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PREFACE 

The series of manuals on techniques describes procedures for planning and 
executing specialized work in water-resources investigations. The material is 
grouped under major subject headings called books and further subdivided into 
sections and chapters; section B of book 3 is on ground-water techniques. 

Provisional drafts of chapters are distributed to field offices of the U.S. 
Geological Survey for their use. These drafts are subject to revision because of 
experience in use or because of advancement in knowledge, techniques, or 
equipment. After the technique described in a chapter is sufficiently developed, 
the chapter is published and is sold by the U.S. Geological Survey, 1200 South 
Eads Street, Arlington, VA 22202 (authorized agent of Superintendent of 
Documents, Government Printing Office). 
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TYPE CURVES FOR SELECTED PROBLEMS OF FLOW TO WELLS 

IN CONFINED AQUIFERS 

By J. E. Reed 

Abstract 
This report presents type curves and related material for 

11 conditions of flow to wells m confined aquifers. These 
solutions, compiled from hydrologic literature, span an 
interval of time from Theis (1935) to Papadopulos, Bre- 
dehoeft, and Cooper (1973). Solutions are presented for 
constant discharge, constant drawdown, and variable dis- 
charge for pumping wells that fully penetrate leaky and 
nonleaky aquifers. Solutions for wells that partially pene- 
trate leaky and nonleaky aquifers are included. Also, so- 
lutions are included for the effect of finite well radius and 
the sudden injection of a volume of water for nonleaky 
aquifers. Each problem includes the partial differential 
equation, boundary and initial conditions, and solutions. 
Programs in FORTRAN for calculating additional function 
values are included for most of the solutions. 

Introduction 
The purpose of this report is to assemble, 

under one cover and in a standard format, the 
more commonly used type-curve solutions for 
confined ground-water flow toward a well in an 
infinite aquifer. Some of these solutions are 
only published in several different journals; 
some of these journals are not readily obtain- 
able. Other solutions which are included in 
several references <for example, Ferris and 
others, 1962; Walton, 1962; Hantush, 1964a; 
Lohman, 19721 are included here for complete- 
ness. 

The need for a compendium of type curves for 
aquifer-test analysis was recognized by Robert 
W. Stallman, who initiated the work on it. 
However, ill health and the press of other 
duties prevented him from personally carrying 
out his concept, but he never ceased to advocate 
the need for the compendium. Although it is 
reduced in scope from his original concept, this 

report should be recognized to be a result of 
Stallman’s foresight and endeavors in the field 
of ground-water hydrology. 

The type-curve method was devised by C. V. 
Theis (Wenzel, 1942, p. 88) to determine the 
two unknown parameters, S and T, in the 
equations 

43 
s = (&/457T)W(u) 

and 

u = r’Sl(4Tt), 

where s is the drawdown in water level in re- 
sponse to the pumping rate Q in an aquifer 
with transmissivity T and storage coefficient S. 
The distance r from the pumping well, and the 
elapsed time t since pumping began, combine 
with S and T to define a dimensionless variable 
u and corresponding dimensionless response 
W(u). Briefly, the method consists of plotting a 
function curve or type curve, such as (lIu,W(u)l 
on logarithmic-scale graph paper, and plotting 
the time-drawdown (t-s) data on a second 
sheet having the same scales. This is equiva- 
lent to expressing the preceding equations as 

logs = log &/4nT + log W(u) 

and 

log llu = log t + log 4TIrSS. 

If the two sheets are superimposed and 
matched, keeping coordinate axes parallel, as 
shown in figure 0.1, the respective coordinate 

1 
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t 

L 

log10 &- 
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Data plot 

/ 
.’ Match point 

/ + 
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I Type-curve plot 

4T 
-hl 2 1or s 

FIGURE O.l.-Relation of l/u,W(u) type curve and t, s data plot. Modified from Stallman (1971, p. 5, fig. 1). 

axes will be related by constant factors: 
s/W(u)=C, and t/(llu)=C,. The values of these 
two constants are 

C, =Ql(47rT) 

and 

Ce = r2Sl (4T). 

Thus, a common match point for the two curves 
may be chosen, and the four coordinate 
points-W(u), l/u, s, and t--‘recorded for the 
common match point. T can be obtained from 
the equation T=QW(uV(4m), and then S can 
be solved from the equation S =4Tutlr”, where 
W(u), l/u, s, and t are the match-point values. 

It is apparent that the type curves, and data, 
can be plotted in several ways. That is, the 
function curve, using W(u) as an example, 
could be plotted as (u,W(u)) with corresponding 

data plots of (llt,s) or (rYt,s); or could be plotted 
as (llu,W(u)) with corresponding data plots of 
(t,s) or (t/r2,s). The type-curve method is cov- 
ered more fully by Ferris, Knowles, Brown, and 
Stallman (1962, p. 94). 

The type curves presented in this report are 
shown on two different plots. One plot has both 
logarithmic scales with 1.85 inches per log- 
cycle, such as K and E 467522.’ The other plot 
is arithmetic-logarithmic scale with the 
logarithmic scale 2 inches per log-cycle and the 
arithmetic scale with divisions at multiples of 
0.1, 0.5, and 1.0 inches, such as K and E 
466213. 

Other methods exist for analysis of aquifer- 
test data. Among them are methods based on 
plots of data on semi-log paper, developed by 

‘The use of brand names in this report IS for ldentlficatmn purposes only 
and does not Imply endorsement by the U S GeologIcal Survey 
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Jacob (Ferris and others, 1962, p. 98) and by 
Hantush (1956, p. 703). These methods are 
useful, but they are beyond the scope of this 
report. 

Aquifer tests deal with only one component 
of the natural flow system. The isolation of the 
effects of one stress upon the system is based 
upon the technique of superposition. This tech- 
nique requires that the natural flow system 
can be approximated as a linear system, one in 
which total flow is the addition of the individ- 
ual flow components resulting from distinct 
stresses. 

The use of the principle of superposition is 
implied in most aquifer-test analyses. The 
term “superposition,” as here applied, is de- 
rived from the theory of linear differential 
equations. If the partial-differential equation 
is linear (in the dependent variable and its de- 
rivatives), two or more solutions, each for a 
given set of boundary and initial conditions, 
can be summed algebraically to obtain a solu- 
tion for the combined conditions. For instance, 
consider a situation (fig. 0.2) where a well has 
been pumping for some time at a constant rate 
Q,,, and the drawdown trend for that pumping 
rate has been established. Assume that the 
pumping rate increases by some amount AQ at 

some time t,. Then the drawdown for that step 
incrase in rate will be the change in drawdown 
from that occurring due to the pumpage Q,,. 

Programs, written in FORTRAN, for cal- 
culating additional function values are in- 
cluded for most of the solutions. Some of the 
type-curve solutions would require an unrea- 
sonably long tabulation to include all the pos- 
sible combinations of parameters. An alterna- 
tive to a tabulation is the computer program 
that can calculate type-curve values for the pa- 
rameters desired by the user. The programs 
could be easily modified to calculate aquifer re- 
sponse to more than one well, such as well 
fields or image-well systems (Ferris and others, 
1962, p. 144). The programs have been tested 
and are probably reasonably free from error. 
However, because of the large number of possi- 
ble parameter combinations, it was possible to 
test only a sample of possible parameter val- 
ues. Therefore, errors might occur in future use 
of these programs. 

“An aquifer test is a controlled field experi- 
ment made to determine the hydraulic prop- 
erties of water-bearing and associated rocks” 
(Stallman, 1971). The area1 variability of hy- 
draulic properties in an aquifer limits aquifer 
tests to integrating these properties within the 

Extrapolated trend, 

I 
t1 

TIME 

FIGURE 0.2.-The application of the principle of superposition to aquifer tests. 
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cone of depression produced during the test. 
Aquifer-test solutions are based on idealized 
representations of the aquifer, its boundaries, 
and the nature of the stress on the aquifer. The 
type-curve solutions presented in this report 
all have certain assumptions in common. The 
common assumptions are that the aquifer is 
horizontal and infinite in area1 extent, that 
water is confined by less permeable beds above 
and below the aquifer, that the formation pa- 
rameters are uniform in space and constant in 
time, that flow is laminar, and that water is 
released from storage instantaneously with a 
decline in head. Also implicit is the assumption 
that hydraulic potential or head is the only 
cause of flow in the system and that thermal, 
chemical, density, or other forces are not affect- 
ing flow. In addition to these common assump- 
tions are special assumptions that characterize 
each solution summary. An important first 
step in aquifer-test analysis is deciding which 
simplified representations most closely match 
the usually complex field conditions. 

Generally the best start in the analysis of 
aquifer-test data is with the most general set of 
type curves that apply to the situation, kz;D nng 
ip mind limitations of the method and en’ects 
that cause departures from the theoretical re- 
sults. For example, the most general set of type 
curves for constant discharge presented in this 
report is for leaky aquifers with storage of 
water in the confining beds, solution 5. This 
includes, as a limiting case, the curve for a non- 
leaky aquifer. The most severe limitation on 
this set of curves is that they apply only at 
early times, as specified in solution 5. 

Some of the effects that cause departure from 
the theoretical curves are partial penetration, 
finite well radius, and variable discharge for 
the pumped well. The effects of partial penetra- 
tion must be considered when rlb<1.5, and be- 
cause vertical-horizontal anisotropy is prob- 
ably a common condition, these effects should 
be considered for rlb<lO. The effect of finite 
well radius should be considered for early 
times, as specified in solution 8. The effects of 
variable discharge depend upon the manner of 
the variation. A change in discharge is more 
important if the change is monotonic, either 
continually increasing or decreasing. This fact 
is shown by the type curves for solution 11, 

where a monotonic change of 10 percent caused 
a significant departure from the Theis curve. If 
the discharge variation consists of random 
“noise” about a constant discharge, a lo- 
percent variation is not significant. The most 
general set of type curves for tests on flowing 
wells is solution 7, for leaky aquifers, which 
includes nonleaky aquifers as a limiting case. 
The only set of curves for slug tests is given in 
solution 9. 

A recurring problem in type-curve solution 
for unknown hydrologic parameters is that of 
nonuniqueness. That is, function curves for dif- 
ferent parameter values sometimes have simi- 
lar shapes. An example of this is given by 
Stallman (1971, p. 19 and fig. 6). He indicated 
that the selection of the conceptual model is 
very important in interpreting the test results. 
Equally important is adequate testing of the 
conceptual model. Corroboration of the concep- 
tual model is indicated by similar results for 
hydrologic parameters from data collected at 
varying distances from the pumped well, 
depths within the aquifer, and at different ob- 
servation times. However, proof of suitability 
of the conceptual model ultimately rests on 
field investigations and not on curve matching. 

As an example of similar curve shapes for 
different situations, consider the case of con- 
stant discharge in a nonleaky aquifer with ex- 
ponentially varying thickness. The thickness, 
b, is equal to b,)exp[-2(X-X,,)la], where b. 
and X,, are the thickness and X-coordinate, re- 
spectively, at the site of the discharging well 
and a is a parameter. The drawdown for this 
situation is given by Hantush (1962, p. 1529): 

s = (&/4xKb ,,I exp (r/a cos 8) W(u,rla), 

where 

x 

W(u,P)= 
J 

(exp(-y-/Y/4yY~) dy, 
u 

u =r’S,/4Kt, 

Q is the discharge, r is the distance from the 
discharging well, 8 is the angle, with apex at 
the discharging well, between the observation 
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0 well and the positive X-axis, K is the hydraulic 
conductivity of the aquifer, and S, is the 
specific storage coefficient of the aquifer. This 
solution is similar to the equation describing 
drawdown in a leaky artesian aquifer (Han- 
tush, 1956, p. 702),which is 

s = (&/47rT) W(u,rlB), 

with T=Kb, B=d Tb’lK’, and b’ and K’ are 
the thickness and hydraulic conductivity, re- 
spectively, of the leaky confining bed. The 
other symbols are used as above. 

These two functions have the same shape 
when plotted on logarithmic paper, and draw- 
down resulting from one function could be 
matched to a type curve of the other function. 
Suppose, as an example, that the “observed 
data” are described by the function for the 
aquifer with exponentially changing thickness. 
Suppose, also, that the hydrologist is unaware 
of the variation in thickness and that the fam- 
ily of type curves for leaky aquifers without 
storage in the confining beds, solution 4, has 

l 
been chosen for analysis of the “observed data.” 
Matching the data plots to the type curves and 
solving for unknown parameters by the 
methods suggested in solution 4 gives for the 
ratio of K,, the apparent hydraulic conductiv- 
ity, to K, the true hydraulic conductivity, K,l 
K=exp((r/a) cos 8). The ratio would be close to 
one only in the vicinity of the discharging well. 
The diffusivity, KIS,?, would be determined cor- 
rectly, but the apparent specific storage coeffi- 
cient would have the same percentage error as 
the apparent hydraulic conductivity. Most im- 
portant of all, the erroneous conclusion would 
be that the aquifer is leaky, with leakage pa- 
rameter B = w = a. This somewhat 
contrived example illustrates a principle in the 
interpretation of aquifer-test data. Conclusions 
about the hydrologic constraints on the re- 
sponse of the aquifer to pumping should not be 
based on the shape of the data curves. Infer- 
ences may be made from these curves, but they 
must be verified by other hydrologic and 
geologic data. Therefore, proof of the suitabil- 
ity of the conceptual model must come from 
field investigations. 

Many of the old reports of the U.S. Geological 

B 
Survey contain references to the terms “coeffi- 

cient of transmissibility” and “field coefficient 
of permeability.” These terms, which were ex- 
pressed in inconsistent units of gallons and 
feet, have been replaced by transmissivity and 
hydraulic conductivity (Lohman and others, 
1972, p. 4 and p. 13). Transmissivity and hy- 
draulic conductivity are not solely properties of 
the porous medium; they are also determined 
by the kinematic viscosity of the liquid, which 
is a function of temperature. Field determina- 
tions of transmissivity or hydraulic conductiv- 
ity are made at prevailing field temperatures, 
and no corrections for temperature are made. 

Summaries of Type-Curve 
Solutions for Confined 
Ground-Water Flow 

Toward a Well in an Infinite 
Aquifer 

Solution 1: Constant discharge 
from a fully penetrating well in a 
nonleaky aquifer (Theis equation) 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is not leaky. 
4. Discharge from the well is derived ex- 

clusively from storage in the aquifer. 

Differential equation: 

d’sl8r’ + (l/r) (&,l&-) = (SIT)(ds/8t) 

Boundary and initial conditions: 

s(r,O) = 0, r20 
s(x,t) = 0, tao 

Q= 
I 

o,t<o 

constant >O, t20 

limr*=- Q t>O 
r--O dr m’ ’ 

(1) 
(2) 

(3) 

(4) 

Equation 1 states that initially drawdown is 
zero everywhere in the aquifer. Equation 2 
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states that the drawdown approaches zero as 
the distance from the well approaches infinity. 
Equation 3 states that the discharge from the 
well is constant throughout the pumping 
period. Equation 4 states that near the pump- 
ing well the flow toward the well is equal to its 
discharge. 

Solution (Theis, 1935): 

r”S 
U=x’ 

where 

I 

m 
e-” dy = W(u) = -0.577216 - log& + u 

u y 

-U2+Jc-d+ .....,.. 
2!2 3!3 4! 4 

Comments: 
Assumptions made are applicable to artesian 

aquifers (fig. 1.1). However, the solution may 
be applied to unconfined aquifers if drawdown 
is small compared with the saturated thickness 

0 

t 

]I Static level 

of the aquifer and if water in the sediments 
through which the water table has fallen is dis- 
charged instantaneously with the fall of the 
water table. According to assumption 2, this 
solution does not consider the effect of the 
change in storage within the pumping well. 
Assumption 2 is acceptable if 

t >2 5 Y 10’rYT .’ c 

(Papadopulos and Cooper, 1967, p. 2421, where 
r,, is the radius of the well casing in the interval 
over which the water-level declines, and other 
symbols are as defined previously. Figure 1.2 
on plate 1 is a logarithmic graph of 
W(u)=4rrsT/Q plotted on the vertical coordi- 
nates versus l/u = 4Tt/(r‘%) plotted on the 
horizontal coordinates. The test data should be 
plotted with s on the vertical coordinates and 
corresponding values oft or t/r2 on the horizon- 
tal coordinates. 

Values of W(u) for u between 0 and 170 may 
be computed by using subroutine EXPI of the 
IBM System/360 Scientific Subroutine Pack- 
age. Table 1.1 gives values of W(u) for selected 
values of l/u between 1 x 10-l and 9x lo”, as 
calculated by this subroutine. 

-r- 
Impermeable bed 

\ 

FIGURE I.l.-Cross section through a discharging well in a nonleaky aquifer. c 
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Solution 2: Constant discharge 
from a partially penetrating well 

in,a nonleaky aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and is 

screened in only part of the aquifer. 
3. Aquifer has radial-vertical aniso- 

tropy 
4. Aquifer is not leaky. 
5. Discharge from the well is derived ex- 

clusively from storage in the aquifer. 

Differential equation: 

a’=K,IK, 

This is the differential equation for nonsteady 
radial and vertical flow in a homogeneous con- 
fined aquifer with radial-vertical anisotropy. 

Boundary and initial conditions: 

s(r, z,O)=O, r>O, OCz<b (1) 
s(=, z$)=O, tao (2) 

&(r,O,t)l&z=O, r>O, t>O (3) 
&s(r,b,t)l&=O, r>O, ts0 (4) 

ds i”; O<z<d 
lim r -= -&/(2nK,.(Z-d)), d< .z<Z 

r-0 dr IO 
(5) 

lc z<b 

Equation 1 states that initially the draw- 
down is zero everywhere in the aquifer. Equa- 
tion 2 states that the drawdown approaches 
zero as the distance from the pumped well ap- 
proaches infinity. Equations 3 and 4 state that 
there is no vertical flow at the upper and lower 
boundaries of the aquifer. This means that ver- 
tical head gradients in the aquifer are caused 
by the geometric placement of the pumping 
well screen, and not by leakage. Equation 5 
states that near the pumping well the flow is 
radial, that the flow toward the well is equal to 
its discharge, that the discharge is distributed 
uniformly over the well screen, and that no ra- 
dial flow occurs above and below the screen. 

Solution: 
I. For the drawdown in a piezometer, a solu- 
tion by Hantush (1961a, p. 85, and 1964a, p. 
353) is given by 

where 

J 

x 
W(u) = c dy 

u y 

and 

i 
sin& 

b 
- sin ?lrrd __ 

b 
cos y w (4 y) (7) 

I 

x 

W(u, x) = (exp(-y-x’V4y)ly) dy 
u 

r”S 
U=4Tt 

- 
a = mK,. 

An alternate form of this solution for a=1 is 
given by Hantush (1!361a, p. 85): 

’ =8nT(l -d) 
Qb [A+, ,F)- + iv+, y) 

in which 

f’ (16, $ ;, $) = T [jqu, y+*) 

2nb-x-z + M(u 2nb+x-z ____ 9 r r 
_ M(u 2nb-r+z’ 

’ r I )I 

(8) 

(9) 

c 
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a 

0 

M(u,P)= 

erf(x) = 2 
v5 

e-l” dy . 

II. For the drawdown in an observation well 
(Hantush, 1961a, p. 90, and 1964a, p. 3531, 

, (10) 

where W (U 1 is as defined previously 
and 

. 
t 
sin l?$l - sin - “y’) 1v(u,y), (11) 

where W&x) and u are as defined previously. 

Comments: 
Assumptions apply to conditions shown in 

figure 2.1. The effects of partial penetration 
need to be considered for arlb ~1.5. There must 
be a type curve for each value of arlb, dlb, lib, 
and either zlb for piezometer, or l’lb and d’lb for 
observation wells. Because the number of pos- 
sible type curves is large, only samples of 
curves for selected values of the parameters are 
shown in figure 2.2 on plate 1. 

For large values of time, that is,for t>b*Sl 
(2a’T) or t>bSl(2K,), the effects of partial 
penetration are constant in time, and 

w(u,y) 

can be approximated by 

n7rar 
2K,, b i ) 

(Hantush, 1961a, p. 92). R,,(X) is the modified 
Bessel function of the second kind of order zero. 

Equation 6 then becomes 

s = & W(u) + as = & [W(u) +fJ , 

Impermeable bed / / / / t 
d ’ z 

I 
A- 

b i 
I 

Aquifer 

Impermeable bed 

FIGURE 2.1.-Cross section through a discharging well that is screened in a part of a nonleaky aquifer. 
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where 

and fs is given in equation 7 

with W (u, y) replaced by 2K,, (y) 

Figure 2.3 shows plots of fs as tabulated by 
Weeks (1969, p. 202-207). In using these 
curves, it should be noted that fs for a given r, 
b, andz,, l,, d, is equal tof, for the same r, b, 
and z2=b-z,, 12=b-d,, and d2=b-1,. Figure. 
2.3 can be used to find fs by interpolation and 

then constructing type curves of W(u)+f, in the 
manner described by Weeks (1964, p. b195). 

For small values of time 

t< (2b-l-z)% 
20T 

(Hantush, 1961b, p. 3.72), equation 8 can be ap- 
proximated by 

-2 

-4 ,’ ’ 

< 2.00” , 

-6 ’ “I I I I III 

s = jj--&-q[M~1,~) -q&y 

+ M(u,$q - il+,gj. 

0.06 0.10 0.20 0.60 1 .oo 2.00 0.06 0.10 0.20 0.50 1 .oo 2.00 

ar/b 

FIGURE 2.3.-The drawdown correction factor& versus arlb, from tables; of Weeks (1969). 
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,An extensive table of M(u,P) has been pre- 
pared by Hantush (1961c). 

Although r/b for a given observation well 
probably would be known, however, the con- 
ductivity ratio a2 would,not be. Thus, it would 
not be known which arlb curve should be 
matched. In other words, not only T and S, but 
also the conductivity ratio a2 must be deter- 
mined. A criterion for determining the match 
between data curves and type curves is that the 
values of arlb for different observation wells 
should all indicate the same “a”. Plotting the 
drawdown data for several observation wells 
on a single tlr2 plot and matching to sets of type 

curves, a different set for each “a”, is a useful 
approach. 

Figure 2.2 was prepared from data calcu- 
lated by the FORTRAN program listed in table 
2.1. This program computes “s” from either 
equation 6 or 10, depending on the input data. 
The input data consist of cards containing the 
parameters coded in specific formats. Readers 
unfamiliar with FORTRAN format items 
should consult a FORTRAN language manual. 
The first card contains: the aquifer thickness 
(b), coded in columns 1-5, in format F5.1; the 
depth to bottom of pumped well screen (11, 
coded in columns 6-10, in format F5.1; the 

-6 
0.06 0.10 0.20 0.60 1.00 2.00 

w/b 

FIGURE 2.3.-Continued. 
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depth to top of pumped well screen (d 1, coded in tiplied by the square root of the ratio of the 
columns 11-15, in format F5.1; the number of vertical to horizontal conductivity (rm), 
observation wells and (or) piezometers, coded in columns 1-5, in format F5.1; depth to bot- 
in columns 16-20, in format 15; the smallest tom of observation well screen (I ‘), coded in 
value of l/u for which computation is desired, columns 6-10, in format F5.1; depth to top of 
coded in columns 21-30, in format E10.4; the observation well screen Cd’), coded in columns 
largest value of l/u for which computation is 11-15, in format F5.1.. A card would be coded 
desired, coded in columns 31-40, in format for a piezometer as follows: distance from 
E10.4. The ratio of the largest l/u value to the pumped well multiplied by the square root of 
smallest l/u value should be less than 1012. the ratio of the vertical to horizontal conductiv- 
Following this card is a group of cards contain- ity (rm), in columns 1-5, in format F5.1; 
ing one card for each observation well or and total depth of piezometer (z), in columns 
piezometer. These cards are coded for an obser- 11-15, in format F5.1. The output from this 
vation well as: distance from pumped well mul- program is tables of computed function values, 

%.06 0.10 0.20 0.50 1 .oo 2.00 0.06 0.10 0.20 0.60 1.00 2.00 

ar/b 

FIGURE 2.3.-Continued. 
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an example of which is shown in figure 2.4. 
Subroutines DQL12, BESK, and EXPI are 
from the IBM Scientific Subroutine Package 
and a discussion of them is in the IBM SSP 
manual. 

Solution 3: Constant drawdown in 
a well in a nonleaky aquifer 

Assumptions: 
1. Water level in well is changed instan- 

taneously by s,, at t = 0. 
2. Well is of finite diameter and fully pen- 

etrates the aquifer. 

+6 

3. Aquifer is not leaky. 
4. Discharge from the well is derived ex- 

clusively from storage in the aquifer. 
Differential equation: 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso- 
tropic confined aquifer. 
Boundary and initial conditions: 

s(r,O) = 0, r 2 r,, (1) 

2.00 0.05 

ar/b 

FIGURE 2.3.-Continued. 
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I ’ 
0 t-co 

0WJ) = iSli = 
constant, t 2 0 

s(m,t) = 0, t 23 0 

Equation 1 states that initially the 
down is zero everywhere in the aquifer. 

Solutions: 
(2) I. For the well discharge (Jacob and 

Lohman, 1952, p. 560): 

(3) Q = 27rT s,,. G(a), 
where 

draw- 
Equa- 

tion 2 states that, as the well is approached, 

G(a) = yl”e?‘(; + tan-’ [$$$]}dr 

drawdown in the aquifer approaches the con- 
stant drawdown in the well, implying no en- and ff=&. 

trance loss to the well. Equation 3 states that 
the drawdown approaches zero as the distance II. For the drawdown in water level (Han- 
from the well approaches infinity. tush, 1964a, p. 343): 

-61 ' Ill1 I I 8 I III I 
0.05 0.10 2.00 0.60 1.00 2.00 

/--l---u 

-- 
0.05 0.10 0.20 0.50 1.00 2.00 

ar/b 

FIGURE 2.3.-Continued. c 
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s = s,,. A(T, PI, 

where A(T,P) = 1 

and 

p=-T. 
r,, 

Comments: 
Boundary condition 2 requires a constant 

drawdown in the discharging well, a condition 

I most commonly fulfilled by a flowing well, al- 
1 though figure 3.1 shows the water level to be 

below land surface. 
Figure 3.2 on plate 1 is a plot from Lohman 

(1972, p. 24) of dimensionless discharge (G(a)) 
versus dimensionless time ((~1. Additional val- 
ues in the range (Y greater than 1x10” were 
calculated from G(o)-2/log(2.245&) (Han- 
tush, 1964a, p. 312). Function values for G(a) 
are given in table 3.1. The data curve consists 
of measured well discharge versus time. After 
the data and type curves are matched, 
transmissivity can be calculated from T = 
&/2rrs,G(a), and the storage coefficient can be 

I I I I I I 
I I ,,, I 

-:.oso.lo 2.06 0.05 I,,,,I 0.10 0.20 0.50 1.00 2.00 

ar/b 

FIGURE 2.3.-Continued. 
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calculated from S = Ttlar,:, where (a,G ((~1) and 
(t,Q 1 are matching points on the type curve and 
data curve, respectively. 

Similarly, data curves of drawdown versus 
time may be matched to figure 3.3 on plate 1; 
this is a plot of dimensionless drawdown 
(A (~,p)=sIs,~) versus dimensionless time (r/p’ 
= TtlSr’). After the data and type curves are 
matched, the hydraulic diffusivity of the 
aquifer can be calculated from the equality 
TIS=(dp”) (r”lt). Usually s,,. is known, and 
some of the uncertainty of curve matching can 
be eliminated by plotting s/s,< versus t because 
only horizontal translation is then required. If 

r,,. is also known, the particular curve to be 
matched can be determined from the relation 
p = r/r,, . Generally, however, the effective 
radius, r,c, differs from the actual radius and is 
not known. The effective radius can often be 
estimated from a knowledge of the construction 
of the well and the water-bearing material, or 
it can be determined from step-drawdown tests 
(Rorabaugh, 1953). Figure 3.3 was plotted from 
table 3.2. For TS 1 x lo:‘, the data are from Han- 
tush (1964a, p. 310). For r>lx lo:‘, values of 
drawdown in a leaky aquifer, as r,,.lB--+O, were 
used. (See solution 7.) Where 0.000 occurs in 
table 3.2, A(7,p) is less than 0.0005. 

-6 

0.10 0.20 0.60 1.00 2.00 

at-/b 

0.10 0.20 0.60 1 .oo 2.00 

ar/b 

FIGURE 2.3.-Continued. 
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FIGURE 3.1.-Cross section through a well with constant drawdown in a nonleaky aquifer. 

Solution 4: Constant discharge 
from a fully penetrating well in a 

leaky aquifer 
Assumptions: 

1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is overlain, or underlain, 

everywhere by a confining bed having 
uniform hydraulic conductivity (If’) 
and thickness (b ‘). 

4. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

5. Hydraulic gradient across confining bed 
changes instantaneously with a change 
in head in the aquifer (no release of 
water from storage in the confining 
bed). 

6. Flow in the aquifer is two-dimensional 
and radial in the horizontal plane and 
flow in the confining bed is vertical. 
This assumption is approximated 
closely where the hydraulic conductiv- 
ity of the aquifer is sufficiently greater 
than that of the confining bed. 

Differential equation: 

a3 y+)g-K=C& 
drL Tb’ 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso- 
tropic aquifer with leakage proportional to 
drawdown. 
Boundary and initial conditions: 

s(yt):=O, tao 

(1) 

(2, 

10, t<O 
Q=, (3) 

constant>O, tS0 

lim r f$ = - & 
r-0 

Equation 1 states that the initial drawdown 
is zero. Equation 2 states that drawdown is 
small at a large distance from the pumping 
well. Equation 3 states that the discharge from 
the well is constant and begins at t =O. Equa- 
tion 4 states that near the pumping well the 
flow toward the well is equal to its discharge. 
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TABLE 3.2.-Values of A(r,p) 
[Values ofA(r,p) for T ~103 moddied from Hantuh (1964a, p 310)] 

P 
7 

5 10 20 50 100 200 500 1000 

1 Xl 

E 

t 
7 

; 
x 10 

3 
4 
: 
1 x 102 
1.5 

32 
5 
7 

:.5 
x 103 

i 
F 
:.5 x 104 

3” 

. ; 
:.5 x 105 

2 
3 
5 
7 
i x 106 
1.5 

i 

:: 
:.5 x 10’ 

: 

; 
:.5 x lo8 

32 

; 
:.5 x 109 

2 
3 

75 
i x1010 
1.5 

3” 
5 
7 
1 x 10” 

0.002 
.022 
.049 
.076 
.lOl 
.142 
.188 
.277 
.325 
.358 
,381 
.414 
.446 
,419 
.500 
.528 
,559 
.578 
.596 
,615 
.627 
,644 
.662 
.673 
.685 
.696 
,704 
.715 
.727 
,734 
.‘742 
,750 
.755 
.762 
.771 
,776 
.I82 
.788 
.792 
.797 
.803 
.807 
.811 
.815 
.818 
.822 
.821 
,830 
.833 
,837 
.839 
,842 
,846 
,849 
.851 
.854 
.856 
,858 
,861 
.863 
.865 
.867 
,869 
,871 
.874 
,875 
.877 

0.000 
,002 
.006 
.016 
,057 
,094 
,123 
.146 
,184 
,222 
.264 
.291 
,328 
.372 
.397 
,422 
.450 
.467 
,490 
,517 
,533 
,549 
.566 
.511 
,592 
,609 
,620 
,631 
.642 
.650 
,660 
,672 
.680 
,688 
,696 
.702 
,709 
.718 
,724 
.730 
,736 
.740 
,746 
.753 
.757 
,762 
.766 
,710 
,714 
,780 
.783 
,787 
,791 
,794 
.797 
,802 
,804 
.807 
.810 
,813 
.816 
.819 
,821 
.824 

0.000 
,001 
.004 
.009 
,016 
.031 
,053 
,085 
.llO 
.146 
.194 
.223 
.254 
.287 
.309 
,338 
.372 
.392 
.413 
,435 
.450 
,469 
,492 
,506 
.520 
,532 
,544 
.558 
,574 
,584 
,594 
.604 
.612 
,622 
.633 
,641 
,648 
.656 
,662 
.669 
,678 
,684 
.690 
.696 
,701 
.706 
.714 
.718 
,723 
,728 
.731 
.736 
.742 
.746 
,749 
,753 
,756 
,760 
.765 
.768 
,770 

0.000 
,001 
,003 

,026 
.044 
.066 
.094 
,116 
,147 
.186 
.211 
.237 
.264 
.283 
.308 
.337 
.355 
.373 
.392 
,405 
.423 
,443 
,456 
,470 
.484 
.493 
.506 
,521 
,531 
,541 
.551 
.558 
,568 
,580 
,587 

:% 
.609 
.617 
.626 
.632 
.638 
.645 
.649 
,655 
.663 
,668 
,673 
,678 
,682 
.687 
.693 
,696 
.700 

0.000 
,001 
.004 
.012 
,021 
.039 
,068 
.089 
,114 
,142 
,161 
,188 
,221 
.242 
,263 
.285 
.300 
.321 
.345 
.360 
.316 
,392 
,403 
,418 
,436 
.448 
.459 
,472 
.480 
,492 
.506 
.514 
,523 
,533 
.540 
.549 
.560 
.567 
,574 
.582 
.587 
,594 
.603 
,609 
,615 
.621 
.625 
,631 
,638 
.643 
.647 

0.000 
,001 
,006 
.014 
,025 
,043 
,058 
,081 
.113 
.134 
,156 
,180 
.197 
,220 
.247 
,264 
,282 
.301 
,314 
,331 
,352: 
,365, 
,378 
.392 
.4oi 
,415 
,431. 
.443. 
.452! 
.463 
.470 
.481 
,494 
.502 
510 
,519 
.52!j 
.53:3 
,544 
,550 
,557 
.564 
.569 
.516 
,584 
.58,9 
,594 

0.000 
.OOl 
.005 
,014 
.025 
,039 
,058 
,072 
,094 
,122 
.141 
.160 
,181 
,196 
,216 
,240 
.255 
,270 
,287 
,299 
,314 
.333 
,344 
,357 
.370 
.379 
.391 
.406 
.415 
,425 
.435 
,443 
.452 
,464 
,472 
,480 
,488 
,494 
,502 
,512 
.518 
,524 

0.000 
.OOl 
,002 
,007 
,013 
.024 
.044 
,059 
,016 
,096 
,111 
,132 
,157 
,173 
,190 
.208 
.221 
,238 
.258 
,271 
.285 
.300 
.310 
,323 
.340 
,350 
,361 
,312 
,380 
,392 
.405 
.413 
,422 
.431 

:Z 
.457 
,464 
,471 
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Solution (Hantush and Jacob, 1955, p. 98): pcO.01, wherep=& 

where u = r2SS/4Tt 

B= K,. J 
TF 

(5) 

(6) 

Comments: 
As pointed out by Hantush and Jacob (1954, 

p. 9171, leakage is three-dimensional, but if the 
difference in hydraulic conductivities of the 
aquifer and confining bed are sufficiently 
great, the flow may be assumed to be vertical in 
the confining bed and radial in the aquifer. 
This relationship has been quantified by Han- 
tush (1967, p. 587) in the condition blBc0.1. In 
terms of relative conductivities, this would be 
KIK’ > 100 blb’. Assumption 5, that there is no 
change in storage of water in the confining bed, 
was investigated by Neuman and Witherspoon 
(1969b, p. 821). They concluded that this as- 
sumption would not affect the solution if 

Assumption 4, that there is no drawdown in 
water level in the source bed lying above the 
confining bed, was also examined by Neuman 
and Witherspoon (1969a, p. 810). They indi- 
cated that drawdown in the source bed would 
have negligible effect on drawdown in the 
pumped aquifer for short times, that is, when 

Tt 
7s < 1.6 &, . r Also, they indicated (1969a, 
p. 811) that neglect of drawdown in the source 
bed is justified if T,> lOOT, where T, repre- 
sents the transmissivity of the source bed. Fig- 
ure 4.1, a cross section through the discharging 
well, shows geometric relationships. Figure 4.2 
on plate 1 shows plots of dimensionless draw- 
down compared to dimensionless time, using 
the notation of Cooper (1963) from Lohman 
(1972, pl. 3). Cooper expressed equations 5 and 
6 as 

L(u,u) = 
/ 

x e-‘-+ 
---dy, 

Y u 

FIGURE 4.1.-Cross section through a discharging well in a leaky aquifer. 
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with 

K’ u-5 Tb’. d- (8) 

Cooper’s type curves and equation 5 express 
the same function with rlB=2u. Hantush 
(1961e) has a tabulation of equation 5, parts of 
which are included in table 4.1. 

The observed data may be plotted in two 
ways (Cooper, 1963, p. C51). The measured 
drawdown in any one well is plotted versus tlr2; 
the data are then matched to the solid-line type 
curves of figure 4.2. The data points are alined 
with the solid-line type curves either on one of 
them or between two of them. The parameters 
are then computed from the coordinates of the 
match points (tlr’,s) and (l/u, L(u,u)), and an 
interpolated value of u from the equations 

and K’ = 4T u’ 
b’ r2 . 

(ioj 

Drawdown measured at the same time but in 
different observation wells at different. dis- 
tances can be plotted versus tlr” and matched 
to the dashed-line type curves of figure 4.2. The 
data are matched so as to aline with the 
dashed-line curves, either on one or between, 
two of them. From the match-point coordinates 
is,tlr’) and (L(u,u),l!u) and’8n interiol’ated 
value of u2/u, T and S are combuted from equa- 
tions 9 and 16 and the remaining parameter 
from I 

The region u2/uM ,and : 
(gI L(u,z~)>lO-~ corresponds to steady-state condi- 

tions. ’ , 
TABLE 4.L-Selected values of W(u,rlB) ’ 

. . L ;; 
[From Hantush (1961e)] , 

I . 

r/B 

u 0 001 0.003 0 01 0.03 0.1 0.3 1 3 

1 x10-e 13.0031 11.8153 9.4425 7.2471 2.7449 0.8420 0.0695 
12.4240 11.6716 

4.8541 

12.0581 11.5098 
11.2248 

1 x10-5 

3 
5 
7 

11.5795 
11.2570 
10.9109 
10.2301 

9.8288 
9.3213 
8.9863 
8.6308 
7.9390 
7.5340 
7.0237 
6.6876 
6.3313 
5.6393 
5.2348 
4.7260 
4.3916 
4.0379 
3.3547 
2.9591 
2.4679 

10.9951 
10.7228 
10.1332 

9.7635 
9.2818 

iE% 
7.9290 
7.5274 
7.0197 
6.6848 
6.3293 
5.6383 
5.2342 
4.7256 
4.3913 
4.0377 
3.3546 
2.9590 
2.4679 
2.1508 
1.8229 
1.2226 

.9057 
5598 
.3738 
.2194 
.0489 
.0130 
.OOll 
.OOOl 

9.4425 

E% 
9.4176 
9.2961 
9.1499 
8.8827 
8.6625 
8.3983 
7.8192 
7.4534 
6.9750 
6.6527 
6.3069 
5.6271 
5.2267 
4.7212 
4.3882 
4.0356 
3.3536 
2.9584 
2.4675 
2.1506 
1.8227 
1.2226 

.9056 

.5598 

.3738 

.2194 

.0489 

.0130 

.OOll 

.OOOl 

7.0685 
6.9068 4.8541 
6.6219 4.8530 
6.3923 4.8478 
6.1202 4.8292 

2.1508 
1.8229 
1.2226 

.9057 

.5598 

.3738 

.2194 

.0489 

.0130 

.OOll 

.OOOl 

5.5314 4.7079 2.7449 
5.1627 4.5622 2.7448 
4.6829 4.2960 2.7428 
4.3609 4.0771 2.7350 
4.0167 3.8150 2.7104 
3.3444 3.2442 2.5688 
2.9523 2.8873 
2.4642 2.4271 ;:;l;:: 
2.1483 2.1232 1.9206 
1.8213 1.8050 1.6704 
1.2220 1.2155 1.1602 

.9053 .9018 18713 

.5596 .5581 .6453 

.3737 .3729 3663 

.2193 .2190 .:!161 

.0489 .0488 .0485 

.8420 

.8409 

.8360 

.8190 
‘.7148 .0695 , 
.6010 .0694 
.4210 .0681 
,.2996 .0639 
.1855 .0534 
.0444 .0210 

.0130 .0130 .0130 ,.0122 .0071 

.OOll .OOll .OOll .OOll .0008 

.OOOl .OOOl .OOOl .OOOl .OOUl 

c 
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0 The drawdown in the steady-state region is 
given by the equation (Jacob, 1946, eq. 15) 

3 

s = $7 K,,(x), 

where K,(x) is the zero-order modified Bessel 
function of the second kind and 

Data for steady-state conditions can be 
analyzed using figure 4.3 on plate 1. The draw- 
downs are plotted versus r and matched to 
figure 4.3. After choosing a convenient match 
point with coordinates (s,r) and (Ko(x),x) the 
parameters are computed from the equations 

2” = & K,,(X) and K = xT b’ ,.L’ 
Values of K,(x) from Hantush (1956) are given 
in table 4.2. 

