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PREFACE

The series of manuals on techniques describes procedures for planning and
executing specialized work in water-resources investigations. The material is
grouped under major subject headings called books and further subdivided into
sections and chapters; section B of book 3 is on ground-water techniques.

Provisional drafts of chapters are distributed to field offices of the U.S.
Geological Survey for their use. These drafts are subject to revision because of
experience in use or because of advancement in knowledge, techniques, or
equipment. After the technique described in a chapter is sufficiently developed,
the chapter is published and is sold by the U.S. Geological Survey, 1200 South
Eads Street, Arlington, VA 22202 (authorized agent of Superintendent of
Documents, Government Printing Office).
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Description

Aquifer thickness.

Thickness of confining bed (4, 6, 7, 11); specifically the upper confining bed (5).

Thickness of lower confining bed.

Depth from top of aquifer to top of pumped well screen.

Depth from top of aquifer to top of observation-well screen.

Change in water level in well.

Initial head increase in well.

Change in water level in aquifer.

Hydraulic conductivity of aquifer. )

Hydraulic conductivity of the aquifer in the radial direction.

Hydraulic conductivity of the aquifer in the vertical direction.

Hydraulic conductivity of confining bed (4, 6, 7); specifically the upper confining
bed (5).

Hydraulic conductivity of lower confining bed.

Depth from top of aquifer to bottom of pumped well screen.

Depth from top of aquifer to bottom of observation-well screen.

Discharge rate.

Discharge rate.

Radial distance from center of pumping, flowing, or injecting well.

Radius of well casing or open hole in the interval where the water level changes.

Effective radius of well screen or open hole for pumping, flowing, or injecting well.

Storage coefficient.

Specific storage of aquifer.

Specific storage of confining beds.

Storage coefficient of upper-confining bed.

Storage coefficient of lower confining bed.

Drawdown in head (change in water level).

Drawdown in upper confining bed.

Drawdown in lower confining bed.

Constant drawdown in discharging well.

Transmissivity.

Components of the transmissivity tensor in any orthogonal x-, y-axis system.

Transmissivities along two principal axes, € and 7, such that 7;,,=0.

Time.

Variable of integration.

r2S/4Tt(2, 6); variable of integration (3, 7, 9).

Variable of integration.

Dummy variable (2, 5); variable of integration (3).

Distances from the pumped well for an arbitrary rectangular coordinate system
(10).

Variable of integration (1, 2, 4, 5, 6).

Depth from top of aquifer, also, specifically, the depth to bottom of a piezometer (2,
6); depth below top of upper confining bed (5).

Dummy variable (10).

Tt/Sri.

Variable of integration.

Angle between x axis and € axis.

Distances from pumped well in a coordinate system colinear with principal axes of
transmissivity tensor.

rir,.

Tt/Sri.



TYPE CURVES FOR SELECTED PROBLEMS OF FLOW TO WELLS
IN CONFINED AQUIFERS

By J. E. Reed

Abstract

This report presents type curves and related material for
11 conditions of flow to wells 1n confined aquifers. These
solutions, compiled from hydrologic literature, span an
interval of time from Theis (1935) to Papadopulos, Bre-
dehoeft, and Cooper (1973). Solutions are presented for
constant discharge, constant drawdown, and variable dis-
charge for pumping wells that fully penetrate leaky and
nonleaky aquifers. Solutions for wells that partially pene-
trate leaky and nonleaky aquifers are included. Also, so-
lutions are included for the effect of finite well radius and
the sudden injection of a volume of water for nonleaky
aquifers. Each problem includes the partial differential
equation, boundary and initial conditions, and solutions.
Programs in FORTRAN for calculating additional function
values are included for most of the solutions.

Introduction

The purpose of this report is to assemble,
under one cover and in a standard format, the
more commonly used type-curve solutions for
confined ground-water flow toward a well in an
infinite aquifer. Some of these solutions are
only published in several different journals;
some of these journals are not readily obtain-
able. Other solutions which are included in
several references (for example, Ferris and
others, 1962; Walton, 1962; Hantush, 1964a;
Lohman, 1972) are included here for complete-
ness.

The need for a compendium of type curves for
aquifer-test analysis was recognized by Robert
W. Stallman, who initiated the work on it.
However, ill health and the press of other
duties prevented him from personally carrying
out his concept, but he never ceased to advocate
the need for the compendium. Although it is
reduced in scope from his original concept, this

report should be recognized to be a result of
Stallman’s foresight and endeavors in the field
of ground-water hydrology.

The type-curve method was devised by C. V.
Theis (Wenzel, 1942, p. 88) to determine the
two unknown parameters, S and 7T, in the
equations

s = (QI47TW(w)
and
u = r’S/(4Tt),

where s is the drawdown in water level in re-
sponse to the pumping rate @ in an aquifer
with transmissivity T and storage coefficient S.
The distance r from the pumping well, and the
elapsed time ¢ since pumping began, combine
with S and T to define a dimensionless variable
u and corresponding dimensionless response
W(u). Briefly, the method consists of plotting a
function curve or type curve, such as Vu, W)
on logarithmic-scale graph paper, and plotting
the time-drawdown (¢-s) data on a second
sheet having the same scales. This is equiva-
lent to expressing the preceding equations as

log s = log Q/4%T + log W(u)
and

log 1/u = log ¢t + log 4T/r*S.

If the two sheets are superimposed and
matched, keeping coordinate axes parallel, as
shown in figure 0.1, the respective coordinate
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Ficure 0.1.—Relation of 1/u,W(u) type curve and ¢, s data plot. Modified from Stallman (1971, p. 5, fig. 1).

axes will be related by constant factors:
s/W(u)=C, and t/(1/u)=C,. The values of these
two constants are

and
C,=r2S/(4T).

Thus, a common match point for the two curves
may be chosen, and the four coordinate
points—W<(u), 1/u, s, and ¢t —recorded for the
common match point. T can be obtained from
the equation T=QW (u)/(47s), and then S can
be solved from the equation S =4Tut/r?, where
W(u), 1/u, s, and ¢t are the match-point values.

It is apparent that the type curves, and data,
can be plotted in several ways. That is, the
function curve, using W(u) as an example,
could be plotted as («,W(«)) with corresponding

data plots of (1/¢,s) or (r¥t,s); or could be plotted
as (1/u,W(w)) with corresponding data plots of
(t,8) or (t/r?s). The type-curve method is cov-
ered more fully by Ferris, Knowles, Brown, and
Stallman (1962, p. 94).

The type curves presented in this report are
shown on two different plots. One plot has both
logarithmic scales with 1.85 inches per log-
cycle, such as K and E 467522.' The other plot
1s arithmetic-logarithmic scale with the
logarithmic scale 2 inches per log-cycle and the
arithmetic scale with divisions at multiples of
0.1, 0.5, and 1.0 inches, such as K and E
466213.

Other methods exist for analysis of aquifer-
test data. Among them are methods based on
plots of data on semi-log paper, developed by

'The use of brand names 1n this report 1s for 1dentification purposes only

and does not 1mply endorsement by the U S Geological Survey

<
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Jacob (Ferris and others, 1962, p. 98) and by
Hantush (1956, p. 703). These methods are
useful, but they are beyond the scope of this
report.

Aquifer tests deal with only one component
of the natural flow system. The isolation of the
effects of one stress upon the system is based
upon the technique of superposition. This tech-
nique requires that the natural flow system
can be approximated as a linear system, one in
which total flow is the addition of the individ-
ual flow components resulting from distinct
stresses.

The use of the principle of superposition is
implied in most aquifer-test analyses. The
term “superposition,” as here applied, is de-
rived from the theory of linear differential
equations. If the partial-differential equation
is linear (in the dependent variable and its de-
rivatives), two or more solutions, each for a
given set of boundary and initial conditions,
can be summed algebraically to obtain a solu-
tion for the combined conditions. For instance,
consider a situation (fig. 0.2) where a well has
been pumping for some time at a constant rate
Q,, and the drawdown trend for that pumping
rate has been established. Assume that the
pumping rate increases by some amount A at

DEPTH TO WATER

some time ¢,. Then the drawdown for that step
incrase in rate will be the change in drawdown
from that occurring due to the pumpage Q..

Programs, written in FORTRAN, for cal-
culating additional function values are in-
cluded for most of the solutions. Some of the
type-curve solutions would require an unrea-
sonably long tabulation to include all the pos-
sible combinations of parameters. An alterna-
tive to a tabulation is the computer program
that can calculate type-curve values for the pa-
rameters desired by the user. The programs
could be easily modified to calculate aquifer re-
sponse to more than one well, such as well
fields or image-well systems (Ferris and others,
1962, p. 144). The programs have been tested
and are probably reasonably free from error.
However, because of the large number of possi-
ble parameter combinations, it was possible to
test only a sample of possible parameter val-
ues. Therefore, errors might occur in future use
of these programs.

“An aquifer test is a controlled field experi-
ment made to determine the hydraulic prop-
erties of water-bearing and associated rocks”
(Stallman, 1971). The areal variability of hy-
draulic properties in an aquifer limits aquifer
tests to integrating these properties within the

Extrapolated trend

U N

—— e

Drawdown from AQ

Pumping rate = Q; | Pumping rate = Q,+AQ
€ — 5
4
TIME

Ficure 0.2.—The application of the principle of superposition to aquifer tests.
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cone of depression produced during the test.
Aquifer-test solutions are based on idealized
representations of the aquifer, its boundaries,
and the nature of the stress on the aquifer. The
type-curve solutions presented in this report
all have certain assumptions in common. The
common assumptions are that the aquifer is
horizontal and infinite in areal extent, that
water is confined by less permeable beds above
and below the aquifer, that the formation pa-
rameters are uniform in space and constant in
time, that flow is laminar, and that water is
released from storage instantaneously with a
decline in head. Also implicit is the assumption
that hydraulic potential or head is the only
cause of flow in the system and that thermal,
chemical, density, or other forces are not affect-
ing flow. In addition to these common assump-
tions are special assumptions that characterize
each solution summary. An important first
step in aquifer-test analysis is deciding which
simplified representations most closely match
the usually complex field conditions.

Generally the best start in the analysis of
aquifer-test data is with the most general set of
type curves that apply to the situation, kzp)ing
in mind limitations of the method and etrects
that cause departures from the theoretical re-
sults. For example, the most general set of type
curves for constant discharge presented in this
report is for leaky aquifers with storage of
water in the confining beds, solution 5. This
includes, as a limiting case, the curve for a non-
leaky aquifer. The most severe limitation on
this set of curves is that they apply only at
early times, as specified in solution 5.

Some of the effects that cause departure from
the theoretical curves are partial penetration,
finite well radius, and variable discharge for
the pumped well. The effects of partial penetra-
tion must be considered when r/b<1.5, and be-
cause vertical-horizontal anisotropy is prob-
ably a common condition, these effects should
be considered for r/b<10. The effect of finite
well radius should be considered for early
times, as specified in solution 8. The effects of
variable discharge depend upon the manner of
the variation. A change in discharge is more
important if the change is monotonic, either
continually increasing or decreasing. This fact
is shown by the type curves for solution 11,

where a monotonic change of 10 percent caused
a significant departure from the Theis curve. If
the discharge variation consists of random
“noise” about a constant discharge, a 10-
percent variation is not significant. The most
general set of type curves for tests on flowing
wells is solution 7, for leaky aquifers, which
includes nonleaky aquifers as a limiting case.
The only set of curves for slug tests is given in
solution 9.

A recurring problem in type-curve solution
for unknown hydrologic parameters is that of
nonuniqueness. That is, function curves for dif-
ferent parameter values sometimes have simi-
lar shapes. An exarnple of this is given by
Stallman (1971, p. 19 and fig. 6). He indicated
that the selection of the conceptual model is
very important in interpreting the test results.
Equally important is adequate testing of the
conceptual model. Corroboration of the concep-
tual model is indicated by similar results for
hydrologic parameters from data collected at
varying distances from the pumped well,
depths within the aquifer, and at different ob-
servation times. However, proof of suitability
of the conceptual model ultimately rests on
field investigations and not on curve matching.

As an example of similar curve shapes for
different situations, consider the case of con-
stant discharge in a nonleaky aquifer with ex-
ponentially varying thickness. The thickness,
b, is equal to boexp[—2(X—X(,)/a], where b,
and X, are the thickness and X-coordinate, re-
spectively, at the site of the discharging well
and a is a parameter. The drawdown for this
situation is given by Hantush (1962, p. 1529):

s=(Q/4mKb,) exp (r/a cos ©) W(u,rla),

where

W(u,,8)=f (exp(—y—B*4y)y) dy,

u

u=rS,/4Kt,

@ is the discharge, r is the distance from the
discharging well, © is the angle, with apex at
the discharging well, between the observation
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well and the positive X-axis, K is the hydraulic
conductivity of the aquifer, and S, is the
specific storage coefficient of the aquifer. This
solution is similar to the equation describing
drawdown in a leaky artesian aquifer (Han-
tush, 1956, p. 702), which is

s = (Q/4wT) W(u,r/B),

with T=Kb, B=V Tb'/K’, and b’ and K’ are
the thickness and hydraulic conductivity, re-
spectively, of the leaky confining bed. The
other symbols are used as above.

These two functions have the same shape
when plotted on logarithmic paper, and draw-
down resulting from one function could be
matched to a type curve of the other function.
Suppose, as an example, that the “observed
data” are described by the function for the
aquifer with exponentially changing thickness.
Suppose, also, that the hydrologist is unaware
of the variation in thickness and that the fam-
ily of type curves for leaky aquifers without
storage in the confining beds, solution 4, has
been chosen for analysis of the “observed data.”
Matching the data plots to the type curves and
solving for unknown parameters by the
methods suggested in solution 4 gives for the
ratio of K, the apparent hydraulic conductiv-
ity, to K, the true hydraulic conductivity, K,/
K =exp((r/a) cos O). The ratio would be close to
one only in the vicinity of the discharging well.
The diffusivity, K/S,, would be determined cor-
rectly, but the apparent specific storage coeffi-
cient would have the same percentage error as
the apparent hydraulic conductivity. Most im-
portant of all, the erroneous conclusion would
be that the aquifer is leaky, with leakage pa-
rameter B = VKbb'/K' = a. This somewhat
contrived example illustrates a principle in the
interpretation of aquifer-test data. Conclusions
about the hydrologic constraints on the re-
sponse of the aquifer to pumping should not be
based on the shape of the data curves. Infer-
ences may be made from these curves, but they
must be verified by other hydrologic and
geologic data. Therefore, proof of the suitabil-
ity of the conceptual model must come from
field investigations.

Many of the old reports of the U.S. Geological
Survey contain references to the terms “coeffi-

cient of transmissibility” and “field coefficient
of permeability.” These terms, which were ex-
pressed in inconsistent units of gallons and
feet, have been replaced by transmissivity and
hydraulic conductivity (Lohman and others,
1972, p. 4 and p. 13). Transmissivity and hy-
draulic conductivity are not solely properties of
the porous medium; they are also determined
by the kinematic viscosity of the liquid, which
is a function of temperature. Field determina-
tions of transmissivity or hydraulic conductiv-
ity are made at prevailing field temperatures,
and no corrections for temperature are made.

Summaries of Type-Curve
Solutions for Confined
Ground-Water Flow
Toward a Well in an Infinite
Aquifer
Solution 1: Constant discharge

from a fully penetrating well in a
nonleaky aquifer (Theis equation)

Assumptions:
1. Well discharges at a constant rate, Q.
2. Well is of infinitesimal diameter and
fully penetrates the aquifer.
3. Aquifer is not leaky.
4. Discharge from the well is derived ex-
clusively from storage in the aquifer.

Differential equation:
9%s/0r? + (Ur) (8s/0r) = (SIT)8s/0t)

Boundary and initial conditions:

s(r,0) = 0, r=0 o))
s(o,t) = 0, t=0 (2)
0,t<0
Q@ = (3)
constant >0, t=0
i ds = — Q = 4
lim ra, ot 70 @)

Equation 1 states that initially drawdown is
zero everywhere in the aquifer. Equation 2
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states that the drawdown approaches zero as
the distance from the well approaches infinity.
Equation 3 states that the discharge from the
well is constant throughout the pumping
period. Equation 4 states that near the pump-
ing well the flow toward the well is equal to its
discharge.

Solution (Theis, 1935):

where
[eal .y
f € dy = W(u) = —0.577216 — log.u + u
y
u

2 144

414

u:i

313

125

212 "

Comments:

Assumptions made are applicable to artesian
aquifers (fig. 1.1). However, the solution may
be applied to unconfined aquifers if drawdown
is small compared with the saturated thickness

!
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of the aquifer and if water in the sediments
through which the water table has fallen is dis-
charged instantaneously with the fall of the
water table. According to assumption 2, this
solution does not consider the effect of the
change in storage within the pumping well.
Assumption 2 is acceptable if

t>2.5%10%rYT

(Papadopulos and Cooper, 1967, p. 242), where
r. is the radius of the well casing in the interval
over which the water-level declines, and other
symbols are as defined previously. Figure 1.2
on plate 1 is a logarithmic graph of
W(u)=4nsT/Q plotted on the vertical coordi-
nates versus 1/u=4Tt (r2S) plotted on the
horizontal coordinates. The test data should be
plotted with s on the vertical coordinates and
corresponding values of ¢ or #/r? on the horizon-
tal coordinates.

Values of W(u) for u between 0 and 170 may
be computed by using subroutine EXPI of the
IBM System/360 Scientific Subroutine Pack-
age. Table 1.1 gives values of W(u) for selected
values of 1/u between 1x10~! and 9%x10", as
calculated by this subroutine.

Ground surface
W — W
Static level |
j
Pu’n . s /
Dlng /el/e/ — ln— rc
le

NANANANANANANAN

\ {.mperm:ab.e N W\ N

Screen. {—j

Aquifer

TISSS S S S\

\I;p\err}\eebl}a lzed\ \ i \ XT

Ficure 1.1.—Cross section through a discharging well in a nonleaky aquifer.
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Solution 2: Constant discharge
from a partially penetrating well
in-a nonleaky aquifer

Assumptions:

1. Well discharges at a constant rate, Q.

2. Well is of infinitesimal diameter and is
screened in only part of the aquifer.

3. Aquifer has radial-vertical aniso-
tropy.

4. Aquifer is not leaky.

5. Discharge from the well is derived ex-
clusively from storage in the aquifer.

Differential equation:

, 0%
922

& , 10s
or:  r or
a*=K./K,

This is the differential equation for nonsteady
radial and vertical flow in a homogeneous con-

fined aquifer with radial-vertical anisotropy.

Boundary and initial conditions:

s(r, z,0)=0, r=0, 0<z<b ()

s, 2,t)=0, t=0 (2)

ds(r,0,t)/0z=0, r=0, t=0 3

8s(r,b,t)/0z=0, r=0, t=0 (4)
lim r a—ss’—Q/(ZwK,.(l—d)), d<z<l (5)
r—0 or g 1< z<b

Equation 1 states that initially the draw-
down is zero everywhere in the aquifer. Equa-
tion 2 states that the drawdown approaches
zero as the distance from the pumped well ap-
proaches infinity. Equations 3 and 4 state that
there is no vertical flow at the upper and lower
boundaries of the aquifer. This means that ver-
tical head gradients in the aquifer are caused
by the geometric placement of the pumping
well screen, and not by leakage. Equation 5
states that near the pumping well the flow is
radial, that the flow toward the well is equal to
its discharge, that the discharge is distributed
uniformly over the well screen, and that no ra-
dial flow occurs above and below the screen.

