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Conversion Factors 
U.S. customary units to International System of Units

Multiply By To obtain

Length

inch (in.) 2.54 centimeter (cm)
foot (ft) 0.3048 meter (m)
mile (mi) 1.609 kilometer (km)

Area

acre 4,047 square meter (m2)
square foot (ft2)  0.09290 square meter (m2)
square inch (in2) 6.452 square centimeter (cm2)
square mile (mi2)  2.590 square kilometer (km2) 

Volume

gallon (gal)  0.003785 cubic meter (m3) 
million gallons (Mgal)   3,785 cubic meter  (m3)
cubic inch (in3) 16.39 cubic centimeter (cm3) 
cubic foot (ft3)  0.02832 cubic meter (m3) 

Flow rate

foot per second (ft/s)  0.3048 meter per second (m/s)
foot per day (ft/d) 0.3048 meter per day (m/d)
cubic foot per second (ft3/s)  0.02832 cubic meter per second (m3/s)
cubic foot per second per square  

mile [(ft3/s)/mi2]
 0.01093 cubic meter per second per 

square kilometer [(m3/s)/
km2]

gallon per minute (gal/min)  0.06309 liter per second (L/s)
gallon per day (gal/d)  0.003785 cubic meter per day (m3/d)
million gallons per day (Mgal/d)  0.04381 cubic meter per second (m3/s)
inch per year (in/yr) 25.4 millimeter per year (mm/yr)

Hydraulic conductivity

foot per day (ft/d)  0.3048 meter per day (m/d)
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Abstract
PEST++ Version 5 extends and enhances the functional-

ity of the PEST++ Version 3 software suite, providing envi-
ronmental modeling practitioners access to updated Version 
3 tools as well as new tools to support decision making with 
environmental models. Version 5 of PEST++ includes tools 
for global sensitivity analysis (PESTPP-SEN); least-squares 
parameter estimation with integrated first-order, second-
moment parameter and forecast uncertainty estimation 
(PESTPP-GLM); an iterative, localized ensemble smoother 
(PESTPP-IES); and a tool for management optimization 
under uncertainty (PESTPP-OPT). Additionally, all  PEST++ 
Version 5 tools have a built-in fault-tolerant, multithreaded 
parallel run manager and are model independent, using the 
same protocol as the widely used PEST software suite.

PEST++ Version 5 is consistent with PEST++ Version 3 
conventions and design philosophy. The software’s emphasis 
continues to target efficient and optimized algorithms that have 
proven beneficial in decision-support settings and can accom-
modate large, highly parameterized problems. Expanded and 
new capabilities are now available to express uncertainty 
using Monte Carlo and analytical uncertainty approaches and 
allow evaluation of thousands to millions of parameters. New 
management optimization capabilities in Version 5 also allow 
environmental models to be used to answer management 
questions using multiple societal constraints in a risk-based 
framework.

The PEST++ Version 5 software suite can be compiled 
for Microsoft Windows® and Unix-based operating systems 
such as Apple and Linux®; the source code is available with a 
Microsoft Visual Studio® 2019 solution; and CMake sup-
port for all three operating system is also provided. PEST++ 
Version 5 continues to build a foundation for an open-source 
framework capable of producing model-independent, robust, 
and efficient decision-support tools for large environmental 

models. The functionality of each of the PEST++ tools are 
demonstrated on a simple example problem. Implications of 
decisions used when using the PEST++ suite tools are also 
discussed.

Introduction 
Environmental modeling is required for most quantitative 

resource management decisions (Anderson and others, 2015). 
Highly parameterized, physically motivated, process-based 
numerical models (for example, Doherty and Hunt, 2010) are 
routinely constructed to represent functions of a natural sys-
tem so that the models can be used to evaluate the outcomes 
of management strategies or how the system responds to 
changes in conditions. In the resource-management context, 
environmental models are used as predictive tools rather than 
just explanatory tools (see Shmueli [2010] for a comprehen-
sive discussion on this distinction). In the predictive setting, 
a quantitative framework for parameter estimation, data 
assimilation, uncertainty analysis, and risk-based management 
optimization provides decision makers with valuable insights 
regarding models used for decision making—information that 
cannot be developed otherwise. Uncertainty analysis can be 
particularly useful to support decision-making because putting 
simulated outcomes important for decisions in the context 
of uncertainty facilitates insight regarding limitations of the 
model’s predictive capabilities. This information, in turn, 
provides the means to construct estimates of risk, a fundamen-
tal requirement for risk-based decision-making (for example, 
Freeze and others, 1990; Doherty and Moore, 2019).

Decision making typically comprises many aspects 
spanning a range of disciplines. As a result, the PEST++ tool 
development has been focused on making “universal” tools 
that communicate with, but function independently of, the 
underlying model (or models). Within environmental model-
ing, PEST (Doherty, 2015a, b) is the longest and most widely 
used universal parameter estimation and uncertainty analysis 
software suite. The need for more extensible and accessible 
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software to augment PEST led to the development of PEST++ 
(Welter and others 2012 [Version 1]; Welter and others, 2015 
[Version 3]). Earlier versions of PEST++ provided easier 
access to well-tested PEST approaches for highly parameter-
ized models (linear uncertainty analysis, on-the-fly subspace 
dimensionality reduction; see Welter and others, 2012), as well 
as capabilities such as global sensitivity analysis (Welter and 
others, 2015). A more complete description of design goals 
and capabilities of Versions 1 and 3 are documented in Welter 
and others (2012) and Welter and others (2015), respectively. 
The highly parameterized context required for effective envi-
ronmental modeling—which forms a foundation for PEST++ 
design—is discussed by Moore and Doherty (2005), Hunt and 
others (2007), Doherty and Hunt (2010), and Doherty (2015b), 
among others.

With PEST++ Version 5, the functionality of PEST++ is 
extended into algorithmic areas beyond Version 3 and is now 
grouped into several categories of decision-support analy-
ses. Most of the capabilities of PEST++ Version 3 are now 
included in the PESTPP-GLM1 executable. This includes 
minimum error variance parameter estimation combined with 
linear uncertainty analysis using first-order, second-moment 
(FOSM) methods, as well as new capabilities involving 
preconditioned Monte Carlo parameter and forecast uncer-
tainty analysis. The PEST++ Version 3 global sensitivity capa-
bilities are now contained in PESTPP-SEN, focusing on Sobol 
and Morris global sensitivity analyses (Saltelli and others, 
2008). A third branch of capability includes PESTPP-IES, a 
new localized iterative ensemble smoother (White, 2018) that 
provides efficient handling of history matching and uncertainty 
analysis for very high-dimensional inverse problems. The last 
branch, PESTPP-OPT, is also new in Version 5, which facili-
tates management optimization by sequential linear program-
ming under uncertainty (White and others, 2018). In addition 
to these codes, PEST++ Version 5 also includes a utility pro-
gram to evaluate sets of parameter values in parallel (PESTPP-
SWP). A tool for (multiobjective) particle-swarm optimization 
is available that uses parts of the PEST++ Version 5 code 
base and is documented elsewhere (PESTPP-PSO; Siade and 
others, 2019). The PEST++ Version 5 software suite can be 
compiled for Microsoft Windows®, Apple®, and Linux® 
operating systems; the source code is available in a Microsoft 
Visual Studio® 2019 solution; and CMake support is also 
provided. As documented here, PEST++ Version 5 continues 
to build a foundation for an open-source framework capable of 
producing robust and efficient parameter-estimation tools for 
large environmental models used in decision making.

1 The name “PEST++” reflects the C++ programming language used to 
develop the PEST++ software suite.  However, filenames including “++”can 
be problematic for some compilers and operating systems.  Therefore, 
compiled executables use the convention “PESTPP”. Within this report, 
“PEST++” is used when referring to the overarching software suite and 
“PESTPP” is used to denote the compiled executable file used to implement 
PEST++ capabilities. 

Purpose and Scope

This report describes an expansion of the algorithms and 
tools included in PEST++ Version 3 documented by Welter 
and others (2012). PEST++ Version 5 replaces PEST++ 
Version 32, yet the overriding design concepts and approaches 
are consistent with those previously documented. This report 
focuses on documentation of enhancements and new capa-
bilities added to PEST++ Version 5 (hereafter referred to as 
PEST++ V5); citations are given for the descriptions of func-
tionality of previous versions of the software. However, input 
instructions and examples are documented here in such a way 
that a user can run PEST++ V5 without referring to documen-
tation of the previous versions. The website for this publica-
tion (https://pubs.usgs.gov/ tm/ tm7c26) has hyperlinks for both 
the source code and executable of PEST++ V5.

The PEST++ V5 software suite includes updates to 
Version 3’s algorithms for performing integrated FOSM-based 
parameter and predictive uncertainty analyses and Gauss-
Levenberg-Marquardt (GLM) algorithm (PESTPP-GLM) 
along with global sensitivity analysis capabilities 
(PESTPP-SEN). However, PEST++ was designed to be 
extensible, which allows continual development to better 
address real-world decision-making problems (Welter and 
others, 2012). Thus, this report also focuses on the enhance-
ments added to PEST++ Version 3. The following capabilities 
are now available in PEST++  V5: (1) an iterative ensemble 
smoother (PESTPP-IES) that allows computationally effi-
cient history matching and uncertainty calculation for very 
highly parameterized models (White 2018); and (2) a tool for 
management optimization (PESTPP-OPT) under uncertainty 
(White and others, 2018).

The following report sections progressively build on a 
single example problem to demonstrate the decision-making 
applications that the PEST++ V5 software suite can address. 
Within each application of a PEST++ V5 tool, the theory sup-
porting the use is briefly discussed if the theoretical basis for 
the given tool has not been discussed in a previous PEST++ 
report; citations to related supporting material are also pro-
vided throughout this report. In the style of presentation used 
here, a workflow for implementing the PEST++ V5 tools is 
also illustrated. The workflow moves through a step-wise 
approach to first evaluate model stability and identify pri-
mary relations between inputs and outputs (PESTPP-SEN), 
then undertake history matching and uncertainty analysis 
(PESTPP-GLM and [or] PESTPP-IES), and, finally, transfer 
the results of the uncertainty analysis to formal management 

2 Historically, PEST++ even-numbered versions are used for internal devel-
opment; odd-number versions represent official releases.  Therefore, Version 4 
of PEST++ existed only as an unreleased code-development milestone and 
Version 5 represents updates to Version 3 codes documented in Welter and 
others (2015).

https://pubs.usgs.gov/tm/tm7c


Example Problem Description  3

optimization under uncertainty (PESTPP-OPT). The main text 
then concludes with suggestions for application and summary. 
Appendix 1 documents the input instructions needed to apply 
these tools. All related terminology, concepts, file extensions, 
and so forth, follow the conventions and derivations presented 
and cited by Doherty (2015a, b), Doherty and Hunt (2010), 
Doherty and others (2010b), and Welter and others (2012, 
2015) and are omitted here for brevity.

Example Problem Description
An enhanced version of a previously documented syn-

thetic groundwater model (available at https://pubs.usgs.gov/ 
tm/ tm7c26), based on the models of Freyberg (1988) and Hunt 
and others (2019), is used to illustrate the capabilities of the 
PEST++ V5 software suite. Use of a synthetic model allows us 
to generate a “truth” that can then be used to evaluate PEST++ 
results, both in terms of ability to reproduce historical condi-
tions and also to evaluate the ability of the uncertainty analysis 
processes in PEST++ to reproduce, in a statistical sense, the 
true forecast values.

The enhanced model has 3 layers, 40 rows, and 20 col-
umns. The model simulates 25 stress periods: 1 steady-state 
stress period followed by 24 monthly, transient stress periods. 
The groundwater system is simulated using the MODFLOW 6 
(Langevin and others, 2017) groundwater code.

Conceptually, the first 12 transient stress periods repre-
sent “true” historical conditions. A subset of simulated outputs 
of these first 12 stress periods are used as “observations” for 
history matching in the PESTPP-GLM and PESTPP-IES 
examples. The last 12 transient stress periods conceptually 
represent an “unmeasured” future condition. A subset of 
simulated outputs from the second 12 stress periods form the 
set of “forecasts” that are the focus of the uncertainty analyses 
performed using PESTPP-GLM and PESTPP-IES capabilities; 
some of these forecasts are also used as constraints in the final 
PESTPP-OPT management optimization example.

Across the 24 monthly transient stress periods, a seasonal 
signal is applied by modifying both the recharge and ground-
water extraction. In addition, stress periods 10 and 22 are 
modified to represent appreciably drier periods characterized 
by increased groundwater extraction and decreased recharge. 
Stress periods 4 and 16 represent wet periods characterized 
by decreased groundwater extraction and increased recharge. 
Simulated recharge and groundwater extraction vary smoothly 
between the dry and wet times,

The surface-water system in the model consists of 
a straight stream (fig. 1), which is simulated with the 
Streamflow Routing (SFR) process; SFR reaches traverse 
the model domain from row 1 to row 40 in column 16; 
surface-water flow observations are monitored at reach 40 (the 
terminal reach; fig. 1). Six groundwater extraction wells are in 
layer 3 along with two groundwater level monitoring loca-
tions. Water enters the model domain as recharge and stream 

leakage in layer 1 and leaves through groundwater discharge 
to surface-water and groundwater extraction or through down-
gradient discharge to the general head boundary in row 40.

To simplify input file handling, a single, comprehen-
sive control file was constructed on the basis of the enhanced 
Freyberg model, which is used to demonstrate each of the tools 
in the PEST++ V5 suite. Depending on the tool being demon-
strated, different control file options—such as “tying” and “fix-
ing” parameters, reassigning groups and changing observation 
weights—were used to demonstrate how a single control file 
can be used for a variety of decision-support analyses.

The enhanced Freyberg example problem uses the fol-
lowing parameterization, grouped by parameter type:

• horizontal hydraulic conductivity (HK): spatially vary-
ing, every active model cell;

• vertical hydraulic conductivity (VK): spatially varying, 
every active model cell;

• specific storage (Ss): spatially varying, every active 
model cell;

• specific yield (Sy): spatially varying, layer 1 active 
model cells;

• recharge (RCH): temporally varying, every stress 
period; and

• groundwater extraction rates (WEL): spatially and tem-
porally varying, every well cell, every stress period.

When all parameters are adjustable, this parameterization 
scheme yields 8,175 parameters to represent model input 
uncertainty.

The following model outputs were included in the PEST 
model interface as “observations” for the purposes of history 
matching:

• surface-water flow at location sw_1: simulated outflow 
from SFR reach 40 (terminal reach), stress period 2 
through 13; and

• groundwater levels at locations gw_1 and gw_2 in 
model layer 3: simulated groundwater level in layer 3 
at these 2 locations, stress period 2 through 13.

The composite objective function was constructed by 
assigning groundwater level observations in stress periods 
2–13 a weight of 15, which implies a standard deviation of 
0.07 feet. The surface-water flow observations for stress peri-
ods 2–13 were assigned weights such that the coefficient of 
variation for each surface-water flow observation was 0.15. At 
initial parameter values, the objective function is equal to 120.

