3269 5005
Q=—0.3; tabular spacing=0.05
Q=—0.3; tabular spacing=0.02
L ool ciaml wl o
1.1 . 0976 8516 -15 —
0.00 | 0.0000 0000 1 1582 —21 —43 1. 23 . 1021 0161 —1 5415 +85 147
. 82 '8883 5791 1 1561 —34 —43
(041 3143 1 1497 — 106 —42 1.25 | .1063 6390 —1 5330 202 117
-06 | . 0005 1991 11391 —146 —41 1.30 | .1104 7290 —1 5128 293 91
08 | . 0009 2231 11244 —186 —40 .35 | .1144 3061 —1 4835 362 69
1.40 | .1182 3997 —1 4473 413 51
.10 | .0014 3714 1 1058 —294 —38 _
-19 '0039 sl 1 8?;2 _%59 _gg 1451 .1219 0459 1 4060 450 37
.14 - 0027 9634 1 —292 - 1. 50 . 1254 2861 —1 3610 474 24
-16 1 . 0036 3586 1 0284 —322 —30 1.55 | .1288 1652 —1 3136 489 15
.18 | . 0045 7823 9961 ~—350 —27 1.60 | .1320 7308 —1 2648 495 +g
1.65 | .1352 0315 —1 2152 495
-20 | . 0056 2021 9612 —374 —24 L70 | .1332 1170 | —1 1657 490 -5
.22 '88% 5837’(7) 923; ~396 —22
244 . 88 884 —414 —18 1.75 | .1411 0368 —1 1167 482 —8
.26 1 . 0093 0766 8428 —428 —15 1.80 | .1438 8399 | —1 0685 470 —12
.28 | . 0107 1082 8000 —440 —12 1.85 | .1465 5744 | —1 0215 457 —14
1.90 | .1491 2874 —9758 442 —15
<301 . 0121 9399 7560 —448 —8 1.95 | .1516 0246 —9317 425 —16
.32 '8125 2373 7(1;“ —45; —6
234, .01 6 6656 —45 —2 2.00 | .1539 8301 —8892 408 —17
.36 | . 0170 7905 6200 —457 0 2.05 | .1562 7465 —8484 391 —17
. 38 . 0188 3748 5743 — 454 +2 2.10 . 1584 8144
.40 | . 0206 5334 5288 —450 5
.42 | .0225 2208 4839 —442 7 Q=—0.3; tabular spacing=0.1
.44 | . 0244 3921 4396 —434 9
.46 | .0264 0030 3962 —423 11
.48 | .0284 0102 3539 —411 12 2.1 0. 1584 8144 —3 2386 2925 —273
2.2 . 1626 5601 —2 9462 2657 —268
.50 | .0304 3713 3128 —398 13 2.3 . 1665 3596 —2 6805 2404 — 254
.52 | . 0325 0453 2731 —384 14 2.4 . 1701 4786 —2 4401 2169 —235
.54 | . 0345 9923 2347 —368 16
.56 | .0367 1741 1979 —352 16 2.5 . 1735 1575 —2 2232 1953 —216
.58 | .0388 5539 1627 —~336 16 2.6 . 1766 6132 —2 0279 1757 —196
2.7 . 1796 0411 —1 8522 1580 —176
.60 | .0410 0963 1291 —319 17 2.8 . 1823 6167 —1 6942 1422 —158
.62 | .0431 7678 972 —302 17 2.9 . 1849 4980 —1 5520 1280 —142
.64 | .0453 5365 669 —286 17
.66 | .0475 3722 384 —269 17 3.0 . 1873 8274 —1 4240 1153 —126
.68 | .0497 2462 +115 —252 17 3.1 . 1896 7328 —1 3087 1040 —113
3.2 . 1918 3295 —1 2047 939 —101
.70 | .0519 1317 —137 —~236 16 3.3 . 1938 7215 —1 1108 849 —90
.72 | . 0541 0035 —373 —220 16 3.4 . 1958 0026 —1 0259 769 —80
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e w A, A%, a4 e w A, 23, A,
Q=—0.3; tabhul =0.1~—Cont d Q=—0.3; tabular spacing=0.1—Continued
3.5 | 0.1976 2579 —9490 608 —72 9.5 | 0.2381 2904 —531 17 0
3.6 . 1993 5643 —8792 634 —64 9.6 . 2383 8032 —514 16 -1
3.7 . 2009 9914 —8158 576 —58 9.7 . 2386 2646 —499 15 -1
3.8 . 2025 6027 —7582 525 —51 9.8 . 2388 6762 —484 14 0
3.9 . 2040 4558 —7057 480 —45 9.9 . 2391 0393 —470 14 0
4.0 . 2054 6031 —6577 438 —42 10.0 . 2393 3554 — 456 13 -1
4.1 . 2068 0928 —6139 401 —37 10. 1 . 2395 6260 —442 12 0
4.2 . 2080 9685 — 5738 368 —33 10. 2 . 2307 8524 —430 12 0
43 . 2003 2704 —5370 338 —30 10. 3 . 2400 0358 —417 12 0
4.4 . 2105 0352 —5032 311 —27 10. 4 . 2402 1774 — 406 11 -1
4.5 . 2116 2969 —4722 286 —24 10.5 . 2404 2785 —394 11 0
4.6 . 2127 0863 — 4436 264 —22 10. 6 - 2406 3402 —383 10 -1
4.7 . 2137 4322 —4172 244 —20 10. 7 . 2408 3635 —373 10 0
4.8 . 2147 3610 —3928 225 —18 10. 8 . 2410 3496 —362 10 0
4.9 . 2156 8970 —3702 209 —16 10.9 . 2412 2995 —353 10 0
5.0 . 2166 0627 —3494 194 —15 1.0 . 2414 2140
5.1 . 2174 8791 —3300 180 —14
5.2 . 2183 3654 —3120 167 —13 -
5.3 . 2191 5398 —2953 155 —12 Q=—0.3; tabular spacing=0.5
5.4 2199 4189 —2798 145 —10
1.0 | 0.2414 2140 —8596 1068 —211
5.5 . 2207 0182 —2652 135 —-10 1L 5 . 2423 2900 —7528 808 —170
5.6 . 2214 3523 —2517 126 -9 12. 0 . 2431 6132 — 6630 761 —138
5.7 . 2221 4347 —2301 118 -8
5.8 . 2228 2780 —2273 110 -8 12. 5 . 2439 2733 — 5870 649 —112
5.9 . 2234 8939 —2163 104 —6 13.0 . 2446 3465 — 5220 557 —92
13. 5 . 2452 8976 — 4664 480 —76
6.0 . 2241 2936 —2059 97 —6 14.0 . 2458 9824 —4183 417 —64
6.1 . 2247 4874 —1962 91 —6 14.5 . 2464 6488 —3767 363 —54
6. 2 . 2253 4851 —1871 85 —6
6.3 . 2259 2956 —1785 80 -5 15.0 . 2469 9386 —3404 318 —45
6. 4 . 2264 9277 —1705 76 —4 15. 5 . 2474 8881 —3086 280 —38
16. 0 . 2479 5289 —2806 247 —33
6.5 . 2270 3892 —1629 72 —4 16. 5 . 2483 8892 —2559 218 —29
6.6 . 2275 6878 —1557 67 —4 17.0 . 2487 9936 —2340 194 —24
6.7 - 2280 8308 —1490 63 —4
6.8 . 2285 8247 —1427 60 —3 17. 5 . 2491 8639 —2146 174 —21
6.9 . 2290 6759 —1367 57 —3 18.0 . 2495 5197 —1972 155 —18
18. 5 . 2498 9782 —1817 140 —16
7.0 . 2295 3904 —1310 54 —3 19.0 . 2502 2550 —1678 126 —14
7.1 - 2299 9739 —1256 50 -3 19. 5 . 2505 3640 —1552 113 —12
7.2 . 2304 4317 —1206 48 —2
7.3 . 2308 7690 —1158 46 -2 20. 0 . 2508 3179 —1439 103 —11
7.4 . 2312 9904 —1112 43 —2 20. 5 2511 1279 —1336 93 —10
21. 0 . 2513 8042 —1243 85 —8
7.5 . 2317 1006 —1069 41 —3 21. 5 . 2516 3563 —1158 77 -8
7.6 . 2321 1040 —1028 39 —2 22.0 . 2518 7925 —1081 70 —6
7.7 . 2325 0045 —989 37 -2
7.8 . 2328 8061 —952 35 —2 22. 5 . 2521 1206 —1011 65 —6
7.9 . 2332 5125 —917 33 -2 23.0 . 2523 3475 — 046 59 —6
23. 5 . 2525 4798 —887 54 -5
8.0 . 2336 1272 — 884 32 -2 24.0 . 2527 5234 —833 50 -5
8 1 . 2339 6535 —852 31 —1 24. 5 . 2529 4837 —783 16 —4
8. 2 . 2343 0947 —821 29 -2
8.3 . 2346 4537 —792 28 -2 25.0 . 2531 3656 —738 43 —3
8. 4 . 2349 7336 —765 26 -1 25. 5 . 2533 1738 —695 39 —4
26. 0 . 2534 9125 —656 37 -2
8.5 . 2352 9370 —738 25 -1 26. 5 . 2536 5856 —619 34 -3
8.6 . 2356 0665 —713 24 -1 27.0 - 2538 1969 —585 31 -2
8, 7 . 2359 1247 —689 23 —1
8.8 . 2362 1140 — 666 22 -1 27. 5 . 2539 7496 — 554 29 —2
8.9 . 2365 0367 —644 21 -1 280 . 2541 2468 —525 27 -2
28 5 . 2542 6916 —498 25 -2
9.0 . 2367 8949 —623 20 —1 200 . 2544 0867 —473 24 -1
9,1 . 2370 6909 —603 19 -1 20. 5 . 2545 4344 —449 22 —2
9.2 . 2373 4265 —584 18 -1
9.3 . 2376 1038 —565 17 -1 30.0 . 2546 7373
9, 4 . 2378 7245 —548 17 0




76

TaBLE 38.—Modified potential—Continued

APPARENT RESISTIVITY OF A SINGLE UNIFORM OVERBURDEN

TaBLE 38.—Modified potential—Continued

a w A, A% Aty a w Al A%, Al
Q=—0.2; tabul =0.05—Continued
Q=—0.2; tabular spacing=0.02
1.75 | 0.0961 5668 —7534 315 -5
0.00 | 0.0000 0000 7809 —14 —29 180 " 0980 8547 —7219 308 —7
. 02 . 0000 3904 7794 —43 —28 1.85 . 0999 4207 —6911 300 —8
. 04 . 0001 5603 7752 —71 —28 1. 90 . 1017 2956 —6610 291 —10
. 06 . 0003 5053 7681 —98 —28 1. 95 . 1034 5095 —6320 280 —10
.08 . 0006 2184 7583 —124 —26
2. 00 . 1051 0914 —6039 270 —10
.10 . 0009 6898 7458 —149 —25 2. 05 . 1067 0695 —5769 259 —11
12 . 0013 9070 7309 —173 —24 2. 10 . 1082 4706 —5510 248 —11
14 . 0018 8551 7136 -195 —22 2. 15 . 1097 3206 —5262 237 —11
.16 . 0024 5167 6940 —216 —20 2.20 L1111 6445 —5025 226 —11
.18 . 0030 8724 6725 —234 —18
2, 25 . 1125 4658 —4799 216 —10
.20 . 0037 9006 6491 —250 —16 2. 30 . 1138 8073
.22 . 0045 5779 6240 —264 —14
.24 . 0053 8792 5976 —277 —12 -
. 26 . 0062 7780 5699 —287 —10 @=~0.2; tabular spacirg=0.1
.28 . 0072 2468 5412 —295 —8
2.3 0. 1138 8073 —1 8342 1605 —164
. 30 . 0082 2569 5118 —300 —5 2.4 . 1164 1359 —1 6737 1452 —153
.32 . 0092 7787 4818 —304 —4
.34 . 0103 7822 4514 —306 —2 2.5 . 1187 7907 —1 5285 1312 —140
. 36 . 0115 2372 4208 —306 0 2.6 . 1209 9171 —1 3973 1183 —128
.38 . 0127 1128 3901 —304 +2 2.7 . 1230 6462 —1 2790 1067 —116
2.8 . 1250 0964 —1 1722 963 —104
. 40 . 0139 3787 3597 —301 3 2.9 . 1268 3743 —1 0760 869 —04
.42 . 0152 0042 3296 —296 5
.44 . 0164 9593 3000 —290 6 3.0 . 1285 5762 —9890 784 —85
. 46 . 0178 2144 2709 —284 7 3.1 . 1301 7891 —9106 709 —75
.48 . 0191 7404 2425 —276 8 3.2 . 1317 0914 —8397 642, —67
3.3 . 1331 5540 —7755 582 —60
. 50 . 0205 5089 2150 —267 9 3.4 . 1345 2411 —7173 528 —54
. 52 . 0219 4924 1883 —257 10
. 54 . 0233 6642 1626 —247 10 3.5 . 1358 2109 — 6644 480 —48
. 56 . 0247 9985 1378 —237 11 3.6 . 1370 5163 —6165 437 —43
. 58 . 0262 4707 1142 —226 11 3.7 . 1382 2052 —5728 398 —38
3.8 . 1393 3214 —5330 364 —35
. 60 . 0277 0571 916 —214 11 3.9 . 1403 9045 —4966 332 —31
.62 . 0291 7351 702 —203 11
. 64 . 0306 4833 498 —192 11 4.0 . 1413 9910 —4634 304 —28
. 66 . 0321 2813 306 —181 11 4.1 . 1423 6141 —4330 279 —25
68 . 0336 1099 125 —170 11 4.2 . 1432 8042 —4051 256 —23
4.3 . 1441 5892 —3795 236 —20
.70 . 0350 9511 4.4 . 1449 9948 —3559 217 —19
4.5 . 1458 0444 —3342 200 —17
@=—0.2; tabular tpacing=0.05 4.6 . 1465 7598 —3142 185 —15
4.7 . 1473 1610 —2957 171 —14
48 . 1480 2664 —2786 158 —13
0.70 | 0.0350 9511 —250 —2360 425 4.9 . 1487 0932 —2628 146 —12
.75 . 0387 9999 —2610 —1962 399 5.0 . 1493 6572 —2482 136 —10
. 80 . 0424 7876 —4572 —1595 366 5.1 . 1499 9729 —2346 127 —10
. 85 . 0461 1183 —6167 —1267 329 5.2 . 1506 0541 —2219 118 —9
. 90 . 0496 8322 —7434 —978 289 5.3 . 1511 9134 —2101 110 —8
95 . 0531 8027 —8412 —727 250 5.4 . 1517 5626 —1992 102 -7
1. 00 . 0565 9320 —9139 —513 214 5.5 . 1523 0126 —1890 96 —7
1. 05 . 0599 1475 —9652 —333 180 5.6 . 1528 2736 —1794 89 —6
1.10 . 0631 3978 —9986 —184 149 5.7 . 1533 3553 —1705 83 —6
1. 15 . 0662 6494 —1 0169 —61 122 5.8 . 1538 2665 —1621 78 -5
1. 20 . 0692 8842 —1 0231 +38 100 5.9 . 1543 0155 —1543 74 —4
1. 25 . 0722 0959 —1 0193 117 79 6.0 . 1547 6102 —1470 69 —5
1. 30 . 0750 2883 —1 0075 179 62 61 . 1552 0580 —1401 64 —4
1. 35 0777 4732 —9896 227 48 6.2 . 1556 3657 —1336 61 —4
1. 40 . 0803 6684 —9669 262 35 6.3 . 1560 5397 —1276 57 —4
1. 45 . 0828 8968 —9407 288 26 6. 4 . 1564 5861 —1218 54 —4
1. 50 . 0853 1844 —9120 305 18 6.5 . 1568 5107 —1165 51 -3
1. 55 . 0876 5600 —8814 316 11 6.6 . 1572 3188 —1114 48 —3
1. 60 . 0899 0543 —8498 321 5 6.7 . 1576 0155 —1066 45 -3
1. 65 . 0920 6987 —8177 322 +1 6.8 . 1579 6056 —1021 42 -3
1. 70 . 0941 5255 — 7854 320 —2 6.9 . 1583 0935 —979 40 —2
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w Al A%, Al w A? A% AN
{Q@=-0.2; tabular spacing=0.1—Continued =—0.2; tabular spacing=0.5—Continued
7.0 | 0.1586 4836 —938 38 -2 . 0.1735 5639 —1210 90 —-10
7.1 . 1589 7799 —900 36 -2 . 5 . 1737 8080 —1120 82 -9
7.2 . 1592 9862 —864 34 -2
7.3 . 1596 1062 —830 33 -1 .0 . 1739 9402 —1038 74 -8
7.4 . 1599 1431 —797 31 ~2 . 5 . 1741 9686 —964 67 -7
.0 . 1743 9005 —897 61 -6
7.5 . 1602 1004 —766 29 -1 .5 . 1745 7428 —836 56 -6