Solution:

I. For the drawdown in a piezometer, a solu-
tion by Hantush (1961a, p. 85, and 1964a, p.
353) is given by

s = Z%[W(u)%—f(r%a—b-r,é,%y %)], (6)

where
W) :Jaxe—; dy
and
f(”’ b zé’ %’ %) = w(?ﬁm nzl %
(sin 27 — sin 7) cos M2y (u, 27OT) (7)

(exp(—y—x¥4y)ly) dy

=

5

g

I
8

u
u = r3s
ATt
a = VKK,

An altefnate form of this solution for a=1 is
given by Hantush (1961a, p. 85):

ST 8n ﬁ(bz - d){M(”’ Zirz’>+ Mz, g—TZ>
(2L 2) - el ) e, )
b

in which

£ 5 2) = Sufe, 207)

- M(u, ———2nb;x_z> + M(u, 2—@4’:—36_—2>
M, Lnlz%ﬁr_ﬂ] )

C



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 9

‘ and Comments:

" Assumptions apply to conditions shown in
_ e’ figure 2.1. The effects of partial penetration
Mu.p)= L y erf(B V) dy need to be considered for ar/b<1.5. There must
be a type curve for each value of ar/b, d/b, /b,
9 [* . and either z/b for piezometer, orl'/b and d'/b for
erf(x) = v / e’ dy. observation wells. Because the number of pos-
0 sible type curves is large, only samples of
curves for selected values of the parameters are

II. For the drawdown in an observation well | shown in figure 2.2 on plate 1.
(Hantush, 1961a, p. 90, and 1964a, p. 353), For large values of time, that is,for t>b28/
(2a2T) or t>bS/(2K,), the effects of partial

@ [ =( ar 1l d1'd ] penetration are constant in time, and
5= ap W@ 7w 55 0 5 ) a0
W (u, QT
where W(u) is as defined previously (u b >
and
can be approximated by
Floenldld) 2
"b'HE’HL b m(l-d){'-d") oK (nvrar)
0 b
OEC —1~; (sin nal _ gy n_v-rd>
n=1n? b b (Hantush, 1961a, p. 92). K,(x) is the modified
, . Bessel function of the second kind of order zero.
. . d
-(sm EZ—Z — sin 7;) ) W <u, m;;"), (1D Equation 6 then becomes
' -9 - _Q
. where W(u,x) and u are as defined previously. S = 1T W(u) + ds AnT (W) +f.],
’O Observation
Discharging well\_ . well Piezometer

Ground surface

Static level ' ' !
‘ ¥ +///
i |
: |

v
pumeinS \eve

Impermeable bed

Z [/ /[ [/ /L /7 /[ [/ [/ [/ [
) ]‘ i 1
d ! o, Iz
FERI b | ﬂ_l_
b ' = i Aquifer
J
>

S/ 7777777 7 7 777

Impermeable bed

3 Ficure 2.1.—Cross section through a discharging well that is screened in a part of a nonleaky aquifer.
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where

__Q
ds = 47rTf""

and f; is given in equation 7

i nmar nmar
with W(U, b > replaced by 2K, <T>

Figure 2.3 shows plots of f, as tabulated by
Weeks (1969, p. 202-207). In using these
curves, it should be noted that f; for a given r,
b, and z,, l,, d, is equal to f; for the same r, b,
and z,=b—-z,, l,=b—d,, and d,=b-1,. Figure
2.3 can be used to find f; by interpolation and

then constructing type curves of W(u)+f; in the
manner described by Weeks (1964, p. D195).
For small values of time

@b—1-2)S

< 50r

(Hantush, 1961b, p. 172), equation 8 can be ap-
proximated by

s = grrnap | M (0 12) - M (u, 422

o =2) o =2

+6 —r1 7T — ™7 T T > — T T
.o% % 2\ \%
+4 \ I, N
2 =080 ‘e b =1.00 N b =100
& /_—\ 0 d/b =090 \ /b =080
x *2 X
":IG 010 N
3| | OB y N
o« ] L — = =
[V -
o ) // / - /
Lo ) /
90 ;
z oS oF %o, )
8 a 7 o °:b./
- >
[+
g .6 1 1 11 1 1 [ | 111 1 1 I
(&)
é +6 —— LN — ™1 TT 1T T 17T
Ce
= NG N N
z +4 <
o - \ 5 =1.00 3 o =100
%3 (1)
fa) % \ db =070 dmb =060
& +2 - N \ N
=] T 0.60 \\
g \,_\
[¢]
n o0 L - :
o
E -2 // /
) 5 ~T y
oS s o2
-4 // ‘& 0'00
2.00”
el 1 1 1111 I | 1 1.1 11
0.05 0.10 0.20 0.50 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00

ar/b

FiGUure 2.3.—The drawdown correction factor f, versus ar/b, from tables of Weeks (1969).
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.An extensive table of M(u,8) has been pre-
pared by Hantush (1961c).

Although r/b for a given observation well
probably would be known, however, the con-
ductivity ratio a? would not be. Thus, it would
not be known which ar/b curve should be
matched. In other words, not only T and S, but
also the conductivity ratio a®? must be deter-
mined. A criterion for determining the match
between data curves and type curves is that the
values of ar/b for different observation wells
should all indicate the same “a”. Plotting the
drawdown data for several observation wells
on a single #/r? plot and matching to sets of type

11

curves, a different set for each “a”, is a useful
approach.

Figure 2.2 was prepared from data calcu-
lated by the FORTRAN program listed in table
2.1. This program computes “s” from either
equation 6 or 10, depending on the input data.
The input data consist of cards containing the
parameters coded in specific formats. Readers
unfamiliar with FORTRAN format items
should consult a FORTRAN language manual.
The first card contains: the aquifer thickness
(b), coded in columns 1-5, in format F5.1; the
depth to bottom of pumped well screen (1),
coded in columns 6-10, in format F5.1; the

6 T L T 1T T 71T T T TTT
+4 ‘\\
% 25 I/b = 1.00 22 b =100
& L, s, d/b =050 % d/b =040
Y LR N Ny
b~ 0> 055
o  ol-o0s0 [ \>_
o - 040 {—
Q a0 /
< 2 o2 A /
- — -
bd o P o
2 V . ®
5o g
w
o
g el it L1 Ll AN PR L1
o
P +6
. ; LI R B T T LI L I/blallolo'\ 1 L TTTT
: o
3 N
2 44
< 2\
o I/b=1.00 3 i=0.90
o dm =0.20 \ d/b =080
(‘2 +2 AN
0.19
R s S P~
20 [V Y
w y o of /
E‘ -2 /
= Al
B 5;9/ g.“o
-4
.6 L1 1 1 I S i t 1111
0.05 0.10 0.20 0.60 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00
ar/b

Ficure 2.3.—Continued.
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depth to top of pumped well screen (d), coded in
columns 11-15, in format F5.1; the number of
observation wells and (or) piezometers, coded
in columns 16-20, in format I5; the smallest
value of 1/u for which computation is desired,
coded in columns 21-30, in format E10.4; the
largest value of 1/u for which computation is
desired, coded in columns 31-40, in format
E10.4. The ratio of the largest 1/u value to the
smallest 1/u value should be less than 102
Following this card is a group of cards contain-
ing one card for each observation well or
piezometer. These cards are coded for an obser-
vation well as: distance from pumped well mul-

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

tiplied by the square root of the ratio of the
vertical to horizontal conductivity (rV K,/K,),
in columns 1-5, in format F5.1; depth to bot-
tom of observation well screen ('), coded in
columns 6-10, in format F5.1; depth to top of
observation well screen (d’), coded in columns
11-15, in format F5.1. A card would be coded
for a piezometer as follows: distance from
pumped well multiplied by the square root of
the ratio of the vertical to horizontal conductiv-
ity (rV K,/K,), in columns 1-5, in format F5.1;
and total depth of piezometer (z), in columns
11-15, in format F5.1. The output from this
program is tables of computed function values,

+6 T 1\ L T 7T TTT T T TT
o 2
%, 0 Ne A%
2., 2 ?
+4 2 TN
% 1/ =0.90 g, & I=0.90
& d/b=0.70 d/b =060
* +2 AN AN y
. TR S
‘2'0 060 \\
 o° -\>— ——
O o 1 ——F . 4T 7"‘
Q.
5 / o8 ///
< .2 / L~
w . o
z o ‘)
(@) 020 ‘
I: -4 /0SS y
(&)
w
o«
g el 111 L L 11 L L L1a
(%]
Z +6 LI T T LI LR L T T LILILEL
3
o <
= s
< +4 Q@ <
o« g I/ =0.90 i/ =080
o 0 d/ =050 db =040
@B 2 0'9°i\\
w
| 400 X\
2 050 |
o o
7
Z /
w o8
2 2
o o
a S
-4 poe L.
.6 L1 1 1 111 t 141 i 1 111t
0.05 0.10 0.20 0.50 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00

ar/b

Ficurg 2.3.—Continued.
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an example of which is shown in figure 2.4.
Subroutines DQL12, BESK, and EXPI are
from the IBM Scientific Subroutine Package
and a discussion of them is in the IBM SSP
manual.

Solution 3: Constant drawdown in
a well in a nonleaky aquifer

Assumptions:
1. Water level in well is changed instan-
taneously by s, att = 0.
2. Well is of finite diameter and fully pen-

3. Aquifer is not leaky.
4. Discharge from the well is derived ex-
clusively from storage in the aquifer.
Differential equation:

'ﬂICD
2@

9s _
or

This is the differential equation describing
nonsteady radial flow in a homogeneous iso-
tropic confined aquifer.

Boundary and initial conditions:

etrates the aquifer. s(r,0)=0,r=r, (1)
+6 1T T T T T ™ T T
+4
1/6=0.90 1/4=0.90
v{: 0‘50 d/b =030 d/b =020
X +2 S ST
~ ke ) - a6
Blo M{ X N\
o« ol I@R\
o2 0.30 0.90
e 1 _ = e —
o 10 /
< 2 <
w 03‘“ / 090
= )
9o >
= -4
Q
93]
2 o
[« 1111 A1 A N T Ll
o 6
Q
é +6 T —T T TT ™7 \ T 7T
a
2 4 \
< @
o /6 =0.90 A ) /b =0.80
(o) db=0.10 [ db=0.70
n z/b=°9°
17,1 +2 - ~
w 0t
= 28050 ASTT060 ]
z2 0.7, 0 3o ——____| T —
g 0’580, 0.20
)
Z W 7.0 o
w / o8
£ -2
a oS o
D
0.
ik (/
-6 | 1 1 S A A1 i 1 1 1111
0.05 0.10 0.20 0.50 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00
ar/b

Ficure 2.3.—Continued.
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sO, t<0
8(re,t) = ] (2)
S, = constant, ¢t = 0
s(ot) =0,t =0 3)

Equation 1 states that initially the draw-
down is zero everywhere in the aquifer. Equa-
tion 2 states that, as the well is approached,
drawdown in the aquifer approaches the con-
stant drawdown in the well, implying no en-
trance loss to the well. Equation 3 states that
the drawdown approaches zero as the distance
from the well approaches infinity.

Solutions:
I. For the well discharge (Jacob and

Lohman, 1952, p. 560):

Q = 27T s, Glo),

where
_da [ T ane m_)]}
Gla) = - Lxe {2 + tan [J,,(x) dx
Tt
and o= Sr2

II. For the drawdown in water level (Han-
tush, 1964a, p. 343):

+6 —r Ty T T T 1T — T T
o
8
N\ \
+4 YO N, (4
%, \e N
AL 16 =0.80 ‘8 Ib=0.80
& % d/b =060 \ d/b=050
x *2 N 0
.80
o s o] 00\ \N
: 1 0 e,
£ o o | = /§
740 —
2 y / \K g /
Q
L~
w 2 v S ]
2 o oZ
9 090 Q.QQ
e
w
a4
g _6 1 111 { L L1l 11 11 1 L I
O
§ 68— ™ T 7T T 1T T 1T
o
[a)
= .
= RST.
o P 0-6'0 I/ =0.80 - 1/ =080
0 "5 d/b=0.40 s dm =0.30
oaxZe
B +2 N A |
w 0,80 %4
z (e “
3 0 0.80 S
(7) (\) /’30 %-—- 0.30 "
Z 2 / /
z %‘ 010 090 &/
= 2
(@]
090 0.00
-4
-6 to111 1 i | 11 i 1 [
0.05 0.10 2.00 0.50 1.00 2.00 0.05 0.10 0.20 0.50 1.00 2.00

ar/b
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s A(T, p),

»
it

where A(rp) =1

gfxe]u(u) Yo(pu) - Yu(u)Jn(Pu) éXp(—Tuz)@,
u

™ 0 Juz(u) + Yu)(u)
Tt
and T=a= ﬁ,
_r
p rl( .
Comments:

Boundary condition 2 requires a constant
drawdown in the discharging well, a condition
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most commonly fulfilled by a flowing well, al-
though figure 3.1 shows the water level to be
below land surface.

Figure 3.2 on plate 1 is a plot from Lohman
(1972, p. 24) of dimensionless discharge (G («))
versus dimensionless time («). Additional val-
ues in the range « greater than 1x10'? were
calculated from G(a)=2/l0g(2.2458a) (Han-
tush, 1964a, p. 312). Function values for G («)
are given in table 3.1. The data curve consists
of measured well discharge versus time. After
the data and type curves are matched,
transmissivity can be calculated from T =
Q/27s,G{a), and the storage coefficient can be
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FiGure 2.3.—Continued.
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calculated from S =T't/ar?, where (o,G(2)) and
(¢,Q) are matching points on the type curve and
data curve, respectively.

Similarly, data curves of drawdown versus
time may be matched to figure 3.3 on plate 1;
this is a plot of dimensionless drawdown
(A (r,p)=s/s,.) versus dimensionless time (7/p®
= Tt/Sr?). After the data and type curves are
matched, the hydraulic diffusivity of the
aquifer can be calculated from the equality
T/S =(7/p®) (r*/t). Usually s, is known, and
some of the uncertainty of curve matching can
be eliminated by plotting s/s, versus ¢ because
only horizontal translation is then required. If

r. is also known, the particular curve to be
matched can be determined from the relation
p=ri/r,. Generally, however, the effective
radius, r,., differs from the actual radius and is
not known. The effective radius can often be
estimated from a knowledge of the construction
of the well and the water-bearing material, or
it can be determined from step-drawdown tests
(Rorabaugh, 1953). Figure 3.3 was plotted from
table 3.2. For r<1x10% the data are from Han-
tush (1964a, p. 310). For r>1x10% values of
drawdown in a leaky aquifer, as r,./B—0, were
used. (See solution 7.) Where 0.000 occurs in
table 3.2, A(7,p) is less than 0.0005.
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Ficure 3.1.—Cross section through a well with constant drawdown in a nonleaky aquifer.

Solution 4: Constant discharge
from a fully penetrating well in a
leaky aquifer

Assumptions:

1. Well discharges at a constant rate, @.

2. Well is of infinitesimal diameter and
fully penetrates the aquifer.

3. Aquifer is overlain, or underlain,
everywhere by a confining bed having
uniform hydraulic conductivity (K')
and thickness (5').

4. Confining bed is overlain, or underlain,
by an infinite constant-head plane
source.

5. Hydraulic gradient across confining bed
changes instantaneously with a change
in head in the aquifer (no release of
water from storage in the confining
bed).

6. Flow in the aquifer is two-dimensional
and radial in the horizontal plane and
flow in the confining bed is vertical.
This assumption is approximated
closely where the hydraulic conductiv-
ity of the aquifer is sufficiently greater
than that of the confining bed.

Differential equation:

_Sds
T

t

s , 19s _ sK'

or? t ror T&

This is the differential equation describing
nonsteady radial flow in a homogeneous iso-
tropic aquifer with leakage proportional to
drawdown.

Boundary and initial conditions:

(1
s(=,£)=0, t=0 )
sO, t<0

Q=) 3)
constant>0, =0
limr 9 _-_ 9 4)

r—0 or 24T

Equation 1 states that the initial drawdown
is zero. Equation 2 states that drawdown is
small at a large distance from the pumping
well. Equation 3 states that the discharge from
the well is constant and begins at ¢t=0. Equa-
tion 4 states that near the pumping well the
flow toward the well is equal to its discharge.

¢
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TasLE 3.2.—Values of A(r,p)
[Values of A(7,p) for 7 <10° modified from Hantush (1964a, p 310)]

[9)]

p
T
5 10 20 50 100 200 500 1000

1 x1 0.002

2 .022

3 .049

4 076 0.000

5 .101 .002

7 142 .006

1 x10 .188 .016 0.000

2 =277 .057 .001

3 .325 .094 .004

4 .358 123 .009

5 .381 .146 .016

7 414 184 .031

1 X10? .446 .222 .053 0.000

1.5 479 .264 .085 .001

2 .500 291 110 .003

3 .528 328 .146 .009

5 .559 372 194 .026 0.000

7 .578 .397 223 .044 .001

1 x10° .596 422 .254 .066 .004

1.5 615 .450 .287 .094 .012

2 627 .467 309 .116 .021 0.000

3 .644 .490 .338 .147 .039 .001

5 662 517 372 .186 .068 .006

7 673 .533 .392 211 .089 .014

1 x1o .685 .549 413 237 114 .025

15 .696 .566 435 .264 142 .043 0.000

2 704 577 450 .283 .161 .058 .001

3 715 592 .469 .308 .188 .081 .005

5 127 .609 492 .337 221 113 .014 0.000
7 7134 .620 .506 .355 242 134 .025 .001
1 X108 742 .631 .520 373 263 .156 .039 .002
1.5 750 642 .532 .392 .285 180 .058 .007
2 755 .650 .544 .405 .300 197 .072 .013
3 162 .660 .558 423 321 220 .094 024
5 71 672 .574 443 .345 .247 122 .044
7 776 .680 .584 456 .360 .264 141 .059
1 x108 782 .688 594 470 376 - .282 .160 076
1.5 188 .696 604 484 .392 .301 .181 .096
2 792 702 .612 .493 403 314 .196 111
3 797 709 .622 .506 418 .331 216 132
5 803 .718 .633 .521 .436 .352 .240 157
7 .807 7124 .641 531 .448 .365 255 173
1 x107 811 730 .648 541 .459 378 270 .190
1.5 815 .736 656 551 472 .392 .287 .208
2 .818 740 .662 .558 .480 .402 299 221
3 .822 746 .669 .568 .492 415 314 238
5 .827 153 .678 .580 .506 431 .333 258
7 .830 157 .684 .587 .514 .441 344 271
1 x10° .833 .762 .690 596 523 452 357 .285
1.5 .837 766 .696 .603 .533 .463 370 .300
2 .839 .770 .701 .609 540 470 379 .310
3 .842 174 .706 .617 .549 .481 391 .323
5 .846 .780 714 .626 .560 .494 406 .340
7 .849 .783 718 .632 .567 .502 415 .350
1 x10° .851 187 723 .638 574 .510 425 .361
15 .854 791 7128 .645 .582 519 435 372
2 .856 794 731 .649 .587 525 .443 .380
3 .858 197 736 .655 594 .533 452 .392
5 .861 .802 742 .663 .603 .544 .464 405
7 .863 .804 746 .668 .609 .550 472 413
1 X10%*° .865 .807 749 673 .615 .557 .480 422
1.5 .867 .810 .753 .678 .621 .564 .488 431
2 .869 .813 156 .682 625 .569 494 .438
3 .871 .816 .760 .687 .631 .576 .502 447
5 874 .819 765 .693 .638 .584 512 457
7 .875 .821 .768 .696 .643 .589 .518 .464
1 x10" 877 .824 770 .700 .647 .594 .524 471
1.
2
3
5
7
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‘ Solution (Hantush and Jacob, 1955, p. 98):

_Q [* e
5= 4nT z (®)
u
where u =r35/4Tt
B = %— ©6)
Comments:

As pointed out by Hantush and Jacob (1954,
p. 917), leakage is three-dimensional, but if the
difference in hydraulic conductivities of the
aquifer and confining bed are sufficiently
great, the flow may be assumed to be vertical in
the confining bed and radial in the aquifer.
This relationship has been quantified by Han-
tush (1967, p. 587) in the condition 5/B<0.1. In
terms of relative conductivities, this would be
K/K' > 100 b/b’. Assumption 5, that there is no
change in storage of water in the confining bed,
was investigated by Neuman and Witherspoon
(1969b, p. 821). They concluded that this as-
sumption would not affect the solution if

o ——

P O e

Static level

21

r

B < 0.01, 4b

/K'S{
KS; -

s

where 8 =

Assumption 4, that there is no drawdown in
water level in the source bed lying above the
confining bed, was also examined by Neuman
and Witherspoon (1969a, p. 810). They indi-
cated that drawdown in the source bed would
have negligible effect on drawdown in the
pumped aquifer for short times, that is, when

Tt B2

=y <16 (r/B)* * Also, they indicated (1969a,
p. 811) that neglect of drawdown in the source
bed is justified if T',> 1007, where T, repre-
sents the transmissivity of the source bed. Fig-
ure 4.1, a cross section through the discharging
well, shows geometric relationships. Figure 4.2
on plate 1 shows plots of dimensionless draw-
down compared to dimensionless time, using
the notation of Cooper (1963) from Lohman
(1972, pl. 3). Cooper expressed equations 5 and
6 as

(7

.