A FORTRAN program for generating type- 
curve function values of equation 7 is listed in 
table 4.3. Using the notation L(u,u) of Cooper 
(1963), the function is evaluated as follows. For 
u 2 1, 

L(u,v) = 
/ 

Ally) exp (-y-v”ly) dy = 
X 

/ 
f(y) dy. 

U U 

This integral is transformed into the form 

$e-“[exp(- u - -$--) -&---dx 

evaluated by a Gaussian-Laguerre quadrature 
formula. For u*<u<l, 

TABLE 4.2.Selected values of K,(x) 

[From Hantush (1956, p. 704)] 

N x=NXlO-* x =NXlO-’ x=N 

1 ___- ____ - _____ 4.7212 
1.5 -----_----- -4.3159 
2 _______ - ______ 4.0285 
3 ______________ 3.6235 
4 -___-_- _____ w3.3365 
5 _____________ -3.1142 
6 ____ ---e------2.9329 
7 ______ -- _____ -2.7798 
8 ____ -__- _____ -2.6475 
9 _-__-_- _______ 2.5310 

2.4271 
2.0300 
1.7527 
1.3725 
1.1145 

:%t 
.6605 
.5653 
.4867 

0.4210 
.2138 
.1139 
.0347 
.0112 
.0037 

_-_-_- 

----__ 

Lk-‘) =[ftyl dy +11 f(y) dy. 

The first integral is evaluated by a 
Gaussian-Laguerre quadrature formula, as 
previously described. The second integral is 
evaluated using a series expansion, as 

I 1 
f(y)& = s 

U 

where 

(1)-s(u), 

s=logu[n~O~] 

+ mgl [y [u”l - ($)“‘I [,?I, &]I. 

For u < 1 and u s LP, 

LW) = ~K,,@J) - 

(Cooper, 1963, p. C50), 
where K. is the zero-order modified Bessel 
function of the second kind. The integral in the 
above expression is evaluated by the 
Gaussian-Laguerre procedure, as described 
previously. 

Input data for this program consist of three 
cards with the numeric data coded by specific 
FORTRAN formats. Readers unfamiliar with 
FORTRAN format items should consult a 
FORTRAN language manual. The first card 
contains: the smallest value of l/u for which 
computation is desired, coded in columns l-10 
in format E10.5; the largest value of l/u for 
which computation is desired, coded in columns 
11-20 in format E10.5. The table will include a 
range of Ilu values spanning these two coded 
values if the span is less than or equal to 12 log 
cycles. The next two cards contain 12 values of 
r/B, all coded in format E10.5, in columns 
l-10, 11-20, 21-30, 31-40, 41-50, 51-60, 
61-70, and 71-80 of the first card and columns 
l-10, 11-20, 21-30, and 31-40 of the second 
card. Zero (or blank) coding is permissible in 
this field, but computation will terminate with 
the first zero (or blank) value encountered. An 
example of the output from this program is 
shown in figure 4.4. 
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Solution 5: Constant discharge 
from a well in a leaky aquifer with 
storage of water in the confining 

beds 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is overlain and underlain 

everywhere by confining beds having 
hydraulic conductivities K’ and K”, 
thicknesses b’ and b”, and storage 
coefficients S ’ and S”, respectively, 
which are constant in space and time. 

4. Flow in the aquifer is two dimensional 
and radial in the horizontal plane 
and flow in confining beds is vertical, 
This assumption is approximated 
closely where the hydraulic conduc- 
tivity of the aquifer is sufficiently 
greater than that of the confining 
beds. 

5. Conditions at the far durfaces of the 
confining beds are (fig. 5.1): , 

Case 1. Constant-head plane 
sources above and be- 
low. 

Case 2. Impermeable beds above 
and below. 

Case 3. Constant-head plane 
source above and im- 
permeable bed below. 

Differential equations: 
For the upper confining bed 

a2s, _ S’ as, 
a.22 K’b’ at 

For the aquifer 

For the lower confining bed 

d’s:! S” as., =---A 
a2 K”b” at 

(1) 

s as -- 
T at (‘I 

(3) 

Equations 1 and 3 are, respectively, the dif- 
ferential equations for nonsteady vertical flow 
in the upper and lower semipervious beds. 
Equation 2 is the differential equation for 
nonsteady two-dimensional radial flow in an 
aquifer with leakage at its upper and lower 
boundaries. 
Boundary and initial conditions: 

Case 1: For the upper confining bed 

sI(r,z,O)=O (4) 
s,(r,O,t)=O (5) 

s,(r,b’,t)=s(r,t) (6) 

For the aquifer 

s(r,O)=O 
s(=Q,t)=O 

lim r as(r,t) Q -=-- 
r-0 dr 231-T 

For the lower confining bed 

s&-,2,0)=0 
s2(r,b’+b+b”,t)=0 
s,(r,b’+b,t)=s(r,t) 

(7) 
(8) 

(9) 

(10) 
(11) 
(12) 

Case 2: Same as case 1, with conditions 5 
and 11 being replaced, respectively, by 

as,W,t) = o 

a.2 (13) 

ds,(r,b’-tb+b”) = o 
a2 

(14) 

Case 3: Same as case l,with condition 11 
being replaced by condition 14. 

Equations 4,7, and 10 state that initially the 
drawdown is zero in the aquifer and within 
each confining bed. Equation 5 states that a 
plane of zero drawdown occurs at the top of the 
upper confining bed. Equations 6 and 12 state 
that, at the upper and lower boundaries of the 
aquifer, drawdown in the aquifer is equal to 
drawdown in the confining beds. Equation 8 
states that drawdown is small at a large dis- 
tance from the pumping well. Equation 9 states 
that, near the pumping well, the flow is equal 
to the discharge rate. Equation 11 states that a 
plane of zero drawdown is at the base of the 
lower confining bed. Equation 13 states that 
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there is no flow across the top of the upper con- 
fining bed. Equation 14 states that no flow oc- 
curs across the base of the lower confining bed. 

Solutions (Hantush, 1960, p. 3716): 
I. For small values of time (t less than 

both b’S’/lOK’ and b”S”/lOK”): 

where 

s = & H(u,P) , 

r’S 
U=4Tt 

and 

/ 

X 

H(u,P) = 
e-” 

25 
erfc ,,&? ul dy 

J 

x 
erfc(x) = & e-‘/’ dy 

X 

II. For large values of time: 
A. Case 1, t greater than both 5b’S’lK’ 

and 5b”S”lK” 

(161 

where u is as defined previously 

and 6, = 1 + (S’ + S”)/3S, 

,=,/y-y-y 

W(u,x) = 
/ 

x exp (-y-x’/4y) dy 

U Y 

B. Case 2, t greater than both 
1Ob’S’IK and lOb”S”/K” 

where 

s = $ WW,) ) 

8, = 1 + (S ’ + SW3 

W(u) = 

(171 

C. Case 3, t greater than both 5b’S ‘/K’ 
and 10b”S”lK” 

s = $ W (uS:,, r fl) , U8) 

where 

s3 = 1 + (S” + S/3)/S 

and W(u,x) is as defined in case 1. 

Comments: 
A cross section through the discharging well 

is shown in figure 5.1.. The flow system is ac- 
tually three-dimensional in such a geometric 
configuration. However, as stated by Hantush 
(1960, p. 37131, if the .hydraulic conductivity in 
the aquifer is sufficiently greater than the hy- 
draulic conductivity of the confining beds, flow 
will be approximately radial in the aquifer and 
approximately vertical in the confining beds. A 
complete solution to this flow problem has not 
been published. Neuman and Witherspoon 
(1971, p. 250, eq. 11-161) developed a complete 
solution for case 1 but did not tabulate it. Han- 
tush’s solutions, which have been tabulated, 
are solutions that are applicable for small and 
large values of time but not for intermediate 
times. 

The “early” data (data collected for small 
values oft) can be analyzed using equation 15. 
Figure 5.2 on plate 1 shows plots ofH(u,p) from 
Lohman (1972, pl. 4). Hantush (1961d) has an 
extensive tabulation of H(u$), a part of which 
is given in table 5.1. The corresponding data 
curves would consist of observed drawdown 
versus t/r*. Superposing the data curves on the 
type curves and matching the two, with graph 
axes parallel, so that the data curves lie on or 
between members of the type-curve family and 
choosing a convenient match point (H(u,P), 
l/u), T and S are computed by 

T = -& HW3 , 

If simplifying conditions are applicable, it is 
possible to compute the product K’S ’ from the 
p value. If K”S”=O, K’S’=16/32b’TSIr2, and if 
K’S”=K’S’, 
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0 

CASE 1 

Ground surface 

c&,stant ‘head 

.)):.:.z ~ . . . . . . . . . . . . . . . . . . . . . . . . . . :.: . . . . . . . . . . . . . . . . . .,.,. :.:.:.: .,.,._. :.:.:.:.: _,.,. :.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.:.~:.:.:.:.:.:.:.~; . . . . . . . . . . . . . . . . . . . . ..‘................................................ ~~~~~~iiiiiiiiiiiiii~~~~~:‘im @F&&i;ie’ i;e8’~ . . ..L..._._..._ 

CASE 2 CASE 3 

FIGURE 5.1.-Cross sections through discharging wells in leaky aquifers with storage of water in the confining 
beds, illustrating three different cases of boundary conditions. 

I 

The curves in figure 5.2 are very similar 
from ,8=0 to about p=O.5. Therefore, the /3 val- 

ues in this range are indeterminate. There is 
also uncertainty in curve matching for all /3 
values because of the fact that it is a family of 
curves whose shapes change gradually with p. 
This uncertainty will be increased if the data 
covers a small range oft values. The problem 



28 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 5.1.-Values of H(u$) for selected values of u and p 

[From Hantush (1961d) Numbers m parentheses are powers of 10 by which tbe other numbers are multlphed, for example 963-4) = 0.09631 

0 

u 
0 03 01 

1 x 10-S 12.3088 11.1051 
11.9622 10.7585 
11.7593 10.5558 
11.5038 10.3003 

3” 
75 
1 x10-8 

t 
5 
7 
1 x10-7 

: 

F 
1 x10-6 

3 
5 
7 
1 x10-5 

3" 
5 
7 
1 x1o-4 

3" 

:: 
1 x10-3 

3 
5 
7 
1 x10-2 
2 
3 
5 
7 
1 x 10-l 

3 

; 
1x 1 

f 
5 
7 
1 x 10 

3" 

! 

11.3354 
11.1569 
10.8100 
10.6070 
10.3511 
10.1825 
10.0037 
9.6560 
9.4524 
9.1955 
9.0261 
8.8463 
8.4960 
8.2904 
8.0304 
7.8584 
7.6754 
7.3170 
7.1051 
6.8353 
6.6553 
6.4623 
6.0787 
5.8479 
5.5488 
5.3458 
5.1247 
4.6753 
4.3993 
4.0369 
3.7893 
3.5195 
2.9759 
2.6487 
2.2312 
1.9558 
1.6667 
1.1278 
.8389 
.5207 
.3485 
.2050 

458(-4) 
122(-4) 
:g$-;; 
391(-W 

10.1321 
9.9538 
9.6071 
9.4044 
9.1489 
8.9806 
8.8021 
8.4554 
8.2525 
7.9968 
7.8283 
7.6497 
7.3024 
7.0991 
6.8427 
6.6737 
6.4944 
6.1453 
5.9406 
5.6821 
5.5113 
5.3297 
4.9747 
4.7655 
4.4996 
4.3228 
4.1337 
3.7598 
3.5363 
3.2483 
3.0542 
2.8443 
2.4227 
2.1680 
1.8401 
1.6213 
1.3893 
.9497 
.7103 
.4436 

:%I 
395(-4) 
106(-4) 
;;;[I;; 
339(-8) 

0.3 

10.0066 
9.6602 
9.4575 
9.2021 
9.0339 
8.8556 
8.5091 
8.3065 
8.0512 
7.8830 
7.7048 
7.3585 
7.1560 
6.9009 
6.7329 
6.5549 
6.2091 
6.0069 
5.7523 
5.5847 
5.4071 
5.0624 
4.8610 
4.6075 
4.4408 
4.2643 
3.9220 
3.7222 
3.4711 
3.3062 
3.1317 
2.7938 
2.5969 
2.3499 
2.1877 
2.0164 
1.6853 
1.4932 

EkEi 
.9358 
.6352 
.4740 
.2956 
.1985 
.1172 

264(-4) 
707(-5) 
;;;;I;; 
227(-8) 

1 

8.8030 
8.4566 
8.2540 
7.9987 
7.8306 
7.6525 
7.3063 
7.1039 
6.8490 
6.6811 
6.5032 
6.1578 
5.9559 
5.7018 
5.5346 
5.3575 
5.0141 
4.8136 
4.5617 
4.3962 
4.2212 
3.8827 
3.6858 
3.4394 
3.2781 
3.1082 
2.7819 
2.5937 
2.3601 
2.2087 
2.0506 
1.7516 
1.5825 
1.3767 
1.2460 
1.1122 
.8677 
.7353 
.5812 
.4880 
.3970 
.2452 
.1729 
.1006 

646(-4) 
365(-4) 
760(-5) 
196(-5) 
167(-6) 
165(-7) 

3 10 30 100 

t:% 

7.7051 

6.5558 
6.2104 
6.0085 
5.7544 

7.3590 

5.5872 
5.4101 
5.0666 
4.8661 

7.1565 

4.6141 
4.4486 
4.2736 
3.9350 
3.7382 
3.4917 
3.3304 
3.1606 
2.8344 
2.6464 
2.4131 
2.2619 
2.1042 
1.8062 
1.6380 
1.4335 
1.3039 
1.1715 
.9305 
.8006 
.6498 
,558s 
.4702 
.3214 
.2491 
.1733 
.1325 

966(-4) 
468(-4) 
g; 

;;;;I;; 
487(-6) 
102(-6) 
672(-8) 

5.7020 

6.5033 

5.5348 
5.3578 
5.0145 
4.8141 

6.1579 

4.5623 
4.3969 
4.2221 
3.8839 

5.9561 

3.6874 
3.4413 
3.2804 
3.1110 
2.7857 
2.5984 
2.3661 
2.2158 
2.0!590 
1.7632 
1.5965 
1.3943 
1.2664 
1.1359 
.8'992 
.7'721 
A'252 
.5370 
.4513 
.3084 
.2394 
.1677 
.1292 

955(-4) 
;;$I;; 
160(-4) 
982(-5) 
552(-5) 
149(-5) 
gf; 1;; 
534(-7) 
151(,-7) 

4.6142 
4.4487 
4.2737 

5.4101 

3.9352 
3.7383 
3.4919 

5.0666 

3.3307 
3.1609 
2.8348 
2.6469 

4.8661 

2.4137 
2.2627 
2.1051 
1.8074 
1.6395 
1.4354 
1.3061 
1.1741 
.9339 
.8046 
.6546 
.5643 
.4763 
.3287 
.2570 
.1818 
.1412 
.1055 