7.6 . 1604 9810 —737 28 -2 . 0 . 1747 5015 —780 51 -5
7.7 . 1607 7879 —709 26 —1
7.8 . 1610 5239 —683 25 -1 . 5 . 1749 1822 —730 46 —4
7.9 . 1613 1915 —658 24 -1 .0 . 1750 7899 —683 43 -4
.5 . 1752 3293 — 640 39 —4
8.0 . 1615 7934 —634 22 —2 .0 . 1753 8046 —601 36 -3
8.1 . 1618 3320 —611 22 —1 .5 . 1755 2199 — 565 33 -3
8.2 . 1620 8094 —589 21 —1
8.3 . 1623 2278 —569 20 -1 .0 . 1756 5786 — 532 31 -3
8.4 . 1625 5895 —549 19 -1 25. 5 . 1757 8840 —501 28 -2
26. 0 .1759 1394 —473 26 -2
8.5 . 1627 8962 —530 18 -1 26. 5 . 1760 3474 —447 24 -2
8.6 . 1630 1499 —512 17 -1 27.0 . 1761 5107 —422 23 -2
8.7 . 1632 3524 —495 17 -1
8.8 . 1634 5053 —478 16 -1 27.5 . 1762 6318 —400 21 -2
8.9 . 1636 6105 —463 15 -1 28.0 . 1763 7129 —379 20 -1
28. 5 . 1764 7561 —360 18 -1
9.0 . 1638 6693 —448 14 0 29. 0 . 1765 7633 —341 17 -1
9.1 . 1640 6834 —433 14 -1 29. 5 . 1766 7364 —324 16 -1
9.2 . 1642 6542 —420 13 0 30.0 . 1767 6772
9.3 . 1644 5830 —406 13 0
9.4 . 1646 4711 394 12 1 Qo —o.1s tabalar pacing 002
sh| clmuel cmloBpl
: -1 0 - 1 . 0000 0000 395 -7 —14
9.7 . 1651 9042 —359 11 0 O. (0)000 ?975 3943 —21 —14
9.8 . 1653 6420 —348 10 0 . 0000 7893 3922 —35 —14
9.9 . 1655 3450 —338 10 0 . 0001 7733 3886 —49 —~14
o -12§§ 0132 308 0 4 . 0003 1459 3837 62 13
. 1 . 1658 6506 —318 9 0 . 0004 9022 3774 -75 —12
. 2 - 1660 2552 —309 9 0 . 0007 0360 3700 —87 —12
-3 . 1661 8289 —300 9 0 . 0009 5397 3613 —98 -12
. 4 - 1663 3726 —292 8 0 . 0012 4047 3515 —-108 —-10
. —11 -
'g ~}22‘é §§'§§ __ggg g _(1] 0015 6211 3407 7 9
- . - . 0019 1783 3289 —126 -8
.7 . 1667 8319 —268 7 0 . 0023 0643 3164 —133 -7
. 8 - 1669 2637 —261 7 0 . 0027 2667 3031 ~139 -6
. 9 - 1670 6694 —254 6 -1 . 0031 7722 2892 —144 —5
. 274 —148 —4
.0 . 1672 0497 0036 5669 748
.30 | .0041 8264 3623 —125 —g
—02: . .32 | .0046 9659 4 -1 -
Q=—0.2; tabular spacing=0.5 T34 . 0052 5404 29297 —154 -1
.36 | .0058 3445 2143 —154 0
.0 | 0.1672 0497 — 6186 767 —151 .38 | .0064 3630 1989 —153 +1
.5 . 1678 5936 — 5420 645 —122
. 0 . 1684 5955 —4774 547 —-98 .40 | . 0070 5804 1836 —151 2
.42 1 .0076 9815 1685 —149 2
. 5 . 1690 1200 —4228 467 —80 .44 | . 0083 5510 1536 —146 3
.0 . 1695 2218 —3761 400 —66 .46 | . 0090 2743 1390 —143 4
.5 . 1699 9475 —3360 346 —55 .48 | .0097 1365 1247 —138 4
.0 . 1704 3371 —3015 300 —46
.5 . 1708 4253 —2715 262 —38 .50 | .0104 1234 1109 —134 4
.52 | L0111 2213 975 —130 4
. 0 L1712 2419 —2453 229 -33 .54 | .0118 4166 845 —124 5
. 5 . 1715 8133 —2224 201 —28 .56 | .0125 6965 721 —119 5
. 0 L1719 1622 —2023 178 —23 .58 | .0133 0484 602 —114 5
. 5 . 1722 3087 —1845 158 —20
.0 . 1725 2707 —1688 140 —-18 .60 | .0140 4605 488 —108 6
.62 | .0147 9214 380 —102 6
.5 . 1728 0640 —1548 125 —-15 .64 | . 0155 4202 277 —97 6
. 0 . 1730 7025 —1423 112 —13 .66 | .0162 9467 180 -92 6
. 5 . 1733 1987 —1311 101 —~11 .68 .0170 4912 89 —~86 6

547123—60——7
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a w Al a3, Al s w Al a3, ALy
Q=—0.1; tabular spacing=0.02—Continued @=—0.1; tabular spacing=0.1
Oj ?3 Oj 8}§§ 23&3 j;é :?g 2 1.9 0. 0520 9979 —1 3433 1127 —68
76| 0308 G740 e I | | 20| -osseres| —1a36| 1047 —0
.78 | .0208 1833 —287 —60 5 50 :3527;2 %8% - 0392 §8§ _%
- - 2.3 .05 —041 0 -
801 - 9216 6630 — - : 2.4 | 0598 0905 —8611 728 —74
8| e CE) CE] ) gp| wms) ome) oW oy
.88 | .0245 1814 —~ 542 —38 4 22 :0633 g%g — e 543 *g;
- _ 2.8 . 064 — 6086 48 -
o9 | 0352 ase7 it -3 3 2.9 | 0653 2876 — 5598 442 —46
o) e cE B ) | s e om0 g
98 | .0280 8446 —698 —29 3 gg :8257;9 32257; "439§ 339 _gg
- _ . . 0686 — 406 9 —
%Z 83 ;8%31 5132 _;Zg _}2 g 3.4 . 0694 2564 —3766 272 —27
1.04 . 0301 42 - -
106 | 0308 140 it 2| 33| omiio| s 245 —24
1.08 | .0314 7761 —782 —10 3 3.8 :3;14 0357;8 "33% 238 _22
1.10 . 0321 3332 —792 - 2 3.8 . 0719 99 —281 1 -1
112 ,8327 35";’2 _;39 _g 2 3.9 . 0725 6744 — 2626 173 —16
1.14 . 0334 2 - -
116 _3320 5323 _2‘1’3 _g é 4.0 . 0731 0893 —2453 158 —15
1. 18 . 0346 7634 —813 -1 2 4.1 . 0736 2588 —2295 146 —13
4.2 .0;41 192§s —3(1)49 13; —12
1.20 . 0352 918 —814 4.3 . 0745 9239 —2016 1 —11
1. 22 ,0328 3922 _Sh _,_‘1) } 4.4 . 0750 4474 — 1893 114 -9
1.24 . 0364 9848 —814 2
T26| 0390 8958 T 3 |45 | LomiTmr) i 105 -9
1.2 . 2 - . . — -
I3 0376 7256 808 4 0 49 ‘0; 58 3271 _lig g g ’(7;
1.30 | .0382 474 —80 1 4.8 . 0766 7585 -1 —
1.32 0338 143? _303 2 1 4.9 . 0770 4411 —1404 78 —6
1.34 . 0393 7316 —79 0
1.36 . 0399 2406 -—783 ? 1 gtl) g;;g gggff —iggg g —g
1.38 0404 670 —782 . . — -
6708 7 4 1 5.2 . 0780 6773 —1188 62 —4
1.40 | . 0410 0228 —1775 8 0 5.3 . 0783 8428 —1125 58 —4
1.42 . 0415 2973 —767 8 0 5. 4 . 0786 8958 —1067 54 —4
1. 44 0420 4951 —759 8
1.46 . 0425 6170 —750 9 8 gg -gggg 2‘5?8 —lgég 2; —g
1. 48 0430 6639 —742 . . - —
o 0 5.7 . 0795 4357 —915 44 -3
1. 50 0435 6366 —733 9 0 5.8 . 0798 0930 —870 42 -3
1. 52 0440 5360 —724 10 0 5.9 . 0800 6631 —829 39 —2
1.54 0445 3631 —714 10 0
1. 56 0450 1187 —704 10 0 2"1’ -833?5) ;22‘% —;gg gg —g
1. 58 0454 8039 —694 . . - -
10 0 6. 2 . 0807 8917 —719 32 —2
1. 60 0459 4197 —685 10 0 6. 3 . 0810 1527 —687 30 -2
1.62 0463 9670 —675 10 0 6. 4 . 0812 3451 —656 29 —1
1.64 0468 4467 —665 10 0
1. 66 . 0472 8600 —655 10 0 6.5 . 0814 4719 —627 27 —2
1.68 . 0477 2078 —644 10 0 6.6 . 0816 5360 —600 25 -2
6.7 . 0818 5400 —575 24 -1
1.70 . 0481 4912 —635 10 0 6.8 . 0820 4866 —551 23 -1
1.72 . 0485 7110 —625 10 0 6.9 . 0822 37381 —528 22 -1
1.74 . 0489 8685 —614 10 0
1.76 . 0493 9644 —605 10 0 7.0 . 0824 2168 —506 20 -1
1.78 . 0497 9999 —595 10 0 7.1 . 0826 0050 —486 20 -1
7.2 . 0827 7445 —466 18 -1
1.80 . 0501 9759 —585 10 0 7.3 . 0829 4375 — 448 18 -1
1. 82 . 0505 8934 —575 10 0 7.4 . 0831 0856 —430 17 -1
1. 84 . 0509 7534 — 566 10 0
1. 86 . 0513 5568 —556 10 0 7.5 . 0832 6907 —414 16 -1
1.88 . 0517 3046 —546 10 0 7.6 . 0834 2544 —398 15 -1
7.7 . 0835 7783 —383 14 -1
1. 90 . 0520 9979 7.8 . 0837 2639 —369 13 -1
7.9 . 0838 7125 —856 13 -1
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a 4 Al A FAN e -w A% A% al,
Q=-—0.1; tabular spacing =0.1—Continued Q=--0.1; tabular spacing=0.02
_ 0.00 | 0.0000 0000 4050 —7 —15
50 | 00840 1296 —3 12 9 .02 | .0000 2025 4043 —21 —14
: .08 | 0003 2259 3936 ~63 ~13
8 4 - 0845 4470 —297 10 -1
.10 | . 0005 0271 3874 —~75 —13
85 | 045 7003 —28 10 9 12| 0007 2157 3798 —87 —12
g5 085y 2963 I 3 0 .18 | . 0016 0242 3503 —118 —9
_ .20 | . 0019 6752 3385 —126 -8
>0 ] 0852 o5ae Toa2 8 ; .22 | 0023 6646 3258 |  —134 —7
o3 0854 917 ~ 228 s 0 24| 0027 9799 3125 —140 -6
: : - .26 | .0032 6077 2985 —145 —5
9.3 . 0855 7703 220 7 0 2 o037 St A i -3
9.4 . 0856 7970 —213 7 0 : -
_ .30 | .0042 7442 2691 —152 -3
oo | Qa7 8028 oot g S 132 | 0048 2235 2538 | —154 —2
o " 0850 7518 1ok i 0 .34 | 10053 9566 2385 —155 -1
' : .36 | 0059 9282 2230 —156 -1
9.8 . 0860 6966 —189 6 0
o 9 * 0861 6998 183 M o .38 | .0066 1228 2074 —154 +1
.40 | . 0072 5248 1920 —153 1
10.0 | .0862 5308 42| 0079 1189 1767 | —151 2
B 44 | . 0085 8896 1617 —148 3
=—0.1; tabular sacing=0.5 .46 | . 0092 8220 1469 —144 4
10.0 | 0.0862 5308 — 4455 599 —130 -48 1. 0099 9013 1325 | —140 4
10. 5 . 0866 8137 ~3856 497 —103 5ol o107 1130 1184 —136 4
11. 0 - 0870 7112 3359 415 81
11. 5 0874 2727 —2944 350 — 66 -52 | . 0114 4432 1048 —I31 5
120 . 0877 5398 —2504 206 —53 541 . 0121 8782 oL —126 5
- . 56 | .0129 4049 790 —121 6
12.5 . 0880 5476 —2298 253 —43 .58 | .0137 0107 670 —115 6
13.0 . 0883 3256 —2044 217 —36
13. 5 . 0885 8991 —1827 188 —30 .60 | .0144 6834
14. 0 . 0888 2900 —1640 163 —25
145 . 0890 5168 —1477 142 —21 PR ————
159 - 0892 5950 —1335 124 —17
15. - 0894 5416 —1210 110 —15 0.60 | 0.0144 6834 3478 |  —1654 215
16.0 - 0896 3662 —1101 96 —13 .65 | .0164 0837 1824 | —1437 217
16. 5 - 0898 0806 —1004 86 —1 .70 | . 0183 6663 +387 | —1225 212
17.0 . 0899 6947 —919 76 -9
17. 5 . 0901 2168 —843 68 —8 .75 . 0203 2876 —838 —1025 200
18.0 . 0902 6547 —775 61 —7 . 80 . 0222 8250 —1863 —841 184
18. 5 . 0904 0152 —714 55 —6 .85 | .0242 1761 —2704 —676 165
19.0 . 0905 3042 —659 49 -6 190 | .0261 2568 —3381 —531 146
19.5 . 0906 5274 —610 44 -5 .95 | . 0279 9994 —~3912 —404 127
20. 0 - 0907 6895 —566 40 —4 1.00 | .0298 3508 —4315 —295 108
20. 5 - 0908 7951 —525 36 —4 1.05 | .0316 2707 — 4610 —204 91
21.0 - 0909 8483 —489 33 -3 1.10 | .0333 7296 —4814 —127 77
21. 5 . 0910 8525 —455 30 -3 iy 63 64
1.15 | .0350 7071 941
22.0 - 0911 8112 —425 28 -2 1.20 | .0367 1905 —5004 —12 51
22. 5 . 0912 7274 —398 25 -2
23.0 . 0913 6039 —372 23 -2 1.25 | .0383 1735 —5016 +30 42
23. 5 - 0914 4431 —349 21 —2 1.30 | . 0398 6548 —4987 63 33
24. 0 . 0915 2475 —328 20 -2 1.35 | .0413 6375 — 4924 88 26
24. 5 . 0916 0190 —308 18 -2 140 | 0428 1218 4836 108 20
o | o) cmel ) zEp Tl UL
3 .0 4 — — _ 133 10
26.0 | .0918 1560 —258 14 -1 150 | - 0400 Bess 460 13 8
26.5 | . 0918 8146 T2 13 ! 1.60 | .0481 3687 —4330 145 4
27.0 | .0919 4489 —230 12 -1 1.65 | .0493 5622 —4185 147 +2
27. 5 . 0920 0602 —218 12 -1 1.70 | .0505 3372 — 4038 148 0
28. 0 . 0920 6497 —207 11 -1
285 . 0921 2185 —196 10 -1 1.75 | .0516 7085 —3890 147 —1
29. 0 . 0921 7677 —186 9 -1 1.80 | .0527 6907 —3744 144 -2
29. 5 . 0922 2983 -177 9 -1 1.85 | .0538 2985 —3599 142 -3
30.0 | .0022 8113 1.90 | . 0548 5464
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a -w A% A, A4y, @ -W a3, A%, at,
Q=-0.1; tabular epacing=0.1 Q=10.1; tabul =0.1—Continued
1. . — —

9 0. 0548 5464 1 3834 1087 56 50 | 00016 213 4% B 3:82 % i 3 %
2.0 . 0568 0188 —1 2747 1019 —68 81 . 0917 81 - -
2.1 . 0586 2165 | —1 1728 944 —75 8.2 - 0919 4366 — 380 13 -1
2.2 . 0603 2415 —1 0783 870 —74 8.3 - 0921 0223 —367 13 0
2.3 . 0619 1881 —9912 737 —73 8.4 . 0922 5713 —355 12 ~1
2.4 . 0634 1436 —9115 728 —69 8‘2 ‘09% 2842 42 . _(1)
2.5 . 0648 1874 — 8388 664 —64 8. - 0925 564 —331 11
2.6 . 0661 3925 —7724 604 —60 87 . 0927 0103 —320 11 0
2.7 . 0673 8253 —7120 549 —55 8.8 . 0928 4245 —310 10 -1
g. 8 . 0685 5461 —6570 500 —50 8.9 - 0929 8076 —300 10 0

.9 . 0696 6099 —6070 455 —45 0.0 '833% }ngg _ggo 3 8
3.0 . 0707 0666 — 5616 414 —41 9.1 . —281
3.1 . 0716 9617 —5202 377 —37 9.2 . 0933 7808 —272 9 0
3.2 . 0726 3367 —4824 344 —33 9.3 . 0935 0496 —264 8 -1
3.3 . 0735 2293 — 4480 314 —30 9.4 . 0936 2920 —256 8 0
3.4 . 0743 6738 —4166 287 —27
3.5 . 0751 7017 —3880 263 —24 9.5 . 0937 5088 —248 8 0
