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DISPERSION IN SURFACE WATER

METHODS FOR PREDICTING DISPERSION COEFFICIENTS IN NATURAL STREAMS, WITH
APPLICATIONS TO LOWER REACHES OF THE GREEN AND
DUWAMISH RIVERS, WASHINGTON

By Huco B. FiscHEr

ABSTRACT

Four dye dispersion experiments were conducted in the Green
and Duwamish Rivers, Wash. Longitudinal dispersion coef-
ficients were obtained in two experiments, lateral concentration
variations in the third, and aerial photographs in the fourth.
The study reach was a section of meandering river, most of
which is affected by tides during a part of the tidal cycle. Dis-
persion was observed during normal riverflow and tidal re-
versals. In normal flow of about 300 cfs the observed dispersion
coefficient was 70-90 ft® per sec.

In natural riverflow, lateral variation in velocity is hypoth-
esized to be the dominant mechanism for dispersion. With this
hypothesis, G. I. Taylor’s theory for turbulent dispersion in
pipes may be applied to natural streamflow. The resulting anal-
ysis predicts a dispersion coefficient of 88 ft? per sec for a flow
of 300 cfs in the Green and Duwamish Rivers.

A numerical solution to the convective diffusion equation is
obtained, utilizing a high-speed electronic computer. Analysis of
a two-dimensional flow with logarithmic velocity profile, for
which a theoretical result is available, shows that the program
produces accurate results. Analysis of the flow in the Green
and Duwamish Rivers predicts a dispersion coefficient of 91 ft*
per sec. '

The analyses herein presented, both analytical and numeri-
cal, provide two ways of predicting a dispersion coefficient for
a natural stream. The prediction requires field measurement of
channel geometry, shear stress, and cross-sectional distribution
of velocity only. Hopefully, future field experiments will fur-
ther confirm the two prediction methods.

INTRODUCTION

PURPOSE AND PROCEDURE

In a fundamental paper, Taylor (1954) established
that longitudinal dispersion in a long, straight pipe
may be characterized by a one-dimensional classical
diffusion equation, in which the diffusive and convec-
tive processes occurring throughout the cross section
interact to produce a longitudinal dispersion coefficient.
Although Taylor specifically stated that his analysis
applied only to flow in a long, straight pipe, many in-
vestigators have subsequently attempted to apply the
same concept to flows in open channels, in both labora-

' tory flumes and natural streams. Thomas (1958) suec-
ceeded in applying Taylor’s concept to flow in an infi-
nitely wide two-dimensional open channel in which the
flow is described by a power-law velocity distribution.
He obtained a complicated functional relationship,
whose behavior is not obvious without detailed reading
of his unpublished thesis. A plot of his resulting disper-
sion coefficient as a function of Reynolds number has
been given by Fischer (1965). Elder (1959) duplicated
Thomas’ effort, for assuming a logarithmic velocity
profile, and obtained a remarkably simple result:

D=5.93 dU™*, 1)
in which D is the longitudinal one-dimensional dis-
persion coefficient, d is the depth of flow, U* is the shear
velocity, and the von Karman constant has been as-
sumed equal to 0.41, Elder succeeded in verifying his
formula in a very small flume. However, more recent in-
vestigators, in both laboratories and natural streams,
have obtained very much greater values of D. Labora-
tory investigations by Glover (1964) have yielded
values of D on the order of 20 dU*. Values obtained in
natural streams have ranged from 40 to 800 dU*, the
average being around 200 dU*. The large variation in
results has cast doubt on the applicability of Taylor’s
analysis to open channel flows, at the same time spawn-
ing considerable interest in what factors actually do
produce dispersion.

Recently, Fischer (1966a) has suggested that
Taylor’s analysis does not correctly describe the entire
dispersion process in natural streams. Two periods are
identified : an initial period following insertion of a
pollutant, limited not only to the period of cross-sec-
tional mixing but involving possibly several miles of
streamflow as well, in which a longitudinally skewed
cloud is formed; and a later period, during which
Taylor’s analysis applies and the initial distribution
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decays according to the diffusion equation. Only in
the later “Taylor” period is it permissible to speak
of a dispersion coefficient which correctly describes the
process. The approximations involved in Taylor’s anal-
ysis and the duration of the initial convective period
have been discussed in more detail by Fischer (1966b).

A major purpose of this report is to show that in
spite of the initial non-Taylor period and in spite of the
variety of field results already mentioned, Taylor’s
basic reasoning is sufficiently valid to provide a method
whereby dispersion coefficients in natural streams may
be predicted. Such a method is described and used to
make a reasonably accurate prediction for the river
under study.

The study herein described was conducted as part
of a cooperative project with the Municipality of Metro-
politan Seattle, whose Renton Sewage Treatment Plant
discharges treated sewage into the Duwamish River
near the upstream end of the study reach. The investi-
gation had a twofold purpose: first, to provide an exact
description of the movement and dispersion of the sew-
age effluent in the study reach; and second, to make a
detailed investigation of the basic mechanics of dis-
persion in a natural environment. The study consisted
of four experiments; the experiments of August 34
and September 9, 1965, are described as longitudinal
dispersion experiments, during which dye was injected
upstream from the study reach, and a series of obser-
vation stations were established at river sections
throughout the reach. The experiment of August 17 was
similar to that of August 3—4, 1965, except that ob-
servations were limited to a few stations, and the dye
cloud was photographed from the air at intervals
throughout the day. The experiment of August 21 was
designed to investigate the role of lateral concentration
gradients and to show their importance in the disper-
sion process.
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DISPERSION IN SURFACE WATER

DIFFUSION VERSUS DISPERSION

A question frequently asked is, “What is the differ-
ence between diffusion and dispersion?” More than
semantics is involved; both processes concern the
spreading out of particles that are initially at the same
point, but a significant difference exists in the degree of
randompess of the motion.

The term “diffusion” is generally applied to proc-
esses in which the motion of the particles is entirely
random, with or without some autocorrelation. The
spreading out is accomplished by the different paths
randomly selected by the different particles. In one di-
mension, the classical problem is generally referred to
as the “Drunkard’s walk” problem. An infinite popu-
lation of particles originate a one-dimensional motion
from a single point at the same time. A fter each interval
of time, Az, each particle moves one step length A/, but
whether the step be forward or backward is entirely
random. If a limit is taken where both the time interval
and step length shrink to zero, but the ratio (al)2/A¢
remains finite, it may be shown mathematically that the
distribution of particles is described by the Fokker-
Plank equation, or diffusion equation,

o¢ . Q%

ot o’
in which ¢ is time, @ is the longitudinal coordinate, D
is a coefficient depending on the ratio of (Al)? to At,
and ¢ is the concentration of particles per unit length.

Dispersion also involves a process of spreading out,
but with the help of some mechanism other than ran-
dom motion. For instance, suppose that the randomly
walking “drunks” of the previous example are getting
on and off of busses in a random way, but that the
busses operate on a fixed schedule. The motion is still
random, but the final distribution of “drunks” depends
strongly on the bus schedule. Very likely, it does not
obey the diffusion equation.

Dispersion in a river is very similar to the “drunk
on a bus” problem. An element of randomness exists;
namely, the cross-sectional turbulent diffusion (turbu-
lence generally being thought of as a completely ran-
dom motion, and diffusion therefore being the proper
term). The bus schedule is analogous to the variation
of longitudinal velocities within the cross section. Dis-
persion is caused primarily by “bussing” of the par-
ticles, that is, convection at the different velocities of
different stream lines. The primary effect of the tur-
bulence is to cause the particles to “change busses.”

Strictly speaking, as Batchelor (1964) has pointed
out, the motion of each water particle in a uniform
stream is a stationary random function. However, in the
stream the primary mechanism for spreading out is the
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time-steady cross-sectional variation of velocity (the
different busses). In contrast, in turbulent (or eddy)
diffusion, the only mechanism is random temporal ve-
locity variations (random-steps forward or backward).
As discussed below, the spatial velocity variations in a
stream are far more effective at spreading out than are
the temporal variations. Since both the mechanisms and
results are so different, the terms ‘“dispersion,” for
spreading out due to spatial velocity differences, and
“diffusion,” for spreading by random temporal fluctua-
tions, should not be interchanged.