Ground surface
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I”g /eye/

©

LSS

[/ /=527 777
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FiGure 4.1.—Cross section through a discharging well in a leaky aquifer.
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with
K}

=

v=g ®)

Cooper’s type curves and equation 5 express
the same function with r/B=2y. Hantush
(1961e) has a tabulation of equation 5, parts of
which are included in table 4.1.

The observed data may be plotted in two
ways (Cooper, 1963, p. C51). The measured
drawdown in any one well is plotted versus t/r?;
the data are then matched to the solid-line type
curves of figure 4.2. The data points are alined
with the solid-line type curves either on one of
them or between two of them. The parameters
are then computed from the coordinates of the
match points (¢/r%,s) and (1/u, L(u,v)), and an
interpolated value of v from the equations

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

S_4TW3 (10)
K’ 2
and e tLT%.

Drawdown measured at the same time but in
different observation wells at different. dis-
tances can be plotted versus #/r® and matched
to the dashed-line type curves of figure 4.2. The
data are matched so as to aline with the

dashed-line curves, either on one or between

two of them. From the match-point coordinates
(s,t/r>) and (L(u,v),1/u) and an lnterpolated

value of v¥/u, T and S are computed from equa-

tions 9 and 10 and the remalmng parameter

from
v? /u

Kb =8 —

The region v2/u>8 and

T - Q Ly u) 9) L(u,)=10"? corresponds to steady-state condi-
47 s tions. :
TaBLE 4.1.—Selected values of W(u,r/B)
[From Hantush (1961e)]
r/B
u 0001 0.003 001 0.03 0.1 0.3 1 3
1 xX10°¢ 13.0031 11.8153 9.4425 7.2471 4.8541 2.7449 0.8420 0.0695
2 12.4240 11.6716 '
3 12.0581 11.5098 9.4425
5 11.5795 11.2248 9.4413
7 11.2570 10.9951 9.4361
1 x10°® 10.9109 10.7228 9.4176
2 10.2301 10.1332 9.2961 7.2471
3 9.8288 9.7635 9.1499 7.2470
5 9.3213 9.2818 . 8.8827 7.2450
7 8.9863 8.9580 8.6625 7.2371
1 X107 8.6308 8.6109 8.3983 7.2122
2 7.9390 7.9290 7.8192 7.0685
3 7.5340 7.5274 7.4534 6.9068 4.8541
5 7.0237 7.0197 6.9750 6.6219 4.8530
7 6.6876 6.6848 6.6527 6.3923 4.8478
1 x10°® 6.3313 6.3293 6.3069 6.1202 4.8292
2 5.6393 5.6383 5.6271 5.5314 4.7079 2.7449
3 5.2348 5.2342 5.2267 5.1627 4.5622 2.7448
5 4.7260 4.7256 47212 4.6829 4.2960 2.7428 .
7 4.3916 4.3913 4.3882 4.3609 4.0771 2.7350
1 %102 4.0379 4.0377 4.0356 4.0167 3.8150 2.7104
2 3.3547 3.3546 3.3536 3.3444 3.2442 2.5688
3 2.9591 2.9590 2.9584' 2.9523 2.8873 2.4110 8420
5 2.4679 2.4679 2.4675 2.4642 2.4271 2.1371 .8409
7 2.1508 2.1508 2.1506 2.1483 2.1232 1.9206 .8360
1 x107* 1.8229 1.8229 1.8227 1.8213 1.8050 1.6704 .8190
2 1.2226 1.2226 1.2226 1.2220 1.2155 1.1602 7148 .0695
3 9057 .9057 .9056 9053 9018 8713 .6010 .0694
5 5598 .5598 .5598 .56596 .5581 .6453 4210 .0681
7 .3738 3738 .3738 3737 3729 .3663 -.2996 .0639
1 x1Q° .2194 .2194 2194 .2193 .21860 .2161 .1855 .0534
2 .0489 .0489 .0489 .0489 .0488 .0485 .0444 .0210
3 .0130 .0130 .0130 .0130 .0130 .0130 0122 .0071
5 .0011 .0011 .0011 .0011 .0011 .0011 .0011 .0008
7 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001
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The drawdown in the steady-state region is
given by the equation (Jacob, 1946, eq. 15)

s = ﬁ? K (x),

where K (x) is the zero-order modified Bessel
function of the second kind and

x=r K. .
Tb'

Data for steady-state conditions can be
analyzed using figure 4.3 on plate 1. The draw-
downs are plotted versus r and matched to
figure 4.3. After choosing a convenient match
point with coordinates (s,r) and (K,(x),x) the
parameters are computed from the equations

T =8 K, and £ = 2T
27s r?

Values of K(x) from Hantush (1956) are given
in table 4.2.

A FORTRAN program for generating type-
curve function values of equation 7 is listed in
table 4.3. Using the notation L(u,v) of Cooper
(1963), the function is evaluated as follows. For
u=1,

o o] x
L(u,v) =/(1/y) exp (—y—vy)dy =/ f(y) dy.
U 173

This integral is transformed into the form

Lo (- )

evaluated by a Gaussian-Laguerre quadrature
formula. For vi<u<1,

TABLE 4.2.—Selected values of K,(x)

[From Hantush (1956, p. 704))

N x=NX10" x =NX10~ =N

1 4.7212 2.4271 0.4210
15 . 4.3159 2.0300 2138
2 . 4.0285 1.7527 .1139
3 3.6235 1.3725 .0347
4 . 3.3365 1.1145 0112
5 . 3.1142 .9244 .0037
6 . 2.9329 775 L.
T 2.7798 .6605  ______
8 . 2.6475 5663  ______
9 2.6310 4867  ______

x 1 -
L(u,v) =/1 f(y)dy +/ f(y) dy.
u

The first integral is evaluated by a
Gaussian-Laguerre quadrature formula, as
previously described. The second integral is
evaluated using a series expansion, as

1
j Fdy = s (D-sw),

u
where

[0 T~ ()] [ E o el

Foru <1 and u < v?,

o

L(uw) = 2K((2v) "‘[)2 f(y)dy

u

(Cooper, 1963, p. C50),

where K, is the zero-order modified Bessel

function of the second kind. The integral in the

above expression is evaluated by the

Gaussian-Laguerre procedure, as described
previously.

Input data for this program consist of three
cards with the numeric data coded by specific
FORTRAN formats. Readers unfamiliar with
FORTRAN format items should consult a
FORTRAN language manual. The first card
contains: the smallest value of 1/u for which
computation is desired, coded in columns 1-10
in format E10.5; the largest value of 1/u for
which computation is desired, coded in columns
11-20 in format E10.5. The table will include a
range of 1/u values spanning these two coded
values if the span is less than or equal to 12 log
cycles. The next two cards contain 12 values of
r/B, all coded in format E10.5, in columns
1-10, 11-20, 21-30, 31-40, 41-50, 51-60,
61-70, and 71-80 of the first card and columns
1-10, 11-20, 21-30, and 31-40 of the second
card. Zero (or blank) coding is permissible in
this field, but computation will terminate with
the first zero (or blank) value encountered. An
example of the output from this program is
shown in figure 4.4.
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Solution 5: Constant discharge
from a well in a leaky aquifer with
storage of water in the confining

beds

Assumptions:

1. Well discharges at a constant rate, Q.

2. Well is of infinitesimal diameter and
fully penetrates the aquifer.

3. Aquifer is overlain and underlain
everywhere by confining beds having
hydraulic conductivities K’ and K",
thicknesses b’ and b", and storage
coefficients S’ and S”, respectively,
which are constant in space and time.

4. Flow in the aquifer is two dimensional
and radial in the horizontal plane
and flow in confining beds is vertical.
This assumption is approximated
closely where the hydraulic conduc-
tivity of the aquifer is sufficiently
greater than that of the confining
beds.

5. Conditions at the far gsurfaces of the
confining beds are (fig. 5.1): )

Case 1. Constant-head plane
sources above and be-
low.

Case 2. Impermeable beds above
and below.

Case 3. Constant-head plane
source above and im-
permeable bed below.

Differential equations:
For the upper confining bed

8%*s, _ 8’ 0s,
0z

= 2 1
K'b' ot W

For the aquifer

O 195, K'0 _ .,
ot ror T T 0z Si(r,b',t)
_K'9 g _ Sos
For the lower confining bed
9%, _ 8" 0s,
822 K'b" ot (3)
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Equations 1 and 3 are, respectively, the dif-
ferential equations for nonsteady vertical flow
in the upper and lower semipervious beds.
Equation 2 is the differential equation for
nonsteady two-dimensional radial flow in an
aquifer with leakage at its upper and lower
boundaries.

Boundary and initial conditions:
Case 1: For the upper confining bed

$.(r,z,0)=0
$,(r,0,6)=0
Sl(r’b,yt)zs(ryt)

4)
6))
(6)

For the aquifer

s(r,0)=0
§(»,t)=0
lim » 800 - _ _Q_
r—0 or

(7)
8

T 9

For the lower confining bed
§y(r,2,0)=0

sy(r,b’+b+b8"t)=0
So(r,b'+b,t)=s(r,t)

(10)
1L
(12)

Case 2: Same as case 1, with conditions 5
and 11 being replaced, respectively, by

9s,(r,0,t) _ 0 (13)
0z
0s,(r,b'+b+b") -0 (14)
0z

Case 3: Same as case 1, with condition 11
being replaced by condition 14.

Equations 4, 7, and 10 state that initially the
drawdown is zero in the aquifer and within
each confining bed. Equation 5 states that a
plane of zero drawdown occurs at the top of the
upper confining bed. Equations 6 and 12 state
that, at the upper and lower boundaries of the
aquifer, drawdown in the aquifer is equal to
drawdown in the confining beds. Equation 8
states that drawdown is small at a large dis-
tance from the pumping well. Equation 9 states
that, near the pumping well, the flow is equal
to the discharge rate. Equation 11 states that a
plane of zero drawdown is at the base of the
lower confining bed. Equation 13 states that
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there is no flow across the top of the tipper con-
fining bed. Equation 14 states that no flow oc-
curs across the base of the lower confining bed.

Solutions (Hantush, 1960, p. 3716):
I. For small values of time (¢ less than
both 5'S'/10K' and »"S"/10K"):

- 9
f anT Hu,pB), (15)

_ s

where u = ATt
KIISH
b"TS

_r K'S’
B=1 <\/ bTS T
\/‘

oo}
H | ¢ BVu
(u,B) L e erfc o =1 dy

and

erfe(x) = 72—; / et dy .
X

II. For large values of time:
A. Case 1, ¢ greater than both 56'S'/K’
and 5b"S"/K"

s = ﬁ? W(ud,a) (16)

where u is as defined previously

and 8 =1+ (S +8"/38S,
o= r K'/b' A Kb"
T T

o) ”
Wux) = / exp (—y—x/4y) g,
u ¥

B. Case 2, t greater than both
105'S'/K' and 106"S"/K"

s = 21%; W(us,) , amn

where 8, =1+ (S +8"8S

W) =

DCe_U
~— dy .
Y
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C. Case 3, ¢t greater than both 54'S /K’
and 106"S"/K"

(18

where

8 =1+ (8" + S'13)S
and W(u,x) is as defined in case 1.

Comments:

A cross section through the discharging well
is shown in figure 5.1. The flow system is ac-
tually three-dimensional in such a geometric
configuration. However, as stated by Hantush
(1960, p. 3713), if the hydraulic conductivity in
the aquifer is sufficiently greater than the hy-
draulic conductivity of the confining beds, flow
will be approximately radial in the aquifer and
approximately vertical in the confining beds. A
complete solution to this flow problem has not
been published. Neuman and Witherspoon
(1971, p. 250, eq. I1-161) developed a complete
solution for case 1 but did not tabulate it. Han-
tush’s solutions, which have been tabulated,
are solutions that are applicable for small and
large values of time but not for intermediate
times.

The “early” data (data collected for small
values of ¢) can be analyzed using equation 15.
Figure 5.2 on plate 1 shows plots of H(u,3) from
Lohman (1972, pl. 4). Hantush (1961d) has an
extensive tabulation of H(u,8), a part of which
is given in table 5.1. The corresponding data
curves would consist of observed drawdown
versus t/r2. Superposing the data curves on the
type curves and matching the two, with graph
axes parallel, so that the data curves lie on or
between members of the type-curve family and
choosing a convenient match point (H(u,B),
1/u), T and S are cornputed by

T Trs Hu,B) ,

s =47t / L.
r’l u
If simplifying conditions are applicable, it is
possible to compute the product K'S’ from the
B value. If K"S"=0, K'S'=168%'TS/r?, and if
KHSII=K IS I’
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0]

Static level

Ground surface

7T
Upper confining bed / /
L L[ [

A
Lower confining bed K7, 8
L L/ L LS

and under constant heac

CASE 1

Ground surface

confining bed
/

/
Lower confining bed
/

mpermeable bed
CASE 2

confining by

'7

FiGure 5.1.—Cross sections through discharging wellsin leaky aquifers with storage of water in the confining
beds, illustrating three different cases of boundary conditions.

_ 16532 TS b'y” .
re b'+b"+2VhH'D"

K'S’

The curves in figure 5.2 are very similar
from B=0 to about 8=0.5. Therefore, the 8 val-

ues in this range are indeterminate. There is
also uncertainty in curve matching for all g8
values because of the fact that it is a family of
curves whose shapes change gradually with g.
This uncertainty will be increased if the data
covers a small range of £ values. The problem
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TaBLE 5.1.—Values of H(u,B) for selected values of u and 8

[From Hantush (1961d) Numbers 1n parentheses are powers of 10 by which the other numbers are multiphied, for example 963(—4) = 0.0963]

®

003 01 0.3 1 3 10 30 100
1X10°° 12.3088 11.1051 10.0066 8.8030 7.7051 6.5033 5.4101 4.2221
2 11.9622 10.7585 9.6602 8.4566 7.3590 6.1579 5.0666 3.8839
3 11.7593 10.5558 9.4575 8.2540 7.1565 5.9561 4.8661 3.6874
5 11.5038 10.3003 9.2021 7.9987 6.9016 5.7020 4.6142 3.4413
7 11.3354 10.1321 9.0339 7.8306 6.7337 5.5348 4.4487 3.2804
1 x10°8 11.1569 9.9538 8.8556 7.6525 6.5558 5.3578 4.2737 3.1110
2 10.8100 9.6071 8.5091 7.3063 6.2104 5.0145 3.9352 2.7858
3 10.6070 9.4044 8.3065 7.1039 6.0085 4.8141 3.7383 2.5985
5 10.3511 9.1489 8.0512 6.8490 5.7544 4.5623 3.4919 2.3662
7 10.1825 8.9806 7.8830 6.6811 5.5872 4.3969 3.3307 2.2159
1 x1077 10.0037 8.8021 7.7048 6.5032 5.4101 4.2221 3.1609 2.0591
2 9.6560 8.4554 7.3585 6.1578 5.0666 3.8839 2.8348 1.7633
3 9.4524 8.2525 7.1560 5.9559 4.8661 3.6874 2.6469 1.5966
5 9.1955 7.9968 6.9009 5.7018 4.6141 3.4413 2.4137 1.3944
7 9.0261 7.8283 6.7329 5.5346 4.4486 3.2804 2.2627 1.2666
1 x10°¢ 8.8463 7.6497 6.5549 5.3575 4.2736 3.1110 2.1051 1.1361
2 8.4960 7.3024 6.2091 5.0141 3.9350 2.7857 1.8074 .8995
3 8.2904 7.0991 6.0069 4.8136 3.7382 2.5984 1.6395 7725
5 8.0304 6.8427 5.7523 4.5617 3.4917 2.3661 1.4354 6256
7 7.8584 6.6737 5.5847 4.3962 3.3304 2.2158 1.3061 .5375
1 X10°® 7.6754 6.4944 54071 4,2212 3.1606 2.0590 1.1741 .4519
2 7.3170 6.1453 5.0624 3.8827 2.8344 1.7632 .9339 .3091
3 7.1051 5.9406 4.8610 3.6858 2.6464 1.5965 .8046 .2402
5 6.8353 5.6821 4.6075 3.4394 2.4131 1.3943 .6546 .1685
7 6.6553 5.5113 4.4408 3.2781 2.2619 1.2664 .5643 .1300
1 x10™* 6.4623 5.3297 4.2643 3.1082 2.1042 1.1359 4763 963(—4)
2 6.0787 4.9747 3.9220 2.7819 1.8062 .8992 .3287 494(~-4)
3 5.8479 4.7655 3.7222 2.5937 1.6380 7721 2570 315(—4)
5 5.5488 4.4996 34711 2.3601 1.4335 .6252 .1818 166(—4)
7 5.3458 4.3228 3.3062 2.2087 1.3039 5370 1412 103(—4)
1 x1073 5.1247 4.1337 3.1317 2.0506 1.1715 4513 .1055 390(-5)
2 4.6753 3.7598 2.7938 1.7516 9305 .3084 551(—4) 169(—5)
3 4.3993 3.5363 2.5969 1.5825 .8006 2394 355(—4) 713(—6)
5 4.0369 3.2483 2.3499 1.3767 .6498 1677 190(—4) 205(-6)
7 3.7893 3.0542 2.1877 1.2460 .5589 .1292 120(—4) 821(-T)
1 X102 3.5195 2.8443 2.0164 1.1122 4702 955(-4) 695(—-5) 274(-7)
2 2.9759 2.4227 1.6853 .8677 .3214 487(—4) 205(—5) 226(-8)
3 2.6487 2.1680 1.4932 1353 .2491 308(—4) 888(—6)
5 2.2312 1.8401 1.2535 .5812 .1733 160(—4) 261(-6)
7 1.9558 1.6213 1.0979 .4880 1325 982(—-5) 106(—6)
1 x107! 1.6667 1.3893 .9358 .3970 966(—4) 552(—5) 365(—7)
2 1.1278 .9497 .6352 .2452 468(~4) 149(—5) 307(—-8)
3 .8389 7103 4740 .1729 281(~-4) 592(-6)
5 .6207 .4436 .2956 .1006 130(—-4) 151(-6)
7 .3485 .2980 .1985 646(—4) 714(-5) 534(-7)
1x 1 .2050 .1758 1172 365(—4) 337(-5) 151(—-7)
2 458(—4) 395(—4) 264(—4) 760(—5) 487(—6)
3 122(—4) 106(—4) 707(-5) 196(—5) 102(~-6)
5 108(-5) 934(-6) 624(—6) 167(—-6) 672(-8)
7 109(—6) 941(—7) 629(—7) 165(-17)
1 X 10 391(—8) 339(—8) 227(—8)
2
3
5
7

can be avoided, if data from more than one ob-
servation well are available, by preparing a
composite data plot of s versus #/r?. This data
plot would be matched by adding the constraint
that the r values for the different data curves
representing each well fall on proportional g8
curves.

The “late” data (for large values of t) can be
analyzed using equations 16, 17, and 18; these
equations are forms of summaries 1, W(«), and
4, L(u, v). However, for cases 1 and 3, the late
data fall on the flat part of the L(u,v) curves
and a time-drawdown plot match would be in-
determinate. Thus, only a distance-drawdown




TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 29

match could be used. Drawdown predictions,
however, could be made using the L(u, v)
curves.

Assumption 5, that no drawdown occurs in
the source beds, has been examined by Neu-
man and Witherspoon (1969a, p. 810, 811) for
the situation in which two aquifers are sepa-
rated by a less permeable bed. This is equiva-
lent to case 3 with K"=0 and S”=0. They
concluded that (1) H (&,8), in the asymptotic so-
lution for early times, would not be affected
appreciably because the properties of the
source bed have a negligible effect on the solu-
tion for T't/r’S=<1.68%(r/B)*, which is equiva-
lent to t=< S'6'/10K’, where B=VTb'/K'; and
(2) if Ty>100T, where T, represents the trans-
missivity of the source bed, it is probably jus-
tified to neglect drawdown in the unpumped
aquifer.