551(-4) 
;g;:;; 
120(-4) 
695(-5) 
;;;;I:; 

~~~~~~~ 
365(-7) 
307(-8) 

3.4413 
3.2804 
3.1110 

4.2221 

2.7858 
2.5985 
2.3662 
2.2159 

3.8839 

2.0591 

3.6874 

1.7633 
1.5966 
1.3944 
1.2666 
1.1361 
.8995 
.7725 
.6256 
.5375 
.4519 
.3091 
.2402 
.1685 
.1300 

963(-4) 
494(-4) 
315(-4) 
166(-4) 
103(-4) 
g$-;,' 

821(-7) 
274(-7) 
226(-8) 

can be avoided, if data from more than one ob- 
servation well are available, by preparing a 
composite data plot of s versus t/r’. This data 
plot would be matched by adding the constraint 
that the r values for the different data curves 
representing each well fall on proportional p 
curves. 

The “late” data (for large values oft) can be 
analyzed using equations 16, 17, and 18; these 
equations are forms of summaries 1, W(u), and 
4, L(u, u). However, for cases 1 and 3, the late 
data fall on the flat part of the L(u,u) curves 
and a time-drawdown plot match would be in- 
determinate. Thus, only a distance-drawdown 

c 
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match could be used. Drawdown predictions, 
however, could be made using the L(u, LJ) 
curves. 

Assumption 5, that no drawdown occurs in 
the source beds, has been examined by Neu- 
man and Witherspoon (1969a, p. 810, 811) for 
the situation in which two aquifers are sepa- 
rated by a less permeable bed. This is equiva- 
lent to case 3 with K”=O and S”=O. They 
concluded that (l)H(u#), in the asymptotic so- 
lution for early times, would not be affected 
appreciably because the properties of the 
source bed have a negligible effect on the solu- 
tion for TtPS G 1.6 /3’I(rtB )‘, which is equiva- 
lent to t s S ‘b ‘/lOK ‘, where B =dTb ‘IK ‘; and 
(2) if T,q > lOOT, where TX represents the trans- 
missivity of the source bed, it is probably jus- 
tified to neglect drawdown in the unpumped 
aquifer. 

Table 5.2 is a listing of a FORTRAN program 
for computing values of H(uJ3) for u 3 lO+O 
using a procedure devised and programed by S. 
S. Papadopulos. Input data for this program 
consists of three cards. The first card contains 
the beginning value of llu, coded in columns 
l-10, in format E10.5, and the ending (largest) 
value of l/u, coded in columns 11-20, in format 
E10.5. The next two cards contain 12 values of 
p, coded in columns l-.10, 11-20, . . . , and 
71-80 on the first card and columns l-10, 
11-20, . . . , 31-40 on the second card, all in 
format E10.5. The function is evaluated as fol- 
lows (S. S. Papadopulos, written commun., 
1975): 

J 

x 

H(u,P) = (e-“ly) erfc @-\/;ll -1) dy 
U 

J 

x 
= fdy, 

U 

where f represents the integrand. For p=O, 
H(u,P)=W(u), where W(U) is the well function 
of Theis. Because erfch) c 1 for x 20, it follows 
thatH(u,P)<W(u), and for u>lO, W(u)=0 and 
therefore for u>lO, H(u,fi)=O. The tables of 
H(u,@) indicate that H(u$)=O for p>l and 
/3’u >300. For an arbitrarily small value of U, 
the integral can be considered as the sum of 
three integrals 

~ lfdy =[‘fdy +[‘fdy +[fdy , 

where u2 = (u/2)(1 + d 1+1020p2/u), 

and UI = (u/2)(1 + v 1+0.025 6*/u). 

The significance of us and u, is that 
erfc (PVC2 -I> = 1 for u >u2 

and 
erfc <pVZl$&G)) = 0 for u<u,. 

Therefore, 

I 

UI 
f&=0, 

u 
and 

/ 

x 
f dy = W&I, 

u.2 

where W(u2) is the well function of Theis. The 
function can be evaluated as 

H(u,/9 = W(u) for u > uf 

I 

u2 
H(u,fi) = fdy + W(u,)foru, <u <u2 

U 

/ 

Uq 

and H(u,p) = f dy + W(Q) for u < u, . 
UI 

If u2 > 10, then 

j-:‘idy;IT’dy,Wluz,-0. 

An example of output from this program is 
shown in figure 5.3. 

/ Solution 6: Constant discharge 

If 
rom a partially penetrating well 

in a leaky aquifer 
I 
, Assumptions: 

1. Well discharges at a constant rate, &. 
2. Well is of infinitesimal diameter and is 

screened in only part of the aquifer. 
3. Aquifer has radial-vertical anisotropy. 
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O.lOnE O? 
n.150E 02 
0.20OE 02 
0.30OE 07 
P.fiOoE 02 
0.700E 02 
@.lOOf 03 
0.150E 03 
n.2OnE 03 
0.300E 03 
0.50nE 03 
0.7@OE 03 
O.lOOE 04 
P.15nE 04 
n.20OE 04 
P.300E 04 
n.50nE 04 
n.70nE 04 
O.lOOE 05 
(\.150E 05 
O.ZOOE 05 
0.30f-IE 05 
0.5OOE 05 
0.70nE 05 
n.loOE @h 
0.150E 06 
f-?.?OPE 04 
0.30nE 06 
n.50OE 06 
0.700E 06 
0.100E 07 
0.15PE 07 
n.200E 07 
0.30nE 07 
C.5POE 07 
0.70F)E 07 
O.lOnE O@ 
0.150E OF 
0.20QE 08 
0.300E OR 
n.S@nE OR 
n.7onE OR 
n.10nE 09 
0.35oE 09 
v.20nE 09 
o.3onE 09 
(1.50flE 09 
f3.70rlE 09 
0.10PE 10 

I GETA 
1/u I n.3oE-01 

1.6667 
1.9953 
2.2308 
2.5626 
2.9759 
3.342d 
3.5196 
3.8256 
4.0369 
4.3259 
4.6754 
4 .R969 
5.1247 
5.3756 
5.548% 
5.7971 
4.07t)7 
6.2565 
6.4623 
6.6R16 
6.4353 
7.n49t? 
7.3170 
7.4915 
7.6754 
7.9H34 
8.0304 
R.2369 
ES.4960 
8.6662 
8.8463 
9.0507 
9.1955 
9.3995 
9.6560 
9.8349 

10.003A 
10.2070 
10.3512 
10.5543 
10.9101 
10.978s 
11.1570 
11.3599 
Il.5039 
11.7067 
11.9622 
12.1305 
12.3089 

O.lOF 00 
1.3P94 
1.6531 
1.8401 
2.1010 
2.4228 
P.6296 
2.8443 
3.0A.26 
3.2483 
3.4775 
3.7598 
3.9425 
&.133F! 
4.34Rh 
4.4996 
4.7109 
4.9747 
5.1474 
5.3297 
5.5361 
5.6i(21 
5.8874 
6.1454 
6.3149 
6.4944 
6.6983 
6.84?7 
7.0462 
7.3024 
7.4710 
7.6497 
7.8528 
7.9968 
5.1998 
8.4554 
8.6237 
6.8012 
9.00~0 
9.1489 
9.3517 
9.6072 
9.7754 
9.9538 

10.1564 
10.3004 
10.5032 
10.75E5 
lo.9269 
11.1052 

0.3OF 00 I!.lf)F n1 
0.9356 0.3Q7t-l 
1.1203 O.Sc)lO 
1.2536 O.SH12 
1.4435 0.7023 
1.6853 cI.R677 
1.b457 0.9b36 
2.0164 1.1127 
2.2112 I.2647 
2.3499 1.3767 
2.5459 1.5394 
2.7938 I .7516 
2.4576 I. .RY53 
3.1317 2.0507 
3.3301 2.2306 
3.4712 F.3603 
3.6704 2.5452 
3.9220 2.7814 
4.OFj80 2.939h 
4.2h43 3.1082 
4.4650 3.3014 
4.6076 3.4394 
4.8067 3.h349 
5.0624 3.PH27 
5.2297 4. (1467 
5.4072 4.2212 
5. h040 4.4203 
5.7523 4.5617 
5.9544 4.7615 
6.21’91 5.3141 
6.3770 5.1HO7 
6.5549 5.3576 
6.7573 5.5599 
6.9010 5.7016 
7.1034 S.QO35 
7.3534 5.1578 
7.5267 6.3255 
7.7049 r-.503? 
7.9075 6.7(,55 
6.0517 6.P+90 
H.2539 7.0513 
8.5092 7.3063 
8.3773 7.4744 
13.H556 7.6G?5 
9.0503 7.A550 
9 .2021 7.44RR 
9.4048 P.?Olh 
9.6602 Fs.4546 
9.8264 8.6248 

lo.0067 R.Hfl?l 

0.3OF 01 
0.396F3 
0.137= 
n.1733 
0.2320 
0.3214 
0.3ti97 
0.4702 
0.5717 
0.64Yt? 
0.7683 
0.9305 
1.0447 
1.1715 
1.3225 
1.433'; 
1.5q51 
1 . G.fj62 
1.9434 
2.104? 
2.2937 
2.4131 
2.5473 
2.b7bii 
2.99?1 
3.1606 
3.353? 
3.4417 
3.SQ7i 
3.9351 
4.DY91 
4.273n 
4.4726, 
4.5141 
4.~1~1 
5. :J65,; 
5.?33? 
5.41rrl 
5.hllA 
5.75&4 
5.9561 
4.%lcir 
6.3761 
b,6SL;4 
h.75dl 
6.9016 
7.10'+n 
7.353" 
7.527~1 
7.7052 

FIGURE 5.3.-Example of output from program for computing drawdown due to constant discharge from a 
well in a leaky aquifer with storage of water in the confining beds. C 
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4. Aquifer is overlain, or underlain, 
everywhere by a confining bed hav- 
ing uniform hydraulic conductivity 
(K’) and thickness (b’). 

5. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

6. Hydraulic gradient across confining bed 
changes instantaneously with a 
change in head in the aquifer (no re- 
lease of water from storage in the 
confining bed). 

7. Flow is vertical in the confining bed. 
8. The leakage from the confining bed is 

assumed to be generated within the 
aquifer so that in the aquifer no ver- 
tical flow results from leakage alone. 

Differential equation: 

Xsldr2 + Ilr adar + az!a2daz2 - sK’lTb’ 

= SIT adat 

a2 = KJK, 

B 
This is the differential equation describing 

nonsteady radial and vertical flow in a 
homogeneous aquifer with radial-vertical 
anisotropy and leakage proportional to draw- 
down. 

Boundary and initial conditions: 
s(r,z,O)=O, r 20, O~z~b (1) 
s(w,z,t)=O, Oszsb, ts0 (2) 
as(r,O,t)/a2=0, rZ=O, t*O (3) 
as(r,b,t)laz=O, r?=O, t>O (4) 

as \ '7 for0 <z <d 
lim r -= -&/(2rK,.(Z-d)), ford < .z < 1 (5: 
r-0 ar 1 0 > for1 <z <b 

Equation 1 states that, initially, drawdown 
is zero. Equation 2 states that drawdown is 
small at a large distance from the pumping 
well. Equations 3 and 4 state that there is no 
vertical flow at the upper and lower boundaries 
of the aquifer. This means that vertical head 
gradients in the aquifer are caused by the 
geometric placement of the pumping well 
screen and not by leakage. Equation 5 states 
that near the pumping well the discharge is 

1 

distributed uniformly over the well screen and 
that no radial flow occurs above and below the 
screen. 

Solution: 
I. For the drawdown in a piezometer, a so- 

lution by Hantush (1964a, p. 350) is given by 

s = &14vT{W(u,p) + f(u,arlb,/3,dlb,l/b,zlb)}, 

where X P’ 

W(u,P) = 
/ 

emY-q 
Y dy 

u 
r’s 

U=4Tt 

a=- 

f(u,arlb,p,dlb,llb,zlb) 
= 2bl&-d) 2 lln(sin n&lb - sin nrdlb) 

ll=l 

.cos(nrrzlb)W u,d/32+(nvarlb)2 . > 

II. For the drawdown in an observation 
well 

s = &/4~rT{W(u,/3) 

+ f(u,arh,/3,dlb,llb,d’lb,l’lb)}, 
where 

f (u,arlb,~,dlb,llb,d’/b,l’lb) 

= 2b’l+(1 -d)(l’ -d’) 

. $ l/n’(sin nnllb - sin nvdlb) 
ll=l 

(sin nd’lb-sin nrrd’lb) W(u,t/p’ + (nnarlb)‘) 

Comments: 
The geometry is shown in figure 6.1. The dif- 

ferential equation and boundary conditions are 
based on the assumption that vertical flow in 
the aquifer is caused by partial penetration of 
the pumping well and not by leakage. Hantush 
(1967, p. 587) concluded that this assumption is 
correct if bm < 0.1. The solutions are 
based on a uniform distribution of flow over the 
screen of the pumped well. Depending on fric- 
tion losses within the well, a more realistic as- 
sumption might be constant drawdown over 
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Pumping well 

Q Observation 

I 
well 

p GrounJ1 surface, 3 

b’ 

F 
b 

Piezometer 

d’ 

‘1 
/ 

I I / / 
Impermeable bed 

/ I I / 
FIGURE 6.1.-Cross section through a discharging well that is screened in part of a leaky aquifer. 

I 
the screen of the pumped well; this assumption 
would imply nonuniform distribution of flow. 
Hantush (1964a, p. 351) postulates that the ac- 
tual drawdown at the face of the pumping well 
will have a value between these two extremes. 
The solutions should be applied with caution at 
locations very near the pumped well. The ef- 
fects of partial penetration are insignificant for 
r>1.5 b/a (Hantush, 1964a, p. 3501, and the 
solution is the same for the solution 4. 

Because of the large number of variables in- 
volved, presentation of a complete set of type 
curves is impractical. An example, consisting 
of curves for selected values of the parameters, 
is shown in figure 6.2 on plate 1. This figure is 
based on function values generated by a FOR- 
TRAN program. 

The computer program formulated to com- 
pute drawdowns due to pumping a partially 
penetrating well in a leaky aquifer is listed in 
table 6.1. Input data to this program consists of 
cards coded in specific FORTRAN formats. 
Readers unfamiliar with FORTRAN format 

items should consult a FORTRAN language 
manual. The first card contains: aquifer thick- 
ness (b), coded in format F5.1 in columns 1-5; 
depth, below top of aquifer, to bottom of pump- 
ing well screen ( 1 ), coded in format F5.1 in col- 
umns 6-10; depth, below top of aquifer, to top 
of pumping well screen (d), coded in format 
F5.1 in columns ll- 115; number of observation 
wells and piezometers, coded in format 15 in 
columns 16-20; smallest value of l/u for which 
computation is desired, coded in format E10.4 
in columns 21-30; largest value of l/u for 
which computation is desired, coded in format 
E10.4 in columns 311-40. The next two cards 
contain 12 values of rlB, all coded in format 
E10.5, in columns l-10, 11-20, 21-30, 31-40, 
41-50, 51-60, 61-70, and 71-80 of the first 
card and columns L-10, 11-20, 21-30, and 
31-40 of the second card. Computation will 
terminate with the first zero (or blank) value 
coded. Next is a series of cards, one card per 
observation well or piezometer, containing: ra- 
dial distance from the pumped well multiplied 

- 

f 
I’ 

I 

i - 
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by the square root of the ratio of vertical to in columns 11-15. Output from this program is 
horizontal conductivity Crm, coded in a table of function values. An example of the 
format F5.1 in columns 1-5; depth, below top of output is shown in figure 6.3. 
aquifer, to bottom of observation well screen Because most aquifers are anisotropic in the 
(code blank for piezometer), coded in format r-z plane, it is generally impractical to use 
F5.1, in columns 6-10; depth, below top of this solution to analyze for the parameters. 
aquifer, to top of observation well screen (total However, it can be used to predict drawdown if 
depth for a piezometer), coded in format F5.1, the parameters are determined independently. 
W(U,R/BR)+F(U,R/B,R/BR,L/BIZ/R)r Z/B= 0.501 SQRT(KZ/KR)"R/B= 0.10~ L/R= 0.709 D/B= 0.30 

I R/RR 
l/U I 

O.lOOE 01 
0.150E 01 
0.200E 01 
0.300E 01 
0.500E 01 
0.700E 01 
O.lOOE 02 
0.150E 02 
0.200E 02 
0.3OOE 02 
0.500E 02 
n.700E 02 
O.lOOE 03 
0.150E 03 
0.200E 03 
0.300E 03 
0.500E 03 
0.700E 03 
O.lOOE 04 
0.15nE 04 
0.2OOE 04 
0.300.5 04 
0.5ooE 04 
0.700E 04 
n.lOOE OS 

O.lOE-05 O.lOE-04 
0.5470 0.5478 
0.9901 0.9901 
1.3804 1.3804 
2.0043 2.0043 
2.8381 2.8381 
3.373-l 3.3737 
3.9049 3.9049 
4.4488 4.448# 
4.7951 4.7951 
5.2379 5.2379 
5.7539 5.7539 
6.0864 6.0R64 
6.4390 6.4390 
6.8411 6.R411 
7.1271 7.1271 
7.5309 7.5309 

O.lOE-03 
0.5478 
0.9901 
1.3004 
2.0043 
2.8381 
3.373-l 
3.9049 
4.4480 
4.7951 
5.2379 
5.7539 
6.0864 
6.4390 
6.8411 
7.1271 
7.5309 
8.0404 
0.3763 
6.7326 
9.1377 
9.4252 
9.8305 

10.3412 
10.6776 
11.0343 

O.lOE-02 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9049 
4.44RR 
4.7951 
5.2379 
5.7539 
6.0864 
h.4389 
6.8411 
7.1271 
7.5309 
8.0403 
0.3762 
8.7323 
9.1373 
9.4247 
9.8298 

10.3400 
10.6759 
11.0318 

O.lOE-01 O.lOE 00 O.lOF: 01 
0.5478 0.5468 0.4431 
0.9900 0.9878 0.7072 
1.3803 1.3764 1.039B 
2.0042 1.9964 1.3767 
2.8379 2.8221 1.6931 
3.3735 3.3499 l.RlSY 
3.9046 
4.4483 
4.7944 
5.2369 
5.7525 
6.0844 
6.4363 
4.8372 
7.1220 
7.5233 

4.7291 ii9143 
5.1455 1.9155 
5.h135 
5.9001 
6.1859 
6.4816 
6.4669 
6.8854 
7.07AB 
7.1556 

O.lOE 02 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 

3.8700 1.8A26 
4.3975 1.9n94 

1.9155 
1.9155 
1.9155 
1.9155 
1.9155 

0.0001 
0.0001 

8.0404 8.0404 
0.3763 8.3763 

0.0001 
0.0001 
0.0001 

8.7326 
9.1377 
9.4252 
9.8305 

10.3412 
10.6776 
11.0343 

8.7326 
9.1377 
9.4252 
9.8305 

10.3412 
10.6776 
11.0343 

8.0278 
8.35AR 
8.7076 
9.1005 
9.375n 
9.7568 

10.2199 
10.5099 
10.7990 

7.2002 
7.2199 
7.2239 
7.2250 
7.2251 
7.2251 
7.2251 

1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 

0.0001 
0.0001 
0.0001 
o.oon1 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 

Y~UIR/BR)+F~UIR/@~R/BRIL/B,D/B~L'/R,D(/B~L'/R*D'/B), L'm= 0.51r D*/R= n.49* SORT(KZ/KR)QR/R= O.lO* 
L/B= 0.701 D/H= 0.30 

I R/rjR 
l/U I O.lOE-05 O.lOE-04 O.lOE-03 O.lOE-02 O.lOE-01 O.lOE 00 O.lOE 01 O.lOE 02 

O.lOOE 01 0.5477 0.5477 0.5477 0.5477 0.5477 0.5468 0.4631 0.0001 
O.lSOE 01 0.9899 0.9A99 0.9899 0.9899 0.9899 0.9876 0.7871 0.0001 
0.200E 01 1.3801 1.3801 1.3801 1.3801 1.3801 1.3761 1.0396 0.0001 
0.300E 01 2.0038 2.0038 2.0038 2.0038 2.0037 1.9959 1.3764 0.0001 
0.500E 01 2.8372 2.0372 2.8372 2.0372 2.8371 2.8213 1.6927 0.0001 
0.700E 01 3.3727 3.3727 3.3721 3.372-l 3.3725 3.348A l.Al53 0.0001 
O.lOOE 02 3.9037 3.9037 3.9037 3.9037 3.9034 3.BhBR l.RA21 0.0001 
O.lSOE 02 4.4475 4.4475 4.4475 4.4475 4.4470 4.39hE 1.9089 0.0001 
n.20oiz 02 4.7937 4.7937 4.7937 4.7937 4.7930 4.7277 1.9138 0.0001 
0.300E 02 5.2365 5.2365 5.2365 5.2365 5.2356 r-r.1441 1.9150 0.0001 
0.500E 02 5.7525 5.7525 5.7525 5.7525 5.7511 5.6122 1.9150 0.0001 
0.70nE 02 6.0850 6.0850 6.0850 6.0849 6.OA30 5.8907 1.9150 0.0001 
O.lOOE 03 6.4376 6.4376 6.4376 6.4375 6.4349 6.1845 1.9150 0.0001 
0.150E 03 6.13397 6.0397 6.8397 6.8397 6.835R 6.4802 1.9150 0.0001 
0.200E 03 7.1257 7.1257 7.1257 7.1257 7.1206 6.6655 1.9150 0.0001 
0.300E 03 7.5295 7.5295 7.5295 7.5295 7.5219 6.8840 1.9150 0.0001 
0.500E 03 B.0390 8.0390 8.0390 8.0389 8.0264 7.0775 1.9150 0.0001 
n.700E 03 a.3749 8.3749 8.3749 8.3748 6.3574 7.1542 1.9150 u.0001 
o.lonE 04 8.7312 0.7312 5.7312 8.7309 8.70h2 7.198e 1.9150 0.0001 
0.150E 04 9.1363 9.1363 9.1363 9.1359 9.n991 7.2185 1.9150 0.0001 
0.2OOE 04 9.4238 9.4238 9.4230 9.4233 9.3743 7.2225 1.9150 0.0001 
0.300E 04 9.B291 9.8291 9.8291 9.8284 9.7554 7.2236 -1.9150 0.0001 
0.500E 04 10.3398 10.3398 10.3398 10.3386 10.21R5 7.2237 1.9150 0.0001 
0.700E 04 10.6762 10.6762 10.6762 10.6745 10.508’; 7.2237 1.9150 0.0001 
O.lOOE 05 11.0329 11.0329 11.0328 11.0304 10.7976 7.2237 1.9150 0.0001 

FIGURE 6.3.-Example of output from program for partial penetration in a leaky artesian aquifer, 
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Solution 7: Constant drawdown in 
a well in a leaky aquifer 

Assumptions: 
1. Water level in well is changed instan- 

taneously by s, at t=O. 
2. Well is of finite diameter and fully pen- 

etrates the aquifer. 
3. Aquifer is overlain, or underlain, 

everywhere by a confining bed hav- 
ing uniform hydraulic conductivity 
(K’) and thickness (b’). 

4. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

5. Hydraulic gradient across confining bed 
changes instantaneously with a 
change in head in the aquifer (no re- 
lease of water from storage in the 
confining bed). 

6. Flow in the aquifer is two dimensional 
and radial in the horizontal plane 
and flow in the confining bed is verti- 
cal. This assumption is approximated 
closely where the hydraulic conduc- 
tivity of the aquifer is sufficiently 
greater than that of the confining 
bed. 

Differential equation: 

a2slar2 + (1lrMslar - SK’lTb’ = WT)aslat 

This differential equation describes nonsteady 
radial flow in a homogeneous isotropic confined 
aquifer with leakage proportional to draw- 
down. 

Boundary and initial conditions: 

s(r,O)=O, r30 
s(r,,.,t)=s,,, tZ0 
s(q)=O, tso 

(1) 
(2) 
(3) 

Equation 1 states that, initially, drawdown 
is zero. Equation 2 states that at the wall or 
screen of the discharging well, drawdown in 
the aquifer is equal to the constant drawdown 
in the well, which assumes that there is no en- 
trance loss to the discharging well. Equation 3 
states that the drawdown approaches zero as 
distance from the discharging well approaches 
infinity. 

Solutions (Hantush, .1959): 
I. For the discharge rate of the well, 

where 
Q = 2~Ts,cG(w,cIB), 

G(a,r,,/B) = (r,,/B)K,(r,,lB)lK,(r,,lB) 

+(4/$) exp [ -a(rJB)2] 

/ 

- [uexp(--au’)i[$ (U) + Y,’ (U) ]I 
0 

. duI[u’ + (r,c~B)PIP 

and a = TtlSr,f , 

B=m. 

K, and K, are zero-order and first-order, re- 
spectively, modified Bessel functions of the sec- 
ond kind. JO and YO are the zero-order Bessel 
functions of the first and second kind, re- 
spectively. 

II. For the drawdown in water level 

s = s,,.(K,,(r/B )/K,,(r,,./B) 

J 
X 

+(2/n)exp(-ar,,‘lU”) exp (-au’) 
o u’ + (r,,./B)’ 

with cy, B, K,,, Jo, and YO as defined previously. 
Comments: 

A cross section through the discharging well 
is shown in figure 7.1. The boundary conditions 
most commonly apply to a flowing artesian 
well, as is shown in this illustration. 

Figure 7.2 on plat,e 1 is a plot of dimension- 
less discharge (G(c-u,r,,lB)) versus dimension- 
less time ((~1 from data of Hantush (1959, table 
1) and Dudley (1970, table 2). Selected values 
of G(cu,r,,.lB) are given in table 7.1. The corre- 
sponding data curve should be a plot of ob- 
served discharge versus time. The data curve is 
matched to figure 7.2 and from match points 
(cx,G(Cy,r,,.lB)) and (t,Q), T and S are computed 
from the equations 
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Sand under constant head 
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Impermeable bed 
I I 
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FIGURE 7.1.-Cross section through a well with constant drawdown in a leaky aquifer. 

T = &/(2~s,,.G(a,r,,lB)l 

and S = Ttl(c&). 

Figure 7.3 on plate 1 contains plots of dimen- 
sionless drawdown (s/s,~) versus dimensionless 
time (W 9/r*) !, . The corresponding data plot 

would be observed drawdown versus observa- 
tion time. Matching the data and type curves 
by superposition and choosing convenient 
match points (sIs,,,cu-,:IP) and (s,t), the ratio of 
transmissivity to storage coefficient can be 
computed from the relation 

T/S = (ar~lr*)(r”lt). 

Figure 7.3 was plotted from function values 
generated by a FORTRAN program. This pro- 
gram is listed in table 7.2. The input data for 
this program consist of three cards coded in 
specific formats. Readers unfamiliar with 

FORTRAN format items should consult a 
FORTRAN language manual. The first card 
contains: the smallest value of alpha for which 
computation is desired, coded in format E10.5 
in columns l-10; the largest value of alpha for 
which computation is desired, coded in format 
E10.5 in columns 11-20. The output table will 
include a range in alpha spanning these two 
values up to a limiting range of nine log cycles. 
The second card contains 13 values of r,,.lB. 
These coded values are the significant figures 
only and should be greater or equal to 1 and 
less than 10. The power of 10 by which each of 
these coded values is multiplied is calculated 
by the program. Zero (or blank) coding is per- 
missible, but the first zero (or blank) value will 
terminate the list. The 13 values, all coded in 
format F5.0, are coded in columns 1-5, 6-10, 
11-15, 16-20, 21-25, 26-30, 31-35, 36-40, 
41-45, 46-50, 51-55, 56-60, and 61-65. The 
third card contains the radius of the control 
well and distances to the observation wells. 
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OL 

TABLE 7.1.-Values of G(a,r,IB) 

[Values for rJB =z lx lo-’ and a P 1x10’ are from Hantush (1959, table 11, others are from Dudley (1970, table Z,] 

rlom 

0 6 x 10-Z 1x10-’ 2x10-~ 6x 1O-2 1 x10-1 2x 10-1 6x10-’ 1x100 

1 x10-1 2.24 2.24 2.24 2.25 2.25 2.25 2.26 
^ ^_ 
z.31 2.43 

: 1.71 1.23 1.71 1.23 1.71 1.23 1.71 1.23 1.72 1.23 1.72 1.24 1.73 1.25 1.81 1.38 
1.96 
1.61 

1 x 100 ,983 983 -983 .984 .986 ,990 1.01 1.18 1.49 .--- ._-- _~ 

2 .800 ,628 .800 ,628 ,800 .628 .801 .629 .804 ,633 .809 .642 ,834 ,682 1.07 1.01 1.44 1.43 
1 x 10’ ,534 ,534 ,534 ,535 .! 541 .554 ,611 
2 .461 ,461 .461 .462 ,472 .491 .569 
5 -389 -389 .389 ,390 .407 .438 ,548 
i x 10’ 1346 .346 .346 ,349 ,374 ,417 ,545 

: .274 ,311 .311 .275 .312 .276 .316 ,284 .353 .341 .408 .406 
1 x lo3 .251 .252 .255 .266 .339 
2 .232 .234 ,239 .255 
iI .210 ,215 .222 .249 
1 x 104 ,196 ,204 .216 .248 

i ,185 .170 ,197 ,192 .213 ,212 
1 x 105 ,161 .191 

!i .152 ,143 
1 x lo6 .136 

; .130 ,123 ,191 ,212 3248 ,339 .406 ,545 1.01 1.43 

r=JB 
a 0 1x10-3 2x 10-s 6xWs 1 x lo-’ 2x 10-a 6x10-’ 1x10-3 2x 10-S 

1x104 
2 
5 
i x105 

f 
1 X106 

; 
1 X10' 

0.196 
,185 
.170 
,161 
,152 
.143 
,136 
,130 
.123 
.118 

0.196 0.196 
.185 .185 
.170 ,170 
.161 .I61 
,152 .152 
.143 .143 
,136 .136 
,130 ,130 
.123 ,123 
,118 .118 

0.196 
.185 
.170 
.161 
,152 
.143 
,136 
.130 
.123 
.118 

0.196 0.196 0.196 0.196 0.197 
.185 .185 .185 .185 ,185 
,170 .170 ,170 .170 .I73 
,161 ,161 .162 ,162 ,167 
.152 .152 ,153 .155 ,163 
.143 .143 ,144 ,148 ,161 
,136 ,137 .139 ,144 ,159 
,130 .131 .135 .143 .159 
,123 ,124 ,133 ,142 .158 
.118 .120 

E .114 ,108 .114 .114 .108 .114 .108 .114 .116 

1 XIOR ,104 :::: .104 .105 ::A: 
: ,100 .0958 ,100 .0958 .lOl .0966 ::i; .107 

1 x 109 .0927 .0930 .0943 

f .0899 .0864 .0906 .0880 .0927 .0916 
i x 10’0 .0838 .0867 .0914 
2 .0814 .0862 
5 .0785 .0860 
1 x 10” .0764 .0860 .0914 .102 .107 ,116 ,133 ,142 ,158 
2 
5 

The control well radius (r,,.) is coded first, in 
columns 1-8 in format F8.2. The distances b-1 
to the observation wells (maximum of nine) are 
coded next, in monotonic increasing order 
(smallest r first, largest r last), in columns 
9-16, 17-24, 25-32, 33-40, 41-48, 49-56, 
57-64, 65-72, and 73-80, all in format F8.2. If 
two or more observation wells have the same 
distance, this common distance should be coded 
only once, the function values will apply to all 
wells at the same distance from the control 

well. If the number of observation wells is less 
than nine, the remaining columns on the card 
should be left blank. 

The integral in equation 4 is approximated 
by 

I 

x 
f(u,a,r,,/B) dn :L 

0 
8000 

I: f(-Art/2 + iAu,a,r,,lBJ Au . 
i=l 
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This expression is a composite quadrature with 
equally spaced abscissas. The abscissas are 
chosen at the midpoints of the intervals instead 
of the ends because the integrand is singular at 
u =O. The value of Au used is related to OL and is 
Au < lo-:j/&-. Th e r,,.lB values then selected 
by the program satisfy r,,.lB 2 10 Au. These two 
constraints, though empirical, are related to 
the behavior of the integrand; the first con- 
straint is related to the term e -au’as u becomes 
large, and the second to uI(u’ +(r,,./B)2) as u 
becomes small. 

The Bessel functions K,,(r/B ), K,,(r,,./B ) are 
evaluated by the IBM subroutine BESK. A de- 
scription of this subroutine may be found in the 
IBM Scientific Subroutine Package. 

The Bessel functions of the second kind in 
the integrand, Y,,(U) and Y,,(ur/r,,.), are evalu- 
ated using IBM subroutine BESY, which is 
discussed in IBM SSP manual. The Bessel 
functions J,,(u) and J,,(ur/r,,.) are evaluated for 
arguments less than four by a polynomial ap- 
proximation consisting of the first 10 terms of 
the series expansion 

J,,(x) = 2 (-1)” (x%?)“/(n!)“. u=O 

For arguments greater than or equal to four, 
the asymptotic expansion is used 

J,,(X) = P cos (x - 7i/4) + Q sin (X - n/4). 

P and Q are calculated by the algorithm used 
in IBM subroutine BESY. 

The output from this program consists of ta- 
bles of function values an example of which is 
shown in figure 7.4. 

Solution 8: Constant discharge 
from a fully penetrating well of 

finite diameter in a nonleaky 
aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of finite diameter and fully pen- 

etrates the aquifer. 
3. Aquifer is not leaky. 
4. Discharge from the well is derived from 

a depletion of storage in the aquifer 
and inside the well bore. 

Differential equation: 

%slW + (llr)War = (SIT)%/&, r‘3r,, 

This differential equation describes 
nonsteady radial flow in a homogeneous iso- 
tropic aquifer in the region outside the pumped 
well. 

Boundary and initial conditions: 
s(r,(., t) = SIC(t), t>O (1) 

S(X,t)=O, I?>0 (2) 
s(r, 0) = 0, rzr,, (3) 

s,,.(O) = 0 (4) 
(2~ro.T)as(r,,., t)lar-(.rrr~~)as,,.(t)lat 

= -Q,t>O (5) 

Equation 1 states that the drawdown at the 
well bore is equal to the drawdown inside the 
well, assuming that there is no entrance loss at 
the well face. Equation 2 states that drawdown 
is small at a large distance from the pumping 
well. Equations 3 and 4 state that, initially, 
drawdown in the aquifer and inside the well is 
zero. Equation 5 states that the discharge of 
the well is equal to the sum of the flow into the 
well and the rate of decrease in storage inside 
the well. 

Solution (Papadopulos and Cooper, 1967; 
Papadopulos, 19671: 

s = (&/4nT) F(u,a,p), 

where 

I 

x 
F(u,cu,p) = (8ah) 

0 

[(1-exp(-P”p’/4u)] [J,,(gp)A(B)-Y,,(pp)g(~)]d~ 
;[A(P)]’ + [B@)]“#‘, 

and 

B(P) = pJ,,(p)-2cuJ,(p), 
A(P) =/3Yo(P)-2aY,(/3), 

u = r’S/4Tt, 
a = r$Slr$, 

and p = r/r,,. . 

J,, and Y,,, J, and Y, , are zero-order and 
first-order Bessel functions of the first and sec- 
ond kind, respectively. 
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The drawdown inside the pumped well is ob- 
tained at r = r,c and can be expressed as 
(Papadopulos and Cooper, 1967, p. 242): 

SIC = (&/4nT) F(u,, ,a), 

where F(U,“,cx) = F(u,cr,l), 

and u,, = r,$‘l4tT. 

Comments: A cross section through the dis- 
charging well is shown in figure 8.1. The 
geometry, except for the region of the well bore, 
is the same as for solution 1 (Theis solution). It 
is apparent from figure 8.2 and 8.3 (on plate 1) 