LONGITUDINAL DISPERSION STUDIES IN THE GREEN
AND DUWAMISH RIVERS

DESCRIPTION OF THE STUDY REACH

The Green River rises in the Cascade Mountains just
north of Mount Rainier. It flows through the foothill
area and emerges onto an alluvial valley at Auburn,
Wash. From Auburn until its discharge into Elliott
Bay at Seattle, it meanders through the flat alluvial
valley. The downstream end, below the confluence of the
Black River and comprising mostly the estuary, is
known as the Duwamish River. The Black River, once
a major tributary, since 1917 has had hardly any flow;
this channel realinement and the geology of the area
have been described by Mullineaux (1961).

The reach of interest (fig. 1) includes the lowest 13
miles of the Green-Duwamish system, commencing at
the Renton Junction Bridge and continuing to Elliott
Bay. The tidal range at Elliott Bay averages about 10
feet, although a maximum of 16 feet has been recorded.
In its lowest 6 miles, the estuary has been dredged to a
depth of 20 feet, varies in width from 400 to 1,000 feet,
and may be characterized as a one-dimensional estuary.
The upper 7-mile reach, which is the range of primary
interest for this study, may be characterized as a mean-
dering, tidally influenced river. At low flows, about 300
cfs (cubic feet per second) or less, the stage at the upper-
most section shows tidal influence for tides of 8 feet or
more at Seattle. Reverse flow occurs at higher tides.
Thus, during most high tides the entire study reach is
tidally affected. In contrast, much of the reach flows as
anormal river at low tide.

Flow in the Green River at Auburn (U.S. Geol. Sur-
vey gaging station 12-1130), 16.6 miles above Orillia
Bridge, varies from about 12,000 cfs at flood stage, often
recorded during winter floods, to low flows on the order
of 200-300 cfs. The river is regulated upstream from
Auburn by Howard A. Hanson Dam, operated by the
U.S. Army Corps of Engineers to maintain a low-flow
discharge of at least 80 cfs. From Auburn to the mouth,
the river is leveed to a height of 20 feet. Most of the
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FicuRE 1.—Index map of the Orillia Bridge-Boeing Bridge
study reach, Green and Duwamish Rivers, showing dye
injection point, river sections, and area covered by aerial
photographs (fig. 12).

sediment transport and channel degradation takes place
during the winter floods, when the river often flows
nearly bank full. The present study was conducted dur-
ing particularly low flows because of the primary inter-
est in pollution. At low stage, the river is confined to a
bottom having banks of mud, sand, or in places riprap;
the upper banks are covered with grass and blackberry
vines. The river contains debris of all sorts, including
snags, logs, and car bodies, much of which projects
above the surface at low stage and adds to the channel
roughness.

The slope of the river between Renton Junction and
42d Street, computed for low tide on August 3, was
0.000224. A mean hydraulic radius for this reach is
estimated at 3.6 feet, yielding a shear velocity of 0.161
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fps (foot per second), a Darcy-Weisbach friction factor
of 0.26, and a Manning # of 0.058. The Manning n value
agrees well with a table by Rouse (1950).

Table 1 gives all sampling and measuring locations
used in the study and the types of information collected
at each section. The river sections, in feet upstream from

DISPERSION IN SURFACE WATER

the mouth of the estuary, were established by measuring
on the U.S. Geological Survey map titled “Seattle and
Vicinity,” at a scale of 1:62,500. Figure 2 shows gen-
eral views of the river sections. Stream depths at several
of the cross sections, which are shown in figure 3, were
observed on August 3.

TABLE 1.—Observation sections used during the four experiments and type of information obtained
[Abbreviations: Auto., automatic stage recorder; Sta., station, with lateral distance in feet, from arbitrary point; WW G, wire-weight gage]

Distance August 34 August 17 August 31 September 9
upstream
River cross sections from
mouth of Dye Velocity Stage Dye Dye Dye Velocity Stage
e?gz%\)-y concentration concentration concentration concentration
. . Sta. 90__
Renton Junetion__._._._ 69,270 Sta. 105_____ Sta. 105. Auto.._. Sta. 105. 8 stations..__ Sta. 90__ 120 Auto.
Mile 12.11___________ 63, 950 o e e i e Center._ _._____.
Foster Golf Course..._ 59,240 Center______ Center.. _._____._. Center._ 7 stations..__. Sta. 160_ {Sta. igg' }WWG
Mile 1073 _______ 56,640 o Center_. . ___._._.
Cherry Street_ ... 53,640 Sta. lzg ----- }Sta. 79.. WWG_. Sta. 79 oo Sta. 80._ {Sta‘lgg" }WWG
Freeway Bridge___.__ 50, 680 o o e e e Center_.. ________
42d Street_ . _________ 46,240 Sta. 45_____ Sta. 45__ Sta. 45__
100 100 }WWG__ Sta. 45__  _________.__ Sta. 55__ { 100... }WWG
119th Street._____.___ 43,940 ol Center. . {Sta'lgg" }WWG
East Marginal Way.___ 41,450 Float intake_ {Sta. 122' }WWG__ ____________________ Sta. 75.__ {Sta.lzg__ }WWG
Boeing Bridge________ 34,320 Sta. 170_____ Sta. 170. Hand o e ccmmeee e
line.

MEASUREMENT TECHNIQUES

The tracer used was Rhodamine B, a commercial dye
whose properties have been summarized by Buchanan
(1964). For this study, the primary properties of inter-
est are that: (1) the dye is miscible in water up to con-
centrations of 2 percent by weight; (2) it would not de-
cay appreciably during the duration of the test; and (3)
it is capable of being adsorbed onto river sediments, al-
though in unknown quantities. In this study the dye,
contained in a 40 percent acetic-acid solution, was placed
into open buckets and inserted into the river by dumping
from a bridge 2 miles upstream from the reach of inter-
est. The 2 miles of river flow was expected to be adequate
for the initial period of dispersion.

Immediately after the dye was inserted and before
its arrival at any of the observation sections, samples
of water were collected at several observation sections
for preparation of dye-concentration standards. For the
experiment of August 34, all the standards were made
from a mixture of river water collected at Renton Junc-
tion and East Marginal Way. Standards consisting of
0.5, 1.0, 5.0, 10, 50, and 100 ppb (parts per billion) of dye
were prepared. In the later experiments, individual sets
of standards were prepared from river water taken at

each of the observation sections, with the exception of
those at miles 12.11 and 10.73, the Freeway Bridge, and
the 119th Street Bridge. For all sections, standards were
prepared consisting of 0.5, 1.0, 2.5, 5.0, 10, 20, 40, 80, 100,
200, and 400 ppb of Rhodamine B. During the dye-
cloud passage, samples were collected at the selected sta-
tions in the river section by lowering a 16-ounce bottle
sampler into the water and allowing the bottle to fill by
gravity. The interval between samples was 10 minutes,
beginning before visual arrival of the cloud and ex-
tending at least 1 hour after any dye was visible, after
which the interval was half hourly for as long as any
dye was believed to remain. Samples were normally
taken about 1 foot below the water surface. The sam-
pling time recorded was the instant at which the bottle
entered the water; about 20 seconds was required for
the bottle to fill. Upon completion of the experiment, the
samples and standards were stored together in a dark
location to await reading of fluorescence on the fluo-
rometer. Before reading the fluorometer, all samples
were brought to the same temperature. In the first ex-
periment, the “standards” were analyzed first, followed
by all the samples in sequence. This meant that the last
group of the samples was analyzed 4 days after the
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E F

FIGURE 2.—Photographs of typical reaches along the Green and Duwamish Rivers between Orillia and Boeing Bridges.
A, View from left bank looking downstream at Renton Junction Bridge. B, View from left bank looking downstream at
mile 12.11. €, View from left bank looking upstream at Foster Golf Course Bridge. D, View from left bank looking

downstream at mile 10.73. E, View from left bank looking downstream at Cherry Street Bridge. ¥, View looking down-
stream at 119th Street Bridge.