3.6 . 0759 3416 —3617 240 —22 9.6 - 0938 7007 —241 7 0
3.7 . 0766 6198 —3376 221 —20 9.9 - 0939 8686 —233 7 -1
3.8 . 0773 5603 —3156 203 —18 9.8 - 0941 0132 —227 7 0
3.9 . 0780 1853 —2953 186 —17 9.9 . 0942 1352 —220 6 0
4.0 . 0786 5149 —2767 171 —15 10.0 . 0943 2351
4.1 - 0792 5679 — 2596 158 —13
4.2 . 0798 3613 — 2437 146 —12
4.3 . 0803 9109 —2291 135 —11 Q=--0.1; tabular spacing=29.5
4.4 . 0809 2314 —2156 124 —10
4.5 . 0814 3364 —2032 116 —9 10.0 | 0.0943 2351 — 5352 713 —153
4.6 . 0819 2381 —1916 108 -8 10. 5 . 0048 4262 —4639 502 —120
4.7 - 0823 0482 —1808 100 -8 11.0 - 0953 1535 — 4046 496 —97
4.8 . 0828 4776 —1709 92 -7 11. 5 . 0957 4761 —3550 418 -78
49 . 0832 8360 —1616 86 —6 12.0 . 0061 4437 —3132 356 —63
5.0 . 0837 0328 —1530 81 —6 12.5 . 0965 0981 — 2777 304 —52
5.1 . 0841 0766 —1450 75 —6 13.0 . 0968 4748 —2473 261 —43
5. 2 . 0844 9754 —1375 70 —5 13.5 . 0971 6042 —2212 226 —35
5.3 . 0848 7368 —1305 66 —4 14.0 . 0974 5125 —1986 196 —30
5.4 . 0852 3676 —1239 61 -5 14.5 0077 2221 —1790 171 —25
5.5 . 0855 8746 —1178 57 —4 15.0 . 0979 7528 —1619 150 -21
5.6 . 0859 2637 —1121 54 -3 15.5 . 0082 1216 —1468 132 —18
5.7 . 0862 5407 —1067 50 —4 16. 0 . 0084 3436 —1336 117 —15
5.8 . 0865 7110 —1017 47 —3 16. 5 - 0986 4319 —1220 104 —~13
5.9 . 0868 7796 —970 45 —2 17.0 . 0988 3983 —1116 92 —11
6.0 . 0871 7513 —925 42 —3 17. 5 . 0990 2530 —1024 82 —-10
6.1 . 0874 6305 —883 40 -2 180 - 0992 0054 —941 74 -9
6. 2 . 0877 4213 —844 37 -3 185 - 0993 6636 — 868 66 -7
6.3 . 0880 1278 —807 35 -2 19.0 . 0995 2351 —802 60 —6
6.4 . 0882 7537 —772 33 -2 19.5 - 0996 7264 —742 54 -6
6.5 . 0885 3024 ~739 31 -2 20.0 . 0098 1435 —688 49 -5
6.6 . 0887 7772 —707 30 -2 20. 5 0999 4918 —639 44 —4
6.7 . 0890 1813 —678 28 -2 21.0 . 1000 7762 —595 40 -4
6.8 . 0892 5176 —650 26 -2 21.5 . 1002 0012 — 554 37 —4
6.9 . 0894 7889 —624 25 -1 22,0 . 1003 1707 —518 34 -3
7.0 . 0896 9978 —599 24 -1 22, 5 . 1004 2884 —484 31 -3
7.1 . 0899 1469 —575 22 -1 23.0 . 1005 3578 —453 28 -3
7.2 . 0001 2385 —552 21 -1 23.5 . 1006 3818 — 425 26 -3
7.3 . 0903 2749 —531 20 -1 24. 0 . 1007 3633 —399 24 -2
7.4 . 0905 2582 —511 19 -1 24. 5 . 1008 3048 —375 22 -2
7.5 . 0907 1904 —492 18 -1 25. 0 . 1009 2089 —353 20 -2
7.6 . 0909 0735 —473 18 -1 25. 5 .1010 0776 —333 19 -1
7.7 . 0910 9093 —456 16 -1 26. 0 .1010 9129 —314 18 —~1
7.8 . 0912 6995 —439 16 -1 26. 5 . 1011 7169 —297 16 -2
7.9 0014 4458 —423 15 -1 27.0 . 1012 4911 —281 15 -1




TaBLE 38.—Modified potential—Continued

NUMERICAL VALUES

OF

THE MODIFIED POTENTIAL 81

TasLe 38.—Modified potential—Continued

a -W A.’_‘ Ai‘ Ai’ [ -w Ail Ail Aig
Q@=+0.1; tabular spacing=0.5—Continued Q=-10.2; tabular spacing=0.05~—Continued
1.25 | 0.0783 2653 —9944 +38 84
27.5 | 0.1013 2373 —266 14 -1 1.30 | .0815 3075 —9907 105 68
28.0 - 1013 9569 —252 13 -1 1.35 . 0846 3591 —9802 158 53
28.5 - 1014 6513 =239 12 -1 1. 40 . 0876 4305 —9643 199 41
29.0 - 1015 3218 —227 11 -1 1. 45 . 0905 5376 — 0444 230 31
29. 5 . 1015 9697 —215 11 -1
1.50 | . 0933 7002 —9214 252 22
30.0 - 1016 5960 1. 55 . 0960 9414 — 8963 268 16
1. 62 .ogsg 221133 - gggg 278 10
oo _ 1.6 -1012 7 —841 283 6
@=102; tabuler spacing=0.02 1.70 | .1037 3953 —8i34 285 +1
0.00 | 0.0000 0000 8210 —14 —28 .75 .1061 2155 — 7850 284 -1
.02 | .0000 4105 8196 —143 —29 1.80 | .1084 2508 —7566 281 -3
.04 | .0001 6407 8153 —72 —28 1.85 | .1106 5295 — 7285 276 -5
.06 | .0003 6861 8081 —99 —28 1.90 | .1128 0798 —7009 270 —6
.08 | .0006 5396 7982 —126 —27 1.95 | .1148 9291 —6739 262 -7
.10 | .0010 1914 7856 —152 —26 2.00 | .1169 1044 — 6477 254 -8
.12 .0014 6287 7704 —175 —24 2.05| .1188 6321 —6223 246 -9
S14 | . 0019 8364 7529 —198 —23 2.10 | .1207 5375 — 5977 237 —8
16 | .0025 7971 7331 —219 —21 2.15 | .1225 8452 — 5740 229 -8
J18 | . 0032 4908 7112 —237 ~18
2.20 | .1243 5789
59| 10047 oges i I+ Tl
. . 004 4 6621 -2 -1 oz 1ab ——yy
24| 0056 7430 6353 —281 —12 Q=102 tabular spacing
.2 . 0066 1328 6072 —291 -
2.2 | 0.1243 5789 —2 2054 1721 —142
.28 . 0076 1299 5781 —300 -8 2.3 1277 4149 |  —2 0333 1583 —138
_ gg .gggg gggo 54% _388 _8 2.4 . 1309 2177 —1 8750 1450 —132
. . 2 51 -3 —4
321 0109 4590 1866 Z512 s 2.5 . 1339 1454 —1 7300 1326 —124
2.6 L1367 3432 —1 5974 1211 —115
©36 | .0121 5964 4555 —312 0
38 0134 1703 1913 ot 11 2.7 . 1393 9436 —1 4763 1105 ~106
. . 2.8 . 1419 0676 —1 3658 1008 —97
_ 43 '81 %7 1866 3933 —307 3 2.9 . 1442 8259 —1 2650 920 —88
4 . 0160 5871 3625 —303
a1 | 0174 3501 2999 e 6 3.0 . 1465 3191 —1 1730 839 —80
3.1 . 1486 6393 —1 0891 767 —72
45| o188 L 3925 -2 ! 32 | 1506 8704 | —1 0124 702 —66
: - Uele 3.3 . 1526 0892 —0422 642 —60
' 53 '8317 51 43 34?2 _2(754 3 3.4 . 1544 3657 —8780 588 —54
.5 - 0232 431 178 —264 1
2l 0247 5653 1914 Zand 10 3.5 . 1561 7644 —8192 539 —49
3.6 . 1578 3438 — 7652 496 —44
.56 | .0262 8911 1660 —244 10 57 1504 1580 Ziien 150 ~ %0
.58 | .0278 3828 1416 —233 11 . .
3.8 . 1609 2565 —6701 419 —37
) - 0309 96 —211
oa | 0825 6154 799 109 12 4.0 . 1687 4852 — 5895 357 —30
41 . 1650 6960 — 5538 320 —27
-66) . 0341 5379 550 —189 1 42 1663 3528 — 5209 305 —25
-B8 | .0357 5154 361 —178 11 -
43 .1675 4888 — 4904 282 —22
70| 0373 5289 4.4 . 1687 1343 — 4622 262 —21
e8| mmeam ocemloml oo
o9 o 4.6 1709 064 —41 -1
@=+0.2; tabular spacing =0.05 47 T1719 4002 — 3802 210 —16
4.8 1729 3464 — 3682 195 —14
0.70 | 0.0373 5289 +1175 —2482 424 4.9 1738 9244 — 3487 182 -13
.75 1 L0413 6069 —1306 —2082 400 5.0 . 1748 1537 —3305 170 -12
.80 | .0453 5542 —3388 —1714 368 5.1 . 1757 0526 —3135 159 —11
.85 | .0493 1628 —5102 —1383 331 5.2 . 1765 6379 —2076 149 -10
.00 | . 0532 2611 — 6485 —1091 202 5.3 1773 9258 — 2827 139 -10
-85 | .0570 7109 — 7577 —837 254 5 4 . 1781 9309 — 2688 130 -8
1.00 | .0608 4030 ~8414 —618 218 5.5 . 1789 6672 — 2558 122 -8
1.05 | .0645 2537 -9032 —434 184 5.6 L1797 1477 —2436 115 -8
1.10 | .0681 2013 —~ 0466 —280 154 5.7 . 1804 3846 —2321 107 -7
.15 | .0716 2023 — 0746 —151 129 5.8 1811 3895 —2214 101 -6
1.20 | .0750 2286 — 9807 —47 104 5.9 - 1818 1730 —2112 95 —6
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a -w A% A} Al e -w al, A%, Al
Q=+-0.2; tabul ing =0.1—Continued Q=+0.2; tabular spacing=0.5—Continued
6.0 . 1824 7453 —2017 90 —~6 12.5 0. 2032 6097 —6191 674 —114
6.1 . 1831 1159 —1927 85 -5 13.0 . 2040 1733 — 5517 580 —-94
6.2 . 1837 2939 —1842 80 -5 13.5 . 2047 1852 —4937 502 —78
6.3 . 1843 2876 ~1762 75 -5 14.0 . 2053 7034 ~ 4436 436 —66
6. 4 . 1849 1050 —1687 71 -4 14.5 . 2059 7780 -— 3999 381 —55
6. 5 . 1854 7537 —1616 68 -3 15.0 . 2065 4527 —3618 334 —47
6.6 . 1860 2408 —1549 64 -4 15. 5 . 2070 7656 —3284 294 —~40
6.7 . 1865 5729 —1485 60 -4 16.0 . 2075 7500 —2990 260 —34
6.8 . 1870 7566 —1425 57 -4 16. 5 . 2080 4355 —2729 231 —29
6. 9 . 1875 7978 —1368 54 -2 17.0 . 2084 8480 — 2498 206 —26
7.0 . 1880 7022 —1314 52 -3 17.5 . 2089 0107 —2292 184 —22
7.1 . 1885 4752 —1262 49 -3 18.0 . 2092 9442 —2109 165 —19
7.2 . 1890 1220 —1214 46 -3 18.5 . 2096 6668 —1044 148 -17
7.3 . 1894 6474 —1168 44 -2 19.0 . 2100 1950 —-1796 133 —15
7.4 . 1899 0561 —1123 42 -3 19.5 . 2103 5436 —1663 121 —-12
7.5 . 1903 3524 —1082 40 -2 20.0 . 2106 7259 —1542 109 —-11
7.6 . 1907 5406 —1042 38 ~1 20. 5 . 2109 7541 —1433 99 -10
7.7 . 1911 6246 ~1004 36 ~2 21.0 . 2112 6390 —1334 90 -9
7.8 . 1915 6083 —968 34 —2 21.5 . 2115 3905 —1243 82 -8
7.9 . 1019 4952 —933 33 -1 22.0 . 2118 0177 -1161 75 -7
8.0 . 1923 2888 —-901 32 -1 22. 5 . 2120 5287 —1086 69 —6
81 . 1926 9923 — 869 30 -2 23.0 . 2122 9312 —1017 63 -6
8.2 . 1930 6088 — 839 28 —2 23.5 . 2125 2320 —954 58 —~5
8.3 . 1934 1415 —811 27 -1 24.0 . 2127 4373 —896 54 -4
8.4 . 1937 5931 —783 26 -1 24. 5 . 2129 5531 —842 49 -4
8.5 . 1940 9664 —757 25 -1 25.0 . 2131 5847 —793 45 -4
8.6 . 1944 2640 —732 24 -1 25. 5 . 2133 5369 —748 42 -3
8.7 . 1947 4883 - 708 23 -1 26. 0 . 2135 4143 - 706 39 -3
8.8 . 1950 6418 —686 22 -1 26. 5 . 2137 2212 — 667 36 -3
8.9 . 1953 7267 —664 21 -1 27.0 . 2138 9614 —630 33 -3
9.0 . 1956 7452 —643 20 0 27.5 . 2140 6386 —597 32 -2
9.1 . 1959 6995 —622 19 -1 28.0 . 2142 2561 — 566 29 -2
9.2 . 1962 5916 —603 18 —1 28. 5 . 2143 8170 —536 27 -2
9.3 . 1965 4233 — 585 18 -1 29.0 . 2145 3243 —509 25 -2
9.4 . 1968 1965 —567 17 0 29.5 . 2146 7807 —484 24 -2
9.5 . 1970 9130 —550 16 -1 30.0 . 2148 1886
9.6 . 1973 5746 ~ 534 16 -1
9.7 .1976 1827 518 15 -1
9.8 . 1978 7391 ~503 15 0 Q@=-+0.3; tabular spacing=0.02
9.9 . 1981 2453 —488 14 -1
100 | . _ _ 0.00 | 0.0000 0000 1 2492 —22 —14
10.0) . 1983 7026 i 13 5 .02 | .0000 6246 1 2470 —65 —43
10. 2 . 1988 4764 — 448 13 0 .04 . 0002 4963 1 2406 —108 —43
10. 3 1990 7955 — 435 12 -1 . 06 . 0005 6085 1 2298 —~150 —42
10. 4 .1993 0711 — 423 11 0 . 08 . 0009 9505 1 2148 —190 —40
0.5 | 1995 3044 _ .10 | . 0015 5073 1 1959 —298 —39
12 | 1300 soes 7 u S 12| 0022 2600 1 1731 — 264 —36
10. 7 -1999 6487 — 389 10 0 14 . 0030 1858 1 1466 —208 —33
10. 8 . 2001 7618 —379 10 —1 .16 . 0039 2582 1 1169 —329 -32
10. 9 . 2003 8371 — 369 10 0 .18 . 0049 4474 1 0839 —358 —28
1. . 20 _ . 20 . 0060 7206 1 0482 —~382 —24
1.9} . 2005 8754 —3% 1 9 22| 0073 0419 10100 | —404 —22
11. 2 . 2009 8453 —341 9 0 .24 . 0086 3733 9696 —423 —-19
11.3 . 2011 7786 —332 8 0 .26 . 0100 6742 9272 —438 —15
11. 4 192013 6787 —324 8 0 .28 . 0115 9023 8834 —451 -13
. 30 . 0132 0138 8383 —~ 460 -9
11.5 - 2015 5464 .32 . 0148 9635 7922 —466 —6
.34 . 0166 7055 7456 —470 -3
@=-+0.2; tabular spacing=0.5 "36 | .0185 1931 6987 —470 -1
. 38 . 0204 3794 6517 — 468 +2
11. 5 . 2015 5464 - 7904 926 —-170 . 40 . 0224 2174 6049 —463 4
12.0 . 2024 4270 - 6978 787 —139 . 42 . 0244 6603 5585 —457 6
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a -W Al Al AL, a -w A Al Ay
Q=-0.3; tabular spacing=0.02—Continued Q=--0.3; tabular spacing=0.95—Continued
0. 44 . 0265 6617 5128 — 448 9 2.10 | 0.1868 9082 —9133 350 —12
. 46 . 0287 1759 4680 — 438 10 2.15 . 1898 0546 —8784 336 -13
. 48 . 0309 1582 4242 —42 1
427 2 2.20 . 1926 3225
. gg . (())ggl 3235 3815 —414 13
. . 4 4 401 —400 14 —-0.3; ing =
; gg : 8%[7) 333@ 3002 — 385 15 Q=-0.3; tabular spacing=0.1}
. . 2617 —369 16
— 2.2 0. 1926 3225 —3 3801 2544 -—199
(58] . 0424 5985 2248 353 161 93 | 1980 3568 | —3 1257 2348 —195