that F(u ,a,~) approaches W(U), the 
Theis solution, as time becomes large. 

1 

Static level 

Papadopulos (1967, p. 161) stated that for 
t >2.5x lO”r,lT, or apYu> lo“, the function 
F(u,a,p) can be closely approximated by 
F(u,a,p) =W(U). Papadopulos and Cooper 
(1967, p. 242) stated that for t>2.5~ 10’ r,YT, 
or fflu,, > lo”, the function F(u,,,aY) can be 
closely approximated by F(u,, ,a) = W(u,,). An 
examination of the type curves and function 
values indicates that F(u,,,a)=W(u,,) (less 
than 5-percent error) for Q/U,, > lo’, and hence t 
should only be greater than 25 r,YT for draw- 
down in the pumped well. 

Figures 8.2 and 8.3 were prepared from func- 
tion values given in Papadopulos and Cooper 
(1967) and Papadopulos (1967), which are re- 
produced in table 8.1. For drawdown observa- 
tions in the pumped well, the method of 
analysis is to plot drawdown versus time and 

3 

f 

I( r- 
I 

Aquifer 

Impermeable bed 

FIGURE 8.1.-Cross section through a discharging well of finite diameter. 
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0 

1 rw2s 
u,=4Tt 

FKXJRE 8.2.-Five selected type curves ofF&.,a), and the Theis solution, versus l/u,. 

then superimpose the plot on figure 8.2. After 
match points of (s,t) and (F(u,,a), l/u,) are 
chosen, the transmissivity can be computed 
from the relation T=(Q/47rs) F(u,,c~). Then, 
the storage coefficient can be determined from 
S=(4Tt/r~)l(llu,). 

F&observations not in the pumped well, two 
procedures are available for analyzing the 
data. To analyze the data from a single obser- 
vation well, a family of type curves of F(u,a,p) 
versus l/u for different values of (Y can be plot- 
ted for the p value appropriate for the observa- 
tion well, using values in table 8.1. This proce- 
dure produces a family of type curves similar to 
that shown for p = 1 in figure 8.2. If p for the 
observation well is between p values in table 
8.1, function values can be interpolated. Using 
this approach, the data for the observation well 
are plotted as drawdown versus time and 
matched to the best-fitting member of the plot- 
ted type curves. Transmissivity and storage 
coefficient can be calculated from T = (Q/433-s) 
F(u,a,p) and S =(4Tt/r2)l(llu). 

Drawdowns at more than one observation 
point may be combined by preparing a compos- 
ite plot of the drawdowns at each observation 

well versus t/P. This composite plot would be 
analyzed by matching it to a family of type e 

curves ofF(u,a,p) versus l/u for constant CL An 
example of such a type-curve family for a! = lo-” 
is shown in figure 8.3. This method requires 
multiple sheets of t.ype curves, one sheet for 
each value of CL When the data curves are 
matched to the type-curve family, care should 
be taken to insure that the data for each well 
fall on the type curve having the appropriate p 
value. This will be possible for all the data for 
only one value of CL Transmissivity and storage 
coefficient are calculated from T = (&/47rs) 
F(u,a,p) and S =4T(W)l(llu). 

In both of these methods of plotting and com- 
paring data, an alte:rnate computation of stor- 
age coefficient is S =r:alr~. However, as 
pointed out by Papadopulos and Cooper (1967, 
p. 244), the shapes of type curves differ only 
slightly when (Y changes by an order of mag- 
nitude, therefore the determination of S is sen- 
sitive to choosing the “correct” curve. 
Papadopulos and Cooper (1967, p. 244) suggest 
that if S can be estimated within an order of 
magnitude, the valu’e of a! to be used for match- 
ing the data can be decided. 
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The early parts (short time) of the curves in 
figure 8.2 are straight lines. According to 
Papadopulos and Cooper (1967, p. 244), these 
represent conditions under which all the water 
pumped is derived from storage within the 
well. The straight lines approached by the 
curves satisfy the equations 

F(u,,a) = (Y/U, 

and 

s, = &t/m: = 
volume of water discharged 

area of well 

Therefore, as pointed out by Papadopulos and 
Cooper (1067, p. 244), data that fall on this 
straight part of the type curves do not indicate 
information about the aquifer characteristics. 

Table 8.2 is a listing of two FORTRAN pro- 
grams by S. S. Papadopulos that evaluate 

FflJWvALPtiA) FOR AL .PHA= l.OOOOOE- 

uw INTEGRAL 

Z.OOOOOE 00 1.54210E 03 
1.00000E 00 3.08412E 03 
5.00000E-01 6.16789E 03 
2.00000E-01 1.54184E 04 
1.00000E-01 3.083316 04 
5.00000E-02 6.16529E 04 
2.00flooE-n2 1.54061E 05 

l.OOOOOE-02 3.07919E 05 
5.00000E-03 6.15138E 05 
2.00000E-03 1.53334E 06 
l.OOOOOE-03 3.05367E 06 
5.00000E-04 6.06085E 06 
2.00000E-04 1.48475E 07 

.04 

INTEGRAL ERROR 

-6.98844E-02 
-1;39817E-01 
-2.747756-01 
-i.97533E-01 
-1.39715E 00 
-2.71364E 00 
-6.97112E 00 
-1.39383E 01 
-2.78767E 01 
-6.82757E 01 
-1.38658E 02 
-2.76458E 02 
-6.79220E 02 

l.OOOOOE-04 2.88072E 07 -1.3078OE 03 
5.00000E-05 5.45352E 07 -2.50960E 03 
2.00000E-05 1.18065E 08 -5.40026E 03 

F(u,,cr) and F(u,a,p). The input data to both 
programs consists of cards coded in specified 
format (readers unfamiliar with FORTRAN 
language format should refer to a FORTRAN 
language manual). Input to the programs is 
one or more groups of data, each group of data 
consisting of two cards. The first card contains 
one value of alpha in columns l-10, coded in 
format E10.5. The program to evaluate 
F(u,a,p) also requires a value of rho on this 
card in columns 11-20. This value of rho, 
which must be greater than one, is also coded 
in format E10.5. The second card contains 16 
values of u coded in columns 1-5, 6-10, . . . , 
75-80 in format 16F5.0. The F(u,,a) or 
F(u,a,p) values will be printed in the order 
that the u values are coded. If less than 16 val- 
ues of u are desired, the remaining columns on 
the card may be left blank. Outputs from these 
two programs are shown in figures 8.4 and 8.5. 

F(UW,ALPHA) X(PEAK) YCPEAK) 

4.99991E-OS 
9.99956E-05 
1.9998OE-04 
4.99907E-04 
9.99695E-04 
1.99896E-03 
4.99507E-03 
9.98359E-03 
1.99445E-02 
4.97152E-02 
9.90083E-Ot 
1.96509E-01 
4.81397E-01 
9.3400BE-01 
1.7681BE 00 
3.828OOF 00 

5.9656lE-03 
C~.965hlE-03 
5.96561E-03 
5,96561E-03 
5.96560E-03 
5.96559E-03 
5.96559E-03 
5.965;4E-03 
!;.96549E-03 
5.96527E-03 
!<.96493E-03 
5.96425E-03 
5.96223E-03 
5,95886E-03 
5.952376-03 
5.93415E-03 

5.55886E 05 
1.11177E 06 
2.22353F 06 
5.55875E 06 
1.11173E 07 
2.22335E 07 
5.55764E 07 
1.11128E OH 
2.22157E 08 
5.54652E 08 
1.10684E 09 
2.20389E 1l9 
5.43712E 09 
1.06380E 10 
2.03734E 10 
4.49196E 10 

FIGURE 8.4.-Example of output from program for drawdown inside a well of finite diameter due to constant discharge. 

F(UIALPHA,RHO) FOR ALPHA= l.OOOOOE-OSr RHO= 2.00000E 00 

U INTEGRAL INTEGRAL ERROR F(U*ALPHA.RHO) 

9.99999900E-04 6.2927360OE 02 5.45096700E-01 3.20486300E-02 
5.00000000E-04 1.2R359500E 03 1.11649700E 00 6.5372R80OE-02 
1.99999900E-04 3.26376700~ 03 2.47402200E 00 l.h6222200E-01 
1.00000000E-04 6.55423000~ 03 3.31468400E 00 3.33803700E-01 
5.00000000E-05 1.300158OOE 04 3.53750700E 00 6.62164900E-01 
2.OOOOOOOOE-05 3.11692500E 04 3.54940500E 00 1.58743SOOE 00 
9.99999900E-06 5.79505700E 04 3.546022OOE On 2.95139600E 00 
4.999999ooE-06 1.01023500E 05 3.53222000E 00 5.1450830OE 00 
1.99999900E-06 1.78237100E 05 3.62140400E 00 9.07753300E 00 
1.00000000E-06 2.30897600E 05 3.66347000E 00 1.17S95100E 01 
4.99999900E-07 2.63222100E 05 3.hP847000E on 1.34057HOOF 01 
1.99999900E-07 2.8R201ROOE 05 3.521A0300E on 1.4677990nF 01 

FIGURE 8.5.-Example of output from program for drawdown outside a well of finite diameter due to constant discharge. ,_ 
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B 

Solution 9: Slug test for a 
finite-diameter well in a nonleaky 

aquifer 

Assumptions: 
1. A volume of water, V, is injected into, or 

is discharged from, the well instan- 
taneously at t = 0. 

2. Well is of finite diameter and fully pen- 
etrates the aquifer. 

3. Aquifer is not leaky, and flow is in ra- 
dial direction only. 

Differential equation: 

PhlW + (l/r> ahtar = (SIT) ahtat, r>r, 

This differential equation describes 
nonsteady radial flow in a homogeneous iso- 
tropic aquifer beyond the radius of the injected 
well. 

Boundary and initial conditions: 

h(r,,,t)=H(t), t>O 
h(m,t)=O, t>O 

(1) 
(2) 

27Tr 
I, 

T dW,,.,t) & rrr:-’ aH(t) , t>o 
dr ( dt 

(3) 

h(r,O)=O, r>r, (4) 
H(0) = H, = V/w,2 (5) 

Equation 1 states that the head change in 
the aquifer at the face of the well is equal to 
that inside the well; one assumes that there is 
no exit loss at the well face. Equation 2 states 
that the head change approaches zero as dis- 
tance from the discharging well approaches in- 
finity, a condition which will be approximated 
if boundaries of the aquifer are sufficiently dis- 
tant from the discharging well. Equation 3 
states that near the well the radial flow is 
equal to the rate of change in volume of water 
inside the well. Equations 4 and 5 state that 
initially the head change is zero in the aquifer, 
and the head increase or decrease inside the 
well is equal to H,. 

Solution (Cooper and others, 1967): 

h = OH&r)&r (expc-pu 2/(u> { J,(urlr,,) 

1 

. [uY”(u)- 2aY,(u) ] -Y,(ur/r,,) 
* [uJ&)- 24, W]) /A(u)) du, (6) 

where a =rLSlr,2, 
p = Ttlr,‘, 

and A(u) = [uJ,,(~)-2cuJ,(u)]~ 

+ [UY&L)-22LyYJu)]? 

Jo and Y,, J, and Y ,, are zero-order and first- 
order Bessel functions of the first and second 
kind, respectively. 

The head, H, inside the well, obtained by 
substituting r =rw in equation (6) is 

HIHo = J’(P,a), 

where 

I 

x 
F&4 = (8a/+) (exp(-pu’lcu)luA(u)) du 

0 
and where (Y, p, A(u) are as defined previously. 
Comments: Figure 9.1 is a cross section show- 
ing geometric configuration along the well 
bore. The volume of water injected into or dis- 
charged from the well is rr,“H,. The water- 
level data in the injected well, expressed as a 
fraction of Ho, is plotted versus time on semi- 
logarithmic graph paper. This plot is superim- 
posed on figure 9.2, keeping the baselines the 
same and sliding horizontally until a match or 
interpolated fit is made. A match point for /3, t, 
and (Y is picked from the two graphs. 
Transmissivity is calculated from T =pr: It and 
storage coefficient from S = ar:-lr$ . As pointed 
out by Cooper, Bredehoeft, and Papadopulos 
(1967, p. 2671, the determination of S by this 
method has questionable reliability because of 
the similar shape of the curves, whereas the 
determination of T is not as sensitive to choos- 
ing the correct curve. Figure 9.2 on plate 1 is 
plotted from data in table 9.1, which contains 
original material from two sources (Cooper and 
others, 1967; and Papadopulos and others, 
1973). 

Table 9.2 is a listing of a FORTRAN program 
by S. S. Papadopulos that evaluates F(&a>. 
Input to the program consists of cards coded in 
a specific format (readers unfamiliar with 
FORTRAN formats should refer to a FOR- 
TRAN language manual). Input consists of two 
or more cards, each containing a single value of 
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FIGURE 9.1.-Cross section through a well in which a slug of water is suddenly injected. 

(Y coded in format F16.5. The first a! s 0 will 
signal program termination. Output from the 
program is shown in figure 9.3. 

Solution 10: Constant discharge 
from a fully penetrating well in an 
aquifer that is anisotropic in the 

horizontal plane 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is anisotropic in the horizontal 

plane. 
4. Aquifer is not leaky. 
5. The transmissivity of the aquifer, T, is 

a two-dimensional symmetric tensor. 

Differential equation: 

T,, awaX + 2T,,awaxay + T,,awaf 
+ Q 6(x)6 (y) = sadat. 

This differential equation describes 
nonsteady flow in a homogeneous anisotropic 
aquifer with a constantly discharging well at 
x =y =O. The Dirac delta function is represented 
as 6(z) and has the following properties: a(z)=0 
if z#O and1-t G(z)& =l. 

Boundary and initial conditions: 

s(x,.y ,O)=O 
s(+a1,y $)=O 
s(x, w,t)=O 

(1) 
(2) 
(3) 
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TABLE 9.1.-Values of H/H, 
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From Cooper, Bredehoeft, and Papadopulos, 1967 

Ttlr,’ a lo-’ 10-t 10-J lo-’ 10-s 

1.00 
10-Z 2.15 

4.64 
1.00 

10-Z 2.15 
4.64 
1.00 

10-l 2.15 
4.64 
1.00 

100 2.15 
4.64 
7.00 
1.00 
1.40 

10' 2.15 
3.00 
4.64 
7.00 
1.00 

lo2 2.15 

0.9771 
.9658 
.9490 
.9238 
.8860 
.8293 
.7460 
.6289 
.4782 
13117 
.1665 
.07415 
.04625 
.03065 
.02092 
.01297 
.009070 
.005711 
.003722 
.002577 
.001179 

0.9920 
.9876 
.9807 
.9693 
.9505 
.9187 
.8655 
.7782 
.6436 

:ZZ(: 
.1086 
.06204 
.03780 
.02414 
.01414 
.009615 
.004919 
.003809 
.002618 
.001187 

0.9969 
.9949 
.9914 
.9853 
.9744 
.9545 
.9183 
.8538 
.7436 
.5729 
.3543 
.1554 
.08519 
.04821 
.02844 
.01545 
.01016 
.006111 

:8XE% 
.001194 

0.9985 
.9974 

:Ei 
.9841 
.9701 
.9434 
.8935 
.8031 
.6520 
.4364 
.2082 
.1161 
.06355 
.03492 
.01723 
.01083 
.006319 
.003962 
.002688 
.001201 

0.9992 
.9985 
.9970 
.9942 
.9883 
.9781 
.9572 
.9167 
.8410 
.7080 
.5038 
.2620 
.1521 
.08378 
.04426 
.01999 
.01169 
.006554 
.004046 
.002725 
.001208 

From Papaclopulos, Bredehoeft, and Cooper, 1973 

Ttlr,* a 10-e 10-7 

; 
1o-3 4 

x 

:: 
1o-2 4 

ii 

; 
10-I 

; 
8 

f 

100 

3” 
10' 4 

i 
8 

lo2 t 

0.9994 0.9996 
.9989 .9992 
.9980 .9985 
.9972 .9978 
.9964 .9971 

.9919 .9934 

.9848 .9875 

.9782 .9819 

.9718 .9765 

.9655 .9712 

.9361 .9459 

.8828 .8995 

.8345 .8569 

.7901 .8173 

.7489 .7801 

.5800 .6235 
.5033 

.3613 .4093 

.2893 .3351 

.2337 .2759 

.1903 .2285 

.1562 

.1292 

.1078 

.02720 

.01286 

.008337 

.006209 

.004961 

.003547 

.002763 

.001313 

.1903 

::E 
.03343 
.01448 
.008898 
.006470 
.005111 
.003617 
.002803 
.001322 

10-f 

0.9996 
.9993 
.9987 
.9982 
.9976 
.9971 
.9944 
.9894 
.9846 
.9799 
.9753 
.9532 
.9122 
.8741 
.8383 
.8045 
.6591 
.5442 
.4517 
.3768 
.3157 
.2655 
.2243 
.1902 
.1620 
.04129 
.01667 
.009637 
.006789 

.003691 

.002845 

.001330 

10-e 

0.9997 
.9994 
.9989 
.9984 
.9980 
.9975 

:if%i 
.9866 
.9824 
.9784 
.9587 
.9220 
.8875 
.8550 
.8240 
.6889 
.5792 
.4891 
.4146 
.3525 
.3007 
.2573 .2888 
.2208 .2505 
.1900 .2178 
.05071 .06149 
.01956 .02320 
.01062 
.007192 
.005487 
.003773 
.002890 
.001339 

10-10 

0.9997 
.9995 
.9991 
.9986 
.9982 
.9978 
.9958 
.9919 
.9881 
.9844 
.9807 
.9631 
.9298 
.8984 
.8686 
3401 
.7139 
.6096 
.5222 
.4487 
.3865 
.3337 

.01190 

.007709 

.005735 

.003863 

.002938 

.001348 
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F~BETAIALPHA) FOR ALPHA= l.OOD-01 

RETA Ii/HO 

1 .OOD-03 0.9769 
2.000-03 0.9670 
4.000-03 0.9528 
6.000-03 0.9417 
8.000-03 0.9322 
l .OOD-02 0.9236 
2*00D-02 0.8904 
4.000-02 0.8421 
6.00D-02 O.RO48 
?.OOD-02 0.7734 
1.009-01 0.7459 
2.000-01 0.6418 
4.009-01 0.5095 
6.000-01 0.4227 
R . 0 0 !J - 0 1 0.3598 
1.000 00 0.3117 
2.000 00 0.17H6 
3.00!) 00 0.1196 
4.00Ll 00 0.0876 
5.OOD 00 0.06Rl 
6 . 0 0 0 0 0 0.0553 
7.001) 00 0.0453 
R.OOD 00 0.0396 
9.001) 00 0.0346 
l.OOcJ 01 0.030t 
2.0011 01 0.0141 
3.000 01 0.0091 
4.0013 01 0.0067 
5.OOlJ 01 0.0053 
4.00!: 01 0.0044 
7 . 0 0 0 n 1 t-l.0037 
5.ono 01 n.0032 
9.000 01 0.0029 
l.OOi) 02 O.OO?h 
2. ooi', 02 0.0013 
4.0011 n,? 0.0006 
6.000 02 0.0on4 
9.000 02 n.0003 
l.oocJ (13 0.0003 

FIGURE 9.3.-Example of output from program to compute 
change in water level due to sudden injection of a slug of 
water into a well. 

Equation 1 states that, initially, drawdown 
is zero. Equations 2 and 3 state that the draw- 
down approaches zero as distance from the dis- 
charging well approaches infinity, a condition 
which will be approximated if boundaries of 
the aquifer are sufficiently distant from the 
discharging well. 

Solution (Papadopulos, 1965, p. 23): 

s = (&14r%T,,-T,2,) W(u,, ), (4) 

where 

W(u) = 
I 

0% 
(e-“/u) du 

U 

and 
u,, = (S/4t)(T,,yZ + Tuarx’ 

- 2T,,xyMT,,T,, - T&h (5) 

If the coordinate axes x and y are the same as 
the principal axes E and n (fig. 10.1) of the 
transmissivity tensor, the preceding equation 
for drawdown becomes 

s = (Q/471.-) Wb,, ), 
where 

U-l = (S/4t)(T,, n2 + T,,,, E%!‘,, T,, . 

Comments: The method of type-curve solution 
as outlined by Papadopulos (1965, p. 26) re- 
quires observation of drawdown in at least 
three observation wells. First, choose a conve- 
nient rectangular coordinate system with the 
pumped well at the origin. Then, plot the ob- 
served drawdown versus t on logarithmic 
paper. Match these plots to the W(u) type curve 
given in solution 1. Choose a match point of 
(t,s) and (l&,, W(u,,)) for each well and com- 
pub T,,T, -T& = (QW(u,,>/477~)~ for each 
well. Match points for all observation wells 
should yield approximately the same value of 
(T,,T,,-T&,). Usually they will not and 
judgment must be used to obtain an “average” 
value. Substituting this value and the three 
values of (x,y) in equation 5 gives three equa- 
tions in three unknowns ST,,, ST,,, and ST,,. 
These equations are of the form 

y2(ST,) + x2(ST,J - 2xy(ST,,) 

= 4tu,,(T,,T,, - T& 1. 

Solve these three equations to determine T,,, 
TSII, and T,, in terms of S, and S may be de- 
termined from 
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FIGURE lO.l.-Plan vie1 WE showing coordinate axes. 

S = d (STnST,, - W’.,,)*MT,,Tyy - T.&,X 

Then, compute T,, TIY, and T,, from ST,,, 
ST,,, and ST,,. T, , T,, , and 8 (the angle 
between the x and the E axis) may be calculated 
from the relations (Papadopulos, 1965, p. 28) 

T,, = 1/2(T,, + T,,+ U’,, - T,,)* 
+ 4T3’*) 

T,, = 1/2V,, + T,, -(CT,, - T,,)* 
+ 4T,2,)‘/*> 

8 = arctan ((T,, - T,,VT,,). 

/ 
/ 

/ 

4 
/ 0 

/ 
/Pumped I 

\ 
well 

X 

\ 

\ 

\ 

\ 

\ 

\ 
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Solution 11: Variable discharge 
from a fully penetrating well in a 

leaky aquifer 
Assumptions: 

1. Well discharge changes as a specified 
function of time. 

2. Well is of infinitesimal diameter and 
fully penetrates the aquifer. 

3. Aquifer is overlain, or underlain, 
everywhere by a confining bed hav- 
ing uniform hydraulic conductivity 
(K’) and thickness (b’). 
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4. Confining bed is overlain, or underlain, 
by an infinite constanthead plane 
source. 

5. Hydraulic gradient across confining bed 
changes instantaneously with a 
change in head in the aquifer (no re- 
lease of water from storage in the 
confining bed). 

6. Flow in the aquifer is two-dimensional 
and radial in the horizontal plane 
and flow in the confining bed is verti- 
cal. This assumption will be approx- 
imated closely where the hydraulic 
conductivity of the aquifer is suffi- 
ciently greater than that of the con- 
fining bed. 

Differential equation: 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso- 
tropic aquifer with leakage proportional to 
drawdown. 

Boundary and initial conditions: 

s(r,O)=O 
s(m,t)=O 

(1) 
(2) 

lim r 22 = - -$$+ , t b 0 
r-0 ar 

(3) 

Equation 1 states that, initially, drawdown 
is zero. Equation 2 states that drawdown is 
zero at large distances from the pumped well. 
Equation 3 states that near the pumped well 
the radial flow is equal to the discharge of the 
pumped well, which is a function of time. 

Solution: 
Solutions for certain discharge functions 

have been published by Abu-Zied and Scott 
(1963), and Werner (1946) for a nonleaky 
aquifer, and by Hantush (1964a) for both leaky 
and nonleaky aquifers. For arbitrary discharge 
functions for leaky aquifers, a solution using 
the convolution integral has been presented by 
Moench (1971, eq. 3): 

t 
s = (1/477-T) (Q(t’)l(t-t’)) 

. exp (-‘Ai(t-t’) - (t-t’)K’/Sb’)dt’, (4) 

where Q(t) is the discharge function of time 
and A = rZS/4T. A numerical integration 
scheme is generally necessary to evaluate the 
above equation. 

For type curves, a more useful form of equa- 
tion 4 is 

s = (QJ4rT) 
J 

t [&WY&, (t-t’)] 

. exp [JAi(t-t’)-(t-t’)K’Isb’]dt’, (5) 

or 
s = (QJ4nT) SO(t), (6) 

where SO(t), read “system output function,” 
represents the integral expression in equation 
5, and Q1- is an arbitrary discharge that elimi- 
nates dimension from the integral expression. 
For example, Qr could be the initial, final, or 
average discharge, according to the needs of 
the user. 
Comments: Figure Il.1 is a cross section 
through the discharging well. This situation is 
the same as for solution 4, except for the vary- 
ing discharge of the well. The effect of finite 
well radius (r,,) was :investigated by Hantush 
(1964b, p. 4224), who concluded that for 
t>25rT,SIT and r,l\m < 0.1 the draw- 
down could be represented closely by the con- 
volution integral. 

Figure 11.2 on plate 1 shows a selected set of 
type curves for linear change in discharge in a 
nonleaky aquifer. The solution for this type of 
discharge function has been presented by 
Werner (1946, p. 706). The discharge function 
for figure 12.2 is Q(t>=Q,(l+ct), and the re- 
sulting drawdown is 

s = (&,/4~~)W(u){l+ct[u+l-e-“/W(u)]}, 

where W(U) is the well function of Theis. Sub- 
stituting Alu fort in the above expression gives 

s = (&,/4nT) W(u) 
.(l+cA (1+(1/u) [l-e-‘/W(u)]}>, 

or 

s = (Q,,l47~T) SO(t), 

where SO(t) represents 

W(u)(l+cA {l+Ulzd [1-e-VW(u)]}). 

c 
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Q (t) 

FIGURE ll.l.-Cross section thro; 

b 
This substitution permits the plotting of a 

family of type curves, each curve specified by a 
value of CA. 

Table 11.1 is the listing of a FORTRAN pro- 
gram designed to evaluate the above convolu- 
tion integral for five different discharge func- 
tions. Three of these discharge functions are 
those devised by Hantush (1964a, p. 343,344), 
who presented solutions for drawdown result- 
ing from these functions. These three discharge 
functions are: 

(a) Q(t)=Q,y [l-t6 exp (-t/t*)], 

(b) Q(t)=Q,~[1+6/(1+t/t*)], 

and (cl Q(t)=Q,[1+6/~l-ct/t*], 

where Qs is the ultimate steady discharge and 6 
and t* are parameters defining a particular 
function. The first discharge function, for an 
exponentially decreasing discharge (case “a” of 
Hantush, 1964a) is virtually the same as the 
discharge function of Abu-Zied and Scott 
(1963). Besides the three functions of Hantush, 

1 
the program also includes discharge as a fifth- 

h a well with variable discharge. 

degree polynomial of time, Q(t) = ztO ait', where 

the oi are the coefficients of the polynomial, 
and as a piecewise linear function of time with 
eight segments, 

Q(t)=a,+b,(t-t,-i) 

for 

et-1 <tCtj,j=l, 2, e . e 2 8, 

where a, and bj are parameters defining thejth 
line segment. The program uses a different, but 
equivalent to equation 4, expression for the 
convolution integral 

t 
s = (ll47rT) 

/ 
(Q(t-t’)lt’) 

0 
. exp (-A/t’-t’K’lSb’) dt’. 

The program uses a sum to approximate the 
convolution integral. It chooses a starting 
value of t ’ that satisfies rZS/4Tt’ +K’t’lSb’ = 
100. If such a value oft’ does not exist, that is, 
(rYj’I4T) (K’lSb’)>2500, then a value of zero is 
assigned for the integral value. The ending 
point of the interval is picked as 10 times the 
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starting point. The integral over this interval 
is approximated by a trapezoidal sum using 
500 subdivisions of the interval. A new inter- 
val is then constructed using the previous end 
point as a new starting point and a new ending 
point equal to 10 times the new starting point. 
This new interval is again evaluated by a 
trapezoidal sum of 500 segments. This summa- 
tion procedure over intervals that are succes- 
sively an order of magnitude larger continue: 
until either t’=t or (r’SI4Tt’) + (K’tlSb’I 
>lOl. Input to this program consists of cards 
coded in specific formats. Readers unfamiliar 
with FORTRAN formats should refer to a 
FORTRAN language manual. Input consists oj 
one or more groups of data, each group consist- 
ing of the following. First, one card containing 
the beginning time of the period of analysis in 
columns l-10, coded in format E10.3; the end. 
ing time coded in columns 1311-20, in formal 
E10.3; and a discharge index (a number from 1 
through 5) coded in column 25, in format 11 
and a reference discharge, QR, coded in col. 
umns 31-40, in format E10.3. The discharge 
index, ZQ, selects a discharge function, Q(t), ir 
the following manner. If ZQ = 1, the discharge 
function is exponentially decreasing, 

Q(t)=Qs [1+6exp(-t/t*)]. 

This is case (a) of Hantush (1964a, p. 343). If 
ZQ = 2, the discharge function is hyperbolically 
decreasing, 

This is case (b) of Hantush (1964a, p. 344). If 
ZQ = 3, the discharge function is the same as 
case (c> of Hantush (1964a, p. 344), 

Q(t)=&, [l +S/-1. 

If ZQ =4, the discharge function is a fifth- 
degree polynomial of time, 

5 
Q(t) = 2 qt’. 

i=O 

If ZQ = 5, the discharge function is a piecewise- 
linear function of time with eight or less seg- 
ments, 

for 
Q(t)=u,+b,(t-t,-,) 
tj-1 <tGtj,j=l,Z, . . . 78. 

The reference discharge, QR, is used to deter- 
mine the form of the output from the program: 
If QR is coded as zero (or blank), the output 
shows t, s (as defined by eq. 41, and Q(t). If a 
value greater than zero is coded for QR, the 
output shows l/u, SO(t) (as defined by eq. 6), 
and Q W/&R. 

Second, there are one or more cards contain- 
ing parameters of the discharge function. If 
ZQ = 1, 2, or 3, then it consists of one card con- 
taining: &ST, the ultimate steady discharge, 
coded in columns l-1.0, in format E10.3; DE- 
LTA, a rate parameter, coded in columns 
11-20, in format E10.3; TSTAR, a time param- 
eter, coded in column:s 21-30, in format E10.3. 
If ZQ =4, it is one card containing the six 
polynomial coefficients. They are coded in the 
ordera”,a,, . . . . a5, in columns l-10; 11-20, 
. . . ) 51-60 all in format E10.3. If ZQ =5, then 
the program requires four cards, each card con- 
taining t,, a,, b,, tJ+,: aj+l, b,+,; the four cards 
representing j = 1, 3, 5, 7. The last part of each 
set of data consists of two or more cards con- 
taining coded values for: distance from pumped 
well, in columns l-10; storage coefficient, in 
columns 11-20; transmissivity, in columns 
21-30; and ratio of hydraulic conductivity to 
thickness for the confining bed, in columns 
31-40, all in format E10.3. A blank card i.s 
used to signal the end of each set of data. Out- 
put from this program is shown in figure 11.3. 

References 

Abu-Zied, M. A., and Scott, V. H., 1963, Nonsteady flow for 
wells with decreasing discharge: Hydrauhcs DIV. 
Jour , Am. Sot. Civil Engmeers Proc., v. 89, no. H-13, 
p. 119-132. 

Cooper, H. H., Jr., 1963, Type curves for nonsteady radial 
flow In an infinite leaky artesian aquifer, in Bentall, 
Ray, compiler, Shortcuts and special problems in 
aquifer tests: US Geol. Survey Water-Supply Paper 
1545-c, p. C4&C55. 

Cooper, H. H., Jr., Bredehoeft, J. D., and Papadopulos, I. S., 
1967, Response of a finite-diameter well to an instan- 
taneous charge of water: Water Resources Research, v. 
3, no. 1, p. 263-269 

Dudley, W. W., Jr., 1970, Nonsteady mflow to a chamber .- 

( - 



TYPECURVESFORFLOWTOWELLSINCONFINEDAQUIFERS 

0 R**2*S/(4*TRANSI= l.OOOE-04, K’/(S*B’l= 2.500E 039 QR= 1.257E 05 

53 

l/U 1/u*10** 0 
SO(T) Q(T)/QR 

1.0 0.185 l.OOOE 00 
1.5 0.317 l.OOOE 00 
2.0 0.421 l.OOOE 00 
3.0 0.566 l.OOOE 00 
5.0 0.715 l.OOOE 00 
7.0 0.780 l.oOOE 00 

1/u*10** 1 
So(T) Q(T)/QR 
0.819 l.OOOE 00 
0.837 l.OOOE 00 
0.841 l.OoOE 00 
0.842 l.OOOE 00 
0.842 l.OOOE on 
0.842 l.OOOE 00 

1/u*10** 2 
SO(T) Q(T)/QR 
0.842 l.OOOE 00 
0.842 l.OOOE 00 
0.842 l.OOOE 00 
0.042 l.OOOE 00 
0.842 l.OOOE 00 
0.842 l.OOOE 00 

R**2+'S/(4*TRANS)= l.OOOE-049 K'/(S*B')= 2.500E Olr QR= 1.257E 05 

l/U l/u*1044 0 
SO(T) Q(T)/QR 

1.0 0.219 l.OOOE 00 
1.5 0.397 l.OOOE 00 
2.0 0.558 l.oOOE 00 
3.0 0.826 l.OOOE 00 
5.0 1.216 l.OOOE 00 
