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TABLES FOR THE CALCULATION OF RADIOACTIVE EQUILIBRIUM 

FROM BATEMAN 'S EQUATION

By F* J<, Flanagan and F* E. Senftle 

ABSTRACT

Tables of decay constants and functions thereof are presented to 

simplify the problem of calculating the constants involved in the Bateman 

equation*, An alternate method of solving for the amounts of the nth 

member of a radioactive series is xgiven in the form of a power series.

INTRODUCTION

Chemical treatment in the laboratory of naturally radioactive ores 

may result in the disturbance of equilibrium in the thorium232 , uranium235, 

and uranium233 series. As a result of such a break in the radioactive chain, 

it is important to know the variation with time of the quantity or activity 

of a particular decay product. In connection with a program undertaken by 

the Geological Survey on behalf of the Atomic Energy Commission, a number 

of tables have been compiled to facilitate calculation involving radioactive 

equilibrium. The half -life data are taken from Way and others (1950), 

Fleming (1952), and Ginnings and others (1953) 0

Calculations involving radioactive equilibrium were simplified by 

Bateman (1910), and his method is standard procedure (Rutherford and others, 

1930)o Bateman has given the method of solution of the general case of n 

products in a symmetrical form; for instance, the number of atoms N of a 

given species formed from N1 atoms of a parent species in time t is given by

-A.it -A.2t 
N = N'(cie + c2e  .. + cne ) . .. (1)



where A. is the decay constant, e the Naperian "base, and cn is a constant

having the general form
n-1

(Xj)

TT

For example, a typical constant is

C2 = ...

These constants, although simple in themselves, are tedious to calculate 

especially where there are a large number of determinations. The sum of 

the constants is always identical to zero.

A serious disadvantage of Bateman's equation is that the results 

may be dependent upon the difference of two numbers. If there is a small 

difference between two large numbers having only a few significant figures, 

the results ean have little or no meaning. This, a common situation, reduces 

the usefulness of Bateiaan's equation in its usual form.

POWER SERIES EXPANSION

As Ott (19525 has pointed out, a power series expansion can be used 

which obviates the necessity of using exponentials and gives sufficient 

accuracy to allow the use of slide-rule calculations. In practice it has 

been found that the inaccuracies incurred by using the Bateman equation can 

be circumvented by expanding those terms that have very large coefficients, 

that is, numbers which are not significant to at least the units place. 