Table 5.2 is a listing of a FORTRAN program
for computing values of H(u,8) for u=10"%
using a procedure devised and programed by S.
S. Papadopulos. Input data for this program
consists of three cards. The first card contains
the beginning value of 1/u, coded in columns
1-10, in format E10.5, and the ending (largest)
value of 1/u, coded in columns 11-20, in format
E10.5. The next two cards contain 12 values of
B, coded in columns 1-10, 11-20, ..., and
71-80 on the first card and columns 1-10,
11-20, ..., 31-40 on the second card, all in
format E10.5. The function is evaluated as fol-
lows (8. S. Papadopulos, written commun.,
1975):

x<
H(u,p) =/ (e™"/y) erfc (BVu/ Vy(y—u)) dy
u

=] fdy,
172

where f represents the integrand. For g8=0,
H(u,B)=W(u), where W(u) is the well function
of Theis. Because erfc(x)<1 for x=0, it follows
that H(u,8)<W(u), and for u>10, W(u)=0 and
therefore for u>10, H(u,8)=~0. The tables of
H(u,8) indicate that H(u,8)=~0 for 8>1 and
B%u >300. For an arbitrarily small value of &,
the integral can be considered as the sum of
three integrals

o u, Uy o
ffdy=f fdy+[ fdy+/ fdy,
u u U, Uy

where u, = (4/2)(1 + V 1+102°8%y),
uy = (uw/2)(1 + VvV 140.025 g¥u).

The significance of u, and u, is that

erfc (BVul Vy(ly—uw)) = 1 for u>u,

and

and
erfc (BVul Vy(y—u)) =~ 0 for u<u,.
Therefore,
U,
/ fdy =0,
u
and

Uy

where W(u,) is the well function of Theis. The
function can be evaluated as

H@u,B) ~ W) for u > u,

U,
Hu,p) ‘4] fdy + W, foru, <u < u,
u

Uy
and H(u,B) z/ fdy + W(u,) for u < u, .
U

If u, > 10, then

2% 10
/ fdy = fdy, Wu, = 0.
u,

2

An example of output from this program is
shown in figure 5.3.

Solution 6: Constant discharge
from a partially penetrating well
in a leaky aquifer

Assumptions:
1. Well discharges at a constant rate, Q.
2. Well is of infinitesimal diameter and is
screened in only part of the aquifer.
3. Aquifer has radial-vertical anisotropy.
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H(UsRETA)
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0.100E
0.150E
N.200E
N0.300nE
0 S00E
0.700E
0.100E
0.150F
0.200E
0.300E
0.500E
0.700E
0.100E
0n,150E
N.200E
0.300E
N,500nE
N.700E
0.100E
0.150E
0.200E
0.300E
0.500E
0.700E
nN,100E
0.,150E
Ne”00E
0.300E
0.,500E
0.700F
0es100F
0.150F
N.200E
D.30NE
0.500E
Ne70NE
Na10NE
0.150E
0.200E
0.300€E
N.500E
n,700E
Nel10NE
0.,150E
P.20NnE
N.300E
0.500E
0.700E
0.100E

or
62
02
02
0e
02
03
03
03
03
03
03
04
04
04
04
04
04
05
05
0S
05
05
ns
06k
06
06
06
06
06
o7
07
07
07
07
07
oe
08
08
0R
0A
08
06
0%
0%
09
09
09
10

!
|
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FETA
0.,30E~-01
1.6667
1.9653
C2e2308
25626
29759
3.2428
3.5196
3.8256
4,0369
4,3259
4,6754
4,8969
5.1247
5.3756
5.5488
5.7871
66,0787
6.2565
644623
6.6816
6.R353
7.0492
T.3170
7.4915
T.6754
TeBR34
B.0304
R.2369
88,4360
B.hh62
B8.R4¢€3
9.0507
9.1955%
9.3995
9.6560
9.8249
10.0038
10.2070
10.3512
10.5543
10.8101
10.9785
111570
11.3599
11.5n039
11.7067
11.9622
12.1305
12.3089

0.10F 00
1.3804
1.6531
1.8401
2.1010
2.4228
2.6296
2.8443
3.0B26
3.2483
3.4775
3,7598
3.9425
4.1338
4,34R6
4.4996
4,7109
4.9747
5.1474
5.3297
5.5361
5.6A21
5.8874
641454
6.3149
6.4944
6.6983
6 8427
7.04A2
7.3026
Te4710
7.6497
7.8528
7.9968
8,1998
844554
8.6237
F.8022
9.0050
9.1489
9.3517
G.6072
S.7754
9.9538

10.1566

10.3004

10.5032

10.75€4

10.9269

11.1052

0.30F 00
0.5358
l1e1203
1.2536
1.4435
1.AR53
1.8457
2.0164
2.2112
23499
2+5459
27938
29576
3.1317
3.3301
3.4712
3.6704
3.9220
440880
4e2Hh43
4446590
4.6076
4 K087
5.0624
5.2297
S.4072
5.6090
S5.75223
5.9544
6.2091
6.3770
65549
6.7573
6.9010
71034
7T+3586
75267
T.704G
Te9075
E.0512
He2539
H.50N82
86773
R.R556
9.0583
S.2021
Q.4048
S.6602
8.8254

100067

(elDE D}
0.3970
0,5010
0.5K12
0.7023
06677
0.9536
1.1122
1.2647
1.3767
1.5394
l1.7516
1 .R9Y53
?.0507
2.2306
?e3602
2e5452
2. 7516
2«93G6A
3.1082
3.3014
3.43C4
3.6346
3.8827
40667
4.2212
4,4202
445617
47615
5.0141

55,4035
6,1578
Ae3255
~eH(03R
Ao THUES
668490
T.0513
T.3063
TebsT744
76678
7.R550
Te39ARR
R,2014
Feb45ARA
E,6248
8.H8031

0D,30F D)
0eUGAA
0.,137¢
N.1733
0.2320
03214
0.3897
0.4702
0.5717
De6492
0.7A8B3
0.9305
1.0447
1.1715
1.3225
14335
1.595]
l1.520GARZ
leG494
2e1047
2e2837
2.4131
254979
2.834q
2.9921
3.1A0F
3.353%
3.4%17
3.68772
3.935]
44,0991
4a273m
GouTPE
445141
4.58141]
SefthhA
542332
5.,4101
5.6114
5.7544
5.99561
S5e2104
A.3751
6 RERI
671581
Fe901A
761040
73590
7.5270
T.7052

Ficure 5.3.—Example of output from program for computing drawdown due to constant discharge from a
well in a leaky aquifer with storage of water in the confining beds.

C
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4. Aquifer is overlain, or underlain,
everywhere by a confining bed hav-
ing uniform hydraulic conductivity
(K') and thickness (b').

5. Confining bed is overlain, or underlain,
by an infinite constant-head plane
source.

6. Hydraulic gradient across confining bed
changes instantaneously with a
change in head in the aquifer (no re-
lease of water from storage in the
confining bed).

Flow is vertical in the confining bed.

8. The leakage from the confining bed is
assumed to be generated within the
aquifer so that in the aquifer no ver-
tical flow results from leakage alone.

~

Differential equation:

d%s/ar? + 1/r 0s/8r + a?0%s/92> ~ sK'/Th’
= S/T 9s/0ot

a*=K,/K,

This is the differential equation describing
nonsteady radial and vertical flow in a
homogeneous aquifer with radial-vertical
anisotropy and leakage proportional to draw-
down.

Boundary and initial conditions:

$(r,z,0)0=0, r =0, 0=<z<b (1)

s(oe,2,t)=0, 0=<z=<p, t=0 2)
ds(r,0,t)/02=0,r=0,t=0 3)
ds(r,b,t)/8z=0, r=0,t=0 4)
' os | 0, for 0 <z <d
lim r o -Q/2TK,(l-d)), ford <z <[ (5)
r—>0 ©°r ’O, forl <z <b

Equation 1 states that, initially, drawdown
is zero. Equation 2 states that drawdown is
small at a large distance from the pumping
well. Equations 3 and 4 state that there is no
vertical flow at the upper and lower boundaries
of the aquifer. This means that vertical head
gradients in the aquifer are caused by the
geometric placement of the pumping well
screen and not by leakage. Equation 5 states
that near the pumping well the discharge is

31
distributed uniformly over the well screen and
that no radial flow occurs above and below the
screen.
Solution:

1. For the drawdown in a piezometer, a so-

lution by Hantush (1964a, p. 350) is given by

s = Q4nT{W(u,B) + f(u,ar/b,8,d/blb,zIb)},

where x _y- B
e ¥
W(u,B) =[ ¥
u

dy
Lo S
4Tt
_ r*K’
B s Tb/
a = VK,/K,

f(u,ar/b,8,d/b,l/b,2/b)
= 2b/m(~d) 2 ln(sin nallb ~ sin nad/b)

'cos(nrrz/b)W(u, V32+ (nfn'ar/b)z) .

II. For the drawdown in an observation
well

s = QT {W (u,B)
+ flu,ar/h,B,d/b,l/b,d'Ibl'b)},

where
f(u,ar/b,B,d/b,l/b,d'/b,l'/b)
= 2b%7*(—d)(l' —d’)

. 211/n2(sin nwl/b — sin nwd/b)

(sin nwl'/b—sin nad' /bYW (u, VB2 + (nwar/b)?)

Comments:

The geometry is shown in figure 6.1. The dif-
ferential equation and boundary conditions are
based on the assumption that vertical flow in
the aquifer is caused by partial penetration of
the pumping well and not by leakage. Hantush
{1967, p. 587) concluded that this assumption is
correct if bVK'/Tb' < 0.1. The solutions are
based on a uniform distribution of flow over the
screen of the pumped well. Depending on fric-
tion losses within the well, a more realistic as-
sumption might be constant drawdown over
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Pumping well
Q Observation
Piezometer l G d surf well
l‘——’\/wﬂ R round surface A |
Static level

vm
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/’T’
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S
=
B
B
N

7 TEETTT,

/ d’

J—- Aquifer ‘l— i,

LI

[ memenied [ ) ) )

FI1GURE 6.1.—Cross section through a discharging well that is screened in part of a leaky aquifer.

the screen of the pumped well; this agsumption
would imply nonuniform distribution of flow.
Hantush (1964a, p. 351) postulates that the ac-
tual drawdown at the face of the pumping well
will have a value between these two extremes.
The solutions should be applied with caution at
locations very near the pumped well. The ef-
fects of partial penetration are insignificant for
r>1.5 b/a (Hantush, 1964a, p. 350), and the
solution is the same for the solution 4.

Because of the large number of variables in-
volved, presentation of a complete set of type
curves is impractical. An example, consisting
of curves for selected values of the parameters,
is shown in figure 6.2 on plate 1. This figure is
based on function values generated by a FOR-
TRAN program.

The computer program formulated to com-
pute drawdowns due to pumping a partially
penetrating well in a leaky aquifer is listed in
table 6.1. Input data to this program consists of
cards coded in specific FORTRAN formats.
Readers unfamiliar with FORTRAN format

items should consult a FORTRAN language
manual. The first card contains: aquifer thick-
ness (b), coded in format F5.1 in columns 1-5;
depth, below top of aquifer, to bottom of pump-
ing well screen (1), coded in format F'5.1 in col-
umns 6-10; depth, below top of aquifer, to top
of pumping well screen (d), coded in format
F5.1 in columns 11-15; number of observation
wells and piezometers, coded in format I5 in
columns 16-20; smallest value of 1/u for which
computation is desired, coded in format E10.4
in columns 21-30; largest value of 1/u for
which computation is desired, coded in format
E10.4 in columns 31-40. The next two cards
contain 12 values of r/B, all coded in format
E10.5, in columns 1-10, 11-20, 21-30, 31-40,
41-50, 51-60, 61-70, and 71-80 of the first
card and columns 1-10, 11-20, 21-30, and
31-40 of the second card. Computation will
terminate with the first zero (or blank) value
coded. Next is a series of cards, one card per
observation well or piezometer, containing: ra-
dial distance from the pumped well multiplied
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by the square root of the ratio of vertical to
horizontal conductivity (rVK./K,), coded in
format F5.1 in columns 1-5; depth, below top of
aquifer, to bottom of observation well screen
{code blank for piezometer), coded in format
F5.1, in columns 6-10; depth, below top of
aquifer, to top of observation well screen (total
depth for a piezometer), coded in format F5.1,
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in columns 11-15. Qutput from this program is
a table of function values. An example of the
output is shown in figure 6.3.

Because most aquifers are anisotropic in the
r—z plane, it is generally impractical to use
this solution to analyze for the parameters.
However, it can be used to predict drawdown if
the parameters are determined independently.

W(UsR/BR)+F (UsR/BsR/BRsL/BsD/BsZ/B) sy Z/B= 0.509 SORT(KZ/KR)#R/B= 0.10s L/R= 04709 D/B= 0.30

| R/BR

1/0 | 0410E=0S 0.,10E=04 O0.10E-03 0.10E-02 0.10E-01 O0.10E 00 0.10f 01 O0.10E 02
0.100E 01} 0.5478 0.5478 045478 05478 0.5478 Ne5468 0.4631 00001
0.150E 01 0.9901 0.9901 0.9901 0.9901 0.9900 0.9878 0.7872 0.0001
0.200E 01 1.3804 1.3804 1.3804 1.3804 1.3803 1.3764 1.0398 0.0001
04300E 01 240043 2.0043 2.0043 20043 2.0042 1.9964 1.3767 0.0001
0.500E 01 2.8381 2.8381 2.8381 2.8381 248379 2.8221 1.6931 0.0001
0.700E 01 3.3737 3.3737 3.3737 3.3737 3.3735 3.3499 1.8158 00001
0.100E 02 3.9049 3.9049 3.9049 3.9049 3.9046 3.8700 1.8826 040001
0+150E 02 4.4488 644488 4.4488 4.4488 444483 443975 1.9094 0.0001
0.200E 02 447951 447951 447951 4,7951 447944 4.7291 1.9143 040001
0.300E 02 5.2379 5.2379 5.2379 542379 5.2369 541455 1.9155 0.0001
0.500E 02 5.7539 5.7539 5.7539 5.7539 5.7525 5.6135 1.9155 00001
0.700E 02 6.0864 6.0864 6.0864 6.0864 6.0844 5.9001 1.9155 040001
0+100E 03 6443590 64390 644390 644389 64363 641859 1.9155 00001
0.150€ 03 6.8411 6+8411 68411 6.8411 648372 644816 1.9155 0+0001
0.200E 03 7.1271 T.1271 7.1271 T.1271 7.1220 6.6669 1.9155 00001
0.300E 03 T.5309 T.5309 7.5309 7.5309 7.5233 68854 1.9155 040001
0.500E 03 8.04064 840404 B.0404 840603 8.0278 T.0788 1.9165% 00001
0.700E 03 83763 843763 8.3763 843762 8.3588 T.1556 1.9155 0.0001
0.100E 04 8.7326 8.7326 8.7326 8.7323 B8.,7076 7.2002 1.9155 0.0001
0.150E 04 9.1377 9.1377 9.1377 3.1373 9.1005 T7.2199 1.9155 0.0001
0.200E 04 9.4252 9.4252 9.4252 944247 9.375A T.2239 1.9165% 0.0001
0.300E 04 9.8305 9.8305 9.8305 9.8298 9.7568 T7.2250 1.9155 0.0001
0+500E 04 10.3412 10.3412 10.3412 1043400 10.2199 T7.2251 1.9155 0.0001
0.700E 04 106776 106776 10.6776 10.6759 10.5099 7.2251 1.9155 0s0001
0+100E 05 11.0343 11.0343 11.0343 11.0318 10.7990 742251 1.9155 00001

W{UsR/BR)+F (UsR/BsR/BRsL/BsD/BsL*/BsD?/B)
L/B= 0704 D/H= 0.30

L'/B= (0.S1

D*/B= 0,499 SQRT(KZ/KR)#R/B= 0410

| R/BR

1/U | 0.10E-05 0.10E-04 0.10E~03 0.10E-02 O0.10E=-01 0.10E 00 O0.10E 01 O0.10E 02
0.100E 01 0.5477 05477 045477 05477 05477 0.5468 0.4631 0.0001
0.150E 01 049899 0.9899 0.9899 0+98%9 0.9899 0.9876 0.7871 0.0001
0.200E 01 1.3801 1.3801 1.,3801 1.3801 1.3801 1.3761 1.0396 0.0001
0.300E 01 2.0038 2.0038 2.0038 2.0038 240037 1.9959 1.3764 0.0001
0.500E 01 2.8372 2.8372 2.8372 2.8372 248371 2.8213 1.6927 0.0001
0.700E 01 3.3727 3.3727 3.3727 3.3727 3.3725 3.3488 1.8153 0.0001
0.100E 02 3.%5037 3.9037 3.9037 3.9037 3.5034 3.8688 1.8821 00001
0.150E 02 444475 444475 444475 444475 444470 443962 1.9089 0.0001
N.200E 02 447937 447937 4.7937 4.7937 447930 447277 1.9138 0.0001
0.300E 02 5.2365 5.2365 5.2365 5.2365 5.2356 5.1441 1.9150 0.0001
0.500E 02 5.752% 5.7525 5.7525 5.7525 57511 5.6122 1.9150 0.0001
0.700E 02 6.0850 6.0850 6.0850 6.0849 6.0830 5.8987 1.9150 0.0001
0.100E 03 604376 6.4376 644376 644375 644349 641845 1.9150 0.0001
0.150E 03 6.8397 6.8397 6.8397 6.8397 6.8358 6.4802 1.9150 0.0001
0.200E 03 741257 T7.1257 T7.1257 T.1257 7.1206 646655 1.9150 0.0001
0.300E 03 T.5295 7.5295 T.5295 7.5295 7.5219 648840 1.9150 0.0001
0.500E 03 8.,0390 8.0390 8.0390 8,0389 8.0264 T.0775 1.9150 0.0001
0+700E 03 843749 843749 843749 8.3748 843574 T«1542 1.9150 00001
0.100E 04 8.7312 847312 B.7312 8.,7309 87062 T7.1988 1.9150 00001
0.150E 04 9.1363 9.1363 9.1363 9.1359 9.0991 7.2185 1.9150 0.0001
0.200E 04 9.4238 9.4238 S.4238 9.4233 93743 T.2225 1.9150 0.0001
0.300E 04 9.8291 9.8291 9.8291 9.8284 9.7554 T.2236 ~ 19150 040001
0.500E 04 10.3398 10.3398 10.3398 10.3386 102185 T7.2237 1.9150 0.0001
0.700E 04 10.6762 10.6762 10.6762 10,6745 10.508% T.2237 1.9150 0.0001
0.100E 05 11.0329 11.0329 11.0328 11.0304 10.7976 T.2237 1.9150 0.0001

FicUurE 6.3.—Example of output from program for partial penetration in a leaky artesian aquifer.
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Solution 7: Constant drawdown in
a well in a leaky aquifer

Assumptions:

1. Water level in well is changed instan-
taneously by s, at ¢=0.

2. Well is of finite diameter and fully pen-
etrates the aquifer.

3. Aquifer is overlain, or underlain,
everywhere by a confining bed hav-
ing uniform hydraulic conductivity
(K') and thickness (b').

4. Confining bed is overlain, or underlain,
by an infinite constant-head plane
source.

5. Hydraulic gradient across confining bed
changes instantaneously with a
change in head in the aquifer (no re-
lease of water from storage in the
confining bed).

6. Flow in the aquifer is two dimensional
and radial in the horizontal plane
and flow in the confining bed is verti-
cal. This assumption is approximated
closely where the hydraulic conduc-
tivity of the aquifer is sufficiently
greater than that of the confining
bed.

Differential equation:

8%s/or* + (1/r)ds/ér — sK'ITb' = (S/T)ds/ot

This differential equation describes nonsteady
radial flow in a homogeneous isotropic confined
aquifer with leakage proportional to draw-
down,

Boundary and initial conditions:

s(r,00=0, r=0 )
s(r t)=8,, t=0 2)
s(e,t)=0, t=0 3

Equation 1 states that, initially, drawdown
is zero. Equation 2 states that at the wall or
screen of the discharging well, drawdown in
the aquifer is equal to the constant drawdown
in the well, which assumes that there is no en-
trance loss to the discharging well. Equation 3
states that the drawdown approaches zero as
distance from the discharging well approaches
infinity.

Solutions (Hantush, 1959):
1. For the discharge rate of the well,

Q = 277s,G(a,r,./B),
where

G(a,r/B) = (r./B)K (r./B)K,(r./B)
+(@/7®) exp [ -a(r,/B)]

f{uexp(-—auz)/[e]oz W + Y, @ ]}
0

-dul[u® + (r./B)],

and a = Tt/8Sr?,
B = VTb/K'.

.