In PEST++, forecasts are included as zero-weighted 
observations that are also identified as forecasts for uncertainty 
analysis purposes using the PEST++ forecast option. For the 
example problem described here, the following three model 
outputs were also included as forecast “observations” in the 
control file:

https://pubs.usgs.gov/tm/tm7c26
https://pubs.usgs.gov/tm/tm7c26
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Figure 1. Enhanced Freyberg model boundary conditions and model extent. Observations from locations sw_1 (layer 1), gw_1, and 
gw_2 (layer 3) are used for history matching. Aggregated surface-water/groundwater exchange along the headwater and tailwater 
reaches for the last stress period (layer 1), as well as groundwater level at gw_3 (layer 1) for the last stress period, are used as 
forecasts. (GHB, general-head boundary; SFR, streamflow routing, ft, feet)
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• aggregated surface-water/groundwater exchange for
reaches in rows 1–20 (“headwater”) during stress
period 22;

• aggregated surface-water/groundwater exchange for
reaches in rows 21–40 (“tailwater”) during stress
period 13; and

• groundwater level at location gw_3 in layer 1 at the
end of stress period 22.

The forecasts are used for predictive uncertainty analyses 
in PESTPP-GLM and PESTPP-IES in a Bayesian framework. 
Within this framework, prior parameter uncertainty is defined 
by the judgement of the modeler, where “prior” equates to 
uncertainty that exists in parameters before history matching. 
The posterior uncertainty is the what remains after history 
matching. Both prior and posterior parameter uncertainty can 
be then propagated to forecasts (see Tarantola (2005) and 
Doherty (2015a, b) for background).

These forecasts were selected to represent model outputs 
that are informed, in varying degrees, by the observations 
selected for history matching. Outputs that are entirely con-
strained by observations are considered completely within 
the model solution space; outputs entirely unconstrained by 
observations are considered in the model null space (see Moore 
and Doherty [2005] and Doherty and others [2010b] for detailed 
explanation of a model’s solution and null spaces). The forecasts 
used here are neither entirely constrained nor unconstrained by 
the observations, thus have different null-space dependencies. 
As the null-space dependence of a given parameter increases, so 
too does the posterior parameter uncertainty because less infor-
mation derived from observations used for history matching is 
available to constrain model parameters. Moore and Doherty 

(2005) and later Doherty and Welter (2010) documented that the 
ability to quantify forecast uncertainty in groundwater modeling 
is affected by null-space dependence.

The tailwater forecast (recorded at the end of the his-
tory matching period) is more informed by the history match-
ing observations (smaller null-space dependence) because it 
integrates a large area of the model domain (Hunt and others, 
2006). The headwater forecast (measured near the end of the 
forecast period during a seasonal dry time) is less informed by 
history matching observations (larger null-space dependence) 
that did not include dry periods. The groundwater-level forecast 
is expected to have a moderate null-space dependence because 
it is similar in character to the observations used for history 
matching but occurs during unknown future conditions.

The prior parameter distribution for the hydraulic conduc-
tivity field, well pumping multipliers, and recharge multipli-
ers was conceptualized as a truncated multivariate Gaussian 
distribution (for example, Tarantola, 2005; Doherty, 2015a, b). 
Parameters HK, VK, Ss, and Sy were conceptualized as geo-
statistically correlated fields and described by an exponential 
variogram with a range of 1,000 feet and sill proportional to the 
square of statistical distance between parameter upper and lower 
bounds (table 1). Well extraction and recharge parameters were 
conceptualized as temporally correlated and described by an 
exponential variogram with a 3-month range and sill propor-
tional to the square of statistical distance between the parameter 
upper and lower bounds. Figure 2 shows the realized parameter 
values for the “true parameter” realization.

As previously mentioned, the synthetic problem design 
used allowed selection of a “true” model to supply observations 
for history matching and to evaluate the outcomes of posterior 
forecast uncertainty analyses. To generate this “truth,” 300 
realizations were drawn from the prior parameter distribution 
and evaluated with the model, yielding 300 values for each 

Table 1. Prior parameter upper and lower bounds. Recharge and extraction rate parameter types have a range of upper and lower 
bounds to accommodate seasonal variability.

[HK, horizontal hydraulic conductivity; VK, vertical hydraulic conductivity; Ss, specific storage; Sy, specific yield]

Parameter type Units Lower bound Upper bound

HK Layer 1 Feet per day 0.3 30
HK Layer 2 Feet per day 0.03 3
HK Layer 3 Feet per day 3 300
VK Layer 1 Feet per day 0.03 3
VK Layer 2 Feet per day 0.003 0.3
VK Layer 3 Feet per day 0.3 30
Ss Layer 1 Per foot 1e-7 1e-5
Ss Layer 2 Per foot 1e-7 1e-5
Ss Layer 3 Per foot 1e-7 1e-5
Sy Layer 1 none 0.001 0.1
Recharge (RCH) Feet per day 1e-5 to 5e-5 3e-5 to 1.5e-4
Extraction Rate (WEL) Cubic feet per day 15 to 73 100 to 510
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Figure 2. Plots of “true” parameter values. (HK, horizontal hydraulic conductivity; VK vertical hydraulic conductivity; 
SY, specific yield; SS, specific storage; ft, feet; d, day; ft3, cubic feet)
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observation and forecast. The objective function minimum, 
maximum, and mean across these 300 realizations was 82.6, 
7104, and 978, respectively. From this set of 300 results, a real-
ization among the lowest 95th quantile for the tailwater surface-
water/groundwater exchange forecast was chosen for the “true” 
model (the objective function was 390 at initial parameter 
values); that is, the realization selected had 95 percent of the 
other realizations with higher amounts of flow at the tailwater 
forecast location. Recall that the tailwater forecast is from the 
end of the history matching period (stress period 13) and inte-
grates most of the model domain and measured at the end of the 
history matching period, so it is expected to have small poste-
rior uncertainty. The use of a statistically extreme realization 
characterized by small posterior uncertainty (because it is more 
informed by the observations) but with an extreme first moment 
makes the true tailwater quantity a difficult forecast to repro-
duce. The increased difficulty provides a robust comparison for 
the posterior uncertainty estimation of the PESTPP-GLM and 
PESTPP-IES analysis.

PESTPP-SEN Example
PESTPP-SEN implements two global sensitivity analysis 

(GSA) methods: Method of Morris (Morris, 1991) and Sobol 
(Sobol, 2001). Generally, GSA methods can provide a basis 
for diagnostic/screening analyses to identify important rela-
tions between model inputs (represented by parameters) and 
outputs (represented by the objective function, as well as the 
observations listed in the control file). Therefore, using global 
sensitivity analyses at the beginning of a modeling analysis 
workflow provides insight on the linearity of the inverse prob-
lem as well as parameter-to-forecast sensitivity, information 
that can be useful for implementing other PEST++ V5 tools. 
Readers are referred to Saltelli and others (2008) for an exten-
sive and detailed explanation of global sensitivity analysis and 
to Welter and others (2015) for the PEST++ implementation.

GSA is computationally demanding, and, depending on 
the underlying forward model, may be limited to low dimen-
sional parameter spaces (less than 100 parameters) to avoid 
excessive computational burden. The larger computational 
burden of GSA methods results from these techniques requir-
ing repeated, systematic evaluation of the model at numer-
ous points across parameter space. Moreover, they provide 
information on global sensitivity across the range of param-
eters, but the parameter estimation and uncertainty analyses 
often use a (more) local sensitivity with lower computational 
burden. Therefore, GSA methods are typically used as a diag-
nostic tool to identify important model input-output relations 
and to identify regions of parameter space that degrade model 
stability.

PESTPP-SEN Example Application

PESTPP-SEN was applied to the enhanced Freyberg 
example to investigate what parameter types affect both the 
objective function (important for history matching) and what 
parameters types affect the three forecasts of interest (impor-
tant for predictive uncertainty analysis).

Input Approach
PEST++ options added to the control file (see the appen-

dix 1 for a complete listing of PEST++ options):
• Option name: tie_by_group, value: true: use the

PEST parameter “tying” construct to reduce the num-
ber of adjustable parameters (and therefore the number
of model runs required to apply PESTPP-SEN) by
treating all parameters in a group as a single parameter.

Employing this one PEST++ option reduced the number 
of adjustable parameters from 8,175 to 12. Note that tying 
parameters by group results in a larger grouped sensitivity than 
would be seen by individual, untied parameters. However, for 
screening and diagnostic purposes, the relative sensitivities 
among parameter types often still provide useful insights. Note 
that no global-sensitivity specific PESTPP-SEN options were 
added to the PEST++ control file. Instead, the analysis used 
internal default values for PEST++ options, which include 
selection of the computationally lighter Method of Morris 
analysis compared with Sobol, with sampling four locations 
that span the parameter space.

Results
The following PEST++ output files were evaluated:
• run record file (.rec), and

• Method of Morris results summary file (.mio).
With the default settings, the enhanced Freyberg model

required 52 forward model runs for the global sensitivity eval-
uation: (12 parameters perturbation + 1 run with base param-
eters) x 4 locations in parameter space. If more than 4 loca-
tions in parameter space were needed, the user can override 
this default with gsa_morris_r PEST++_option added to the 
PEST++ control file; for example, adding ++gsa_morris_r(6) 
to the PEST++ control file would divide the parameter space 
into six increments. If the more computationally intensive 
Sobol global sensitivity test were desired, it would be invoked 
by the addition of the gsa_method(sobol) PEST++ option to 
the control file.

The results of this global sensitivity analysis are reported 
in the .mio output file as the mean sensitivity (fig. 3A) and 
coefficient of variation associated with the reported mean 
(fig. 3B). For our example, this information revealed that 
parameter types that most affect the objective function for his-
tory matching (layer 3 HK, fig. 3A), are not the same 
parameter 
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types that are most influential to the three forecasts of inter-
est (recharge; fig. 3A). Furthermore, the sensitivity analysis 
results indicate substantial variability in parameter sensitivity 
with respect to the history-matching objective function as 

parameters change across parameter space (fig. 3B), indicat-
ing a nonlinear relation between parameters and the objective 
function used for history-matching.
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Figure 3. Summary of PESTPP-SEN results for Method of Morris global sensitivity analysis 
applied to the enhanced Freyberg model for the outputs of interest: the history-matching 
objective function and the three forecasts. A, the historical observations (encapsulated 
in the objective function) are most sensitive to Layer 3 HK, while the forecasts are most 
sensitive to recharge and, to a lesser extent, well extraction. B, the variation in parameter 
sensitivity across the four locations in parameter space where sensitivities were 
calculated; a linear relation between a given parameter type and a given output of interest 
would have a coefficient of variation of 0. Note: the legend of figure 3A also applies to figure 
3B. (HK, horizontal hydraulic conductivity; VK vertical hydraulic conductivity; SY, specific 
yield; SS, specific storage)
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PESTPP-GLM Example
The code PESTPP-GLM includes functionality that was 

previously contained under the original PEST++ code (and 
Version 3’s PESTPP executable). PESTPP-GLM retains the 
capabilities of the original code from PEST++ Version 3 in 
that it implements a subspace Gauss-Levenberg-Marquardt 
algorithm (Moré, 1978; Oliver and others, 2008)—the same 
algorithm implemented in PEST and PEST_HP (Doherty 
2015a, b)—supplemented with automated and on-the-fly 
updated subspace parameter dimensionality reduction, an 
extension of the singular value decomposition (SVD) tech-
nique known as “SVD-Assist” (Tonkin and Doherty, 2005; 
Doherty and Hunt, 2010). PESTPP-GLM also continues to 
provide seamless FOSM (also known as “linear analysis”) 
parameter and, optionally, forecast uncertainty analysis (see 
Doherty [2015b], Welter and others [2015], Anderson and 
others [2015], and White and others [2016] for a more detailed 
discussion of the theory and application of this family of 
uncertainty analysis).

In PEST++ V5, PESTPP-GLM has been enhanced 
to allow a user to access FOSM-based posterior Monte 
Carlo sampling and parallel ensemble evaluation, where 
these automated uncertainty analyses are available for each 
PESTPP-GLM iteration (through the glm_iter_mc PEST++ 
option) and at completion of the PESTPP-GLM iterations. 
“FOSM-based posterior Monte Carlo” refers to the workflow 
involving the approximation of the posterior parameter covari-
ance matrix using FOSM, which is then used as a basis for 
performing sampling needed to construct a Monte Carlo run 
as well as subsequent evaluation of each sample or realization 
using the model. FOSM-based Monte Carlo serves as a way 
to “precondition” parameter realizations used for Monte Carlo 
analyses such that the resulting realizations are more likely to 
provide acceptable reproduction of the observed data (that is, 
fewer realizations need to be dropped after running because of 
overly poor fits). With this capability active, PESTPP-GLM 
automates a relatively complex workflow for nonlinear param-
eter and forecast uncertainty analysis with little or no user 
intervention and, in most cases, for a few additional model 
evaluations.

Theory:  Gauss-Levenberg-Marquardt

PESTPP-GLM, like PEST and PEST_HP, implements 
the subspace Gauss-Levenberg-Marquardt algorithm for 
least-squares parameter estimation:

      Δ  θ    = −   ( J   T  Σ  ε  −1 J +  λ*diag ( J   T  Σ  ε  −1 J) )  
−   1 

 J   T  Σ  ε  −1   ( d sim   − d obs  )          (1)

where J is the Jacobian matrix, representing a first-order rela-
tion between parameters and observations, Σ  ε  −1    is the inverse 
of observation noise covariance matrix,  λ  is the Marquardt 

lambda,   d  obs    is the vector of observations,   d  sim    is the vector of 
simulated equivalents to observations, and   Δ  θ    is a parameter 
change (for example, upgrade) vector. The quantity   J   T   Σ  ε  −1  J  is 
known as the “normal” matrix and, under a quadratic assump-
tion, is equivalent to the Hessian matrix in Newton’s method 
(Oliver and others, 2008).

By varying the Marquardt lambda, a trust region is 
constructed between the Gauss-Newton direction (small 
lambda) and gradient descent (large lambda). During each 
iteration, PESTPP-GLM will, by default, solve equation 1 
several times with different values of lambda and evaluate 
the model once for each resulting parameter change vector to 
find which value of lambda yields a   d  sim    vector that is most 
similar to the   d  obs    in a weighted least squares (in other words,  
minimize a residual   ℒ  2     norm objective function,  ϕ ) sense. In 
addition to varying the lambda values, through the PEST++ 
option lambda_scale_fac, users can apply backtracking along 
each upgrade vector to test parameter upgrade locations within 
the GLM trust region. Backtracking is a technique to evalu-
ate parameter values along the vector between the current 
parameter values and the GLM upgraded parameter values 
and can be an important consideration for highly nonlinear 
inverse problems. The full suite of lambda-backtrack param-
eter vectors is evaluated in parallel, and the vector that yields 
the minimum objective function value is selected as the next 
location to move to in parameter space. In this way, the GLM 
algorithm encapsulated in equation 1 is applied iteratively 
from an initial parameter vector  θ , by first filling the Jacobian 
matrix at  θ , then solving for and evaluating the optimal param-
eter change vector (with varied lambda values and optional 
backtracking) with equation 1, then accepting the minimum-
objective function parameter upgrade vector by adding the 
upgrade vector to θ .