285-947 0—68——2
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East Marginal Way

F1cUuRE 3.—Selected river sections looking downstream showing high and low tides on August 3. Symbols denote location of
dye and velocity observation stations on September 9.

standards. In the later experiments, the standards for
each station were read immediately prior to the analysis
of samples from that station. Using this procedure,
standards and all samples for a particular station could
be analyzed during the same day.

At certain sections the dye cloud was monitored con-
tinuously by a recording G. K. Turner fluorometer.

During the passage of the dye cloud, measurements of
velocity and stage were also made at most river sec-
tions (table 1). Velocities were obtained with Price
current meters, and stage by a wire-weight gage, ex-
cept at the Renton Junction section where a continuous
stage recorder is in operation.

EXPERIMENTS OF AUGUST 3-4 AND SEPTEMBER 9

At 0930 hours on August 3, and again at 0430 hours
on September 9, 1965, 4 gallons of Rhodamine B dye
were injected into the Green River from the Orillia
Bridge (river station 80,646 ft; see fig. 1). The dye
was divided into 2-gallon batches and dumped simul-
taneously at approximately the one-third points of the
cross section. Flow in the Green River at Auburn was
266 cfs on Angust 3 and 235 cfs on September 9. The
266-cfs flow at Auburn is equivalent to about 310 cfs
at the Renton Junction Bridge (U.S. Geol. Survey gag-
ing station 12-1133.5), according to a correlation of
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FicUure 4.—Forecast tides at Seattle, August 3-4 and Septem-
ber 9. Times of dye injection into the Green River are indi-
cated.

discharge records. The injection was so timed that the
travel of the dye cloud through the reach of interest
would coincide with the tidal runout. High and low
tides at Seattle for the two tests are shown in figure 4.
The primary difference between the two experiments
was the range in tides during the period. During the
second experiment more observation sections were in-
cluded, which improved the accuracy of the results.

The data recorded at each station are shown in figures
5 and 6. The velocities indicated at sections where meas-
urements were made at more than one point are the
average of both measurements. Where stage was not
recorded, depth is shown. On August 3 the data show
that on the first outgoing tide the cloud passed the
Renton Junction, Golf Course, and Cherry Street
Bridges completely and arrived at the 42d Street
Bridge. The tide changed at 42d Street at 1810 hours,
following which a reversal of the dye cloud was observed
(fig. 5). On the incoming tide, the cloud returned past
Cherry Street completely and came to a halt between
Cherry Street and the Golf Course Bridge. Then, on the
subsequent outgoing tide, the cloud passed all stations
and continued downstream beyond the Boeing Bridge.
At 42d Street and Boeing Bridge certain erratic breaks
in the concentration pattern exist. However, the record
of the continuous fluorometer yields a smooth curve at
East Marginal Way. The samples at these river sections
were processed 5 days after the experiment, which was
4 days after processing the standards. For both river
sections the erratic results occur at a point in which a
change in scale was necessary on the fluorometer. The
error probably is attributable to a change in the stand-
ardization of one or the other of the fluorometer scales
during the 4-day period. The preparation of more com-
plete standards during the later experiments eliminated
this problem and provided uniform results.

On September 9 the data show the effect of the in-
creased range of tide. At 1320 hours, the time of tide
reversal, the peak concentration had passed the 119th
Street Bridge, and a very slight increase in concentra-

A7

tion was observed at East Marginal Way (fig. 6). The
incoming tide then carried the cloud all the way back
up to the Foster Golf Course Bridge, at which time the
study was discontinued.

The data were analyzed to obtain a dispersion coef-
ficient by means of the “change-of-moment method”
(Fischer, 1966a). This method is based on the equation :

1
=122, )

in which t is time, and o, is the variance of the con-
centration distribution with respect to distance along
the stream. This equation can be derived from the dif-
fusion equation, or accepted as a basic definition of a
diffusion coefficient. Its use requires distance-concentra-
tion curves, which must be derived from the raw data.
An alternative is to use the relation :

0',2= 02 O'tz, (4)
in which ¢;2 is the variance of the concentration distri-
bution with respect to time, measured at a fixed point
in the stream, and U is the mean velocity of the flow.
This equation may be applied only when the velocity
at the measuring point remains constant throughout
the passage of the dye cloud, and may be shown to be
approximately correct for large Peclet number, ZU/D,
where Z is a characteristic distance (in this case the dis-
tance from injection point to measuring station). In the
present study the Peclet number was sufficiently large
(always greater than 100), but the velocity varied con-
tinuously at most stations; consequently, more detailed
reconstruction of the distance-concentration curves was
usually required.

During the studies at least one vertical velocity pro-
file was measured continuously at those stations where
possible. The results do not represent the mean velocity
at the river section, and even if they did, they would
not suffice for the mean velocity in the adjoining reaches.
However, the velocities measured do give an approxi-
mate indication of the changes in velocity in the reach.
The assumption must be made that the velocity in the
reach adjoining the observation station varies propor-
tionately to the velocity actually measured at the sta-
tion. If the mean velocity in a reach can be established
at one time when the velocity is known at the station,
the factor of proportionality is established and can be
applied to subsequent station velocities to indicate sub-
sequent mean velocitiés in the reach.

Reconstruction of the distance curves proceeds in the
following manner. Let

7'=time for which a distance-con-
centration curve is desired ;
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FI6cURE 6.—Dye concentration, velocity, and stage at observa-

tion stations, September 9.

n=number of river sections at
which dye concentration is
being observed at time 7';

X, X,, ... ,X,=location of river sections at

which a time-concentration
curve has been obtained, in

VELOCITY, IN FEET PER SECOND (POSITIVE IS DOWNSTREAM)

feet upstream from the estu-
ary mouth;

t=time at which concentration
and velocity have been re-
corded ;

U;i(t) =mean velocity measured at the
ith measuring section at time
¢ (positive downstream) ;

oy o . . . 4 ay=correction factors to be applied
to mean velocities measured
at 7th river section to get
mean velocity in the adjoin-
ing reach;

2 (7, t)=actual river section, in feet,
at. which the concentration
value measured at the ¢th
river section at time ¢ is lo-
cated at time 7.

For times differing not too greatly from 7', an ap-
proximate relation neglecting dispersion is,

c(z;, T)=c(X,, 1), (5a)
in which

(T, )=X:+ f T (t)dt. (5b)

The integration may be performed in steps of length
equal to the velocity-measurement interval. An initial
guess is required for the values of «; . . ., ay; this may
be based on the travel time of the centroid of the dye
cloud, or if necessary, that of the peak. Any reasonable
set of guesses gives a first approximation by which »
segments of the concentration-distance curve may be
drawn, each based on values obtained at one measuring
station. Each segment should be continued if possible
to the adjoining river sections, but not necessarily any
farther. Normally, the segments from adjoining sec-
tions will not match, but the required changes in the
a;'s will be evident. The calculation is then repeated
with the new values for the «;’s, and a smooth curve
can generally be drawn through all the points.

The accuracy of the method depends primarily on the
length of time through which observed values of con-
centration must be projected, which, in turn, depends
on the number of observation sections, a factor limited
only by the manpower to be expended on the study.
Figure 7 shows distance-concentration curves obtained
from four observation sections on August 3. Although
the exact shape of the four curves may be in error, no
difficulty was encountered in matching measurements
from adjoining sections.