7.0 1.495 l.OOOE 00 

l/U4104” 1 
SOIT) Q(T)/QR 
l.RO5 l.OOOE 00 
2.167 l.OOOE 00 
2.427 l.OOOE 00 
2.793 l.OOOE 00 
3.244 l.OOOE 00 
3.530 l.OOOE 00 

1/u410*4 2 
SO(T) Q(T)/QR 
3.815 l.OOOE 00 
4.111 l.OOOE 00 
4.296 l.OOOE 00 
4.515 l.OOOE 00 
4.708 l.OOOE 00 
4.785 l.OOOE 00 

R*"Z*S/(4*TRANS)= l.OOOE-049 K'/(S*R')= 2.500E-01, QR= 1.257E 05 

l/U 1/u4104* 0 1/u*10** 1 1/u*10*4 2 
SO(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T)/QR 

1.0 0.219 l.OOOE 00 1.823 l.OOOE 00 4.036 l.OOOE 00 
1.5 0.398 l.OOOE 00 2.196 l.OOOE 00 4.437 l.OOOE 00 
2.0 0.560 l.OOOE 00 2.468 l.OOOE 00 4.721 l.OOOE 00 
3.0 0.829 l.ooOE 00 2.657 l.OOOE 00 5.123 l.OOOE 00 
5.0 1.223 l.OOOE 00 3.354 l.OOOE 00 ‘5.627 l.OOOE 00 

B 7.0 1.507 l.OOOE 00 3.684 l.OOOE 00 5.958 l.OOOE 00 

R*"2“S/(4"TRANS)= l,OOOE-04, K~/(S*H')= 2.500E-039 QR= 1.257E 05 

l/u*1044 3 
SO(T) Q(T)/QR 
0.842 l.OOOE 00 
0.842 l.OOOE 00 
0.842 l.OOOE 00 
0.842 l.OOOE 00 
0.942 l.OOOE 00 
0.842 l.OOOE 00 

1/u*10** 3 
SO(T) Q(T)/QR 
4.829 l.OOOE 00 
4.849 l.OOOE 00 
4.653 l.OOOE 00 
4.854 l.OOOE 00 
4.854 l.OOOE 00 
4.854- l.OOOE 00 

1/u410*4 3 
SO(T) Q(T)/QR 
6.307 l.OOOE 00 
6.700 l.OOOE 00 
6.975 l.OOOE 00 
7.356 l.OOOE 00 
7.820 l.OOOE 00 
A.110 l.OOOE 00 

l/U l/U41044 0 l/u*1049 1 1/u*10** 2 1/u410*4 3 
SO(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T)/QR 

1.0 0.219 l.OOOE 00 1.823 l.OOOE 00 4.038 l.OOOE 00 6.332 l.OOOE 00 
1.5 0.398 l.OOOE 00 2.197 l.OOOE 00 4.440 l.OOOE 00 6.737 l.OOOE 00 
2.0 0.560 l.OOOE 00 2.468 l.OOOE 00 4.726 l.OOOE 00 7.024 l.OOOE 00 
3.0 0.829 l.OOOE 00 2.857 l.OOOE 00 5.130 l.OOOE 00 7.429 l.OOOE 00 
5.0 1.223 l.OOOE 00 3.355 l.OOOE 00 5.639 l.OOOE 00 7.939 l.OOOE 00 
7.0 1.507 l.OOOE 00 3.686 l.OOOE 00 5.975 l.OOOE 00 8.275 l.OOOE 00 

FIGURE 11.3.-Example of output from program to compute the convolution integral for a leaky aquifer. 
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TABLE S.l.-Listing of program for partidpenetmtion in a nonleaky artesian aquifer 

******************************************************************PPN 
PPN 

PURPUSE PPN 
TO COMPUTE TYPE CURVE FUNCTIOFl VALUES FOR PARflAL PENETRATION RPN 
IN A NUNLEAKY AQUIFER USING EGUATIf,)NS 1 AND 9A OF HANTUSW,M,S,rPPN 
19bl,OHAWDf3WN AROUND A PARTIALLY PENETRATING NELL1 HYDRAULIC PPN 
DIV. JUUR,, AH, BCIC, CIVIL ENGINEERS PRRC,, P, 83-98, PPN 

INPUT DATA PPN 
1 CARD - FrJRHAT ~SFS,lrIBr2ElO,4) FPN 

B - AGUIFER THICKNESS ?PN 
L 4 DEPTH, BELCJrr TOP OF AUUIFER, TU BOTTOM UF PUWING PPN 
kELL SCREEN RPN 
D I DEPTH, BELIlr TOP OF AtiUIPER, TO TOP OF PUflPXNC NELL PPN 
SCREEN PPN 
NIJM e NiJMh$EH OF 088ERVATIQN HELLS GH PIEZO~ETLRS TIMES PPN 
NUHSER OF VALUES OF KZ/KR, PPN 
SMALL 4 SMALLEST VALUE OF l/U FOR whICH COMPUTATIUN I8 PPN 
?ESIRED PPN 
b;Rg;;E; LARGEST VALUE OF I/U FOR whICH CUf4PUTATIUN IS PPN 

PPN 
NUH CARD3 (CJNE FOR EACH UBS, WELL UR PIEZOMETER AND FOR EACH 1PPN 

VALUE OF R*SGRT(KZ/KR), - FORMAT (skS.11 PPN 
R w RADIAL DISTANCE FROM PUMPED WELL TIMES SQHTtKZ/KR), PPN 
LPRIME - DEPTH, BELOW TOP OK AQUIFER, TCJ BUTTUM OF’ UBS, PPN 
WELL SCREEN (ZERO FUR RIEZUYETERI PPN 
DPRIME - DEPTH, BELOW TOP OF AQUIFER, Tfl ‘IWP UP 089. WELL PPN 
SCREEN (TOTAL DEPTH FOR PIEZIJMETER) PPN 

SUBROUTINES AND FUNCTION SUBPROGRAMS REGUIRED PPN 
DGL12,SERIES,8ESK,FCT,L,F,EXPX PPN 

PPN 
******************n******************************n****************PPN 
REAL*8 U RPN 
REAL*4 LILB,LPB,LPRIME,LARGE PPS 
DIMENSION ARRAY(13,12)# IARC( ARGllf), A(lZ), C(l2) PPN 
DATA ARG/l,rl,2,1,~,2.,2,~,3,,3,5~4~,S,,b,a7~~8,~9,/ PPN 
DATA A/12*! N*l/,t/l2*‘10**‘/ PPN 
IROSS PPN 
IPT44 PPN 
READ (IRR,bl B,L,D,NUH,SMALLtLARGE PPN 
LBBL/B RPN 
DBmO/f) PPN 
IBEGIN~ALtJGlO(§HALL) PPN 
IEND~ALOGlO~LAl?GEl+l~ PPN 
JLIMIT~IEND-IBEGIN PPN 
IF (JLIMIT,GT,l21 JLIMITml2 PPN 
DO 9 KaI,NUM PPN 
READ (IRD,41 R,LPRIHE,DPRIME FPN 
RSmR/E PPN 
LPBsLPRIME/B PPN 
DPB~DPRIHE/B PPN 
DO 1 1~1,15 PPN 
ARCI*ARG(I) PPN 
DO 1 JwlrJLIMIT RPN 
IARG(J)~IBEG1N+J-1 PPN 
Y~ARGIriO,**(IB~GIN+Jll) PPN 
U4lr/Y PPN 
xcu PPN 
CALL f!~PI(X,WJ~DUMMYl PPN -- 

1 

: 
4 
5 
4 
7 
8 

1: 

:: 
13 

:i 

1; 

:: 
20 
21 
22 
23 
24 
2s 

:; 
28 
29 

:i 
32 
35 
34 
35 
36 
37 
36 
39 
40 

ii 
43 
44 
45 
44 
47 
U8 

!G 
41 
SZ 
53 
54 
55 
54 

:I 
1 ARRAY~I~J)4WU+F(U,RB,LBIDBILPBIDPB~DPBJ 

II: (LPB40,) 2,2,3 
PPN S9 
PPN 40 
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E 

E 
E 
C 

13 
C 

s 

E 

E 
C 

5 

: 

E 

E 

E 
C 

C 

C 

TABLE 2.1.-Listing of program for partral penetration in a nonleaky artesian aquifer--Continued 

2 WRITE (IPfr71 DPB~RBILB~DB 
GO TO 4 

3 WRITE (IpT,e) LPB,DPB,RB,LB,DB 
4 WRITE (IPt,Pl ~A(I~,C~I~,IARG(I),II~~JLI~IT~ 

DO 5 Irl,13 
WRITE (IPT,lO) ARG(:l,~ARRAY(I,Jl,Jal,JLI~~T) 

I CONTINUE 
STOP 

PPN 61 
PPN bt 
pPN 63 
PPN 64 
PPN 65 
PPN 66 
PPN 67 
PPrJ 68 
PPN 69 
PPN 70 

6 FORMAT tfP5,1,15,2ElO,4) PPN 
7 FRRMAT (‘l’,‘w(u)+f(U,R/B,L/B,D/B,Z/B), Z/Bm’,FS,Z,‘, SQRTfhZ/KRI*ppN 

lR/B’J’,PS,Z,‘, L/Bn’,P5,2,‘, D/Bm’,FS,2,‘, U.l/N’) PPN 
8 FORMAT (‘l’,‘k(u1+P(U,R/B,L/B,D/B,L”/B,D”/B), L”/Bm’,FS,Z,‘, O’PPN 

l’/B*‘,P5,2,l, SQRT(KZ/KR)rH/B.‘,PS,2,‘, L/Bm’,PS,Z,‘, D/B~‘,Fs,~,‘PPN 
2, Pl/N’l PPN 

9 FORMAT (‘O’,2Xr’N~,lX,12(2A4,12~~ pPN 
10 FORMAT ((I ‘,P4,1,12(F9,4,lX))l PPN 

END PPN 
F 1 
F 2 
F 3 

F i 

:: i 
c 8 
F 9 
P 10 

FuhiCTIoN F 

PURPOSE 
TO CWMPUTE DEPARTURES FROM THEIS CURVE CAUSED BY PARTIAL 
PENETRATION OF PUMPED HELL, 

USAGE 
F(U,RB,LB,DB,LPB,QPBl 

DESCRIPTION OF PARAMETERS 
ALL REAL, u DOUBLE PRECISION 
U II Hec2*S/4*T*TIME (RADIAL DISTANCE SQUARED * STORAGE 

CWFPICIENT I 4*TRANSMISSIVIfV l TIME 
RB - R/B ( RADIAL DISTANCE / AQUIFER THICKNESS ) 
LB m L/B ( PRACTION OF AQUIFER PENETRATED BY PUMpEU ,‘ELLl 
DB - D/B ( FRACTIWN OF AQUIFER ABOVE PUMPED WELL SCREEN) 
LPS - L’/B (PRACTIUN OF AQUIFER PENETRATED BV 089, WELL, ZEW 

FOR PIEZUMETERI 
DPB l D’/B (FRACTION OF AQUIFFLR ABOVE 083, WELL SCREEN, TUTAL 

DEPTH FOR PIEZOMETER) 
$UBHO’JfINES AND FUNCTION SUBPROGRA@‘S REQUIRED 

DQLl2,3ERfES,BESK,PCT,L 
METMOD 

SUMS THE SERIES THROUGH N*PI*R/B EQ 20 

F K 
F lb 
F 17 
F 18 
F 19 
F 20 
r 21 
F 22 
F 23 
F 24 
F 25 
F 26 

**************2*I***~~*~*~****~~~~~~~~~~~*~~~~~~~~~~~*~*~~~n~$~~~~ f 27 
REAL*8 U,V p 20 
REAL*U L,N,LB,LPB F 29 
SLJM~O, f 30 
NUO, F 31 
PIRB=3,141593eR8 
PILB~3,141593*LB : ff 
PIDB~3,141593~DB F 34 
IF (LPB-0.1 1,1,4 F 35 
CHECKS FOR WELL UR PIEZOMETER F 36 

1 PIZBm3,141593*DPB F 37 
2 NoN*l, F 38 

VaN*PIRB/Z, P 39 
IF (V,GT,lO,) GO TO 3 F 40 
TRUNCATES SERIES WHEN V>lO F 41 
X=L(U,V)/N F 42 

c 
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TABLE 2.1.-Listmg of program for partial penetration in a nonleaky artesian aquifer-Continued 

SU~~SUM+~SIN~N*P1L~)~SIN~~~PIDB))*COS(N*PI2B)~X 
GD TO 2 

3 ~~,~~6~19~*sVM/(LB-D8) 

4 PILPB~3,141593*LPB 
PIDPB~3,141593*QPB 

5 Nahtl 
V=N*PIRB/L, 
IF (V,GT,lO,) GU TQ b 
TRUNCATES SERIES kHEk v>lO 
XCL(U,V)/N 
Sun~3UMt(S1~~~*PILB)-SI~~~~P1~~))~~3I~t~~PILP~)~Sl~~~~PID~s))~X~~ 
GCJ i0 5 

b f~r2026424*SUM/t~LarOH)*(IPBrDPB)) 
7 RETURN 

END 

REAL FuNCtIOh L*Y(U,V) 
**************Ct********2***************n*nnnnn*nn*n*n~nnnnnnnnnnn 

FUhlCflQN L 

PURPOSE 
TO CUMPUTE THE INTEGf?AL( EXP(*y=V*r2/Y)/y) SUMYED OVER y fRUM 
U TO INFINITy(wELL FUNCTXON FUR LEAKY AQUIPEHS), 

DESCRXPTIUN OF PAHIHETERS 
f3orH UUUBLE PRECXSIO~ 
U - R**2*3/4rtrTIME (R4DIAL U1sTANCE SQUARED * STORAGE 

COEffICIENT / 4*tRANSMISSIVITY * TIME 
V " R/t*SQRT(Kl/(f*8')) -ONE*HALF RADIAL D18TANCk*SOUARC 'WLlT 

(HYD, CONO, OF CONFINING BE5/lRA~SMISSIV~T~*TnICKNe99 
OF CONFINING BED) 

SUBROUTINES AN0 FWCTXQN SUBPRUGRIMS REQUIRED 
DQL~~~SEAIE$~SESK,TCT 

METHOU 
IN THE f0LLiZlwf~G P~ExP(-Y~V**Z/~)/Y 

(1) U>'lr USE8 A G4USS1ANmLAGUERHE QUARRATURE FORMULA TO 
EVALUAYE INTEGRAL(F) FROM U TO INF, 

(21 v**t?<u<1, usEa THE GIL QUADRATURE TO EVALUATE INTEG@AL[C) 
FROM ONE TO 1hlF AND A SEHXES EXPANsIWd TU EVALUATE INTEGRAL(f) 
FROM U TO ONE, 

(3) U<lr UCrv*rZ, USES THE REPRESENlAT1ON 1NTEGRALtF) FROM U 
TU INC. L 2*K0(2rV)-INTEGRAL(f) FROM V**P/U TO INP. 
EVALUATES THE ZERO ORDER MODIFIED BESSEL FUNCTION Uf SECUND 
KIND WITH IBM SUBRBUTINEp EVALUATES INTEGRAL BY GmL WAR, 

**************n*****nnn*nn*nnnn*nnnn*n~nnn~nnnnnn*nnnnnn*nn**nnnnn 
EXTERNAL FCT 
REAL*s UIVIZ,C,VV,SERIES 
COMMON /Cl/ VVp2 
vvmv 
IF (U*l,l lt2,4? 
CHECKS IF UC1 

1 zsv*v/u 
IF (2-l.) 3,U,4 
CHECKS IF V**2/U < 1 

2 2au 
CALL DGLlZtPCfrP) 
LSF 
INTtGHAL U TO INF, EVALUATED BY GAUSSWLAGUERRE OUADRATUHE 
GU TO 5 

59 

F 43 
f 44 
F 45 
F u6 
F 47 
f 40 
F 49 
f 50 
f 51 
F 52 
F 93 
F 54 
f 5s 
f $6 
f ST 
f 581, 

k : 
L 3 

:: i 

:: ; 
L 8 
t 10 9 

L 11 
L 12 
L 13 
L 14 
L IS 
L lb 
L 17 

:: it 
L 20 
L 21 
L 22 
L 23 
L 24 
L 25 
L 26 
L at 
L 28 
L 29 
c 30 
L 31 
L 32 
L 33 
L 34 
L 35 
L 34 
L 37 
L 58 
L 39 
L 40 
L 41 
L 42 
L 43 
L 44 

3 zei, L 45 
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C 

C 

E 

ii 

E 

E 

E 

E 
c 
c 

E 

E 
C 
C 

: 

E 

C 

C 

TABLE 2.1.-Lzsting of program for partial penetration in a nonleaky artesian aquifer-Continued 

CALL DQLl2(FCt,Fl 
L=F+SERIES(U,vj 
INTEGRAL 1 TO INF. BY GIL QUAD,, INTEGRAL U TO 1 BY $Ei?IES EXP, 
GO TO 5 

4 1wclvo2,cv 
CALL UESK(lWv,U,EK,1ER~ 
CALL DQL12(FCl,F) 
L=Z,*fJK-F 
2KOt2Vl~INfEGRAL V**Z/U TU INP, 

5 RETURN 
END 

46 
47 
48 
48 

5': 
52 
53 
54 
55 
569 

1 

5 
FUNCTION SERIES SER 4 

SER 5 
PURPOYE 9ER 

TO EVALUATE S(l)-S(U), MHERE 9 IS A SERIES EXPANSIUN OF SER 
INTEGRAL(ExP(~Y.V~*~/Y)DY/Y) GIVEN BYI $8 SUM, Mm0 10 INFINITY,SER 8 
(F(M)*SUM, NsO TO INF,,(v**(2*~)/((N~)~(~t~)~)) WERE f(flr)m 3ER 9 
LlJG(lJ) IF M-0 AND 8 ((,1)**M/M)*(U**M-(V**a/u)**n) IF M>b, SER 10 

DESCRIPTION OF PARAHElERS SER ll 
BUlli DDU8LE PRECISION SER 12 
U - R**2*3/4el*lIb'E (RADIAL DISTANCE SQUARED * STDHAGE 3ER 15 

COEFFICIENT / 4*lRANSMIS9IVIlY * TIME SER 14 
V - R/2+9QI?f(K~/(f*S~)) --ONE-HALF RADIAL DfSTAwCE*SQUARE ROOT SER 15 

(ttrD, COND, OF CONFINING BED/T~?ANSMI~SIVI~V*~H.~CKNE~S SER lb 
OF COkFIrJING BED) SER 17 

SliBR~UlINE9 AND FUNClIOhl SUBPROGRAMS REQUIRED 9ER 18 
NONE SER 19 

flElHOD SER 20 
SUMMATION I3 TERMINATED FOR THE INNER 9ERIE9 WHEN A TERM 3ER 21 
k5ECOME3 LE33 THAN S,E-7/N ANU FOR !%lCR 9ERIE9 WHEN A TERM SER 22 
tlECOME9 LE99 THAN 5,E-7 SER 23 

SER 24 
****~****~***21***2*******t**2**********~*~~~~~*~~~~*~~~~*~~~~*n~~$~R 25 
REAL*8 DLOG,OABS,9t2l,VU~,UU SER 26 
REAL*8 lE9T,U,UM,E~,EN,SUM1,9U~,SIGN,V,VSQ,V3QU,R~UL,lER~,TERMl SER 27 
TEST=S,O~OI 8ER 28 
vsomv*v SER 29 
uuau BER 30 
DO 6 Ial, SER 31 
EVALUATES SERIE9 FOR LOkER LIMIT g U AND UPPER LIMIT m 1 SER 32 
IF (I,EW,Z) Usl, SER 33 
UMmI, SER 34 
EM-l, 9LR 35 
9lJM180, 3ER 36 
SIGNS-1, SER $7 
vuw1, SER 38 
VSUUnVSQ/U ahR 3s 

1 EMaEM+l, 8ER 40 
IF (EM*,11 2,3r3 9ER 41 
CHECKS FOR Mm0 SER 42 

2 RMULsDLOG(UI 9ER 43 
TERf"l81, SER 44 
CD TO 4 9ER u5 

3 lJH8U#*U SER 4b 
IF ~VW,Ll,l,D-30) VU-O, 9ER 47 
VUM~VUM*V$QU Si?R 48 
RMUim(UM-VUM)/EM SER 49 
tERWl8lCRMl/EM SER SO 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 61 

TABLE 2.1.-Lzsting of program for partial penetration in a nonleaky artesian aquifer-Continued 

SIGNa-SIGN SER 51 
SlJ~~TERMl SLR 52 
TEHi+TERMl SER 53 
ENmO, 8ER 54 
ENsEN+l, SER 5S 
TEHM~TERH*VSQ/(EN*(EN*ek)) SEA S6 
SUM~W'tlERM SER St 
IF (TEST,LE,DA~S(R~UL*EN~TERH)) Go 10 5 SER 58 
TRUNCATES IhcNeR SERIES If 0UtER TERH*N*INNER TERN < S,E-7 SER 59 
SU~1~SUMltSIGN*RMULtSUH SER 60 
IF (EM.LT,,ll Gfl T0 1 ShR 61 
IF (TeStrLer0~8S(RM~L*5~M)) G0 to 1 SF;R 62 
TRUNCATES OUTER SERIES IF 0UTER TERM*INNER SUM < 5,Er7 SLR 65 
S(I)mSUM1 SER 64 
UIUU SLR 65 
SERIES~S(2)-S(1) SEA bb 
RETURN SER 67 
END SER bSw 
REAL FUNCTION FCTM(XI FCT 1 
*************~**********~*********~**~**&~~~*~~~~~~~*~~*~~~~S~~~~~FCT 2 

PCT 3 
FUNCTION FcT fCT 

FCT I: 
PURPOSE FCT 6 

TO CUHPUTE FCT(X)mEXP(rZrV**2/(XtZ))/(xtZ) fCT 7 
DESCRIPTION Of PARAMETERS lrCT 6 

x " THE DOUBLE PRECISION VALUE OF x FOR WHICH PCT IS COMPUTED FCT 9 
SU~HOUTI~kS AND FUNCTION SUBPHOGRAMS REWIRED fCT 10 

NCJNC FCT 11 
METHOD PCT 12 

FDRTRAN EVALUATION OF FUNCTION PCT 13 
FCT 14 

*********C**l**l****R**********t**********~~~~~~~~~~~**~*~*~~$*~~~FcT 1s 
REAL*8 X~VIZIPIDEXP FCT 16 
COWhUN /Cl/ V,i! FCT 17 
If (Xl lP2I2 FCl 18 
PCTmO. 
GO i0 4 

FCT 19 
FCT 20 

P~ztV**2/(X+tl FCT 21 
IF (Pr5,Dl) 3,3,1 FCT 22 
FCT~DEXP(~P)/(xtZ) FCT 23 
RETURN FCT 24 
END CCT 259 
SUBROUTINE DQL12(FCt,V) Oil2 380 

DLlt 10 

SUt)ROuTINE DGL12 

OLlZ co 
TU-iQMPuTE INTEGRAC(EXP(rX12FCtOc SUMMED OVER X 

FROM 0 T0 INFINITY), 

PURPOSE 
OLl2 70 
OLl2 80 
OL12 90 

USAGE OL12 100 
CALL OQLIZ (PCfrY) OL12 110 
PARAMETER fcT REQUIRES AN EXTERNAL STATEMENT OLl2 120 

DLl2 130 
DESCHIPTI0N UP PARAMETERS DLl2 1uo 

FCT - THE NAME UF AN EXTERNAL DOUBLE PRECISION FUNCTION OL12 150 
SUBPH13GRAM USED, DLl2 lb0 

Y II Th’E RESULTING DOUBLE PRECISLCIN INTEGRAL VALUE. DL12 170 
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TABLE 2.1.-Listing of program for partial penetration in a nonleaky artesian aquifer-Continued 

R!3MARK8 
NQNE 

SUBROUTINES AND FUNCTION SU8PROGRAMS REGUIRED 
THE EXTERNAL DOUGLE PRECI3ION FUNCTION SUGPRDGRAM FCT(X) 
MUST BE FURNIWED BY THE USER, 

HETHUD 
EVALUATION 13 DONE BY MEAN8 UF 12=POINT GAUSSIANd.AGU~RRE 
QUADRATURC FORMULAa KHICH INTEGRATES LXACTLYn 
NIlENEVER PCTtx) I$ A POLYNOMIAL UP TO DEGREE 23, 
FOR REFERENCE, SEE 
SHAO/CHEN/F#ANKI TABLES OF ZEROS AND GAUSSIAN WEIGHTS OF 
CERTAIN A$SOCIATED LAGukRRE PULYNOMIALS AND THE RELATED 
GENERALIZED HERMIT5 POLYNUMI4L9, IBM TECHNICAL REPORT 
TROO,lloO (MARCH 19bU)p PP,2U=25, 

OLl2 180 
DLl2 190 

21: If8 
OLl2 220 
DL12 230 
DLl2 240 
DLl2 250 
DLl2 260 
DLl2 270 
DLl2 280 
DLl2 290 
OLl2 300 
DLt2 330 
DLl2 320 
DLl2 330 
DLl2 340 
OLl2 350 

,~~8.~8~.~~~.,,~~~*888~a8~~~88~*~8~8~~8~~*D88~**~8~~~~~~~~8~~~~*~~ DL12 360 
OLl2 370 
DLl2 390 
OLl2 400 

DOUBLE PRECISION X,'f,fCT OL12 uio 
DLfi? 420 

X~,370991210Q446692 D2 DLl2 430 
Y=,~1480?746742624 D*l5*KCffXl DLl2 440 
X~,284879b725098400 02 DLl2 450 
YoY+,3061601635035021 D-ll*FCT(X) DLl2 460 
Xa,2215109037939701 02 OLl2 470 
Y=Y*,134239103051500u U=E)*FCT(X) DL12 400 
X~,1711b8551074622b 02 DLl2 490 
yoYt,166849387bS409iO Dmb*FCT(X) DLl2 500 
x=.13aoboSU99330639 DE DLl2 510 
Y~Y+,83bS05585681980 D-S*FCT(X) D&l2 520 
Xa19b213ib8U2USb87 Dl DLl2 530 
Y+Yt,2032315926629994 093*fCT(X) OLl2 940 
X~,b844525U53115177 01 DLl2 550 
Ysvt,2bb39735Ui665fl6 D-Z*FCT(X) DC!2 560 
X=,45992276394183U8 01 DLl2 570 
YaYt,2010238115Ub341o D~l*FCt(Jo DC12 580 
X=,2033753337743507 01 DLl2 590 
Y~Y+,904492222116809 D*lcrFCT(X) DLl2 600 
X~~151261026977b419 01 DLl2 610 
Y8!Y+,2440820113190776 00*FCf(Xl DLl2 620 
Xn,b117574845151307 00 DL12 630 
YoYt,3777s92758731380 DO*FCfo(l DLl2 640 
x~,1157221173580207 DO DLl2 650 
y~yt,26~7J137~055443~ DO*FCTo(l OLl2 640 
RETURN DLl2 670 
END ULl2 68~ 
SURHOUTINE BESKCXIN,BKIIER) BESK 410 

BESK 10 
,(L,,,.*(.,,~.,,,,,~8.,..~.,8.~8888~8*888~~8@~~*~~~~~8~.~’~’~~~~Q~ BESK 20 

BESK 30 
SUBHUUTINE YESK BESK 40 

5ESd 50 
C~I-IPUTE THE K BE38EL FUNCTION FOR A GIVEN ARGUMENT AND ORDERBESK b0 

GEaK 70 
USAGE BESK 80 

r- -. -- 
” CALL BESK(X,N,BK,IER) dkSK 90 

c 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 2.1.-Luting of program for partcal penetration in a nonleaky artesian aquifer-Continued 

63 

DESCRIPTION OF PARAMETERS 
X *THE ARGUMENT oF THE K BE$SEL FUNCTION DESIRED 
hl rfHE ORDER OF THE K BESSEL FUNCTIUtu.DCSIRED 
BK -THE REQULTANT K sii$SEL FIJ~CTION 
~ER~RESULTANT ERROR CODE k!lERE 

XERmo NO ERROR 
JER#l N IS NEGATIVE 
IERm2 X IS ZERO OR NEGATIVE 
IERo3 X ,GT, 1701.MACt'INE RANGE EXCEEDED 
IERg SK ,GT, lo**70 

REHARK$ 
N MusT SE GREATER THAN 0R EQUAL To ~ERCI 

SUBROUTINEg AND FUNCTIUN SUBPROGRAMS REQUIRED 
NONE 

METHoD 
CUMPUTE$ ZERO ORDER AND FIRST ORDER BESSEL FUNCTIONS U8ING 
SERIES APPROXIMATIflNS AND THEN COMPUTES N TH ORDER FUNCTION 
USING RECURRENCE RELATION, 
RECURRENCE RElATIUN AND POLYNOMIAL APPRaxInAtION TECHNIQUE 
AS DESCRIBED BY A,J,n,HITCHCOCK,~PclLYNOMrAL APPROXIMATIONS 
TO BESSEL FukcTfolvs OF ORDER ZERO AND o~ti AND tu HELATED 
FUNCTIONS~, M,l,A,C,, V,11,195t,PP,8b~8sr AND Q.N. WATIDNt 
IA TREATISE ON THE THEORY 0~ EWS$EL FUNCTI~NB~, CAMBRIOGE 
UNIVERSITY PRESSt 1958, P, 62 

BESK 100 
BESK 110 
BESK 120 
BESK 130 
8ESK 140 
BESK 1’90 
BESK 160 
SE8K 170 
8ESK 180 
8E8K 190 
0hSK 200 
EESK 210 
SESK 220 
BLSK 230 
BESK 240 
BESK 250 
BESK 2bO 
SESK 270 
DESK 280 
BESK 290 
BESK 300 
SESK 310 
BESK 320 
SESK 330 
BEBK 340 
BE8K 350 
BESK 360 
SESK 370 
0ESK 380 

@trt~t90rrr~r*rr*rrr9*~*~9**~~~~..,.t..,t,,,.”,.~~~~~~~~*t~~t~~t.. BEBK 390 
BESK 000 

DIPENSIUN T(l21 BESK 420 
8KS,O BESK 430 
IF~~IiOtl1tll BESK 440 

10 IER81 BESK 450 
RETURN BESK 460 

11 IF(X)l2t12t20 BE96 070 
12 IERa eeaw 400 

RETURN 0ESK 490 
20 IF~X~i70,0122,22,21 BESK 500 
21 IERaS BE$K 510 

RETURN $ESK 520 
22 IERSO BESK 530 

IF~X~lr)36,36,25 BE8K so0 
25 AaCXP(-Xl BESK 550 

Bell/X BESK 560 
c3auTtis) SESK 570 
T(llmB BESK 580 
DO 26 Lm2tl2 BESK 590 

26 T[L)aT[L*I)*B BE8K 600 
IP(“‘•1127t29t27 BEBK 610 

SE9K 620 
COMPUTE KO USIN POLYNRMIAL APPROXIMATION BESK b30 

BESK 640 
27 Go~A~~lr25331u~a,l56bbP2*T~ll+,O0Slll2S~T~2~~,O9l39O9~~T~3~ BESK 650 

2+,l34459b~T(U).,22998SO*t~S~+t37924lO~T(b~-,S247277~T~7~ sE$K 660 
3+,5575368cT~s)r,4262433~T~9~+,218451$~?~10~~,066s0977*T~1~1 BESK 670 
4+,009189383*Tl12))*C BESK 680 

XF(N)20t2St29 WiSK 690 
28 BKetiO BESK 700 

RETURN BESU 710 
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TABLE Xl.-Listing of program for partial penetration in a nonleaky artesian aquifer-Continued 

E CQMPIJTE K1 USING PQLVfrQMIAL APPROXIMATION 
C 

29 G1’4*(1,25331U1+,4699927*T(l1 -,14684U3*~(21+,1200421*TE3~ 
2.,173bu32~t(u)+,28U7618~t(S) ~,US94342~7~6)+,6283381*t(rl 
3r,6632295+t(B)*,S050239*fo r,2581304~T(10~*,0788O001~7~11~ 
4~,0108241B*T~l2)~*C 

IF(N*1)20r30,31 
30 

E 
C 

31 

32 

ii 
34 

36 

cc 
C 

37 

c 
C 

40 

a2 

E 
C 

43 

50 

52 

BKmGl 
RETURN 

FROM KQ,Kl CQ#PUTE KN USING RECURRENCE RELATIQ~ 

DO 35 Jm2,N 
GJr2,,(PLO4t(J)rl,)*Gl~X+GO 
IP~GJ~l,OE70~33,33~32 
IEHB4 
GO tU 34 
GoaGl 
GlaGJ 
BK8GJ 
RETURN 
mx/2, 
Am,S772197+ALOG(BI 
C8BIB 
IF(N*1)37r43r37 

COMPUTE KQ USING 9ERIEB EXPANSION 

GO8rA 
X2J’l, 
F4Ct81, 
HJ8.0 
Da 40 J’lrb 
RJcl,/FLQAT[J) 
IF(X2J,LT,lrE~401 X2J80, 
PREVIOUS STATEMENT ADDED TO IBM SUBROUTINE TO CORRECT UNDERFLOW 
PROBLEM ON NATFQR COMPILER 
XZJmXtJ*C 
FACimFACT*RJ*RJ 
HJaHJ+RJ 
GO8GO+X2J*FACt*(HJ-A1 
IF(Nl43t42t43 
BKSGO 
RETURN 

COMPUTE Kl USING BERIES EXPANSIUN 

x2Js0 
FACiol, 
HJ@l, 
G18l,/X+X2J*(,S+4-YJ) 
DQ 50 J82,0 
XZJ*XZJ*C 
RJ~i,/PLOAT(Jl 
FACT8FACt*RJ*RJ 
MJmHJ+RJ 
G~8Gl+X2JcFACtr(,S+(A~~J)~FLo47(J~) 
IFCN~1)31rSZn31 
BKsGl 
RETURN 
END 

BEBK 720 
UESU 730 
BESK 740 
BESK 750 
HESK 760 
BESK 770 
BESK 780 
0ESK 790 
BESK 800 
BE8K 810 
BESK 820 
BESK 830 
BESK 840 
BESK 8BO 
BESh 860 
BESK 870 
8E3K 880 
BkSK 890 
BESK 900 
BE9h 910 
BESK 920 
8E3K 930 
BESK 940 
BESK 950 
BESK 960 
BESK 970 
BESK 980 
RESK 990 
BESKlOOO 
BESKlOlO 
@)ESK1020 
BESK1030 
BEBK1040 
BfSUiQSQ 
BtsK1060 
BE8K1061 
BESKi 
BESK1063 
BESKl070 
BESKI 080 
BESKl090 
BESKllOO 
8&SK1110 
BESKll20 
BESK1130 
BE8Kll~O 
BESKi 
BESKll60 
tlESK!ltO 
BkSKll80 
BESKil90 
BE9K1200 
BESKI 
f3ESK1220 
BESKi 
l3E9K1240 
BESK 1250 
BESKl260 
BESKl270 
BEShl280 
BE9K1290 
BESKl30* 

c 



C 

E 
C 

E 
C 
C 

E 

E 

ec 
C 
C 

E 

i 

E 

: 

E 
C 

B 

C 

E 
C 
C 

E 

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 65 

TABLE 2. L-Listing of program for partial penetratzon in a nonleaky artesian aquifer-Continued 

~LJUHWTINE EXPI(X,RLS,AUX) EXPI 350 
EXPI IO 

,,,,,1,~,,,,,,,,,,~~",,,,~,..~~~~o~~D~~~~~#~~~~,~~~~~*@~~t~D~~98~~ EXPI 20 
EXPI 30 

SUuRoUTINC EXPI EXPI 40 
EXPI 50 

PURPUSE EXPI 60 
COMPUTL$ THE EXPONENTIAL INTEGRAL l EIf-Xl EXPJ 70 

EXPI 80 
USAGE EXPI 90 

CALL EXPI(X,HESl EXPI 100 
ExPI 110 

DESCHIPTION OF PARAMETER8 EXPX 120 
X L ARGUMEhT OF EXPONENTIAL Jh)TEGRAL ExPI 130 
RES - RESULT VALUE EXPI 140 
AUX - RESULTAQT AUXILIARY VALUE EXPI 150 

EXPI lb0 
REMARKS EXPI 170 

X CT 170 (X LT -174) MAY CAUSE LINOERPLOW (OVERFLOw) EXPI 180 
WITH THE EXPONENTIAL FUNCTIUN EXPI 190 
FUR X 8 0 THE RESULT VALUE IS SET TO l l,E74 EXPI 200 

EXPI 210 
SUBROUTINES AND FUNCTION SUSPRUGRAMS HEQUIHED EXPI 220 

NONE EXPI 230 
EXPI 240 

METHOD ExPI 2SO 
OEFINITI!JN EXPI 260 
RES~I~T~GRAL(EXP(~T)/~~ SUMMED OVER T PROM x TU INFINITY). ExPI 270 
EVALUATION 
THREE DIFFERENT RATIONAL APPROXIMATIONS ARE USED IN THE liz: % 
RANGES 1 LE X, X LE -9 ANR *9 LT x LE *3 RESPECTIVELYI ExPI 300 
A PIJLY~KJMIAL APPROXIMATION IS USED IN -3 LT X LT 1, EXPI 310 

EXPI 320 
,""1,...,1,,,.,~,,1,~.,~.,~.,,,.~...,~.,.,.~.,..9**~w~9*~~~~It~~o* EXPI 330 

EXPI fU0 
IF(X-1,)2,lrl EXPI 360 

1 Yml,/X LXPI 370 
AUX~~,-Y*(((Y+3,3773~8E~~~Y~2,0521~6EO~~Y+2,709479~~l~/((((Y~ EXPI 340 

~~,0~2553E~+S,7169~3~0~~V+6,945239f0)rV+2,593~~~E0~~~+2,709496~~1~ EXPI 390 
fm~~~X*Y*“xP~~x’ EXPI 400 

EXPI al0 
2 IF(X+3,)4,6,3 EXPI 420 
3 AUX~(~((((~7,122452E=7~x~1,7663~5~~6~~X+2,92S~33E=5~*X~~,33~379E~UEXP1 430 

l)cXi~r66UlSbE~3)*X~~,O4~~76~-2~~X+~,~5S682E-2)~X~2,~O~OOlE~l~~X ExPI cl40 
2t9,999999E-1 EXPI 490 

RES*rl,E75 EXPX 4460 
IF(X)UtS,4 EXPI 070 

4 RES~X*AUX-ALOG~ABS~X))rS,772l~7E~l EXPI 480 
5 RETURN ErPJ 490 
6 IP[Xt9,)8,B,7 ExPI 500 
7 Aux~l,~((((5,~76245E-2~X+3,06~037~O)~X+3,2U366~E;~~x+2,24~23~E2~~X~xP~ 510 

1+2,4~6697E2)/((((xt3,995161~0)~X+3,~9394UE1~~X+2~26381~~1~~X EXPI szg 

2;;;;0;037E2) EXPI ExPI 530 540 
8 Y89,/X EXPI 550 

AUX~l,-Y*(((V+7,659~2UE~l~*Y17,27l~l5E~ll~Y~l,O6O693EO~/((((Y EXPI 560 
1r2,~18750E0+1,~22927E~)~~~~,921405E0)~Y~~,666702E0~*~~9~724216~0~ EXPI 570 

9 fw;~~x*txP"x'/X ExPI 580 
EXPI 590 

END fiXPI 609 



TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 4.3-Listing of program for radial flow in a leaky artesian aquifer 0 

*****n*********c**c**nn*n*nnnnnnnnnnnnnn**nn**nn*nnnnnn*n*nn*nn***wu0 1 

PURPOSE 
TO CUMPUT E A TABLE OF VALUES OF THE LEAKY AGUIFER HELL 
FUNCTION - w(U,H/Bt * HANTU$HrM.S,, AND JACO%,C,E,r 1955t 
NON-STEAD NY RADIAL FLOr IN AN IMPINITE LEAKY AQUIFER: AM, 
GECIPHYS, UNION TRANS., V, 36~ NO, lr P, 9’39100, 

JNPU? DATA 
1 CARD - FORMATC2E10,S) 

USMALL - SMALLEST VALUE OF l/U FOR WHICH COMPUTATION 1s 
DESIRED, 
;k;U;;,- LARGEST VALUE OF l/u FOR WHICH COMPUTATION IS 

2 CARDS - ~O~MAT(BElO,S~ 
tlDAf 9 12 VALUES OF R/B FOR TABLE, 

3UBROUTINE3 Ah’D FUNCTION SUUPRUGRAHS REQUIRED 
L,SEHIES,FCl,SESK,DQLl2 

WUB 2 
WuB 5 
WUB u 
WUB 9 
WUR 6 
WUB 
WUB x 
WUB 9 
WUB 10 
WUB 11 
WIJB 12 
WUB 13 
WUB 14 
WUB 15 
WUB lb 
HUB 17 
NUB 18 

*********n**c**************c************nn*nnnnnn**nnnnn*nnn**nnnnwu~ 19 
REAL*4 L 
REAL*8 u,V 
DIHENSION ARRAY(73rl2)e Y(731r BOATClZlr YN’Jw(6) 
DATA ~~UH/l,rl,5,2~,3,r5.,tr/ 
IRDa5 
IPlrrb 
READ (IRD161 uSkALL,ULARCE 
READ (IRD,b) BOAT 
IBBGIN~ALDGlO(USMALL) 
IENOmALOGlO(ULARGE)+,99999 
ILI~IT~~IEND-I~EGI~~~4+l 
IF IILI~IT,GT,tb) ILIMIT~73 
DO 1 I*lrlZ 
IF ~BOAT~I~,EQ,O.l GO TO 2 

1 CONTINUE 
Neal2 
GO TO 3 

2 NBgI-1 
3 11ro 

DO 4 I~lrILI~IT 
II~II+l 
IF (11,GT.b) II*1 
IEXPmIBEGIN*(I~l)/6 
Y~I~~YNU~~II~*1o,**IEXP 
U~l‘/YEI) 
DO 4 JmlrNB 
VBBDAT(J)/Z, 

u ARRAY(I~J)~L(UIVI 
hRITE (IPT,l) (BDAtCIIrI~lrNB) 
DO 5 I~lrILIMIT 

5 bVV$E (IPT,8) Y(I)r(ARRAY(I,J)rJ~l~~~) 

WUB 
WUEl 
WIJB 
WUB 
WUB 
WUB 
HUB 
WUB 
NUB 
WUB 
WUB 
NUB 
wu0 
rue 
HUB 
NUB 
WUEI 
WU0 
WUB 
WU8 
WUB 
WUB 
WUB 

6 FORMAT (8E10.5) 
7 FORMAT (‘ll,‘w(U,R/B),/tOt,lOX~‘~ R/B’/’ ‘,bX,‘l/‘J I’rlZElO.2) 
8 FORMAT (’ ‘rEiO,Srl2FlO,U) 

END 

Wii 
WUI 
WUB 
HUB 
WUB 
WUB 
WUB 
WUB 
wue 
NUB 
WUB 
WUB 
WUB 
WUB 
WUB 

REAL FUNCTION L*U(U,V) L 

20 

5: 
23 
24 
25 
26 

fi 
29 
30 

i: 

ft 
35 
36 

3: 
39 
uo 
41 
42 
45 
44 
45 
46 
47 
48 

;t 

;: 
53 
54 
55 

;;- 
1 

***************************n*nn*n*nnn*nnn**nnn****n*nnn***nnnn*nnnnn L 2 
L 3 

FUNCTION L LQ - 
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E 
C 

E 
C 
C 
C 

C 
C 

C 

C 

C 

C 

C 

ec 
C 
C 
C 

f 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

TABLE 4.3-LLstzng of program for radial flow rn a leaky artesian aquifer-Continued 

PURPO8E 
TO COMPUlE THE INTEGRALS EXP(*VrVtt2/V)/V) SUMMED OVER V FROM 
U TO IWINItV(wELL fUNCTION FOR LEAKY AQUIFERS), 

DESCRIPTION OF PARAMETERS 
SOW DOLISLE PRECISION 
u . RttZt8/4ttttIME (RADIAL DISTANCE SQUARED t STORAGE 

COEFFICIENT / 4ttRANSHISSIVIfV t TIME 
V - R/2tIQRT(K~/(l*B’))-~ONE~~ALf RADIAL 018TANC~tSQUARL ROUT 

(HVD, COND, Of CONfINING BED/TRAN9MISSIVITVtTHICKNESS 
OF CONFINING BED) 

9USROUTINEs AND FUNCTION SUBPROGRAMS REQUIRED 
DQL12~SERIES~BE8K~fCT 

METHOD 
IN THE FCJLLOHINC FaEXP(-V-vtt2/V)/v 

(1) U>llr USES A GAUSSIAN-LAGUERRE QUADRATURE FOHMULA TO 
EVALUATE INTEGRAL(F) FROM U TO IfuP, 

(2) V**Z<U<l, USES THE G-L QUADRATURE TO EVALUATE INTEGRAL(f) 
FROM ONE TO INF ANO A SERIES EXPANSION To EVALUATE INTEGHAL(F) 
FROM U TU ONE, 

(3) U<ir UC*Vtt2, USES THE REPRESENTATION INTEGRAL(P) FRDM U 
TO INF, a 2tK0(2tVl-INTEGRAL(f) FROM VttZ/U TO INF, 
EVALUATES THE ZERO ORDER WJDIFIED BESSEL FUNCTION Of SECWD 
KIND wfTH IBM SUBROUTINE , EVALUATES INTEGRAL SV G-L UUAD, 

**********t***t~****ttt~t~ttt~tttt~tt~~~ttttttttt~ttt*tttttttttttt 
EXTERNAL FCT 
REALtS U~VIZ,F,VV,SERIES 
COM’WN /Cl/ VVeZ 
vvmv 
IF (U-l.1 1,2,2 
CHECKS IF UC1 

1 zsv*v/u 
If (Zal,) 3,4,4 
CHECKS IF Vt*2/U < 1 

2 z*u 
CALL DQLl2(FCTlF) 
LrF 
INTEGRAL U TO INF, EVALUATED SV GAUSSrLAGUERRE GUADRATURE 
GO TO 5 

3 281, 
CALL DQLlZ(FCT,F) 
L*f+SERIES(u,uI 
INTEGRAL 1 TO INF, SV C*L 0UAD.c INtEGR4L U TO L BY SERIES tXP, 
Go TO 5 

4 TwOVmZ,*V 
CALL tiESK~TdJV,O,EK,IERl 
CALL OGLl2(FCT,F) 
La2, tt1K.F 
ZKO(ZV)-INTEGR4L V*t2/U TU INF, 

5 RETURN 
END 
REAL FUXTIDN SERIEStB~U,Vl stk 
ttttttttttttttttttttttttttttttttttttttt*ttttttttttttttttttttttttttSER 

L 
: 

k ‘3 

: 1: 
L 11 
L 12 
L 15 
L 14 
L 1s 
L lb 
L 17 
L 18 
L 19 
L 20 
L 21 
L 22 
L 23 
L 24 
L 2s 
L 2b 
L 27 
L 28 
L 29 
L 30 
L 51 
L 32 
L 33 
L 54 
L 35 
L 36 
L 37 
L 38 
L 39 
L 40 
L 41 
L 42 
L 43 
L 44 
L 45 
L 4b 
L 47 
L 48 
L 49 
L 50 
L 51 
L 52 
L 53 
L 54 
L 5s 

67 

SER 
FWCTIOk SERIES SER 

PUHPOSC: 
SER 
SFR 

TO EVALUATE 9(1)-S(U), WHERE S IS A SERIES EXPANSIUN Of i;li 
fNTeCRAL(ErP(-v-V*r2/V)DV/Yl GIVEN l3V1 SC SUM, MI0 TO I~FINITV,SER 
(F(Ml*SuM, Ncb To INP,, (Vtt(2*N)/((N1l*(Nt~lL)) HHERE F(M)8 SER 
LOG(u) If M=O AND t ((-i)ttM/M]t(UstM~(V**Z/U)ttM) IF pc>O, SER 

DESCRIPTION OF PARAMETERS SER 
sUTH DOUsLE PRECISION SER 
u - R**2*3/4*T*TIME (RADIAL DISTANCE SQUARED * STORAGE SER 

CU~FFICIENT I 4*TRANanIssrvIfv * TIME SER 
v - R/2*SQRT(K'/(T*b')) *-ONE-HALF I?AQIAL DISTANCE~SQUAHE RUOT SER 

(HVD, COND, uf CONFINING SED/TRANSMISS~VITY~THICKNESS SER 
Of CONfINING sED) SER 

Sb- 

: 
3 

i 
b 
7 
8 
9 

10 
11 
12 

:t 
15 
lb 
17 
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TABLE 4.3-Listing of program for radial flow in a leaky artesian aquifer--Continued 

REAL*@ DLOG,DA88,9(2),VUM,Uu 
REAL*@ TtST,U,U~,EM,E~,SU~1rSU~~SIGN,V,VSW,VS~U,R~UL~7E~~pT~R~l 
fEST*S,D*O7 
vsQ~v*v 
uuau 

c 

00 6 Io1r2 
EVALUATES SERIES FOR LOWER LIMIT m U AND UPPER ifnIl P 1 
IF tI,EO,2) usi, 
UM91, 
EMowl, 
slJMl=o, 
SICNm*l, 
vw=1, 
VSQUr;VQQ/U 
CMsEMtl, 
If (EM-‘,11 213r3 
CHECKS FOR n=o 
inuL~OLOG(U) 
TERkl~l, 
GO 70 4 
UM~UMclJ 
iF tVU~,LT,l,lh301 VlJM~O, 
VUM=VUH~VSwU 
RMU~P(UM*VUM)/EM 
TERHl~fERMl/EM 
SIGN~dIGN 
SUMaTERn 1 
TERhTERHl 
ENmO, 
ENoEN+l, 
TEWMoTEH~*VSQ/(EN*(eN~EM)~ 
SUM~8UM*fERM 
IF iTEST,LE,DASS(RMUL*ENctERMI) CU TO 9 
TRUNCATE8 INNER SERIES IF OUTER TERM*N*INNER TERM C ‘5,E*7 
SUMI~SUHltSIGN*RMUL*8UM 
IF tEM,LT,,l) GO 70 1 
If ~~E~~,LE,DA~~~R~uL*~~~~~ Go To 1 
TRUNCATES OUTER SERIES IF OUTER TERM*INNER SUM < S,El7 
8(1)~8U~l 
uauu 
SERIES~S(21-S(1) 
RETURN 
END 
REAL PUNCTION FCT*B(X) 

FUNCTION FCT 

PURPOSE 
TO COMPUTE FCT(X)~EXP(-Z=V*r2/(X+z)~/~X+z) 

SER a9 
SCR 30 
SER 31 
SEA 32 
SER 33 
SEU 34 
SER 3S 
SER 36 
SER 31 
SER 38 
SER 39 
SER 40 
SER 41 
SER 42 
SER 43 
SER 411 
SER us 
SER 46 
SER 47 
SER 411 
SER 49 
SER 50 
SEK 51 
SER 52 
SER 53 
8ER 5U 
SER 55 
SER 56 
SER 57 
SER 50 
SER 59 
SER 60 
SER 61 
SER bi? 
SER b3 
SEH 64 
SER 65 
SER b6 
SER b7 
SER tiS- 
FCT 1 

FCT 4 
FCT 5 
FCT 