To fill the Jacobian matrix, the model must be evaluated 
once for each parameter with the given parameter in a per-
turbed state:

                             J [:, pa  r  j  ]   =      ∂   d  sim     _  ∂  pa r  j      ≈    Δ   d  sim     _  Δ  pa r  j       (2)

where  J [:, pa  r  j  ]   denotes column  pa  r  j    of the Jacobian 
matrix  J ,     ∂   d  sim     _  ∂  pa r  j       is the partial first derivative of all observations 
with respect to parameter  pa  r  j   , and     Δ   d  sim     _  Δ  pa r  j       is the finite difference 
approximation of the partial first derivative. By running the 
model with parameter  pa  r  j    perturbed and recording how the 
simulated equivalents to observations change compared to a 
base run (with no parameters perturbed), the Jacobian matrix 
can be filled column-wise. Because only one parameter is 
perturbed at a time and is thus independent of other runs, the 
process of filling the Jacobian matrix in this way is easily 
parallelized.

In most real-world environmental modeling settings, 
the number of parameters will vastly outnumber the num-
ber of available observations, meaning the normal matrix 
will be singular and cannot be directly inverted. In this case, 
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a Moore-Penrose pseudoinverse can be used in place of a 
direct inverse (for example, Golub and Van Loan, 2012). 
Truncated SVD is used as a pseudo-inverse in PESTPP-GLM 
and PESTPP-IES. By default, PESTPP-GLM uses a random-
ized SVD solver (for example, Halko and others, 2011) to 
factorize the normal matrix of equation 1 to find a suitable 
pseudo-inverse. This solver is highly efficient, especially when 
the control variable MAXSING is used strategically because 
the SVD solver only needs to factorize the normal matrix to 
MAXSING components.

Similar to PEST and PEST_HP, PESTPP-GLM imple-
ments Tikhonov regularization via the * prior information 
and * regularization sections in the control file (Doherty 
and Hunt, 2010); these prior information equations are used 
to augment the Jacobian matrix with additional rows to 
inject expert knowledge into the inversion process and to 
stabilize the inversion process. However, compared to PEST 
and PEST_HP, finding the optimal regularization weight in 
PESTPP-GLM can be computationally burdensome, espe-
cially in high dimensions. This can add appreciably to the 
time to complete a PESTPP-GLM iteration and can affect 
parameter estimation performance. In recognition of this 
potential difficulty, PEST++ V5 includes a second option for 
including Tikhonov regularization that reflects the renewed 
focus of PESTPP-GLM on automating parameter and fore-
cast uncertainty analysis. As such, within the combined 
parameter-estimation/uncertainty analysis PESTPP-GLM 
algorithm, the importance of a single, minimum error variance 
parameter set, governed by prior information equations, is 
important only in as much as this parameter set serves as the 
mean of the posterior parameter distribution for uncertainty 
analyses; that is, the distribution of parameter uncertainty 
around the mean value is of primary importance.

In recognition of this use, PESTPP-GLM provides the 
option for “regularized GLM” (Hanke, 1997; Oliver and oth-
ers, 2008) as an alternative solution technique, by augmenting 
the normal matrix with (a scalar multiple of) the prior 
parameter covariance matrix:

            

  Δ θ    = −   ( J   T  Σ  ε  −1 J +  λ*( Σ  θ  −1 ) )  
−   1 

 Σ  θ  −1(θ    0−θ) 
  

+ J   T  Σ  ε  −1   ( d sim − d obs  )        

   
   

(3)

where   Σ  θ    is the prior parameter covariance matrix,   θ  0    a vector 
of initial parameter values,  θ  is a vector of current parameter 
values and all other terms are as previously defined. Inspection 
of equation 3 indicates how regularization is injected into the 
GLM solution process through the prior parameter covariance 
matrix; this form of the GLM algorithm obviates augmentation 
of the Jacobian matrix with prior information equations and 
removes the need to explicitly solve for the optimal regular-
ization weight factor. Instead, equation 3 relies on the prior 
parameter covariance matrix to enforce expert knowledge 
directly on the solution process, and, as a result, is more effi-
cient than the dynamic regularization weight solution process. 

The regularized GLM solution process is activated with the 
glm_normal_form(prior) option. In the regularized GLM 
solution scheme, singular value maximum (MAXSING) and 
Marquardt lambda ( λ ) become the primary mechanisms for 
users to regularize the solution, where the former is selected 
by the user to balance fit and adherence to soft knowledge 
and the latter is specified by the user through the lambdas 
PEST++ option.

Parameter and Forecast Uncertainty Estimation
After each GLM iteration and at the termination of all 

GLM iterations, PESTPP-GLM will solve for a FOSM pos-
terior parameter covariance matrix, and, optionally, prior and 
posterior forecast uncertainty estimates, provided that the user 
identifies specific model outputs (for example, observations) 
as forecasts. The FOSM-approximate posterior covariance 
matrix is an application of Bayes’ theorem (for details, see 
Fienen and others, 2010) and can be calculated as:

                     (4)

where     ̄  Σ   θ    is the posterior parameter covariance matrix and all 
other terms are as previously defined. Inspection of equation 
4 reveals that all the components needed to solve for the pos-
terior parameter covariance matrix are held in memory during 
each PESTPP-GLM iteration and at the termination of GLM 
iterations. If forecasts are included as zero-weighted “observa-
tions” in the control file and are identified through the fore-
casts PEST++ option, then PESTPP-GLM can estimate prior 
and posterior forecast uncertainty as follows (Doherty, 2015b):

                                           (5)

                                        σf   2 = yf   T  Σ  θ  yf     (6)

where   y  f    is a vector of forecast sensitivities to adjustable 
parameters for forecast f,   σ  f  2   is the prior variance of forecast 
f,     ̄  σ   f  2   is the posterior variance of forecast f, and all other terms 
are as previously defined. In this formulation, forecast sensi-
tivity vectors are simply rows in the Jacobian matrix.

In addition to the computationally light FOSM-based 
parameter and forecast uncertainty estimates, PESTPP-GLM 
now has the ability to also perform nonlinear Monte 
Carlo uncertainty analysis. This is accessed by adding 
the glm_num_reals option to the PEST++ control file. 
PESTPP-GLM will then implement FOSM-based poste-
rior Monte Carlo (also called Bayes-linear Monte Carlo) by 
drawing realizations from the assumed-Gaussian posterior 
parameter distribution defined by:

                                            (7)

  Σ  θ= Σ  θ−Σ  θ  J   T  ( J  Σ  θ  J   T  +Σ  ε  )−1   J  Σ  θ     

  σf   2 = yf   T  Σ  θ  yf  

 N( μθ, Σ  θ )



where N   is a normal distribution,      ̄  μ   θ    is a vector of esti-
mated parameter values derived from the GLM estimation 
process and     ̄  Σ   θ    is the posterior parameter covariance matrix. 
PESTPP-GLM will evaluate each of these realizations by 
running the model once for each realized parameter set (in 
parallel). If glm_iter_mc option is active, realizations will 
be drawn during each GLM iteration and evaluated with the 
GLM lambda (and optional backtracking) parameter upgrade 
vectors, which results in a FOSM-based posterior Monte 
Carlo uncertainty process be completed for each iteration of 
PESTPP-GLM. If forecasts are included as observations in the 
control file, this Monte Carlo process will yield an ensemble 
of forecast values. Conceptually, using the FOSM-based 
Monte Carlo to evaluate forecast uncertainty instead of rely-
ing on equation 6 relaxes the assumed linear relation between 
parameters and forecasts that underpins FOSM uncertainty 
analyses.

PESTPP-GLM Example Application

Our example problem is now used to demonstrate how 
PESTPP-GLM can perform efficient history matching and 
uncertainty analysis. We applied PESTPP-GLM in two differ-
ent ways. First, we used PESTPP-GLM without any additional 
options to show how PESTPP-GLM can be run in a basic 
mode, relying entirely on internal default values for PEST++ 
options in the control file. Then we describe a second applica-
tion that used a small number of PESTPP-GLM options to 
implement a more advanced PESTPP-GLM analysis.

Input Approach
Basic Analysis PEST++ options added to control 

file: None
Advanced Analysis PEST++ options added to control file:
• option name: n_iter_base, value: −1: number of 

base parameter iterations, where −1 indicates not to 
perform any parameter upgrade calculations using 
the adjustable base parameters in the control file and, 
instead, perform parameter upgrade calculations using 
superparameters;

• option name: n_iter_super, value: 4: number of 
superparameter iterations before calculation of a 
new base parameter Jacobian matrix. In this case, 
specifying n_iter_super equal to four results in only 
superparameter iterations because we only request 
four total PESTPP-GLM iterations (controlled by the 
NOPTMAX variable);

• option name: max_n_super, value: 36: use at most 
36 superparameters during the super-parameter solu-
tion process;

• option name: glm_normal_form, value: prior: use the 
regularized GLM algorithm; and

• option name: glm_num_reals, value: 200: draw and 
evaluate 200 FOSM-based posterior realizations.

PESTPP-GLM relies on a full-rank based Jacobian 
matrix that is filled by evaluating the model once for each 
adjustable parameter; we reduced the computational burden 
by reducing the number of adjustable parameters used in this 
example of the enhanced Freyberg model. First, we manually 
tied HK, VK, Ss, and Sy parameters into groups of 6 rows by 
6 columns, effectively creating 26 blocks or zones per layer 
for each of these inputs. We also tied the well extraction rate 
parameters by stress period, yielding a total of 25 well extrac-
tion parameters. These tying operations effectively reduced 
the number of adjustable parameters from 8,175 to 330, while 
maintaining a representation of spatial and temporal parameter 
heterogeneity. Typically, pilot points (Doherty, 2003; Doherty 
and others, 2010a) would be used in place of the block-zone 
parameterization, as pilot points provide a smooth interpola-
tion of parameters over the model grid. However, for dem-
onstration purposes, we chose to represent spatial property 
heterogeneity using no external or additional utilities (imple-
mentation of pilot points requires external files that are typi-
cally constructed using graphical user interfaces in conjunc-
tion with PEST groundwater utilities [Doherty 2015a] or with 
the python module pyEMU [White and others, 2016]).

For the advanced PESTPP-GLM analysis, we used 
the regularized GLM solution process via the glm_normal_
form(prior) option. Additionally, we used the automated sub-
space reparameterization process to further reduce the number 
of model evaluations through the max_n_super PEST++ 
option. We specified 200 posterior realizations with the 
glm_num_reals argument, resulting in 200 posterior realiza-
tions being drawn and evaluated once the four PESTPP-GLM 
iterations were complete. No additional files or modifications 
to the PEST interface were required to invoke Monte Carlo 
uncertainty analyses.

Results
The following PEST++ output files were evaluated:
• run record file (.rec),

• posterior FOSM forecast summary (.pred.usum.csv),

• posterior Monte Carlo parameter ensemble (.post.
paren.csv), and

• posterior Monte Carlo observation ensemble (.post.
obsen.csv).

The basic PESTPP-GLM analysis required 1,361 model 
runs to find a minimum error variance parameter set with a 
final objective function of 26. Figure 4 presents a summary 
of this analysis, including the results of the automated FOSM 
forecast uncertainty process. Figure 5 shows the final parame-
ter set from the basic PESTPP-GLM analysis. As expected, the 
headwater forecast posterior distribution is similar to the prior 

PESTPP-GLM Example   11
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Figure 5. Final PESTPP-GLM optimal parameter values (objective function value of 26) from the basic PESTPP-GLM 
analysis using only default values. Generally, the spatial (A–J) and temporal (K, L) parameters show very little heterogeneity 
and are free of problematic extreme parameter values. For comparison, the true fields are shown in figure 2. (HK, horizontal 
hydraulic conductivity; VK vertical hydraulic conductivity; SY, specific yield; SS, specific storage; ft, feet; d, day; ft3, cubic 
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distribution, indicating a high null-space dependence for this 
forecast (that is, the observations did not contain appreciable 
information that could constrain parameters important for the 
forecast). On the other hand, the tailwater forecast posterior 
uncertainty is substantially narrower than the prior, indicating 
it has a low null-space dependence.

For the advanced PESTPP-GLM analysis, 482 model 
evaluations were required across four regularized super-
parameter GLM iterations to find a minimum error variance 
parameter set with a final objective function value of 11. 
Following these three iterations, PESTPP-GLM proceeded to 
draw 200 realizations from the final-iteration FOSM-based 
posterior covariance matrix. These realizations were then 
evaluated in parallel, yielding 200 realized values for each of 
the observations used for history matching and for each of the 
three forecasts of interest. Because the PESTPP-GLM FOSM-
based posterior realization selection relies on an assumed lin-
ear relation between parameters and observations not adjusted 
to improve matches to the historical observations, some of 
the resulting realizations may not acceptably reproduce the 
historical observations. As such, we filtered (also called “con-
ditioned” or “rejected”) unacceptable realizations by simply 
selecting the 50 realizations with the lowest-objective function 
(ranging from 35 to 153) for postprocessing (fig. 6). This type 
of filtering process is an important consideration for any poste-
rior Monte Carlo analysis (FOSM-based or nonFOSM-based). 
By definition, posterior realizations must respect both the prior 
parameter distribution and the historical observations; there-
fore, excluding realizations that do not yield an acceptable fit 
to the historical observations adheres to the Bayesian frame-
work used.

The filtered posterior realizations from PESTPP-GLM 
yielded an improved fit to the historical observations com-
pared to the initial parameter values, as evidenced by both 
the observed-vs-simulated plots and the objective function 
histogram (fig. 6A, B, C, and D). Furthermore, FOSM-based 
and Monte Carlo-based posterior forecast uncertainty esti-
mates cover the true forecast values (blue bell-shaped curves, 
histograms, and red line in figure 6E, F, and G, respectively), 
indicating the combined GLM parameter estimation and 
uncertainty estimation processes encoded in PESTPP-GLM 
yielded a successful uncertainty analysis for this demonstra-
tion problem (that is, the true value of each forecast is covered 
by the posterior distributions yielded by PESTPP-GLM). 
Recall that the conditions used for “truth” in the Freyberg 
example represented extreme 95-percent quantile conditions 
for the tailwater forecast.

Figure 7 shows the final minimum error variance (for 
example, final) parameter set from the PESTPP-GLM param-
eter estimation process, while figure 8 shows a single posterior 
parameter realization. Generally, the posterior parameter fields 
represent spatially expected patterns of heterogeneity with no 
discernable bias or extreme values.

PESTPP-IES Example
PESTPP-IES was originally documented in White (2018) 

and implements a form of the iterative ensemble smoother 
algorithm from Chen and Oliver (2013). Conceptually, at the 
iteration level, the algorithm in PESTPP-IES combines the 
efficiency of the GLM algorithm to minimize a least-squares 
objective function in high-dimensions with Monte Carlo, 
which is used to empirically estimate the Jacobian matrix and 
provide information regarding uncertainty.

As with the other tools in the PEST++ V5 suite, 
PESTPP-IES uses default internal values for all optional 
control file arguments and, in the absence of specifying any 
additional arguments, PESTPP-IES can be run on any existing 
set of PEST input files without modifications. When defaults 
are used, PESTPP-IES draws the prior parameter ensemble 
from a diagonal prior parameter covariance matrix constructed 
from parameter bound information, which assumes param-
eter bounds approximate the range of 95-percent confidence 
(this assumption can be adjusted via the PESTPP-IES 
par_sigma_range option). The ability to programmatically 
generate realizations and evaluate prior-based ensembles with-
out user intervention facilitates an easy entry point for users 
who want to perform Monte Carlo analysis with an existing 
model and associated PEST interface (that is, control file, 
template file[s], instruction file[s]).