.60 . 0448 5132 1895 336 16 2.4 . 2031 2652 —2 8909 2159 —190
| i oaE g | 3 37 2.5 | .2079 2828 | —2 6750 1980 —179
66 | 0521 2618 %37 o 16 2.6 | .2124 6254 | —2 4770 1815 —165
. 68 . 0545 7396 650 —9270 17 2.7 . 2167 4910 —2 2955 1661 —154
2.8 . 2208 0610 —2 1294 1520 —142
.70 . 0570 2825 381 —9253 16 2.9 . 2246 5016 —1 9775 1391 —128
.72 . —
ARt RtT 4 B 1 3.0 | .2282 9648 | —1 8383 1274 —117
.76 . 0644 0399 —331 —9207 15 3.1 . 2317 5896 —1 7110 1167 —107
.78 . 0668 5895 —538 —192 15 3.2 . 2350 5034 —1 5942 1070 —97
3.3 . 2381 8231 —1 4872 982 —88
.80 | .0693 0854 —729 —178 14 3.4 - 2411 6555 | —1 3890 902 —80
82| 0717 50 — —
82 T ok 4 T 1 3.5 | .2440 0990 | —1 2987 830 —73
.86 | .0766 0659 —1222 —138 13 3.6 - 2467 2436 | —1 2158 764 —66
.88 | .0790 1689 —1360 —127 12 3.7 -2403 1726 | —1 1394 704 —60
3.8 . 2517 9621 —1 0689 650 —55
.90 0814 1359 — 1487 —116 i1 3.9 . 2541 6827 —1 0040 600 —49
RIA - —
92| 0837 hea2 — 1802 195 u 40 | . 2564 3993 —9440 555 —45
.06 . 0885 0997 —1802 -85 10 4.1 . 2586 1720 — 8884 514 —41
98 . 0908 4069 —1887 —76 8 4.2 . 2607 0562 —8370 476 —38
4.3 . 2627 1034 —7894 442 —34
1. 00 . 0931 5254 —1963 —68 9 4.4 . 2646 3611 — 7452 411 —31
10 : — —
12| -haok tans et -9 8 45 | .2664 8737 —7041 382 —29
1. 06 . 0999 6765 —92144 —46 7 4.6 . 2682 6821 — 66569 356 —27
1.08 | .1021 9721 —2190 —39 7 4.7 - 2699 8246 —6304 332 —24
4.8 . 2716 3367 —5972 309 —23
1. 10 . 1044 0486 —99929 —33 6 49 . 2732 2517 — 5663 289 —20
1. . — —
L1z 1065 9023 2262 -8 2 50 | .2747 6004 —5374 270 —19
1. 16 . 1108 9282 —9313 —18 5 5.1 . 2762 4117 —5104 253 —18
1. 18 . 1130 0954 —2331 —13 5 5.2 . 2776 7126 —4851 236 —16
5.3 . 2790 5284 —4615 222 —14
1. 20 L1151 0295 5.4 . 2803 8827 —4393 208 —13
5.5 . 2816 7977 —4185 196 —13
Q@=-+0.3; tabular spacing=0.05 5.6 . 2829 2942 —3989 184 —12
5.7 . 2841 3918 —3805 173 —11
5.8 . 2853 1089 —3633 163 —10
1. 20 . 1151 0295 —1 4640 —107 159 59 . 2864 4628 — 3470 154 -9
1.25 . 1202 3372 —1 4748 +22 129 6.0 . 2875 4696 —3316 145 —9
1. 30 . 1252 1702 —1 4726 125 103 6.1 . 2886 1448 —3172 136 —8
1. 35 . 1300 5306 —1 4601 207 82 6.2 . 2896 5028 —3035 129 -7
1. 40 . 1347 4308 —1 4394 270 63 6.3 . 2906 5573 —2906 122 —~7
1. 45 . 1392 8917 —1 4124 318 48 6. 4 . 2916 3211 —2785 115 —6
1. 50 . 1436 9402 —1 3806 353 35 6.5 . 2925 8065 —2669 109 —6
1. 55 . 1479 6082 —1 3452 379 26 6. 6 . 2935 0250 —2560 103 —6
1. 60 . 1520 9309 —1 3073 396 16 6.7 . 2943 9874 —2457 98 -5
1. 65 . 1560 9464 —1 2678 406 10 6. 8 . 2952 7041 —2359 93 —5
1.70 . 1599 6940 —1 2272 410 +4 6.9 . 2961 1849 —2266 88 -5
1.75 . 1637 2146 —1 1861 410 0 7.0 . 2969 4391 —2178 84 -5
1. 80 . 1673 5490 —1 1451 407 —3 7.1 . 2977 4755 —2094 80 —4
1.85 . 1708 7383 —1 1044 401 -6 7.2 . 2085 3025 —2015 76 —4
1. 90 . 1742 8232 —1 0643 393 —8 7.3 . 2992 9280 —1939 72 —4
1. 95 . 1775 8439 —1 0250 383 —9 7.4 . 3000 3595 —1868 69 -3
2. 00 . 1807 8396 — 9866 372 —11 7.5 . 3007 6043 —1799 65 —4
2. 05 . 1838 8486 —0494 361 ~12 7.6 . 3014 6692 —1734 62 -3
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e -W A Al aly a -w Al A% al,
Q=+ 0.3; tabular spacing=0.1—Continued Q=-0.3: tabul ing=0.5—Continued
7.7 0. 3021 5607 —1672 59 —2 20. 0 0. 3353 1637 —2629 186 —19
7.8 . 3028 2851 —1612 57 —3 20. 5 . 3358 3406 —2443 168 —17
7.9 . 3034 8482 —1556 54 -3 21.0 . 3363 2733 —2275 154 —15
2.5 . 3367 9784 —2121 140 —14
80 . 3041 2557 — 1502 51 -2 22.0 . 3372 4715 —1981 128 —12
81 . 3047 5130 — 1450 49 —2
8.2 . 30563 6253 —1402 47 -2 22. 5 . 3376 7664 — 1853 117 —11
8.3 . 3059 5975 —1354 45 —2 23.0 . 3380. 8759 —1736 108 —10
8.4 . 3065 4342 —1309 42 -2 23. 5 . 3384 8119 — 1629 99 —8
24,0 . 3388 5849 —1530 91 —8
85 . 3071 1400 — 1267 41 —1 24. 5 . 3392 2050 —1439 84 -7
8.6 . 3076 7192 — 1225 40 -1
8.7 . 3082 1758 —1186 38 -2 25.0 . 3395 6812 — 1355 7 —6
8.8 . 3087 5139 —1148 36 -2 25.5 . 3399 0219 —1278 72 —6
89 . 3092 7372 —1112 35 —1 26.0 . 3402 2348 —1206 67 —5
26. 5 . 3405 3272 —1139 62 —5
9.0 . 3097 8493 —1077 33 -1 27.0 . 3408 3057 —1077 57 —4
9.1 . 3102 8537 —1044 32 -1
9.2 . 3107 7537 —1012 31 -2 27. 5 . 3411 1764 —1020 53 —4
9.3 . 3112 5526 —081 29 —1 28.0 . 3413 9451 — 967 50 —4
9.4 . 3117 2533 —952 28 -1 28. 5 . 3416 6172 —917 46 —4
29. 0 . 3419 1976 —871 43 —3
9.5 . 3121 8589 —924 28 -1 29. 5 . 3421 6909 — 826 40 —3
9.6 . 3126 3721 —896 26 -1
9.7 . 3130 7958 —870 25 —1 30.0 . 3424 1014
9.8 . 3135 1324 —845 24 -1
9.9 . 3139 3845 —820 23 -1
Q=-10.4; tabular spacing=0.02
10. 0 . 3143 5546
0. Og 0. 0888 2000 1 69%0 — gg ——52
=-+0.3; tabular ing=0.2 .0 .0 455 1 6881 - —5
o+ spacing 04| 0003 3791 16794 | —144 —57
.06 . 0007 5922 1 6650 —200 —56
10. 0 0. 3143 5546 —3190 176 —14 .08 . 0013 4702 1 6450 —254 —54
10. 2 . 3151 6578 —3014 164 —12
10. 4 . 3159 4596 —2850 152 —12 .10 . 0020 9932 1 6196 — 305 —51
10. 6 . 3166 9764 —2698 142 —10 12 . 0030 1358 1 5891 —354 —48
10. 8 . 3174 2233 —2557 132 —10 .14 . 0040 8674 1 5537 —399 —45
.16 . 0053 1529 1 5139 —440 —42
11.0 . 3181 2146 —2425 123 —9 .18 . 0066 9522 1 4698 —478 —38
11.2 . 3187 9634 —2302 115 -—8
11.4 . 3194 4819 —2187 108 -7 .20 . 0082 2214 1 4220 —512 —34
11. 6 . 3200 7818 —2080 100 -7 .22 . 0098 9125 1 3708 —541 —30
11.8 . 3206 8737 —1979 94 —6 .24 . 0116 9745 1 3167 — 566 —25
.26 . 0136 3532 1 2601 —588 —21
12.0 . 3212 7677 — 1885 88 —6 .28 . 0156 9919 1 2013 —604 —16
12. 2 . 3218 4732 —1796 83 ~5
12. 4 . 3223 9990 —1714 78 ~5 .30 . 0178 8320 1 1409 —616 —12
12. 6 . 3229 3535 — 1636 73 -5 .32 . 0201 8130 1 0793 —625 —8
12. 8 . 3234 5445 — 1562 69 —4 .34 . 0225 8732 1 0168 —629 —4
. 36 . 0250 9503 9539 —630 0
13.0 . 3239 5792 . 38 . 0276 9813 8909 —627 +2
40 . 0303 9033 8282 —622 6
Q=--0.3; tabular spacing=0.5 42 . 0331 6534 7660 —613 9
44 . 0360 1696 7048 — 602 11
46 . 0389 3906 6446 —588 14
13.0 0. 3239 5792 —9343 975 —157 48 . 0419 2562 5858 —573 16
13. 5 . 3251 5268 —8368 845 —130
14.0 . 3262 6377 — 7523 735 —110 .50 . 0449 7075 5285 —555 17
14. 5 . 3272 9962 — 6788 643 —92 .52 . 0480 6873 4730 —537 19
. 54 . 0512 1401 4193 —517 20
15.0 . 3282 6759 —6145 565 —78 . 56 . 0544 0122 3676 —496 21
15. 5 . 8291 7412 — 5580 498 —67 . 58 . 0576 2520 3180 —475 22
16.0 . 3300 2484 — 5083 441 —57
16. 5 . 3308 2473 —4642 391 —49 . 60 . 0608 8097 2705 —453 22
17.0 . 3315 7820 —4251 348 —43 . 62 . 0641 6379 2252 —430 22
.64 . 0674 6914 1822 —408 22
17. 5 . 3322 8917 —3902 312 —37 . 66 . 0707 9271 1414 —386 22
18.0 . 3329 6111 — 3591 280 —32 . 68 . 0741 3041 1028 —364 22
18. 5 . 3335 9714 —3311 251 —28
19.0 . 3342 0006 —3060 226 —25 .70 . 0774 7840 664 —342 22
19.5 . 3347 7238 —2834 205 —22 .72 . 0808 3303 322 —321 21
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[ -w Ay Al Aty a -w Al Al Aty
Q=+0.4; tabular spacing=0.02—Continued Q=--0.4; tabular spacing=0.1
0.74 | 0.0841 9088 9 -3 21 2.5 0. 2876 7315 —3 6737 2619 —226
.76 . 0875 4875 —;;)8 _238 20 2.6 . 2941 8498 —3 4118 2407 —212
.78 0909 0364 —578 —260 19 2.7 . 3003 5563 —3 1712 2210 —197
2.8 . 3062 0916 —2 9502 2029 —181
.80 . 0942 5274 —838 —9241 19 2.9 . 3117 6767 —2 7472 1864 —166
.82 . 0975 9347 —107 —22 18
.84 . 1009 2340 _1303 _20(?; 17 3.0 . 3170 5146 —2 5608 1711 —152
. 86 . 1042 4031 —1508 —189 17 3.1 . 3220 7917 —2 3897 1573 —139
.88 . 1075 4214 —1697 —173 16 3.2 . 3268 6791 —~2 2324 1446 —126
3.3 . 3314 3340 —2 0878 1331 —115
.00 . 1108 2700 —1870 —158 15 3.4 . 3357 9011 —1 9547 1227 —104
S92 | .1140 9316 —2028 —144 1
.04 . 1173 3904 —2172 —130 12 3.5 . 3399 5134 —1 8321 1131 —96
.06 . 1205 6320 — 2303 —118 13 3.6 . 3439 2937 —1 7190 1044 —88
. 08 . 1237 6433 — 2420 —106 12 3.7 . 3477 3551 —1 6146 965 —79
3.8 . 3513 8018 —1 5181 893 —72
1. 00 L1269 4125 —925%6 —94 11 3.9 . 3548 7305 —1 4288 826 —66
1. 02 . 1300 9292 —2621 —84 11
1.04 | .1332 1838 —2705 —74 10 4.0 . 3582 2303 —1 3462 766 —60
1. 06 . 1363 1679 —92779 —65 9 4,1 . 3614 3839 —1 2696 712 —55
1.08 | .1393 8741 —2844 —56 8 4.2 - 3645 2680 |  —1 1984 661 —50
4.3 . 3674 9535 —1 1323 614 —47
1. 10 . 1424 2960 — 2000 —48 8 4.4 . 3703 5068 -—1 0709 572 —42
1.12 | 1454 4278 —2048 —41 7
1. 14 . 1484 2649 — 2089 —34 7 4.5 . 3730 9891 —1 0137 533 —39
1. 16 . 1513 8031 —3023 —27 6 4.6 . 3757 4578 —9603 498 —36
1. 18 1543 0390 —3050 —929 6 4.7 . 3782 9661 —9106 465 —33
4.8 . 3807 5639 —8641 434 —30
1. 20 . 1571 9699 —3072 —16 5 4.9 . 3831 2976 —8206 406 —28
1.22 | 1600 5936 —3088 —11 5
1. 24 . 1628 9086 —3099 —6 5 5.0 . 3854 2106 — 7800 381 —26
1. 26 . 1656 9136 —3105 -2 4 5.1 . 3876 3437 —7419 357 —23
1. 28 . 1684 6082 —3107 42 4 5.2 . 3897 7348 —7062 335 —22
5.3 . 3918 4197 —6727 314 —21
1.30 L1711 9920 —3105 5 4 5.4 . 3938 4320 —6412 295 —19
1.32 | .1739 0653 —3100 9 3
1.34 . 1765 8286 —3091 12 3 5.5 . 3957 8030 —6117 278 —17
1. 36 . 1792 2828 —3080 14 2 5.6 . 3976 5623 —5839 262 —16
1. 38 . 1818 4290 —3065 17 3 5.7 . 3994 7377 —5576 247 —15
5.8 . 4012 3555 —5330 232 —15
1. 40 . 1844 2687 5.9 . 4029 4403 —5097 220 —12
— PE— 6.0 . 4046 0153 —4878 208 —12
Q=1+04; tabular spacing—0.05 6.1 | .4062 1026 —4670 196 —12
1.40 | 0.1844 2687 | —1 9046 319 87 2; § : 1833 5333 :ﬁgg i?g —_3%
1.45 . 1907 5385 —1 8728 386 67 6 4 - 4107 6399 —41138 166 —10
1. 50 . 1968 9355 —1 8342 436 50 — —
1.55 | .2028 4984 | —1 7905 472 36 5o -4l orat e 18 ~s
1. 60 . 2086 2707 —1 7433 498 25 6.7 . 4149 4699 — 3640 142 -8
1. 65 . 2142 2998 —1 6935 513 16 6.8 L4162 6651 —3498 135 -7
1.70 . 2196 6353 —1 6422 521 8 6.9 L4175 5105 -3363 128 -7
1.75 . 2249 3286 —1 5901 524 +2 — —
180 | 2300 4318 | —1 5377 521 B O e+ R i 138 e
1.85 | 2349 0073 | —1 4856 515 —6 ' - Z
7.2 . 4212 0790 2998 110 6
1. 90 . 2398 0772 —1 4340 506 -9 7.3 . 49293 6533 — 9888 105 —5
1. 95 . 2444 7231 —1 3834 496 —-11 7. 4 . 4234 9388 — 92783 100 -5
2.00 . 2489 9856 —1 3338 483 —13 — —
2.05 | 2533 9143 | —1 2856 469 —14 [ 28 o809 2888 i =2
2. 10 . 2576 5574 —1 2387 454 —14 77 4267 1647 —92497 87 —4
2.15 . 2617 9618 —1 1933 439 —15 7.8 " 4277 3950 —2410 33 —4
2. 20 . 2658 1729 —1 1494 424 —16 7.9 " 4987 3849 —9397 79 —4
2. 25 . 2697 2346 —1 1070 408 —16 — —
2,30 | 2735 1894 | —1 0662 393 Tis | 80| -Budema| I3 » ~5
2. 35 . 2772 0779 —1 0269 377 —16 8 2 4315 9868 —2100 69 -3
2. 40 . 2807 9395 —9892 363 —15 8. 3 " 4325 0911 —92031 66 —4
