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MEASUREMENT OF HYDRAULIC DIFFUSIVITY OF
WEDGE-SHAPED AQUIFERS DRAINED BY STREAMS

By R. W. StanLmaN and 1. S. ParapopruLos

ABSTRACT

Theoretical response curves are presented in graphical and
tabular form relating (1) water-level changes caused by dissipa-
tion of recharge from unconfined wedge-shaped aquifers to
streams to (2) T¢/28, from which 7/8 can be computed.

INTRODUCTION

Many of the unconfined aquifers in the United
States are drained by perennial streams. Such aquifers
generally receive recharge from precipitation, part of
which flows laterally to streams and part of which may
be lost directly from the zone of saturation by evapo-
transpiration. Aquifers hydraulically bounded by
streams, recharged by relatively infrequent releases of
water through the unsaturated zone, and isolated from
the vagaries of evapotranspiration by a thick unsatu-
rated zone are ideally susceptible to analysis for hy-
draulic diffusivity—the ratio 7/S, where T is the
transmissibility and S is the coefficient of storage of
the aquifer.

Study of the effects of large-scale development of
ground water requires estimates of values of 7" on a
large scale. Pumping tests, using wells or well fields
to provide a known stimulus to ground-water move-
ment, are most generally used for determining 7' and
S of aquifers. (See Ferris and others, 1962, for ex-
ample.) However, pumping wells can sample only a
small segment of the aquifer, and inconsistencies in
T and S as observed from pumping tests may therefore
reflect local heterogeneity and may not provide re-
liable values of either coefficient on an areal basis.
The senior author had the problem of determining
values of 7 and S on a large scale in connection with
fieldwork done in Portage County, Wis. (Weeks and
others, 1964).

In the vicinity of the Little Plover River, Portage
County, Wis.,, an unconfined aquifer of outwash
extends to a depth of about 80 feet below the land
surface. In most years the principal source of recharge
is the water released from the unsaturated zone by
the spring thaw, except during summers having above-
average precipitation. Loss of water from the aquifer
by evapotranspiration seems to be negligible. The
aquifer is drained by streams in the area.

The physical system identified here is analogous to
the conditions of a heat-flow problem solved by Jaeger
(1942). Jaeger’s solution (1942) was applied specifi-
cally to heat flow in a split log, or the sector of a circle,
where the temperature is changed on the surface of
the log or perimeter of the sector of a circle at time
t=0. Flow of heat along the longitudinal axis of the
log, or perpendicular to the surface of tha circle, is
assumed to be negligible. Jaeger’s analysis of the
problem resulted in an integral equation. Numerical
values of Jaeger’s integral equation were ohtained by
Papadopulos (1963) for use in analyzing data from
three observation wells in Wisconsin (Weeks, 1964).

The close fit between observed and theoretical
water-level changes encouraged development of a
nearly complete set of response curves from Jaeger’s
work. Numerical evaluation of Jaeger’s integral equa-
tion required excessively lengthy manual conputation;
consequently, the computing work was assigned to
the U.S. Geological Survey’s Computation Unit, Wash-
ington, D.C. All the response curves prosented in
this paper were developed on digital equipment by
that unit, under the direction of Walter Anderson.

Ground-water levels are observed in a continuing
program by the Ground Water Branch, U.S. Geological
Survey, in several thousand wells throughout the
United States. Data from wells in unconfined aquifers,
where the hydrologic controls on the aquifer are as
outlined above, can be analyzed for 7/S by means of
the response curves presented in this report.

THEORY AND FIELD DATA

A hypothetical distribution of streams is shown on
figure 1. Each stream segment drains part of an
unconfined aquifer underlying the area. Chservation
well A (bottom half of fig. 1) is near the confluence of
two tributaries. The tributaries form a we-dge having
an angle of 8, which equals 75°, approximstely. The
wedge shape and location are drawn as av approxima-
tion of the course of the meandering streams. The
angle between one side of the wedge, and a line through
the apex of the wedge and observation well is noted
as 6 and equals 15°. Radius, 7, to the observation well
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Fieure 1.—Surface drainage pattern, showing location of
observation wells that penetrate an unconfined aquifer.

from the apex of the wedge is approximately 5 miles.
Radius @ is the distance from the apex of the wedge to
a circumference along which water levels are presumed
constant. In actuality, around well A the distance a
should be extended beyond 20 miles to the tributaries
forming an approximate closure on the north. How-
ever, as will be seen, the distance a can be taken as
infinity without introducing a significant error in the
computed 7/S of the area around A.

A hydrograph from well A is shown oun figure 2.
The decline in water level results from continued flow
to the streams between January and about mid-May.
During the latter part of May the aquifer is recharged
by water released during the spring thaw, and the water
level in well A rises sharply by an amount s,. At the
time marked ¢=0, the recharge is effectively complete
and water levels begin to decline in response to discharge
to the streams. The difference between the prerecharge

water-level trend and observed water levels is identified
as s on figure 2. The time reference for s iv t=0, when
recharge becomes negligible. Water-level altitudes in
all streams in the area are assumed constant, as an
approximation. Thus the peaks in stream stage caused
by overland runoff are assumed to have negligible effect
on ground-water levels.