Theory: Ensemble Form of Regularized GLM

The parameter adjustment algorithm in PESTPP-IES 
is fundamentally the same as the PESTPP-GLM regularized 
GLM algorithm, except parameter and observation/simulated 
equivalent vectors are replaced with matrices that represent 
ensembles of parameter and observation/simulated equiva-
lent values; that is, the PESTPP-IES equivalent of equation 3 
shown above now becomes:

   
(8)  Δ Θ    = −  J   T  Σ  ε  −1 J +  λ*( Σ  θ  −1 )     Σ  θ  −1(Θ    0−Θ)

  
+ J   T  Σ  ε  −1   ( Dsim − D obs  )

Where   Δ  Θ    is a parameter change (for example, upgrade) 
ensemble,  Θ  is the initial (for example, prior) parameter 
ensemble,  Θ  is the current parameter ensemble,   D  obs    is an 
ensemble of observations values with additive realizations 
of measurement noise, and   D  sim    is a ensemble of simulated 
equivalents to observations (resulting from evaluation of the 
parameter ensemble  Θ ).

There are two notable differences between the PESTPP-
GLM and PESTPP-IES algorithms. First, instead of operat-
ing on a single parameter set and single set of residuals, the 
parameter adjustment algorithm in PESTPP-IES uses an 
ensemble of residuals and adjusts an ensemble of parameters, 
meaning that PESTPP-IES yields ensembles of parameters 

    (  )−   1  
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Figure 7. Final PESTPP-GLM optimal parameter values (objective function value of 11) from the advanced PESTPP-GLM 
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Figure 8. One of 50 realizations derived from the advanced PESTPP-GLM analysis posterior parameter ensemble (objective 
function value of 36). Compared to figure 7, substantially more spatial (A–J) and temporal (K, L) heterogeneity is shown and 
the blocky parameterization pattern can be seen. However, the patterns of heterogeneity are free of problematic extreme 
parameter values. For comparison, the true fields are shown in figure 2. (HK, horizontal hydraulic conductivity; VK vertical 
hydraulic conductivity; SY, specific yield; SS, specific storage; ft, feet; d, day; ft3, cubic feet)
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and simulated equivalents to observations after each itera-
tion. Second, the Jacobian matrix used to construct candidate 
parameter upgrade matrices is approximated with results from 
a Monte Carlo-style ensemble evaluation (completed each 
iteration) via:

    

Where     ̄  D    sim    is an ensemble where each observation vector 
is filled with the mean value of the corresponding observation 
vector in   D  sim    ,    ̄  Θ    is an ensemble where each parameter vector 
is filled with the mean value of the corresponding parameter 
vector in  Θ , and + denotes a Moore-Penrose pseudoinverse 
(for example, Golub and Van Loan, 2012). Conceptually, the 
two terms of the righthand side of equation 9 are ensembles of 
deviations around the mean value for each simulated observa-
tion equivalent and parameter, respectively. In this way, we see 
that the form of Jacobian matrix used in PESTP-IES is formed 
from empirical cross-covariances between parameters and 
observations, as opposed to a causality (perturbation-based) 
Jacobian in PESTPP-GLM.

By using the ensemble form of regularized GLM, 
PESTPP-IES can operate in much higher dimensions than 
PESTPP-GLM because the number of model evaluations to fill 
the Jacobian matrix each iteration is controlled by the number 
of user-selected realizations in the parameter ensemble rather 
than requiring a minimum of one run per adjustable parameter. 
Furthermore, in the numerical implementation of equation 8 
in PESTPP-IES, direct inversion of the normal matrix is 
avoided—only  the quantity  ( D  sim   −      ̄  D    sim  )  in equation 9 must 
be inverted.

Although PESTPP-IES does use an empirical Jacobian 
matrix for parameter upgrade calculations, this Jacobian 
matrix is not suitable for any form of first-order analyses such 
as data worth analyses or FOSM-based uncertainty estima-
tion (Doherty 2015a, b; White and others, 2016) because this 
empirical Jacobian lacks the causality of the perturbation-based 
Jacobian used in PESTPP-GLM and PEST and PEST_HP. 
Users who are interested in first-order analyses are therefore 
encouraged to instead fill a full-rank Jacobian matrix with 
PESTPP-GLM once an optimal parameter set is selected.

For users who are interested in a single realization from a 
PESTPP-IES analysis, it is important to take care in selecting 
a representative realization. During initialization, PESTPP-IES 
will default to replacing the last stochastic realization in the 
prior parameter ensemble with the parameter values listed in 
the control file and will name this realization “base.” This base 
realization is then adjusted during the PESTPP-IES iterations 
(along with the other realizations in the parameter ensemble). 
The final values for the base realization might therefore be 
a suitable candidate to serve as a realization that represents 
the central tendency of the posterior parameter distribution. 
However, users are cautioned against picking any one realiza-
tion from a PESTPP-IES analysis for predictive purposes with-
out first evaluating how representative that single realization is. 

Interested readers are referred to White (2018) and Chen and 
Oliver (2013) and references cited therein for more background 
and theory related to iterative ensemble smoothers.

Localization

The empirical Jacobian matrix used in PESTPP-IES 
greatly reduces the computational burden required to estimate 
the relation between parameters and simulated equivalents to 
observations in high dimensions. However, using an ensemble 
size that is much smaller than the number of parameters can 
result in spurious correlation (for example, Anderson, 2007); 
that is, because the relation between observations and param-
eters is estimated empirically, and because, in most cases, the 
number of realizations will be much less than the number of 
adjustable parameters, the estimated cross-covariance between 
each parameter and each observation is not without error, the 
magnitude of this error being a direct consequence of the small 
number of samples (that is, realizations). The end result is that 
nonphysical parameter-to-observation relations can emerge and 
lead to a phenomenon known as “ensemble collapse” where 
the posterior variance of the parameters is underestimated (for 
example, Chen and Oliver, 2017).

An obvious way to mitigate ensemble collapse is to use 
more realizations. However, this comes at a cost of increased 
computational burden. Another approach to mitigate ensemble 
collapse is through the use of localization (Anderson, 2007; 
Chen and Oliver, 2017). In concept, localization allows users 
to inject expert knowledge about how parameter and observa-
tions are and are not related (that is, magnitude of correlation 
between parameters and observations); for example, informa-
tion cannot flow backwards in time so an observation from 
the past cannot be affected by a parameter that represents 
future forcing conditions. Other examples include disallowing 
groundwater level measurements effects on porosity parameters 
or not allowing observations and parameters to be related if 
they are separated by large distances.

Users can provide PESTPP-IES with a localizing matrix 
to enforce physically plausible parameter-to-observation rela-
tions. Several formats of this matrix are supported, including 
comma, tab, and space delimited, as well as binary formats. 
PESTPP-IES also has an option to automate this process 
by implementing a form of automatic adaptive localization 
based on the work of Luo and Bhakta (2020), which is briefly 
described here. With this functionality active, during each 
iteration, before commencing with parameter adjustments, the 
empirical correlation coefficient is calculated between each 
parameter and each observation. A “background” or “error” 
distribution for this correlation coefficient is also calculated by 
repeated circular shifting of the observation realization vector 
and recalculating a correlation coefficient. By definition, the 
circular shifted correlation coefficient is expected to be zero 
because there is no reason for the shifted observation vector 
to be related to the (unshifted) parameter realization vector. 
By comparing, in a statistical sense, the actual correlation 

 J ≈    ( Dsim   − Dsim ) (Θ − Θ )  +  
(  )9
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coefficient and the associated error distribution, statistically 
significant correlations can be identified and retained. From 
a user perspective, the construction of the localization matrix 
in this case is automated without requiring user intervention 
as the elements in this matrix are the absolute values of the 
empirical correlation coefficients between a parameter and an 
observation. This localization matrix is then fed forward into 
the parameter adjustment calculations during a PESTPP-IES 
analysis.

Note that a localization matrix supplied by the user can be 
used in combination with the automatic adaptive localization 
process. In this setting, the automatic adaptive localization pro-
cess works within the allowed parameter-to-observation rela-
tions defined by the localization matrix, whereby the automated 
process can only hold equal or decrease the value of elements 
in the localization matrix supplied by the user.

PESTPP-IES Example Application

Similar to the demonstration of PESTPP-GLM, we 
applied PESTPP-IES to the Freyberg example problem in 
two ways. First, a basic PESTPP-IES analysis was completed 
using the same block-zone parameterization scheme used for 
PESTPP-GLM with no further modifications of input options 
invoked. Then we applied PESTPP-IES using more advanced 
options using all 8,175 parameters.

Input Approach
Basic Analysis PEST++ options added to control 

file: None
Advanced Analysis PEST++ options added to 

control file:
• option name: ies_parameter_ensemble, value:

ies_prior_en.jcb: use the parameter realizations stored
in ies_prior_en.jcb as the initial realizations. This con-
tains the first 50 realizations from the 300 realizations
generated during the “truth” model setup process;

• option name: ies_localizer, value:
temporal_loc.jcb: use the localization matrix stored in
temporal_loc.jcb; and

• option name: ies_autoadaloc, value: true: use auto-
matic adaptive localization in combination with the
localization matrix temporal_loc.jcb.

For the advanced PESTPP-IES analysis, the full set of 
8,175 adjustable parameters for the enhanced Freyberg dem-
onstration were adjusted simultaneously. For this grid-scale 
parameterization, we used a prior parameter ensemble of 
50 that was generated from the prior parameter distribution 
drawn as part of the “truth” model selection described in the 
“Example Problem Description” section. The objective func-
tion minimum, maximum, and mean for these 50 realizations 
were 125, 4,316, and 1,168, respectively.

To mitigate issues related to spurious correlations in the 
advanced PESTPP-IES analysis, we used temporal-based 
localization combined with automatic adaptive localization 
as follows: for each observation, recharge and well extraction 
parameters that occur after the observation’s stress period or 
that occur more than 3 months before the observation were 
assigned a zero cross-covariance in the Jacobian matrix of 
equation 8. This operation prevents temporal-based recharge 
and well extraction parameters from being conditioned on 
observations that are not physically related. Within the allow-
able parameter-to-observation relations described by the 
localization matrix, the automatic adaptive localization process 
further reduced or removed relations that were identified as 
statistically spurious.

Results
The following PEST++ output files were evaluated:
• run record file (.rec),

• prior observation ensemble (.0.obs.csv),

• posterior observation ensemble (.3.obs.csv),

• posterior parameter ensemble (.3.par.csv), and

• objective function summary (.phi.actual.csv).
For both the basic and advanced PESTPP-IES analy-

ses, 378 model evaluations across 4 iterations were required 
to yield a 50-realization posterior ensemble (no realiza-
tions resulted in a failed run, so all were retained). This is an 
important consideration in the use of PESTPP-IES: the number 
of model runs is independent of the number of adjustable 
parameters.

Collectively, the posterior ensemble from the basic and 
advanced PESTPP-IES analyses closely reproduces the obser-
vations, with final objective function values ranging from 10 to 
67 in the basic analysis and 2.8 to 38 in the advanced analysis 
(figs. 9 and 10). Additionally, the posterior forecast probability 
distributions for both analyses cover the “true” value for all 
three forecasts with smaller posterior variances than what was 
produced from the PESTPP-GLM analyses – which again is 
notable given the extreme 95-percent quartile condition chosen 
for simulation. We also note the objective function across the 
PESTPP-IES posterior ensemble is commensurate with the 
advanced PESTPP-GLM final objective function value (11).

The posterior “base” parameter realization and a sample 
stochastic posterior parameter realization from both the basic 
and advanced analyses are shown in figures 11 and 12, and 13 
and 14, respectively. These plots show physically plausible 
parameter values with an absence of apparent bias or extreme 
parameter values. Note that the total number of runs (378) is 
appreciably lower than the PESTPP-GLM example (Basic: 
1,361, Advanced: 682) even though the number of param-
eters was much higher in the advanced PESTPP-IES analysis 
(8,175) than in the PESTPP-GLM analyses (330).
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Figure 9. Summary of basic PESTPP-IES application to the enhanced Freyberg model using only default values. A, B, and C show the observed 
(red) values vs simulated equivalent values for each of the prior (grey traces) and posterior (blue traces) realizations. These results, taken with 
D, the objective function distribution for the posterior ensemble (blue), shows a good level of agreement between the posterior PESTPP-IES 
ensemble and the observed states used for history matching. Panels E, F, and G show how prior (grey) and posterior (blue) histograms cover the 
true forecast values (red vertical bars). (sw, surface water; gw, groundwater, ft, feet; d, day; ft3, cubic feet)
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Figure 10. Summary of advanced PESTPP-IES application to the enhanced Freyberg model. A, B, and C show the observed (red) values vs 
simulated equivalent values for each of the prior (gray traces) and posterior (blue traces) realizations. These results, taken with D, the objective 
function distribution for the posterior ensemble (blue), shows a good level of agreement between the posterior PESTPP-IES ensemble and the 
observed states used for history matching. Panels E, F, and G show how prior (grey) and posterior (blue) histograms cover the true forecast values 
(red vertical bars). (sw, surface water; gw, groundwater, ft, feet; d, day; ft3, cubic feet)



22  Approaches to Highly Parameterized Inversion: PEST++ Version 5

0 5 10 15 20 25

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 
A.   Layer 1 HK

−1

0

1

2

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

B.   Layer 2 HK

−1

0

1

2

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

C.   Layer 3 HK

−1

0

1

2

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

D.   Layer 1 VK

−2

−1

0

1

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

E.   Layer 2 VK

−2

−1

0

1

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

F.   Layer 3 VK

−2

−1

0

1

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

G.   Layer 1 SS

−7.0

−6.5

−6.0

−5.5

−5.0

 

0

2,000

4,000

6,000

80,00

10,000

 

H.   Layer 2 SS

−7.0

−6.5

−6.0

−5.5

−5.0

2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

I.   Layer 3 SS

−7.0

−6.5

−6.0

−5.5

−5.0

0 2,500 5,000

 

0

2,000

4,000

6,000

8,000

10,000

 