FCT t 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 69 

TABLE 4.3--.hsting of program for radial flow in a leaky artesian aquifer-continued 

DESCRfPTIuN OF PARAMETERS FCT 8 
X * THE DOuBLE PRECIlIClN VALUE OC x FOR WHICH FCT IS COMF’UTLD FCT 0 

SUBHWTINES AND FUNCTION SUBPROGRAMS REQUIRED rcr 10 
NONE fCT 11 

METHOU FCT 12 
FORTRAN EVALUATION OF FUNCTION FCT 13 

FCf 14 
**~*************************************~~~~*~8*8**~*~~~8~**8*~m8~~~8FCT 15 
REAL*8 X,VAZ,P,DEXP FCT 16 
COMMON /Cl/ V,Z PC1 17 
IF (Xl l#2?2 FCT 18 

1 FCTPO, CC1 
GO i0 4 PC1 

19 
20 

2 PPZ+V**2/(X*Ll FCT 
IF (P*S,Dl) 3,3,1 CCT 

21 
22 

3 FCTPDEXP(PP)/fX+Z] FCT 
4 RETURN FCT 

23 
24 

END FCT 25- 
SUBROUTINE OQLlZ(FCT,Y) DLl2 380 

DL12 10 
..".*."..,"....*......,....,.,."*.....*...~..,....,.,...*..o~...~,~~~~ 20 

OLl2 30 
SUBROUTINE DQLl2 

PURPOSE 
TO COMPUTE INTEGRAL(EXP(rX)*FcT(X), SUMMED OVER X 

FROM 0 TO INFINITyI, 

USAGE 
CALL OQL12 (FCTrY) 
PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT 

OESCHIPTIUN UP PAWAHETERS 
FCT - THE NAME OF AN EXTERNAL DLlUBLE PRECISILIN FUNCTION 

SUBPROGRAM USED, 
Y I THE RESULTING OUUBLE PRECISION INTEGRAL VALUE, 

REMARKS 
NONE 

SUUROUTINEB AND FUNCTION SUBPROGRAMS REQUIRED 
THE EXTERNAL DOUBLE PRECISIUN FUNCTXUN SUBPRUGRAH PCT(XI 
MUST BE FURNISHED BY THE USER, 

NETHUD 
EVALUATIDN IS DUNE BY MEANS QF 12aPOINT GAUSSIAN-LAGUERRE 
QUAORATURE FORMULA, WHICH INTEGRATES EXACTLY! 
wHENEVER FCT(X) IS A POLYNOMIAL UP TO DEGREE 23. 
FUR REFERENCE, SEE 
SHAO/CHEN/FRANK, TABLES OF ZEROS AND GAUSSIAN u(EICHT3 OF 
CERTAIN ASSOCIATED LAGUERRE PULyNQHIALS AND THE RELATED 
GENERALIZED HERWIlE POLYNOMIALS, IBM TECHNICAL REPORT 
fR00,1180 (MARCH i9bU), PP,i!U*25, 

oli2 40 
DLl2 50 
OL12 60 
DLl2 70 
DLl2 80 
DL12 90 
DLl2 100 
DLl2 110 
DLL2 120 
DLl2 130 

ii:;: :z 
DLl2 160 
DLl2 170 
DLl2 180 
QLl2 190 
DLl2 200 
DLl2 210 
DLl2 220 
DLL2 230 
OLi2 240 
DL12 250 
OLl2 260 
QLl2 270 
DLl2 280 
OLiP 290 
Gl.12 300 
OLl2 310 
DL12 320 
DLl2 330 
DLl2 340 
DLl2 350 _ 

DOUULE PRCCISIUN x,y,FCT 

XP.3709912104446692 02 
YP,814~0774b742624 D-SS*fCT(X) 

OLl2 390 
RLI2 400 
DLl2 410 
DLt2 420 
DLl2 430 
UL12 840 
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TABLE 4.3-Lmting of program for raduzl flow in a leaky artesian aquifer--Continued 

x4,ze4879672509e400 02 
~~Y+,3061601635035021 D~ll*Fct(x) 
~~,22~5109037939701 D2 
y0Y+,134239i030515004 0-6sFcr(x~ 
xn,17114855ie746226 D2 
y~y+,l64S493876540910 O*(r*FCt(X) 
X~,130060S499330635 D2 
yEY+,e365055e56819e0 D-S*FCT[Xl 
Xm,962131684245687 Dl 
vsYt,2032315926629994 0~3*FCf(x) 
~=.d044525453115177 01 
YcYt,26639735Ule65316 OrZ*FCT(x) 
Xt,4599227639Ule346 RI 
yoY4,2010238115463410 D*i*FCT(X) 
X8,2eJ3751337?u3507 a1 
V=Yt,904492222116809 O-l*FCf(x) 
Xo,1512610269776419 01 
~8~+,2440e20~~319e776 Do*Fcflx) 
Xr,bll7574B4§151307 DO 
y~~+1377759275e73i3e0 DO*FCt(Xl 
Xm.~l5722il73580207 00 
Y8Y+,2647313710554432 OO*FCt(X) 
RETURN 
EhD 
SUt)HOUTf~E BESK(X,N,SKtIERS 

c 

z 
C 

E 

lj 

E 

E 

E 
C 

E 
C 
C 

E 

E 
C 

c” 

E 
C 

Ij 
C 

s 

E 
C 

SUBROUTINE BESK BESK 40 
BESK 50 

COMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUYENT ANU ORDERBESK 60 c 
BESK 70 

USAGE 
CALL BEsK(X,N,BK,IER) 

DESCHIPTIU~ OF PARAMETERS 
X *THE ARGUnENt Df THE K BESSEL PIJNCTIO~ DESIRER 
N -THE ORDER Uf TME K BESSEL FUNCTION OESIREO 
BK rTHE RESULTANT K BESSEL FUNCTION 
IERaRESULTANT ERROR CODE WHERE 

IERCO NO ERROR 
IERSl N IS NEGATIVE 
IjiR3l2 X 13 ZERU OR NEGATIVE 
IERm3 X ,CT, 170, MACHINE RANGE EXCEEDED 
IERr SK ,GT, lo**70 

REMARK8 
N MU3t ,qE GREAtEW THAN OR EQUAL TO ZERO 

SUBRUUTINEs AND FUNCTlON SUBPRDGHAHS REQUIRED BE3K 250 
NONE BE9K 260 

BESk 270 
METHOD 

CUMPUtES ZERO ORDER AND FIRST ORDER BESSEL FUWTIONS’~~ING 
BESK 260 
BESK 290 

SERIES APPROXIMATIONS AND THEN COMPUTES N Tk URDEk PUNCTION BESK 300 
USING RECURRENCE RELATION, BESK 310 
RECURRENCE RELATION AN0 PULYNRMIbL APPROXIMAT1DN fECHNl@UE BESK 520 
AS DESCRIBED BY A,J,M,HITtHC~CK,'POLVNOMIAL APPROXIMATIONS BESK 3JO 
t0 0E8SEL FUNCTIONS Of ORDER ZERO AND ONE AND TO RELATED BESK 340 
PUNCTIONS!~ M,T,A,Ctr V,ll~1957,PP,86~ee, AND G,N, WATSON, BESK 350 
'A TREATISE ON THE THEORY OF BESSEL FUNCTIONS', CAMBRIDGE BESK 360 
UNIVERSITY PRESSr 19581 P, 62 BESK 370 - 

- 

OLl2 4’50 
DLl2 460 
OLi2 470 
0~12 ueo 
DLl2 490 
DLl2 500 
DL12 510 
OLl2 520 
DLl2 530 
DLl2 540 
DL12 590 
D~12 560 
DL12 570 
0~12 580 
DLl2 590 
0Ll2 600 
DLt2 610 
DLl2 620 
OLl2 630 
0L12 640 
DLl2 650 
OL12 bb0 
DL12 670 
ULl2 669 
0ESK 410 
BESK 10 

BkSK 80 
BLSK 90 
BESK 100 
BESK 110 
BESK 120 
0ESK 130 
BESK 140 
BESK 1’50 
0ESk 160 
BESK 170 
6ESK ieo 
BESK 190 
8ESK 200 
BESK 210 
BEflK 220 
BE9K 230 
BESK 240 
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0 
TABLE 4.3~-LLsting of program for radial flow in a leaky artesian aquzfer-Continued 

C BESk 380 
C ,,,.,,",,.~,....*,.,,~,.~..~.~,~.,,,~,.,,....~~~*~*~~*a~~~~~~~~~~~ BESK 390 
c 
b 

DIMC)USION T(l2) 
BKs.0 
IF(N~lOrll,ll 

10 ILR’l 
RETUHN 

11 IF(X112r12t20 
12 IER=2 

REtURN 
20 IF(X=170,o)22,22,21 
21 IERa 

RETURN 
22 IER=O 

IF(X-1,)3bp36,25 
25 ArEXP(=Xl 

k3=1 ,/X 
C=SQR T(e) 
T(ll=B 
00 26 L=2rl2 

26 T(L)nT(L*l)*8 
IF[hrl)27,29,27 

: COMPUTE KO U8fhG POLYNOMIAL APPRCIXIMAYIUN 
C 

27 G0aA*(1,2533~u1r,1566642~T~11+,08611128~1~2~~,~9139~9~~~~3~ 
2+,134459b*t(U)-, 2299850*t~5)+,3792910~1~4)-,~247277~T~7~ 
3+,5575368*TCB)-, ~262633*7~9)+,218U518~1(10~~,0b6~0977*7~11~ 

s 

Y+,Oo9lB93~3*T(12~~~C 
IF(~)20,20,29 

28 BKSGO 
RETURN 

E COMPUTE K1 USING POl.VNoMIAL APPROXIMATION 
c 

29 G~~A*(1,2533141+,4699927*for, ~468583*T(2)~,l280427*7(31 
2r,1736432*T(4)t,28476~8*TO -,4594342*T(b)+,62B33Bl*T(1) 
3-,663229~*T(B)+,5050239*T(9)~, 2SB130Y*T~10~+,07880O~l~T~l~~ 
4-,olO8241~*~~~21~*C 

IF(N~112Or30~31 
30 L3KoGl 

RETURN 
C 
C FROM KCl,Kl COMPUTE KN USING RECURRENCE RELATION 
C 

31 DO 35 J@ZgN 
GJEZ,*(FLUAT(JI~~,)~G~/X+GO 
IF~GJ~l,Oh70133,33,32 

32 IER=4 
GO TO 34 

35 GOaGl 
35 GlaGJ 
34 BKaGJ 

RETURY 
36 BmXl2, 

AE,S~~~~~~*ALOG(BI 
C=i3*U 
IF(N*1137r43,37 

C 
C CnMPUTE KU USING SERItS EXPANSILIN 

TJESK 400 
HESK 420 
BESK 430 
t1ESK 480 
BESK US0 
8E9K UbO 
fSE8K 470 
BESK 480 
BESK 490 
WSK 500 
BESK 310 
RESK 520 
BE8K 530 
DESK 540 
BESK 550 
8ESK 560 
BESK 570 
BESK 580 
UESK 590 
BESK 600 
BESK 610 
BESK 620 
BESK 630 
BE8K bU0 
8ESK b50 
BESK 660 
BE8K 670 
BESK 680 
CIESK 690 
BBSK 700 
BESK 710 
8ESY 720 
BESk 730 
BESK 740 
BESK 750 
BESK 760 
BESK 770 
BEdK 780 
BESK 790 
BESK 800 
BESK 810 
UESK 820 
BESK 830 
BESK 840 
BESK 850 
BESK 8bO 
BE8K 870 
BESK 880 
BESK 890 
BESK 900 
BESK 910 
BESK 920 
BESK 930 
BESK 940 
BE9K 950 
BESK 960 
BESK 970 
BESK 980 
BESK 990 
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37 

40 

42 

43 

SO 

52 

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 4.3-Listing of program for radial flow in a leaky artesian aquifer-continued 

GOa-A 
X2J’l. 
FACTsi, 
HJ*,O 
DO 40 Jal,b 
l?J~l,/FLOAT(JI 
IP(X2J,Lt,l,E-00) XZJaO, 
PREVIOUS STATEMENT ADDED TO IBY SUBROUTINE TO CUHHECT UNDERFLOW 
PROBLEM LIN MATFOR COMPILER 
X2J=X2J*C 
FACTsFACf*RJ*RJ 
H JaHJ+l?J 
GO~GO+XLJ*FACTs(nJ~A) 
IF(N)43,42,43 
BKaGO 
RETURN 

COMPUTE Kl USING SCRIE3 EXPASSIUFJ 

X2JrB 
FACT=11 
nJ=l, 
Gl=l,/X+X2J*(,S+A-HJ) 
DO 50 J=2,9 
XZJnXZJ*C 
RJml,/FLOAT(J) 
FACTmFACT*RJ*RJ 
HJanJ+RJ 
Gl~Gl+x2J*FACT*(,5t(A-HJl*FLQAf(J)l 
IF(N~1131,52rJl 
0KaGl 
RETURN 
END 

3ESKlOOO 
i3ESKlOlO 
8ESK1020 
RESK1030 
BESKlOUO 
BESKlOSO 
BE3K1060 
BEBKlObl 
EJESKlOb2 
tlE3K1063 
BESKlO70 
t)ESKlOBO 
BtSKlOQO 
3ESKllOO 
8kSKlllO 
eeaKl120 
RESKll30 
BESKllUO 
i3ESK1150 
BESKI 160 
BESKll70 
BESKll30 
LlESKll90 
BESKl200 
BESKl210 
'3LIK1220 
BESK1230 
BCSKl240 
BESKi 
BEBKl260 
BESK1270 
BLBKl280 
BESK 1290 
BESKl30- 

TABLE 5.2-Listing of program for radml flow In a leaky artesian aquifer with storage of water in the confining beds 

C 
C 

E 

E 

c" 
C 
C 

I 

E 

: 

E 

: 
C 

PURPOSE 
TO CUwPllft TYPE CurVE FUrCTIU1U VALUES FUR HtU,8ElA) -- 
HANTUSh,M.s,,10b~l, WDIFICATI~~N UF THE 7kEOUV UF LtAKV 
AI,iUtFLrSl JClUH, GEWHVS, RES,, V, 65, NO, 11, P, 3713-3725. 
1Ht CO~~PUTAT~CI~AL ALGURITHM *AS DtvISED Ah*0 PKuGWA~~~tD SV 
S,S.PAPAD@PULUS. 

INPUT DATA 
1 CARD - FcIRMAT(~E~O,S) 

USHALL - S~ALLEST(BEGINNING) VALUE OF l/U. 
ULARGE - LARCEST(ENUI~G) VALUC OF l/U, 

2 CARDS . FORMAT(S~10.5) 
BOAT I 12 vALiJtS IJF BETA (zf.RiJ OR HLANK VALUES AHt: 
PERMISSIBLE IF LESS THAN 12 DESIRED, *ILL TtRcINA’fE 
AT FIRST ZERO IIR BLANK VALUK), 

SuBHCluTIYks AND FUNCIIUN SUBPliDGtiAMS REQUIRED 
H,~QG3~,tlW,~ I MUST BE IkCLUDED IN DECK, 
DSORT,D~XP,DtRFC,OLOG - MUST BL IN CWPUTEH LIBRARY. 

LST 
LYI 
LST 
LST 
LST 
LST 
LST 
LSl 
LST 
LST 
LSl 
LST 
LST 
LST 
LST 
LST 
LST 
LST 

***A**CA~**A***AC~*~~**~*A~~~~*A~~~~~~AA+~~~*A~**~~~~~~~*~~~*~A~*~~LST 
REALcS U#C)ETA,h LST 
DIwENSIlJN ARUAV(73,12), V(73), BDAT(li?l, VNUM(6) LST 
DATA VNU~/l,,l,SrZ,,J.r5,~~,~ LST 
IUU=5 LST 

IPTW LST 
RCAU (IRD,bl uSHALL,ULARGE LST 
HEAL’ (IHD,b) BOAT LST 
I8EGIN=ALDtilO~lJS~ALL) LST 
IENU8ALUGlO(ULARGE)+.999999 LST 
ILIMIT=~IE~O.IBEGI~~~~~~ LST 

IF (ILIMll,GT,731 ILIflITs73 LST 

DO 1 1=1,12 LST _- 

: 
3 

z 
6 
7 
9 
9 

10 
11 
12 
13 
14 
15 
lb 
17 
18 

:x 

t: 

:u’ 
25 
27 
28 
29 
30 
31 
32 
33 _ c 

IF ~tWAl(I1,EQ.O.l GrJ TL, 2 LJI 54 
1 CIJ~TINUE LST 35 

NBLl2 LST 36 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 73 

0 
TABLE &a-Listing of program for mdial flow in a leaky artesian aquifer with storage of water in the confining beds- 

Continued 

I 

II*0 LST 
DU 4 l=l,lL1~1T LST 
IkXP~IBEGIN*(I.l~/6 Lar 
II~II*l LST 
If (II,(rf,Ll Ilrnl La1 
V~I~~VNU~~II~*lO,~*IEXP LST 
U=l./v~II La7 
DO 0 Jal,hB LST 
StTANBDAT(J~ LSl -_. 
ARRAV~~,J)‘H(U,~LTA~ I.31 
WRITE fIPTA7) (BDAl(Il,I~l,NBl La7 
DO 5 I*lrlLl~I1 LST 
WRITE lIPT,Ol v(~~,~ARRC~~I,J~~J~~.NY) Lat 
STOP L8T 

LST 
FORMAT (SE10.53 LST 
FUHMAT (‘l’,‘~(u,SETAl’/‘O’,lOX,‘I bETA’/’ ‘rt.X,‘l/U f’r12Elo.23 LST 
FORMAT (’ ‘,E10.3#12P10141 La7 

FUNCTILIN H 
PUHPOst 

10 COMPUTE THE IN~EGHAL OF 
~XP~-VltERFC~S*8QUT(U~/8~Rl~V~~V~U~~))/r SUMMED UVLR V 
FROM U TO INFINITV (FUNCTION HtU,BETA) OF HANTUS~~, 

DESCRIPTION OF PARAMElERS 
SOTH DOUBLE PRECISION 
U - R*c2*8/(UrT*TIME), (RADIAL DI3lANCE SOUARED l STORAGt 
CUEFFICItNT / (4 l THAh8M133IVITV l TIME), U MUST SE > L.D-60, 
8 - (~~U~~(~~RTt~‘~S~/(8’~T~S~tK”~S”/~B”~T~8~~, 

, - HVD. CCIND., STURAGE COEFF,, TWICRNLSS UF 
:PRER CCINFINING BED, 

Kll,Stl,kiTI . HVD. COND,, STORAGE COEFF., THICRNESS OF 
LONER CONFINING BED, 

nETnOD 
I, FuR U < 1.0.60, No COMPUTATION IS MADE, 
II, FOH SNO, H(IJ,O)=M(IJ) (THE18 NELL FUNCTION), 
III, H(UtBlmO IF 

1, u > 10. 
2, 8 > 1 AND 8**2*U > 300, 

Iv. ERFC(ARG)=O FOR ARC > UO AND H(U,S) N HTUBAS) 
FOR U C V < UB *HERE US I8 THE U CORRESPONDING TO AHG = (10 
8xNct H(U8,B) < W(US) ThEY FOR US > 10, H(U,SI N 0, 
EwFCTARG) N 1 FUR ARC < ZIC-10 AND H(UUHISI = w(UUS) 
WbERE UuE IS THE U COYR~SPONDING TO ARC M 2.E.10, 
IF uutl > 10, n(u,tl) N INTLGRAL FROM U8 TO 10, 
IF UUB < 10, H(U,Sl . INTEGRAL FROM Ub TO UUS t N(UUSl 

--- - 
IF (U,GI,l,U-60) GO TO 1 
*RITE (b.7) 
31OP 
IF ~B,EP,o.O~ GO TO 5 
IF (U.GT.10.01 GO TLI b 
BU~u*li*u‘- - -~ 
IF ~B.GT,~,~,AND,uu,G~,~OO,DI GO TU 6 
Hl=U,D 
UPN10.0 
U~~0,5rU~~1,O~DSQRT~l,O+O,O2S*B~S/U~~ 
IF (UB,GT,UP) GO TO 6 
UUS~~,~~U*~~.O+DSQRT~~,O*~~D~O~S~S~U~~ 
IF TUUfl,GT,UPl GO TO 2 
Hlrn(UUW) 
UPmuutl 
M2=0.0 
XLPUE 
xU=lO,*XL 
IF (XU.GE.UP) XUNUP 
CALL 00G3P(XL,XU,fiU0,AREAl 
H,?ahP+AHtA 
KLsXU 
IF TXL.tG,UPl GO TO U 
GU IO 5 
nNHl+nr 
RETURN 
tlNk(U) 

n 
n 
k 

Ii 
h 
n 
n 
n 
n 
n 
H 
n 
n 
h 
w 
n 

H 

37 

:: 
00 
41 
lb2 
u3 
UU 

Ub 
Y7 
ii 
UQ 
50 

:: 
53 
5U 
55 
56 
57. 

: 
3 

: 
6 
7 
8 
9 

10 
11 
12 
13 ir 
15 
16 
17 
18 
18 
20 
21 

:: 
2u 
25 
26 

:; 
29 
30 
31 
32 
33 

:: 
Sb 
37 

:t 
UO 
Ul 
u2 
43 
UU 
n5 
Ub 
47 
U8 
UV 
50 

3: 

:t 
55 
56 
57 
58 
59 
b0 
bl 
62 
b3 
bU 

RETUHN H b5 
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TABLE 5.2-Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds- 
Continued 0 

6 nmo.0 
RETUUN 

I FUNMAT ('O','I, TUO SWALL FOR COMPUTATION') 
END 

” bb 
r( b7 
n 68 
w b9 
n 70. 

SUBROUTINL DQC32[xL,X~,FCl,V) DUG 1 
DUG 2 

,.,,,,.,,1,1,,,~~,,.,.~,,,.,..,.,.,..,,,,,....,....~.......~....., DOG 3 
DGG (1 

SUUHUUIZNE DO632 WC 5 
DOG 

PURPOSE DUG ; 
TO COMPUTE INlEGRAL~FCT~X), SUr(MED UVLH X FRO* XL TU AU1 DOG 8 

DOG 9 
USAGE 

CALL DOG32 (XL,XU,CcT,V) 
PARAMETER FCT REQutRba AN LXTERNAL STATEMENT 

DUG 10 
DUG 11 
‘JOG I2 
DOG 13 

UESCUIPTION OF PARAMETERS DUG 1U 
XL . DUU~~LE PRECISION LOWER Bou~o OF THE INTEHvAL, DUG 15 

. ooue~t PRECISION UPPEU BOUND OF THE INTERVAL. DUG lb 
w Tnt NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION DOG 17 

3UL)PROGRAU USED, DOG 18 
V l THE RESULTING DOUBLE PRECISION INTEGRAL VALUE, DOG 19 

DOG 20 
HEMARKS DOG 

NONE DOG 
DOG 

SUBROUTINE!j AND FUNCTION SUBPROGRAMS REQUIRED DOG 
TnE EXTERNAL DOUBLE PRECISION FUNCTION SUBPROGRA* fCTtX) DOG 
MUST BE FURNISHED BV THE USER, DUG 

DUG 
METHOD DOG 

EVALUATION IS DONE BV MEANS OF 320POINT GAUSS QUADRATURE DOG 
FORMULA, WHICH INTEGRATE3 POLVNOMIALS UP TO DEGMt 63 OUG 
EXACTLY, FOR REFERErJCC, SEE DOG 
V,I,KHVLoV, APPROXIMATE CALCULATION Of INTEGRALS, DOG 
*ACMILLAN, NEW VORK/LUNDoN, 1962, PP,lOO=lll AND 331*3UO. DUG 

DOG 

21 
22 

:t. 
2s 
26 
27 

3; 
30 

:: 

:E 
35 
36 

DUG j7 
DUG 36 
DUG 39 
UoG PO 

-Cl) DOG 41 
DOG 42 

A-C)) DOG 43 

A-C 

A-C 

A-C 

b-C 

A-C 

4-c 

b-C 1 

A-C 

A-C 

A-C 

1 

1 

I 

1 

1 

1 

1 

) 

) 

1 

OUG UU 
DOG 45 
DOG Oh 
Out U7 
DUG 98 
DUG (19 
DOG 50 
DOG 51 
DOG 52 
DOG 53 
DOG 54 
DOG 55 
DUG 56 
UliG 57 
DtiG 58 
DOG 39 
DUG 60 
DUG 61 
Out 62 
DwG 63 
DOG 64 
DUG 65 
DOG 66 
DOG 67 
DOG b8 
OOG b9 
DUG 70 
DOG 71 
DUG 72 
DOG 73. 

FUhCfION HUB 
PURPUSE 

TO COMPUTE VALUES OF THE INTEGRAND OF ntu,B) 
DESCRIPTION OF PAYAnETtY 

X - DUUSLE PRECISIOh, POINT Al WHICH INTEGRANO IS EVALUATED. 

UUB 
MU0 
HUB 
HUB 
HUB 
nun 

c 

c 
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TABLE 5.2-Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds- 

C 

C 

Continued 

ilkTURN MLJB 
EN0 klJb 

IJwJnLt PHtCIS$w fUi~CT1tlf~ wtu1 *s L, 
,****4**t*******tt*,********.****~*.******..~******~*************~ riu 

WU 
FUNCTIIIN w kU 
PURPUbE * v 

TO EVALUPTE TkE lutLL FUNCTION UF tMFI3, * I' 
D~SCH~PTIIIN OF PAklhETEY VrU 

U - DliUL)LE PRECISIUb , AH~~UMENT FllR KELL FUlvCTION, kU 
*ill 

**~*t*****,****t*~*,**********************~*.*****.**.**,****~**** cu 
J"PLILIT HEALoH (A-a,D-2) h 1' 
IF (u.Lt.O.0) Gti TO 2 *LJ 
IF ~U.GT,lOO.) GO TI? 3 *,I 
IF (U,Gt.l,O) GU TO 1 *U 
us=,577~1466+U~[,99999193tU*(r1209Y105SIU~~,055199~~tU~~-,0U97b00~ *ll 

~+,OU~O~&~~~LII)))-UL~~G(U~ * 11 lb 
17 
18 
19 
20 

:: 
23 
24 
25 
26 
27 
28 

::. 

TABLE 6. L.-Lzsting of program for partial penetration zn a leaky artesian aquifer 

************~********2******************~~~~~~~***~*~~~**~~~~n*~**~PL 
PPL : 

PURPOSE PPL 3 
IU CUPPUTC TYPE CURVE FUNCTION VALUES FOR PARTIAL PENETRATIUN PPL U 
1'4 A LEAKY AQUIFER USING EQ, 73 UC HANTUSt!,k.S,r 1964, PPL s 
HYDRAULICS Of &ELLS Ihl CHUr , YEN TE, ADVANCES IN HYDRUSCIENCEI PPL 6 
VUL, It ACADEMIC PRESS, NEW YLJHK, P, 261~442, PYL 7 

INPUT DATA PPL 
1 CARD - FnRb'AT OP5,lrI5r2E10,4) PPL t 

e - AQUIFER ThICKNESS PPL 10 
E - DEPTH, BELOW TUP UF AQUIFER, TU BUTTOll UF PUMPING PPL I1 
NELL SCREEN PPL 12 
D - DEPTH, BELOW TOP OF ARUIFER, TO TOP OF PUMPIhiG HELL PPL 13 
SCREEN PPL 10 
NUM - NUMBER UF OBSERVATION WELLS OH PIEZUMETEHS TIMES PPL IS 
NuM8ER OF VALUES UP KZ/KR, PPL 16 
SHALL - SMALLEST VALUE OF 1/U f0R WHICH C~MPUTATIUN IS PPL 17 
DES1 RED PPL 18 
LARGE - LARGEST VALUE Of l/U FOR ~fl1CH CUMPUTATIUN IS PPL 19 
DESIRED PPL 20 

2 CAU;L'A; FOf?~AT(SklO,S) PPL 21 
m 12 VALUES OF R/RR, NUN ZERO VALUES SHOULD kIE PPL 22 

FIRST, WILL TERMINAYE AT FIRST ZERO (LIR BLANK) VALUE, 
NUM CARDS (ONE FOR EACH 088, NELL OF PIEZQMETEP AND FOH EACH ‘p’p:: 5: 

VALUE LJF R*SORT(Kt/YR) - FORMAT CSFS,l~ PPL 25 
R - RADIAL DISTANCE FROM PUMPED rJELL TIMES SGHTtKL/KR), PPL 26 
LPRIMf I) DEFTtin SELUN TOP OF AGUIFER, fu BUTTUM UF MS, PPL 27 
WELL SCREEN (LERD FOR PIEZO~ETER) PPL 28 
DPRIME - DEPTH, BELOW TOP CIF AGUIFERt f!3 TOP OF 1189, WELL PPL 29 
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TABLE 6.1.-Lusting of program for parhal penetration Ln a leaky artesian aquifer-Continued 

C SCREEN (TUTAL DEPTH F’IR PIEZWETER) PPL 

E 
SUBHCIUTXN~S AN0 FUNCTION SUBPCIGRA~S REQUIRED PPL 

DGLlt,SEHIES,BESK,FCT,L,FL RPL 

E 
PPL 

**********************I*************~****~*~~~~*~**n*~*~*~~*~~**~~PPL 
REAL*I, U,V PPL 
REAL*4 L,LB,LPB,LPRfME,LARGE PPL 
UIMtkSIUN ARRBY(SS,li?I, AHGCb), BOAT(l21, y(55) PPL 
OATA ~RG/l,,l,5,2,13,rS.r7,/ PPL 
DATA ARHAV/bbOCO,/,VISS*O,/ PPL 
I ROSS PPL 
IPT=b PPL 
READ (IHU,91 @,E,D,~JW,SMALL,LARGk PPL 
READ (~RD,lUl BDAT PPL 
Rcl l IElrl2 PPL 
IF (BOAT(I),EO,O,) GCI TB 2 PPL 

l CUfiTINUE PPL 
NBS12 PPL 
GO YR 3 PPL 

2 NBSI-1 PPL 
3 LI38E/0 PPL 

Dt)=D/B PPL 
IBEGIN=ALOGlO(WALL) PPL 
IEND~ALUG~O(LARGE)+,~ PPL 
JLIMITaItNU-XBEGIN PPL 
IF ~JLI~~IT,GT,~I JLIMITC~ PPL 
ILI~IT=b*JLInITtl PPL 
DO 8 K81,NIIM PPL 
READ (IRD,91 R,LPRIkErDPRI~E PPL 
RBSH/B PPL 
t.P!zI*LPRIHE/B PPL 
OPB~DPHIMt /H PPL 
DU 4 Iol,ILIMI.T PPL 
INDkx=(I-1)/b PPL 
IEXP~IHEGIN+INOEW PRL 
11=X-IkDEX*b PPL 
Y~I~~ARG~IIl*lO,**IEXP PPL 
U=lr/V(Il PPL 
00 4 J=l,titl PPL 
BETAsBOAT PPL 
V=BETA/2, PPL 

4 AR~+AY~I,J)EL~u,V)+FLCU,HB,BETA,L~,D~,LF’~~,DPB~ PPL 
Ip’ (LPBa0.I S,S,b PPL 

5 WRITE (IPT,lO) nPB,HB,LB,DB PPL 
GO 10 7 PPL 

6 WRITE (IPT,ll) LPB,DPB,RB,L@,DB PPL 
7 #RITE (IYT,l2) (SDAT(Il,I=l,NB1 PPL 

DC1 8 I~l,ILI~IT PPL 
WRITE (iPT,l3) Y(II,(ARRAY(I,JI,J~~,~B~ PPL 

S CUkTI”JUE PPL 
STOP PPL 

PPL 
PPL 

9 FORMAT (3F5,1,15,2E10,~1 PPL 
10 FwMAT (,l’,‘~(u,H/BR)tF(U,n/BrHIHRIL/B,D/B,Z~B), Z/Bs’,F5,2,‘, SQPPL 

lR’~(CZ/KW1*H/B8’,FS,2,‘, L/B=‘,F5,2,‘, D/B8’,F5,21 PPL 
11 FORMAT ('l~,'w(U,R/BR)tC(U,R/B,R/BA,L/~,D/B,L"/~,D"/~), L"/B8',PPL 

lF5,2,‘, o"/f38',Fs,2,', SORT(KZ/KH)*R/BI',FS,~,', L/BeF5.2,‘, D/PPL 
2B=‘,F5,2) PPL 

12 FORMAT (‘0’,9x,‘I R/BH’/’ ‘rSX,‘l/U 1’,12E10,21 PPL 
13 FORMAT (’ ~,E10,3,12Fl0,41 PPL 
14 FORMAT (BElO,Sl PPL 

ENR PPL 

30 
31 
32 
33 

3; 
34 
37 

:: 
40 
41 
42 
43 
04 
u5 
46 
47 
U8 
UP 

3 
52 
53 
54 
5s 
56 
57 
58 
59 
60 
41 a 
62 
63 
b4 
bS 
66 
67 
68 
69 

3: 

;: 
74 

;: 
77 

;8 
80 
81 
BP 

iit 
85 
86 
87 
88 
89 
90 
91 
9a- 

c 
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TABLE 6.1.-Listrng of program for partial penetration in a leaky artesian aquifer-Continued 

77 

FUNCTION FL 

PUAPCISE 
TO COMPUTE DEPARTURES FROM HANTUSH-JACOB LEAKV APUIFEH CURVE 
CAUSED BY PARTIAL PENETRATION UF PUMPED WELL, 

USAGE 
FL(U~RB,BETA,L~~,DB,LPB,DPBI 

DES~RIPTIUN UF PARAMETERS 
ALL REAL, U DOUBLE PRECISION 
U = H**2*S/Y~T*TIME (RADIAL DISTANCE SQUARED * STORAGE 

COEFFICIENT / 4*TRANSMISSIVIfY * TIME 
RB 9 R/B ( RADIAL DISTANCE / AQUIFER THICKNESS 1 
BLTA a R*SGRT(KI/BlT) . (RADIAL DISTANCE * BGUARE ROUT 

(HVD, COND, OF CONFINING RED/THICKNESS OF CI3NFINING 
BED l TRAkSMISSIVITY QF AWUIFER)) 

LB l L/B ( FRACTION OF A’JUIFKR PENETRATED BY PUMPED NELL) 
UB * D/B ( FRACTION OF AGUIFER ABOVE PUMPED WELL SCREEN) 
LPB * I.‘/8 (FRACTION OF AQUIFER PENETRATED BY QSY, NELL@ ZERO 

FOR PII?ZUMETER) 
DPB l D’/B (FRACTION OF AGUIFEH ABOVE 089, WELL SCREtN, TOTAL 

DEPTH FOR PIEZOMETER) 
SUBROUTINES AND FUNCTION SIJBPRUGRAMS REQUIRED 

DWL~~,SERIES,BESKIFCT~L 
HE THOD 

SUMS THE SERIES THNOUGH Nu*Pf*R/Ei EQ 20 

F:: J 
FL ii 

::t 9 

;t 8 9 
FL 10 
FL 11 
FL 12 
FL 13 
FL 14 
FL 15 
FL 16 
FL 17 
FL 18 
FL 19 
FL 20 
FL 21 
FL 22 
FL 23 
FL 24 
FL 25 
FL 26 
FL 27 
FL 28 
FL 29 

**************~**~2*~*~~~~~*~~~*~~~~~w~*~***~*~*~~*~*~~***~a~~***~ FL 30 
REbL*8 U~VIDSGJRT FL 31 
REAL*4 LlNrL8,LPB FL 32 
SUM~O, FL 33 
N=O, FL 3b 
BETSC’mEETn*#ETA FL 35 
PIftSSQ89,S6960UrRB1RB FL 36 
PILBm3,lYlS93~LB FL 37 
PIOt3m3,141593rDB FL 30 
IF (LPB-0.1 l,l,U FL 39 
CHECKS FUR WELL OR PIELOfdETtR FL 40 

1 PIZB~J,lUlSY3*DPB FL 41 
2 NrNtl, FL u2 

VoSGRT(BEfSotNsN*PIRe98)/2, FL 43 
IF (V,GT,lO,) GO TO 3 FL 49 
TRUNCATES SERIES WHEN V>IU FL 05 
XsL(U,V)/N FL 46 
SUM~SUM+(8IN(N*P~L~)~SIN(N*PIDR~)*tOS(N~PIZB~~X FL rr7 
cl3 in 2 FL (18 

3 ~~~;~~~~~~S*SU~/~LB-DB) FL 49 
FL 50 

4 PILPB=3,141593*LPB FL 51 
PIDPB~3,1~1993*DPR FL 52 

5 NaNti FL 53 
V~8WRT(BE1Swt~s~*PIRe9al/2, FL 5u 
IF (V,GT,lO,l GO T[s 6 FL 55 
TRUNCATES SERIES WHEN V>10 FL 56 
XOL(UIV)/N FL 57 
SUM~SU~+~SIN~~*P~LBl~S~~~~~PIDH))*~SI~~~*PILPS~~SI~~~*PID~~~~~X/~ FL 58 
GO ‘r0 5 FL 59 

‘; ~~q;~~2642~*SU*/((LHIDW)r(LPBIUPB)) FL 60 
FL 61 -. .- 

EIvO FL bd” 



78 

C 

zi 

: 

E 

I 

: 

E 

E 
C 

E 
C 

E 
C 
C 

E 

E 

E 

C 

C 

C 

C 

C 

C 
C 

c” 
C 

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 6.1.-Lwting of program for parhal penetration in a leaky artesian aquzfer-Continued 

FUNCTION L 

PURPOSE 
TO COMPUTE THE INTEGRALt EXP(*Y-V*rZ/Y)/Y) SUMWED OVER Y FROM 
U TU INFIhIfY(WELL FUNCTION FOR LEAKY AGUIFERS), 

DESCRIPTIQN OF PARAMETERS 
BLtTH DOUSLE PRLCISICJk 
U - R**2*5/4~T~TIHE tRAOIAL DISTAHCE SQUARED * STORAGE 

COEFFICIENT / U*TRANSMIBSIVXTY c TIME 
V - R/2*SGRl(K~/(t*8’)1 -ONE-H4LP RADIAL DISTAkCE*SPU4RE RCIQT 

(HYD, cm@, 13F CONFINING B~D/tRA~SMISSIVITY*THICKN~SS 
OF CONFINING BED1 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED\ 
DQLl2~9ERIES,SESK,FCT 

METHOD 
IN THE FOLLCIWING F8EXP(-Y-V**Z/Y)/Y 

(1) U>sl, USES A GAUSSIAN-LAGUCRRE QUADRATURE FORMULA TO 
EVALUATE INTEGRAL(F) FROM u TO IMP, 

(2) V**2cUCl, USES TME G-L QUADRATURE TU EVALUATE INfECHALcF) 
FRUM OFlfi TU INF AND A SERIES EXPANSION TO EVALUA!E INTEGRAL(F) 
FROM U TU ONE, 

(31 U<lt U<aV**2, U$ES THE REPRESENTATION JNTEGHAL(F1 FROM U 
To I&F, i 2*KO(2*V)-INTEGRALfPl FROM Ve*2/u TO INF, 
CVALU4TES THE ZERU OHDkR MODIFIED BESSEL FUNCTION tiF SECOND 
KIND WITH IBM SUBROUTINEI EVALUATES INTEGRAL By G-L QUAD, 

t 3 

I: z 6 
L 7 
L S 
L 9 
L 10 
L 11 
L 12 
L 13 
L 14 
L 1s 
L lb 
L 17 
L 18 
L 19 
L 20 
L 21 
L 22 
L 23 
L 21 
L 2s 
L 26 
I. 27 
L 28 
L 

**************1*2****~~*4~~~~~*~~****A~**~~~*~~~**~*~**~*w~8~~~ L 
EXTERNAL FCT 
REAL*6 U,V,Z,FIVVISERIES k 
CUMMW /Cl/ vv,z 
VVEV t 
IF (U-1,) lr2,2 
CHECKS IF U<l k 

1 zmv*v/Ll L 
IF (Z-1,) S,ll,U L 
CHECKS IF V**Z/u < 1 L 

2 zmu L 
CALL DGLIZ(FCTIF) L 
LlF 
INTEGRAL U TO INF, EVALUATED BY GAUSS-LAGUERRE QUADRr,TUHE : 
G13 TO S L 

3 ZfXe 
CALL DQLlZfFCTfiF) :: 
Lef +SkHIE$(U,V) 
INTEGRAL 1 TU INF, Sv G-L QUA0.r INTEGRAL U TU 1 t)v 3EHIE9 EXP, :: 
GO TO 5 

u T*rJvm(?,*V t 
CALL BESK(TWv,O,~K,IER1 L 
~A~L*~~L~~WCT~Fl L 

2;0;2V&EGRAL V**2/U TO INF, 
L 

5 RETURN k 
END L 
REAL FUNCTION SERIES~~(U,V) SER 
*****C*****~********~*~*~~**~~~~*~~~*~~*~~~~~~~~~*~~~~~*~~**~~*~~*SER 

SER 
FUNCTION SERIES SER 

SER 
PURPUSE SEH 

29 
30 
31 
32 
33 

3: 

39 
38 
39 
40 
41 
u2 
43 
44 
45 
Ub 
47 
48 

z: 
51 
52 

;t 
55 
tjbl 

1 
2 
3 
4 
5 
6 
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C 

TABLE 6.1.-Listing of program for partial penetration in a leaky artesian aquifer-Contmued 

TO EVALUATE 3(1)-8(U), WHERE 8 19 A SERIES EXPANSION OF SER 
INTEGHAL(E~P(~Y~V**2/V)DV/Vl OIVEN BVI 81 SUM, Ma0 TO INFINlrV,SER 3 
(F(M)*SUM, NaO 10 INF,,(V**(2*N)/((N{)*(M+N)1)) WHERE F(M)* SCR 9 
LOG(U) IF M=G AND 0 ((.l)**M/Y)*(U**Mr(V**2/ul**M) IF M>O, SER 10 

DESCRIPTION OF PARAMETERS 8EH 11 
SUTH DUURLE PRECISION SE’? 12 
u - R**a*S/U*T*TIME (RADIAL DIST4NCE SQUARED * STOHAGE SER 13 

CUEFFXCIENT / 4*TRANSMISSIVITV * TIME SER 14 
v - H/2*sRRl(K~/(T*S')) --ONE-HALF RADIAL OISTANCE*SGUAHE HOtiT SEA 15 

(HYO, CONO, OF CUNPINING SED/TRANBMISSIVIT~*TH~C~N~SS SER 16 
OF CONFINING OED) 8ER 17 

SUBHOUTLNES AM0 FUNCTION SUBPROGRAMS REQUIRED SER 18 
NONE SER 19 

METHOD 8ER 20 
SUMMATION IS TERMINATED FOR THE INNER SEHIE$ WHEN A TERM SER 21 
BECOME3 LESS TH4N 5,E.7/N AND FUR OUTER SERIES vrHEN A TERM SER 22 
SECUMES LESS THAN S,E-7 SER 23 

3ER 24 
******************************************************************s~~ 25 
REAL*H DLOG~DA~SS,S(~)~VUH,UU 8ER 26 
REAL*8 TEBT,U,UM,E~,EN,SUH~,SUM,SIGN,V,VS~,V$QU,RMUL~TERM~T~RM~ SER 27 
tEST+S,O~OI SER 28 
VsQ~V*V SER 29 
lJU8'J SEH 30 
DO 6 ISlr2 SER 31 
EVALUATES 8ERIES FUR LOWER LIMIT w u AND UPPER LIMIT I) 1 SER 32 
XF (1,EQ.Z) UIl, S&R 33 
UM=1, 3ER 3u 
EM=*l, 3ER 35 
SWl~O, SER 36 
SIGNe-1, 8ER f? 
vuk=l, 8ER 38 
vsulJavsQ/u SER 39 
EMIEM+l, SER 10 
IF (EHa.1) 2r3r3 BER rrl 
CHECKS FOR H=o SER 42 
;;;:;~:"G(U) 9ER 43 

Go TO 4' 
SER U4 
SER 45 

UM~UM*lJ SER Ub 
IF (VUM,LT,l,Dr30) vUM=O, SER a7 
vu~8vuM*vsQu SER us 
RMULm(UMrVUM)/EM SEH 49 
TERMl=fER#l/EM BER 50 
SIG~=~SIGN 9ER 51 
SUMaTERM1 SER 52 
TERMsTERM SER 53 
ENnO, SkH 54 
ENJrtN+l, SER 55 
TERM*TERM*VSG/(EN*(ENtEN)l SER 56 
SUMeSUMtfERM SCH 57 
IF (TEST,LE,DAHS(RNUL*CN*TERM)) Gti fa 5 SER 58 
TRUNCATES INNER SERIES IF BUTEH TERM*N*INNER TERM < 5,En7 SEH 59 
SUMl*Su~l+SfGN*RMUL*SUM SER 60 . 
1F (Ef-f,LT,,l) to TU 1 SER 61 
IF (TEST,LE,DASS(RMUL*SUMI) GO TO 1 SCR 62 
TRUNCATES OUTER SERIES IF OUTER TERMtINNER SUM C 5.Em7 SER 63 
S(I)~SU~l * S&R 611 
U~UU 9tR 65 
SERIES=S(Z)-S(1) Ski? 64 
RETURN SER 67 
END SER bS* 



80 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 6.1.-Listing of program for partial penetrafron in a leaky artesian aquifer-Continued 

REAL FUNCTION FCT*B(Xl FCT 
*********~*****************t*****t*******~~~~~~~~**~*~~~~~**~*~~*~Fcl : 

FCT 3 

E 
FUNCTION FCT FCT 

FCT s 
C PUHPUSC FCT 6 

: 
TO COMPUTE FcT~X)~EXP~-Z~V**~/~X+Z~~/~~+Z~ PCT 7 

DESCRIPTION OF PARAMETEHQ FCT 6 

E 
X * THE UUURLE PRECISIUN VALUE OF X FOR WHICH FCT 19 CuM~UfED FCT 9 

suBROu71~E3 AND FUNCTIWu SUBPROGRAMS REWIRED FCT 10 

: 
NONE FCT 11 

METHOD FCT 12 
C FWTHAN EVALUATION (.W FUNCTION FCT 13 
C PC1 14 
C *******************I************II******~~~*~~~*~~**~~*~*~~~~~~~~~FCT 15 

REAL*9 X,V,Z,PIDEXP FCT 16 
COMMON /Cl/ V,Z FCT 17 
IF (X1 1,2t2 PCf la 

1 FCTEO, FCT 19 
GU 70 4 FCT 20 

2 P~Ztv**Z/(xtZ) FCT 21 
IF (P-S,Ol) 3r3,l FCT 22 

3 FCT~DtXP(*P)/(XtZ) FCT 23 
0 HkTljRN FCT 24 

EN0 PC7 2S- 
91)BROUTINt UGlLlZ(FCT,Y) DLl2 380 

C DLli? 10 

E 
.~~.,.....~.L,IDl(l~o9~~~~~s~t~~~~~~~~~~~~~~~~~~~~~@~~~~*~~’~*~~~~ DLl2 20 

DLl2 30 
c YUSROUTINE DoL12 DLl2 UO 
C Dl.12 so 0 

PURPI)S% 
TU CWlPUTE INTEGRALCEXPC-XI*FCT(X), SUMMED QVCR X 

FROM 0 To INFINITY), 

USAGC 
CALL DOLl2 (FCTrYl 
PARAMETER FCT REQUIRE9 AN EXTERNAL STATEMENT 

DESCRIPTION OF PARAMETERS 
FCT a THE NAME UF AN EXTERNAL DWBLE PRECISXUN FUNCTION 

SUBPROGRAM USED, 
V I THE RESULTING DOUtiLE PRECISION INTEGRAL VALUE, 

HEMARKS 
NONE 

DL12 60 
DLl2 70 
DLl2 a0 
Dl.12 90 
DLl2 100 
DLl2 110 
DLl2 120 
DL12 130 
DLl2 lU0 
DLl2 150 
DLl2 tbO 
OLi2 170 
DLl2 lS0 
0~12 190 
DLl2 200 
DLl2 210 

SUtiRWTtYE9 AND FUNCTION SUBPROGRAMS REQUIRED DLl2 220 
THE EXTERNAL DOUBLE PRECISION FUNCTION SUBPROGRAM FCTCXI DLl2 230 
HU9T 9E FURNISHED BY THE USER, DLl2 240 

DLl2 250 
NETWUO DLl2 260 

EVALUATION I9 DONE 8-f MEANS OF l2rPOINT GAUSSIAN-LAGUERHE DLl2 270 
GUADRATuRE FORMULAf wtiICH INTEGRATES EXACTLYr DLl2 280 
‘WHENEVER FCTCX) ts A POLYNOMIAL UP To DEGREE 23, DL12 290 
FUK REFERENCE, SEE &ii! 300 
StiAQ/CHEN/FRANK, TABLE9 UF ZERO9 AND GAUSSIAN WEIGHTS OF DLL2 310 
CERTAIN AS$UCIATED LAGUERRE POLYNOMIALS AN0 THE RELATED DLl2 320 
GENERALIZED HERMITE POLYNWIALS, IBM TECHNICAL REPORT DLl2 330 
TROO,lloO (MARCH 19641, PP,24-25. DLl2 340 

OLli! 50 
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C 

E 

C 

C 

E 
C 
C 

3 
C 
C 

TABLE 6.1.--listing of program for partial penetration in a leaky artesian aquifer-Continued 

DLl2 370 
QLlE 390 
DLl2 400 

DOWLE PRECISION x,Y,PCf DLl2 410 
OLl2 420 

X~,3709912104~Y6692 02 RLl2 430 
Yo,~l4807746742624 D-lS*FCf(X) 0~12 440 
X~,284B7967t?So984oO 02 DLl2 450 
Y~Y+,3061601635035021 D=ll*FCltXl DL12 460 
X=,221!5109037939701 02 DLl2 470 
YaY+,l542391030~l5004 D~IFCT(XI DLl2 480 
Xa,1711685518746226 D2 DLl2 490 
Y~Y+,l6684938765409~0 D-C*FCl(X) DLl2 500 
X~,l3OO60949935063S D2 DLl2 510 
Y~Y*,S36505SS56819SO 01S*FCl(X) DLl2 520 
X~,96213lbt!4245687 Dl DLL2 530 
Y~Y+,2032315926629994 0=3*FCT(Xl DLl2 540 
X~,6044525453li5177 01 DL12 550 
V~Y+,266397354lSbS316 Da2rFCf(X) DLl2 560 