\ When curves such as those in figure 7 have been ob-
| tained, the first and second moments and variances may
I be determined by standard statistical methods. A prob-
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lem exists, however, in the long, low concentration tail
that always extends upstream. The tail is caused by two
storage mechanisms, which trap dye during passage of
the cloud and slowly release it back into the flow : one is
sorption on bed and bank sediments in unknown
amounts, a process which has nothing to do with dis-
persion of water particles. The other is the existence of
low-velocity pockets, described in considerable detail on
pages A13-A16. The dye in these pockets is in fact
following the motion of the water particles, and must
be included in the general description of dispersion
phenomena. It is equally clear that this type of motion
does not obey a one-dimensional diffusion equation;
hence, the effect of the long tails should not be included
in calculation of the moment from which a dispersion
coeflicient is to be derived. The problem is that water
particles following the one-dimensional diffusion
equation cannot be distinguished from those that do
not.

The literature includes two attempts to overcome this
problem. Elder (1959) assumed that the tail repre-

sented material contained in the laminar boundary lay-
er. He estimated a distribution of such material and
subtracted it from his measured concentrations. This
produced a distribution of concentration for which he
could calculate a variance by integration. Godfrey and
Frederick (1963), on the other hand, noted that most
of their distributions matched very closely the Pearson
Type III distribution, for which statistics are tabu-
lated. In their report a method is given whereby any
curve may be matched to the Pearson Type ITI distri-
bution, and a variance found from a table.

Difficulties exist in both methods: in Elders, the inte-
gration weighs each value of concentration according to
the square of its distance from the mean, so that val-
ues in the tail must be estimated very closely. In con-
trast, Godfrey and Frederick’s method does not take
any account of concentrations less than one-tenth that
of the peak value. However, their method is extremely
sensitive to the position used for the peak, all meas-
urements being made from that point. In field measure-
ments the peak is usually poorly defined, but small
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changes in its assumed position can affect the computed
result by as much as 20 percent. Furthermore, the tail
behavior, overlooked by their method, is an important
part of the distribution.

In this study, variances were computed using a pro-
cedure resembling that of Elder. A point on the tail
was chosen, entirely by eye, at which the integration

All

was to be terminated; at this point the concentration
value was generally about 5 percent of the peak, and
the curve of concentration versus distance was virtual-
ly flat. A straight line was then drawn from the termi-
nation point to the initial point—a point of zero con-
centration at the downstream end of the distribution—
and this line was used as the base for the integration.

I | | | | | l I

| Tidal

T 1 T T T T T 1

Constant downstream velocity
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FicurRe 8 —Variance of dye distribution, August 34 and September 9. Tidal conditions are indicated for that part of the
river in which the dye cloud is located.
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This procedure reduced the values of tail concentration
sufficiently to permit the calculation of reasonable vari-
ances.

Considering the difficulties involved in obtaining
values of the variances, and the variety of dispersion
coefficients which might be obtained, a further calcula-
tion was indicated. The values of variance obtained by
the above method are shown in figure 8; the initial
points, prior to tidal influence, lie along a straight line,
half of whose slope is the dispersion coefficient. The in-
dicated dispersion coefficient is about 100 ft?> per sec
(square feet per second). The validity of this result may
be tested by beginning with an experimental curve
measured at a particular time, applying the diffusion
theory using the experimental value of the coefficient,
and predicting a concentration distribution for the same
later time at which one was actually measured. This
procedure is called the “routing procedure,” because it
routes the concentration of a dispersing cloud down the
stream, much as a flood is routed. The comparison be-
tween the observed and routed results demonstrates
graphically the validity of both the dispersion coefficient
derived and the entire concept of dispersion as a one-
dimensional diffusion process.

Figure 9 shows the results of the routing procedure.
The mean time of passage at Renton Junction on August
3 was 12045 hours. The time-concentration curve
measured at Renton Junction is converted to a distance-
concentration curve by multiplying all changes in time
by the mean velocity, 0.949 fps. The result is a curve of
concentration versus distance at 1204 hours, which 1is
identified as #=0. According to the theory, if a concen-
tration distribution, ¢, (£), where ¢ is a longitudinal
coordinate along the same axis as , is known at time
t=0, then at any later time, #, the concentration dis-
tribution can be determined from the integral:

(@—§)?

O GRS ©®

In this equation, both # and ¢ are longitudinal distances
from a point which moves at the mean velocity. The
integration was performed manually, using the trap-
ezoidal rule and integration points spaced at intervals
of 285 feet. The result for 1500 hours (¢=10,560 sec) is
compared with the measured curve at Foster Golf
Course, for which the mean occurred at 1500 hours (this
curve was also converted to a distance-type curve by
multiplying by the mean velocity). The routed curve for
the value of =100 ft* per sec has its mean at the same
point as that of the observed curve, has an identical
variance, and is adjusted to include the same area. How-
ever, the fit does not appear to be particularly good.

DISPERSION IN SURFACE WATER

Another integration was carried out, using a dispersion
coefficient of 70 ft* per sec; the area under this curve
has also been adjusted to equal that of the observed
curve, and the entire curve has been shifted so that its
mean is 285 feet to the downstream side of the others.
With these adjustments, the fit is fairly good, except in
the tail area; consequently, the value of 70 ft? per sec is
judged to be the more nearly correct.

The same calculation was carried out for the data of
September 9, using a time span of 4 hours. The data
obtained at Renton Junction (0700 hr) were used to
predict a concentration distribution at 1100 hours, when
the cloud was centered near Cherry Street. An excel-
lent agreement was obtained using a dispersion coeffi-
cient of 90 ft? per sec (fig. 10). Thus; the method by
which the variances were originally calculated is veri-
fied quite accurately by the data of September 9, and to
a fair degree by the data of August 3. A 30-percent
difference in experimental dispersion coefficients is not
alarming; the dispersion coeflicient measures the in-
crease of the variance of the cloud (the square of the
standard deviation), and a 30-percent error in the co-
efficient corresponds to only a 14-percent error in the
statistical length of the cloud.

On figure 8 an indication is given of the tidal con-
ditions in the reach of river in which the dye cloud is
located at a given time. The first 7 hours of dispersion
took place in a reach that behaved in effect as a normal
river; that is, the velocity was constant and was con-
trolled by bed friction rather than changes in tide. For
this section, a linear increase of variance is observed, a
remarkable agreement being obtained between the two
experiments. The one-dimensional diffusion equation
seems to describe adequately the growth of the cloud,
with certain exceptions near the head and tail. Tidal
changes introduce new and complex factors. As the
tidal effect progresses up the estuary, the velocity at
the head of the dye cloud is first affected. The head
comes to a halt, while the tail is in a section of river still
running downstream. The result is a sharp decrease in
variance and a steepening of the slope of the concen-
tration-distance curve at the head. Further incoming
tide causes a stacking phenomenon: all the dye-contain-
ing water, initially spread over several miles of river
at low tide, is stacked together into a cloud of greater
cross-sectional area but lesser extent. The one-dimen-
sional variance decreases very rapidly, although dis-
persion is still occurring in the sense that dye is
constantly diffusing into undyed water.

A complete description of the stacking process dur-
ing the incoming tide would be difficult. Taylor’s analy-
sis may well be correct in the sense that at any local
section the transport through a section moving at the
mean velocity is proportional to the mean concentra-
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F1cure 10.—Comparison between observed concentration-distance curve at 1100 hours, September 9, and prediction for 1100
hours based on application of routing procedure to data collected at Renton Junction.

tion gradient. However, the one-dimensional diffusion
equation certainly does not describe the process, because
the mean velocity of flow varies along the length of the
cloud. This subject is examined in considerably more
detail in the section on lateral variations (p. A17).

VISUAL AND PHOTOGRAPHIC OBSERVATIONS

In the previous section, two longitudinal dispersion
experiments have been described in which the amount
of longitudinal dispersion has been carefully observed.
Such an experiment, however, gives no clue to the
mechanism which produces such a large order of dis-
persion. Visual observations, unreliable as they may be,
provide some of the best clues to the underlying process.
In a clear river several feet deep, the eye is capable of
distinguishing Rhodamine B in roughly the following
categories:

Parts per billion Rhodamine B

0=10- o an o Not visible
10-25 . Very faint
2515 . Dull red (rust color)
D> > S Bright red

The observations herein reported come from three
sources. Visual observations by all members of the staff,
both professional and nonprofessional, were recorded
by the author. Thirty-five-millimeter color slides were
taken from both the ground and the air. In addition, a
study was made on August 17 during which a Geologi-
cal Survey De Haviland Beaver aircraft, equipped with
an aerial camera, flew over the dye cloud throughout

the day, shooting color and black-and-white film alter-
nately at half-hour intervals. Both tidal conditions and
river inflow on this date were identical to those during
the study of August 3, and samples analyzed for dye
concentration at the various observation stations
showed that almost an exact duplicate of the previous
experiment was achieved.