J.   Layer 1 SS

−3.0

−2.5

−2.0

−1.5

−1.0

Stress period

0.0000

0.0001
K.   Recharge

0 5 10 15 20 25
Stress period

0

2,500

Ex
tra

ct
io

n,
 

Re
ch

ar
ge

, 

L.   Total well extraction

ft d
ft3 d

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

HK
 lo

g 1
0 ft d 

HK
 lo

g 1
0 ft d 

HK
 lo

g 1
0 ft d 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

VK
 lo

g 1
0 ft d 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

VK
 lo

g 1
0 ft d 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

VK
 lo

g 1
0 ft d 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

SS
 lo

g 1
0 1 ft 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

SS
 lo

g 1
0 1 ft 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

SS
 lo

g 1
0 1 ft 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

SY
 lo

g 1
0 ft ft 

Distance in x direction, ft

Di
st

an
ce

 in
 y

 d
ire

ct
io

n,
 ft

0 2,500 5,000 0

Figure 11. Base realization from the basic PESTPP-IES posterior parameter ensemble using only default values (objective 
function value of 11). Similar to the PESTPP-GLM analyses, the effect of the block-tying parameter reduction strategy can 
be seen in A through J. Spatial (A–J) and temporal (K, L) parameter relations display expected patterns and no discernable 
parameter extremes are evident. For comparison, the true fields are shown in figure 2. (HK, horizontal hydraulic conductivity; 
VK vertical hydraulic conductivity; SY, specific yield; SS, specific storage; ft, feet; d, day; ft3, cubic feet)
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Figure 12. A single stochastic realization of the 50 realizations from the basic PESTPP-IES posterior parameter ensemble 
that used only default values (objective function value of 24). Similar to the PESTPP-GLM analyses, the effect of the 
block-tying parameter reduction strategy can be seen in A through J. Similar to figure 11, spatial (A–J) and temporal (K, L) 
parameter relations display expected patterns and no discernable extreme parameter values are evident. For comparison, 
the true fields are shown in figure 2. (HK, horizontal hydraulic conductivity; VK vertical hydraulic conductivity; SY, specific 
yield; SS, specific storage; ft, feet; d, day; ft3, cubic feet)
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Figure 13. Base realization from the advanced PESTPP-IES posterior parameter ensemble (objective function value of 2.8). 
Compared to the block-tying parameter reduction strategy, the grid-scale parameterization can be seen on A through J. 
Spatial (A–J) and temporal (K, L) parameter relations display expected patterns and no discernable parameter extremes are 
evident. For comparison, the true fields are shown in figure 2. (HK, horizontal hydraulic conductivity; VK vertical hydraulic 
conductivity; SY, specific yield; SS, specific storage; ft, feet; d, day; ft3, cubic feet)
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Figure 14. A single stochastic realization from the 50 realizations in advanced PESTPP-IES posterior parameter ensemble 
(objective function value of 18). Similar to figure 12, spatial (A–J) and temporal (K, L) parameter relations display expected 
patterns and no discernable extreme parameter values are evident. For comparison, the true fields are shown in figure 2. 
(HK, horizontal hydraulic conductivity; VK vertical hydraulic conductivity; SY, specific yield; SS, specific storage; ft, feet; d, 
day; ft3, cubic feet)
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PESTPP-OPT Example
PESTPP-OPT is a tool for management optimization 

under uncertainty (OUU). An example of a resource manage-
ment optimization question is “what is the maximum pump-
age that can be sustained while meeting a stream low-flow 
condition at given level of risk?,” where the pumpage is 
what is being optimized and the stream low-flow value is the 
“constraint” that limits the pumping. Originally documented 
in White and others (2018), PEST++ V5 implementation of 
PESTPP-OPT includes several enhancements to facilitate 
management optimization of high-dimensional decision vari-
able spaces (for example, White and others, 2020) as well as 
support for multiple forms of chance constraints, which are 
discussed below.

Theory:  Sequential Linear Programming

PESTP-OPT solves the sequential linear programming 
problem via the simplex method based on the algorithm of 
Dantzig and others (1955). Following Nocedal and Wright 
(2006), a minimizing linear programming problem can be 
written as:

    
minimize :  c   T  x. 

   subject to : Ax  ≤ b  
x ≥ 0 

    (10)

Where cT is a transpose of the vector of objective func-
tion coefficients, x is a vector of decision variable values, b is 
a vector of required (for example, right-hand side) constraint 
values, and A is the so-called “response matrix” (Ahlfeld 
and Mulligan, 2000) that relates decision variable values to 
constraint values. Conceptually, the decision-variable solution 
computed by the simplex algorithm crawls along the edges 
of the sharp-sided high-dimensional polygon (simplex) that 
contains the feasible solution space until it finds the extrema 
of the objective function. The sides of the simplex are “sharp 
sided” because they represent linear constraints.

Interestingly, the response matrix in the linear program-
ming problem is conceptually identical to the Jacobian matrix 
used in PESTPP-GLM in that it is first-order mapping of 
inputs (now decision variables) to outputs (now constraints). 
As such, the response matrix is filled in the same way as the 
Jacobian matrix in PESTPP-GLM: by evaluating the model 
once for each decision variable to calculate finite-difference 
partial first derivatives (eq. 2).

Ahlfeld and Mulligan (2000) and White and others 
(2018), and references cited therein, provide more background 
on mathematical optimization—and, specifically, sequential 
linear programming—in the context of environmental 
simulation.

Chance Constraints
PESTPP-OPT implements management OUU by 

use of chance constraints (Wagner and Gorelick, 1987). 
Conceptually, chance constraints recognize the uncertainty 
in constraints that are derived from model outputs. These 
constraints include uncertainty because the model’s ability 
to simulate a constraint is uncertain; that is, the constraints 
are uncertain in as much as the model inputs (represented 
by parameters) are uncertain and that the model outputs are 
sensitive to these parameters. In this way, there is a relation 
between the forecasts of interest during uncertainty analysis 
and the model-based constraints used in OUU.

PESTPP-OPT allows users to define uncertainty in 
model-based constraints in several ways. The simplest form 
of defining model-based constraint uncertainty is through the 
weights listed in the control file. If the opt_std_weights(true) 
option is invoked, the PESTPP-OPT interprets the weights 
for model-based constraints as standard deviation values. 
These standard deviations must be estimated externally 
from PESTPP-OPT using FOSM-based uncertainty 
analysis or empirically from an existing ensemble. The 
opt_std_weights(true) overrides all other chance constraint 
options. Note that these weights used for optimization are not 
related to the weights used to form the objective function in 
PESTPP-GLM and PESTPP-IES.

PESTPP-OPT also allows the user to utilize internal 
FOSM-based constraint uncertainty estimation directly. This 
form of chance constraint operation requires a Jacobian matrix 
relating (uncertain) parameters to model-based constraints. 
Equipped with this Jacobian matrix, PESTPP-OPT will calcu-
late the uncertainty in model-based constraints using the same 
FOSM estimation process used to estimate forecast uncer-
tainty in PESTPP-GLM (see equations 4, 5, and 6).

Both weight-based and FOSM-based chance constraints 
rely on an assumed Gaussian distribution. Combined with 
the user-specified risk value, the value of the model-based 
constraint that is used in the linear programming problem is 
shifted along the implied Gaussian distribution (see White and 
others [2018] for a schematic explanation of the concept of 
chance constraints and risk shifting). In this way, the resulting 
optimal solution respects the users’ stated risk stance while 
incorporating uncertainty in the model-based constraints yet 
yields a single, deterministic optimal management strategy—a  
modeling-analysis outcome that is more easily incorporated 
into decision making.

The third and most robust option for implementing 
chance constraints in PESTPP-OPT is through use of a “stack” 
(Bayer and others, 2008; Sreekanth and others, 2016). The 
term “stack” refers to an ensemble of parameter realizations 
and a corresponding ensemble of simulated model-based con-
straint values. By evaluating the stack at the current point in 
decision variable space, an empirical (distribution-free) prob-
ability density function can be used to risk-shift the model-
based constraint values for use in the linear programming 
solver. In this way, stack-based chance constraints remove the 
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assumption of a Gaussian distribution for each model-based 
constraint. Stack based chance constraints require an exist-
ing “stack” (for example, ensemble) of parameter values that 
represent parameter uncertainty. Furthermore, if users want 
to include posterior parameter uncertainty in a stack-based 
chance constraint analysis, a posterior ensemble of parameter 
values would need to be supplied. However, the stack can be 
derived using PESTPP-IES or the FOSM-based Monte Carlo 
analysis of PESTPP-GLM.

PESTPP-OPT Example Application

We applied PESTPP-OPT to the enhanced Freyberg 
model by constructing a hypothetical management optimiza-
tion problem. In this problem, groundwater extraction rates are 
treated as decision variables and surface-water/groundwater 
exchange along the headwater and tailwater reaches are treated 
as constraints that require a minimum amount of groundwater 
to be discharged to surface water, thereby setting up a clas-
sic competition for resources or conjunctive use management 
optimization problem.

To form this hypothetical management optimization 
problem, extraction rates for each groundwater extraction 
well (6) were treated as a decision variable for each transient 
stress period (24), for a total of 144 decision variables. These 
decision variables were assigned a lower limit of 0.0 cubic feet 
per day (ft3/d) and maximum of 500.0 ft3/d for an individual 
well. Model-based constraints were specified such that the 
aggregated groundwater contribution to surface-water must be 
at least 250 ft3/d for both the headwater and tailwater reaches 
for all 24 transient stress periods. Additionally, we specified a 
prior-information constraint that the total groundwater extrac-
tion rate for all wells must be at least 750 ft3/d for each of the 
24 transient stress periods. Combined with decision variable 
upper and lower bounds, these constraints form a management 
optimization problem that is bounded from above and below. 
By optimizing extraction rates for the full 24-month period, a 
2-year-ahead management optimization problem is defined.

We completed three PESTPP-OPT analyses: (1) a 
risk-neutral analysis, where uncertainty in the model-based 
constraints is not considered; (2) a risk-averse analysis, where 
a 95-percent risk aversion stance is made using FOSM-based 
chance constraints; and (3) risk-averse analysis, where a 
95-percent risk aversion stance is made using the posterior 
parameter ensemble from the advanced PESTPP-IES analysis 
as the parameter stack. Under the two risk-averse analyses, the 
optimal groundwater extraction strategy is allowed a 5-percent 
probability of reducing surface-water/groundwater exchange 
below the desired 250 ft3/d threshold for both the headwa-
ter and tailwater reaches during any stress period, but lower 
groundwater extraction rates are expected to meet the required 
groundwater-to-surface-water discharge constraints.

The risk-neutral analysis does not require the user 
to define uncertainty in model-based constraints and the 
FOSM-based chance constraints, similar to the FOSM 

processes in PESTPP-GLM, relies entirely on quantities 
derived from inputs in the control file. However, stack-based 
chance constraints require specification of a parameter stack. 
In this demonstration, the stack input to PESTPP-OPT was 
derived from the previously calculated posterior parameter 
ensemble from the advanced PESTPP-IES example described 
previously. In this way, the workflow builds logically on previ-
ous steps and leverages linkages between history-matching 
and uncertainty analysis and between uncertainty analysis 
and decision support via OUU. As such, this example serves 
as a powerful and efficient PEST++ V5 workflow that can be 
applied by the user to a range of decision-making problems.

Input Approach
PEST++ options in control file:
• option name: opt_dev_var_groups, value: welflux: 

treat only the parameters in the parameter group 
welflux as decision variables;

• option name: opt_direction, value: max: maximize 
the objective function because well extraction rates are 
treated as positive parameters in the control file;

• option name: opt_risk, value: 0.95: (risk averse analy-
ses only) seek a 95-percent risk-averse solution; and

• option name: opt_par_stack, value: par_stack.csv: 
(stack-based analysis only) use the parameter realiza-
tions store in par_stack.csv as the parameter stack.

In addition to the PEST++ options, the following 
modifications to the control file were made to implement the 
PESTPP-OPT analyses:

• changed the parameter transformation of the well flux 
parameters to “none” and changed the upper and lower 
bounds parameters to 500.0 and 0.0 ft3/d, respec-
tively. This is necessary as the optimization solution 
in PESTPP-OPT does not accept log transformed 
decision variables, and we want to allow groundwater 
extraction at given stress periods and locations to be 
zero (as long as the minimum required supply con-
straint is satisfied);

• reassigned the observation values for the headwater 
and tailwater observations across all transient stress 
periods to be −250 ft3/d and changed the group name 
of these observations to be “less_than_flux.” This 
results in those observations to be interpreted as 
less-than inequality constraints;

• added 24 prior information equations to the control file, 
one for each stress period, that are the sum of the six 
pumping well rates for that stress period. The summand 
for these equations was specified to be 750.0 ft3/d and 
the group name for these equations was specified to 
be “greater_than_flux,” which results in these prior     
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information equations being interpreted as greater-than 
inequality constraints. This constraint ensures that a 
minimum of 750.0 ft3/d is extracted from the ground-
water system during each stress period; and

• for the analysis using FOSM-based chance constraints, 
all adjustable parameters except stress-period scale 
recharge parameters were fixed, yielding 25 parameters 
to represent model input uncertainty in the FOSM pro-
cess. This limits the number of additional model evalu-
ations devoted to the chance-constraint process while 
still accounting for the dominant source of uncertainty 
in the simulated surface-water/groundwater exchange, 
as seen in the PESTPP-SEN results.

Results
PEST++ output file evaluated:
• run record file (.rec),

• parameter (decision variable) value file (.par), and

• residual value (.res).
PESTPP-OPT required 147 model runs for the 

risk-neutral analysis; 172 model runs for the FOSM-based, 
risk-averse analysis; and 197 model runs for the stack-based, 
risk-averse analysis and reported an optimized total pumpage 
of 39,700 ft3/d, 30,800 ft3/d, and 26,400 ft3/d respectively. The 
results of the PESTPP-OPT management optimization analy-
ses are summarized in figure 15 and figure 16. As expected, a 
risk-averse management strategy results in less groundwater 
available for extraction and use; this represents the cost of the 
desire to hedge against uncertain, but unwanted, environmen-
tal outcomes. Furthermore, the FOSM-based PESTPP-OPT 
analysis yields more groundwater available for extraction 
compared to the stack-based PESTPP-OPT analysis. This is a 
result of the stack-based analysis including more parameters 
as uncertain (leading to higher uncertainty in the model-based 
constraints) and also the relaxation of the assumed Gaussian 
distribution of the model-based constraints. 

Suggestions for Applying PEST++ V5
The examples discussed in the previous sections collec-

tively provide one suggested workflow for moving progres-
sively through a decision-support modeling problem using the 
PEST++ V5 tools. The PEST++ V5 software suite, however, 
can have many workflows, especially as it has increased 
sophistication and capability compared to previous versions. 
Moreover, the PEST++ V5 is also intended to complement 
the PEST software suite (Doherty, 2015a), which is also under 
active development; therefore, a user may want to access tools 
from both PEST++ V5 and PEST software suites. This section 

provides a distilled listing of additional suggestions for using 
PEST++ V5 as a stand-alone application as well as in concert 
with the PEST software suite.

Use of PEST++ Defaults

To facilitate robust results, tools in the PEST++ suite use 
default internal values for all optional control file arguments, 
which are automatically invoked in the absence of the user 
specifying a value for the input. As shown using the example 
problem, PEST++ V5 default values can provide reasonable 
solutions but can also often be improved upon with specifi-
cation of PEST++ options. Therefore, extensive use of the 
default values is suggested when first implementing a PEST++ 
V5 tool as it is most likely to provide insights on the modeling 
problem—insights not confounded by potential suboptimal 
user-specification of PEST++ inputs. Once a result is obtained 
with defaults, modification to default values can be systemati-
cally used. The results from the default-value run can then be 
used to assess the effectiveness of the modification to a default 
value. Note that the value of each PEST++ option (default and 
user-supplied) is written to the run record file, which allows 
easy inspection of what values were used in any PEST++ run.