The exponential terms with small coefficients are simply carried and worked 

out in the regular manner» As the sum of the coefficients is identical to



zero, the term representing the sum of the coefficients of the expanded 

exponentials is more accurately represented by the sum of the coefficients 

of the" carried exponential terms with the sign changed. Thus, if in the

Bateman equation , . , . , .-Ait -Agt ~AQX
N = ae -4- be - ce

the coefficients a and c were very large, then the sum of the coefficients 

(a-fc) in the expansion of ae~ i and -ce~** would numerically be more

accurately represented by >-b«
-Xt 

!Ehe power series expansion of e converges rapidly only for small

values of At, such as 0*1 or Iess 0 "Where Xt is large the exponential cannot 

be conveniently expanded* In practice it is found that for periods of 500 

hours or less the terms that nave large coefficients bare small values of 

Xt, and hence are expandable *

To facilitate the calculation of the Bateiaan coefficients and expansion 

of the exponential terms a number of tables have been computed*

CALCULATION OF TABLES

Tables 1 through 6 show the half-lives, the decay constants, and 

functions of decay constants in sec""* required for each of the three natural 

radioactive series,, The entries in each table^have been carried to two 

digits beyond the last significant figure, and .each entry has been calculated 

from eight~digit numbers to reduce the round-off error carried through the 

table* Although the error in each entry has been calculated, it has not 

been entered in the table for the sake of clarity and .has been used only 

to indicate the number of significant figures of 'each entry. The following 

.conventions have been adopted for the calculations; (l) the individual 

errors nave been arbitrarily -assumed to be + 1 in the last digit of the



half-lives; (2) where the first number in the calculated error is .'equal 

to or greater than 7.? the error has been rounded off to 10 in order to 

assign significant figures,, f

The products of differences of decay constants ore calculated 

according to the formula

n-l

1=1

n-l

1*1

/n*l g £"i / K^ri + , T^
If 4hsi^*' \ 4%ptFi| **H[ /

F i«l

where R is the propagated error and r the error in the individual decay 

constant«,

Values for simple products oi* decay constants are given by

R =
n

i=l

n
(X±)

1*1

and values for powers of decay constants by

,n . _. ,n >n-i X+R = X+Xnr

The user of these tables should note that the error in accumulated 

products of differences TT(An-Xi) is generally greater than that of partial 

products obtained by dividing one of these by another,, It is, however, 

impractical to give the errors of all such possible quotients; all that 

could be done was to compromise by carrying in the table two figures beyond 

the last significant figure in each entry so that correct figures may be 

restored in cancelling out less accurate differences*

USE OF THE TABLES

Powers and products (TfX) of the decay constants for the three series 

are shown in tables 1, 5, and 5 and the products of the differences between
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decay constants in tables 2, k, and 6» Where the desired product is 

not shown in the tables, it is easily calculated by dividing out the 

undesired part* Thus, if the product ^3X4X5 is desired, XiAgXsXiXs is 

simply divided by XiXs , the latter values "both being .read directly 

from the table. The "product of the difference" tables (tables 2, k, and 

6) must "be read from top to bottom and the unwanted part is divided out 

as in the simple products (1TX)» For example, in table 6 of the thorium 

series ,

can "be obtained by dividing the entry in the seventh rov of column k by 

the third entry in the same column. Thus,

^ "^ ~ )     * ( * "^ '

2£± . 1.22 *1(T7
3*0062 x 1Q~21

The use of the tables, a poirer series solution, and the problem of 

significant figures are best illustrated by an example. .Consider the 

radioactive chain from Pb21° to stable lead (Fb206 ). 

Fb210 X=9»Q x KT^BjglQ X=la654 x lo'^ po2iO l^,8ftQ * UfT8,. p^goe ( stal:)le )

Assume that the values of the decay constants given here are significant 

only to the number of places given. The number of lead atoms, H , 

formed in time "t* from a given number of Fb21a atoms is given by the 

Bateman equations

TJT _  W (*np -4- n*=k -4> T*P -4> QP>AT O(*^^5   O T /% \ Jtr   M_*" * Jt ^^ * o^» TyV^fi^vO Tnfw <£ -Llj " 

where

P =



The values for "both the numerator and the difference "between decay 

constants shown in the denominator can be determined from tables 1

and 2» Tfcus, the miner leal value for tae constant p above is: 

m M» x K)-^A.616 x 10^ . _ 
-a,742 x 10 T8/2*9i6 x 10 56

Similarily

q. « 2,1083 x KT5

r 1= 1«816Q x 10~*

s * 1«OOQ

If flLoao is the number of the R>21° atoms (l»237 x 107 ) in equi­ 

librium with 1 microgram of uranium, the Bateman equation for the number 

of Pb806 atoms fornied will be

It is obvious that, if the exponentials are large (^l) the difference 

of such large numbers with but a few significant figures will result in 

a large error* By retaining the Bisl° term, expanding the rest of the 

terms, and letting the sum of the coefficients of the expanded terms be 

+ SoTljg x 108 a more accurate form can be obtained. The powers have 

been calculated and are shown in tables 1, 3> and 5« The more accurate 

form will thus be

x 102 - kMQ x I0"4t 4 3.71i * lO^10 *2 * 
x 10"18t3 - 2.71« x 10*e ^sl°

By substitution of numerical values into the conventional Bateman equation 

one obtains a value of several hundred atoms formed for t = 100 hours. 