A description of both experiments without differ-
entiation follows. Immediately on hitting the water,
each pail full of dye appeared as a round oily slick,
which, within 15 seconds, developed into a brilliant red
disc. The two discs, resulting from the two injections,
both began to expand in a triangular pattern, with a
broad front and pointed tail. The sides of the two spots
met at a point about 300 feet downstream from the
bridge, where the channel contains a small riffle and a
rock projects above the surface at the west one-third
point. Downstream from the riffle, the leading edge of
the cloud appeared as two fingers, with clear water in
the center. The rock at the one-third point forms a
shadow of quiet water which did not appear to affect
the passage of the front; however, after the cloud had
passed, a brilliant tail remained in the shadow, forming
a triangle pointing upstream with apex angle of about
10°. The tail dissipated very slowly, and was still ap-
parent when the main body of the cloud was several
hundred feet downstream.

Figure 114 shows all the characteristic features of the
cloud as it appeared when centered about 1,600 feet be-
low the injection point. (The areas shown by aerial
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photographs in figure 11 are outlined in figure 12.) The
leading edge of the dye in figure 114 is in the form of a
point, with clear water along both sides. The picture also
shows two clear-water shadows downstream from snags
near the leading edge. The leading one-fourth of the
cloud, from ground observations, has a distinctly
mottled texture, which is repeated in the trailing quar-
ter; the center half is a uniform red color from bank to
bank. In the extremities, mixing has apparently oc-
curred between large parcels of fluid, but only in the
center has small-scale mixing smoothed out the result-
ing gradients. In the trailing section of the cloud, clear
water penetrates into the cloud in a point much like that
of the dye point at the leading edge. Dye that migrated
from the center of the cloud towards the side during
passage of the main body can be seen lying along the 3-5
feet nearest the bank for several hundred feet upstream
from the rest of the cloud. The picture also shows a
pocket of dye about 500 feet upstream from any other—
one of a great many which were observed throughout
the day. Such pockets fill rather slowly with dye during
passage of the dye cloud ; even the smallest indentations,
which to the observer appear to be part of the main
stream, sometimes contain clear water long after arrival
of the cloud, when the rest of the river is running bright
red. As the cloud passes, these pockets turn slowly from
clear to red; after the cloud has passed and the river
appears to have returned to its normal color, the pockets
stand out as small patches of bright red. The concentra-
tions contained in these pockets were occasionally veri-
fied by field investigations. For instance, on August 17
at 1120 hours at the Renton Junction Bridge, the con-
centration in the main flow had dropped to 13 ppb fol-
lowing passage of a peak of 261 ppb, but a pocket of
bright-red water just upstream contained 130 ppb.

Figure 118, a photograph taken exactly 15 minutes
after figure 114, shows many of the same characteristics,
although considerable dispersion has obviously taken
place. The pattern of flow emerging from the curve,
and the slow rate of exchange between the fast and
slow moving sections, are particularly evident.

In figure 11C, taken about 1 hour after figure 1125,
the building at the far right center is the same as that
at the far left center in the previous photograph. The
picture shows that the cloud still displayed all the
characteristics previously mentioned, except that the
contrast is not so sharp because of lower concentrations.
As the concentration drops, it becomes increasingly dif-
ficult to differentiate in the pictures between dye and
mudbank; however, careful comparison between the
pictures shown, others not published, and the color
pictures allowed positive identification at almost all
places. For instance, the long, straight reach in figure
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Frcure 13.—Appearance of dye cloud at Cherry Street, 1550
hours, August 3.

110, marked “Tail,” exhibits over a distance of about 300
feet a section where lighter zones appear along both
banks, with a darker zone in the center. The lighter
zones are definitely dye rather than mud or shallow
areas, because that section exhibits a uniform color in
photographs taken at other times.

The dye arrived at Renton Junction in a reasonably
well defined front 2 hours after release. Elapsed time
between colorless water and bright red was less than 5
minutes. However, for the first 10 minutes after bright-
red color existed in the stream center, the 10 feet of
water nearest the right bank appeared completely clear.
This area then filled in, and the river ran completely
red for more than 1 hour.

Six hours after release, the front arrived at Cherry
Street Bridge. Although the increase in color was at
first difficult to distinguish, a pattern was evident within
10 minutes after its first sign. Figure 13 shows the pat-
tern after about 20 minutes: the initial color traveled
entirely down the west side in the deeper section, until
a strong color was evident over the western one-third
of the cross section. Color then migrated into the shal-
low side at a fairly constant slow rate. A fter 30 minutes,
clear water remained in the éastern 10 feet, grading con-
tinuously to the highest concentration in the high-
velocity area. About 200 feet upstream from the bridge,
on the west side, a submerged, hardly apparent, bar
extends out about 10 feet into the flow. The water below
the bar, although the observer would have guessed it to
be in the high-velocity area, remained clear for the
first 30 minutes. The bar shadow, 214 hours later, was
a brilliant red, although the river, in general, was only
dully red. The outer edge of the bar-shadow area was
absolutely straight and extended downstream to in-
tersect the curving bank. The pattern was sufficiently
striking to cause unsolicited comments by nontechnical
observers during both the experiments of August 34
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and September 9; it can also be seen in the aerial photo-
graphs of August 17.

ANALYTICAL PREDICTION OF THE DISPERSION
COEFFICIENT

THEORETICAL ANALYSIS

The visual observations presented above strongly
suggest that lateral variations in velocity play a large
part in producing longitudinal dispersion. In using
Taylor’s (1954) method of analysis, Thomas (1958)
and Elder (1959) took into account only variations in
velocity in the vertical direction, assuming an infinitely
wide two-dimensional channel. It is possible, however,
to apply Taylor’s reasoning to lateral variations, with
Interesting results.

Taylor’s approach begins with the equation of conser-
vation of mass, which may be written for a three di-
mensional stream as:

oc o 0O oc, 0
T % oy E, a/—i-é—z E,

%, ™
in which
c==concentration at a point,
u=velocity at a point, in the x direction,
z=coordinate in the longitudinal direction,
y=coordinate in the vertical direction,
z=coordinate in the lateral direction,
Ey=turbulent diffusion coefficient in the y direction,

E.=turbulent diffusion coefficient in the z direction.

In this form, the equation accounts for transport longi-
tudinally by convection and laterally and vertically by
diffusion ; longitudinal turbulent transport and second-
ary convective currents have been neglected. The equa-
tion can be divided into cross-sectional mean quantities
and quantities that vary over the cross section by
letting

w(y, 2)=U+v'(y, 2) (8a)

and
¢(z,y, 2)=c(z)+c' (2,9, 2) (8b)

where %’ and ¢” represent spatial variations of % and ¢
from their respective cross-sectional means, U and ¢; it
is important to differentiate this usage from the more
conventional use of %’ as a temporal variation from a
temporal mean value, as in turbulence analysis. It
should be emphasized that all temporal variations due
to turbulence have been averaged out in writing equa-
tion 7.