Xm.4599227639418340 Dl DL12 570 
Y~Y+r2010230115463410 D~l*FCT(X) Dl”l2 560 
%=,29J3751337743§07 01 DLl2 590 
Y=Y+,904492222116609 O*l*fCT(XI DLl2 600 
X~,lSl261026977b419 Dl uL12 610 
Y=Y+,244OB20113198776 DOfiFCTtXl DLl2 620 
%~,611757484S~S1307 DO DL12 630 
Y~Y+',3777592748731390 DO*FCT(X) DLl2 b40 
X~,1157221173580207 DO DLl2 640 
Y~Y+,26473137105S4432 Do*FCT(xI DL12 660 
RETURN DLl2 670 
EN0 DL!2 689 
SUBROUTINE !dESK(XpN,BK~IER) BESK 410 

8EQK 10 
,tr#rrco~rrrc~~r~rtr~~*~~~~e~*~9~~9a~~~*~e~~~~~~~~~~**~~~~~~~~~~.. BESK 20 

BESK 30 
SUBRUUTINE $ESK bE3K 40 

0ESK so 
COMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUMENT ANQ OHDERBESK 60 

t)ESK 70 
USAGE BESK 00 

CALL B~SK(X,N,BKIIERI BESK 90 
ilESK 100 

DESCHIPTIUN OF PAffAkETERS 0ESK 110 
X ,THE ARGUMENT OF THE K YESSEL FUNCTION DCSIHtD HESK 120 
N mtHE OHDER OF THE, K BESSEL FUNCTION DESIRED BESK 130 
BK -THE RESULTANT Y BESSEL PUNCTI(!N 8ESK 140 
IER~~ESULTANT ERnaR cUoE WHERE C9ESK 150 

IERmo NO ERRUR BESK 160 
IERsl N IS NEGATIVE @E3K 170 
IERm2 X IS ZERO QR NLGArIVE BESK 100 
IERo3 X .GT, 170, MACHINE RANGE EXCEEDED BE3K 190 
XEHEU BK .GT, lo**70 BtaK 200 

SESK 210 
REHAHKS HESK 220 

N MUST SE GREAT-En THAN OR EQUAL TU ZERO BESK 230 
8tSK 240 

SUBWWTINES AN0 FUNCTION SUBPRUGRAMQ AEDUfRED t+kSK 250 
NONk BESU 260 

BESK 270 
METHOD BESK 280 

CWPUTES ZERU ORDER AND FIRST OPUER BESSEL FUNCTIUNS USING BESK 290 
SLRJES APPROX~MAT10YS AND THEN COMPUTES N TH ORUER FUNCTION BtSK 300 
USING RECURRENCE RELATION, dtsu 310 
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TABLE 6.1.-Lzsting of program for partial penetration in a leaky artesian aquifer-Continued 

C 
DIflkNSICN T(12) 
SKo,O 
IF(N)l01ll~Il 

10 IERml 
RETURN 

11 1P0(112,12,20 
12 IERa 

REfUPN 
20 1P~Xr170,0)22,22,21 
21 IEHU3 

RETURN 
22 IEKe 

IF(X-l,)36,36,25 
25 AsEXP(*X) 

l3m1,/% 
Col9iJRT(B) 
T(l)88 
DO 26 Lo2rl2 

26 T(L)aT(L*l)*S 
IP(N-1)27,29,27 

E COMPUTE KCI USING POLVNOMIAL APPROXINATION 

BESK 420 
BESK 430 
BESK uuo 
BEW 4so 
HESK cl60 
BESK 470 
8ESK LIB0 
BESK 490 
BP;SK 500 
SCSK 510 
BESK 520 
BESK 530 
BESK 540 
SESK 550 
BCSK 560 
SE9K 570 
c)ESK 580 
SESK 590 
StSK 600 
BCSK 610 
BESK 620 
BESU 630 
SESk 640 SF 

RECURHENCE RELAtICb'd AND PWLVNCWIAL APPROXIMATION TECHf*lnUE BESK 320 
As DESCHISED BY A,J,M,HITCHCUCK,~PQLVN~l~IAL APPRUXIMATIUNS t)E!lK 330 
TU SESSEL FUNCTIONS UF uRDEH ZERO AND ONE AND TU KELATELI BEan 340 
FUNCTIONSI, M,t,A,C,, V,llr1957,PP,96=88r AND GIN. ,lATSUb, dESK 350 
IA TREATISE OY THE 1HEORY OF SESSEL PuNC~IONSI, CAMBRIDGE BkSK 360 
UNIVERSITV PRESS, 19581 P, 62 RESK 370 

6Esn se0 

E COMPUTE KI USING POLYNOMIAL APPHOKI~ATIO"' 

30 

C 
C 
C 

31 

32 

33 
35 
54 

36 

Ii(N-il20,30,31 
BKmGl 
RETURN 

FROM KOlKl COMPUTE WN USING RECURRENCE RELATION 

DO 35 J~ZIN 
GJ~Z,*(FLUAT(Jl~l,)*Gl/XtGO 
;;;~;d,OE70)33,33r32 

Go f0 34 
GoaGl 
GlmGJ 
8KmGJ 
RETURN 
EwX/2, 

BESK 650 
llE8K 640 
8E$K 670 
BCSK 680 
BESK 690 
BESK 700 
SESK 710 
t3ESK 720 
BEN 730 
SESK 740 
BESK 7'50 
SE9K 760 
SESK 770 
Bt9K 780 
0ESK 790 
SESK 800 
BESK 810 
SESK 820 
BE8K 850 
BESK 840 
BESK 8'50 
BESK 860 
BCSK 870 
BESK 680 
BESK 090 
BESK 900 
BESK 910 
BESK 920 
SESK 930 
BE8K 940 

c 
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TABLE 6.1.-Lzst~~g of program for parhal penetration in a leaky artesian aquifer-Continued 

83 

A~,5772157+ALOG(B) 
CsD*8 
IF(N~llJlr43r37 

c 
C COMPUTE KO USING SERIES EXPAYSIUhl 
C 

37 GOm*A 
x2J=l, 
FACTal, 
HJm,O 
DO 40 Jai,4 
RJ*l,/FLUAT(J) 
IF(X2J,LT~l,E~40) X2Jm0, 

: 
PREVICIUS STATEMENT ADDED TU IBM SUBRIJUTINE To CORRECT UNDEHFLOti 
PRUBLEM ON NATFOR COMPILER 
XZJaXc?J*C 
FACT8FACT*RJ*RJ 
HJrHJ+RJ 

40 GOmGO+X2J*FACT*(HJ-Al 
IF(N)43,42rU3 

42 l#KmGO 
RETURN 

t" COhPUTE Kl USING SERIES EXpANSIUN 
C 

U3 XZJ*B 
FACTal, 
HJ*l. 
Cl8L,/XtXZJ*(,S+A-HJl 
DO ‘50 J.Zte 
XZJrXZJ*C 
RJmi,/FLOAT(J) 
FACT=FACf*RJ*RJ 
HJnHJ+RJ 

50 Gl~G~*X2J~FACT~~,5~~A~~J~*FLOAf~J~~ 
IF(N~1131rS2r31 

52 BKsGl 
RETURN 
END 

MESK 9so 
BESk 940 
HESK 970 
BEN 990 
bESK 990 
C1ESftl000 
BESKlOtO 
BESKlaZO 
BCSK1030 
8E9K1040 
tlE5K1050 
BESKI 
BESKlObl 
bESKlOb2 
BESKlObJ 
BE3KlO70 
Bk8KlO80 
BESK1090 
8ESKllOO 
0ESKiit0 
BesK1120 
BESK1130 
LIESKI l&O 
BESkllSO 
BCSKllbO 
HE961 170 
BESKI 160 
SESK1190 
Scsut2a0 
SESKl210 
BESK1220 
BESK1230 
BESKl240 
BESKlZSO 
BE8Kl260 
SESK1270 
SESK12SO 
BESKl290 
MESKl3On 

TABLE 7.2.-Listing of program for constant drawdown in a well in an in/Cute leaky aquifer 

PURPOSE 
TO COMPUTE A TABLE OF FUNCTIUN VALUES FOR DRAWDOhN IN A 
LEAKY ARTESIAN AGUIFER IN RESPONSE TO A 8TEP CHANGE IN 
dATER LEVEL IN THE CONTROL HELL, FUNCTION VALUES AHE 
EXPRESSED AS A FRACTION OF DRA%~OWN IN CUNTROL NELL tS/8~), 
REFERENCE . HANTUSH~M,S,r 1959, NONSTEADY FLOW TO FLUwING 
WELLS IN LEAKY AQUIFERS: JOUR, GEOPHVS, RESEARtHt V, Q4r 
NO, 8~ P, 1043-1052, 

INPUT DATA 
I CARD - FORHATt2E10,5) 

TSMALL II SMALLEST VALUE OF ALPHA FOR WHICH COMPUTATION 
IS DESIRED, 
TLAHGE l LARGE51 VALUE CIF ALPHA FOR WHICH COMPUTATION 
IS DESIRED, 

1 CARD m FORMAT(l3F5,O) 
8DAT I 13 VALUES OF Rw/B, NON ZERO VALUES SHOULD SE GE i 
AND LT 10, FIRST ZERO (OR BLANK) WILL TERMINATE THE 
LIST, AT LEAST ONE NCIN ZERO VALUE MUST BE COOED, INPUT 
VALUES ARE MULTIPLItD 13Y POWER OF TEN DETERMINED BY 
PROGRAM FROM ALPHA, 

2 1 
2 2 
z 3 

z i 

5 6 7 
5 8 

z tap 
z 11 
z 12 
z 13 
2 1u 
2 If 
2 16 
2 17 
2 1B 
2 19 
z 20 
2 21 
I 22 
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TABLE 7.2.-Listing of program for constant drawdown in a well in an infinite leaky aquifer-Conhued 

1 CARD * FtlRHAt(lOFB,Z) 2 
HW - ff4DIUS OF CONTROL WELL, 
RDAT - 9 VALUE$ OF RADIAL DISTANCE UF OBSERVATION PUIrJTS I 
FHU~ CONTHQL WELL. SHOULD SE CODE0 WITH SMALLEST NUMBER z 
FIRST, THEN BY INCRtASING DISTANCE, THE FIRST ZERll 
(UR BLANK) VALUE HILL TPRMINATE CUMPUTATIUN, E 

ME THOb 
%VALUATES CO, 13 UF WANTUSH, EVALUATION OF BESSEL FUNClIUNS f 
BY SUSHlJUTINE$ BESK AND tiEBY AND FUNCTION JO, EVALUATES 
JNTEGHAL BY SUM, 181 TO BOOOl F([DELTA U)*(I-.5))rrDELTA Ul, f 
tHOOSES INITIAL DELTA U = ,001/$0WT(S~4LLE$T ALPHA) AND U9ES Z 
1HIS VALUE FOR ALL Rw/B GE lO*(DELTA U), FOR ShALLCR RN/b, 2 
DIVIDES DELTA !.J BY 10 AND MULTIPLIES SMALLEST ALPHA BY 100, 2 

REMARKS 
SMALLEST ffw/B GE ,Ol/$QRT(SMALLEST ALPHA) 

$UBRUUTINE$ AND FUNCTIW SUBPROGRAM3 REWIRED 
BfSK,BESY,JO 

REAL*0 SUMlrStk 
REAL*4 KObP,K~6,JO,JOPU,JUU,Y~8OOO~,J~8O~O~,f~8OOO~~~T~SOO~~~ 

1 FB~80001,ADAT(9~,TDAT~b),BDAl~l3),ARRAY~25,9,l3~~B~l3~~T~~5~ 
DATA F7/8000*0,/,FB/B000*0,/ 
DATA HDAT/')*l,/ 
DATA ARH4Y/Z92S~O~/,TDAT/l,~l~5~2,~3~,~,~7~/ 
I ROSS 
IPTib 
READ (IRD,ZU) TSMALL,TLARGE 
HEAD (IRO,ZJ) 004T 
READ (IRU,BI) RW,RDAt 
IBECI~~ALOGlO(TS~ALL) 
IEW=ALOGlO(TLARCE)t,99999 
IF ((IBEGIN/2~2),LT,IBEGI~) IBEGINaIBEGIN-1 
ISPAN*IEYD*IBEGIN 
MLIMIT~(ISPANtl)/2 
COMPUTES INITIAL DELTA u (DUI = ,OOl/$QRT(S~ALLE$T ALPHA) 
OU~~001/S0HT~TDAT~ll*IO,**JBEGI~~ 
EXPONENT (JBEGIlu) OF SMALLEST Rw/B IS CWPUTED FROM EXPONENT 
(IBEGIN) OF 3MALLEST ALPHA, 
JBEGIY~*I~EGIN/~*~ 
DL! 1 101,13 
IF (BDAT(I),EQ,O,) GO TCI 2 

1 CostIFvUE 
N6813 
GO TO 3 

2 NBII*l 
3 CONTINIJE 

DO 4 191~9 
IF (RDAT(I),EO,O,) GO TD 5 

4 ~~~~UPROAW)/R~ 

GO TO b 
5 NREI-1 
6 00 21 r(al,MLIMIT 

NUM~8000 
STARTo-DU/Z, 
CI83TART 
DO 7 ImlpNUH 
uau*Du 
CALL BESY(UIO,Y(I)~IDUMY) 

7 J(IloJO(U) 
OU 19 IR*l,NR 

23 

ii 
26 
27 
28 
29 
30 
51 
32 
33 
34 

i: 

37 1 
38 
39 
40 
41 

2 42 
2 43 
2 44 
2 45 
2 46 
2 rt7 
2 48 
2 UP 
2 50 
2 51 
2 52 
2 53 
2 54 

- 255 
Z 56 
2 57 
2 58 
2 59 
z 60 
2 61 
2 62 
2 63 
z bU 
2 65 
2 66 
2 67 
2 68 
2 69 
2 70 
2 71 
2 72 
2 73 
2 74 
2 75 
2 76 
2 77 
z 78 
z 79 
z 80 
2 81 
2 82 
2 e3 
2 84 

c 
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TABLE 7.2.-Lwtuxg of program for constant drawdown Ln a well Ln an infinite leaky aquifer-Continued 

RHO~RDAf(IR) 
lIESTART 
00 8 I*~,NuM 
UmU+Du 
CALL BC8Y~RHOtU,O,YOPU,IDUMY) 
JOPU=JO(RHOtu) 
JUUmJ(I) 
YOUmV(Il 

8 F(I)m(JUPUtVOU-VOPUtJUUl/(JflUtJOU+YUUtYDu) 
DO I9 Il.i,25 
INDEX=(IT~l)/b 
IEXP~IBEGIN+INDE~ 
II~IT~I~DEXt6 
TAU~tDAf(~IltlO,ttIEXP 
T(It)tTAU 
UtSTARf 
NUHf=NUM 
DO 9 I~l,NUMT 
UsUtDU 
FTE8TmF(Il 
IF ~A~S~FTLST),LT,~,E-~O~ GU tcl 10 
XTESTo-TAUtUtU 
IF (XTE81+69,) lO,lOpP 

9 FT(I)~FTEs~*ExP~x~Es~) 
GO TO'11 

10 NIJPT~I*I 
FT(I)~O, 

11 DO 19 IBe1r13 
JNDfXo(IB-1)/M 
JEXP=JBCGIN*JNDEX 
JJBXBrJNDEXtNB 
BETAtBDAT(JJ)tlO,ttJEXP 
S(Itl)*6ETA 
UcSfART 
BSB=BETAtBETA 
NUHt)rNUkT 
DO 12 InlrNUMY 
UoutDu 
FTESTmFT(I) 
IF ~A69~FTE91],~I,1,E~301 GQ TO 13 

12 fe(I)~FTEST/tu+SS0/u) 
GO TU 14 

13 NUMbaIr 
FB(I)~o, 

14 9UM1~0, 
SuMzaQ, 
DO 15 Ial,NU;HS,Z 
SUMl~SUHl+FB(I) 

15 SUM2=sU~2tFB(Itl) 
XINl~(SUMltSUMZ)tDU 
CALL BESK(HHU~BETA,OIKUBP,IDUMYI 
CALL BESK(BETAIOIKOBIIDU~Y) 
RATIOPO, 
IF (KUSP.GT.0,) HATIOmKURP/KOE 
XThST~rTAUtSSQ 
IF (XtESTt30,) 16,17t17 

lb XPTgO, 
GO i0 18 

17 XPT=EXP(XTEST) 
18 Zs~AT~0+,b366~98tXPttXINl 

IF ~(Z,LT,O,~,ANO,(ZIGT,~S,E~S)l 280.~0 
19 ARRAY~IT~IR~IB)rZ 

z 85 
z 86 
Z 87 
z 88 
Z 89 
2 90 
z 91 
z 9r 
2 93 
z 94 
z 9s 
Z 96 
z 97 
Z 98 
z 99 
z 100 
z 101 
z 102 
2 103 
z 104 
2 105 
2 106 
z 107 
2 108 
z 109 
z 110 
z 111 
2 112 
2 115 
z 1lU 
z 115 
Z 116 
z 117 
Z 118 
z 119 
z 120 
z 121 
z 122 
2 123 
z 124 
2 125 
Z 126 
z 127 
2 128 
z 129 
2 150 
2 1Jl 
Z 132 
z 133 
z 134 
z 13s 
Z 136 
z 137 
Z 138 
2 139 
z 140 
z 141 
2 142 
z lU3 
2 144 
2 145 
2 lU6 
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C 

c 

C 

C 

C 

E 

E 

E 

E 
C 

c" 
C 
C 

z 
C 

E 
C 
C 

I 
C 
C 

C 

c 

TABLE 7.2.-Lzsting of program for constant drawdown in a well in an infhte leaky/ aquifer--Continued 

DO 20 KEl,NH 2 147 
WRITE IIPT,25) RDATIK),B 2 iris 
WRIfE tIPT,zh) ~T~I),~ARRAV~f,K,Ll,Lal,l3~,I~l,2S) 2 lU9 

20 CUhtlINuE 2 150 
EXPUtiEkT hF' SMALLEST R&/B DECREASED BY olvE EACH TIME TnHOUGH LDOQ 2 151 
JBkGIk=JBEGIN-I 2 152 
EXPONENT OF SMALLEST ALPHA INCREASED RV TIJO EACH TIME TnRuUGH LOOP 2 153 
15~CI~oIB~GI~t2 2 154 
OELtA u (au, IS DIVIDED BV 10 EACH TIME THRUUGH T&E LUUQ 2 155 

21 nur,1*ou 2 156 
STUQ 2 157 

2 1513 
22 FURflAT (lOFB.2) 2 149 
23 FORflAT (13f5.0) 2 1bQ 
20 FORMAT (2E10.5) 2 161 
25 FORMAT ('ll,'Z(ALPHA,R/RW,Rw/B) , R/R~~',F~,O/IOI,~XIII Rr/B'/(I ', 2 lb2 

13x,‘ALQHA l’r13E9.2)) 2 lb3 
26 FURHAT (' ',El0,3,13F9,31 2 164 

END 2 lb5* 
REAL FUNCTION JO*U(X) JO 1 
nnn~nnnnnnnnnnncnnnnnnnnnnnnnnnnnnnn~nnnnnnnnnnnnnnnn~nnnnn**n*nnn JO 2 

FUNCTIUN JO 

PURPOSE 
TO COMPUTE THE ZERU UHDER J BESSEL FUNCTIilN FOR A GIVEN 
ARGUf4EN1, 

USAGE 
JO(X) 

3 

i 
b 
7 
a 
9 

10 
DESCWIPTIUN OF QAHAMETEH 

X - REAL*Y, ARGUMENT OF JO BESSEL FUNCTIUIV DESIRkD, 
SUBRCIUTINES AND FUhClIOhr SUBPROGRAMS REIJUIREO 

FiclNE, 
METHOD 

QOLVNOHIAL APPROXIMATIUN FOR XC4 AND A8YMPlOTIC SERIES FUR 
X GE 4, THE POLYb!OMIAL AQPHOXIPATION 19 THE FIRST 10 TERti8 OF 
THE PUkER SERIES FUR JO(X) (MILLER, K,S,, 1957, 
ENGI~E~RING MATHEMATICSI RINEYART AND CO,, INC,, NEW YORK, 
Q, 1201, THE ASVrrPTUTIC EXPANSION OF JO(X) IS GIVEN ON Q. 82 
UF BUdMAN, FRANK, 19SB, INTRODUCT10N TO BESSEL FUNCTIONS8 
DOVER PUBLICATIONQ INC,, NEW YORK, THE TERMS P ('A*PO11 AND 
Q (I-BnQOi) OF THE ASYMQlS)TIC EYPANSIQN ARE COEIPUTEO BY AN 
ALGLlRITHfl FROM IBM SUBROUTINE BESY, * 

JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 

:i 

ii 
JO 

::: 
JO 

11 
12 
13 

:z 
lb 
17 
Ia 
19 
20 

;i 
23 
24 
25 

JO 
JO 
JO 
JO 

*nnnnnnnnnnnn*nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn*nnnnnn**nnn** JO 26 
IF (X-4.1 lr3,3 JO 27 
COHQUTE JO BY FIRST 10 TERMS OF POWER SERIES JO 28 

1 ASmX*X/Y, JO 29 
B=l, JO 30 
DO 2 1=1,10 JO 31 
Call,-I JO 32 

2 #PI,+B*(A/(C*C)) JO 33 
JOcti JO 34 
GO Tll 4 JO 35 
COMPUTE JO BY ASYMPTOTIC SERIES JO 36 

3 f1~4./X JO 37 
Tzmri*Tl JO 58 
P0~~~~~~~a000037043*T2+,0000173565~~12~, 00004a7b131*T2tr000173u3)* JO 39 

1T2~,001753062)rT2+,5389423 JO 110 
~~o~((~,~o00o32312~f2~,000014207S~~12t,0~0034246S~~T~~~,0000S69791~ JO 41 

~~T2+,0004564324)*T2l,0it46690 JO 42 
As2,0/SORT(XI JO 43 
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10 

20 

30 

TABLE 7.2.-Luting ofprogram for constant drawdown m a well in an m/inite leaky aquifer-Continued 

RCA*11 
CrX-,7853982 ii 
JO~A*PO*Cf~S1C)~8*QO*SIN~C) JO 
RETURN JO 
END JO 
SUBROUTINE BESY(X,N,BY,IERl BESY 

HFSY 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ BESY 

HCSY 
SU~ROUfINE BESY BESY 

BESY 
PURPUSE BESY 

CCIMPUTk THE Y BESSEL FUNCTION FUR A GIVEN ARGUMENT AND ORDERBESY 

44 
45 
Ub 
47 
U8r 
410 

::: 
30 
40 
50 
60 
70 

USAGE 
CALL BESY(X,N,BY,IER) 

DE9CRtPTIUN Of PAR4METERS 
X *THE ARGUMENT Wf THE Y BliSSEL PUNCTIW DESIRED 
N rTHf ORDER Of THE Y BESSEL PUNCTIOhl DESIRED 
0Y -THE RESULTANT Y BESSEL FUNCTION 
IER-RE$ULTANT ERROR CUDL WHERE 

IER*o NO ERROR 
IERr N IS NEGATIVE 
IER*2 X 19 NEGATIVE OR ZERQ 
IERa BY HAS EXCEED@0 MAGNITUDE Of lo**70 

REMARKS 
VERY $M4LL VALUE8 OF X MAY CAUSE THE RANGE OF THE LIBRARY 
FUNCTION ALOG TO BE EXCEEDED 
x w9T RE GREATER THAN ZERO 
N MUST BE GREATER THAN 09 EQUAL TO ZERO 

SUBROUTINES AN0 FUNCTION SUBPROGRAMS REQUIRED 
NWNE 

ME THUU 
RECURRENCE RELATION AND PULYNOMIAL APPROXIMATION TECHNIGUE 
AS DESCRIBED BY A,J,M,HITCHCOCK,'POLYNW~IAL APPROXIMATIONS 
TU BESSEL PUNCYIUNS OF ORDER ZERO AND ONE AIuD TO RELATED 
FUNCTIONS,, M,T,A,C,, V,11,1957,PP,Sb-88, AND G,N, NATSON, 
'A TREATISE t.lN THE THEORY Of BESSEL FUNCTIONS', CAnBRIDGE 
UNIVERSITY PRESS, 1958, P, 62 

8ESY 80 
BESY 90 
BESY 100 
BESY 110 
BE9Y 120 
BESY 130 
BESY 140 
BESY lS0 
8ESY lb0 
BESY 170 
0ESY 180 
BESY 190 
BCSY 200 
BESY 210 
BESY 220 
BESY 230 
BESY zoo 
BESY as0 
eesY 260 
BE8Y 270 
BESY 280 
BESY 290 
BESY 300 
BESY 310 
BESY 320 
BESV 330 
BESV 340 
BESY bS0 
BESY 340 
BESY 370 

BRANCH ff X LESS THAN OR EQUAL 4 

XF(X=4,0140r40,50 

COMPUTE YO AND Yi FOR X GREATER THAN 4 

TlmB,o/X 
tZ*Tl*Tl 
P0~~~~~~,000003704J~T2+,0000173S65~~T2~,00004S7613~~T2 

BESY 480 
8fi8Y 490 
BEBY 500 
BESY 510 
IJESY 520 
BESY 530 
BESY SUO 
BESY 550 
BE9Y 560 
BESY 570 
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TABLE 7.2.-Listing of program for constant drawdown in a well in an infinite 1eak.y aquifer-Continued 
0 

1 *,00017343)~12~,001753062)~T2+,3989423 
00~~~~~,00000323l2*T2-,0000142078~~12+~0000342U68)*T2 

1 -,0000869791)rt2~,000#564324)*t2~~0124669U 
P1~~1~~,0000042414rt2~,0000200920~~T2+,00005807~9)*T2 

1 -,000223203)*T2+,00292l826)*t2+,3989U25 
01~~~~~~,0000o56599~T2+,00001622~~T2~,000039S708)~72 

1 +,0001064741)*7Z~,000&390400)~t2+,0374008U 
AeZ,O/SGRT(X) 
BnA*Tl 
C~X~,7853982 
YO~A*QO*SfN~C)+0*GO*cLJ8(c) 
Yl~~A*Pl~COS~C~~BcOlrSlk~C~ 
Gu TO 90 

CUMPUT& YO AND Yl FOR X LESS THAN OR EQUAL TU 4 
c 

40 X%8X/2, 
x2rxx*xx 
;3;~;G(XX)*,5772157 

TERM4 
YO*T 
DO 70 L=l,lS 
1F(L~1)50,60#50 

50 SUHoSUHtl,/FLOAT(L111 
60 FLBL 6 

T98 f-SUM 
IF(ABS(TtRM),LE,l,E-UO) TERMoO, 
TER~~(TER~*(-x~)/FL**~~~~~,~~,/(FL*~SI) 

70 Yo~vOtTERM 
TERM 8 XX*(t-,S) 
SUHSO, 
7 16PfERM 
DO 60 L82r16 
SUMoSUM+1,/FLOAT(L-1) 
FLSL 
FLl=FL-1, 
T88TrSUM 
1F~AB81T~R~~,LE11,E~d01 TERMmO, 
TER~o(TERn*(rx21/(FLl~FL))*((TS~,S/FL)/(TSt,5/FLl)) 

80 Vl8YlttERM 
PIt~,6366196 
Yo=PIz*Yo 
YI="PI2/XtR)i?*v1 

cc CHECK If UNLV YO OR Vl IS DESIREU 
C 

90 IF(N~1)100,100,l30 
C 

4 
RETURN EItHCR YO OR Vi AS REQUIRCD 

100 IF~N)11O,li?0,110 
110 6VaYl 

GO TO 170 
120 eY=vO 

GO TO 170 

E PERFORM RECURRENCE QPEHATIYN8 TO FIND VN(X) 
C 

130 YAmY0 
YS9Y1 
KS1 

BESY 580 
SESY 590 
8E8V 600 
BESY 610 
bESY 620 
0E8Y 630 
SESY 640 
SESY 650 
SE8Y 660 
8Ea'f 670 
BE9Y 680 
BESY 690 
EESY 700 
BE8Y 710 
859v 720 
8E8Y 730 
0E8Y 740 
SESY 750 
BESY 760 
BE8Y 770 
WESY 780 
WESY 790 
BESY 800 
BESY 810 
BE8Y 820 
BE8Y 630 
FXSV 8UO 
BESY 841 
WESY 850 
L)ESY 060 
RESY 870 
WESY 880 
BESY 890 
BESY 900 
BESY 910 
BESY 920 
WESV 930 
eesv 940 
BESY 941 
EESY 950 
BESY 960 
WESY 970 
BESV 980 
WESV 990 
8ESY 1000 
8ESt1010 
HESYlOZO 
MESYlOJO 
BEsvlouo 
WESY1050 
MF3Y1060 
BESYlO70 
0ESY1080 
8E9Y1090 
BESYllOO 
BESYlllO 
WSY1120 
8ESV1130 
SESY1140 
BfSYllSO 
i3E§YllbO 
5E8Y1170 

c 
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TABLE 7.2.-Listing of program for constant drawdown uz a well Ln an infinite leaky aquifer-Continued 

140 T~FLOAT(Z*K)/X BESYl100 
YCotrYBaYA BEBY 
IFtABS(lroE70~14S,145,141 3ESYl200 

lul IERr BESY1210 
RETURN C3ESYl220 

1445 K8Ktl BE3Y1230 
If'~~*Nl150~16O,~SO F3EIYl240 

150 YASYB BESY1250 
YB*Yc BESY 1260 
GO to 140 BESY1270 

160 BY~YC BESYl280 
170 RETURN BE3Y 1290 
180 IERa 6ESY 1soo 

RETURN BESY1310 
190 IER=Z tlEaYl320 

RETURN BEaY 1330 
END aEaYwh 
SUBROUTiNE BESK[X,N,BK,IER) BESK 410 

BESK 10 
a~*aa~*a~~~aa11aaaaaaa*~aaaaa9#a...a.,.a.,a,,,,aa.aa”,..aaaa.~a~,, 6E9K 20 

BESK JO 
SUBRUUTINE 3ESK 0ESK uo 

3EBK SO 
COMPUTE TnE K BESSEL FUNCTION mR A GIVEN ARGUMENT AND ~RDERBE~K 60 

BESK 70 
USAGE BESK 00 

CALL BESK(X,~,RKIIER) BEIK 90 
BESK 100 

DESCRIPTION OF PARAMETERS BEQH 110 
X -THE ARGUMENT UP THE K 3ESSEL FUNCTIUN DESIRED BCSK 120 
N alHE ORDER OF THE K BESSEL FIJNCTION DESIRED BESK 130 
BK -THE RESULTANT K BESSEL FUNCTILIN BESK tU0 
IER=RESULTANT ERROR CODE WHERE BESK IS0 

IERgO ND ERROR BE91r 160 
IER=1 N 13 NEGATIVE BESK 170 
IER=2 X IS ZERO OR NEGATIVE BE8K 1'30 
IERa X .GT, 17Or MACHINE RANGE EXCEEDED BESK 190 
IERa RK ,Gi, lo**70 

RLHARKS 
N MUST BE GREATER THAN OR EQUAL TO ZERO 

aUBHOU1INEa AND FUNCTIUN SUBPROGRAMS REQUIRED 
NONE 

METHOU 

BEIK 200 
HESK 210 
BESK 220 
BE3K 230 
BESK 240 
L)ESK 250 
'3ESN 260 
BESK 270 
HCSK 280 

COMPUTES ZERO URDER AND FIRST ORDER BESSEL FUNCTIUNS USING BESK 290 
SERIES APPROXIMATIONS AND THEN CUMPUTES N TH URDEH FUNCTION BESK 300 
USfQG RECURRENCE RELATION. BESK 310 
RECURHEl\rCE RELATION-AND PiLYNDMIAL APPRQXlnATION TECHNIGUE BESK i20 
A3 DESCRIBED BY A,J,M,HfTCHCoCK,'POLY~~~IAL APPKOXIMATICINS BESK 330 
TU BESSEL FUNCTIONS Of ORDER ZERU ANO ONE AND TU RELATED BESK SUO 
FUNCTIOMS~, M,T,A,C,r V,ll,l957,PP,$6-BBp AND G,N, WATSON, BESK 350 
'A THEATISE QN THE YHkQRY OF RESSEL FUNCTIONS', CAH8RIDGE BESK 360 
liNIVERSIlY PRESS, 195B, P, 62 BEaK 370 

BESK 3130 
,.,a.,.a,a..,,a*,,a,a.aaaaa.aaaa,a.a.aa..aaa.a.aa*a~a*a*~a*~~~a*aa BESN 390 

UESK 400 
DIMENSlUN T(l21 BESK 420 
EKr.0 RhSK 450 
IF(NllOrllrll BESK 440 

10 IEHSl BESn 450 
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TABLE 7.2.-Listing of program for constant drawdown in a well in an infinite leaky aquifer-continued 
0 

RETUUN 
11 IF(X112,12t20 
12 IkRm;! 

RETURN 
20 IF~Xw170,0)22,22,21 
21 IERa 

RETURN 
22 .IttF?=o 

IF(X~1,136,36,25 
25 A=EXP(-X1 

B=i,/X 
CoS[dRY(B) 
T(l)rnt) 
DO 26 LS2,12 

24 T(L)rT(~-ll*8 
IF(N-1127,29,27 

C@PUTE KO USING POLYNUHIAL APPBOXIMATIW 
C 

27 GONA~(l,253~;U1.,1~4664~~~~~~t,~~~~~~~~~~~~~~,~~~~~~~~*~~~~ 
2+,~344596*T~4)~,~299850~T~5~+,3792410~T~4~~,5247277*T~7~ 
3+,5575368*f(b)~, 42b2633rY(9)~,21S4518*T(10~~,066S0977~T~1~~ 
4+,009189383*T(I2))*C 

IF(N)20~2S,29 
26 BK~Go 

RETURN 

E CUMPUTE Kl USING POLYMPIIAL APPROXIMATION 

4-,01082418*Tf12)~*C 
IF(N-1)20,30,31 

30 

E 
C 

31 

32 

33 
35 
30 

3b 

C 

E 
37 

C 

BK*Gl 
RETURN 

FROM KO,Kl COMPUTE KN USING RECURRENCE RELATIUN 

au 35 J62,N 
GJo2,*(FLUAT(J)-l,lcCI/X+GO 
IF(GJ=l,OE70)33,33r32 
IERoa 
GO TCl 34 
GOEGl 
Gl'GJ 
BKiGJ 
RETURN 
BsX/2, 
A=,57721S7+4LOG(B1 
C=B*B 
IF(N-1)37,43t37 

COMPUTE KO USING SERIES EXPANSIUN 

GO=*A 
X2Jol. 
FACt=l, 
HJa.0 
DQ 40 Jalrb 
AJEI,/FLOAT(J) 
XF(XZJ,LT,l,E-Uo) XZJmo, 
Pf4EVIQLlS STATEMEbT ADDED TO ICIfl SUSROUTfNE TCI CUWRfCT UNDERFLOw 

BESK 460 
0E9K 470 
BESK 480 
BESK 490 
BEBK so0 
B&SK 510 
BESK 520 
BE9K 530 
BESK 540 
BESK 550 
0ESK 560 
BESK 570 
8E8K 560 
BESK 590 
8E3K 600 
EESK 610 
BESK 620 
BESK 630 
BEQK 640 
BESK 650 
BESK 660 
BESK 670 
BESK 680 
BESK 690 
t]ESK 700 
BESK 710 
BESK 720 
BESK 730 
BESK 740 
BESK 750 
BESK 7bO 
BESK 770 
8ESK 780 
BE36 790 
BESK 800 
BESK 810 
BESK 820 
BESK 630 
BESK 840 
BESK 850 
EESK 860 
BLSK 070 
BESK 880 
BESK 890 
BkSK 900 
C)ESK 910 
BESK 920 
BESK 930 
BESK 940 
BESK 9'30 
BESK 960 
8ESK 970 
BE8K 960 
13ESK 990 
BESKlOOO 
BESKlOlO 
BESKla20 
0ESK1030 
BESK1040 
‘3ESKlOSO 
BESKlObO 
BESKlObl 
BESK1062 

c 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 91 

TABLE 7.2.-Listing of program for constant drawdown In a well vz an infinite leaky aquifer-Continued 

C PROBLEM UN wATFuR CUMPILER 
XZJmXZJ*C 
FACTaFACT*RJ*AJ 
HJlsHJ*RJ 

40 GonGO+X2J*fACf*(HJ-A) 
IftN)43r42143 

42 &K&GO 
RETURN 

c 

; COMPUTE Kl USING SERIES EXPANSION 
C 

43 XZJW 
FACTrl, 
HJml, 
Gl~l,/X+XZJ*(,S~A-HJ) 
DO SO J=210 
XZJaX2J*C- 
RJ'i,/Fl.QAT(JI 
FACTaFACT*RJ*RJ 
HJeiHJ*RJ 

50 Gl~Gl+X2J~FACT*~,S+~AdiJ)*FLflAT~J)) 
IF(N-1)31,52,3l 

52 BKmGl 
RETURN 
ENR 

86SKlOb3 
SESKl070 
DESK1080 
S~SKl090 
BESKi 
BESKlllO 
BESK1120 
SESK1130 
SESKllUO 
Sl?SKllSO 
BESKI lb0 
DESK1170 
B1sSK1180 
i3ESKll90 
wi9K1200 
SESKl210 
BE8Kl220 
DESK1230 
BESK 1240 
BESKlZSO 
SESKl2bO 
SESK1270 
sEsKl2ao 
SESK1290 
SESK130. 

TABLE 8.2.-Llstuzg of programs for constant discharge from a fully penetratuzg well of finite duxmeter 

C******~********************R***********~***~~~~*~~*~+~*~**~****~~~*~***FAR 1 
C FAR 2 
c PURPQSE PA4 3 

E 
COMPUTES FuNClIClN VALUES UF F(U,ALPHA,t?HU) FOR RHO > 1 - FAR 
PAPADUPULOS,I,S. AND CBOPEH,W,H,,JW,, 1967, DRAWDUWN IN FAR ii 

E 
A HELL OF LARGE DIAMETER1 WATER RESrJURCES RESEARCH, V, 3r FAR b 
NO* 1, P, 241-244, FAR 

C PROGRAM BY S,$,PAPADUPULUS, FAH :, 

t 
INPUT DATA - ONE OR MURE GRUUPSr kACH GRUUP CODED AS FULLON ?AR 9 

C 
1 CAH~L~W:ORMA'r(ZE10.5) FAW 10 

Rr**Z*S/RC**2 - RADIUS OF NELL (SCREEN 
"R-OPEN MORE IN AQUIFER) SGUARED * STORAGE 

FAR 11 
c FAR 12 

E 
COEFFICIkNT / RADIUS QF CASING (UVER INTERVAL UF PAR 13 
kATER LEVEL CHANGE) SQUAREDI FAR 14 

E 
RHU a R/Rw I DISTANCE FRWM PUMPED WELL / RAUIUS OF FAR 15 

WELL (SCREEN OH UFEN B@RE IQ AGUIFER), MUST BE FAR 16 
C GREATER THAN ONE, FAR 17 
c 1 CAR0 - FURMATtlbE5.0) FAR 10 
C UM lb VALUES UF U * R**2*8/(4*T*TIMEl a DISTANCE FRIJM FAR 19 

c" 
PUMPED WELL SQU4RED * STUR4GE CUEFFICIENT / FAR 20 
4 e TRAN8Ml88~VITY * TIME, IF LESS THAN lb OESLRED, FAR 21 

E 
SLINK UR ZERU VPLUES MAY SE CODED FUR THE WEST, FAR 22 

SU~HRUTINES ANR FUNCTION SUSPROGRAMS REQUIRE0 FAR 23 
C PEAK,SI~P,APEKE,EXBSLl,JYO~JYl~RWTS I MUST BE IN DECK, FAR 24 
C FAR 25 
c~******************~~~~~~*~*~~~*~~~~~*~~~~~*~~~n*~*~~~~~~~*~~~~*$$~~*~~FAff 26 

DIMENSIUN V(40r40),U(lb) FAR 27 
COMMON XPK,YPK FAR 28 
COh~ON/PBLK/A,B,RHQ FAR 29 
EXTERNAL EXf3SLl FAR 30 

1 REP0 (S,lb,END=lS) ALPHA,RHU FAR 31 
IF (ALPHA) 15,15,2 FAR 32 
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TABLE 8.2.-Listing of programs for constant discharge from a fully penetrating well of bnite diameter-Contmued 
0 

2 

5 

4 

9 

10 

II 

12 

13 

14 

15 
C 

16 
11 

WRITE (brl7) ALPHAeRHO FAR 
WHITE (b, 18) FAR 
READ (5,191 U FAR 
DO 14 II.lrlb FAR 
IF (U(IIl) lrl,U PAR 
ArALPHA+ALPHA PbA 
BeO,25/U(II) FAR 
CALL APEKE(EX8SLl) FAR 
CALL PEAK(EXBSL1) PA'? 
IF (XPK*l,OE-8) S,b,b FAR 
WRITE tbr20) XPKlU FAR 
GO 7'2 3 FAR 
IF (XPK-3.0) 8r7r7 FAH 
WRITE (6,211 XPK,U FAR 
GO TU 3 FAR 
EPS~O,OOOOO! FAR 
HBPb0,007*XPK PAR 
CALL SI~P8(0,0,XPK,EP9,H8AR,SUM,DkL;EXBSll~ F4R 
xMl~(~3,141S9265~~,~)/(8,O~(RH~=l,~~tl,E~b~~R~~/2, FAR 
DXlf%Ml~(l,OE.b)*RHO FAH 
DXNi(2,0~3,14159265*RnO)/(5,~(RnOlir)) FAR 
DL~~,14159265~RHO/(RHUII,) FAR 
CALL HUOTS(XMl,DXlrWTlrEX89L1) FAR 
HBAH~0,007r(Rll-XPK) FAR 
CALL SXMP8(xPK,RTl,~PY,HBAR~TR~l,~RRlrEX89LI) fAR 
SUMaSUMtTRMl FAW 
DELiDEL+ERRl PAI? 
Xl~RTl FAR 
I=! FAU 
XMBXltDL FAR 
CALL RUOrStX~,DXN,X2,EX89Ll) FAH 
HMARPO.OO~~(X~-X~) FAR 
CALL SI*PSfXl,X2,EPS,H8AR,lRM,ERR,EX8~L1) FAR 
V(lr11~ABS(lR~1 FPH 
DELPDELtERR FAR 
ImIt1 FbW 
IF (I-40) 10~10,ll FAA 
Xl~X2 FAR 
GiJ TO 9 FAR 
EStrO,O FAR 
DO 12 K=2,40 FAR 
Hs41rK FAR 
DO 12 J=lpH FAR 
V(K,J)8V(K~l,Jtl)-V(Kwl,J) FAH 
DO 13 f-401,40 FAH 
LON.1 FAR 
DELVo(-O,S)**L*V(N,ll FAR 
ESToESft(O,S)*DELV FAR 
SUHi8UM~ESf 
PUARo4,0*A*R~Y*QUn/,,l4~.59265 

FAR 
FAR 

@RITE (6,221 u(II),SUM,DEL,PUAR FAR 
CUNrINuE FAk 
GU TO 1 FAR 
STUP FAR 

F&R 
FOHMAT (2E10.51 FAH 
FORMAT ('l','F(U,ALPHA,HHOl FOR ALPHAz',lPE13,5,', HHtJ~',lE.l3.5) FAR 
FORMAT ~A~O,l~X,1HU,16x,%HINtECRIL,VX,~UHINtEGRAL EHRuR,bX,lUHF(U,FAR *_,.. 18 

lALPHA,RHU)/lH I 
19 FCIHMAT (lbES,O) 

FAN Yl 
FAR 92 

33 
34 
35 
36 
37 
38 
39 
UO 
41 
42 
u3 
44 
05 
Ub 
47 
48 
49 
50 
51 
52 
53 
54 
5s 

Zf 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 

35 
74 

:: 
77 

3: 
80 
81 

2 
8U 
85 
86 
87 
88 
89 
90 - . 

c 
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TABLE 8.2.-Listing of programs for constant discharge from a fully penetrating well of finite diameter-Continued 

20 FORMAT (5n XPK~,EI5,813XllbntllO 3MALL FOR U=,E10,3) FAR 
21 FURhAT (SH XPK~,El~,&,3X,lbHT00 LARGE FOR Ur,Elo,3) FAR 
22 FORMAT (IH ,li=l)E20.8) FAH 

END FAR 

FUIUCTIO~\~ EX@SLl(x) EM1 
c**********l***~**************t***~~*~**~***~~~~~~*~~***~*~*~**~~~*~~~~**E~l 

E 
EBl 

PURPL)SE Etil 
C CUHPUTES VALUES flF THE IhTfiGRAND FOR F(U,ALPHAIRHO) Et51 

; 
DESCRIPTIw OF PARAMETER Etil 

X- REAL - ARGUHEhlT rJ$ INTEr;f?AND ES1 
C Ecll 
C1******************+~**~****~~~~~***~~~~*~~~*~~*~~*~~**~*~~~~*~****~**~E~l 

CUM~Ok/PBLK/A,B,R E&l 
IF (X1 1~1~2 EM1 

1 EXt)SLlnO, Etll 
GU TQ 8 c u 1 

2 w=X/R EBl 
If (wnl,OE’Il ur4,3 Et+1 

3 FNU~A*C~S~W*(R~l,O))~W~S~~(~~(R-l,O)) EHl 
DEc(~*c*SORT(R))s(W*W+A~A) Eul 
EXfdSLl=FNU/DE EBl 
GO TU t, EM1 

u v8s*x~x EBl 
IF (Y’-0,011 5,5,6 ES1 

5 EXPu=Y*~1,O~Y*~O,S-Y~~~l,o/6,o~-Y*~l~o/24~o~~~l EHl 
GO fu 7 EHl 

6 ExPU~l,o~ExP(mY) EC31 
7 CALL JVO(~~,WJOI~YO) EN1 

CALL JYl(Nr~JltJYl) EBl 
AW8r+WYO~A*wyl E&l 
Br#WrkJO-A*kJl EWl 
CALL JYO(X,BJOtBYOl EM1 
F~UM8EXPo*(Ac*EJO=ew*Br0) El31 
DE~oX*X*(Aw*A~*Hq*Hr) Ebl 
EXB$Ll=FNuC/DEN Eel 

8 RETURN ERl 
END Eidl 

SUBRL3UTJNE RUOT~(X~,OX,RUOTIF) Rlti) 
c*****************************************~w*~*~*~****~~~~***~*~~~*w*****Ro~ 
C KU0 
C PURPUSE ROCl 

E 
SEARCHk9 FUR ROOT OF F IN TtiE INTERVAL XM-OX TO XMtDX, HLNJ 

DESCRIPTION OF PARAMETERS n ALL REAL RU13 
C XM m CENTER QF INTERVAL SEARCHED, am 

i 
OX - HALF WIDTH OF INTERVAL SEARCHED, Hflcl 
ROOT w RETURNED RaOT LuCATIUN, RUIJ 

C F * FUhCTIUN REFERENCE, RUO 

~*+***+********t********************~*******~**********************~****w*~~~ 
XLeXM-DX RUCl 
XRaXM+DX HOQ 
VL*F(XL) RClO 
VReF(XR) RCKI 
EP~0,000001*A89~VL) RW 
oa 9 Im1,200 Al20 
VMoF(XM1 R&J 
UPsABS(YM) RUf_I 
IF [UP,LT;EP,AND,UP,LT,l,O~~7) GO TO 1 
IF (YMI 2glr2 

93 
98 
95 
9b- 

: 
3 
4 
5 
b 

8’ 
9 

to 
11 
12 

f: 
15 
16 
17 
18 

:t: 
21 
22 
23 

2; 
26 
27 
28 
29 
30 
31 
32 
33 
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: 
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; 
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 8.2.-Lcstcng of programs for constant dLscharge from a fully penetrating well of finrte diameter-Continued 

1 RuUl=XM ROO 
GO Ta 10 ROO 

2 IF (YM*YLl 7,3rY RUIJ 
3 ROuToXL Hml 

GO TO 10 RUO 
4 IF (YM*YR) B,S,b RUO 
5 ROOT=XR RUQ 

GO TO 10 MU13 
6 vrHITE (6,111 xL,xR woo 

8TQP RCIO 
7 XRaXM RClO 

YP=YM ROO 
GO TO 9 RUO 

8 XL=XM UOL, 
YLEYfl woo 

9 XMPotL+xR)/2,0 ROU 
ROQT8XM RriO 

10 RETURN ROQ 
C RUO 

11 FORMAT (1H ,ll)X,27HNO ROOT IN INTERVIL XMmDX a,lPE20,0,SX,llHAND XROO 
lM+DX o,lPEZO,0/) ROO 

END ROO 
SUBRWJTINE APEKE(EX88L) APE 

C*******************~********C***~~~~~*~~~~~~~***~~*~~~~~~**~~~~~~~~~PE 
r APE 
i PURPOSE 
C GETS FIRST APPRO%I~ATIClN TO PEAK POSITIfJN 
I? 

APE 
APE 
4Pfi 

~*****l**********t****1*******2****************4************~~*~********AP~ 
COMMON XPK,YPK APE 
XPK=O,O 4PE 
YPK*O,O APE 
DO 2 L=lr17 APE 
X~10,0**(1*91 APE 
YeXBsLtX) APE 
IF (Y*YPK) 3,3rl APE 

1 XPK=X 4PE 
YPK=Y APE 

; mm;;;“’ APE 
APE 

END APE 
SUBROUTINE PEAK(EX8SL) PEA 

C*********C*I******R***********~********~*~~**~***~*~*~~~**~~*****~*~***PEA 

E 
PEA 

PURPOSE PEA 
c ATTEMPTS 713 FIND POSITION UF MAXIMUM FOR INTEGAANC) PEA 

PEA 
~*******++C****~******IZ~****)*~++**********~*****~*~*****~*******~~*~***PEA 

CoMMON XPK,YPK PEA 
YPKmEXBSLfXPK) PEA 
DO i3 L’lr200 PEA 
DX~O,Ol*XPK PEA 
XLlXPK-DX PEA 
YL~EXBSL(YL) PEA 
xRaXPK+DX PEA 
YRrnEXBSL(XR) PEA 
DEN~YR+YL~YPK-YPK PEA 
IF (DEN1 lr9rl PEA 

1 X~XPK~O,S*(YRaYL)*DX/D~N PEA 
2 IF (X1 3rUtY PEA 