2.45 . 2842 8120 —9529 348 —14 8 4 - 4333 9923 —1965 64 —2
2.50 | . 2876 7315 8.5 . 4342 6970 —1902 61 -3
8.6 . 4351 2115 —1841 58 -3
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@ -w Ay A o a -w 2, o sy
Q=+0.4; tabular spacing=0.1—Continued Q=1-0.4; tabular spacing=0.5—Continned
8.7 | 0. 4359 5419 —1783 56 —2 23.5 | 0.4825 5487 —2518 152 —13
8.8 | .4367 6940 —1727 54 —2 240 | 4831 3995 —2366 140 —12
8.9 | 4375 6735 —1673 52 —2 24.5 | 4837 0138 — 2225 129 —11
9.0 | .4383 4856 —1622 49 —2 25.0 | 4842 4056 —2096 120 ~10
9.1 | .4391 1355 —1573 47 —2 25.5 | . 4847 5877 —1976 111 —9
9.2 | 4398 6281 —1526 46 —2 26.0 | 4852 5723 — 1866 102 —8
9.3 | 4405 9682 —1480 44 —2 26.5 | 4857 3702 —1763 95 —7
9.4 | .4413 1603 —1436 42 —2 27.0 | 4861 9919 —1668 88 —7
9.5 | .4420 2088 —1394 40 —2 27.5 | .4866 4468 —1579 82 —6
9.6 | .4427 1179 —1354 39 —2 280 | 4870 7437 —1497 77 —6
9.7 | 4433 8916 —1315 37 —2 285 | 4874 8910 —1420 72 -5
9.8 | 4440 5339 —1277 36 —1 20.0 | 4878 8962 —1349 67 -5
9.9 | .4447 0484 —1241 35 -1 20.5 | .4882 7665 —1282 63 —14
10.0 | .4453 4388 30.0 | . 4886 5086
Q=-10.4; tabular spacing=90.2 Q=-0.5; tabular spacing=0.02
10.0 | 0.4453 4388 — 4827 263 —21 0.00 | 0.0000 0000 2ia2l 3% -
10,4 | 4477 8266 —4320 227 —~17 0a | 0009 oazo 25| o T
10.6 | . 4489 3603 — 4093 212 ~16 ool T 00ls 1iat 2 0008 | T3 a8
10,8 | 4500 4847 —388]1 108 —~14 : '
1.0 | .4511 2209 —3684 184 —13 191 - Q026 o716 20080 3 —o1
1.2 | 4521 5888 —3499 172 —12 i Bt T 0| 5 -
1.2 1 - 4581 5068 — 381 162 - .16 0067 5396 19260 | —553 —52
L8| i 22l —3168 11 19 18| 0085 0791 18707 | —600 —47
.20 | . 0104 4892 18107 | —642 —42
1220 | .4559 7283 —2872 133 -9
122 | 4568 5084 —2739 125 —8 AR e -3
128 | -3 o — 2614 118 -7 “26 | .0173 3235 16074 | —737 —26
> | s 2%t e ey - 28| .0199 5768 15337 | —758 —21
13.0 | .4601 0115 —2281 98 —6 30| 0227 3638 S =
13. 2 . 4608 5401 —2183 93 —6 Y ' 0287 2340 1 3020 —790 —6
13. 4 . 4615 8504 —2090 88 -5 ‘36 0319 1613 1 2229 —791 —1
13.6 - 4622 9517 —2002 83 1 .38 | .0352 3115 1 1438 —788 +3
13.8 | 4629 8528 —1920 78 —4 : :
1o | s so0 ol omae| mel —ml
i) el om oo o
0k ng— : . 8340 | —740 1
Q@=-+0.4; tabular spacing=0.5 48| 0533 6554 7600 | —721 19
140 | 0.4636 5619 | —1 1518 1116 —164 .50 | . 0572 5050 6880 | —700 21
145 | .4652 5455 | —1 0402 977 —139 52| 0612 0426 6180 |  —676 23
54| .0652 1981 5504 |  —651 25
15.0 | . 4667 4889 —9424 860 —118 .56 | .0692 9041 4852 |  —625 26
15.5 | 4681 4898 —8565 758 —102 .58 | 0734 0952 4227 | —599 26
16.0 | . 4694 6343 —7807 672 —86
16.5 | . 4706 9980 —~7135 598 —74 .60 | . 0775 7091 3628 |  —571 28
17.0 | 4718 6483 —6538 533 —65 162 | .0817 6858 3057 |  —544 28
164 | .0859 9681 2513 |  —516 28
17.5 | . 4729 6447 — 6005 476 —56 .66 | .0902 5018 1997 | —488 28
18.0 | . 4740 0407 —5529 428 —149 .68 | .0945 2351 1509 |  —460 28
18.5 | . 4749 8837 —5101 385 —43
19.0 | . 4759 2167 — 4716 347 —38 .70 | . 0988 1194 1049 | —433 27
19.5 | 4768 0781 — 4369 314 —33 72| 11031 1085 615 |  —406 27
74| 11074 1591 +209 | —381 26
20.0 | . 4776 5026 — 4055 285 —30 276 | L1117 2306 ~172 |  —355 26
20.5 | . 4784 5216 —3770 259 —26 78| .1160 2849 —527 | —331 24
21,0 | . 4792 1636 —3511 236 —23
21,5 | 4799 4545 —3275 215 —21 .80 | .1203 2865 —858 |  —307 24
22.0 | 4806 4178 —3060 197 ~18 .82 | .1246 2023 —1165 | —285 23
.84 | 11289 0015 —1450 |  —263 22
22.5 | .4813 0751 — 2864 180 ~16 .86 | 1331 6558 —1713 | —242 21
23.0 | 4819 4460 —2683 165 —15 .88 | 1374 1387 —1955 | —222 20
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a -w A’.] A'., Ai, [ -w A’.; All A‘_’
Q=-10.5; tabular spacing =0.02~Continued Q=-0.5; tabular spacing =0.05—Continued
0.90 | 0.1416 4263 —2177 —204 19 2.75 | 0.3954 3768 —9903 336 —14
.92 . 1458 4961 — 2380 — 185 18 2. 80 . 3993 7162 — 0568 322 —13
.94 . 1500 3280 —2566 —168 17 2. 85 . 4032 0989 —9245 309 —13
.96 . 1541 9032 —2734 —153 16 2. 90 . 4069 5571 — 8936 297 —13
.98 . 1583 2051 — 2887 —138 15 2,95 . 4106 1217 — 8639 285 —12
1. 00 . 1624 2183 — 3024 —124 14 3. 00 . 4141 8224
1. 02 . 1664 9291 —3148 —110 13
1. 04 . 1705 3250 —3258 —08 12
1. 06 . 1745 3952 — 3356 —86 12 Q=-140.5; tabular spacing=0.1
1. 08 . 1785 1298 —3442 —75 11
1. 10 . 1824 5202 —3517 —65 10 3.0 0. 4141 8224 —3 3428 2145 —184
1. 12 . 1863 5588 — 3583 —56 9 3.1 . 4210 7449 —3 1283 1977 —168
1. 14 . 1902 2392 —3639 —47 9 3.2 . 4276 5391 —2 9306 1824 —153
1. 16 . 1940 5557 —3686 —39 8 3.3 . 4339 4028 —2 7482 1684 —140
1. 18 . 1978 5036 —3725 —32 7 3.4 . 4399 5184 —2 5798 1556 —128
1. 20 . 2016 0791 —3756 —25 7 3.5 . 4457 0541 —2 4242 1439 —117
1. 22 . 2053 2790 —3781 —18 6 3.6 . 4512 1657 —2 2803 1332 —107
1. 24 . 2090 1008 —3799 —12 6 3.7 . 4564 9969 —2 1471 1234 —97
1. 26 . 2126 5427 —3811 -7 5 3.8 . 4615 6810 —2 0237 1145 —89
1. 28 . 2162 6034 —3818 -2 5 3.9 . 4664 3414 —1 9092 1063 —82
1.30 . 2198 2824 — 3820 +3 5 4.0 L4711 0926 —1 8029 988 —75
1. 32 . 2233 5793 — 3817 7 4 4,1 . 4756 0408 —1 7041 920 —68
1. 34 . 2268 4945 —3810 11 4 4.2 . 4799 2849 —1 6121 856 —63
1. 36 . 2303 0287 — 3800 14 4 4.3 . 4840 9169 —1 5265 798 —58
1. 38 . 2337 1829 —3786 17 3 4.4 . 4881 0224 —1 4466 745 —53
1. 40 . 2370 9585 — 3768 20 3 4.5 . 4919. 6813 —1 3721 697 —49
1. 42 . 2404 3572 —3748 23 3 4.6 . 4956 9680 —1 3025 651 —46
1. 44 . 2437 3812 —3725 25 2 4.7 . 4992 9523 —1 2374 609 —42
1. 46 . 2470 0326 —3700 27 2 4.8 . 5027 6992 —1 1764 571 —38
1. 48 . 2502 3140 —3673 29 2 4.9 . 5061 2697 —1 1193 536 —35
1. 50 . 2534 2280 —3644 31 2 5.0 . 5093 7208 —1 0658 503 —33
1. 52 . 2565 7777 —3613 32 2 5.1 . 5125 1062 —1 0155 472 —31
1. 54 . 2596 9660 —3581 34 1 5.2 . 5155 4762 —9683 444 —28
1. 56 . 2627 7963 —3547 34 1 5.3 . 5184 8778 —9239 418 —26
1. 58 . 2658 2718 —3513 36 2 5.4 . 5213 3556 —8821 394 —24
1. 60 . 2688 3960 5.5 . 5240 9512 —8427 371 —23
23| Beseni| i 330 Z%
5. .52 51 — —
Q=10.5; tabular spacing=0.05 5.8 - 5318 8280 —7376 312 —18
5.9 . 5343 2670 — 7064 295 —17
1. 60 0. 2688 3960 —2 1729 580 34
1. 65 . 2762 1934 —2 1149 603 23 6. 0 . 5366 9994 — 6770 279 —16
1.70 . 2833 8759 —2 0546 616 13 6.1 . 5390 0550 — 6490 265 —15
6. 2 . 5412 4615 — 6226 250 —15
1.75 . 2903 5037 —1 9930 622 +6 6.3 . 5434 2454 —5976 237 —13
1. 80 . 2971 1386 —1 9309 621 0 6. 4 . 5455 4316 —5739 226 —12
1.85 . 3036 8425 —1 8688 616 —5
1. 90 . 3100 6777 —1 8071 608 —9 6.5 . 5476 0440 —5513 214 —12
1. 95 . 3162 7058 —1 7463 596 —12 6.6 . 5496 1050 —5300 202 —11
6.7 . 5515 6361 —5097 193 —10
2. 00 . 3222 9875 —1 6867 582 —14 6.8 . 5534 6575 —4904 184 -9
2. 05 . 3281 5826 —1 6285 567 —15 6.9 . 5553 1884 —4721 175 —9
2. 10 . 3338 5491 —1 5718 551 —16
2.15 . 3393 9439 —1 5167 533 —17 7.0 . 5571 2472 —4546 166 -9
2.20 . 3447 8220 —1 4634 516 —17 7.1 . 5588 8515 —4380 158 —8
7.2 . 5606 0177 —4222 151 -7
2. 25 . 3500 2367 —1 4118 498 —18 7.3 . 5622 7618 —4071 144 -7
2. 30 . 3551 2397 —1 3620 480 —18 7.4 . 5639 0988 —3927 137 -7
2. 35 . 3600 8806 —1 3140 463 —18
2. 40 . 3649 2076 —1 2677 445 —18 7.5 . 5655 0430 —3790 131 —6
2. 45 . 3696 2669 —1 2232 428 —17 7.6 . 5670 6083 —3659 125 -5
7.7 . 5685 8077 —3534 120 —6
2. 50 . 3742 1030 —1 1804 412 —17 7.8 . 5700 6538 —3414 114 —5
2. 55 . 3786 7587 —1 1392 395 —16 7.9 . 5715 1585 —3300 109 -5
2. 60 . 3830 2752 —1 0997 380 —16
2. 65 . 3872 6920 —1 0618 364 —15 80 . 5729 3332 —3190 105 —5
2.70 . 3914 0470 —1 0253 350 —14 81 . 5743 1888 —3086 100 -5
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a -w Al Ay, Ay e -W -\ Al Aty
Q=+410.5: tabular spacing=0.1—Continued Q=+40.5; tabular spacing=0.5-——Continued
8.2 0. 5756 7359 —2986 96 —4 18.5 0. 6395 4410 — 7532 563 —62
8.3 . 5769 0844 —2890 92 —4 19.0 . 6409 3288 —6969 509 —54
84 . 5782 9440 —2798 88 —4 19. 5 . 6422 5198 — 6460 461 —48
85 - 5795 6238 —2710 84 —4 20. 0 . 6435 0647 —5999 418 —43
8.6 - 5808 0327 —2625 81 -3 20. 5 . 6447 0096 — 5581 380 —38
8.7 . 5820 1790 —2544 78 —4 21.0 . 6458 3964 —5201 347 —34
8.8 . 5832 0710 — 2466 75 —3 215 . 6469 2632 — 4854 317 —30
89 . 5843 7163 —2392 72 —3 22.0 . 6479 6445 —4538 290 —27
9.0 . 5855 1225 —2320 69 -3 22.5 . 6489 5720 —4248 265 —25
9.1 - 5866 2967 —2251 67 —2 23.0 . 6499 0748 —3982 244 —21
9.2 - 5877 2458 —2184 64 —3 23.5 . 6508 1794 —3738 225 —19
9.3 - 5887 9765 —2121 61 —2 24.0 . 6516 9101 —3513 207 —18
9.4 - 5808 4051 —2060 59 —2 24. 5 . 6525 2896 —3306 191 —16
9.5 . 5908 8078 —2001 57 —2 25.0 . 6533 3384 —3115 177 —14
9.6 - 5918 9204 —1944 55 -2 25. 5 . 6541 0757 —2938 164 —13
9.7 . 5928 8386 —1889 53 —2 26. 0 . 6548 5191 —2775 152 —12
9.8 . 5938 5680 —1836 51 -2 26. 5 . 6555 6851 —2623 141 —11
9.9 . 5948 1137 —1786 49 —2 27. 0 . 6562 5888 —2482 132 -9
10.0 - 5957 4809 27. 5 . 6569 2444 —2351 122 —10
28. 0 . 6575 ssgg —2%29 1(1)4 —§
=+0.5; tabul ing=0. 28. 5 . 6581 86 —2115 106 -
Q=+0%; tabular spacing 200 | 6587 8484 — 2009 99 —7
}8'2 o 2957 gggg 6048 a1 —gs 29. 5 . 6593 6335 —1910 93 —6
) . 5975 —6577 345 —25
10. 4 . 5993 2593 —6232 322 —24 30.0 - 6599 2276
10. 6 . 6010 1965 —5910 300 —22
10. 8 . 6026 5426 —5610 280 —20 Q=10.6; tabular spacing=0.02
11.0 . 6042 3276 —5330 262 —18 0.00 | 0.0000 0000 2 6233 —44 —88
11. 2 - 6057 5797 —5068 245 —17 .02 | .0001 3116 2 6189 —132 —88
11. 4 - 6072 3250 —4822 230 —15 .04 | .0005 2422 2 6057 —218 —86
11. 6 . 6086 5830 —4592 216 —14 .06 | .0011 7784 2 5839 —302 —84
11. 8 - 6100 3919 —4376 202 —13 .08 | .0020 8985 2. 5537 —384 —82
12.0 . 6113 7581 —4174 190 —12 L1 . 0032 5724 2. 5154 —461 -7
12. 2 . 6126 7069 —3984 180 -1 .1(2] .8846 %16 2. 4633 —534 —74
12. 4 - 6139 2574 —3804 169 —10 .14 | . 0063 4201 2 4158 —603 —68
12.6 - 6151 4274 —3636 159 —10 .16 | . 0082 4945 2 3556 —666 —63
12.8 . 6163 2338 —3477 150 -9 .18 | .0103 9244 2 2890 —723 —57
13.0 - 6174 6925 —3327 141 —8 .20 | .0127 6432 2 2167 —774 —51
13.2 - 6185 8185 —3186 134 —8 .22 | .0153 5788 2 1393 —819 —45
13. 4 . 6196 6259 —3052 126 -7 .24 | .0181 6536 2 0574 —857 —38
13.6 . 6207 1281 —2926 120 —6 .26 | . 0211 7858 1 9717 —889 —32
13.8 - 6217 3376 — 2807 113 —6 .28 . 0243 8897 1. 8828 —914 —26
14.0 . 6227 2666 —2694 107 —6 .30 . 0277 8764 1 7914 —933 —19
14. 2 . 6236 9261 —2586 102 —6 .32 | .0313 6544 1 6930 —946 —13
14. 4 . 6246 3270 —2485 96 -5 .34 . 0351 1304 1 6034 —954 -7