K, and K, are zero-order and first-order, re-
spectively, modified Bessel functions of the sec-
ond kind. J, and Y, are the zero-order Bessel
functions of the first and second kind, re-
spectively.

II. For the drawdown in water level

s = s, (Ko(r/B)Kr,/B)

oC
+(@fmexp(—ar, By | SXp(au)
0 u® + (ru‘/B)')

CJourir Y o) — Y(ur/r,)dWu) 4
Jiw) + Y u) wdu (&)

with «, B, K,, J,, and Y; as defined previously.
Comments:

A cross section through the discharging well
is shown in figure 7.1. The boundary conditions
most commonly apply to a flowing artesian
well, as is shown in this illustration.

Figure 7.2 on plate 1 is a plot of dimension-
less discharge (G(a,r./B)) versus dimension-
less time (a) from data of Hantush (1959, table
1) and Dudley (1970, table 2). Selected values
of G(a,r,/B) are given in table 7.1. The corre-
sponding data curve should be a plot of ob-
served discharge versus time. The data curve is
matched to figure 7.2 and from match points
(o,G(a,r,/B)) and (¢,@), T and S are computed
from the equations

“-~
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Ficure 7.1.—Cross section through a well with constant drawdown in a leaky aquifer.

T = Q/C2ws,.G(a,r,./B))

and S = Ttlard).

Figure 7.3 on plate 1 contains plots of dimen-
sionless drawdown (s/s,) versus dimensionless
time (ar2/r?). The corresponding data plot
would be observed drawdown versus observa-
tion time. Matching the data and type curves
by superposition and choosing convenient
match points (s/s,.,ar2/r?) and (s,t), the ratio of
transmissivity to storage coefficient can be
computed from the relation

TIS = (ar2/r)(rit).

Figure 7.3 was plotted from function values
generated by a FORTRAN program. This pro-
gram is listed in table 7.2. The input data for
this program consist of three cards coded in
specific formats. Readers unfamiliar with

FORTRAN format items should consult a
FORTRAN language manual. The first card
contains: the smallest value of alpha for which
computation is desired, coded in format E10.5
in columns 1-10; the largest value of alpha for
which computation is desired, coded in format
E10.5 in columns 11-20. The output table will
include a range in alpha spanning these two
values up to a limiting range of nine log cycles.
The second card contains 13 values of r,/B.
These coded values are the significant figures
only and should be greater or equal to 1 and
less than 10. The power of 10 by which each of
these coded values is multiplied is calculated
by the program. Zero (or blank) coding is per-
missible, but the first zero (or blank) value will
terminate the list. The 13 values, all coded in
format F5.0, are coded in columns 1-5, 6-10,
11-15, 16-20, 21-25, 26-30, 31-35, 36-40,
41-45, 46-50, 51-55, 56-60, and 61-65. The
third card contains the radius of the control
well and distances to the observation wells.
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TaBLE 7.1.—Values of G(a,r,/B)
| Values for r,/B < 1x107 and a > 1x 10" are from Hantush (1959, table 1), others are from Dudley (1970, table 2)]

r./B

a 0 6x1072 1x10°2 2x102 6x1072 1x107! 2x107! 6x107! 1x10°
1 X107t 2.24 2.24 2.24 2.25 2.25 2.25 2.26 2.31 2.43
2 1.71 1.71 1.71 1.71 1.72 1.72 1.73 1.81 1.96
5 1.23 1.23 1.23 1.23 1.23 1.24 1.25 1.38 1.61
1 X 10° 983 .983 .983 .984 .986 990 1.01 1.18 1.49
2 .800 .800 .800 .801 .804 .809 .834 1.07 1.44
5 .628 .628 628 .629 .633 .642 .682 1.01 1.43
1 X 10 534 .534 534 .535 541 554 611
2 .461 461 461 .462 472 491 .569
5 .389 .389 .389 390 .407 .438 .548
1 xX10° .346 .346 .346 349 374 417 .545
2 311 311 312 .316 .353 .408
5 .274 275 .276 .284 341 .406
1 X107 .251 .252 .255 .266 .339
2 .232 .234 .239 .255
5 210 215 222 .249
1 X 10% .196 .204 .216 .248
2 185 197 213
5 170 192 212
1 X 108 161 191
2 .152
5 .143
1 X 108 .136
2 .130
5 123 191 212 .248 .339 .406 .545 1.01 1.43

r./B

a [1} 1x107% 2x107® 6x1073 1x10™* 2x10~* 6x10~* 1x1072 2x107?
1 X 10¢ 0.196 0.196 0.196 0.196 0.196 0.196 0.196 0.196 0.197
2 .185 .185 185 .185 .185 .185 185 .185 .185
5 .170 .170 .170 170 170 .170 170 .170 173
1 X10° 161 161 161 .161 .161 161 .162 .162 167
2 .152 152 .152 .152 .152 152 .153 155 .163
5 143 .143 .143 .143 .143 143 144 .148 .161
1 X 10® .136 .136 .136 .136 .136 .137 .139 .144 .159
2 .130 .130 130 130 130 131 135 143 159
5 123 .123 123 123 123 124 .133 142 .158
1 X107 1118 118 118 118 118 120
2 114 114 114 114 114 116
5 .108 .108 .108 .108 .110
1 X10° .104 .104 .104 .105 108
2 .100 .100 101 .103 107
5 .0958 .0958 .0966 .102
1 X10° 0927 .0930 .0943
2 .0899 .0906 .0927
5 .0864 .0880 .0916
1 X 10" .0838 .0867 .0914
2 .0814 .0862
5 .0785 .0860
1 x10" 0764 .0860 .0914 .102 107 .116 133 142 .158
2
5

The control well radius (r,.) is coded first, in
columns 1-8 in format F8.2. The distances (r)
to the observation wells (maximum of nine) are
coded next, in monotonic increasing order
(smallest r first, largest r last), in columns
9-16, 17-24, 25-32, 33-40, 41-48, 49-56,
57-64, 65-72, and 73-80, all in format F8.2. If
two or more observation wells have the same
distance, this common distance should be coded
only once, the function values will apply to all
wells at the same distance from the control

well. If the number of observation wells is less
than nine, the remaining columns on the card
should be left blank.

The integral in equation 4 is approximated
by

xX
f f(u’a’ru /B) dll =
0
8000
p)
i=1

f(—=Au/2 + iAu,a,r,/B) Au .
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This expression is a composite quadrature with
equally spaced abscissas. The abscissas are
chosen at the midpoints of the intervals instead
of the ends because the integrand is singular at
1 =0. The value of Au used is related to o and is
Au < 1073/V'a . The r,/B values then selected
by the program satisfy r./B = 10 Au. These two
constraints, though empirical, are related to
the behavior of the integrand; the first con-
straint is related to the term e "*“'as u becomes
large, and the second to w/(u?+(r,./B)?» as u
becomes small.

The Bessel functions K(»/B), K,(r./B) are
evaluated by the IBM subroutine BESK. A de-
scription of this subroutine may be found in the
IBM Scientific Subroutine Package.

The Bessel functions of the second kind in
the integrand, Y,(x) and Y ,(ur/r,), are evalu-
ated using IBM subroutine BESY, which is
discussed in IBM SSP manual. The Bessel
functions (1) and J,(ur/r,.) are evaluated for
arguments less than four by a polynomial ap-
proximation consisting of the first 10 terms of
the series expansion

() = 3 (=1 @¥2)"/(n )2,

For arguments greater than or equal to four,
the asymptotic expansion is used

Jox) = P eos (x — w/4) + @ sin (x — 7/4).

P and @ are calculated by the algorithm used
in IBM subroutine BESY.

The output from this program consists of ta-
bles of function values, an example of which is
shown in figure 7.4.

Solution 8: Constant discharge
from a fully penetrating well of
finite diameter in a nonleaky
aquifer

Assumptions:

1. Well discharges at a constant rate, Q.

2. Well is of finite diameter and fully pen-
etrates the aquifer.

3. Aquifer is not leaky.

4. Discharge from the well is derived from
a depletion of storage in the aquifer
and inside the well bore.

Differential equation:
0%s/0rt+(1/r)ds/ior = (SIT)ds/dt, r=r,
This differential equation describes
nonsteady radial flow in a homogeneous iso-

tropic aquifer in the region outside the pumped
well.

Boundary and initial conditions:

s(ry, t) = s,.(), t>0 (D
s(=,6)=0,¢t>0 (2)
s(r,0) =0, r=r, 3
$.(0)=0 4

(2mr, T)ds(r,., )/or —(wr2)ds,(t)/ot
= —-Q,t>0 (5)

Equation 1 states that the drawdown at the
well bore is equal to the drawdown inside the
well, assuming that there is no entrance loss at
the well face. Equation 2 states that drawdown
is small at a large distance from the pumping
well. Equations 3 and 4 state that, initially,
drawdown in the aquifer and inside the well is
zero. Equation 5 states that the discharge of
the well is equal to the sum of the flow into the
well and the rate of decrease in storage inside
the well.

Solution (Papadopulos and Cooper, 1967;
Papadopulos, 1967):
s = (Q/4nT) F(u,a,p),

where

x

Fu,a,p) = (8a/7‘r)f
0

[(1—exp(—B2p%/4u)] [Ju(BPIA(B)—Y (Bp)B(B)]

ap

[a®]: + [B®] 82,
and
B(B) = BJ,(B)—2ad (),
A(B) =BY (B)—2aY (B),
u =rS/4Tt,
a=riS/rz,
and p=rir..
J, and Y,, J, and Y,, are zero-order and

first-order Bessel functions of the first and sec-
ond kind, respectively.
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

The drawdown inside the pumped well is ob-
tained at r = r, and can be expressed as
(Papadopulos and Cooper, 1967, p. 242):

= (Q/4nT) F (u,,a),

where F(u,,0) = F(u,a,1),

and u, = rz2S/4T.

Comments: A cross section through the dis-
charging well is shown in figure 8.1. The
geometry, except for the region of the well bore,
is the same as for solution 1 (Theis solution). It
is apparent from figure 8.2 and 8.3 (on plate 1)
that F(u,o,p) approaches W(u), the
Theis solution, as time becomes large.

Ground surface

Static level
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Papadopulos (1967, p. 161) stated that for
t>2.5%10%./T, or ap¥u>10*, the function
F(u,a,p) can be closely approximated by
F(u,a,p)=W(u). Papadopulos and Cooper
(1967, p. 242) stated that for t>2.5x10% r.¥T,
or afu, >10% the function F(u,,x) can be
closely approximated by F(u,,,0)=W(u,). An
examination of the type curves and function
values indicates that F(u,,a0)=W(u,) (less
than 5-percent error) for a/u,,>10% and hence ¢
should only be greater than 25 r.%T for draw-
down in the pumped well.

Figures 8.2 and 8.3 were prepared from func-
tion values given in Papadopulos and Cooper
(1967) and Papadopulos (1967), which are re-
produced in table 8.1. For drawdown observa-
tions in the pumped well, the method of
analysis is to plot drawdown versus time and
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Ficure 8.1.—Cross section through a discharging well of finite diameter.
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Ficure 8.2.-—Five selected type curves of F(u,,a), and the Theis solution, versus 1/u,.

then superimpose the plot on figure 8.2. After
match points of (s,t) and (F(u,,®), 1/u,) are
chosen, the transmissivity can be computed
from the relation T=(Q/4ws) F(u,,a). Then,
the storage coefficient can be determined from
S=(4Ttr2)/u,).

For observations not in the pumped well, two
procedures are available for analyzing the
data. To analyze the data from a single obser-
vation well, a family of type curves of F'(u,a,p)
versus 1/u for different values of a can be plot-
ted for the p value appropriate for the observa-
tion well, using values in table 8.1. This proce-
dure produces a family of type curves similar to
that shown for p=1 in figure 8.2. If p for the
observation well is between p values in table
8.1, function values can be interpolated. Using
this approach, the data for the observation well
are plotted as drawdown versus time and
matched to the best-fitting member of the plot-
ted type curves. Transmissivity and storage
coefficient can be calculated from T =(Q/4ms)
F(u,a,p) and S =4Tt/r>)/1/u).

Drawdowns at more than one observation
point may be combined by preparing a compos-
ite plot of the drawdowns at each observation

well versus #/r®. This composite plot would be
analyzed by matching it to a family of type
curves of F'(u,a,p) versus 1/u for constant a. An
example of such a type-curve family for ¢=10"*
is shown in figure 8.3. This method requires
multiple sheets of type curves, one sheet for
each value of a. When the data curves are
matched to the type-curve family, care should
be taken to insure that the data for each well
fall on the type curve having the appropriate p
value. This will be possible for all the data for
only one value of a. Transmissivity and storage
coefficient are calculated from T =(Q/4ws)
F(u,a,p) and S =4T (t/r*)/(1/u).

In both of these methods of plotting and com-
paring data, an alternate computation of stor-
age coefficient is S=r2a/r2. However, as
pointed out by Papadopulos and Cooper (1967,
p. 244), the shapes of type curves differ only
slightly when « changes by an order of mag-
nitude, therefore the determination of S is sen-
sitive to choosing the “correct” curve.
Papadopulos and Cooper (1967, p. 244) suggest
that if S can be estimated within an order of
magnitude, the value of « to be used for match-
ing the data can be decided.
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The early parts (short time) of the curves in
figure 8.2 are straight lines. According to
Papadopulos and Cooper (1967, p. 244), these
represent conditions under which all the water
pumped is derived from storage within the
well. The straight lines approached by the
curves satisfy the equations

F(u,,a) = alu,
and

volume of water discharged
area of well

Sy =Qt/mr: =

Therefore, as pointed out by Papadopulos and
Cooper (1067, p. 244), data that fall on this
straight part of the type curves do not indicate
information about the aquifer characteristics.

Table 8.2 is a listing of two FORTRAN pro-
grams by S. S. Papadopulos that evaluate

F(UWsALPHA) FOR ALPHA= 1.00000€E~0G4

F(u,,o0) and F(u,a,p). The input data to both
programs consists of cards coded in specified
format (readers unfamiliar with FORTRAN
language format should refer to a FORTRAN
language manual). Input to the programs is
one or more groups of data, each group of data
consisting of two cards. The first card contains
one value of alpha in columns 1-10, coded in
format E10.5. The program to evaluate
F(u,a,p) also requires a value of rho on this
card in columns 11-20. This value of rho,
which must be greater than one, is also coded
in format E10.5. The second card contains 16
values of u coded in columns 1-5, 6-10, .. .,
75-80 in format 16F5.0. The F(u,,a) or
F(u,a,p) values will be printed in the order
that the u values are coded. If less than 16 val-
ues of u are desired, the remaining columns on
the card may be left blank. Outputs from these
two programs are shown in figures 8.4 and 8.5.

F(UWyALPHA) X(PEAK) Y (PEAK)

uw INTEGRAL INTEGRAL ERROR
2.00000E 00 1.54210€ 03 ~6.98844E-02
1.00000E 00 3.08412E 03 =1.39817€-01
5.00000E~01 6.,16789E 03 -2.,T4TT5E-01
2.00000E-01 1.54184E 04 ~6.37533E-01
1.00000E-01 3.08331€ 04 ~1.3971S€E 00
5.00000E-02 6.,16529E 04 -2.71364E 00
2.00000E-02 1.54061E 0S =6.97112E 00
1.00000E-02 3.07919E 05 -1.39383E 01
5.00000E~03 6.15138E 0S5 =2.T876TE 01
2.00000E-03 1,53334E 06 -6,82757¢ 01
1,00000E-03 3.05367E 06 ~1.38658E 02
5.00000E-04 6.06085E 06 =2.76458E 02
2+00000E-~04 1.48475E 07 -6.79220E 02
1.00000E~04 2.88072E 07 ~1.30780E 03
5.00000E~05 5.45352E 07 ~2+50960E 03
2400000E~05 1.18065E 08 -5.40026E 03

4.99991E-05
9.99956E~05
1.99980E-04
4,99907E~04
9.99695E-04
1.99896E-03
4499507E-03
9.,98359E-03
1.99445€E-02
4,971%52E-02
9.90083E-02
1.96509€E-01
4481397E-01
9.34008€E-01
1.76A818E 00
3.82800F 00

5.96561E~03
£.96561E~03
5.96561E-03
5496561E-03
5.96560E£-03
5e96559E-03
5.96559E=-03
5.96554E-03
5.96549€-03
5.96527€E-03
5.96493E-03
5496425E-03
5.96223E-03
5.95886E-03
5.95237€~03
5493415E-03

5.55886E 05
1.11177€ 06
242723538 06
S+55875E 06
1.11173E 07
2.22335E 07
5.55764E 07
1.11128E 08
2.22157E 08
5.54652€ 08
1.,10684E 09
2.20389€ 09
5.43712€ 69
1.06380E 10
2.03734E 10
4.49196E 10

Ficure 8.4.—Example of output from program for drawdown inside a well of finite diameter due to constant discharge.

F(UsALPHAsRHO) FOR ALPHA=

u INTEGRAL
9.99999900E-04

5.00000000E~04 1.28359500E 03
1.99999900E~04 3.26376700E 03
1.00000000E~04 6.55423000E 03
5.00000000E~05 1.30015800E 04
2.00000000E~05 3.11692500E 04
9.99999900E~-06 5.79505700E 04
4+99999900E-06 1.01023500E 05
1.99999900E~06 1.78237100E 05

1.00000000E~06
4+999G5G6900E~-07
1.99999900E~07

1.00000E~05S,

6.29273600E 02

2.30897600E 05
2.,63222100€ 05
2.88201800€ 05

2.00000E 00
INTEGRAL ERROR

5.45096700E~01
1.11649700E 00
2.47402200E 00
3.31468400E 00
3.,53750700E 00
3.54940500E 00
3.54602200E 00
3.53222000E 00
3.62180400€ 00
3.66347000E 00
3.6R84T7000F 00
3.52180300F 00

F(UsALPHAWRHO)

3.20486300E-02
6.53728800E-02
1.66222200E-01
3.33803700E-01
6.62164900E-01
1.58743500E 00
2.95139600E 00
5.14508300E 00
9.07753300E 00
1.1756510n0E 01
1.34057800F 01
1.46779900F 01

Ficurke 8.5.—Example of output from program for drawdown outside a well of finite diameter due to constant discharge.
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Solution 9: Slug test for a
finite-diameter well in a nonleaky
aquifer

Assumptions:

1. A volume of water, V| is injected into, or
is discharged from, the well instan-
taneously at t=0.

2. Well is of finite diameter and fully pen-
etrates the aquifer.

3. Agquifer is not leaky, and flow is in ra-
dial direction only.

Differential equation:
8%h/8r* + (1/r) 0h/or = (SIT) dh/dt, r>r,

This differential equation describes
nonsteady radial flow in a homogeneous iso-
tropic aquifer beyond the radius of the injected
well.

Boundary and initial conditions:

h(rrmt) =H(t); t>0 (1)

h(ot)=0, t>0 (2

O, T st = 22 OHWO g (g
ar at

h(r,00=0,r>r, 4)

H©) =H, = Vinr? )

Equation 1 states that the head change in
the aquifer at the face of the well is equal to
that inside the well; one assumes that there is
no exit loss at the well face. Equation 2 states
that the head change approaches zero as dis-
tance from the discharging well approaches in-
finity, a condition which will be approximated
if boundaries of the aquifer are sufficiently dis-
tant from the discharging well. Equation 3
states that near the well the radial flow is
equal to the rate of change in volume of water
inside the well. Equations 4 and 5 state that
initially the head change is zero in the aquifer,
and the head increase or decrease inside the
well is equal to H,.

Solution (Cooper and others, 1967):

b= (ZH(,/W)_/;)x (exp(—Bua){ Joluriry,)
-[uY(,(u)— 2aY (u) ] -Y.(ur/r,)
[udy (@)~ 2ed, )]} /A@)) du, 6)

where a=r%8/r,
B=THr2
and Aw) = [udy(w) —2ad ,(u) ]?

+ [uYo(u)—2aY,(w)]2

JeandY,, J,and Y,, are zero-order and first-
order Bessel functions of the first and second
kind, respectively.