Taylor then assumes that the substantive derivative of

concentration with respect to time, g—; , and the longi-
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’

. .. . .. oc
tudinal derivative of concentration variation, >

much smaller than the other terms in the equation.
Equation 7 becomes:

w2 o
or oy 0z

This is a linear, second order, elliptic differential equa-
tion with Neumann boundary conditions (no trans-
port through the boundaries) and a source term. In
theory, given known values for the diffusion coefficients
Ey and £, the equation can be solved to give a dis-
tribution of ¢’. The problem can be greatly simplified,
however, if the diffusive transport in one direction or
the other can be neglected. Elder (1959) neglected the
horizontal variations. In the present analysis the verti-
cal variations are neglected, and the results are com-
pared with those using Elder’s technique. Formally, the
assumption is made that ¢’ and £, are not functions of
y. The local depth, d, varies with 2, so that imposing the
condition of no transport through the sloping lower
boundary gives a depth integrated form of equation

9 as:
oc (¢
)

where d is the depth, a function of z. This equation may
be integrated in the z direction to give a lateral distribu-
tion of concentration :

% (? 1 z d(2) ,
"'=a_xfo T & fo_]; wdyde+k, (1)

where % is a constant of integration, which may be evalu-
ated by the requirement that ¢’=0. Thus, if a value is
assumed for %, the horizontal distribution of ¢’ may be
calculated. The mass transport (M) through a section
moving at the mean velocity may then be calculated from
the expression:

are

o’ O
El/ 5:;/"‘"0*2 Ez (9)

a 7
wdy=> Bd(2) ‘fliz, (10)

M= j WA, (12)
A
where the integration is performed over the entire cross
section. In a diffusion process, the diffusion coefficient is
the ratio of mass transport through a section to the con-
centration gradient at that section, the relation being:
. oc
=—pAX 13

M=—-DA 5% (13)
where A is the cross-sectional area. Thus, the dispersion
coefficient (assuming that dispersion is a diffusion proc-
ess) is obtained from the result:

——-1— , 2—1- fzfd(z) 'd 14
D= AfLudAJ; wa ), ), wawde (9



Al8

In addition to knowledge of the velocity distribution
over a typical cross section, evaluation of the integral re-
quires knowledge of Z.. A conclusive investigation of
lateral turbulent diffusion in natural streams has not as
yet been made. Laboratory results have been given by
Orlob (1958), Elder (1959), and Sayre and Chamber-
lain (1964). Sayre and Chamberlain (1964, p. 13) com-
pared the results of the three experiments and found
good agreement. Pending further study, a good estimate
appears to be that of Elder:

E.,=0.23dU*. (15)

This result has also been verified by Fischer (1967) in a
large irrigation canal. In what follows, £, is assumed
constant over the cross section. Inserting 3.6 feet and
0.161 fps for d and U*, respectively, £. equals 0.133 ft?
per sec.

The theory developed in this section was used in con-
junction with velocity measurements at Renton Junc-
tion to predict a dispersion coefficient for the Green and
Duwamish Rivers. Results are given in the section which
follows.

APPLICATION TO THE GREEN AND DUWAMISH
RIVERS

On August 31, 1965, an experiment was carried out to
determine whether lateral dye-concentration variations
actually do behave according to the Taylor theory, and
whether such variations are in fact the major cause of
dispersion. Two gallons of Rhodamine B dye was in-
jected from the Orillia Bridge at 1000 hours. River in-
flow and tidal conditions were very similar to conditions
during the previous two experiments. Field personnel
were assigned to the Renton Junction and Foster Golf
Course Bridges. Prior to arrival of the dye cloud, sets
of standards were prepared at each station in a manner
similar to those of the September 9 study. '

During passage of the dye cloud at Renton Junction,
samples were taken at 10-minute intervals at stations 65,
75, 85, 95, 105, 115, 125, and 135. (Station numbers are
lateral distances from an arbitrary point, in feet; see
fig. 14). Each sampling sequence required about 2 min-
utes. At the same time, two complete measurements of
velocity, making a vertical profile every 5 feet across
the bridge, were obtained. Very little change in cor-
responding point values was noted between the two sets
of measurements. The procedure at the Foster Golf
Course Bridge was similar, with concentration samples
being taken at stations 105, 120, 135, 155, 175, 190, and
205 (fig. 15). Because of difficulties with the wooden
bridge rail, velocities could be measured only every 10
feet. Again, very little change was noted in the two sets
of velocity measurements, and an average was used.

DISPERSION IN SURFACE WATER

Velocity distributions measured at Renton Junction
and the Foster Golf Course are shown in figures 14 and
15. Dye concentrations measured at the eight stations
at Renton Junction and the seven stations at the Foster
Golf Course are shown in figures 16 and 17.

RESULTS

The experimental measurements were used to deter-
mine whether the transport of mass through a section
moving at the mean velocity actually is proportional
to the mean concentration gradient; that is, whether
dispersion in a natural stream actually can be consid-
ered as a one-dimensional diffusion process. To deter-
mine the mass transport through a section, each of the
cross sections was divided by vertical lines into sub-
areas appropriate to each measuring point. For in-
stance, at Renton Junction, the concentration observed
at station 95 was assigned to all the area between
stations 90 and 100 (stream tube 4, fig. 14). The dis-
charge and mean velocity were determined by plani-
metering areas on figures 14 and 15. Mean velocities
for each of the subareas were determined and adjusted
to assure a net discharge equal to that for the whole
area. By subtracting the mean velocity for the entire
area from that of each of the subareas, a velocity for
the subarea relative to the mean was obtained; from
this velocity a discharge through a subarea was deter-
mined relative to a cross section moving at the mean
velocity. At various times throughout the dye passage,
the mean concentration, ¢, was determined and sub-
tracted from the point concentration to obtain ¢’. The
net mass transport could then be determined as the
sum of the products of individual subarea discharges
and appropriate concentrations, The results are
ghown in figures 18 and 19, along with the correspond-
ing mean concentration gradients and an “instanta-
neous” dispersion coefficient calculated from equation
18. The figures show that the ratio of mass transport to
concentration gradient is by no means constant; at all
times, the changes in mass transport lag behind changes
in concentration gradient, indicating a dependent rela-
tion. It is also significant, however, that after the pas-
sage of the peak, the mass transport follows the con-
centration gradient at a nearly constant ratio over
nearly two log cycles.

Using the lateral variations in dye concentration
shown in figures 16 and 17, experimental values of £,
can be calculated by applying equation 10. This proce-
dure involves taking the second derivative of a curve
defined by only eight measured points, and it conse-
quently is subject to considerable error. Nevertheless,
so little is known about lateral diffusion that the calcu-
lation is worthwhile. Two times were selected for the
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calculation: 1210 and 1255 hours. In finite difference
form, the equation to be applied is:

2 [(5),, 05,

in which A.; is the area of the subarea; the subscript ¢
indicates the ith subarea; £; is the average value of £
in the ith subarea, and is assumed to apply at both end
points; the subscript j indicates the station assigned to
be the lower end of the ith subarea, j+1 the station as-

w' i A (16)

Sia

signed as the upper end ; and y and %} the depth and con-
centration gradients at those stations. In establishing the
slopes of the lines, greater accuracy was achieved by
drawing curves for the preceding and following times,
measuring the slopes of all three lines at the desired
station, and averaging. By this procedure, a value of £,
is obtained for each station at which concentrations
were measured at the two times. Values ranged from a
high of 0.638 ft? per sec to a low of 0.036 ft* per sec,
except for one minus value obtained at station 105 at
1210 hours because of the inflection of the curve at that
point. Because of the inaccuracies of the procedure, a
cross-sectional plot of the results is not justified. In gen-
eral, higher results were recorded towards the banks,
and lower, towards the center. The average values deter-
mined were 0.101 ft? per sec at 1210 hours and 0.184 ft?
per sec at 1255 hours. This compares favorably with the
value predicted by equation 15 of 0.133 ft? per sec.

A comparison was made between the experimental re-
sults and the theory derived in the previous section.
Using the value, £.=0.133 ft? per sec, equation 11 pre-
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F1eure 20.—Observed (dashed lines) and predicted (solid
line) lateral distribution of dye at Renton Junction at
selected times, August 31.