23 

% 
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27 
20 
29 
30 
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36 
37 
38 
39 
40 
41 
42 
43 
4u* 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 95 

TABLE 8.2.-ListLng of programs for constant dwcharge from a fully penetrating well of /i&e dzameter-Continu .ed 

3 x*0,0 PEA 
4 YeXBSLtX) PEA 

IF tYH*Y) b,b,S PEA 
5 YaYH PEA 

XZXH PEA 
6 IF (YLrY) 8,8,7 PEA 
7 YPYL PEA 

X8XL PEA 
8 IF (YeYPK) 14,14,12 PEA 
9 ff (YR*YPKl lltlO,lO PEA 

10 xsxPK+Dx+Dx PEP 
GO TO 2 PEA 

11 X=XPK-OX-OX PEA 
GO TU 2 PEA 

12 YPK=Y PEA 
XPK=X 

11 Ccl~tINuE 
PEA 
PEA 

14 RETURN PEA 
EN0 PEA 

SUtiHOUtINk SIMP$(o,R,EPS,HRAR,AREA,DEL,F) 3IM 
c*****************************************~w*~**~~~~~***~*~w******~w~~~~*~s~~ 

E 
8IM 

PURPOSE SIN 
c TO DETERMINE THE INTtGRAL UF A FUNCTIUNr F, FROM 0 TU RI SIM 

E 
USING 31MP30N’S RULE, BfM 

DESCRIPTION OF PARAhETEHS SIN 
C ALL REAL 9IM 

E 
0 - LUwkR LXMIT r>F INTEGRAL SIM 
R * UPPER LIMIT UF IhTtGHAL SIH 

C fiP3 - DESIRED ACCURACY SIM 

: 
h#AH - MINIMUM DIVISIUN OF THE INTERVAL SIM 
AREA - COMPUTED VALUE OF INTEGRAL RETWEEN B AND H 3lM 

: 
DEL - COMPlIfED ESTIMATE OF ERROR SIV 
f - THE INTEGRAN0 (FUNCTIUN REFERtNCE) SIM 

C METMUD 3IN 

c" 
USES SIflPSON'S RuLS. TO CWPUTfi 4 SUM APPROXIMATING THE I"T!iGRALSfk 
USES TNTrIAL Hs(R-b)/2, COMPUTCS A SEQUENCE OF SUMS L)Y HALVIkG 8IM 

E 
H EACH TIME, COMPUTES ESTIMATE OF ERROR (DEL) AS (PREVIOUS SIM 
SUM l CURKENT SUM)/l5, COMPUTATIUN STOPS WHEN 1) H<HBAH, SIM 

i 
2) AMS(O~L]CABS(EPS*CUHRENl SUM), IF HBAR 13 Lt 0, SIM 
THEN HbARz,QO7*(R=ti), SIfl 

t SIM 
C**************IR********t*~~~*~~~~~*~~~***~~~*~~~~~~~***~~~k~**~**~w~wt*sIM 

t4aH-Q 8IM 
IF (WI lrl,2 SIM 

1 ARLA80,O 1114 
DEL=O,O $1” 
GO TO 10 SIY 

C R MUST BE GHEATtR THAN w SIM 
2 sP~l,oE35 SIk 

93~0.0 31i-l 
Sl~Ftol+F (K) SIM 
IF (rct)AHl 3,3,u SIM 

3 HBAH=0,007*H 914 
4 s2no.o SIM 

Xru+O,S*H SIM 
'5 $2+32*4,O*F(X~ SIH 

xartn SIM 
IF (XsRl 515,b SIM 

b sC~~s1tYZts3~*H*0,lb46~64~ SIM 

20 

f : 
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96 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE 8,2.-LLsting of programs for constant discharge from a fully penetrating well of finite diameter-Continl ued 

DEL~0,0~6666667*~3P-sc) SIM 
IF (ABS(DEL)-A8S(EPS*SC)) 7t8rS SIM 

7 AREA@%-DEL SIM 
GO TO 10 SIH 

8 s3ms3+0,s*s2 SIH 
H8O,S*H SIN 
IF (H-HSAR) 7,9,9 SIM 

9 SPISC SIH 
GO TO 4 SIM 

10 RETURN Sib 
END SIM 
SU8WUTINE JYC(X,JO,VOl JYO 

C***********************s*******+************~***************~************JVO 

E 
JVO 

PURPOSE JYO 

c” 
COHPUTES BESSEL FUNCTIUNS UP THE FIRST AND SECOND KIfuD, Jvo 
ZERO OHDER, FOR POSITIVE ARGUMENTS, JYO 

C SEE NBS AM3 55, P, 369111370, JVO 

c" 
DESCRiPTIdN UF PARAMETERS - ALL REAL JYO 

I- AHGUMENf, MUST SE >O JYO 
C JO w RETURNED FUNCTION VALUE, JO(X) JYO 
c VO - RETURNED FUNCTION VALUEl VO(X) JvO 
C JVO 
C***********************************************************************JvO 

REAL JO JVO 
If (X-3.01 1,2,3 JVO 

1 IF (X1 41412 JYO 
2 Zm(O,J3333333rXl**2 JVO 

J0s1~0~2*(2,2u99997.~~~1,26562~8~z~(0,3~63866~2~~0,0~4U479~z~~0,0~JV0 
139444*0,0~021*2~1~~~ JVO 

Yom0,63661977*AL0G(0,5~X~*J0t0,367U6~91t2*~0,60559366~2*~0~7~35038JY~ 
14rZ*~0,25300~17rZ*~0,042412~~~Z*~0,00427916=0,0002~~44*Z~~~~~ JVO 

RETURN JYO 
3 213,0/x JVQ 

F~0,7978~456~z~(0,77~~6tz~~0,00S3274tz~~0,000~9S12~z~~0,0~1~7237=ZJV~ 
1*~0,00072805~0,~001~47~~21~~1~ JYO 

~no,78S39816+z~(o,O~16b397tz~~~,oooo395u~z~(o,oo262573-Z~~0,0o05~1Jv0 
125+2*(0,00029333*0,00013558*2))))) JVO 

Q~SWWT(~,O/X) JYO 
JOcO*F*CUS(X-PI JVO 
vOmO*F*SINfXrP) JVO 

4 RETURN JvO 
END JvO 
SUBROUTIM JVl(x,Jl,vl) Jvl 

c***********************************************************************JYl 
C JYl 
C PURPclSk JYl 
C COMPUTES BESSEL FUNCTIOFtS OF THE FIRST AND SEWN0 KIhD, JYl 

E 
FIRST URDER, FOR POSITIVE AWGUMENTS, JVl 
SEE NBS AMS 55, P, 370. JYI 

: 
DESCRIPTION OF PARAMETERS (I ALL REAL JYl 

X- ARGUMENT, MUST tiE >O JVl 

z 
Jl * RETURNED FUNCTION VALUEr Jl(X) JVl 
Vl - RETURNED FUNCTION VALUEt VI(X) Jvl 

C JYI 
C************************************************************************JYl 

REAL Jl JVl 
IF (X-3.0) lr213 Jvl 

1 IF (Xl 4,4,2 JVl 
2 Zm(0,33333333rx)**2 JVl 

42 
u3 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 97 

TABLE 8.2.-LLsting of programs for constant discharge from a fully penetrating well of fincte dmmeter-Contin 

J1~X*~0,5-2*~0,56249989rl*~0,21093S73~2~~0,039S4269~Z*~0,004U3319.JY1 
12*(0,00031761~0,00001109*Z~))1)) JYl 

Y1*0,63661977~A~00~0,S~X)~J1+~~0,4366198+2~~0,2212091+2~~2,1682709JY1 
1~2*(1,316~827r2*~0,31239S1~Z~~0,0~00976~0,0027873~Z~)~~)~~X JYl 

RE TUHN JYl 
3 Z~S,O/X Jr1 

F~0,79788U56+~~(0,1S6EIS+Z*(0,016S9667+~~(0,000~710~-~~~0~0~2u9~~1J~~ 
1~2*~0,001156S3~0,00020033~2~~))) JYl 

P~0,7SS39B16-Z*(0,12U99612+Z~(0,000~~6B-Z~(0,00637879~Z~~~,~0~7~34JY1 
18+2~~0,00079824m0,00029166~Z))))) JYl 

Qc3QRT(1,O/Xl JYl 
Jl~G*f~81N[Xrp) JYl 
Yla-G*F*COS(%.P) JYI 

4 RETUUN JYl 
END JYi 

C**t*******************************~~~~~~~~~~~~~~~~~*~*~~*~~*~~*a~~~*~~~FuA 
C FUA 

c” 
PURPOSE FUA 

COdPUTES PUNCTION VALUES Of’ F(UW,ALPHA) - FUA 

E 
PAPADOPuLO$,I,S, AND COClPER,H,H,,JR,, 1967, DRAWDOWN Id FUA 
A riEl.L OF L4RGE DIAMETER1 MATER RESOURCE8 RESEARCHI V, 3r FUA 

C 40, lr p, 241-244, fUA 

E 
PROGRAM BY S,S,PAPADOPULQS, FUA 

INPUT DATA I ONE Of? MORE GROUPS# EACH GROUP CODED AS FoLLwJ8 FU4 
C 1 CARD l FORMAT tElO,Sl FUA 

c” 
3 l (ALPHA) l RW**2*S/RC**2 - RADIUS OF WELL (SCREEN FUA 

OY rlPl!N BORE IN AQUIPf!Rl SQUARED * STORAGE FUA 
C COEFFICIENT / RADIUS OF CASING (OVER INTERVAL UF FUA 

c” 
wAtER LEVEL CHANCE) SQUAREI), FUA 

1 CARD . F~RMAT(lbES,Ol FUA 
C U- 16 VALUES OF UW * Rw**2*3/(U*TtTIME) m R4OIUS I)F FUA 

E 
PUMPED WELL SQUARED * STORAGE COCFFICIkNT / FUA 
4 * TRA~SMISSIVITY * TIME, If’ LESS THAN 16 OkSIRED, FUA 

C BLANK QR ZERO VALUES MAY BE CODED FOR THE REST, FuA 

E 
SUBROUTINES AND FUNCTION SUBPROGRAMS REGUIRED FUA 

PEAK,SIMP,4PEKErEXBSL2,JYOnJYl . MUST BE INCLUDED IN DECK, FuA 
C FU4 
C**+************************I***********~~~~~*~*~~~~~~~~~*~~~**~~~~*~~~~FU~ 

COMMUN XPK, YPK FUA 
CUMMUN/PBLK/A,B FUA 
EX IERNAL EXeSLlr FUA 
DIMCNSION U(l6) FUA 
EPSo0,OOOl FUA 

1 READ (5113tEND~121 9 FuA 
IF’ (3) lrlr2 FUA 

2 READ (S>lU) u FUA 
WRITE (6,151 s FUA 
00 11 lot,16 FUA 
UW~U(I) FuA 
IF (UW) lrlr3 FUA 

3 BCO,25/UW FuA 
A+S+S FUA 
C4LL APEKEtEXBSLZ) FUA 
CALL PE4K(EXMSL21 FUA 
IF (XPK*l ,OE-$1 4,5,5 FUA 

4 WHITE (6,161 uk,S,XPK,YPK FUA 
GO TO II PUP, 

S IF IXPKrl,OER) 7r7,b FUA 
6 )*RITE (6,171 U*,S,XPKIYPK FUA 

GO TO 11 Fu4 
7 HBAR=O,UU7*XPK FUA 

fY 
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98 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

TABLE &Z.-Listing of programs for constant discharge from a fully penetrating well of finite diameter-Continued 

CALL SIhPS(o,~,XPK,EPS,~EAR~SU~~DEL,~XSSL2~ FuA 
X2SXPK FUA 
OX=XPK FU4 

a Dx~lo,o*oY FUA 
X19X2 FUA 
x2mx1+DX FUA 
YmEXBSL2fX21 FuA 
HBAR=0,007*DY FUA 
CALL SIMPS(Xl,X2,EPS,HBAR,lRM,ERR,E%SSL21 FUA 
SUM=SUM+TRM Fu4 
DELoDELtERR FuA 
IF (X2rl,OE9) 9,10110 FU4 

9 YT=1,5707963/x2r*4 FUA 
IF (A8S(Y-VT)/YT~O,SE-6) 101808 FUA 

10 EST=O,5235907S/X2*“3 FUA 
SUM~SUMtEST FUA 
FU~3.3,2422779*S*S*SUM FUA 
WRITE (6,18) UW,SlJM,UEL,FU*S,XpK,VPK FUA 

11 CONTINUE FUA 
Co TO 1 Fu4 

12 STOP FUA 
C FUA 

13 FORMAT (ElO.51 FUA 
14 FORMAT (lttE’i.01 FUA 
15 FORMAT (‘l’,‘F(UW,ALPHA) FUR ALPHA~~,~PEl4,5/‘0’,7X~‘U~‘,l2Xl(rNT~FU4 

IGRAL’,SXI’INTCGRAL E;RHOR ‘,~X,~F~UW,A~PH~)~,SX,‘X~P~~KI’,~~X,’Y~P~AFUA 
2KIt/' '1 FUA 

16 FORM4t (lH ,tPE14,1r9X,34HVALUES DF DUMMV VARIABLE TOO SMALLIIPE25;;: 
l,l,lPE17,7) 

17 FORMAT (lti ,~PE~~,~,~X,~UHVALUES OF DUMMY VARIABLE TOO LARGErlPE25PUA 
1,7#1PE17,7) FUA 

18 FURMAT (1~ ,lPEl4,5,lPSE17,5) FUA 
END FUA 

FUNCTI(IN EXtlSLZ(X) ee2 
c*2*********************c*l*************~***~*~*~*q*~**~****q*~*~*~*****EB2 
C EL32 

4 
PURPOSE El32 

COMPUTES VALUtS QF THE INTEGUAND FfJR F(U*,ALPHA) ES2 

: 
DESCRIPTION OF PARAMETER ee2 

X- HEAL l ARGUYENT OF INTEGRAND E.02 
C Et32 
c**********l*******l*********************~~*~~~*~~~~*~~~*~*~*~**~*~~*~*~~e2 

CObMON/PBLK/A,B E02 
IF (X1 lrlr2 EI32 

1 ExtlSL2aO. Ec32 
GO TO 8 EB2 

2 IF (X9l,E+T) 4e413 El32 
3 EX8SL2~1,57079bJ/X*~4 LB2 

GO TO S LB2 
4 Y8!3*X*X EM2 

IF CY*,Ol) S,S,b Et32 
5 ~~U~~Y~(1,~Y*(,5~V~~(l,/~,~~Y~(l,/24,~l~~ El32 

EB2 
6 FNU-I,-EXP(-V) ES2 
7 CALL JYO(X~HJo,SVO) EEI2 

CALL JVl(x,BJl,HYl) ee2 
OE~~((X*BJOIA*BJ~~~*~+(X*~YOIA*BY~)**~)*X~~~ EH2 
E%BSL2=f NUM/DEN EB2 

8 RETURN E[32 
END E82 
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 99 

TABLE 9.2.-Llstlng of program to compute change Ln water level due to sudden Lnjection of a slug of water into a well 

C*******************L**l*****+*************nnnn*nnnnn*nnnn*n*n*n*n*n*nn F0A 

i 
FBA 

PURPOSE FBA 

: 
COMPUTES FUNCTION VALUES OF F(BETA,ALPHA) - THE SLUG TEST FBA 
FUNCTION - COOPER,H,H,,JR,, BREDEHOEFT,J,D,, AND PAPADOPULOS, FBI 

E 
it8.t 1967, RESPONSE OF A FINITE*DIAMLTER WELL TO AN FBA 
IhSTANTANEOUS CHARGE OF WATEHt WATER RESOURCE8 RESEARCH, FBA 

C v, 3, NO, 1, P, 263-269, FBA 

i 
PROGRAM 0Y S,S,PAPADOPULUS, FBA 

INPUT DATA PBA 

E 
1 OR MORE CARUS - FORHAT(flb,S) F0A 

A . (ALPHA) l RW**Z*S/HC**Z l RADIUS OF WELL (SCREEN OR FBA 
C OPEN BORE IN AQUIFER) SQUARED * STORAGE COEFFICIENT FtrA 

E 
/ RADIUS OF CASING (OVER INTERVAL OF WATER LEVEL F8A 
CHANGE) SQUARED, FBA 

C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FBA 

E 
PRX,OJYO,DJYl,D8IMP8 - MUST BE INCLUDED IN DECK fl3A 

METHUD FBA 
C THIS PROGRAM CALCULATE8 THE SLUQ TEST FUNCTION, F(BETA,ALPHA), FBA 

4 
FOR VALUES OF YETA RANGING FROM 0,001 TO 1000,O tlY INCREMENTINGFBA 
BETA ACCORDING To DATA ARRAY @B(I), AVERAGE COnPUTATfaN TIME FBA 

E 
35 ABOUT SO SECONDS PER VALUE OF ALPHA ON IBM 360/195, FBA 

F8A 
Cn*n*nnnn~*n***n*nnn**2**************~**nnnnnnn$nnnnnnnnnnnnnnnnnnnnnnn f8A 

DOUBLE PRECISXON A,B,PI,ZL,EPS,Y,Xl,X2,TERM,FA0,DATAN,DEL,HBAR CBA 
DIMENSIUN ZttrrO), SB(39) FBA 
COMMON A,B,PI F8A 
EXTERNAL PRX ?BA 
DATA ZZ~O,D+o,l,D~lO,l,D~9,l,D~6,l,~~Y,l,D~6,l,D~5,l,D~4, PBA 

1 l,~~3,l,O~Z,~,D-l,Z,D~l,3,D~l,U,U-l,S,D~l,b,D-l,7,D~l,6,D~l, PBA 

s 
~,D~1,1,D+0,2,0~0,3,D+0,4,D+0,5,0+0,6,0+0,7,D+0,~,~t0, F8A 
~,D~O,l,D+l,~,Dtlr3,D+l,4,D+l,5,D+~,6,D+l,7,Dtl,~,D+l, PBA 

4 ~,D+l,l,D+2,l,250+2,1,50+2/ FBA 
DATA B8/~001,,002,,004,~006,,00~,,01,,02,,0U,,06,,0~,,1,,2,,4,,6,,~~A 

1~,1.,~.,3,,~,,5,,6,,7,,~,,~,,10,,2~,,30,,40,,50,,60,,70,,~~,,90~,1F~A 
200,,200,,400,,600,,800,,1000,/ FBI 

pIP4,*0ATAk(1.00+00) FBI 
EPS~O,OOOOI FBA 

1 READ (5,6) A FBA 
IF tA,LE,O,O) GO 70 5 FBA 
WRITE (6,7) A FBA 
WRITE Ibr0) FBA 
DO 4 Ipl,39 FBA 
6mBBtI) FBI 
YoO,O FtlA 
DU 2 Lm1,39 FB4 
XlrnZZ(L) F&A 
XZ~ZztL+lI fHA 
HBAR60, FEA 
CALL DSIMP3~Xl,X2,EP8,HBAR,TERM,DEL,PRX) CBA 
YmY+TERM FBA 
IF ~L,GT,~O,AND,TERM,LT,EP~) GO TU 3 FBA 

2 CONTINUE FBA 
3 FA8~4,*A*Y/(pI+PI) FBA 
4 WRITE (6,9) ,3,FA8 F#A 

GO TO 1 FBA 
5 STUP FBA 

E 
FBA 
FBA 

6 FORMAT (Fib,51 Per 
7 FORMAl ('lI,U;X,'F(BETA,ALPH4) FOR ALPHA~'rlpD9,2/) PtJA 
8 FORMAT ('Ol,SjX,~BETA',l3X,'H/HO'/~ FBI 
9 FORMAT (' ',5~X,lPO8,2,lOX,OPFb,41 FBA 

EN0 FBA 

: 
5 

: 
6 
7 
8 
9 

10 
11 
12 
13 

:s” 

t; 
18 

:?I 
21 
22 
23 
24 
25 
26 
27 

229" 
30 

:: 
33 

:i 

f ? 
38 
39 
40 

i: 
43 
44 
45 
46 
47 
48 
4'9 
50 
51 
52 
53 
54 
ss 
56 
57 
58 
59 

8! 
62 
43 
64* 
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TABLE 9.2.-Listing of program to compute change in water leuel due to sudden inJectlon of a slug of water into a well- 
Continued 

0 
DOUBLE PRECISION FUNCTION PRX(X) PRX 1 

~************n**************************nnn*nnnnnnnn******************* PHX 2 

E 
PRX 3 

PURPOSE PRX 

E 
COMPUTE VALUES Qf THE INTEGRAND FOR F(BETA,ALPHA) PUX s 

DESCRIPTIUN OF PARAMETER PRX 6 
it I) OOU8LE PRECISION - ARGUMENT OF INTeGRArdD PKX 7 

PRX 8 
~*****************n*n*n*nnn*n*nnnn*nn**nnn~***nnn***n*nn*************** PRX 9 

DOULILE PRECISION A,S,PI,XX,X,C,Fl,F2,JO,YO,Jl,Yl PHX 10 
DOUBLE PRIiCISION Dl.QG,DSORT,DEXP PAX 11 
COMMON A,B,PI PRX 12 
XX~D$WRT(A*X/B) pf?x 13 
IF (1) 6,1,2 PRX 1u 

f PRX=(PI*PI)/(lb,*A*S) PHX IS 
GO TO 6 PRX lb 

2 IF (X,LT,150,1 GO TO 3 PHX 17 
PRXa0.0 PRX 18 
GO TU 6 PRX 19 

3 IF (XX,GT,O,OOOl) GO TO 4 PRX 20 
C~DCXP(5,7721566U9D-O11/2, PHX 21 
FlrPIcX*(l,-A) PRX 22 
Fdo%*DLCIG(C*C*A*X/B)+4,*'3 PHX 23 
PRX=(B*PI*PI*OExP(~X))/(A*(Fl*Fl+F2*FZ)) PHX 2e 
GO TO 6 PRX 2s 

U IF tXX,Lt,SO,) GO TO 5 PRX 24 
PRX~(PI*DEXP(rX))/(2,*XX*(X+4,*A*8)1 PRX 27 
GfJ TU 6 PRX 28 

5 CALL DJYO(xX,J~,YO1 PRX 29 
CALL DJYl(XX,Jl,Yll PHX 30 
Pla(XX*JO-i?,*A*Jll PRX 31 
F2~(XX*YO~L,*A*yl) PRX 32 
PRX~DEXP(=XI/(x*(Fl*Fl+F2*F21~ PKX 33 

6 RETURN PtiX 3u 
END PRX 3SI 

SWHOUTI~E DJYO(X,JO,YO) OJO 
c***********************************************************************DJO 
C DJO 

E 
PURPOSE DJO 

COMPUTES BESSEL FUNCTIONS QP TttE FIRST AND SECOND KIhD, DJO 

: 
ZLHO ORDkR, FOR PQSITIVE ARGUMENTS, DJO 

DESCRIPTION OF PARAMETERS m ALL DOUBLE PRECISION DJO 

E 
XI ARGUMNT, MUST BE >O DJO 
JO - RETURhlEO FUNCTION VALUE, JO(X) DJO 

i 
YO + RETURNED FUkCTION VALUE, YOtX) DJO 

DJO 
C*~***********~**********************LR*~*~****~~~*~~~*~~**~~~**~**~~*~*OJO 

DOUSLE PRECISIQN Z,JO,yO,F,P,G,U,w,X,OLOG,DCOS,DS~~,OSQRT DJO 
IF (X-3101 I,2,3 DJO 

1 IF (X) 4,412 DJO 
2 zm(x/3.01**2 DJO 

J061,0~Z*(2,2u99997rZ*~~,2656206~Z*(0,3~63S66=Z*~0,~4UU479-Z*(0,00DJ0 
139UU4~0,00021*Z)))~) DJO 

WE(O,SoOl*X DJO 
Y0~0,63661977*DLOG(w)*J0+0,36746691+Z*~0~60559366-Z*(0,7~3~0384~Z*DJ0 

1(0,25300117~Z*(~.0~26121U-Z*~0,00~27916-0,0002U8U6*Z~1~~~ DJO 
RETURN DJO 

3 zm3,o/x DJO 
F~0,79788u56rZ*(0,770~6+Z*(0~005527U+Z*(~,00009S12-Z*(0,0~137237~Z0J0 

l+t0,00072805=0,00014U76~Z1)~~~ DJO 
P~0,78539816+Z*(0,00166397+Z*~0,0000395U~Z*(0,00262573~Z*(0,0005~~DJ~ 

125+Z*(0,00029333~0,0001JSSB*t))))) DJO 

: 
3 
4 

5 
7 
8 
9 

10 
11 
12 
13 
14 
is 
lb 
17 
18 
19 
20 
21 

f5 
2u 
25 
26 
27 
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TABLE 9.2.--Listing of program to compute change in water level due to sudden injectwn of a slug of water into a 
Continued 

ua(1.oBo)/x DJO 
Q~DSQRT~U) DJO 
JORQ*F*DCUS(XmP] DJO 
YDRG*F*03fNIXaP) DJO 

1) RETURN DJO 
END DJO 
SUBRUUTINE DJYl(Y,JlrYll DJi 

C*************t***t**********************~*~*****~*~*~~~*~~**~**~~*~~~**~**DJl 
C DJI 
C PURPOSE 031 

E 
COMPUTES BESSEL FUNCTIONS OF THE FIRST AND 3ECONR KIND, DJI 
FIRST ORDER, FOR PUSIYIYE ARGUHENTS, DJl 

C DESCRIPTIUN OF PARAMETERS - ALL DOURLE PRECI310N CJl 

: 
X- ARGUMENT, ~~37 BE >o DJ 1 
Jl - RETURNED FUNCTIWN VALUEr J!(X) DJl 

E 
Yl l RETURNED FUNCTION VALuEt Yl(X) UJl 

DJl 
CR**********L*****************C**********~**~**~~~~~~~~*~~~~~~***~*~~~~~DJ~ 

DOUBLEr PRECISION X~Jl,Yl~Z~~~DLOG,F,P,U,G,DSG~T,D3~l~,DCUS DJl 
IF (X-3,0) lr2,3 DJ1 

1 IF (X1 4rYtZ DJl 
2 Z~(X/3,0)**2 DJl 

Jl@X*~O,S~Z*~0,56249965-Z*~O,2lO93573~Z~~o~O39542S9~Z~~~~~~4433~9-QJl 
12*~0,00031761-0,00001109*2)))))) DJl 

wB(O,SDO)cX DJl 
Y1~0,6366~977~DL0G~~~~J1+~~0,6366196+Z*(0~2212091+Z~~2,16S2709-Z~(DJ1 

11,3164827-2*~~,31239~1~Z~~0,04~0976~0,~027&73~Z))))))/X DJl 
RETURN DJl 

3 Zm3,0/x DJl 
Fe0,79786456+Z*(0,156D-~+Z~~0,016~9667+Z~~0,000171~5~Z~~0,002U9511DJ1 

l-Z*(0,00113653~0,0002~033*2)))))) Ddl 
P~0,78539816~Z~(0,12U99612+Z~~0,0000565-Z~~~,~0637S79-Z*~~,0~07434DJ1 

18+2*~0,00079S2U~0,00029166~Z~~~~~ DJl 
U~Il,ODO~/X DJl 
c!ED3QHf(U) DJl 
JlRG*F*DSIN(YmP) DJl 
Y~*-Q*F*DCOS(X-P) DJl 

4 RETURN DJl 
END DJl 
SU3YOUTfNE DSIMPS(A,BIEPS,HBARIAREA,DEL,F) 031 

C***l***2*t**t**************************~*~***~~w**~~~~*~~~~~*~~~*~**~*~~sI 

E 
DSI 

PURPOSE 931 

E 
TO DETERMINE THE INTEGRAL OF A FUNCTIUN~ F, FRUM A TU 81 DSI 
USING SIMPSON13 RULE, OS1 

E 
DESCRIPTIWN UF PAffAMETERS DSI 

ALL DOUBLE PRECISION 0.31 
C A l LONER LIMIT OP IMTEGRAL OS1 
C B * UPPER LIMIT OF INTEGRAL D81 

E 
kPS - DESIRED ACCURACY DSI 
HBAR - MINIMUM oxvIsIoN OF THE INTERVAL DSI 

E 
AREA - COMPUTE0 VALUE OF INTEGRAL BETNEEN rd AND R OS1 
DEL - COMPUTED ESTIMATE OF ERROR DSI 

t 
Fm THE INTEGRANR (FUNCTION REFERENCE) OS1 

METHCID as1 

c” 
USES 8IMP80NfS RULE TO COMPUTE A SUM APPROXIMATING THE INTEGRALDSI 
USES INITIAL Ho(B=A)/2, COMPUTES A SEQUENCE OF SUMS BY HALVING 031 

E 
H EACH TIME, COMPUTES ESTIMATE OF ERROR (DEL) AS (PREVIOUS OS1 
SUM - CURRENT SUM)/l5, COMPUTATION STOPS WHEN 1) HCHEARp OS1 

C 2) A8S(DEL)<A3SCEPS*CURRENT SUM), IF HEAR 19 LE 0, 091 

E 
THEN HSAW~,OO7*CB-A), OS1 

D91 

well - 

:f: 
30 
31 
32 
339 

1 

f 
0 
5 
6 
7 

1g 
15 

:t 
18 
19 
20 
21 
22 
23 

2 
26 
27 

5: 
30 

3':: 
339 

: 
3 
0 
5 
6 
7 
e 
9 

10 

:: 
13 
14 
15 
16 
17 

:: 
20 
21 
22 
23 
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TABLE 9.2.-Llsttng of program to compute change in water level due to sudden lnjectlon of a slug of water mto a well- 
Continued 

~*************I******~~*~~~~~~*~~~~~~~~~~~~~~*~*~*~~*~*~~~~~~**~*~~**~~~D~I 24 
DOUBLE PRECISION H,HBAR,AREA,DEL,Sl,S2,S3,SC,SP,X,A,B,EPS,F,DABS DSI 25 

C AREA OF F FROM A TU B,EPS IS DESIRED ACCURACY, HBAR THE MINIkUH 081 26 
t ALLONASLE INTERVAL, DEL THE EFJYIMATE OF THE ERROR DSI 27 

Hll0*A OS1 28 
IF (HI 1,1,2 DSI 29 

1 ARCA~O,O 081 50 
DEL*O,O DSI 31 
GO to 10 DSI 32 

2 !m;.y5 OS1 33 

SdA)+FW) 
DBI 34 
1381 3s 

IF SHEAR) 3,3,u DSI 36 
3 HBAR~O,007*H DSI 37 
4 s2ro.o DBI 38 

xrA*O,S*H 
5 s2sS2+4,0*F(X) it: ti 

xax+n DSI 41 
IP (X-B) 3,5,6 DSI 42 

4 SCr~S1+82+S5)~H~O,lb646666667 US1 43 
DEL~0,06666666667*(SP-SC) 031 44 
IF (DABS(DEL)rDAB3(EPS*SC)~ 7rS,8 OS1 4’5 

7 AREABSC-DEL DSI 46 
GO TO 10 091 47 

8 .99;8;;;,5*“2 DSI u6 

If iH.HBAR) 7,9,9 
OS1 49 
DSI so 

9 SPWSC DSI 51 
Co TO 4 DSI 52 

10 RETURN DSI 55 
END 081 54~ 

TABLE ll.l.-ListOzg of program to compute the convolutcon integral for a leaky aquifer 

PURPOSE 
COMPUTES CHANGES IN WATER LEVEL, H(R,T), IN RESPUNBE TO 
V4RYING DISCHARGE USING THE CONVULUTION INTEGRAL FUR 
LEAKY AQUIFERS - Co, 3 uF MOENCH,ALLEN,l971, GROUND-WATER 
FLUCTUITIONS IN RESPONSE TO ARBZTRARY PUMPAGEI GHOLlND WATER, 
V.9, NO,Z,P,Y+. 

INPUT D4tA - ONE OR MORE GROUPS, EACH GROUP CODED AS FULLUNS 
1 CARD a FoRMAT(2ElO,5,4X,II,SX,ElO,S1 

TBEGIN w SMALLE91 VALUE OF TIME FOR OUTPUT, 
TEND . LARGEST UALUE OF TINE FOR OUTPUT, 
1a - INDICATES FORM OF DISCHARGE FUNCTION, Q(T), 

IQ=l,2,3 REPER TO DISCHARGE FUNCTIONS IN 
HANTUSH,M,S,, 1964, HYDRAULICS UP WELLS IN CHO”‘, 
VEN TE, ED,, ADVANCES IN HYDROSCIENCE, VUL, II 
ACA~EMJC PRESS INC., NEW YORK, P, 2011442” 
1011, Q(l) IS AN EXPONENTIAL FUNCTION, CASE A, 

P, 343 OF H4NTUSH, 
10~2, Q(T) 18 A HYPEHBOLTC FUNCTION, CASE 8, 

P, 344 OF HANTUSH, 
IQo3, Q(T) IS AN INVERSE SQUARE ROOT FUNCTION, 

CASE C, P, 344 UF MANTUSH. 

HRT 2 
HRT 3 
HRT 4 
HRT 5 
HRT 
HRT F 
HRT B 
HHT 9 
HRT 10 
hRT 11 
HRT 12 
HRT 13 
hRT 14 
HRT 1’5 
HRT lb 

si: ;e’ 
HRT 19 
HMT 20 
HRT 21 
HRT 22 
HRT 23 

c 
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IQmu, aCtI IS A FIPTHdXGREC POLYNOMIAL, HRT 24 
IQm5r Q(T) IS A PItCEKI3E LINEAR FUNCTION OF HRT 2s 

TIME (EIGHT SEGMENTS), HRT 26 
QR l REFERENCE DISCHARGEI ZERO OR BLANK FUR PROJECTION, HRT 27 

1 OR 4 CAROB, DEPENDING UN IQ, HUT 28 
IF IQml,2,3 - 1 CARD - FOR~AT(3ElO,31 HRT 29 

Q3t 6 EVENTUAL CONSTANT DISCHARGE, HRT 50 
DELTA * RATE PARAMETER, HRT 31 
TSTAR - TIME PARAMETER, HRt 32 

IF IQr4 - 1 CARD l FORMAT(bL10.3) HRT 33 
AQ(b1 - 6 VALUES l THE POLYNOMIAL COEFFKIENTS HUT 34 

WITH A0 FIRST AND A5 LABT, HRT 35 
IF 18~5 - 4 CARD3 l FOt?HAT~LE10,3) HUT 36 

TI~I~rAI~Il,BI~I~rTI~Itl~,AI~Itl~rBt~Itl~,Iml~3~5~7 HRT 37 
PARAMETEHS Of THE PfECEWIB~ LINEAR FUNCTION HWT 33 
(S SEGMENTS)~ CODED 2 SEGMENTS PER CARD, FIRST HRT 39 
AND SECOND SEGMENTS RN FIRST CARD, THEN 3EQUENTiALL.Y HRT 40 
ON SUCCEEDING CARDS, EACH SEGMENT HAS THREE MRT 41 
PARAMETER3 WHICH ARE IN CODING ORDER HUT 42 

11 l ENDING TIME OF THE SEGMENT, HRT 43 
AI - OIBCHARGE AT SFGINNING OF SEGMENT, MRT 44 
81 l RATE OF CHANGE IN DISCHARGE LJUHING SEC, HUT 45 

THE OIBCHARGE FUNCTION IN EACH SEGMENT HA3 THE HRT 46 
FORM Q(T) m AI~I~tSI~Il~(trTI~I~l~~, IF LESB THAN S HRT 47 
SEGMENTS ARE NEEDED, BLANKS CAN SE CODED FOR HKT 48 
SUCCEEDING SEGMENTS, HRT U9 

2 UR MORE CARDS * PORMAT~4LlO,31 HRT SO 
H l RADIAL DJSfANtS FROM PUMPED WELL, BLANK OR ZERO MRT 51 

3IGNAL.5 PRRGRAM AS END To GROUP OF DATA, HHT 52 
3 - B’TBRAGE COEFFICIENT HHT 53 
7 - TRANSHIBSIV~tV HRT 5u 
PM l (PI/MI) l HVD, CUND, Of CONFINING BED DIVIDED HRT 55 

BY THICKNESS OF CONFIPrING BED, HWT 56 
BUSROUTINES AN0 FUNCTION BUBFROGRAMS REQUIRED HHT 57 

CONVOL,Q - MUQT BE INCLUDED IN DECK, HRT 58 
HRT 59 

~***************************************~$~*~~~*~~~~~**~~~~88*~8~*~***~ HRT 60 
DIP’Ept8IUtu D~12~,1EX~12~rX~6~,H~12,6~~Q3~12~6~rtP~121,CT~12~ HRT 61 
DIMENSION ~1~i21,H2~12~,R1~12~r92~121 HRT 62 
DIMENSIUN H3~121rH4~12),Q3(12)rW4(12) MRT 63 
COMMON AQ~b~rTI~9~rAI~Ql,8I~9~~Q3T~D~LTA,T3TAK HRT 64 
DATA CP/lZ*f Tc’/rCT/l2~~1/U*‘/rD/l2~‘10**‘/ HRT 65 
DATA H1/12cf B(‘/,H2/12r’R,T)‘/,Q1/12*’ ‘/,Q2/12*‘Q(Tl’/ HHT 66 
DATA H3/12*’ S,/,n4/12*‘0(Tl’/,G3/12~’ Q(T’/,UU/lE*‘)/QR’/ MRT bt 
OATA X/1 rrlrS,2,r3.,5,17,/ HRT 68 
TItl,~O, HRT 69 
N@SOO MRT 70 

1 READ (Srl0rEND617) fEiEGIN,TEND~ItJ,QR 
IF (IO.LT.4,) READ (5019) QBf,D~LTA,TSTAR 

HHT 71 
HHT 72 

IF (IQ,EQ,(r) READ (5r19) AQ HHT 73 
IF (IO,Eu,S) READ (5rl9) (TI~I)rAI(~),SI~I),Im2,9) HKT 74 
KRITE (br24) HRf 75 

2 READ (50 19) R,S,T,PM 
IF (R,EQ,O,) GO TO 1 

HKT 76 
nRf 77 

AoH*R*B/lU,*f) MRT 78 
SaPM/S 
V8ALOGlO(TSEG1N) 

HRT 79 
HMT SO 
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3 

6 

7 
0 

9 

10 

11 

12 

13 

14 

15 

lb 

17 
c 

10 
10 
20 

21 

TABLE ll.l.-Listing of program to compute the convolutcon integral for a leaky aqwfer-Continued 

1F tY1 3,5,4 
YaY-,OOl 
GO TO 5 
Y=Yt,oOl 
IBEGINaY 
YaALUGlO(TEND) 
IF (Y) brBr7 
YnYm,ool 
GO TO 8 
YtY+,ool 
IENDmY 
MaIENU~IBEGINtl 
IF (~,GT,121 ~~12 
RO 10 IolrM 
IEX[I)~IBEGIN+I-1 
YalO,**(IBEGINtI-1) 
RU 10 J=l,b 
tIMEaX(J)*Y 
IF (GtR,GT,O,) fIME=A*TIME 
CALL CaNVOL(TIHE,A,B,N,IO,SU~) 
IF (UR.GT.0.I GO TO 9 
H(I,J)aSU~/(l2,5664*T) 
QS(I,J)@Q(TI'-'E,IQ) 
GO TO 10 
H(I,JlmSUM/QR 
QS(I,J~~O(TIHE,IOl/PR 
CONTINUE 
KoM 
XF ~p1,GT,6) Kab 
IF (QR,GT,O,l to TO 11 
NRITE (b,i?Ol A,B,(CP(I),D(I),IE 
WRITE t6,21, (H1(I),HZ(I),Ql(I) 
60 10 12. 
WRITE (4,251 A,B,QR,tCTII),D(I) 
wRItE (6,211 (H3~Il,H4(Il,Q3(1~ 
00 13 J=l,b 
rRITE (6,221 X[J),(W(I,Jl,QS(I, 
CONTINUE 
IF (M,Lk,(rl Ga TO 2 
Klan+1 
IF (QR.GT.0,) Go TQ 14 
WRITE (6,231 (CP(I~,O(I),IEX(I) 
wRITE (6,211 (Hl~I),H2(Il,Q1(I) 
GO TO 15 
WRITE (6,261 (CT(I),O(I),lEX(I) 
kRfTE (6,211 (H3(11,H4~1),03(11 
DO lb J*l,b 
WRITE tb,221 X(J1,(~(I,J),Q~(I, 
CONTINUE 
GO T8 2 
3ftlP 

FORMAT (2E10,5,4X,Il,5X,ElO,5~ 
FORMAT IbElO,f) 
FORMAT ('Ol,'R**2*$/(4*TRANS)m 

1,2X,'f',5x,6(214,12,9X)) 
FORMAT (1 ‘,4~,6(2A4,2X,2A4,lX) 

,IEX(I),I’l,K) 
,Q4~Jl,Z=lrKl 

J),I=l,K) 

HRT 61 
HRT 82 
VRT 83 
HRT 84 
HRT 85 
HRf 86 
HRT 87 
HRT 86 
HRT 89 
HRT 90 
HRT 91 
HRT 92 
HRT 93 
HRT 94 
HRT 95 
HHT 96 
HRT 97 
HRT 98 
HRT 99 
HHT 100 
HRf lo1 
HRT 102 
HUT 103 
Hnt 104 
HRT 105 
HRT 106 
HHf 107 
YRT 108 
YRT 109 
NRT 110 
YRT 111 
HRT 112 
HRT 113 
HRT llrr 
HRt 115 
HRT 116 
HRT 117 
HRf 118 
HRT 119 
tJHT 120 
HHT 121 
HHT 122 
HRT 123 
HRT 124 
HHT 125 
HHT 126 
HHT 127 
HRT 128 
HRT 129 
HHT 130 
HHT 131 
HRT 132 
HRT 133 
MHT 134 

#lHRt 135 
HRT 136 
HRT 137 

c 
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TABLE ll.l.-Listing of program to compute the convohhon integral for a leaky aquifer-Continued 

ZE FURMAT 1' ',F~,l,b~OPF8,3,1P~1lrl)l HHf 138 
23 FOQMAT (‘O’,2xr’T’r5X~6~2A4,12,9X)) HHT 139 
24 PORMAT (lH1) HHT 140 
25 FORM4T (‘O’,‘R*c2~8/(4~tRAN3~~‘~lPE10,3111 K”/(Ss3”)~‘,E10,3,‘, HRT 141 

1QR~‘,ElO,3/‘0’,lX,‘l/U’,UX,6(2A4,I2,9X)) He-T tuz 
26 FORMAT [‘O’,lX1’1/U’,4X,6(2A4,12,9X)) HWT 143 

END HHY 144. 

3UDR@JTINE Ci~NV~L(TIME,A,3,N,IU,BUM) CON I 
~**************~~**~*C****Z~************~~~~W~~~~W~~*~W*W~*~~~W~~W~~WW~ CON 2 
c CUN 3 

ii 
PURPOSE CON U 

COMPUt’iS VALUES W THE CONVOLUTION INTEGRAL FUR LEAKY CWN 5 
C AQUIPERS, THE INTEGRAL IS, FROM 0 TO T, Uf CON b 
c Q(T~T’l/T’~EXP(~A/T’rs*T”)rD71, CON 7 
c DESCRIPTIUN OF PARAMETERS CON 8 
c A13rSu” ARE REAL; NIIQ ARE INTEGER, CON 9 
C A ” R**2*3/(U*TI - RADIAL DISTANCE SQUARED * STORAGE 

E 
COEFFICIENT / 4 * TRA~3M1391VITY, 

CUN 10 

e * P’/(S*M’) . HYD, COND, 
CON 11 

OF C~NFINIMG BED DIVIDED BY 

E 

CUN 12 
AOUIfER STCJRAGE CUEPFICIENT * THICKNESS OF CONF, BED, CON 13 

: 

N - NUMBER OF INCREMENT3 FOR EACH INTERVAL UF THE SUM, 
IQ - INDICATFS FllRM UF DISCHARGE FUNCTION, 

C;UN 1U 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
CON 19 
CON 16 

: 
w CON 17 

HE THOU 

E 

CUN 16 
APPROXIMATES INTEGRAL 3Y SUMMING THE TRAPEZOIDAL HULE APPLIED CLJN 19 
TO A 33QUENCE OF SEGMENTS, LU6ER LIMIT RF FIRST SEGMENT IS CON 20 

E 
PICKED AT POINT *HERE EXPONENT > -100 
IF SUCH A PUINT DOE3 NOT EXIST (A*3 > ;SOO, A FUNCTIUN VALUE 

cm 21 
CON 22 

ce 
UF 0 I3 RETURNED, UPPER LIMIT 0 10 * LONER LIMIT FOR EACH CON 23 
SEGMENT, USES INCREMENT OF DELTA T’ 6 (UIL)/N WHERE N I3 THE CON 2U 

c” 
NUMBER UP INCREMENT3 IN THE CALL, CEASES 8UMMATfUN WHEN CON 2S 
EXPUNEN~ < a1oi , CON 26 

C CON 27 
c***************************************~*w**w~~~~*~~8*~w**~*~~~~~~~~*~ cot.4 28 

REAL*8 DSUM CON 29 
REAL*4 NEwT’NEkTF,NEMX,NEW CUN 30 
DSUM6O,D+O CON 31 
1980 cm 32 

C INITIAL T’ COMPUTED FROM A,B CON 33 
ABmA*B 
IF (AB,GE,25Oo,) GU TO 7 

CUN 34 

IF (I3,GT.O.~ GO To 2 
CON 3S 
CON 36 

1 OLDTa,ol*A CON 37 
GO Ta 3 CON 38 

2 OLDT~~~,~SQHT(~,~A~/~SOO,~~*~~,/~ 
IF (ULDT.EQ.9,) GO TO I 

c INITIAL T-T’ 
3 OLDTP~TJME6ULDT 

OLOX~~A/OLDT~3*OLDT 
RLDF=Q(OLDTP,IQ)*EXP(OLDX)/ULDT 

C END OF SUMMATION SEGMENT IS 10 TIMES THE BEGINNING 
4 ENDT~~~,wLDT 

IF (ENDT,LT.TIW) GU To 5 
IF (ULDT,GL,TIME) GO To 7 
1301 
ENDTmTIhE 

CUN 39 
CUM 90 
CON 41 
CON 42 
CUN 43 
CON 44 
CUN 45 
CON 46 
CON 47 
CON 40 
CIJN 49 
CSIN 50 



TECHNIQUES OF WATEI%RESOL2KX3 INVESTIGATIONS 

TABLE ll.l.-Listing of program to compute the convolution integral for a leaky aquifer-Continued 

DELTA T’ I$ COMPUTED FROM LENGTH AND NUMBER UF INCREMENTS 
5 DELT~(ENDTdILDT)/N 

DO 6 I=lrN 
T’ IS INCREMENTED BY DELTA T’ 
NE~TmOLDTtDELT 
NERXa*A/NEwTd3*NEtiT 
TERMIrYATES QuMMATI~~N *HCN EXP(MA/Tl-B*TI) < 1,37E-44 
If (NENX,LT,*lOl,) GO TO 7 
NE*TPoTlME-NEWT 
N&WFeG(ffErTP,IQ)*EXPfN~~X)/NEWT 
DSUM~D§UM+(NEwF+~LDPl*DELT 
OLDTmhEwT 
OLDF~NEHF 

6 CCINTINUE 
IF (IS,GT,OI GO TO 7 
IF T’ < T, BEGINS A NEW SEGMENT 
GU TU 4 

7 §UM~D§UH/2,D+O 
RETURN 
END 

FUNCTION Q(TIME,IoI 
c*******************************~*~~*~**~~~~**~~**~*~*~~*~**w*~**~~~~~** 

z PURPOSE 

I 
COMPUTTIS THE DISCHARGE FUNCTION@ Q(T) 

DESCRIPTIUN OF PARAMETERS 

E 
TIME L REAL . ELAPSED TIME SINCE BEGINNING OF DISCHARGE, 
IO l INTEGER l INDICATES FORM OF DISCHARGE FUNCTION0 

cc 
IGMlr2r3, CASES A10rCl RESPECTIVELY, Of HANTUSHt*,§,, 

1964, HYDRAULICS OF WELLS IN CHUHt VEN TEe ED.8 

4 
ADVAWCES IN HYDRCISCIENCE, VOL, 11 ACADEMIC PRf88, 
NEW YORKI P, 343,344, 

c” 
IG84, DISCHARGE 19 A FIFTH DEGREE ROLYNUMIAL OF TIME, 
Iw5, DISCHARGE IS A PIECEHISE LINEAR FUNCTION OF UP TO 

E 
6 SEGWNTS, 

METHOD 
C FORTRAN EVALUATIUN OF FUNCTIUIUS, 
C 
C*******R****k**II***********************~~*~~~~~~*~~~~*~~*~~~***~n**~~ 

COMMON AG(6),TI(9),AI~9),~Io109frDELTA,TSTAR 
GO TO (lr2r3,U,S)r IO 

1 ~.O§T*(l,+DELTA*ExP(-TIME/tSIAW)) 
RETURN 

2 QrQST*~1,tD~LTA/~l,+TI~~/T§TA~~) 
RETURN 

3 Q=9ST*~\.+D~LTA/SQRT~l~+TI~E/TSlAR~I 
RETURN 

CUN 
CON 
CON 
CCJN 
CON 
CUN 
CUN 
CUN 
CON 
CON 
CUN 
CW 
CUN 
CON 
CON 
CUN 
CON 
CW 
CON 
CUN 

ii: 
53 

ii 

z: 
50 
59 
60 
61 
62 
69 
64 
65 
66 
67 
68 
b9 
IO- 

(3 1 
LJ i 
Q 3 
Gl 0 
0 5 
0 6 
Q 7 
tl 8 

9 
: 10 

l 
Q il 
Q 12 
Q 13 
Q 14 
0 15 
n 16 
Q 17 
d 10 
Q 19 
0 io 
Q 21 
Q 22 
Q 23 
Q 24 
Q 2s 
Q 26 
Q 27 

u ~p~~(~)+T~~~r(r~(2)+lI~E~(4W~S)~TI~~~~AQ~4)tTI~E~~AG~~)+T~”~*AG~6) 0 28 
1)))) Q 29 

RETURN Q 30 
S DC1 6 X*2,9 Q 31 

IF (TIME.LE,TJ(I)) GO TO 7 0 32 
6 CONTINUt 5 33 

Ir9 Q 34 
7 Q~AI(I)t8I~I)~~TXHE~TICI-ll) Q 35 

EURN Q 36 
Q ST- 

c 
GPO 609-143 
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