The head, H, inside the well, obtained by
substituting r=r,, in equation (6) is

H/H, = F(B,m),

where
x<

F(B,a) = (8a/7r2)/ (exp(—Bu/a)/ul(u)) du

0

and where «, 8, A{u) are as defined previously.
Comments: Figure 9.1 is a cross section show-
ing geometric configuration along the well
bore. The volume of water injected into or dis-
charged from the well is #r2 H,. The water-
level data in the injected well, expressed as a
fraction of H,, is plotted versus time on semi-
logarithmic graph paper. This plot is superim-
posed on figure 9.2, keeping the baselines the
same and sliding horizontally until a match or
interpolated fit is made. A match point for 8, ¢,
and « is picked from the two graphs.
Transmissivity is calculated from T = 8r2/t and
storage coefficient from S = ar#/r? . As pointed
out by Cooper, Bredehoeft, and Papadopulos
(1967, p. 267), the determination of S by this
method has questionable reliability because of
the similar shape of the curves, whereas the
determination of T is not as sensitive to choos-
ing the correct curve. Figure 9.2 on plate 1 is
plotted from data in table 9.1, which contains
original material from two sources (Cooper and
others, 1967; and Papadopulos and others,
1973).

Table 9.2 is a listing of a FORTRAN program
by S. S. Papadopulos that evaluates F(8,x).
Input to the program consists of cards coded in
a specific format (readers unfamiliar with
FORTRAN formats should refer to a FOR-
TRAN language manual). Input consists of two
or more cards, each containing a single value of
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Ficure 9.1.—Cross section through a well in which a slug of water is suddenly injected.

a coded in format F16.5. The first a < 0 will
signal program termination. Qutput from the
program is shown in figure 9.3.

Solution 10: Constant discharge

from a fully penetrating well in an

aquifer that is anisotropic in the
horizontal plane

Assumptions:

1. Well discharges at a constant rate, Q.

2. Well is of infinitesimal diameter and
fully penetrates the aquifer.

3. Aquifer is anisotropic in the horizontal
plane.

4. Aquifer is not leaky.

5. The transmissivity of the aquifer, T, is
a two-dimensional symmetric tensor.

Differential equation:

T.. 0%s/0x? + 2T,,0%s/0x0y + T,,0%s/0y*

+ Q 8(x)8 (y) = Sds/ot.

This differential equation describes
nonsteady flow in a homogeneous anisotropic
aquifer with a constantly discharging well at
x=y=0. The Dirac delta function is represented
as 8(z) and has the following properties: 8(z)=0
if z#0 and f ~ 8(z)dz=1.

Boundary and initial conditions:

s(x,y,00=0 (1)
s(xo,y,t)=0 (2)
s(x, +%,£)=0 (3)
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TaBLE 9.1.—Values of H/H,
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From Cooper, Bredehoeft, and Papadopulos, 1967

Ttir.? a 107 10~ 10 10+ 107
1.00 0.9771 0.9920 0.9969 0.9985 0.9992
1073 2.15 .9658 .9876 9949 9974 .9985
464 .9490 .9807 9914 .9954 .9970
1.00 .9238 .9693 9853 9915 .9942
1072 2.15 .8860 9505 9744 .9841 .9883
4.64 .8293 .9187 .9545 9701 9781
1.00 .7460 .8655 .9183 .9434 9572
107! 2.15 .6289 7782 .8538 .8935 9167
4.64 4782 .6436 7436 .8031 .8410
1.00 3117 4598 5729 .6520 .7080
10° 2.15 .1665 .2597 .3543 .4364 .5038
4.64 .07415 .1086 .1554 .2082 .2620
7.00 .04625 .06204 .08519 1161 .1521
1.00 .03065 .03780 .04821 .06355 .08378
1.40 .02092 .02414 .02844 .03492 .04426
10! 2.15 .01297 .01414 .01545 .01723 .01999
3.00 .009070 .009615 .01016 .01083 .01169
4.64 .005711 .004919 .006111 .006319 .006554
7.00 .003722 .003809 .003884 .003962 .004046
1.00 002577 .002618 .002653 .002688 .002725
102 2.15 .001179 .001187 .001194 .001201 .001208
From Papadopulos, Bredehoeft, and Cooper, 1973
Ttirt a 10- 107 107 10~ 1071
1 0.9994 0.9996 0.9996 0.9997 0.9997
2 .9989 .9992 .9993 .9994 .9995
1073 4 .9980 .9985 .9987 .9989 .9991
6 .9972 9978 .9982 .9984 .9986
8 .9964 9971 9976 .9980 .9982
1 .9956 .9965 .9971 9975 .9978
2 9919 .9934 .9944 .9952 .9958
1072 4 .9848 .9875 .9894 .9908 .9919
6 9782 9819 .9846 .9866 .9881
8 9718 9765 .9799 9824 .9844
1 .9655 9712 9753 9784 .9807
2 9361 .9459 .9532 .9587 .9631
107! 4 .8828 .8995 9122 .9220 .9298
6 .8345 .8569 .8741 .8875 .8984
8 7901 .8173 .8383 .8550 .8686
1 .7489 .7801 .8045 .8240 .8401
2 .5800 .6235 .6591 .6889 7139
3 .4554 .5033 .5442 5792 .6096
4 .3613 .4093 4517 .4891 .5222
10° 5 .2893 .3351 .3768 4146 4487
6 2337 2759 3157 .35625 .3865
7 .1903 .2285 .2655 3007 3337
8 .1562 .1903 .2243 2573 .2888
9 .1292 .1594 .1902 .2208 2505
1 .1078 .1343 .1620 .1900 2178
2 .02720 .03343 .04129 .05071 .06149
3 .01286 .01448 01667 .01956 .02320
10 4 .008337 .008898 .009637 01062 .01190
5 .006209 .006470 .006789 .007192 .007709
6 .004961 005111 .005283 .005487 .005735
8 .003547 .003617 .003691 .003773 .003863
1 002763 .002803 .002845 .002890 .002938
102 2 .001313 .001322 .001330 .001339 001348
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F(BETAW.ALPHA) FOR ALPHA= 1,00D=-01
RETA H/HO
1.000-03 0.9769
2.000-03 0.9670
4,000=-03 0.9528
6.000-03 09417
8.00')-03 0.9322
1.000-02 0.9238
2.000-02 0.8904
4,00D0=-02 D.B421
6.00N=07 0.8048
R,00D-02 0.7734
2.000-01 Na6418
4,000=-01 05095
6.000=-01 0.4227
B8.000=-01 03598
1.000 00 03117
2.000 00 0.1786
3.000 00 0.1196
4,000 00 N.0876
5.000 00 0.0681
6,000 00 0.0553
7T.000H Q0 0.0463
8,000 00 0.0396
9,00 00 0.0346
1.000 01 0.0306
2,000 01 Ne01l4l
3.000 01 N.00091
4,000 01 0.0067
5.000 01 00053
A D0 D] 00044
7.000 01 N.0037
B.00fy 01 0.0032
9.007 01 0.0029
1.000 02 0,0026
2.000 02 0.0013
4,000 02 0.0006
000 0272 Ne0004
R.,000 02 0,0003
1.000 03 0.,0003

FIGURE 9.3.—Example of output from program to compute
change in water level due to sudden injection of a slug of
water into a well.

Equation 1 states that, initially, drawdown
is zero. Equations 2 and 3 state that the draw-
down approaches zero as distance from the dis-
charging well approaches infinity, a condition
which will be approximated if boundaries of
the aquifer are sufficiently distant from the
discharging well.
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Solution (Papadopulos, 1965, p. 23):

s = (QMAnVT, ,T,—T:2) Wuy ), 4)
where
ade ¥
W(u) =J (e7v/v) dv
u
and
Uyy = (SIAENT pzy* + Typx?
- 2T.ruxy)/(T1'rTyy - Tz?u)' (5)

If the coordinate axes x and y are the same as
the principal axes ¢ and 7 (fig. 10.1) of the
transmissivity tensor, the preceding equation
for drawdown becomes

s =(QHAnV T, T,,) Wug),
where
Uey = (SI4)Tee n2 + T,y T, Ty .

Comments: The method of type-curve solution
as outlined by Papadopulos (1965, p. 26) re-
quires observation of drawdown in at least
three observation wells. First, choose a conve-
nient rectangular coordinate system with the
pumped well at the origin. Then, plot the ob-
served drawdown versus ¢ on logarithmic
paper. Match these plots to the W(u) type curve
given in solution 1. Choose a match point of
(¢,s) and (1/u,,, W(u,y)) for each well and com-
pute T,.T,,—T2, = (@W(u,,)4mws)* for each
well. Match points for all observation wells
should yield approximately the same value of
(T3:T,w—T2). Usually they will not and
judgment must be used to obtain an “average”
value. Substituting this value and the three
values of (x,y) in equation 5 gives three equa-
tions in three unknowns ST,.,, ST ,,, and ST .
These equations are of the form

y2(ST_n-) + x2(STyu) - 2xy(ST.z'y)
= 4tup (TexTyy — Thy ).

Solve these three equations to determine 7',
Ty, and T, in terms of S, and S may be de-
termined from
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Ficure 10.1.—Plan view showing coordinate axes.

S =V (ST,ST,, - (ST, AT .T,, — T2).
Then, compute T,,, T, and T,, from ST,,,
ST,,, and ST,,. T, , T,, , and O (the angle
between the x and the € axis) may be calculated
from the relations (Papadopulos, 1965, p. 28)

Te =12(T, + Tyy+ (Trr — Ty,
+ 4T 2)1?)
T, =U2T,., + Ty, —(Tyr — Ty
+ 4T 2)0?)
O = arctan (T — T2V T4y).

Solution 11: Variable discharge
from a fully penetrating well in a
leaky aquifer

Assumptions:
1. Well discharge changes as a specified
function of time.
2. Well is of infinitesimal diameter and
fully penetrates the aquifer.
3. Aquifer is overlain, or underlain,
everywhere by a confining bed hav-

ing uniform hydraulic conductivity
(K’) and thickness (b').



50 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

4. Confining bed is overlain, or underlain,
by an infinite constanthead plane
source.

5. Hydraulic gradient across confining bed
changes instantaneously with a
change in head in the aquifer (no re-
lease of water from storage in the
confining bed).

6. Flow in the aquifer is two-dimensional
and radial in the horizontal plane
and flow in the confining bed is verti-
cal. This assumption will be approx-
imated closely where the hydraulic
conductivity of the aquifer is suffi-
ciently greater than that of the con-
fining bed.

Differential equation:
s  1os _sK' _Sds

o2 T rar Tb Tt

This is the differential equation describing
nonsteady radial flow in a homogeneous iso-
tropic aquifer with leakage proportional to
drawdown.

Boundary and initial conditions:

s(r,0)0=0 (1)
5(,t)=0 2

i Q'i-;._.g_(_t_)_ t = 3
,}I_I.Tbrar 27T’ 0 @)

Equation 1 states that, initially, drawdown
is zero. Equation 2 states that drawdown is
zero at large distances from the pumped well.
Equation 3 states that near the pumped well
the radial flow is equal to the discharge of the
pumped well, which is a function of time.

Solution:

Solutions for certain discharge functions
have been published by Abu-Zied and Scott
(1963), and Werner (1946) for a nonleaky
aquifer, and by Hantush (1964a) for both leaky
and nonleaky aquifers. For arbitrary discharge
functions for leaky aquifers, a solution using
the convolution integral has been presented by
Moench (1971, eq. 3):

t
s = (1/477T)f QUNI(t-1'))
U]
- exp (—A/(t—t") — (t—t)K'/Sb")dt’, (4)

where Q(¢) is the discharge function of time
and A = r?S/4T. A numerical integration
scheme is generally necessary to evaluate the
above equation.

For type curves, a more useful form of equa-
tion 4 is

t
s = (Q,/477T2/ [QuNQ, (t—t))]
0
-exp [—A/t-t)—(—t"K'ISb']dt’, (5)

or

s = (@./47T) SO(), (6)

where SO(¢?), read “system output function,”
represents the integral expression in equation
5, and @, is an arbitrary discharge that elimi-
nates dimension from the integral expression.
For example, @, could be the initial, final, or
average discharge, according to the needs of
the user.

Comments: Figure 11.1 is a cross section
through the discharging well. This situation is
the same as for solution 4, except for the vary-
ing discharge of the well. The effect of finite
well radius (r,) was investigated by Hantush
(1964b, p. 4224), who concluded that for
t>25r28/T and r,./ VTb'/K' < 0.1 the draw-
down could be represented closely by the con-
volution integral.

Figure 11.2 on plate 1 shows a selected set of
type curves for linear change in discharge in a
nonleaky aquifer. The solution for this type of
discharge function has been presented by
Werner (1946, p. 706). The discharge function
for figure 12.2 is Q(t)=Q,(1+ct), and the re-
sulting drawdown is

s = (Qu/AnTIW ) {1 +et[u+1—e W) ]},

where W(u) is the well function of Theis. Sub-
stituting A/u for ¢ in the above expression gives

s = (Qo/47T) W(u)

S(1+cA {1+/w) [l—e‘“/W(u)]}),
or

s = (Qu/4wT) SO (1),

where SO (¢) represents

W) (1+cA {1+ @) [1-e W) ]}).

(
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Ficure 11.1.—Cross section through a well with variable discharge.

This substitution permits the plotting of a
family of type curves, each curve specified by a
value of cA.

Table 11.1 is the listing of a FORTRAN pro-
gram designed to evaluate the above convolu-
tion integral for five different discharge func-
tions. Three of these discharge functions are
those devised by Hantush (1964a, p. 343, 344),
who presented solutions for drawdown result-
ing from these functions. These three discharge
functions are:

(@) Q)=Q,[1+8 exp (—tlt*)],
(b) Q)=Q,[1+8/(1+t/t*)],

and () Q)=Q,[L+8/VI+yt: ],

where @, is the ultimate steady discharge and §
and #* are parameters defining a particular
function. The first discharge function, for an
exponentially decreasing discharge (case “a” of
Hantush, 1964a) is virtually the same as the
discharge function of Abu-Zied and Scott
(1963). Besides the three functions of Hantush,
the program also includes discharge as a fifth-

5
degree polynomial of time, Q(t)= I a;t' where
1=0

the a@; are the coefficients of the polynomial,
and as a piecewise linear function of time with
eight segments,

Qt)=a,+b,(t—t_;)
for
to<tst,j=1,2,...,8,

where a, and b; are parameters defining the j*
line segment. The program uses a different, but
equivalent to equation 4, expression for the
convolution integral

t
= (1/47TT3[ (Qt—t"it")
0
.exp (—A/t'—t'K'/8b") dt'.

The program uses a sum to approximate the
convolution integral. It chooses a starting
value of ¢’ that satisfies r2S/4Tt' +K't'/Sb' =
100. If such a value of ¢’ does not exist, that is,
(r:S/4T) (K'1Sb')>2500, then a value of zero is
assigned for the integral value. The ending
point of the interval is picked as 10 times the
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starting point. The integral over this interval

is approximated by a trapezoidal sum using’

500 subdivisions of the interval. A new inter-
val is then constructed using the previous end
point as a new starting point and a new ending
point equal to 10 times the new starting point.
This new interval is again evaluated by a
trapezoidal sum of 500 segments. This summa-
tion procedure over intervals that are succes-
sively an order of magnitude larger continues
until either t'=t or (r:S/4Tt') + (K't/ISb')
>101. Input to this program consists of cards
coded in specific formats. Readers unfamiliar
with FORTRAN formats should refer to a
FORTRAN language manual. Input consists of
one or more groups of data, each group consist-
ing of the following. First, one card containing
the beginning time of the period of analysis in
columns 1-10, coded in format E10.3; the end-
ing time coded in columns 1311-20, in format
E10.3; and a discharge index (a number from 1
through 5) coded in column 25, in format I1;
and a reference discharge, QR, coded in col-
umns 31-40, in format E10.3. The discharge
index, 1Q, selects a discharge function, @ (¢), in
the following manner. If IQ =1, the discharge
function is exponentially decreasing,

R =Q,[1+sexp(—#t*)].

This is case (a) of Hantush (1964a, p. 343). If
1@ =2, the discharge function is hyperbolically
decreasing,

Q) =Q,[1+8/(1+t/t*)].

This is case (b) of Hantush (1964a, p. 344). If
IQ =3, the discharge function is the same as
case (c) of Hantush (1964a, p. 344),

Q)=Q,[1+8/VI+4t].
If 1 =4, the discharge function is a fifth-

degree polynomial of time,

5
Qi) = X at.

=0

If IQ =5, the discharge function is a piecewise-
linear function of time with eight or less seg-
ments,

Qt)=a,+b,(t—t,_,)
for tj_1<t$tj,j=1,2, . ,8.

The reference discharge, @R, is used to deter-
mine the form of the output from the program:
If QR is coded as zero (or blank), the output
shows ¢, s (as defined by eq. 4), and Q(¥). If a
value greater than zero is coded for @R, the
output shows 1/u, SO(¢) (as defined by eq. 6),
and Q(1)/QR.

Second, there are orie or more cards contain-
ing parameters of the discharge function. If
IQ =1, 2, or 3, then it consists of one card con-
taining: @ST, the ultimate steady discharge,
coded in columns 1-10, in format E10.3; DE-
LTA, a rate parameter, coded in columns
11-20, in format E10.3; TSTAR, a time param-
eter, coded in columns 21-30, in format E10.3.
If IQ=4, it is one card containing the six
polynomial coefficients. They are coded in the
order ao, a4, ..., a;, in columns 1--10; 11-20,
..., 51-60 all in format E10.3. If I@ =5, then
the program requires four cards, each card con-
taining ¢,, a,, b,, t,11, @41, b,+1; the four cards
representing j=1, 3, 5, 7. The last part of each
set of data consists of two or more cards con-
taining coded values for: distance from pumped
well, in columns 1-10; storage coefficient, in
columns 11-20; transmissivity, in columns
21-30; and ratio of hydraulic conductivity to
thickness for the confining bed, in columns
31-40, all in format E10.3. A blank card is
used to signal the end of each set of data. Qut-
put from this program is shown in figure 11.3.
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. Re#28S/ (4#TRANS)= 1.,000E-04y K1/ (S#BY)= 2,500E 03y QR= 1.257E 05
1/U 1/U#10%% 0 17U=10#% ] l7us#]lo#s 2 l7usloss 3
SO(T) Q(T)/QR So(m) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T)/QR
1.0 0.185 1.000E 00 0.819 1.000E 00 0.842 1.000E 00 0.842 1.000E 00
1.5 0.317 1.000E 00 0.837 1.000E 00 0.842 1.000E 00 0.842 1.000E 00
2.0 0+42]1 1.000E 00 0.841 1.000E 00 0.842 1.000E 00 0.842 1.000E 00
3.0 0566 1.000E 00 0.842 1.,000E 00 0.842 1.000E 00 0.842 1.000E 00
Se0 0715 1.000E 00 0,842 1.000E 00 08642 1.000E 00 0.842 1.000E 00
Ts0 0.780 1.000E 00 0.842 1.000E 00 0.842 1.000€ 00 0e842 1.000E 00
Ru##2#S/ (4#TRANS)= 1.000E~04, K'/(S#B?)= 2,500E 0ls QR= 14257E 05
1/V l7us#lows 0 l/7u#]1Q#s } l7uxloss 2 l7us#lo## 3
SO(T) Q(T) /@R SO(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T) /@R
1.0 0.219 1.000E 00 1.805 1.,000E 00 3.815 1.,000E 00 4.829 1.000E 00
1.5 0397 1.000E 00 2.167 1.000E 00 4,111 1.000E 00 44849 1.000E 00
2.0 0.558 1.000E 00 24427 1.000E 00 44296 1.,000E 00 44853 1.,000E 00
3.0 0826 1.000E 00 2,793 1.000E 00 4,515 1.000E 00 44854 1.,000E 00
Se0 1.216 1.000E 00 3.244 1.000E 00 4,708 1.000E 00 44856 1.000E 00
7.0 14495 1.000E 00 3.530 1.000E 00 4.785 1.000E 00 44854° 1.0008 00
R##2#S5/ (4#TRANS)= 1.000E-04y K'/(S#B?)= 2.500E~01s QR= 1.257E 05
1/U l7us10%% 0 l7us#lo#® ] l7U%10%® 2 1/7u*10%% 3
SO(T) Q(T)/QR So(T) Q(T)/QR SO(T) Q(T)/QR SO(T) Q(T)/QR
1.0 0.219 1.000E 00 1.823 1.000E 00 4,036 1.000E 00 6307 1.000E 00
1.5 0.398 1.000E 00 24196 1.000E 00 44437 1.,000E 00 6.700 1.000E 00
2.0 0560 1.000E 0D 2.468 1.000E 00 44,721 1.000E 00O 6975 1.000E 00
3.0 0.829 1.000E 00 2.857 1.000E 00 5.123 1.000E 00 7.356 1.000E 00
5.0 1.223 1.000E 00 3.354 1.000E 00 5.627 1.000E 00 7.820 1.000E 00
7.0 1.507 1.000E 00 3.684 1.000E 00 5.958 1.000E 00 84110 1.000E 00
R##28#5/ (4#TRANS)= 1,000E~04s K'/(S#B')= 2,500F-03s QR= 1.257E 05
17U l7usiose 0 l7usloas ] l7usloss 2 l/7U#]10## 3
SOt Q(T)/QR SoO(T) Q{T)/QR SO(T) Q{T)/QR SO(T) Q(T)/QR
1.0 0.219 1.000E 00 1.823 1.000E 00 4,038 1.000E 00 6332 1.000E 00
1.5 0.398 1.000E 00 2.197 1.000E 00 4,440 1.000E 0O 6737 1.000E 00
2.0 0560 1.000E 00 2.468 1.,000E 00 4,726 1.000E 00 T.026 1,000E 00
3.0 0.829 1.000E 00 2.857 1.000E Q0 5.130 1.000E 00 74429 1.000E 00
50 1.223 1.000E 00 3.355 1.000E 00 5.639 1.000E 00 7.939 1.000€ 00
7.0 1.507 1.000E 00 3.686 1.000E 00 5.975 1.000E 00 8.275 1.000E 00