Careful consideration of the decay constants and the number of Pb21° atoms
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shows that thii number is much too large* The expanded form of the 

equations however* gires a value of about 8 atoms -which is what one 

would expect from the decay constants shown*

Where there are two or more large coefficients, the usual Bateman 

equation cannot "be relied on to give accurate results in view of the 

inaccuracies in the decay constants» The power series form, on the 

other hand, is accurate enough for most applications. By the use of 

the accompanying tables and the approximate form of the equation, 

considerable time can be saved, especially where a large number *of calcu­ 

lations are involved*

The authors are indebted to William Schlecht of the Geological 

Surrey for his help in calculating the number of significant figures in 

the tables * We also appreciate the stimulating discussions Of Thomas 

Parley and lurin Stief f of the Survey and, their interest in this work.
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Table 1.--Uranium238 series, half lives s powers, and products of 
decay constants 

Nuclfde Half Life
powers $Pr0clyc~ts of Decoy Constants

(sec- 1 ) (sec- 1) (sec -*) freo-')
7TX

2384^4
X/0-'*

24. 10 MOB*

/.22 m x/cr*
B.

2.475 */<)-* x/0-*1 '; *
8.0 *IO+ y 2,7+st 7.S3 2,06 1&

y */* -*
Z.llss 
*/*-**

2.Q53S-

3.825" V 9.22^
*/*- *

3, OS m 3.8727
XHT*

26.8 m 4,3/e*
x/^"7

Bi "* 11.7 £864. 3,4*61 
X/0"7

Branch
47/53 2.2234

/O"
4.9+3

22 y 9.94

Bl*» 4AS d x/0-'2 4.52*1

P 10 3,5605-8

/% *<*

I.3Z m 8.75/9 > 7 03 
' 7

X/0
8.5*6

22 y 1.1 **
x/o

4,85 d */*-*+

Jt/6 -8
3.360^ 8.2 03
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Table 2. Uranium^ 8 series, products of differences of decay
5 ^1" Q YTl 4" Q i HI TTr O^/P1  *> 1bcLJU. uD ^ XIX OC<U f

y *
-33288^

i* 5.32805-

3,5037

A 04 *3 x
7.6&0

6 /./<> 17 -7.6/3

"A4///

8 7770 -5:34^
/*-*+

~/.22*a

5,4/83
x /i>-^ A/*'*?

/ 4/04
*/*-«>

Vfa /=£*

II 9.4 si. x/o-*"* */<>-* 

12 3.63 a/ 
X/6-+*

/3 x/o -71 -/.301V -/.3++0

14 l./lr 1 , -6*062.
x /*-->*

z.7+1,

IS -S.Oit 7.622

Branch Yia T/*»

16 1.7/G.e, 2.3*6
*/»-** X/0-+2

77/6 -2.2*3
x ttr**-

3.5*87 576*6

IQ 2.897 
x/^'77

-7^27
*/*-**

2.X/43

£.069+ -2.002/ -3,4+2.

20/9 . 2 da. 1,84** /.Ooz "** -A 0666



Table 2,,--Continued,

* * "
-43/ot.

x/O"**

x/d~7 2.2***
HID 7

2.18s*

/.
A/011

2.0*1*.

-7.234 -A 7^03
/&'+

-4.8*1 3./J2. 8.7*8 
«/*-*« 

/,£**/

*/* -'*
-2.33 to 
tit*

+.2*6 -37*7

x /*
-3.683

*/(>-**
4,875

-4, XT//

1,9$ f* 2.4438 2.27 of

AS* 9.786

/.BO** S.+a*

8.943 2*50* 5:4 #.5*8 
jt/0-80

9, 56 70
5*. -2.86/0 * \

4.6 a/ -S.0017

"^56

XIO-+I
2.93-7 3.2 03

AS400 8.60+ 72.
X/0-4B

2,647*



Table 3.--Uranium235 series, half lives, powers, and products 
of decay constants.

ffaif Life Products

7.13 *IO y xto-n
00^7

Z5.5 h 5.70 ti 
*/*'"

4.2014 2.32 <.t

Pa *3' 34.300 y 6.40*6 4,10 o& 2.L2.0I

At  21.7 y I.O/2 £/ 1.03 ft .SC -re

Branch Via Tr, ** 7
18.6 45/32.