Interoperability with PEST, BeoPEST, and PEST_HP

A design goal of PEST++ Versions 1 and 3 was backward 
compatibility of input and output with the PEST software suite 
(www.pesthomepage.org). This compatibility allows tools 
from both software suites to be used and facilitates pre and 
postprocessing with a large set of existing utilities included in 
the PEST suite of tools. The tools in the PEST++ V5 suite can 
also be used interchangeably with the PEST (Doherty, 2015a, 
b), BeoPEST (Schreüder, 2010) and PEST_HP (Doherty, 
2015a). However, to enhance access to new capabilities within 
PEST++ V5, the input and output have augmentations to the 
existing PEST formats; for example, the PEST software suite 
has a specific control file and template file format and model 
input length requirements that are relaxed in PEST++ V5. 
PEST++ V5 extends the allowable lengths for all quantities, 
including parameter and observations names, to 200 characters 
(compared to 12- and 20-character limits for parameter and 
observation names, respectively, in PEST). Likewise, PEST++ 
V5 template files do not have limits on the length of a line in 
template/input and instruction/output files (currently [2020] 
PEST uses a 2000-character limit).

PEST++ V5 also allows the user to use an optional more-
human-readable control file format than previous versions. 
The optional format uses keyword-value pairs and supports 
external comma-separated-value files for the “parameter 
groups,” “parameter data,” “observation data,” and “prior 
information” sections of the control file. The standard and 
new control file formats are described in detail in appendix 1. 
Using the new format is not required; PEST++ V5 can read 
PEST input files without modification. However, if a user 

www.pesthomepage.org
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Figure 15. Summary of the PESTPP-OPT optimal decision variables for the A, risk-neutral, B, first-order, second-moment (FOSM) based risk-averse, and 
C, stack-based risk-adverse cases. The well extraction rate bar colors in A, B, and C correspond to the location markers in D. (ft, feet; d, day; ft3, cubic 
feet)
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invokes the additional file format flexibility within PEST++, 
model inputs would need modification to conform with PEST 
protocols in order to run within the PEST software suite; the 
python module pyEMU (White and others, 2016) can translate 
between control file formats. This approach allows access to 
enhancements while maintaining the original design goal of 
input compatibility; once a user has setup a PEST-style inter-
face around their model, they can use either software suite to 
implement sophisticated decisions-support analyses.

Workflows Using a Parallel Run Manager

All tools in the PEST++ V5 suite include both a serial 
and TCP/IP-based parallel run manager. As the name implies, 
the serial run manager runs each requested model evalua-
tion in serial and in the directory where the PEST++ tool 
was invoked. Although the serial run manager is capable of 
fully executing any PEST++ tool to completion, in a highly 
parameterized context, typically the serial run manager is only 
invoked to check the construction of the chain of template 
file-model input-output extraction steps on a local machine 
(that is, setting NOPTMAX to 0 and running a PEST++ tool 
for a single model run). The PEST++ V5 tools are instantiated 
with the serial run manager by typing at the command prompt:

PESTPP-XXX <case name>.pst

where PESTPP-XXX refers to the PESTPP executable 
(PESTPP-SEN, PESTPP-GLM, PESTPP-IES, or PESTPP-
OPT) and <case name> is the control file name (with or with-
out the file extension).

The PEST++ suite TCP/IP-based parallel run manager 
is based on the PANTHER run manager (Welter and others, 
2018), using the concepts of Schreüder (2010), which tolerates 
model run failures and includes multithreaded agents so that 
unneeded model runs can be preempted and runs allocated to 
lost agents can be efficiently rescheduled elsewhere. Master 
and agent mode of built-in PANTHER is instantiated in the 
same way as BeoPEST and PEST_HP:

• Master: PESTPP-XXX <case name>.pst /h:<TCP/IP
port number>

• Agent: PESTPP-XXX <case name>.pst /h <master IP
address>: <TCP/IP port number>

where PESTPP-XXX refers to the PESTPP execut-
able (PESTPP-SEN, PESTPP-GLM, PESTPP-IES, or 
PESTPP-OPT), <case name> is the control file name (with or 
without the file extension), <TCP/IP port number> is the inte-
ger port number for communication, and <master IP address> 
is the IPv4 address or hostname of the machine where the 
master instance is running. The same TCP/IP port number 
must be specified on the Master and Agent command lines. 
Typically, agents are launched from separate run directories on 
multiple computers.

Limitations of Version 5
Most notable limitations of the PEST++ V5 software 

suite are the following:
• Use of a full observation noise covariance matrix is 

supported for the FOSM-based uncertainty calculations 
in PESTPP-GLM and in PESTPP-IES. However, a full 
observation noise covariance matrix is not supported in 
the PESTPP-GLM upgrade calculation process.

• Similar to an SVD-Assist run in PEST, PESTPP-GLM 
does not perform a final run with the best parameters. 
This requires the user to construct and execute a final 
run locally when using parallel run management. 
However, PEST++ does provide the best-fit parameter 
values, as well as the model output corresponding to 
observations and residuals associated with the best 
model run, so that a user simply needs to update the 
control file with the best parameters and rerun PEST++ 
with NOPTMAX set to 0. The PEST utility parrep.exe 
can facilitate this update, as can pyEMU.

• The Jacobian (.jco) file for PESTPP-GLM superparam-
eter iterations is written in terms of the superparame-
ters, whereas PESTPP-GLM writes the base parameter 
Jacobian to a .jcb file. Both of these files are compat-
ible with the PEST .jco file specification.

• The localization solution of PESTPP-IES requires solv-
ing equation 8 for each adjustable parameter using the 
observations that meet localization criteria. As such, a 
localized solution for 500,000 or more parameters can 
take substantial time, depending on the number of 
observations. The ies_num_threads option will invoke a 
multithreaded solution process that can reduce the solve 
time.

• PESTPP-IES uses weights listed in the control file for 
two purposes. First, these weights are used during 
upgrade calculations and for formation of the objective 
function. This is how PESTPP-GLM, as well as PEST 
(and PEST_HP) use weights. But PESTPP-IES also 
uses weights for generating realizations of measure-
ment noise through the covariance matrix implied by 
these weights, making use of the theoretical defini-tion 
of weights as the inverse of observation noise
(Doherty, 2015a, b). These two uses can be noncom-
mensurate if weights are adjusted subjectively to bal-
ance the objective function and steer the upgrade pro-
cess towards the components of the objective function 
that are most important for decision support purposes 
(Doherty and Welter, 2010). In this case, the realiza-
tions of noise generated from the subjectively adjusted 
weights may not be representative of observation noise. 
In this case, users can generate a noise ensemble 
external to PESTPP-IES with the PEST utilities or 
pyEMU before subjectively adjusting the weights, or
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users can employee the ies_no_noise option to ignore 
the contribution of measurement noise in the posterior 
parameter ensemble.

Although this program has been used by the U.S. Geo-
logical Survey (USGS), no warranty, expressed or implied, is 
made by the USGS or the U.S. Government as to the accuracy 
and functioning of the program and related program material 
nor shall the fact of distribution constitute any such warranty, 
and no responsibility is assumed by the USGS in connection 
therewith.

Summary
PEST++ Version 5 augments and extends capabilities 

of the previous PEST++ Version 3. Version 5 now represents 
an object-oriented suite of tools that implement a range of 
analyses designed to complement decision support using envi-
ronmental models. These tools make extensive use of default 
values, work through a model-independent interface, and have 
seamless access to fault-tolerant parallel run management. The 
primary enhancements in Version 5 (V5) are as follows:

• The least-squares parameter estimation with inte-
grated first-order, second-moment (FOSM) parameter 
and forecast uncertainty estimation (PESTPP-GLM) 
extends the former Version 3 PEST++ executable to 
allow a user access to FOSM-based posterior Monte 
Carlo sampling and parallel ensemble evaluation, 
where these automated uncertainty analyses are avail-
able for each iteration (base and super-parameter) and 
at completion of parameter adjustment iterations;

• An iterative, localized ensemble smoother 
(PESTPP-IES) combines the efficiency of the GLM 
algorithm to minimize a least-squares objective func-
tion in high-dimensions with Monte Carlo, which is 
used to empirically estimate the Jacobian matrix;

• A tool for management optimization under uncer-
tainty (PESTPP-OPT) uses sequential linear pro-
gramming to facilitate management optimization of 
high-dimensional decision variable spaces as well as to 
support multiple forms of chance constraints; and

• Additional capabilities added to V5 include other 
user-friendly options such as extensive use of default 
variables, optional easy-to-read keyword input format, 
and optional longer character limits for parameter and 
observation names.

Similar to Version 3, all PEST++ V5 code necessary 
to produce a statically linked PEST++ executable has been 
consolidated into the Microsoft Visual Studio 2019 solution 
for Windows environments, as well as CMake support for the 
Windows, Linux, and Apple environments.
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Appendix 1. PEST++ Version 5 Input Instructions
For ease of reference, the required variables within the standard PEST control file are listed below, and of these, the variables 
used by PEST++ are shaded. PEST++ relies on the structure of the control file (Doherty, 2015) to read the necessary algorithmic 
parameters and reads only those algorithmic parameters that are needed; for example, there is no need to read the NOBS vari-
able because each line in the “observation data” section of the control file specifies an observation; however, it is necessary to 
read the NPAR variable to know where specification of parameters ends and information on tied parameters begins. This list is 
followed by short explanation of each variable used by PEST++.

{PRIVATE} pcf

* control data

RSTFLE PESTMODE

NPAR NOBS NPARGP NPRIOR NOBSGP

NTPLFLE NINSFLE PRECIS DPOINT

RLAMBDA1 RLAMFAC PHIRATSUF PHIREDLAM NUMLAM

RELPARMAX FACPARMAX FACORIG

PHIREDSWH

NOPTMAX PHIREDSTP NPHISTP NPHINORED RELPARSTP NRELPAR

ICOV ICOR IEIG

* singular value decomposition

SVDMODE

MAXSING EIGTHRESH

EIGWRITE

* parameter groups

PARGP MEINCTYP DERINC DERINCLB FORCEN DERINCMUL DERMTHD

(one such line for each of NPARGP parameter groups)

* parameter data

PARNME PARTRANS PARCHGLIM PARVAL1 PARLBND PARUBND PARGPSCALE OFFSET DERCOM

(one such line for each of NPAR parameters)

PARNME PARTIED

(one such line for each tied parameter)

* observation groups

OBGNME

(one such line for each of NOBSGP observation group)

* observation data

OBSNME OBSVAL WEIGHT OBGNME

(one such line for each of NOBS observations)

* model command line

COMLINE

(one such line for each of NUMCOM command lines)

* model input/output

TEMPFLE INFLE

(one such line for each of NTPLFLE template files)

INSFLE OUTFLE

(one such line for each of NINSLFE instruction files)

* prior information
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PILBL PIFAC * PARNME + PIFAC * log(PARNME) ... = PIVAL WEIGHT OBGNME

(one such line for each of NPRIOR articles of prior information)

* regularisation

PHIMLIM  PHIMACCEPT [FRACPHIM] 

WFINIT  WFMIN  WFMAX 

WFFAC  WFTOL IREGADJ

++# This line is a comment as are all lines that begin with “++#”

++# PEST++ input is parsed using key words that can be specified in any order

++# these are the PEST++ options used in the example problem

++additional_ins_delim(,)

++tie_by_group(true)

++n_iter_base(-1)

++n_iter_super(3)

++glm_num_reals(200)

++glm_normal_form(prior)

++parcov(glm_prior.cov)

++max_n_super(50)

++ies_par_en(ies_prior_en.jcb)

++ies_no_noise(True)

++ies_localizer(temporal_loc.jcb)

++ies_autoadaloc(true)

++opt_dec_var_groups(welflux)

++opt_direction(max)

++opt_par_stack(par_stack.csv)

++opt_risk(0.95)

Appendix 1 PEST++ Version 5 Input Instructions  37Appendix 1 PEST++ Version 5 Input Instructions  37

Appendix 1 PEST++ Version 5 Input Instructions  37

36  Approaches to Highly Parameterized Inversion: PEST++ Version 5



Appendix 1 PEST++ Version 5 Input Instructions  37Appendix 1 PEST++ Version 5 Input Instructions  37

Appendix 1 PEST++ Version 5 Input Instructions  37

Appendix 1 PEST++ Version 5 Input Instructions  37

Variables in “control data” section of control file.

Variable Type Values Description

PESTMODE Text “Estimation,” “prediction,” 
“regularisation,” “pareto”

PEST’s mode of operation. Used by PESTPP-GLM.

NPAR Integer Greater than 0 Number of parameters.
NUMCOM Integer Optional; greater than zero Number of command lines used to run model.
RELPARMAX Real Greater than 0 Parameter relative change limit. Used by PESTPP-GLM.
FACPARMAX Real Greater than 1 Parameter factor change limit. Used by PESTPP-GLM.
FACORIG Real Between 0 and 1 Minimum fraction of original parameter value in evaluating 

relative change. Used by PESTPP-GLM.
PHIREDSWH Real Between 0 and 1 Sets objective function change for introduction of central 

derivatives. Used by PESTPP-GLM.
NOPTMAX Integer −2, −1, 0, or any number 

greater than 0
Number of optimization iterations. Used by PESTPP-GLM, 

PESTPP-IES and PESTPP-OPT.
PHIREDSTP Real Greater than 0 Relative objective function reduction triggering termination. 

Used by PESTPP-GLM and PESTPP-IES.
NPHISTP Integer Greater than 0 Number of successive iterations over which PHIREDSTP 

applies. Used by PESTPP-GLM and PESTPP-IES.
NPHINORED Integer Greater than 0 Number of iterations since last drop in objective function 

to trigger termination. Used by PESTPP-GLM and 
PESTPP-IES.

RELPARSTP Real Greater than 0 Maximum relative parameter change triggering termination. 
Used by PESTPP-GLM.

NRELPAR Integer Greater than 0 Number of successive iterations over which RELPARSTP 
applies. Used by PESTPP-GLM.

Variables in optional “singular value decomposition” section of control file.

Variable Type Values Description

MAXSING Integer Greater than 0 Number of singular values at which truncation occurs. Used 
by PESTPP-GLM and PESTPP-IES.

EIGTHRESH Real 0 or greater, but less than 1 Eigenvalue ratio threshold for truncation. Used by PESTPP-
GLM and PESTPP-IES.
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Variables required for each parameter group in “parameter groups” section of control file.

Variable Type Values Description

PARGP Text 12 characters or less Parameter group name. Used by PESTPP-GLM and PESTPP-
OPT.

INCTYP Text “Relative,” “absolute,” “rel_to_
max”

Method by which parameter increments are calculated. Used 
by PESTPP-GLM and PESTPP-OPT.

DERINC Real Greater than 0 Absolute or relative parameter increment. Used by PESTPP-
GLM and PESTPP-OPT.

DERINCLB Real 0 or greater Absolute lower bound of relative parameter increment. Used 
by PESTPP-GLM and PESTPP-OPT.

FORCEN Text “Switch,” “always_2,” “al-
ways_3,” “switch_5,” 
“always_5”

Determines whether central derivatives calculation is under-
taken and whether three points or four points are employed 
in central derivatives calculation. Used by PESTPP-GLM.

DERINCMUL Real Greater than 0 Derivative increment multiplier when undertaking central 
derivatives calculation. Used by PESTPP-GLM.

DERMTHD Text “Parabolic,” “outside_pts,” 
“best_fit,” “minvar,” “max-
prec”

Method of central derivatives calculation. PEST++ Version 3 
only supports “parabolic.” Used by PESTPP-GLM.