Ficure 11.3.—Example of output from program to compute the convolution integral for a leaky aquifer.
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer

AN RN RN A RN R R AR KRR RN NN AN RN R AR R RN N AR AR A NARRRAAR R RN AR RN RRANPPN

PPN

PURPOSE RPN
TO COMPUTE TYPE CURVE FUNCTION VALUES FOR PARTIAL PENETRATION PPN

IN A NONLEAKY AGUIFER USING EQUATIONS § AND 9A OF HANTUSH,M,8,,PPN
1961,DRAWDOWN ARQUND A PARTIALLY PENETRATING wELLS HYDRAULIC PPN
DIV, JUUR,, AM, 80C, CIVIL ENGINEERS PROC,, P, 83~9a, PPN
INPUT DATA PREN
1 CARD = FORMAY (3FS,1,15,2E10,4) PPN

B » ABUIFER THICKNESS PPN

L » DEPTH, BELDW TOP OF AWUIFER, TU BOTTOM UF PUMPING PPN

WELL SCREEN PPN

D » DEPTH, BELOW TOP OF AWUIFER, TO TOP OF PUMPING WELL PPN

SCREEN PPN

NM w NUMBER OF DBSERVATION wELLS OR PIEZOMETERS TIMES PPAN

NUMBER OF VALUES OF XZ/KR, PPN

SMALL = SMALLEST VALUE OF 1/U FOR WHICH COMPUTATIUN I8 PPN

DESIRED PPN

LARGE » LARGEST VALUE OF 1/U FOR WHICH CUMPUTATIUN IS PPN

DESIRED PPN

NUM CARDS (ONE FOR EACH UBS, wELL OR PIEZOMETER AND FOR EACH (PPN
VALUE OF R*SQRT(KZ/KR), = FORMAT (3F5,1) PPN

R e RADIAL DISTANCE FROM PUMPED WELL TIMES SQRT(KZ/KR), PPN

LPRIME = DEPTH, BELOW TOP OF AQUIFER, TO BUTTUM OF UuBS, PPN

WELL SCREEN (Z2ERD FOR PIEZUMETER) PPN

DPRIME = DEPTH, BELOW TOP OF AQUIFER, TD TOP UF 0BS, WELL PPN

SCREEN (TOTAL DEPTH FOR PIEZUMETER) PPN
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED PPN
DOL12,SERIES,BEAK,FCT,L,F,EXPI ;:N

N
tt&it*t*ﬂ**ttktiit!ﬂt*tiwt**‘*tt*nttitiﬂ*titi*tt*ﬂ#iitt***i*t*ﬁt**PPN
REAL®E U PPN
REAL®Y L LB,)LPB,LPRIME,LARGE PPN
DIMENSIDON ARRAY(13,12), IARG(12), ARG(13), A(12), C(i2) PPN
DATA ARG/Y 401420151240 2:¢503,03:05084054104170084494/ PPN
DATA A/)12%! Nwl/,C/12%110%%}/ PBRN
IRD=S PPN
IPTEe PPN
READ (IRD,6) B,L,DyNUM,SHMALL,LARGE PPN
LBEL/B PPN
DBED/B PPN
IBEGINSALOGLOCSMALL) PPN
IENDEALOGLO(LARGE) 8, PPN
JLIMITRIEND®IBEGIN PPN
IF (JLIMIT,G6T,12) JLIMITmy2 PPN
DO S K=),NUM PPN
READ (IRD,6) R,LPRIME,DPRIME PPN
RBWR/B PPN
LPESLPRIME/SB PPN
DPBSDPRIME/B PPN
DO 1 I=1,13 PPN
ARGIBARG(I) PPN
DD 1 Jmy, JLIMIY PPN
IARG(JIWIBEGIN®Jwi PPN
YARGI#10,#*(JBEGIN+Jw}) PPN
uUsie /Y PPN
X=y PPN
CALL EXPI(X)WU, DUMMY) PPN
ARRAY(I,J)sWUsF(U,R8,LB8,DB,LPB,DPB) PPN
1F (LPB=0,) 2,2,3 PPN
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58 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TasLe 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

2 WRITE (IPT,7) DPB,RB,LB,DB PPN
G0 T0 4 PPN

3 WRITE (IPT,8) LPB,DPB,RB,LB,DB PPN
4 WRITE C(IPT,9) C(ACI)sCCI),IARG(I),188,JLIMIT) PPN
00O 5 Im1,13 PPN
WRITE C(IPT,10) ARG(I), CARRAY(1,J),Jmi,JLIMIT) PPN

S CONTINUE PPN
sTOP PPN
PPN

PPN

6 FORMAT (3F5,1,15,2E10,4) PPN
7 FORMAT (11%,tWw(U)eF(U,R/B,L/B,0/B,2/B)y 2/BB),F5,2s'y BWRTI(RZ/KR) PPN
{R/Ba1,FS,2,!, L/B=!,F5,2,!, D/Bm!,FS,2,', UB1/N!) PPN

B FURMAT ('1t,'wlu)+F(U,R/B,L/B,D/B,L'1/B,D%!/8), LV1/BB! )FS 2,1, DI'PPN
{1/8mt ,F5 2,1, SQRT(KZ/KR)wR/B8!,F5,2,', L/Ba! ,FS5,2,%) D/BB!,F5,2,'PPN

2: USL/N!) PPN
9 FORMAT (10!,2X,'N1,1X,12(2A4,12)) PPN
10 FORMAT C(C! ',FU4,1,12(F9,4,1X))) PPN
END PPN

REAL FUNCTIUN Fa4(U,RB,.8,08,LPB,0P8)
RANNARARAARKARRAR AR AN R AR R AN AR AR RN RN RA R AR R AR AR RARNRRAANAR RN AN

FUNCTION F

PURPQOSE
TO COMPUTE DEPARTURES FROM THMEIS CURVE CAUSED BY PARTIAL
PENETRATION OF PUMPED wELL,
USAGE
F(UsRB,LB,0B,LPB,0PB)
DESCRIPTION OF PARAMETERS
ALL REAL, U DOUBLE PRECISION
U ®» Rxa248/4aTaTIME (RADIAL DISTANCE SQUARED » 8TORAGE
COEFFICIENT / UwTRANSMISSIVITY w» TIME
RB » R/B ( RADIAL OISTANCE / AQUIFER THICKNESS )
LB w L/B ( FRACTION OF AQUIFER PENETRATED BY PUMPEUL wELL)
DB = D/B ( FRACTION DF AQUIFER ABOVE PUMPED wELL SCREEN)
LPB = L1/B (FRACTION OF AQUIFER PENETRATED BY 0BS, WELLs, ZERO
FOR PIEZOMETER)
UPB o D'/B (FRACTION OF AQUIFER ABOVE 0BS, WELL SCREEN, TUTAL
DEPTH FOR PIEZOMETER)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
DOL12,SERIES,BESK,FCT,L
METHOD
SUMS THE SERIES THROUGH N#PIxR/B EQ 20

**t***tat***tttt*t*t**tttiﬁ*ttiﬁt*ttt*ii*t***ltti*tﬁittti*tltti*t*
REALWE U,V
REAL®4 L,N,LB,LPB
suMsQ,
Nz,
PIRB=3,141593«R8
PILBR3,141593«L8
PIDB=3,141593408
IF (LPBe0,) (,1,4
CHECKS FOR wELL OR PIEZOMETER
§ PIZBE3,141593+DPR
2 NEN+i,
vaNePIRB/2,
IF (v,6T,10,) GO TO 3
TRUNCATES SERJES WHEN V>10
XsL(UsVI/N

MMM MY NMAVM VAV RNV AR IR AN NIRRT MR TR R TMT
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS
TasLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

SUMESUMF (SIN(NRPILB)»SIN(NAPIDB) I#COS(NwPIZB) »X
60 TO 2

Fee636619848UM/(LBwDB)

GO T0 7

PILPB33,141591 P8

PIDPB33,141593%DPB

NENY

vaN#*PlRA/2,

IF (V,6T,10,) GO TO &

TRUNCATES SERIES WHEN V210

XsL (YpV)/N

SUMBSUMS (SININRPILB)eSIN(NAPIOB) IR(SININWNPILPB)wSIN(N*PIDPB) IaX/N
G0 TO S

F2,2026424%8umM/((LBeDB)»(LPBeDPB))

RE TURN

END

REAL FUNCTION L#4(U,V)
RRARARRK BN R AR R R ANA KRR RN AR RN AR RN R AR AN AN AR AR AN R AR N RN

FUNCTION L

PURPOSE
T0 CUMPUTE THE INTEGRAL( EXP(=YeVvaa2/Y)/Y) SUMMED OVER Y FROM
U TO INFINITY(WELL FUNCTION FOR LEAKY AQUIFERS),
DESCLRIPTIUN OF PARAMETERS
BOTH DUUBLE PRECISION
U o Raex2sS/4xTaTIME (RADIAL DISTANCE SQUARED » STORAGE
COEFFICIENT / 4«TRANSMISSIVITY » TIME
V » R/2*SQERT(K!/(T*B!))ew(INEwHALF RADIAL DISTANCEXSUUARE ROUT
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYATHICKNESS
OF CONFINING BED)
SUBROUTINES AND FUNCTION BUBPROGRAMS REGUIRED
DQL12,SERIES,BESK,FCT
ME THUD
IN THE FOLLOWING FSEXP(aYeVra2/Y)/Y

(1) Ud=zi, USBES A GAUSSIANSLAGUERRE QUADRATURE FORMULA TO
EVALUATE INTEGRAL(F) FROM U TO INF,

(@) vau2<u<), USES THE Gwl QUADRATURE TO EVALUATE INTEGRAL(F)
FROM ONE TO INF AND A SERIES EXPANSION TU EVALUATE INTEGRAL(F)
FROM U TO ONE,

(3) u<], ucevax2, USES THE REPRESENTATION INTEGRAL(F) FROM U
TQ INF, & 24K0(24V)=INTEGRAL(F) FROM Vax2/U TO INF,

EVALUATES THE ZERO OROER MODIFIED BESSEL FUNCTION OF SECUND
KIND WITH I8M SUBROUTINE, EVALUATES INTEGRAL BY Gel GQUAD,

AR KANR KR AR AR R RN AN RN R R AR KA ANNRRRNARNRNRAANNANANANRANAENNRN AN RN R
EXTERNAL FCT

REAL*8 U,V,2,F,VvV,8ERIES

COMMON /CL/ YV, 2

vvsyv

IF (Uwl,) 1,242

CHECKS IF u<y

LavwN /sy

IF (Z-l.) 3'“'4

CHECKS IF vaw2/u < 1

Z=U

CA:L DALI2(FCT.F)

L=F

INTEGRAL U TO INF, EVALUATED BY GAUSBSeLAGUERRE QUADRATURE
Gu 10 8§

3 Z=s1,

|l outt sl sl aadl ik el aul A palt andl putt b i aul A und aadk ik pul adl Sl A anl Suth ault ol etk it o pull 2l mtl l aul aaf aal aadh malk il o MM EMTRETE I I TR N
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 2.1.—Lusting of program for partial penetration in a nonleaky artesian aquifer—Continued

CALL OQLIR(FCT,F) L
LeF+SERIESCU, V) L
INTEGRAL 1 TO INF, HY GelL QUAD,, INTEGRAL U TG 1 BY SERIES Exp, L
GO T0 S L
TOVEQ  wV b
CALL BESK(TWOV,0,BK,lER) L
CALL DQLL2CFCT,F) L
L32 nBKef L
2KOL2V)mINTEGRAL Vwwx2/U TQ INF, L
RE TURN L
END v
REAL FUNCTION SERIES*8(U,V) SER
titﬁtitttttt*ttttt*tt*t!wﬁtﬂtttﬂtttt*ii*ttitii*t*i#*tﬂt*tittt*t*tiSER
SER

FUNCTION SERIES SER
SER

PURPOSE SER
TO EVALUATE S({)=8(U), WHERE 8 I8 A SERIES EXPANSIUN OF 8ER

INTEGRAL(EXP(eYovax2/Y)DY/Y) GIVEN BYy 38 8SUM, M30 TO INFINITY,SER
(F(M)®SUM, N20 TO INF,p(vha(2an)/7((N{IR(M#NY])) WHERE F(M)s= SER

LOG(U) IF MBO AND 8 ({(wi1)awM/MIa(UntMuw(VYan2/UlawM) IF MDO0, SER
DESCRIPTION OF PARAMETERS SER
BOTH DOUBLE PRECISION SER

U w Rea2e8/4aTwTIME (RADIAL DISTANCE SQUARED % STORAGE SER
COEFFICIENT / 4#TRANSMISSIVITY % TIME SER

V = R/2#3QRT(K!'/Z7(TaB1))en(ONEwHALF RADIAL DISTANCE#3QUARE RDOT SER
(HYD, COND, OF CONFINING BED/TRANSMISSIVITY®THICKNESS SER

OF CONFINING BED) SER
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED SER
NONE SER

ME THOD 8ER
SUMMATION 18 TERMINATED FOR THE INNER SERIES WHEN A TERM SER
BECOMES LESS THAN S,Ew7/N AND FOR DUTER SERIES WHEN A TERM SER
BECOMES LESS THAN S,Ee=7 SER
SER
t**!t*ﬁ*titta*tttwtttﬁﬁitﬁt*ﬁﬁ**itt*#tﬁﬂttﬁtt*tt*tt*itt*t!t.tw**itSER
REAL#8 DOLUG,DABS,8(2),VUM,UU SER
REAL®B TEST, U, UM, EM,EN,SUML,SUM,SIGN,V,V80,VIGQU,RMUL,TERM, TERM] 8ER
TESTaS,0w07 SER
VSGEVay SER
uuysuy SER
DO &6 Isi,2 SER
EVALUATES SERIES FOR LOWER LIMIT = U AND UPPER LIMIT = | SER
IF (1,EG,2) Us), SER
UMsl, SER
EM..‘. SER
suMiag, SER
SIGNaw{ SER
Viumatg, SER
VeuUsYSR/U S8ER
EMBEMeL, SER
IF (EMw,1) 2,3,3 SER
CHECKS FOR M= 8ER
RMULSOLUG(Y) SER
TERMt=Y, 8ER
60 TO 4 SER
UMSUM»Y SER
IF (VUM LT, 1,0=30) vUMBO, SER
VUMBVUMwYVSQU SER
RMULE (UMBYUM) /EM SER
TERM{®TERMY /EM SER

ue
47
48
49
50
51
52
53
54

S6w
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TABLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

SIGNa=SIGN SER
SUMBTERMY SER
TERMUTERMY 8ER
ENmO, SER
ENSEN#L, S8ER
TERMBTERMaVEQ/ (EN#(EN¢EM)) SER
SUMSGUMS TERM SER
IF (TESTL.LE,DABS(RMUL*EN®TERM)) GU TO § SER
TRUNCATES INNER SERIES IF OUTER TERMwN#INNER TERM € S, Ee? SER
SUMIBSUML+SIGNRRMUL xSUM 8ER
IF (EM,LT,,1) GO TO 1§ SER
IF C(TEST,LE,DABSI(RMUL*8UM)) GO TQ | SER
TRUNCATES OUTER SERIES IF QUTER TERM®INNER SUM < §,Ee7 SER
S(1)m8uUmg SER
usyu SER
SERIES=a8(2)e8(1) 8ER
REYURN SER
END SER
REAL FUNCTION FCT#B(X) FCY
AN RRRAR R AR RN AR RN R AR RN R AR RNANA AR RN RN RANARANNARRRRNN R RN TN nFCT
FCT
FUNCTION FCT FCT
FCT
PURPQOSE FCY
TO COMPUTE FCT(X)BEXP(=2eVan2/(X+Z))/(X+2) FCT
DESCRIPYION OF PARAMETERS FCT
X » THE DOUBLE PRECISIUN VALUE OF x FOR WHICH FCT I8 CUMPUTED FCT
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FCT
NUNE FCT
METHOD FCT
FORTRAN EVALUATION OF FUNCTION FCY
FCT
ARARRRRRR R RN AR RN R A RANR AR NN R AR AR R R AN RRRANNEARRARAAR R RN RN NNV RNk FCT
REAL*8 X,V,eZ,P,0EXP FCT
COMMUON /CL/7 V,2 FCT
IF (X} 1,2,2 FCT
FCT®0, FCT
GO T0 4 FCT
PeZtyax/(X+2) FCT
IF (P=S5,01) 3,3,1 FCY
FCTRDEXP(wP)Y/(Xe2) . FCY
RETURN FCT
END FCT
SUBROUTINE DBLI2CFCT,Y) DLie
DLtie
QOQOl'Q'!O"IQ'Q"IlI'C.!'.!lll"OI!'ll.l'll..!."l'.ll"'."l.l’l[%t}i
SUBROUTINE DOLi2 DLie
oLte
PURPUSE DLie
TU COMPUTE INTEGRALCEXP(®X)®FCT(X), SUMMED OVER X DLy
FROM 0 TO INFINITY), DL12
DLie2
USAGE bLi2
CALL DQLL2 (FCT,Y) DLie
PARAMETER FCT REGQUIRES AN EXTERNAL STATEMENT DLie
oL12
CESCRIPTION UF PARAMETERS DL12
FCY = THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION DL12
SUBPROGRAM USED, Di1e
Y w THE RESULTING DOUBLE PRECISION INTEGRAL VALUE, bLt2
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aguifer—Continued

REMARKS
NONE

SUBROUTINES AND FUNCTION SUBPROGRAMS REGUIRED
THE EXTERNAL DOUBLE PRECISION FUNCTION SUBPRUGRAM FCT(X)
MUST BE FURNISHED BY THE USER,

METHUO

EVALUATION I8 DONE BY MEANS OF 12ePOINT GAUSSIAN=LAGUERRE
QUADRATURE FORMULA, wHICH INTEGRATES EXACTLY,
WHENEVER FCT(x) I8 A POLYNOMIAL UP TO DEGREE 23,

FOR REFERENCE, SEE

SHAO/CHEN/FRANK, TABLES UF ZEROS AND GAUSSIAN WEIGHTS OF
CERTAIN ASSOCIATED LAGUERRE PULYNOMIALS AND THE RELATED
GENERALIZED HERMITE POLYNOMIALS,
TRO0,1100 (MARCM 1964), PP,24s2S,

18m TECHNICAL REPORT

bLia
bL12
OL12
OL12
DL1e
DLie
bLi2
DL12
bLi2
oL12
DLie
bLi2
DLi2
Lz
bDL12
DLie
DLz
DLi2