*/**'

//.Z ?>/<>&> 2.633

3.92 s S.5SL& 9.77* 
X/6-4

8.237

3.78-97
/6*

3.//W

3.20ot 1,04 &i Me*

Bl
u>

**>-**

Br«»c/> V,'* A*"

x/o*-
/**. 2. && 3.49 7.4O

Branch Vie

4J7 m 2,421*0

Bwct, Via Fr
/ 

r
223 21 m

R.O. II. 1./&30
X/0'7

* * &

/J6023 9,776

3.78 77 x/o* MS*. 
x/0'*

3.9712.

3&.I m 3.20 o/ I.OZ408

Bl m 2,860* 8. /ez

V,',o.

Po*'1 /fa. 3.

Stable
Branch V/a. 77 2«7

-r/ 267 4.77 m X/0~3
3,4*0 
*/{>-"
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Table *K--Uranium235 series, products of differences of

decay constants (in sec' 1 ).

y 5
1 -f.3/32. -f.SOt*

Art-**

-y)
7,73 at, X/0-/4

O 33

Branch l//a Tr,** 7

$
2.//0? 3.^43

2.371* 
*/*-**

7 2.673*

8 1.0/27

-3.23 ei S.I oo

A733J V.7322. 2.727+

3.7e/ -2.5-77

33
-3.827 
x /<r*7

X.//2.

13 -S.&st

2.186*

/54 2.69**
Alt'*0

3.04/6

18 n. Z.te-ti

19 z"- y)
20 1,7838 2.2011.

21
3.0 *f 3.6)^3 57 07

22 2/*(/Uw7_ y) -2,7<>o

Branch I/'O, T/* t> ~>

23
8.445

-3.25/5 -3,4264



Table 4.--Continued,

*#'* V" 7 7
-7./&20 -1,78 if -3.208)

x/0*
3.080 *<

x/04
Z.32&/

$,50 u -£,4-3+0

2.0*92.

-7,7 1 4 -3,2725-
*/*-*

2336* 7. 2.0/oa

/.at* 4O070 
*/*-'** &.231

/5/77 -2.3*

4.2344 -7.6 31 3,27 -2.79* 9.9*+

a/ 74 3.5/26 -8. ho 
x/r*'

5.3+0

4. a?
x/0'2

3.8s/ /.Ose

/*** x><;
6,0 if 7.363 2.233*

X /*."**
/.OBoo -2.30*1 ~Z3& 27x/0-12*

-7.7 9 1
x /<)'* 

3.0* W -7,^23
«/* '̂*- / 5*44

x/o '*
-la 2*7 tea

I.3C, n 
x/6"'2- 3.97**

3,27 1.113+

-/, 5-759 -4.5-4 -6.3 /* 
xi o-i

4.93 B.B9I

xx
-3-8/5-
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Table 5.--Thorium232 series, half lives, powers, and products 

of decay constants,

Nuclfcfe Life
-gdazte of Decay Cwi^

(sec (sec" 1 )
7T 'A

/ -7 o* /
&,/eo

x/o-*><*
/., , 
"

Th
228

R.O.224

0./5S
/0.6

Bt 60. S 1*0fso

£273

,3/32.

Branch Via.

2/2

L._____I
Branch Via

TV zoQ 
77

p£u>e

2 y

Stable

3.727 '?*%
X /^""^

/ 9 29 Z.l-,0 '



Table 6.--Thorium232 series, products of differences of decay 18
constants (in sec" 1 )
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