Variables required for each parameter in “parameter data” section of control file.

Variable Type Values Description

PARNME Text 12 characters or less Parameter name. Used by PEST++ V5 suite.
PARTRANS Text “Log,” “none,” “fixed,” “tied” Parameter transformation. Used by PEST++ V5 suite.
PARCHGLIM Text “Relative,” “factor,” or 

“absolute(n)”
Type of parameter change limit. Used by PESTPP-GLM.

PARVAL1 Real Any real number Initial parameter value. Used by PEST++ V5 suite.
PARLBND Real Less than or equal to PARVAL1 Parameter lower bound. Used by PEST++ V5 suite.
PARUBND Real Greater than or equal to PAR-

VAL1
Parameter upper bound. Used by PEST++ V5 suite.

PARGP Text 12 characters or less Parameter group name. Used by PEST++ V5 suite.
SCALE Real Any number other than 0 Multiplication factor for parameter. Used by PEST++ V5 

suite.
OFFSET Real Any number Number to add to parameter. Used by PEST++ V5 suite.
PARTIED Text 12 characters or less The name of the parameter to which another parameter is tied. 

Used by PEST++ V5 suite.

Variables required for each observation group in “observation groups” section of control file.

Variable Type Values Description

OBGNME Text 12 characters or less Observation group name.
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Variables required for each observation in “observation data” section of control file.

Variable Type Values Description

OBSNME Text 20 characters or less Observation name. Used by PEST++ V5 suite.
OBSVAL Real Any number Measured value of observation. Used by PEST++ V5 suite.
WEIGHT Real 0 or greater Observation weight. Used by PEST++ V5 suite.
OBGNME Text 12 characters or less Observation group to which observation assigned. Used by 

PEST++ V5 suite.

Variables in “model command line” section of control file.

Variable Type Values Description

COMLINE Text System command Command to run model. Used by PEST++ Version 5 suite.

Variables in “model input/output” section of control file.

Variable Type Values Description

TEMPFLE Text A filename Template file. Used by PEST++ V5 suite.
INFLE Text A filename Model input file. Used by PEST++ V5 suite.
INSFLE Text A filename Instruction file. Used by PEST++ V5 suite.
OUTFLE Text A filename Model output file. Used by PEST++ V5 suite.

Variables in “prior information” section of control file.

Variable Type Values Description

PILBL Text 20 characters or less Name of prior information equation. Used by PESTPP-GLM 
and PESTPP-OPT.

PIFAC Text Real number other than 0 Parameter value factor. Used by PESTPP-GLM and PESTPP-
OPT.

PARNME Text 12 characters or less Parameter name. Used by PESTPP-GLM and PESTPP-OPT.
PIVAL Real Any number Observed value of prior information. Used by PESTPP-GLM 

and PESTPP-OPT.
WEIGHT Real 0 or greater Prior information weight. Used by PESTPP-GLM and 

PESTPP-OPT.
OBGNME Text 12 characters or less Observation group name. Used by PESTPP-GLM and 

PESTPP-OPT.
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Variables in optional “regularization” section of control file.

Variable Type Values Description

PHIMLIM Real Greater than 0 Target measurement objective function. Used by PESTPP-
GLM.

PHIMACCEPT Real Greater than PHIMLIM Acceptable measurement objective function. Used by 
PESTPP-GLM.

FRACPHIM Real Optional; 0 or greater but less 
than 1

Set target measurement objective function at this fraction 
of current measurement objective function. Used by 
PESTPP-GLM.

WFINIT Real Greater than 0 Initial regularization weight factor. Used by PESTPP-
GLM.

WFMIN Real Greater than 0 Minimum regularization weight factor. Used by PESTPP-
GLM.

WFMAX Real Greater than WFMAX Maximum regularization weight factor. Used by PESTPP-
GLM.

WFFAC Real Greater than 1 Regularization weight factor adjustment factor. Used by 
PESTPP-GLM.

WFTOL Real Greater than 0 Convergence criterion for regularization weight factor. 
Used by PESTPP-GLM.

IREGADJ Integer 0, 1, 2, 3, 4, or 5 Instructs PEST to perform interregularization group weight 
factor adjustment or to compute new relative weights for 
regularization observations and prior information equa-
tions. Used by PESTPP-GLM.
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PEST++ Additions to the Standard Control File
Information in the control file specific to PEST++ is marked by lines starting with “++.” Although the examples provided 

in this report place all PEST++ input in a single section at the end of the control file, this is not a requirement. This information 
does not need to be contiguous and can reside anywhere in the file. Lines starting with “++#” are considered comments and are 
ignored by PEST and PEST++. 

Unlike the rest of the control file, PEST++ uses keywords rather than location to specify variables. Lines are parsed using 
the space, tab, and parenthesis characters as separators. Parentheses are used to more clearly delineate the values assigned to the 
variable (for example, ++N_ITER_BASE(1) specifies N_ITER_BASE=1).

PANTHER run manager options

Variable Type Role

MAX_RUN_FAIL(3) Integer Number of tolerated run failures for a given run 
before it is marked as a failure.

YAMR_POLL_INTERVAL(1) Integer Number of seconds between attempts of a PAN-
THER agent to connect to the master.

OVERDUE_RESCHED_FAC(1.15) Real A run with a run time that is greater than overdue_
resched_fac times average run time is resched-
uled on a different agent if agents are available 
and no more than three other agents are already 
making the same run.

OVERDUE_GIVEUP_FAC(100) Real A run with a run time that is greater than overdue_
giveup_fac times average run time is marked as a 
run failure and terminated.

OVERDUE_GIVEUP_MINUTES(1E+30) Real A run with a run time that is greater than over-
due_giveup_minutes is marked as a run failure 
and terminated.

PANTHER_AGENT_RESTART_ON_ERROR(FALSE) Boolean Flag to automatically restart a PANTHER agent if it 
exits on an error.

PANTHER_AGENT_NO_PING_TIMEOUT_SECONDS(300) Integer If a PANTHER agent cannot communicate with the 
master at least once every panther_agent_no_
ping_timeout_seconds, it will exit.

PEST++ options used by all tools

Variable Type Role

TIE_BY_GROUP(FALSE) Boolean Flag to tie all adjustable parameters by parameter group name
ADDITIONAL_INS_DELIMITERS Text Characters to treat as whitespace when parsing model output 

files with instruction files.
DEBUG_PARSE_ONLY(FALSE) Boolean Flag to only parse the control file and exit
CHECK_TPL_INS(TRUE) Boolean Flag to check template and instruction file contents against the 

quantities listed in the control file.
ENFORCE_TIED_BOUNDS(FALSE) Boolean Flag to limit adjustable parameters based on the bounds of any 

parameters that are tied to it.
FILL_TPL_ZEROS Boolean Flag to fill template file parameter marker entries with leading 

zeros instead of leading whitespace.
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PESTPP-GLM options

Variable Type Role

MAX_N_SUPER() Integer The maximum number of superparameters to use when conducting 
SVD-assisted inversion. The default is the number of adjustable 
parameters, in which case the number of superparameters is effec-
tively set by super_eigthresh().

SUPER_EIGTHRESH(1.0E-8) Real The ratio to maximum singular value of JtQJ at which truncation 
takes place to form superparameters. Note, however, that if the 
number of superparameters calculated in this way exceeds max_n_
super() then the value of the latter variable takes precedence.

N_ITER_BASE(1) Integer Where superparameters are estimated in some iterations and base 
parameters are estimated in other iterations, this variable sets the 
number of sequential base parameter iterations to undertake before 
commencing an iteration in which superparameters are adjusted. 
If n_iter_base() is set to −1, this instructs PESTPP-GLM to emulate 
PEST behavior; a base parameter Jacobian matrix is calculated; 
then superparameters are estimated as soon as they are defined 
based on this matrix. Super parameters are estimated in all succeed-
ing iterations.

N_ITER_SUPER(4) Integer Where superparameters are estimated in some iterations and base 
parameters are estimated in other iterations, this variable sets the 
number of sequential superparameter iterations to undertake before 
commencing an iteration in which a base parameter Jacobian matrix 
is recalculated and base parameters are adjusted.

JAC_SCALE(TRUE) Boolean Scale parameters by their sensitivities when calculating parameter 
upgrades. This can increase numerical precision; however, it may 
incur a numerical cost.

SVD_PACK(REDSVD) Text This informs PESTPP-GLM of the package that it must employ to un-
dertake singular value decomposition of the JtQJ matrix (appropri-
ately modified to include the Marquardt lambda and regularization). 
Options are “eigen” and “redsvd.”

LAMBDAS(0.1,1,10,100,1000) Real numbers Values for the Marquardt lambda used in calculation of parameter 
upgrades. Note that this base list is augmented with values bracket-
ing the previous iteration’s best lambda. However, if a single value 
is specified, only that lambda (and no other lambda) is used in all 
iterations.

LAMBDA_SCALE_FAC(.75,1.0,1.1) Real numbers These values are used to scale each parameter upgrade vector 
calculated using different values of lambda. This results in a line 
search along each upgrade vector direction. The number of tested 
parameter upgrades (and hence model runs) is equal to the number 
of lambdas times the number of scaling factors. Set lambda_scale_
fac() to 1.0 to disable an upgrade direction line search.

BASE_JACOBIAN() Text Provide the name of a JCO file. The Jacobian matrix contained in this 
file will be used for the first iteration of the inversion process.

HOTSTART_RESFILE() Text Specify the name of a residuals file from a previous PESTPP-GLM 
run. PESTPP-GLM will assume that these are model outputs cor-
responding to initial parameter values. It will use these instead of 
undertaking the initial model run.

UNCERTAINTY(TRUE) Boolean Flag to activate or deactivate first-order, second-moment (FOSM)-
based parameter and (optionally) forecast uncertainty estimation.

PARCOV() Text Provide the name of a JCO, JCB, UNC or COV file from which the 
prior parameter covariance matrix used in FOSM analysis is read.

PAR_SIGMA_RANGE(4.0) Real The difference between a parameter’s upper and lower bounds ex-
pressed as standard deviations.
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PESTPP-GLM options—Continued

Variable Type Role

FORECASTS(..,..,..) Text Provide the names of one or more observations featured in the “obser-
vation data” section of the control file; these are treated as predic-
tions in FOSM predictive uncertainty analysis. If not provided and 
uncertainty(true), then all zero-weighted observations are treated as 
forecasts.

GLM_NUM_REALS(100) Integer Number of parameter realizations to draw from the posterior param-
eter distribution (using final, estimated parameter values as the 
parameter mean vector, and the FOSM-based posterior covariance 
matrix). After generation of the realizations, the model is run once 
for each realization. The resulting observation ensemble is saved in 
a CSV file named case.obs.csv; the parameter ensemble is saved in 
a CSV file named case.par.csv.

SAVE_BINARY(FALSE) Boolean A flag to save parameter and observation ensembles in binary format. 
If this is set to true, parameter and observation ensembles are saved 
in files named case.par.jcb and case.obs.jcb.

TIE_BY_GROUP(FALSE) Boolean Flag to tie all adjustable parameters by group designation; however, 
all user-supplied parameter tied-parent relationships are preserved. 
The effective number of adjustable parameters thus becomes the 
number of parameter groups (which contain at least one adjustable 
parameter) plus the number of parameters that are listed as having 
others tied to it.

ITERATION_SUMMARY(TRUE) Boolean This flag activates or deactivates the writing of CSV files summarizing 
parameters (case.ipar), objective functions (case.iobj), sensitivities 
(case.isen), trial parameter upgrades (case.upg.csv), and parameter-
to-run-id mapping (case.rid).

DER_FORGIVE(TRUE) Boolean If set to “true,” then if model run failure occurs when calculating 
finite-difference derivatives with respect to a certain parameter, 
that parameter is frozen at its current value for the remainder of the 
iteration. If set to “false,” PESTPP-GLM terminates execution with 
an appropriate message if a model run fails during calculation of a 
derivative.

ENFORCE_TIED_BOUNDS(FALSE) Boolean Flag to enforce parameter bounds on any tied parameters.
GLM_ACCEPT_MC_PHI(FALSE) Boolean Flag to accept FOSM-based realization phi each base iteration if the 

phi is lower than the lambda-testing phi. Default is false.
RAND_SEED(358183147) Unsigned 

integer
Seed for the random number generator. Used for FOSM-based Monte 

Carlo.
GLM_REBASE_SUPER Boolean A flag to run the superparameter truncated values once at the start of 

the first superparameter iteration to provide a more accurate base 
run for calculating sensitivity numerators. Only applies if n_iter_
base = -1 and base_jacobian is supplied. Default is “false,” which 
indicates use either the hotstart_resfile residuals or use the base run 
previously completed.

GLM_ITER_MC(FALSE) Boolean Flag to undertake FOSM-based posterior Monte Carlo during each 
iteration of PESTPP-GLM. Default is “false,” which will result 
in Monte Carlo only after iterations are done (depending on the 
glm_num_reals and uncertainty flags).
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PESTPP-SEN options

Control variable Type Role

GSA_METHOD(MORRIS) Text Methods are “morris” and “sobol.”
GSA_MORRIS_R(4) Integer Sample size. The number of times that an elementary effect is com-

puted for each parameter; that is, the number of sequences of m 
model runs undertaken by PESTPP-SEN, where m is the number of 
adjustable parameters featured in the control file.

GSA_MORRIS_P(4) Integer The number of levels employed to grid the interval [0,1] associated 
with each transformed parameter. The number of intervals into 
which [0, 1] is therefore subdivided is p−1.

GSA_MORRIS_DELTA() Real The default value for morris_delta() is p/2[(p−1)]. The value supplied 
for this variable must be a multiple of 1/2[(p−1)]. No check is made 
to ensure this is the case so users must take care if specifying this 
argument.

GSA_MORRIS_OBS_SEN(TRUE) Boolean If supplied as “false”, PESTPP-SEN computes parameter sensitivities 
for the objective function only. If supplied as “true,” PESTPP-SEN 
computes parameter sensitivities for the objective function, as well 
as for each model output corresponding to observations featured in 
the “observation data” section of the control file.

TIE_BY_GROUP(FALSE) Boolean Flag to tie all adjustable parameters together within each parameter 
group. Initial parameter ratios are maintained as parameters are 
adjusted. Parameters that are designated as already tied, or that have 
parameters tied to them, are not affected.

ENFORCE_TIED_BOUNDS(FALSE) Boolean Flag to enforce parameter bounds on any tied parameters.
GSA_SOBOL_SAMPLES(4) Integer The number of samples to use in computing variances. The number 

of model runs is actually twice this number because of the need to 
employ two series of parameter samples. See Saltelli and others 
(2008) for details.

GSA_SOBOL_PAR_DIST(NORM) Text Specifies whether parameter samples should be drawn from a uniform 
or normal distribution. Values are “unif” or “norm” respectively. In 
the latter case, samples are centered on parameter values provided in 
the control file, while the standard deviation is a quarter of the differ-
ence between a parameter’s upper and lower bounds. Log-uniform 
and log-normal distributions are employed for parameters which are 
denoted as log-transformed in the control file.
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PESTPP-OPT options

Variable Type Role

OPT_DEC_VAR_GROUPS() Text Comma-delimited string identifying which parameter groups are 
to be treated as decision variables. If not supplied, all adjustable 
parameters are treated as decision variables.