The mathematical solution to the flow problem
outlined with the aid of figures 1 and 2 is given by
Jaeger (1942, p. 532, equation 16). Jaeger’s result
can be stated, for simplicity, in the following form:

&.=F 00, 6/00,r/a, Tt/r*S) (M
where T is the transmissibility of the aquifer, S is the
specific yield, ¢ is time measured from t=( on figure 2
at which s is observed, and r is as defined on figure 1.
Note that s/so, T¢/r*S, r/a, and 6/6, are nondimensional.
If ¢t is in days and r is in feet, the units of 7" are square
feet per day. Other notation is defined alsc on figure 1.
The function s/s, versus Tt/r%S of equation 1 was eval-
uated for selected values of 6,, 6/6,, and r/a by a digital
computer.

USE OF RESPONSE CURVES

Water-level changes in the aquifer observed at well
A due to lateral flow of ground water fror the wedge
area to the streams are given as s/s, verrus log ¢ on
figure 3. Figure 3 is similar to the graphs of drawdown
versus the log of time commonly used for analysis of
pumping-test data.

Curves of s/s, versus Tt/rS have been so compiled
on plates 1-120 that each figure includes all available
curves for a particular value of 8, and of 6/6,. (The
base sheet used for plotting was Codex No. 31,227,
having 20 lines per inch, and each log cycle is 1%,
inches wide.) Thus, to find the apprcoriate type
curve for a given observation well it is necessary to
first determine 6, and 6/6,. From figure 1, for well
A 0,=75° and 6/6,=15/75=0.2. Responss curves for
8,=75° and 6/6,=0.2 are on plate 34.

The curve for r/a=>5 miles/20 miles=0.25 is located
on plate 34, and is then matched with the data curve
to solve for Tt/r2S at a particular value of time. Match-
ing is accomplished by superimposing the data plot,
figure 3, on the response curve and keering the s/s,
axes coincident. The data plot is moved from side to
side until a position is found at which the data points
overlie the theoretical response -curve for 6,=75°
6/60=0.2, and r/a=0.25. Any convenient value of
Tt/r*S is selected on the axes of the response curve and
t is read at the corresponding point on the data curve.
An example match point for figure 3 is Tt/®S=1.00
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Figure 2.—Example hydrograph from well A of figure 1, showing observed and projected water-level altitudes.
0 L) L ALY B SR R AL As r/a approaches zero, the response curves form an
,,/' envelope on the lower right of many of plates 1-120.
ya The envelope represents aquifer response for r/a=0,
0.21- ya — or a=o00. For observation well A, where r/a=0.25,
/“Observed response is like that where a=oco until s/s, is less than
’I"\Theoretical response about 0.1. Therefore the position assumed for radius a
0.4 / . around observation well A is immaterial for most of
s /' ' the useful data from figure 2. Increasing a to a value
8, / '\;?tt"h line at greater than 20 miles would not affect the value of 7/S
06l / 725 =100 N computed on figure 3.
/ t =360 days Observation well B (fig. 1) is near the headwaters of a
/ Computation: stream. Such a situation can be viewed as a region of
0.8 /S T_ 1.00%6.98%10° 104510 flow to a wedge of slightly less than 360°, the apex of
J S 360 o the wedge being at the upper end of the stream. Values
s of the pertinent variables from figure 1 are as follows:
ol 6,=360°, 6/6,=108/360=0.30, and r/a=0.5. The re-
1 10 100 1000 | sponse curve appropriate for analyzing data from B is
¢ IN DAYS on plate 116. Note that the value of r/a hes a greater

FiGurE 3.—s/s, versus time taken from hydrograph of well A
(see fig. 2), showing computation of T'/8.

and =360 days. The computation for 7/S is given
on figure 3. If S equals 0.2,

T=0.2X1.94X10°=4X10° ft* per day, or
4 10°X7.48=3X10° gallons per day per foot.

effect on response for large values than for small values
of fo.

Caution must be used in applying the response curves.
In the example hydrograph given on fignre 2 it is
difficult to project reliably the water-level trend much
beyond July. Thus, values of s/s, from only about 50
days after cessation of recharge can be considered useful.
Generally field data will be more difficult to interpret
than figure 2, because observed water leve's generally
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do not form such a smooth trend as shown. Also,
consider the response of well A of figure 1, assuming
that 7/S=2X10* ft* per day. Thus,

Tt 2X10!

;js;—fm t=2.86X10"%¢.

For t of about 1 year, Tt/r?S is about 1X10-2,

Therefore for ¢ less than about 1 year, s/s, varies
between 1.0 and 0.9 if 7/8=2X10% 6,=75°, 6/6,=0.2,
and r/fa=0.25. Obviously, then, stream control around
well A in an aquifer having 7/S of about 2 10* ft?
per day could not cause the drawdowns indicated on the
hydrograph of figure 2. Ground-water outflow in the
area is therefore probably controlled significantly by
other hydrologic factors than stream location, such as
recharge conditions different than those postulated in
construction of the response curves. Comparison of
the response curves with observed drawdowns can be
used in this manner to aid in the identification of the
principal hydrologic controls on ground water.

Computed values of 1—(s/s;) versus T¢/%8, from
which plates 1-120 were prepared, are given in the

tables on pages 6-50. Two numbers are given for
each row in the column marked 7%/72S. The second
is the exponent of 10 to be applied. The complete
value of Ttr*S is obtained by multiplying the first
number shown by 10 to the power indicated.
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