14.6 - 6255 4794 —2388 92 -5 .36 . 0390 2098 1 5080 —955 —1
14.8 - 6264 3930 —2297 87 —4 .38 | .0430 7973 1 4126 —952 +3
15.0 - 6273 0769 —2210 82 —4 .40 | . 0472 7973 1 3174 —943 8
15.2 . 6281 5398 —2127 78 —4 .42 . 0516 1147 1 2231 —931 12
15.4 . 6289 7900 —2049 75 —4 .44 . 0560 6552 1 1300 —914 17
15. 6 . 6297 8353 —1974 71 —4 . 46 . 0606 3256 1 0386 —894 20
15.8 . 6305 6832 —1903 68 —4 .48 . 0653 0346 9492 —871 23
16.0 - 6313 3408 .50 | .0700 6928 8620 —846 26
52 . 0749 2130 gggg —%g gg
=-40.5; tabul ing =05 . 54 . 0798 5106 —
-t o Spucne 56 | . 0848 5039 6168 —1758 31
.58 | .0899 1140 5411 —1725 32
16.0 0. 6313 3408 —1 1478 977 —124
16. 5 . 6331 6960 —1 0500 870 —108 .60 | .0950 2651 4685 —603 33
17.0 . 6349 0011 —9630 777 —93 .62 | .1001 8348 3993 —660 33
.64 | .1053 9037 3333 —626 34
17.5 . 6365 3433 —8854 696 —80 .66 | .1106 2560 2707 —593 33
18.0 . 6380 8000 —8157 625 —71 .68 | .1158 8789 2114 —560 33
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o -w A% a4 aly a - A% A a4y
Q=--0.6; tabular spacing=0.02—Continued Q=10.6; tabular spacing=0.05—Continued
0.70 { 0.1211 7132 1554 —527 32 2.25 [ 0.4374 8839 —1 7235 579 —19
.72 . 1264 7030 1027 —495 32 2. 30 . 4441 0813 —1 6656 559 —20
.74 . 1317 7955 532 —464 31 2. 35 . 4505 6130 —1 6097 540 —20
.76 . 1370 9412 +68 —434 31 2. 40 . 4568 5351 —1 5557 521 —19
.78 . 1424 0937 —366 —404 29 2. 45 . 4629 9015 —1 5036 502 —19
. 80 . 1477 2096 —770 —376 28 2. 50 . 4689 7643 —1 4534 483 —19
. 82 . 1530 2486 —1146 —349 27 2. 55 . 4748 1736 —1 4052 465 —18
. 84 . 1583 1729 —1494 —323 26 2. 60 . 4805 1778 —1 3586 447 —18
. 86 . 1635 9478 —1817 —297 25 2. 65 . 4860 8234 —1 3139 430 —17
. 88 . 1688 5410 —2114 —274 24 2.70 . 4915 1550 —1 2709 414 —16
.90 . 1740 9228 —2388 —251 23 2.75 . 4968 2157 —1 2295 398 —16
. 92 . 1793 0657 —2639 —230 22 2. 80 . 5020 0468 —1 1898 382 —15
.94 . 1844 9447 —2869 —209 20 2. 85 . 5070 6882 —1 1515 368 —15
.96 . 1896 5368 —3078 —190 19 2. 90 . 5120 1781 —1 1148 353 —14
98 . 1947 8210 — 3268 —172 18 2. 95 . 5168 5532 —1 0794 340 —14
1. 00 . 1998 7784 —3440 —155 17 3.00 . 5215 8488
1. 02 . 2049 3918 —3595 —139 16
1.04 . 2099 6457 —3734 —124 15
1.06 . 2149 5261 —3858 —110 14 Q=-+0.6; tabular spacirg=0.1
1. 08 . 2199 0207 —3968 —97 13
1. 10 . 2248 1185 — 4065 —85 2 3.0 0. 5215 8488 —4 1832 2564 —210
1.12 . 2206 8098 —4150 —73 12 3.1 . 5307 3364 —3 9268 2371 —193
1. 14 . 2345 0861 — 4223 —63 10 3.2 . 5394 8972 —3 6897 2194 —177
1. 16 . 2392 0401 — 4286 —53 10 3.3 . 5478 7682 —3 4703 2032 —162
1. 18 . 2440 3655 —4339 —44 10 3.4 . 5559 1690 —3 2671 1883 —149
1. 20 . 2487 3571 — 4382 —35 3.5 . 5636 3027 —3 0788 1746 —136
1. 22 ,253§ 9104 4418 —28 3 3.6 . 5710 3575 —2 9042 1622 —125
1. 24 . 2580 0220 — 4445 —20 7 3.7 . 5781 5082 —2 7420 1507 —115
1. 26 . 2625 6891 — 4466 —14 7 3.8 . 5849 9168 —2 5914 1402 —105
1. 28 . 2670 9096 —4479 —8 6 3.9 . 5915 7341 —2 4512 1306 —96
1. 30 . 2715 6821 4487 -2 6 4.0 . 5979 1003 —2 3206 1216 —90
1. 32 . 2760 0060 — 4489 +3 5 4.1 . 6040 1458 —2 1989 1135 —82
1. 34 . 2803 8809 — 4486 8 5 4.2 . 6098 9925 —2 0854 1061 —74
1. 36 . 2847 3072 — 4478 12 5 4.3 . 6155 7537 —1 9794 991 —70
1. 38 . 2800 2857 — 4466 16 4 4.4 . 6210 5355 —1 8802 927 —64
1. 40 . 2932 8176 — 445 1 4.5 . 6263 4371 —1 7875 868 —59
1. 42 . 2074 9044 _443(1) 23 i 4.6 . 6314 5512 —1 7007 815 —53
1. 44 . 3016 5482 — 4408 26 3 4.7 . 6363 9646 —1 6192 765 —50
1. 46 . 3057 7510 —4383 28 3 4.8 . 6411 7588 —1 5428 717 —47
1.48 . 3098 5157 —4354 31 2 4.9 . 6458 0102 —1 4710 674 —43
1. 50 . 3138 8449 —4324 33 2 5.0 . 6502 7906 —1 4036 635 —39
1. 52 . 3178 7417 —49291 35 2 5.1 . 6546 1674 —1 3401 598 —37
1. 54 . 3218 2094 —4256 36 2 5.2 . 6588 2041 —1 2803 563 —35
1. 56 . 3257 2515 —4220 38 1 5.3 . 6628 9605 —1 2240 531 —32
1. 58 . 3205 8716 —4182 39 2 5 4 . 6668 4929 —1 1709 501 —30
1. 60 . 3334 0734 5.5 . 6706 8544 —1 1208 474 —28
- by wmm) i) ol on
5.7 . 6780 262 — 2 —
@=+0.; tabular spacing =0.05 58 | .6815 4011 —9863 401 —22
5.9 . 6849 5534 —9462 380 —21
1.60 | 0.3334 0734 —2 5892 640 46
1. 65 . 3427 7741 —2 5252 671 31 6.0 . 6882 7595 —9082 360 —20
1.70 . 3518 9496 —2 4582 690 20 6.1 . 6915 0573 —8723 342 —18
6.2 . 6946 4829 —8381 324 —17
1.75 . 3607 6670 —2 3891 701 11 6.3 . 6977 0703 —8057 308 —16
1. 80 . 3693 9951 —2 3190 704 +3 6. 4 . 7006 8521 ~— 7750 293 —15
1. 85 . 3778 0043 —2 2486 701 —3
1. 90 . 3859 7648 —2 1785 694 -7 6.5 . 7035 8589 — 7457 278 —14
1. 95 . 3939 3468 —2 1091 683 —11 6. 6 . 7064 1200 —7179 265 —13
6.7 . 7091 6632 —6914 252 —13
2. 00 . 4016 8196 —2 0409 669 —14 6.8 . 7118 5151 —6662 240 —12
2. 05 . 4092 2516 —1 9740 653 —15 6.9 . 7144 7008 —6422 229 —11
2.10 . 4165 7096 —1 9087 636 —17
2. 15 . 4237 2589 —1 8451 617 —18 7.0 . 7170 2443 —6193 218 —11
2.20 . 4306 9631 —1 7834 598 —19 7.1 . 7195 1685 —5975 209 —9
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(4 -W A’-l A.'.l A‘_g a -w A’.] Ai] Aig
Q=+0.8; tabular spacing=0.1—Continued Q=-0.8; tabular spacing=0.2—Continued
7.2 0. 7219 4952 —5766 199 —10 15. 4 0. 8207 1682 —2965 106 —5
7.3 7943 2453 —5568 190 -9 15. 6 . 8219 0048 — 92859 101 -5
7.4 . 7266 4386 —5378 182 -8 15. 8 . 8230 5555 —2757 97 -5
7.5 . 7289 0941 —5196 174 -8 16. 0 . 8241 8304
| ERER k2 ) o
. . 5 —485 - - _
7.8 - 7354 0114 — 1698 152 -7 @=-+0.65 tabular spucing=0.5
7.9 . 7374 6894 —4546 145 —7
16.0 0. 8241 8304 —1 6642 1393 —173
80 . 7394 9127 —4401 140 —6 16. 5 . 8268 8737 —1 5249 1242 —151
81 . 7414 6960 — 4261 134 —6 17.0 . 8204 3922 —1 4006 1112 -130
8.2 . 7434 0532 —41928 128 —6
83 . 7452 9976 —3999 123 —5 17. 5 . 8318 5099 —1 2894 999 —113
8 4 . 7471 5422 —3876 118 -5 18.0 . 8341 3383 —1 1895 899 —101
18.5 . 8362 9771 —1 0996 810 —88
8.5 . 7489 6990 —3758 113 —5 19.0 . 8383 5164 —1 0186 734 —77
8.6 . 7507 4802 —3644 109 —4 19.5 . 8403 0370 —9452 665 —68
8.7 . 7524 8969 —3536 105 —4
8.8 . 7541 9600 —3431 101 —4 20. 0 . 8421 6123 —8787 605 —61
89 . 7558 6801 —3330 97 —4 20. 5 . 8439 3090 —8182 551 —54
21. 0 . 8456 1874 —7632 503 —48
9.0 . 7575 0671 —3233 93 —4 21. 5 . 8472 3027 —7129 460 —43
9.1 . 7591 1309 —3140 90 —4 22.0 . 8487 7051 — 6669 421 —39
9.2 . 7606 8806 —3050 86 -3
9.3 . 7622 3253 —2064 83 -3 22.5 . 8502 4406 — 6248 386 —35
9.4 . 7637 4736 —2881 80 -3 23.0 . 8516 5512 — 5862 356 —31
23.5 . 8530 0758 —5506 328 —28
9.5 . 7652 3338 —2801 77 -3 24.0 . 8543 0498 —5178 302 —26
9.6 . 7666 9138 —2724 74 -3 24.5 . 8555 5059 —4876 279 —22
9.7 . 7681 2216 —2649 72 -2
9.8 . 7695 2643 — 2578 69 -3 25. 0 . 8567 4745 — 4597 259 —21
9.9 . 7709 0494 —2508 67 -2 25. 5 . 8578 9833 —4338 239 —19
26. 0 . 8590 0584 —4099 222 —17
10.0 . 7722 5835 26. 5 . 8600 7236 —3877 206 —16
27.0 . 8611 0011 —3670 192 —14
Q=+0.; tabular spacing=0.2 27.5 . 8620 9116 —3478 179 —14
I ECIIE - AR
10.0 0. 7722 5835 —9768 507 —38 28.5 . 0 - -
10. 2 . 7748 9259 —9262 473 —34 29.0 . 8648 6269 —2976 146 —10
10. 4 L7774 3420 —8789 442 —31 29.5 . 8657 2490 —2830 137 -9
10. 6 . 7798 8792 —8348 413 —29
10. 8 . 7822 5817 —7935 386 —26 30.0 . 8665 5881
11.0 . 7845 4907 —7549 362 —24 0T o
11. 2 . 7867 6448 — 7187 339 —22 @=10.7; tabular spacing=0.02
11. 4 . 7889 0802 —6848 319 —21
11. 6 . 7909 8308 —6529 299 —19 0.00 | 0.0000 0000 3 1194 —52 —103
11. 8 . 7929 9286 —6230 281 —18 .02 . 0001 5597 3 1142 —154 —102
. 04 . 0006 2336 3 0988 —255 —101
12.0 . 7949 4034 — 5948 265 —16 .08 . 0014 0064 3 0733 —354 —99
12.2 . 7968 2833 — 5684 250 —15 .08 . 0024 8525 3 0379 —449 —95
12. 4 . 7986 5948 —5434 235 —14
12. 6 . 8004 3630 —5199 222 —14 10 . 0038 7365 2 9930 —540 —9o1
12. 8 . 8021 6113 — 4977 210 —12 .12 . 0055 6135 2 9390 —626 —86
.14 . 0075 4296 2 8765 —706 —80
13.0 . 8038 3619 — 4767 198 —11 16 . 0098 1221 2 8058 —780 —74
13. 2 . 8054 6358 — 4569 188 —11 18 . 0123 6204 2 7278 —847 —67
13. 4 . 8070 4527 —4382 177 —10
13.6 . 8085 8315 — 4204 168 -9 .20 . 0151 8466 2 6431 —907 —60
13. 8 . 8100 7899 —4036 159 -9 .22 . 0182 7159 2 5524 —960 —53
.24 . 0216 1377 2 4565 —1004 —45
14.0 . 8115 3447 —3877 151 —8 .26 . 0252 0159 2 3560 —1042 —38
14.2 . 8129 5118 —3726 144 —8 .28 . 0290 2502 2 2518 —1072 —30
14. 4 . 8143 3064 — 3582 136 —7
14. 6 . 8156 7427 —3446 129 —7 30 . 0330 7362 2 1446 —1094 —23
14.8 . 8169 8345 —3317 123 —6 32 . 0373 3670 2 0352 —1110 —15
34 . 0418 0329 1 9242 —1118 —9
15.0 . 8182 5945 —3194 117 —6 .36 . 0464 6230 1 8124 —1121 -3
15.2 . 8195 0352 —3076 111 —6 .38 . 0513 0256 1 7003 —1116 +4
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I -w Al A% aly a -w Al Al FAN
Q=10.7; tabular spacing=0.02—Continued Q=-40.7; tabular spacing=0.05
0.40 | 0.0563 1284 15887 | —1107 9
AR E o N 1 | res| atgoses| —zoms| o 7ia il
.46 | 0722 5276 12613 | —1050 23 L.70 | .4262 4026 | —2 8428 741 27
48 | L0778 3269 11562 | —1024 26 L 75 4372 9950 | —2 7687 758 16
.50 | .0835 2825 10538 |  —995 30 1801 .dcS0gRot | 2 Gt 788 +8
B2 - D38 2018 g3 | -2 38 190 | 4688 1871 | —2 5399 761 —5
J58 | .1072 6643 6761 —855 37 200 | 4885 5337 -3 §§§§ ;gg ~13
2.05| .4980 5865 | — —
oy | 1iss oo et - 38 2.10 | 15073 3244 | —2 2424 706 —17
.66 71320 9381 3573 701 38 2.20 . 5252 1437 —2 1030 668 —20
68 | . 1384 0894 2872 —662 39 san | oassess | -2 8?‘132 23? 0
.70 | . 1447 5279 2210 —624 38 2.30 | . 5422 54 - -
. gz . i5.}1 537% iggg _ggg gg 2.35 . 5504 7618 —1 9088 606 —21
. - 1575 005 -
.76 | . 1638 9238 +450 —515 35 2.40 | .5585 0660
78| 11702 8869 —65 —180 35
Q=40.7; tabular spacing=0.1
89| clee By To03 | ire S
. . —_ — 3 _ —32
g .139 2 sisi “1igs “sas i 2.4 | 0.5585 0660 7 3944 4609 327
: - 1058 2193 —1794 —35 2.5 .5740 1887 |  —6 9336 4292 —317
. 88 . 2021 6928 —2150 —328 28 2 6 . 5888 3779 —6 ?84‘% 3287 _3g$
2.7 6030 0626 | —6 105 3700 -2
-5 - 2084 9602 —gégg —302 z 2.8 "6165 6417 | —5 7357 3432 —268
:S‘é : 2310 12'}5 5060 5 5 2.9 16295 4850 | —5 3925 3183 —24
. - 2273 1575 - —230 3.0 . 6419 9358 | —5 0742 2051 —232
3.2 16653 9098 | —4 5053 543 -
19 -gigg 9Lse ”gggg — 189 % 3.3 6764 0019 | —4 2510 2361 —181
%: % :35%8 3723 - ggg “ig ig 3.4 6869 8431 | —4 0149 2196 —165
. - 2579 943 —4261 —136 3.5 . 6971 6694 | —3 7953 2043 —153
1. 08 . 2640 0892 —4398 —121 15 3.6 7069 7004 —3 5909 lggz —lgé
3.7 7164 1405 | —3 4008 1774 -1