DISPERSION IN SURFACE WATER

dicts a concentration distribution in the lateral direc-
tion, and equation 14 predicts a dispersion coefficient.
The integrations were carried out using the same eight
subareas used in the experimental analysis. Figure 20
shows the comparison between the predicted and ob-
served concentration distributions at Renton Junction
at 1255 hours (the predicted profile is adjusted so that
its mean is equal to that of the measured profile).
The predicted dispersion coeflicient is 88 ft? per sec, an
excellent agreement with the measured values given
above. Elder’s formula (equation 1), in contrast, yields
a prediction of 3.4 ft? per sec.
NUMERICAL PREDICTION OF THE DISPERSION
COEFFICIENT

Because an analytic solution to the equation of con-
vective diffusion (equation 6) is not available, atten-
tion has turned to the possibility of a numerical solu-
tion utilizing highspeed computers. A finite differ-
ence solution to equation 6, simplified to two dimen-
sions, has been given by Yotsukura and Fiering (1964).
Because their method appeared to yield an incorrect
result (Fischer, 1965), and the method as corrected re-
quires a large amount of computer time (Yotsukura
and Fiering, 1966), another method was sought. The
solution herein given is not a direct solution to the dif-
ferential equation; rather, it is a step-by-step simula-
tion of what is believed to be the physical process.

Referring to the cross section shown in figure 21,
the total flow is divided by vertical lines into n stream
tubes, of area 4., ... A, where n is not greater than
10. Each stream tube is assigned a relative velocity,
Uy, . . ., u, based on actual velocity measurements,
care being taken that

ﬁ‘{ WA, =0. (17)
=

A 600-by-100 computer mesh for concentration values,
¢(, J), is established, where 7 refers to longitudinal
distance in a coordinate system moving at the mean flow
velocity, and o to the jth stream tube. A time step, At,
is selected, subject to conditions given below; the com-
puter longitudinal distance step is taken as

(18)

in which %/ is the mean velocity of the ¢th stream rela-
tive to a coordinate system moving at the overall cross-
sectional mean velocity. Thus, the average flow in
the stream tube of maximum relative velocity, %! max
is moving at plus or minus one computer mesh point per
time step.

Each time step is assumed to consist of two parts:
first, the concentration distribution within each stream
tube is convected up or downstream according to the

AZ=1) max Al,
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F1aUure 21.—Division of flow into stream tubes.

velocity of that tube; second, at each cross section, trans-
fer is accomplished between adjoining stream tubes
according to the predetermined mixing coefficients.

In the convective part, an entire new set of mesh
point values, d:(Z, J), is generated from the values
c:(I, J), where the subscript ¢ indicates the value
after ¢ time steps. The convective velocities are con-
verted to units of mesh points per time step by the
relation:

, At
Ui—?h EE

(19)
A concentration which is converted part way between
two computer mesh points is proportioned between
them, inversely as the distance from each. Thus, the
d: (1, J) are obtained from the relation:

d(l, J)=ecl, J)+HU,) Usle(I—1, J)—cil, J)]
+H(=U;,)Usle, J)—c.(I+1, J)], (20)

in which A is the heaviside step function (which equals
+1 if the argument is positive, and zero otherwise).
For the mixing portion, the following quantities are
defined :
ai, in=area of surface dividing stream tubes ¢ and
i+1, per unit downstream length;
8;, in=distance between centroids of stream tubes
sand ¢+1;
ei, i1=mixing coeflicient between stream tubes ¢ and
i+1;
Ac;, o =difference in concentration between stream
tubeszand e+1 (¢(Z,J/+1) —c(I,J)).
The mass transport between stream tubes per time
step is computed by assuming that for the duration of
the step the concentration gradient at the dividing sur-
face equals the difference in convected concentrations
at the mesh points divided by the distance between
them; that is:

Ac;
LAt AgAE.
81, 141

AM, i 11=0;, i11€1, 111 (21)

Since the mesh-point concentration is meant to repre-
sent the concentration within the entire stream tube, the
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change in concentration, 8¢ (I, J), at mesh point (I, J)
is given by:
1
de(l, J)=m (AM;, r1—AM;_y, ). (22)

To facilitate computation, the transfer coefficient is de-
fined as:

_a,,,e“At

ki,:l—‘ Aisi,j (23)

A new set of ¢ net values for the t+1 time step is
calculated from d net values of the t step using the
relation:

ce1(Z, J)=dz(I, J)+kJ. J+1[dz(1, J+1)—d, (I, J)]
+k;, galdi (I, J—1)—di(I, J)].

So long as all the %; ; are less than 0.5, negative values
cannot be generated; in practice, the criterion for the
length of time step was that the maximum #:; be
approximately 0.2.

Neglecting change in depth across the stream tube, the
expression for k;; may be simplified to:

(24)

=€i, jAt
(84, 1)2

This shows that the criterion for the time step derived
here on physcial grounds is almost exactly that which
is usual for numerical solution of diffusion problems, as
given by Yotsukura and Fiering (1964).

One convective movement followed by one diffusive
movement completes the computation for one time step;
300 time steps with 10 stream tubes may be completed
using the IBM 7094 computer in approximately 3
minutes. The program will accept any desired initial
distribution, including both a point and a plane source.

For an infinitely wide two-dimensional flow, use of
the method is similar, though the divisions between
stream tubes are drawn horizontally. Conceptually, it
would be simple to extend the method to a more compli-
cated arrangement of tubes, for instance, by drawing a
dividing surface halfway down the cross section in
figure 21; this would increase both the accuracy and
complexity, as each stream tube would be able to ex-
change with three others, rather than two.

As a check on program accuracy, analysis was made
of a two-dimensional flow with logarithmic velocity
distribution and a line source initial distribution. Six
stream tubes were used, namely, the lowest tenth, sec-
ond lowest tenth, and each of the remaining four-fifths.
The variable step allowed more accurate simulation
in the region of maximum differences in velocity, while

ki, 5

<0.5. (25)
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not overly restricting the duration of the time step.
The dimensionless variables, as given by Yotsukura and
Fiering (1964), are:

, _ @®
€= 79
y=1
and
,_U*
¢ =tj ) (26)
where

x=real longitudinal distance,
y=real vertical distance,
t=real time,
d=depth of flow, and

U*= shear velocity.

The dimensionless values of velocity and the turbulent
diffiusion coefficient can be found from theory (Yotsu-
kura and Fiering, 1964, p. 92). The maximum convec-
tive velocity is that of the lowest subarea, which by
integrating the dimensionless point velocity from
y¥’=0.0 to ¥"=0.1 is found to be —5.60. The time step
selected was 0.05. This resulted in a distance mesh
length of 0.280, and a maximum transfer coefficient of
0.219, for transfer from the third subarea into the
second.

The computation was carried out for 299 time steps,
giving ¢'=14.95. Figure 22 shows the variance of the
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F1eure 22.—Computer-predicted variance of mean concentra-
tion distribution as a function of time for two-dimensional
flow with logarithmic velocity distribution.
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longitudinal distributions of concentration resulting from a
two-dimensional logarithmic velocity distribution after 14.95
dimensionless time units.

resulting distribution, which was computed following
every 20 time steps. A linear increase is noted for values
of ¢’ greater than 7; the slope of the line indicates a
dispersion coefficient of 5.50, which in terms of real

variables gives,

D=55dU* (27)
The adequate agreement with Elder’s result gives con-
fidence to the computational method. Figure 23 shows
the distribution of average concentration, and concen-
trations in the upper and lower stream tubes at ¢'=
14.95.

Dispersion in the Green and Duwamish Rivers was
simulated using the cross-sectional velocities measured
at Renton Junction on August 31 (fig. 14). The same
eight subareas were used as in the preceding section in
the calculation of a dispersion coefficient from measured
point velocities (equation 14). The transfer coefficients
were based on the same turbulent diffusion coeflicient
as before, 0.133 ft* per sec. Choice of a distance mesh
‘spacing of 30 feet resulted in a time step of 35.7
seconds, which produced a maximum transfer coeffi-
cient of 0.165. Using the same computer, the calculation
was carried out for 299 time steps.