OPT_EXTERNAL_DEC_VAR_GROUPS() Text Comma-delimited string identifying which parameter groups are 
to be treated as external decision variables, that is decision vari-
ables that do not affect model outputs and that therefore do not 
require a finite-difference run of the model to fill the pertinent 
column of the response matrix.

OPT_CONSTRAINT_GROUPS() Text Comma- delimited string identifying which observation and 
prior information groups are to be treated as constraints. 
Group names for “less than” constraints must start with “l_” or 
“less_”; group names for “greater than” constraints must start 
with “g_” or “greater_.” If this control variable is omitted, all 
observation and prior information groups that meet these nam-
ing conventions are treated as constraints.

OPT_OBJ_FUNC() Text String identifying the prior information equation or two-column 
ASCII file that contains coefficients used in formulation of the 
objective. If this control variable is not supplied, then each deci-
sion variable is given a coefficient of 1.0 in formulation of the 
objective function.

OPT_DIRECTION(MIN) Text Either “min” or “max.” “min” specifies that the objective function 
be minimized, while “max” specifies that it be maximized.

OPT_RISK(0.5) Real A number between 0.0 and 1.0. A value of 0.5 signifies risk neu-
trality. A value of 0.95 seeks a 95-percent risk averse applica-
tion of optimization constraints, while a value of 0.05 seeks a 
5-percent risk tolerant application of optimization constraints.

OPT_RECALC_CHANCE_EVERY(1) Integer Number of iterations of the SLP process over which chance 
constraints are reused. If set to 1, a calibration Jacobian matrix 
is calculated during every iteration of the SLP constrained op-
timization process if FOSM-based chance constraints are used 
or the stack is reevaluated if stack-based chance constraints are 
being used.

PARCOV() Text Provide the name of a JCO, JCB, UNC or COV file from which 
the prior covariance matrix used in FOSM analysis is read.

PAR_SIGMA_RANGE(4.0) Real The difference between a parameter’s upper and lower bounds 
expressed as standard deviations.

OPT_ITER_TOLL(0.001) Real Solution closure criterion applied to objective function and deci-
sion variables.

BASE_JACOBIAN() Text Provide the name of a Jacobian matrix file (with extension .jco or 
.jcb). Sensitivities read from this file are used for the first itera-
tion of the constrained optimization process.

HOTSTART_RESFILE() Text The name of a residuals file produced by PESTPP-GLM or 
PESTPP-OPT. PESTPP-OPT assumes that model output values 
contained in this file correspond to the values of parameters 
(including decision variables) listed in the control file. Hence, it 
does not carry out the initial model run.

OPT_COIN_LOG(1) Integer Level of verbosity of solution information recorded by optimiza-
tion library functions.
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PESTPP-OPT options—Continued

Variable Type Role

OPT_STD_WEIGHTS(FALSE) Boolean Flag that identifies constraint weights as standard deviations. If set 
to true, PESTPP-OPT skips FOSM-based constraint uncertainty 
calculation and uses observation weights directly as standard 
deviations in the calculation of risk. These standard deviations 
can be calculated externally via PREDUNC or pyEMU or can 
be derived empirically from an ensemble. Setting this flag to 
true will override all other chance constraint flags and options.

OPT_SKIP_FINAL(FALSE) Boolean Flag to skip the final model run.
TIE_BY_GROUP(FALSE) Boolean Flag to tie all adjustable parameters together within each param-

eter group. Initial parameter ratios are maintained as parameters 
are adjusted. Parameters that are designated as already tied, or 
that have parameters tied to them, are not affected.

ENFORCE_TIED_BOUNDS(FALSE) Boolean Flag to enforce parameter bounds on any tied parameters.
OPT_STACK_SIZE(0) Integer Number of realizations to use in the stack. If positive, stack-based 

chance constraints are used. If opt_par_stack is not sup-
plied, opt_stack_size realizations are drawn from the Prior. If 
opt_par_stack is supplied and the stack in that file is larger than 
opt_stack_size, the stack is truncated to opt_stack_size.

OPT_PAR_STACK() Text File containing a parameter stack. The file extension is used to 
determining CSV for binary (JCB) format. The stack in this file 
must constrain all adjustable parameters.

OPT_OBS_STACK() Text File containing an observation stack. The file extension is used to 
determining CSV for binary (JCB) format. Supplying this file 
will forego evaluating the stack for the first iteration and pos-
sibly subsequent iterations depending on the value if opt_re-
calc_chance_every.
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PESTPP-IES options

Variable Type Role

IES_NUM_REALS(50) Integer The number of realizations to draw in order to form 
parameter and observation ensembles.

PARCOV() Text The name of a file containing the prior parameter cova-
riance matrix. This can be a parameter uncertainty file 
(extension .unc), a covariance matrix file (extension 
.cov) or a binary JCO or JCB file (extension .jco or 
.jcb).

PAR_SIGMA_RANGE(4.0) Real The difference between a parameter’s upper and lower 
bounds expressed as standard deviations.

IES_PARAMETER_ENSEMBLE() Text The name of a CSV or JCO/JCB file (recognized by 
its extension) containing user-supplied parameter 
realizations comprising the initial (prior) parameter 
ensemble. If this keyword is omitted, PESTPP-IES 
generates the initial parameter ensemble itself.

IES_OBSERVATION_ENSEMBLE() Text The name of a CSV or JCO/JCB file (recognized by 
its extension) containing user-supplied observation 
realizations comprising the observation ensemble. If 
this keyword is omitted, PESTPP-IES generates the 
observation ensemble itself.

IES_ADD_BASE(TRUE) Boolean If set to “true,” instructs PESTPP-IES to include a real-
ization in the initial parameter ensemble comprised of 
parameter values read from the “parameter data” sec-
tion of the control file. The corresponding observation 
ensemble is comprised of measurements read from 
the “observation data” section of the control file.

IES_RESTART_OBSERVATION_ENSEMBLE() Text The name of a CSV or JCO/JCB file (recognized by its 
extension) containing model outputs calculated using 
a parameter ensemble. If it reads this file, PESTPP-
IES does not calculate these itself, proceeding to 
upgrade calculations instead.

IES_RESTART_PARAMETER_ENSEMBLE() Text The name of a CSV or JCO/JCB file (recognized by its 
extension) containing a parameter ensemble that cor-
responds to the ies_restart_observation_ensemble(). 
This option requires that the ies_restart_observa-
tion_ensemble() control variable also be supplied.

IES_ENFORCE_BOUNDS(TRUE) Boolean If set to “true” PESTPP-IES will not transgress bounds 
supplied in the control file when generating or accept-
ing parameter realizations and (or) when adjusting 
these realizations.

IES_INITIAL_LAMBDA() Real The initial Marquardt lamb-
da. The default value is <math 
xmlns="http://www.w3.org/ 1998/ Math/ MathML" 
xmlns:tps= "http://www.typefi.com/ ContentXML" 

IES_LAMBDA_MULTS(0.1,1.0,10.0) Comma-
separated 
reals

Factors by which to multiply the best lambda from the 
previous iteration to yield values for testing param-
eter upgrades during the current iteration.

LAMBDA_SCALE_FAC(0.75,1.0,1.1) Comma-
separated 
reals

Line search factors along parameter upgrade directions 
computed using different Marquardt lambdas.

IES_SUBSET_SIZE(5) Integer Number of realizations used in testing and evaluation of 
different Marquardt lambdas.
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PESTPP-IES options—Continued

Variable Type Role

IES_USE_APPROX(TRUE) Boolean Use complex or simple formula provided by Chen and 
Oliver (2013) for calculation of parameter upgrades. 
The more complex formula includes a function which 
constrains parameter realizations to respect prior 
means and probabilities.

IES_REG_FACTOR(0.0) Real Regularization objective function as a fraction of 
measurement objective function when constraining 
parameter realizations to respect initial values.

IES_BAD_PHI(1.0E300) Real If the objective function calculated as an outcome of a 
model run is greater than this value, the model run is 
deemed to have failed.

IES_BAD_PHI_SIGMA(1.0E300) Real If the objective function calculated for a given real-
ization is greater than the current mean objective 
function of the ensemble plus the objective function 
standard deviation of the ensemble times ies_bad_
phi_sigma(), that realization is treated as failed.

IES_USE_PRIOR_SCALING(FALSE) Boolean Use a scaling factor based on the prior parameter distri-
bution when evaluating parameter-to-model-output 
covariance used in calculation of the randomized 
Jacobian matrix.

IES_USE_EMPIRICAL_PRIOR(FALSE) Boolean Use an empirical, diagonal parameter covariance matrix 
for certain calculations. This matrix is contained in 
a file whose name is provided with the ies_param-
eter_ensemble() keyword.

SAVE_LAMBDA_ENSEMBLES(FALSE) Boolean Save a set of CSV or JCB files that record parameter 
realizations used when testing different Marquardt 
lambdas.

IES_VERBOSE_LEVEL(1) 0, 1 or 2 The level of diagnostic output provided by PESTPP-
IES. If set to 2, all intermediate matrices are saved to 
ASCII files. This can require a considerable amount 
of storage.

IES_ACCEPT_PHI_FAC(1.05) Real > 1.0 The factor applied to the previous best mean objective 
function to determine if the current mean objective 
function is acceptable.

IES_LAMBDA_DEC_FAC(0.75) Real < 1.0 The factor by which to decrease the value of the 
Marquardt lambda during the next IES iteration if the 
current iteration of the ensemble smoother process 
was successful in lowering the mean objective func-
tion.

IES_LAMBDA_INC_FAC(10.0) Real > 1.0 The factor by which to increase the current value of the 
Marquardt lambda for further lambda testing if the 
current lambda testing cycle was unsuccessful.

IES_SUBSET_HOW(RANDOM) “first,” “last,” 
“random,” 
“phi_based”

How to select the subset of realizations for objective 
function evaluation during upgrade testing. Default is 
“random.”
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PESTPP-IES options—Continued

Variable Type Role

IES_NUM_THREADS(0) Integer > 1 The number of threads to use during the localized 
upgrade solution process, the automatic adaptive lo-
calization process and the generation of the initial pa-
rameter ensemble (if the prior parameter covariance 
matrix is none diagonal). If the localizer contains 
many (greater than 10,000) rows, then multithreading 
can substantially speed up the upgrade calculation 
process. ies_num_threads() should not be greater than 
the number of physical cores on the host machine. 
Note also that if large numbers of parameters are in 
each group and the prior parameter covariance matrix 
is nondiagonal, users must take care not to saturate 
memory by using too many threads (this will manifest 
as a seg fault on Linux/mac and an out or memory 
error on windows).

IES_LOCALIZER() Text The name of a matrix to use for localization. The exten-
sion of the file is used to determine the type: .mat 
is an ASCII matrix file, .jcb or .jco signifies use of 
(enhanced) Jacobian matrix format (a binary format), 
and .csv signifies a comma-delimited file. Note that 
adjustable parameters not listed in localization matrix 
columns are implicitly treated as “fixed” while non-
zero weighted observations not listed in rows of this 
matrix are implicitly treated as zero-weighted.

IES_GROUP_DRAWS(TRUE) Boolean A flag to draw from the (multivariate) Gaussian prior by 
parameter/observation groups.

IES_SAVE_BINARY(FALSE) Boolean A flag to save parameter and observation ensembles in 
binary (in other words, JCB) format instead of CSV 
format.

IES_CSV_BY_REALS(TRUE) Boolean A flag to save parameter and observation ensemble CSV 
files by realization instead of by variable name. If 
true, each row of the CSV file is a realization. If false, 
each column of the CSV file is a realization.

IES_AUTOADALOC(FALSE) Boolean Flag to activate automatic adaptive localization.
IES_AUTOADALOC_SIGMA_DIST(1.0) Real Real number representing the factor by which a correla-

tion coefficient must exceed the standard deviation of 
background correlation coefficients to be considered 
significant. Default is 1.0.

TIE_BY_GROUP(FALSE) Boolean Flag to tie all adjustable parameters together within each 
parameter group. Initial parameter ratios are main-
tained as parameters are adjusted. Parameters that are 
designated as already tied, or that have parameters 
tied to them, are not affected.

IES_ENFORCE_CHGLIM(FALSE) Boolean Flag to enforce parameter bounds transgression and 
parameter change limits (via FACPARMAX and 
RELPARMAX) in a way similar to PEST and 
PESTPP-GLM (by scaling the entire realization). 
Default is “false.”

IES_CENTER_ON(BASE) Text A realization name that should be used for the ensemble 
center in calculating the approximate Jacobian matrix. 
The realization name must be in both the parameter 
and observation ensembles. If not passed, the mean 
vector is used as the center.
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PESTPP-IES options—Continued

Variable Type Role

ENFORCE_TIED_BOUNDS(FALSE) Boolean Flag to enforce parameter bounds on any tied param-
eters.

IES_NO_NOISE(FALSE) Boolean Flag to not generate and use realizations of measure-
ment noise. Default is “false” (that is, to use measure-
ment noise).

IES_DROP_CONFLICTS(FALSE) Boolean Flag to remove nonzero weighted observations that are 
in a prior-data conflict state from the upgrade calcula-
tions. Default is “false.”

IES_PDC_SIGMA_DISTANCE() Real The number of standard deviations from the mean used 
in checking for prior-data conflict.

IES_SAVE_RESCOV(TRUE) Boolean Flag to save the iteration-level residual covariance ma-
trix. If ies_save_binary is “true,” then a binary format 
file is written, otherwise an ASCII format (.cov) file is 
written. The file name is case.N.res.cov/ .jcb.

OBSCOV() Text The name of a file containing the observation noise 
covariance matrix. This can be a parameter uncer-
tainty file (extension .unc), a covariance matrix file 
(extension .cov) or a binary JCO or JCB file (exten-
sion .jco or .jcb). 

RAND_SEED(358183147) Unsigned 
integer

Seed for the random number generator.
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Example of the new optional control file format:

# this is comment line – these lines can be used throughout

pcf

# control data keyword is a new section that combines all the algorithmic 

# sections of the control file including control data, singular value

# decomposition and PEST++ "++" options

* control data keyword

noptmax 3

maxsing 10

additional_ins_delim,

# options used by PESTPP-SEN

tie_by_group true

# options used by PESTPP-GLM

n_iter_base -1

n_iter_super 3

glm_num_reals 200

glm_normal_form prior

parcov glm_prior.cov

max_n_super 50

# options used by PESTPP-IES

ies_par_en prior.jcb

ies_num_reals 50

ies_no_noise True

ies_localizer temporal_loc.jcb

ies_autoadaloc true

# options used by PESTPP-OPT

opt_dec_var_groups welflux

opt_direction max

opt_par_stack par_stack.csv

opt_risk 0.95

* parameter data external

# these external files must have the required entries from the * parameter

# data section of the standard control file but can also have additional

#columns

Hk_pars.csv

Recharge_pars.csv

Other_pars.csv

* observation data

Head_obs.csv

Flux_obs.csv

Additional_important_obs.csv

* model command line

mf6

** model input external



52 Approaches to Highly Parameterized Inversion: PEST++ Version 5

# this section contains the template files and corresponding model

# input files

Most_tpl_files.csv

A_few_more_tpl_files.csv

* model output external

# this section contains the instruction files and corresponding model

# output files

Ins_files.csv
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