LIo| 2600 To4s v 1 1 38 | 7255 1798 | —3 2234 1655 —119
i: i1 : a7 8?88 ~iris 3 u 3.9 7342 9957 | —3 0579 1545 -
161 . 2876 1591 - —170 11 4.0 7427 7537 | —2 9035 1445 —100
42 7588 7037 | —2 6238 1265 -
1201 2901 gﬁgg ) —48 1 43 7665 1755 |  —2 4973 1186 —;9
i: 21 :3103 i%%i ~ a0t 31 : 44 17739 1500 | —2 3786 1114 —73
. - 316 —5046 —23 45 7810 7458 | —2 2673 1046 —68
1. 28 . 3215 7893 — 5069 —16 7 46 7880 0744 —2 1827 983 _gg
47 .7047 2403 |  —2 0644 925 -
139| 3270 S38s — 5088 -3 6 48 "8012 3418 | —1 9719 870 —54
. . -_ — — 4 2 —
3 g‘é . §Z§§ %gg _2837 + : 49 . 8075 4714 1 8849 821
: . —5095 5.0 .8136 7161 | —1.8028 774 —a7
138 | .3484 9432 —5087 12 4 5 1 18196 1580 | —1 7254 730 —44
5.2 " 8253 8744 | —1 6524 690 -
Lo | - 3587 2464 —Sora 16 4 5.3 78309 9386 | —1 5834 653 —3
. . - — 1 —
L fé 3840 3332 - ggg 5 3 5 4 . 8364 4193 1 5181 618
. - 3691 11 - 5.5 .8417 3820 | —1 4563 584 —33
1.48 | .3741 4033 —4986 30 3 5.6 "8468 8884 | —1 3979 554 —31
5.7 18518 9968 | —1 3425 525 —29
139 -31e1 1806 458 33 3| 58 | .85677628| —1 2900 408 27
i: o4 : 3383 2;3; ~igss 7 : 5.9 "8615 2388 | —1 2402 473 -
: - 3937 5 —485 .0 .8661 4746 | —1 1928 450 —24
1.58 | 3085 4128 —4812 41 2 89 8O M| Tl id% o “3
5.2 "8750 4127 | —1 1052 406 -
1.60 | . 4032 7562 6. 3 . 8703 2026 | ~—1 0646 387 —19
6. 4 8834 9280 | —1 0259 369 —18
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e -w Al A%, aly a -w A% A} aly
Q=-0.7; tabular spacing+0.1—Continued Q=-0.7; tabular spacing=0.2—Continued
6.5 0. 8875 6275 —9890 351 —18 14. 4 1. 0478 1910 —5188 191 —10
6.6 . 8915 3380 —9539 334 —16 14. 6 1. 0498 2625 —4997 182 —9
g_ g . 3834 8946 _gzgg 320 —i5 14. 8 1. 0517 8342 —4815 173 —9
. . 8991 - -
6.9 . 9028 8?3? ﬁgggo gg? _12 15.0 1. 0536 9244 —4642 165 —8
LI amew camom o
7.0 . 9064 9682 —828 2 -1 15. 4 1.05 —4319 -
71 19100 2231 _8013 2;2 _12 15. 6 1. 0591 4751 —4169 143 -7
;_ g . 9134 6?90 _;744 254 —12 15. 8 1. 0608 8045 —4026 137 —6
. . 9168 3744 —7490 243 —11
74 . 9201 3108 — 7247 4 — 16. 0 1. 0625 7314 — 3889 131 —6
\ po| | 43| ozl gl o)
7.5 . 9233 5225 —7013 223 -1 6. 1.06 —36 -
7.6 . 9265 0329 —6790 213 ._18 16. 6 1. 0674 2305 —3513 114 -5
';. ; . 3235 gggg _.gg;e 28? _g 16. 8 1. 0689 6781 —3399 110 —5
. . 9326 0380 —6371 i -
7.9 . 9355 5746 —6174 189 -8 17.0 1. 0704 7858
8.0 . 9384 4938 — 5986 181 —8 Q =-0.7; tabular spacing=0.5
g.% .gi}lz 8124 — 5805 174 —7
. . 9440 5546 —5631 168 -7 . . 0704 — 91 —181
8.3 . 9467 7316 —5463 161 -7 17.0 1.0704 7858 2 0570 15 8
84 - 9494 3624 —5302 154 -7 17.5 1. 0741 1389 —1 8979 1432 —139
18.0 1. 0775 5941 —1 7546 1293 —139
8.5 - 9520 4628 —5148 148 —6 18.5 | 1.0808 2947 —1 6253 1170 —123
g-g -3?;? (Iigig —iggg {gg —fé 19.0 1. 0839 3699 —1 5084 1og1 —182
57 -ooT1 1392 i 138 —8 19.5 1. 0868 9368 —1 4022 965 -
89 - 9619 8622 —4587 127 -5 20. 0 1. 0897 1015 —1 3058 372 —gg
20. 5 1. 0923 9604 —1 2179 0 —
9.0 - 9643 5316 —4459 124 —4 21. 0 1. 0949 6013 —1 1377 734 —68
3-% —gggg gigé ~3§?{g Hz —i 21.5 1. 0974 1046 —1 0643 672 —61
o2 989 pasa —as 4 —3 22.0 1. 0997 5435 —9971 617 —55
9.4 . 9733 8709 —3993 107 —4 22. 5 1. 10i9 2853 _58;§54 ggg _2(5)
23.0 1. 1041 4918 —8786 -
9.5 - 9755 4293 —3887 102 —4 23.5 | 1.1062 1196 —8263 483 —40
3'? '3;33 3383; —gggg gg —g 24. 0 1. 1081 9212 —7780 i46 —37
- . - - . . 44 —7334 1 -
9.8 . 9817 8132 —3590 93 -3 2.5 1. 1100 9448 733 3 33
9.9 . 9837 8771 —3497 89 —3 25. 0 1. 1119 3350 —6922 ggg _gg
25.5 1. 1136 8330 —6539 -
10.0 . 9857 5912 26. 0 1. 1153 7771 —6184 330 —25
26. 5 1. 1170 1028 — 5854 307 —23
@ 0.7; tabular spacing—0.2 27.0 1. 1185 8430 — 5547 286 —21
27.5 1. 1201 0286 — 5261 267 —20
10.0 | 0.9857 5912 | —1 3635 679 —4g| 280 | L1215 0881 a0t e -
10. 2 . 9896 0057 —1 2956 635 —44 : g
104 | 9933 1246 | —1 2321 595 —a | 200 | 11243 5337 4512 o -
106 | 9969 0115 | —1 1726 557 —g7 | 25 | 11256 7681 —4204 204 T4
10.8 1. 0003 7257 —1 1169 523 —34 30.0 1. 1269 5731
11. 0 1. 0037 3231 —1 0646 491 —32
11.2 1. 0069 8559 —1 0155 461 —30 Q=-+0.8; tabular spacing=0.02
11. 4 1. 0101 3731 —9694 434 —27
1L 6 1. 0131 9210 —9260 409 —26 0.00 | 0.0000 0000 3 6414 —59 —119
11 8 1. 0161 5429 —8851 385 —23 .02 . 0001 8207 3 6355 —177 —117
. 04 . 0007 2770 3 6178 —203 —116
12.0 1. 0190 2797 — 8466 363 —22 . 06 . 0016 3510 3 5886 — 406 —113
12.2 1. 0218 1700 —8102 343 —20 . 08 . 0029 0137 3 5480 —515 —109
12. 4 1. 0245 2500 —7759 324 ~19
12. 6 1. 0271 5541 — 7435 306 —18 .10 . 0045 2243 3 4964 —620 —104
12.8 1. 0297 1147 —7129 290 —16 12 . 0064 9313 3 4345 —718 —99
.14 . 0088 0728 3 3627 —810 | —92
13.0 1. 0321 9625 —6838 274 —16 .16 . 0114 5770 3 2816 —895 —85
13.2 1. 0346 1264 —6564 260 —14 .18 . 0144 3629 3 1921 —972 —77
13. 4 1. 0369 6339 —6304 247 —14
13. 6 1. 0392 5110 — 6057 234 —~12 .20 . 0177 3408 3 0949 —1041 —69
13.8 1. 0414 7825 —5823 222 —12 .22 . 0213 4136 2 9908 —1102 —60
.24 . 0252 4771 2 8806 —1154 —52
14.0 1. 0436 4716 —5600 211 —11 . 26 . 0294 4213 2 7652 —1197 —43
14. 2 1. 0457 6008 —5389 201 —10 .28 | .0339 1307 2 6456 —1231 —34
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a -W Al A Aty a -w A% A%, ady
= 0.8; tabular spacing=0.02—Continued Q=-+0.8; tabular spacing=0.02—Continued
1 0. 4503 8904 —5509 30 3
0.30 | 0.0386 4856 2 5224 —1257 —26 1. gg . 422% 9372 —5479 33 3
.32 . 0436 3630 2 3967 - 1275 —18 1 54 . 4623 4361 — 5445 36 3
34 . 0488 6371 2 2692 —1285 —10 1. 56 . 4682 3905 —5409 38 2
36 . 0543 1804 2 1407 —1288 —3 158 . 4740 8039 —5371 40 3
38 . 0599 8644 2 0118 —1284 +4
. .47
. L0719 1 1 7561 — 1 " ing—
44| 07S1 4740 16303 | —1236 21 9=108; tabular spacine—0.05
.4 . 0845 4406 15067 | —1210 2
— 1. 60 0. 4798 6802 —3 3314 674 72
48 - 0910 9130 1 3858 1179 30 1. 656 . 4941 0479 —3 2640 726 52
.50 . 0977 7712 1 2678 —1146 33 170 . 5080 1516 —3 1914 762 37
. 62 . 1045 8972 2 —
54| 15 Tres Loss | 107 29 175 | 5216 0639 | = —3 1152 7817 24
.56 . 1185 4980 9353 —1029 41 1.80 . 5348 8611 —3 0365 800 13
.58 L1256 7547 8324 —987 49 1.85 . 5478 6218 —2 9565 805 +5
1. 90 . 5605 4259 —2 8760 804 —1
.60 . 1328 8439 7336 —-943 44 1.95 . 5729 3541 —2 7956 798 —6
.62 | . 1401 6666 - 4
‘o2 | - 1401 6800 93| 5% o 2.00 | .5850 4866 | —2 7158 787 —11
.66 . 1549 1401 4638 —811 44 2. 05 . 5968 9034 —2 6371 773 —14
. 68 . 1623 6154 3828 —767 44 2. 10 . 6084 6831 —2 5598 757 —16
2.15 . 6197 9029 —2 4841 739 —18
.70 . 1698 4734 3060 —794 44 2. 20 . 6308 6386 —2 4102 720 —19
.72 . -
! 1778 o318 2337 ___681 42 2.25 . 6416 9642 —2 3382 700 —20
.74 . 1849 0352 1656 640 41
.76 01924 5986 1016 —599 40 2. 30 . 6522 9515 —2 2682 680 —20
.78 . 2000 2635 +417 —560 39 2. 35 . 6626 6706 —2 2002 658 —21
2. 40 . 6728 1895 —2 1344 638 —21
.80 . 2075 9701 —143 —522 38 2.45 . 6827 5740 —2 0706 617 —21
.82 . 2151 6624 - 665 —486 36
.84 | 2227 2881 —1151 | —451 35 2.50 | .6924 8878
. 86 . 2302 7987 —~1602 —418 33
. 88 . 2378 1491 —2020 —386 32 =-10.8; tabular spacing=0.1
90 . 2453 2974 —2406 —356 30 2.5 0. 6924 8878 —8 0379 4691 —327
.92 . 2528 2052 —2761 —327 29 2.6 . 7113 5482 —7 5689 4375 —316
.94 . 2602 8369 —3088 —299 27 2.7 . 7294 6397 —7 1314 4074 —301
. 96 . 2677 1598 —3387 —274 26 2.8 . 7468 5999 —6 7239 3792 —282
. 98 . 2751 1439 —3661 —249 24 2.9 . 7635 8361 —6 3447 3529 —264
1. 00 . 2824 7620 —3910 —226 23 3.0 L7796 7277 —5 9918 3284 —245
1. 02 . 2897 9890 —4137 —205 22 3.1 . 7951 6274 —5 6635 3057 —227
1. 04 . 2970 8022 —4342 —185 20 3.2 . 8100 8636 -5 3578 2847 —210
1, 06 . 3043 1813 —4527 —166 19 3.3 . 8244 7420 —5 0731 2653 —194
1.08 . 3115 1078 —4693 —148 18 3.4 . 8383 5473 —4 8079 2474 —179
1. 10 3186 5649 —4841 —132 17 3.5 . 8517 5447 —4 5605 2309 —165
112 3257 5380 —4973 —116 15 3.6 . 8646 9816 —4 3296 2156 —153
1. 14 3328 0138 —5089 —102 14 3.7 . 8772 0890 —4 1139 2016 —140
116 3397 9807 —5191 —88 14 3.8 . 8893 0824 —3 9123 1887 —129
1.18 3467 4285 — 5279 —76 12 3.9 . 9010 1636 —3 7236 1767 —120
1. 20 . 3536 3484 —5355 —65 11 4.9 . 9123 5211 —3 5469 1657 —110
1.22 3604 7328 —5420 —b4 11 4.1 . 9233 3318 —3 3812 1555 —102
1.24 3672 5752 —5474 —44 10 4,2 . 9339 7614 —3 2256 1461 —95
1. 26 3739 8701 —5518 —35 9 4.3 . 9442 9653 —3 0796 1373 —88
1. 28 3806 6132 —5553 —27 8 4.4 . 9543 0897 —2 9423 1292 —81
1. 30 3872 8011 —5580 —19 8 4.5 . 9640 2718 —2 8131 1217 —75
1. 32 3938 4309 —5599 —12 7 4.6 . 9734 6408 —2 6914 1147 —70
1. 34 4003 5009 —5610 —5 7 4.7 . 9826 3184 —2 5767 1082 —65
1. 36 4068 0099 —5615 +1 6 4.8 . 9915 4193 —2 4685 1022 —61
1. 38 4131 9573 —5614 6 5 4.9 1. 0002 0517 —2 3663 965 —56
1. 40 4195 3433 —5608 12 5 5.0 1. 0086 3178 —2 2698 913 —52
1. 42 4258 1685 —5597 16 4 5.1 1. 0168 3141 —2 1785 864 —49
1 44 4320 4340 —5581 20 4 5.2 1. 0248 1320 —2 0920 819 —46
1. 46 4382 1414 —5561 24 4 5.3 1. 0325 8578 —2 0102 776 —43
1. 48 4443 2927 —5537 27 3 5.4 1. 0401 5734 —1 9326 736 —39
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a -W A A FAR a -w A% A% ALy
Q=-0.8; tabular spacing=0.1—Continued Q=10.3; tabular spacing=0.2—Continued
12.0 | 1.3065 2642 | —1 2206 494 —28
5.5 1. 0475 3564 —1 8590 699 -37 12.2 1. 3108 2120 —1 1712 468 —26
5.6 1. 0547 2804 —1 7890 663 —36 12. 4 1. 3149 9885 —1 1244 443 —25
g-g i 825142 §§?$ —i gggg ggg —gg 12.6 | 1.3190 6408 —1 0800 420 —gg
. . - - . . 3230 213 —1 038 399 -
5.9 | 1.0752 5803 | —1 5996 571 —29 12.8 | 1.3230 2130 0
13.0 | 1.3268 7473 —9981 379 —20
6.0 1. 0817 7333 —1 5425 544 —27 13. 2 1. 3306 2834 —9602 360 —19
6.1 1.0881 3438 —1 4881 519 —26 13.4 | 1.3342 8593 —9242 342 —18
g-g % gggi ‘iggg —% %22';’ igg _% 13.6 1. 3378 5110 —8900 326 —16
. . - - , . - 1 —1
6.4 | 1.1063 4519 | —1 3396 450 —21 18.8 | 13413 2727 8575 310 6
14.0 | 1.3447 1769 —8265 295 —15
6.5 11121 4117 —1 2946 430 —20 14. 2 1. 3480 2546 -—7970 282 —14
6. 6 1. 1178 0770 —1 2516 411 —19 14. 4 1. 3512 5354 —7688 268 -13
g-g i ggg ‘éggg -i %,}% S?% —%g 14.6 | 1.3544 0474 —7420 256 —12
- . - - . - 244 —12
6.9 | 1.1340 7261 —1 1335 360 —16 14.8 | 13574 8174 7164
15. 1. 3604 8710 —6920 234 —11
7.0 | 1.1392 6247 | —1 0975 345 —16 1?.3 1. 3634 2326 —6686 223 —10
7.1 1. 1443 4259 —1 0630 330 —15 15.4 | 1.3662 9257 —6463 213 —10
;g % iggi é%g -1 3ggg §<1)Z —%g 15.6 | 1.3690 9725 —6250 204 -9
. . - - . ) —604 196 -9
7.4 | 11589 5821 —9679 292 —12 15.8 | 1.3718 3943 6045 ?