Two computer runs were made. The entire time
sequence was run using as initial distribution a plane
source, in which an equal value of concentration is
initially read into mesh points ¢(300,1) to ¢(300,8).
A shorter run (120 time steps) was also made using an
initial point source, in which equal concentrations were
inserted only at points c¢(300,4) and c¢(300,5). The
resulting variances are shown in figure 24. The primary
difference between the point and plane source inputs is
that the point source gives a slower growth of the
variance in the earliest stages. After about 50 minutes,
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FiGURE 24.—Comparison between observed and computer-
predicted variances of the mean dye-concentration distri-
bution.

the variance appears to be growing at about an equal
rate in both cases, implying an identical dispersion
coefficient. The linear growth rate that appears after
about 120 minutes indicates a dispersion coefficient of
91 ft* per sec. The agreement between the predicted
and measured variances at Renton Junction (mean
passage time 155 min after release) is excellent.
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Figure 25 shows the comparison between longitudinal
dye-concentration distributions predicted (plane source
run) and observed (projected from Renton Junction
measurements on the basis of 0.95 fps mean velocity)
155 minutes after release. Figures 26 and 27 show
measured and predicted lateral dye distributions at Ren-
ton Junction at 1218 and 1300 hours on August 31.

The comparison between the computer-predicted and
actual dispersion patterns shown in figures 25-27 is
considered very good. The differences that oceur are
caused in part by the fact that only one cross section
may be inserted into the program. In actual fact, the
river is composed of an infinity of cross sections, so
that the observer moving at the mean velocity is con-
stantly seeing a different pattern. Incorporation of this
refinement into the program would require field meas-
urement of velocity distributions at a great many sec-
tions, and a considerable complication of the program
itself. Consequently, it is encouraging to find that the
velocity distribution measured at one typical cross sec-
tion is sufficient to provide a reasonably accurate simu-
lation of the entire process.

CONCLUSIONS

The various experiments conducted during the study
have all contributed to a more complete understanding
of the mechanism of dispersion in a natural stream.
Although a final understanding is yet to be achieved,
a reasonably accurate description of the process can now
be given.
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FI6URE 25.—Comparison between observed and computer-predicted longitudinal distribution of mean dye concentration 155
minutes after injection, August 31.
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Dispersion in any shear flow is caused primarily by
the differences in convective velocity that exist between
various parts of the flow. Those parts of the flow moving
faster than the mean velocity carry tracer particles
ahead of the mean position of the cloud, while other
particles in the slower sections are retarded. In any
given flow the maximum rate of dispersion would exist
if no tracer particles transferred from one velocity to
another. However, such transfer does occur, by way of
the mechanism of cross-sectional turbulent diffusion.
Some particles carried ahead of the mean position by
the higher velocities then migrate to the lower-velocity
sections, where they are overtaken by the main part of
the cloud and may return toward the mean position;
likewise, slower velocity particles can migrate into the
higher velocity areas and catch up with the cloud.

If the particles on a cross section are marked uni-
formly by a tracer, the initial motion of each marked
particle is at the convective velocity of the point on the
cross section at which it is initially located. Nonuniform
shear-flow velocities immediately produce cross-section-
al concentration variations. The downstream end of
the cloud is observed to have an extended point of high
concentration in the zone of high velocity, whereas the
low-velocity zones are free of tracer. In the upstream
tail, the appearance is reversed : the low-velocity areas
along the streambanks contain high concentrations,
whereas the high velocity zone is free of tracer. Turbu-
lent diffusion acts to reduce the cross-sectional varia-
tions, at a rate assumed to be proportional to the
variations themselves. In the initial phases of disper-
sion, diffusion is unable to keep pace with convection;
hence, Taylor’s solution, which requires an equilibrium
between cross-sectional diffusion and longitudinal con-
vection, is not satisfied.

The concept. of dispersion as a one-dimensional diffu-
sion process, as proposed by Taylor (1954), requires
that within a cross-sectional slice moving at the mean
velocity of the flow, the equilibrium expressed by equa-
tion 9 must be achieved. In this equilibrium no net in-
crease or decrease of mass occurs within the slice; the
cross-sectional distribution of concentration is con-
trolled by diffusion between a distribution of sources
and sinks, which are the result of convection into, or
out of, the slice by longitudinal convection at a velocity
different from the cross-sectional mean. An analog
would be a flat metal plate, cut into the shape of the
stream cross section and containing a variable aniso-
tropic conductivity analogous to the turbulent diffusion
tensor, subjected to a distribution of heat sources and
sinks that total zero net addition of heat. The resulting
temperature distribution would be analogous to the dis-
tribution of concentration in the stream cross section.

DISPERSION IN SURFACE WATER

In a natural stream the tracer cloud seeks to adapt
itself to the Taylor equilibrium. The equilibrium values,
however, depend on the value of the mean longitudinal-
concentration gradient at the cross section, which in
the head and tail areas may be changing rapidly. Equi-
librium is therefore reached more quickly in those parts
of the cloud where the mean longitudinal-concentra-
tion gradient remains most nearly constant.

Experimental results show that at Renton Junction,
about 150 widths downstream from point of release
(width being the important parameter, since lateral
variations predominate), equilibrium had been reached
in most of that part of the cloud upstream from the
peak, but not in the downstream part, where the mean
concentration decreases abruptly. At Foster Golf
Course, about 280 widths downstream, the head area
was still not in equilibrium, and results for the rest of
the cloud were inconclusive. Visual observations far-
ther downstream indicated that the downstream end
of the distribution, characterized by a steeply rising
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FicURE 26.—Comparison between observed and computer-
predicted lateral distributions of dye at Renton Junction,
1213 hours, August 31.
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concentration, may never have reached equilibrium in
any of the experiments. Thus, within the experimental
range, the concept of one-dimensional diffusion is not
entirely correct, but it does provide a good approxima-
tion within the central portions of the cloud.

The approach to equilibrium is also impeded by the
nonuniformity of natural streams. A cross section of
water moving at the mean velocity is constantly chang-
ing in shape and velocity distribution, which, in turn,
changes the equilibrium concentration distribution. The
most obvious manifestation of this problem is the exis-
tence of pockets of low-velocity water along the banks.
Tracer particles that find their way into these pockets
often remain for considerable periods, eventually re-
entering the flow to provide a long tail on the distribu-
tion. The long tails so produced are not products of one-
dimensional diffusion, and they must be excluded in
calculations for dispersion coefficients. An exact de-
scription of their role in any particular river would be
extremely difficult, because each pocket has its own
geometry and transfer characteristics. However, the
existence of this mechanism of dispersion is important
in the overall description.

The effect of curving channel geometry is felt pri-
marily in the resulting cross-sectional distribution of
velocity, The velocity distribution in a curving reach
tends to be a concentrated zone of high velocity along
the outside bank, and a wide shallow low-velocity zone
on the inside. Such a distribution greatly increases the
rate of dispersion. On the other hand, channel curves
produce secondary spiral currents, which act in the
same way as lateral turbulent diffusion to reduce the
dispersion.

A dispersion coefficient for a natural stream may be
calculated from tracer data by the change-of-moment
method used in this report. However, the low concen-
trations in the tail must be subtracted out. The only
way to be certain that the tail concentrations have been
treated properly is to carry out the routing procedure
(equation 6), using the dispersion coefficient derived
from the data, and to observe whether the rout-
ing correctly predicts the subsequent concentration
distributions.

Two methods have been proposed for prediction of
dispersion coefficients from measured velocity distribu-
tions; a method based on Taylor’s equilibrium concept
and a numerical analysis. It is not surprising that the
two methods yield very similar results, both being based
on the same assumptions. That both yield excellent re-
sults in the one river studied is, however, heartening,
and raises hopes for further verification in other
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streams. In summary, the predicted and experimental
dispersion coefficients, in square feet per second, are as
follows:

Predicted Values (based on velocity distribution measured on

Aug. 31):
Integration of Taylor equilibrium profile ____________ 88
Numerical analysis _________________________________ 91
Measured Values:
Experiment of Aug. 8, 1965 ___ __ _________ . _________ 70
Experiment of Sept. 9, 1965 ___ 90
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