16.0 | 1.3745 2116 — 5850 187 —8
7.5 | 1.1636 3241 —9387 280 —12 16.2 | 1.3771 4439 — 5663 179 —8
7.6 | 1.1682 1273 —9108 268 —12 16.4 | 1.3797 1099 — 5484 172 -7
,7,-27; % %% 8%33 ~§§g£1% gig —ig 16.6 | 1.3822 2275 —5312 165 -7
7.9 | 11814 1787 —8333 239 “qo| 168 | 1.3846 8140 —514 158 -7
17.0 | 1.3870 8857 —4989 152 —6
8.0 | 1.1856 4958 —8094 230 —9 17.2 | 1.3894 4585 —4838 146 —6
81 | 1.1898 0036 — 7864 220 -9 17.4 | 1.3917 5476 —4692 140 —6
§'§ 5} %3?7’3 gg‘fg -;igg g(l)g —g 17.6 | 13940 1674 —4552 134 -5
- . - - . . —44 —
8.4 | 1.2017 8955 —7226 197 -8 17.8 | 13962 3321 18 129 b
3'2 % %832 ‘;’?2(75 _7%9 190 _; 18.0 | 1.3984 0550
. . —6839 183 - —ry P
g' g %' 3%2% $7$9 — 6656 176 —7 Q=-+0.8; tabular spacing=0.5
) . 1 —6479 170 —6
89 1. 2203 508. - — 18.0 1. 3984 0550 —2 6817 1887 —194
wo|  _ous| wme| | 56| amum) e ang o om
9.0 1. 2238 6685 —6144 - . 0 - 4086 4780 - -
g% i 3373 ?140 —2985 %22 __g 19.5 1. 4134 1215 —2 1652 1427 —136
) . 2307 161 —58 -
0o | Tzmosme| ) 1| 3| mo | ramam) -rom) w) o
9.4 | 1.2373 3204 - - . . - -
we | wm|  w|  e| BO|DSMum Choml ol on
9.5 | 1. 2405 5618 —5402 134 - - . - -
9.6 1. 2437 2630 — 5268 129 __i 22.0 1. 4342 5391 —1 5619 929 —80
9.7 | 12468 4374 —5139 12 —4
of |bamem| Cils) @ Ti| Bg | bempm) cteg) o) op
9.9 | 12529 2572 —4 - : . - -
m| | | T Bs| amum i) @) ow
10.0 | 1.2558 9272 : . - -
24.5 | 1.4511 5075 | —1 1625 631 —49
Q=-+0.8; tabular spacing=0.2 25.0 | 1.4541 5249 | —1 0994 587 —45
25.5 | 1.4570 4429 | —1 0407 546 —41
26.0 | 1.4598 3202 —9861 509 —37
10.0 | 1.2558 9272 | —1 9104 894 —59 26.5 | 1.4625 2113 —9353 475 —34
10.2 | 1.2616 8460 | —1 8210 840 —55 27.0 | 1.4651 1672 —8878 443 —32
10.4 | 1.2672 9438 | —1 7370 788 —51
10.6 | 1.2727 3046 | —1 6582 741 —47 27.5 | 1.4676 2352 —8435 414 —29
10.8 | 1.2780 0072 | —1 5841 698 —43 28.0 | 1.4700 4598 —8021 388 —26
28.5 | 1.4723 8823 —7633 363 —25
1.0 | 1.2831 1258 | —1 5143 657 —41 20.0 | 1.4746 5415 —7269 341 —22
11.2 | 1.2880 7300 | —1 4486 620 —37 20.5 | 1.4768 4738 —6928 320 —21
11.4 | 1.2928 8857 | —1 3866 585 —35
11.6 | 1.2975 6548 | —1 3281 553 —32 30.0 | 1.4789 7133
1.8 | 1.3021 0959 | —1 2728 522 —30
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a -W A!] Ail Ai, a -W Ail Ail Aig
Q=+0.9; tabular spacing=0.02 Q=-40.9; tabular spacing=0.02—Continued
0.00 | 0.0000 0000 4 1975 —67 —133 1.24 | 0.4299 0567 —5756 —60 11
.02 . 0002 0988 4 1909 —200 —133 1. 26 . 4379 4974 — 5817 —50 10
.04 . 0008 3884 4 1708 —331 —131 1.28 . 4459 3564 —5867 —40 10
. 06 . 0018 8488 4 1378 —458 —128
.08 . 0033 4471 4 0920 —582 —124 1. 30 . 4538 6287 — 5907 —32 9
1. 32 . 4617 3103 —5939 —23 8
.10 . 0052 1373 4 0337 —700 —118 1.34 . 4695 3980 —5962 —16 8
.12 . 0074 8612 3 9637 —811 —111 1.36 . 4772 8894 —5978 —9 7
.14 . 0101 5488 3 8826 —916 —104 1.38 . 4849 7831 —5987 —2 6
.16 . 0132 1190 3 7910 —1012 —96
.18 . 0166 4803 3 6899 —1099 —87 1. 40 . 4926 0780 —5990 +3 6
1. 42 . 5001 7739 — 5987 9 6
. 20 . 0204 5314 3 5800 —1177 —78 1. 44 . 5076 8712 — 5978 14 5
.22 . 0246 1625 3 4623 —1245 —68 1. 46 . 5151 3706 —5965 18 4
.24 . 0291 2559 3 3378 —1304 —59 1. 48 . 5225 2736 —5947 22 4
. 26 . 0339 6870 3 2074 —1353 —49
.28 . 0391 3255 3 0720 —1393 —40 1. 50 . 5298 5819 —5925 26 4
1. 52 . 5371 2977 — 5899 29 3
.30 . 0446 0360 2 9328 —1422 —29 1. 54 . 5443 4236 —5870 32 3
.32 . 0503 6793 2 7906 —1443 —-21 1. 56 . 5514 9625 —5838 35 3
.34 . 0564 1131 2 6463 —1455 —12 1. 58 . 5585 9176 — 5804 37 2
. 36 . 0627 1933 2 5008 —1458 —4
.38 . 0692 7743 2 3550 —1454 +4 1. 60 . 5656 2922
. 40 . 0760 7104 2 2096 —1442 11 -
.42 . 0830 8561 2 0654 —1425 18 Q=-+0.9; tabular spacing=0.05
.44 . 0903 0672 1 9229 —1401 24
. 46 . 0977 2012 1 7829 —1372 29 1.60 | 0.5656 2022 —3 6034 636 86
.48 . 1053 1181 1 6457 —1338 34 1. 65 . 5820 7148 —3 5398 701 65
1.70 . 5999 5975 —3 4698 748 47
. 50 . 1130 6807 1 5120 —1300 37
.52 . 1209 7553 1 3819 —1259 41 .75 . 6166 0105 —3 3950 780 32
. 54 . 1290 2118 1 2560 —1216 44 1. 80 . 6329 0284 —3 3170 801 21
. 56 . 1371 9243 1 1344 —1170 46 1. 85 . 6488 7294 —3 2368 812 11
58 . 1454 7712 10175 —1122 47 1. 90 . 6645 1936 —3 1556 816 +4
1. 95 . 6798 5022 —3 0740 814 -2
. 60 . 1538 6355 9052 —1074 49
. 62 . 1623 4051 7979 —1024 50 2. 00 . 6948 7369 —2 9926 807 -7
. 64 . 1708 9725 6955 —974 50 2. 05 . 7095 9790 -2 9119 796 —11
. 66 . 1795 2354 5980 —925 50 2. 10 . 7240 3091 —2 8323 782 —14
. 68 . 1882 0963 5055 —875 50 2. 15 . 7381 8069 —2 7542 766 —16
2. 20 . 7520 5506 —2 6776 748 —18
.70 . 1969 4627 4180 —827 48
.72 . 2057 2471 3353 —779 48 2. 25 . 7656 6166 —2 6028 729 —19
.74 . 2145 3667 2574 —732 47 2. 30 . 7790 0798 —2 5299 709 —20
.76 . 2233 7438 1841 —687 46 2.35 . 7921 0131 —2 4590 689 —20
.78 . 2322 3049 1154 —643 44
2. 40 . 8049 4874
.3(2) . 2410 9833 +5§1 —gg(l) 42
. . 2499 70 —89 - 41
-84 | .2588 4280 —649 —520 39 Q=0.9; tabular spacing=0.1
. 86 . 2677 0818 —1169 —483 38
. 88 . 2765 6188 —1652 —447 36 2.4 0. 8049 4874 —9 5623 5268 —326
.90 . 2853 9906 —2099 —413 34 2.5 . 8299 3328 —9 0355 4943 —325
.92 . 2042 1524 —2512 —380 33 2.6 . 8540 1426 —8 5412 4627 —316
. 94 . 3030 0632 —2892 —350 31 2.7 . 8772 4112 —8 0785 4325 —302
. 96 . 3117 6847 —3242 —321 29 2.8 . 8996 6013 —7 6460 4039 —286
.98 . 3204 9820 —3562 —293 28 2.9 . 9213 1455 —7 2421 3770 —269
1. 00 . 3291 9232 —3855 —267 26 3.0 . 9422 4476 —6 8651 3518 —251
1. 02 . 3378 4788 —4123 —243 24 3.1 . 9624 8846 —6 5132 3286 —233
1.04 . 3464 6221 —4366 —220 23 3.2 . 9820 8084 —6 1847 3070 —216
1. 06 . 3550 3289 —4586 —199 21 3.3 1. 0010 5475 —5 8777 2869 —201
1. 08 . 3635 5771 —4785 —179 20 3.4 1.0194 4089 —5 5908 2682 —186
1. 10 . 3720 3468 —4964 —160 19 3.5 1. 0372 6795 —5 3226 2510 —172
1. 12 . 3804 6202 —5124 —142 18 3.6 1. 0545 6275 —5 0716 2352 —158
1. 14 . 3888 3812 —5266 —126 16 3.7 1. 0713 5039 —4 8363 2206 —147
1. 16 . 3971 6157 —5392 —111 15 3.8 1. 0876 5439 —4 6158 2070 —~136
1. 18 . 4054 3108 —5504 —97 14 3.9 1. 1034 9682 —4 4088 1944 —126
1. 20 . 4136 4556 —5600 —84 13 4.0 1. 1188 9836 —4 2145 1827 —116
1. 22 . 4218 0404 —5684 —72 12 4.1 1. 1338 7846 —4 0317 1719 —108
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e -w AL A%, aly a -w a2, a3, Al
Q=-1-0.9; tabular spacing=0.1-—Continued Q=-0.9; tabular spacing =0.2
4.2 | 1.1484 5539 | —3 8598 1619 —100
10.0 | 1.6248 9974 | —2 6988 1145 —70
T3 L1z g‘;z?’ —g gggg 1527 —gg 10.2 | 1.6343 0457 | —2 5843 1079 — 66
- 11 8| — 1441 - 104 | 1.6434 5038 —g 4;64 1818 —g;
10.6 | 1.6523 49 —2 3746 61 -
45 | 1.1899 3412 | —3 4011 1360 —81 - -
£8 | 13080 8005 | 3 a0 1560 7 10.8 | 1.6610 1098 2 2785 909 52
4 1. —3 1366 1216 — o 1an _
Dol i) mE R g e o W) on
49 | 12405 3189 | —2 8998 1091 —61 4| 18 68 | 2 008 i -13
116 | 1.6934 66 —1 943 —
50 | 1.2524 2676 | —2 7907 1034 —57 -
21| 1t b 3 an oe1 -5 1.8 | 1.7010 7420 | —1 8700 694 38
. 1.2753 8066 | —2 58 93 —49
12.0 | 1.7084 9536 | —1 8005 659 —35
23| l2sciTis2)  —249%9 4 —48| 122 | 17157 3647 | —1 7346 627 —32
- . - 124 | L7228 0411 | —1 6719 396 31
12.6 | 1.7297 0457 | —1 61 —
5.5 | 1.3079 1424 | —2 3230 802 —41 -
28| Lam | 3 502 —a 12,8 | 1.7364 4380 | —1 5555 541 27
. 1.3284 2105 | —2 1664 728 —36
1 13.0 | 1.7430 2747 | —1 5014 515 —26
3-8 | 13383 1008 —2 0936 gos -3 13,2 | 1.7494 6101 | —1 4499 492 —24
: : - - 13.4 | 17557 4956 | —1 4007 469 ~2
13.6 | 1.7618 98 —1 3538 448 —
6.0 | 1.3575 7377 | —1 9580 633 —30
61| 1as e 18 o1 —39 13.8 | 1.7679 1112 | —1 3090 428 —20
. 1 1839 | —1 834 578 —26
14.0 | 1.7737 9332 | —1 2662 409 —19
0.8 | Lasaggaed) —17r6d 558 -2 142 | 17795 4889 | —1 2253 392 —18
: ' - - 144 | 1781 8198 | —1 1861 374 -7
14.6 | 17906 9635 | —1 148 —
6.5 | 1.4023 2344 | —1 6683 506 —22 -
€8 | Lilor 50| 1 elre 596 —2 148 | 1.7960 9591 | —1 1128 344 15
. 1 1680 | —1 5691 466 —20
15.0 | 1.8013 8419 | —1 0784 330 —14
8.8 | Lazl o009 1o e EH 15.2 | 1.8065 6462 | —1 0455 316 —14
: . - - 154 | L8UIG 4050 | —1 0139 303 —13
15.6 | 1.8166 15 - 1 —
7.0 | 1.4428 9118 | —1 4351 411 —16 _
11| 1408 s | 1 vk st —1e 15.8 | 18214 9113 — 9545 279 12
T 1. 4580 8246 | —1 3544 379 —16 _
7.3 | 1.4658 7207 | —1 3165 364 —15 | 189 | 18262718 —9aus 20 e
T4 1472731821 —1 2800 361 131 164 | 1.8355 5789 —8739 248 ~10
16.6 | 1.8400 6856 —8491 239 ~10
7.5 | 1.4798 6267 | —1 2449 338 —13
r¢ | Lises dod | 11 338 -3 16.8 | 1.8444 9431 —8252 230 -9
: 1. 4937 5428 | —1 1786 313 —12 _ _
7.8 | 1.5005 2166 | —1 1473 302 —1z| 109 | 182888734 — 5023 2 -8
80 | 1.5137 1526 | —1 0881 280 —10 17.6 | 18613 9465 — 7383 198 —8
) 15264 7354 | —1 0329 261 —10 _
Sima iR W e ocww w7
84 | 1 5388 1853 —9817 243 -8 w4 | 17 s ~gss 171 ~¢
18.6 | 1.880 —64 1 —
8.5 | 1 5448 4252 —9574 235 -8
S6 | 13507 T0r7 ~oais 258 —8 18.8 | 1.8845 6562 —6297 160 —6
) 1 64 —9111 220 —8
8.8 | 15623 4940 —8892 212 -7 19.0 | 1.8881 9706
89 | 1.5680 0423 — 8679 205 —7
9.0 | 1.5735 7227 — 8474 198 —7 @=+09; tabular spacing =08
9.1 | 1.5790 5558 —8276 192 —6
9.2 | 15844 5612 — 084 187 —6 19.0 | 1.8881 9706 | —3 8371 2352 —212
9.3 | 15897 7583 —7897 180 —6 19.5 | 1.8970 1054 | —3 6018 2163 —~190
9.4 | 15950 1657 —7717 174 —6
20.0 | 1.9054 6384 | —3 3856 1992 —171
9.5 | 1.6001 8014 —7542 169 —5 20,5 | 19135 7858 | —3 1864 1837 —155
9.6 | 1.6052 6829 —7373 164 —5 21.0 | 19213 7469 | —3 0027 1698 —139
9.7 | 16102 8271 —7209 159 —5 21,5 | 19288 7052 | —2 8329 1572 —126
9.8 | 1.6152 2504 —7050 154 —5 22.0 | 1.9360 8306 | —2 6758 1457 —115
9.9 | 1 6200 9687 — 6896 150 —4
22.5 | 1.9430 2802 | —2 5301 1352 —104
10.0 | 1.6248 9974 23.0 | 1.9497 1997 | —2 3949 1257 —~95
23.5 | 19561 7243 | —2 2692 1170 —87
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a -W Al AN aly e -w al Al aly
Q=--0.9; tabular spacing=0.5—Contiuued Q=-+1.0; tabular ing=0.02—Continued
24.0 1. 96%3 9796 —2 1521 1091 —79 0.88 | 0.3202 6140 —865 —512 40
2 1. 9684 0829 -2 —
25.0 1. 9742 1431 —1 9412 952 —67 . . - - 3
25.5 1. 9798 2621 —1 8460 890 —62 .94 .3513 4911 —2289 —404 34
26. 0 1. 9852 5351 —1 7570 834 —56 .96 | .3616 7186 —2693 —372 32
ge_ 5 i 8305 0510 _% 6736 782 —52 .98 . 3719 6769 —3064 —341 31
: . 4 — 4 —4
7.0 55 893 5954 73 8 1.00 | .3822 3287 —3405 —312 29
27.5 2. 0005 1403 —1 5221 690 —44 1.02 . 3924 6400 —3717 —285 27
28.0 | 2 0052 8651 —1 4531 649 —4] 1.04 | .4026 5795 —4002 —260 25
28.5 | 2.0099 1368 —1 3883 610 —38 106 | .4128 1188 —4262 —236 24
gg 0 g 0144 0202 —1 3272 575 —35 1. 08 . 4229 2319 —4498 —213 22
. 5 . 0187 5765 1 2697 542 33 1 10 'ﬁ%% 83‘;’% *3531 _i% 31
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