'.'!0.0'!l'lI'l'.I'II'Q"'l.'.l...!'ﬂ..'llI.l!’.l.l"ll|O.l..""ODL12

DUUBLE PRECISIUN X,Y,FCT

Xx3,3709912104446692 D2
Y5,814807746742624 De1S*FLT(X)
X3 ,284879672%5098400 D&
YaY¢,3001601635035021 Deli#FCT(X)
X3,2215109037939701 02
YaY+,1342391030515004 D=8#FCT(X)
Xs,1711685518748226 02
YEY+,1668493876540910 DwenFLT(X)
X2,130060%499330635 D2
Yey+,836505585681980 DeSxFCT(X)
X2,96213168424%6087 DI
Y3Y+,2032315926629994 0=3FCT(X)
X8 ,6844525453115177 0}
Y3Y+,26039735418653106 D=22FCT(X)
X%, 4599227639418348 DI
Yay+,20102381 15463450 Om{wFCT(X)
X=,2833751337743507 D1
YaY+¢,904492222116809 DwinFCT(X)
X8,1512610269776419 DI

YaYe ,2440B820113198776 DOaFCT(X)
Xa,0117574845151307 00
YSY+,37775927568731380 DOxFCT(X)
X2,1157221173580207 00
YRY+,26647313710554432 00#FCT(X)
RETURN

END

SUBRDUTINE BESK(X,N,8K,IER)

lwO0!!00oc'!ool-||-lt!|oo-oonoouonnwo-oooolii'ot.ol'o!'tl!iilutoll

SUBROUTINE HESK

oLi2
oLt
DL1Z2
OL12
DLi2
DL12
oLi2
bLi2
bLi2
bDLte
bLi2
OLi2
bLie
oL1e
DLie
pLi2
DL12
DLi2
bLie
bL12
bLte
bLi2
pLi2
pLie
DL1e
DLie2
OLie
pLya
DLie
bLie
oLte
BESK
BESK
BESK
BESK
BESK
BESK

COMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUMENT AND QRDERBESK

USAGE
CALL BESK(X,N,BK,IER)

BESK
BESK
BESK

180
190
200
210
220
230
240
230
260
270
280
290
300
310
320
330
340
350
360
370
390
400
410
420
430
440
450
460
470
480
490
500
510
520
8§30
S40
550
560
570
58¢
$90
690
610
620
630
640
650
660
670
8=
410

20
30
40
S0
60
70

90
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aguifer—Continued

BE 8K

DESCRIPTION (OF PARAMETERS BESK
X wTHE ARGUMENT QOF THE K BESSEL FUNCTION DESIRED BE SK

N «THE ORDER OF THE K BESSEL FUNCTION .DESIRED BESK

Bk =THE RESULTANT K BESSEL FUNCTION BESK
IER=RESULTANT ERROR CODE WHERE BESK
JER®) NO ERROR BESK

IER®] N IS NEGATIVE BESK

IERE2 X I8 ZERQ OR NEGATIVE BESK

IERSY X ,GT, 170, MACHINE RANGE EXCEEDED BE 8K

lERs4 8K BT, 10xn70 BESK

BESK

REMARKS BESK
N MUST BE GREATER THAN OR EQUAL TO Z2ERO BESK
BESK

SUBROUTINES AND FUNCTIUN SUBPRUGRAMS REGQUIRED BESK
NONE BESK
BESK

METHOD BESK

CUMPUTES ZERQ ORDER AND FIRST ORDER BESSEL FUNCTIONS UBING BESK
SERIES APPROXIMATIONS AND THEN COMPUTES N TH ORDER FUNCTION BESK
USING RECURRENCE RELATION, BESK
RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE BESK
AS DESCRIBED BY A J M,HITCHCOCK, 'POLYNOMIAL APPROXIMATIONS BESK
TO BESSEL FUNCTIONS OF ORDER ZERO AND ONE AND TU RELATED BE 8K
FUNCTIONSY, M T,A,C,y V,11,1957,PP 86»88, AND G,N, WATSON, BESK
'A TREATISE ON THE THEQRY OF BESSEL FUNCTIONS', CAMBRIDGE BESK

UNIVERSITY PRESS, 1958, P, b2 BESK

BESBK
l..'!'l."!..o!vlilolOO'Iool.l!!l'l.'olo'l't"!ll'l'QIOQUOIiOOOQOOBESK
BESK

DIMENSION T(12) BESK
Brz,0 BESK
IF(NILO,13,110 BESK

10 IERse} BESK
RETURN BESK

11 IF(X)12,12,20 BE 8K
12 lER=g BESK
RETURN BESK

20 IF(X»170,0)22,22,21 BESK
21 IER=3 BESK
RETURN BESK

22 lER=D BESK
IF(Xmi,)36,36,25% BESK

25 AstXP(w=X) BESK
B, /X BESK
Ca3dRT(8) BE 8K
T(1)wd BESK

DO 26 L®2,12 BESK

26 T(LIBT(Lw))wbd BESX
IF(Ne$)27,89,27 BESK

BE 3K

COMPUTE KO USING POLYNDMIAL APPROXIMATION gsg:

27 GOSAR(]1,2533141w,15666424T(1)+,08811128wT(2)»,09139095#T(3) BESK
24, 1344596T(U)w ,2299850%T(5)+,3792410aT(6)m,524727727(7) BE 8K
34,5575368%T(8)w,42626334T7(9)¢,2184518aT(10)=,06680977«T(11) BESK
44,009189383%T(12))¢C BESK
IF(N)20,28,29 BESK

28 BKaGO BESK

RETURN BESK
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100
110
120
130
140
180
160
170
180
190
€00
a0
220
30
240
250
260
ero
280
2s%0
100
3110
320
330
340
3S0
360
370
380
390
400
420
430
440
459
460
470
480
490
500
510
520
530
540
550
560
$70
580
590
600
610
620
630
640
650
660
670
680
690
700
740
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLe 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

COMPUTE X3 USING POLYNOMIAL APPROXIMATION

29 G1uAw(1,29331414,469992T#T(1)>,146B8383%T(2)+,12B0427+7(3)

30

31

32
33
35
34

36

37

40
42

43

50
52

2w, 1736432%T(6)¢,28476180T(5) =, 45943422T(6)+,6283381+7(7)
3e,60322954T(8)+,50502394T(9)m,258130UwT(10)+,07880001»T(11)
4m,010824184T(12))»C

IF(Ne1)20,30,3!

BkaG1

RETURN

FROM KO,Ki COMPUTE KN USING RECURRENCE RELATION

DO 35 Jme,N
GJE2,#(FLOAT(J)w1,) %G1 /XG0
IF(GJwi,0E70)%33,38,32
IER=4

G0 TO 34

608G}l

Gi=G)

BxmBJ

RETURN

BIX/a.
AR,ST72157+AL0G(B)
C=Bug

IF(N®1)37,43,37

COMPUTE KO USING SERIES EXPANSION

GommA

x2Js=i,

FACtsy,

HJE,0

DO 40 J=31,6

RJBL,,/FLOAT(I)
IF(X2J,LT41,Ewd0) X2J80,
PREVIUUS STATEMENT ADDED TO 18M SUBRODUTINE TO CURRECT UNDERFLOW
PROBLEM ON WATFOR COMPILER
x2JsxaJnl

FACTSFACTaRJI=RJ

HJ8MJ+RJ
GOBGO*X2JRFACTA(HImA)
IF(N)43, 42,43

BK=G0O

RETURN

COMPUTE K§ USING SERIES EXPANSIUN

X2J38

FACT=],

HIB1,

Gisi,/XeX2Jn( ,Sehai])
DO S0 Jm2,8

xaJsx2J»C

RJs1 ,/FLOAT(])
FACTaFACT#RJIWRJ
HJBHJ+RJ
GIBGL{+X2JRFACTR(, 5+ (AwHJ)2FLOAT(J))
IF(Ne1)31{,52,31

BKeGY

RETURN

END

BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK

720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940
950
960
9T0
980
990

BESK1000
BESK{010
BESK1020
BESK1030
BESK1040
BESK1050
BESK1060
BESKi061
BESKi062
BESK1063
BESK1070
BESK1080
BESK1090
BESK{100
BESKIL110
BESK1120
BESK1130
BESK1140
BESK1150
BESKL160
BESKI170
BESK1180
BESK1190
BESK1200
BESKi210
BESKi220
BESK1230
BESK{240
BESK1250
BESK1260
BESK1270
BESK1280
BESK1290
BESK130e



OO0 00OOO0NO0O000O00O000

TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued

SUBROUTINE EXPI(X,RES,AUX) ExPl
EXPl
l""'!‘i"'ltDo.llooolvt!olnlototoaOQOoOrlvooiuotitoocouoot!nt-ooE:gg
SUBRUUTINE ExPI ExXPI
ExPl

PURPOSE ExPI
COMPUTES THE EXPONENYIAL INTEGRAL eEI(w#X) ExPI

EXPI

USAGE ExP]
CALL BXPI{X,RES) EXPI

ExP]

DESCRIPTION OF PARAMETERS EXPl

X w ARGUMENT OF EXPONENTIAL INTEGRAL EXP1

RES = RESULT VALUE EXPI

AUX e RESULTANT AUXILIARY VaALUE EXPI

ExPl

REMARKS ExPI

X GT 470 (X LT =174) MAY CAUSE UNDERFLOW (OVERFLOW) ExPl

WITH THE EXPONENTIAL FUNCTIOUN ExXPI

FUR X ® 0 THE RESULT VALUE I8 BET TQ »1,E7S ExPI

EXPI

SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED ExPI
NONE ExPI

ExPl

METHOD ExPI
DEFINITION EXPI
RESaINTEGRALCEXP(eT)/T, SUMMED DVER T FROM X TO INFINITY), ExPI
EVALUATION ExPI

THREE DIFFERENT RATIONAL APPROXIMATIONS ARE USED [N THE ExXPl
RANGES | LE X, X LE =9 AND #9 LT X LE =3 RESPECTIVELY, EXPI

A PULYNOMIAL APPROXIMATION I8 USED IN =3 LT X LT §, Expl

ExPl
.'ﬂllOlO!lQl!ll"!Ol|'!!l'.'i'.lOl'OO!'.Illlilltlo'.l!c".!'i'l'.lgisi
IF(Xel1,02,1,1 EXPI
1 Y®l,/X ExPl
AUXSY ywY o (((Ye3 377358E0InY+2,052156E0)%Y+2,709479E=3)/7((((Y* ExPl
11,0725%3E045,716943E0)nY+6,94S239E0)nY+2,5938B8E0)nY+2,T09496Ew1) EXP]
RESRAUXRY*EXP(wX) EXPI
RETURN ExPl
2 IF(X+3,)6,6,3 EXPI

3 AUXBCCCCCC(T,122052EnTnXw] (THOIUSEmbI X422, 92B4B3ES)aXn2, 335379EwUEXP]
11aXe] ,6641S0Em3) WXl 0413 T6Em2)aX$5,5556B82Ew2)nXw2,500001Ew])nX EXPI

2+9,999999E =} ExPI
RESZei ETS EXPI
IF(X)4,5,4 ExP]
4 RESEX#AUX=ALOG(ABS(X))=S5,772157Ee} EXPI
5 RETURN ExXP]
6 IF(X+9,)8,8,7 ExPI
T AUXSY  m((((5,176245E=2uX+3,061037E0)axX+3,203665E1)aXe2,2042 4E2)"XEXP]
142,48669TE2)/7CC((X+3,995161E0)#X+3,893944E1)nX¢2,26381BEL)nX ExP]
2+1,807837E2) Expl
GOT0 9 EXP]
8 Y29,/X EXP1
AUXBL qoYa(( (Y47 ,659820Em] ) nYe? 2T1015Em1)nYw],080693E0)/7CCCLY ExPI
1%2,5187S0E041,12292TE1)#Y+5,921405E0)aYuB ,666T702E0)aY=9,724216E0) EXP]
9 RESZAUXNEXP (wX)/X Expl
RETURN ExPI
END ExPl

65

350
10
20
30
40
S0
60
70
80
90

100

110

120

130

J40

150

160

170

180

190

200

210

220

230

240

250

260

270

280

290

300

310

320

330

340

360

370

380

390

400

410

420

430

440

450

460

470

480

490

500

510

529

530

540

550

560

570

580

590

60=
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer

*tt*tttﬁtt&*kit*ﬁtt*tltttﬁttttﬂﬁﬁtttﬂitt*ﬁl#ttt*tt***titwtﬁ*ittt*twua
wuB

PURPQSE wug
TO CUMPUTE A TABLE OF VALUES OF THE LEAKY AQUIFER wWELL WUB
FUNCTION = W(U,R/B) = HANTUSH,M,S,, AND JACOB,C.E,s 1955, WUB
NON=STEADY RADIAL FLOW IN AN INFINITE LEAKY AQUIFERl AM, wUR
GEOPHYS, UNION TRANS,, V, 36, NO, 1, P, 95=100, wya
INPUT DATA wyB
1 CARD = FORMAT(R2E10,5) wus
USMALL = SMALLEST VALUE OF 1/U FOR WHICH COMPUTATION 18  WUB
DESIRED, WUB

ULARGE = LARGEST VALUE OF {/U FOR wHICH COMPUTATION I8  WuB
DESIRED, WUB

2 CARDS = runMArtesao.sa WuB
BDAT « 12 VALUES OF R/8 FUR TABLE, WUB
SUBROUTINES AND FUNCTIDN SUBPRUGRAMS REQUIRED wUB
L, SERIES,FCT,BESK,00L12 wuB
wuB
*ti*t.*.tt*tiiii*itiltiiﬁt*ttitii*ii*t*t*t'**tititt*i*ttitﬁii*ittiwua
REALwG { wus
REAL®B U,V wuB
DIMENSION ARRAY(73,12)s Y(73), BDAT(12), YNUM(®) wuB
D‘T‘ YNUM/‘.I‘.502|03|'5|'7|/ NUB
1RDAS wyg
IPTry WUuB
READ (IRD,6) uUSMALL,ULARGE wuB
READ (IRD,6) BDATY WUB
IBEGINWALDG10(USMALL) »ug
TENDBALOGIOCULARGE) +,99999 wya
ILIMITE(IEND=IBEGIN) oty wua
IF CILIMIT,GT,73) lLIMITRY3 wuB
DO ) Iz, wyB
1F (BOATCI),EQ,0,) 60 TO 2 WUB
CONTINUE wyB
NBE1R wuB
GO T0 3 wuB
NBElej wUR
1130 wUB
DU 4 Ist,ILIMIT wu8
118114} wuB
1F (I11.,67,6) 1lay o)
IEXPRIBEGIN®(In1)/6 WUB
Y(I)BYNUMCII)I w10, %"IEXP WUB
Usl,/Yel) wuB
DO 4 JEi,NB WUB
veBOAT(J) /2, wUB
ARRAY(I,J)=L (U, V) wyB
WRITE (IPT,7) (BDAT(I),Is1,NB) wuB
DO 5 I=1,ILIMIT WUB
WRITE (IPT,8) Y(I),(ARRAY(1,J),J88,NB) wug
STOP wUB
WUB

WiB

FORMAT (8E10,5) wusB
FORMAT (14, 'wCU,R/BY1/101,80X,%1 R/ZBV/Y 4,6X,017U 1',12E10,2) wug
FORMAT (' ',E10,3,12F10,4) WUB
END wuB
REAL FUNCTION Lad(U,V) L
[ 33 R 2 R R X Y R R R R 8333233203223 220223 X33 223 282323233223 2232 X7 2 L
L

FUNCTION L L
L

- n e gt Gt b Gt geh ot
OB AP MBI OO N W LW -

NN N
B WUN—-O

[P NP R R A AT NP R B VAL TR VR VR V]
NPV EWN~D OO0V

D EBEwWWwW
W O Om

= &
AR B
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

PURPQSE
TO COMPUTE THE INTEGRAL( EXP(eYwVvwse2/Y)/Y) SUMMED OVER Y FROM
U TO INFINITY(WELL FUNCTION FOR LEAKY AGUIFERS),
DESCRIPTION OF PARAMETERS
80TH DOUBLE PRECISION
U » Ran@a8/4xToTIME (RADIAL DISTANCE SQUARED # STORAGE
COEFFICIENT 7 4«TRANSMISSIVITY # TIME
V = R/2RBQRT(K!/(TeB1))=e(ONEmHALF RADIAL DISTANCE*SQUARE ROOY
(HYD, COND, OF CONFINING BED/TRANSMISSIVITY®THICKNESS
OF CONFINING BED)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
OQL12,8ERIES,BESK,FCT
METHOD
IN THE FULLOWING FaEXP(eYwVund/Y)/Y

(1) UdEY1, USES A GAUSSIANSLAGUERRE QUADRATURE FORMULA TU
EVALUATE INTEGRAL(F) FROM U TO INF,

(@) v=wa<udy, YSES THE Gel QUADRATURE TO EVALUATE INTEGRAL(F)
FROM ONE TO INF AND A SERIES EXPANSION TO EVALUATE INTEGRAL(F)
FROM U TU NNF,

(3) U<, uCaywng, USES THE REPRESENTATION INTEGRAL(F) FROM U
TO INF, & 2#KO0(24V)=INTEGRALC(F) FROM Van2/U YO INF,

EVALUATES THE ZERO URDER MUDIFIED BESSEL FUNCTIOUN OF SECUND
KIND WITH I8M SUBROUTINE, EVALUATES INTEGRAL BY GelL GWUAD,

RAANRR AR A AR R ANRARR AR A RN RN AR RN AR AN R R AR A RANRRAANREANRRANARAN AR AN
EXTERNAL FCY

REAL#8 U,V,Z,F,VV,8ERIES

COMMON /C1/ Vv, 2

vvay

IF (u=i,) 1,2,2

CHECKS [F U<t

IsVRV /U

IF (2=1,) 3,4,4

CHECKS IF vaw2/uy <€ |

sl

CA%L DALI2CFCT,F)

L&

INTEGRAL U TO INF, EVALUATED BY GAUSSeLAGUERRE QUADRATURE
60 10 S

Zmi,

CalLL CAQL12(FCY,F)

LaF+SERIES(U, V)

INTEGRAL 1| TO INF, HBY Gel QUAD,s INTEGRAL U TO | BY SERIES EXP,
GO TO S

TWOVE2 nV

Call BESK(TwOV,0,BK,lER)

CALL DaLt2(FCT,F)

T rCrTr e rrrrCcC T rrrrrrCr T rrrCcrrrrrrrr e recr

Leg wBKeF

eK0(2V)m»INTEGRAL Ven2/U TU INF,

RETURN

END

REAL FUNCTION SERJES®B(U,V) SER

AARER AR AAR R R RN R RN RN A AN AR AR A AN N RN AR A AR R R AN RN ARRRA RN RANNNRRARNRANRNGER
SER

FUNCTION SERIES SER
SER

PURPOSE SER

TO EVALUATE 8(1)eS(U), wWHERE 8 IS A SERIES EXPANSIUN UF SER

INTEGRAL(EXP(eYwya#2/Y)DY/Y) GIVEN BY) Sz SuM, M&0 TO INFINITY,SER
(F(M)®8UM, N3D TO INF,,(VAR(2aN)/((N])=(MeN)})) WHERE F(m)a SER

LOG(U) IF M=) AND ® ((wi)anM/MIn(UswMa(Vaw2/U)aaM) IF MD0, SER
DESCRIPTION UF PARAMETERS SER
BOTH DUUBLE PRECISION SER

U » Rea2a8/4wTaTIME (RADIAL DISTANCE SQUARED % STNRAGE SER
CORFFICIENT / UnTRANSMISSIVITY » TIME SER

V o R/2RSQRT(K!'/(TaB!))esONE=HALF RADIAL DISTANCESGUAKE RUDT SER
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYATHICKNESS SER

OF CONFINING BED) SER

67



68

OO0 OO0

OO0 0

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer——Continued

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
NONE

METHOD
SUMMATION I8 TERMINATED FOR THE INNER SERIES WHEN A TERM
BECOMES LESS THAN S,Ee7/N AND FOR OUTER SERIES whEN A TERM
BECUMES LESS THAN S,Ee=7

SER
SER
SER
8ER
SER
SER
SER

ﬁttit**i**titﬁ*ttii*i*ti!liﬁ*iiﬁ*l**tt**i*****it*tﬁ***l***Qii**ii*SER

REAL*8 DLOG,DABS8,S5(2),VUM,UU

REAL*B TEST,U,UM,EM,EN,8UML,SUM,8IGN,V, VS0, VEUU,RMUL,TERM, TERM]
TEST25,De07

V8aEyny

vusy

PO 6 Isi,2

EVALUATES SERIES FOR LDWER LIMIT ® U AND UPPER (IMIT = 1
IF (1.,EG,2) U=y,

umMal,

EMzm]

SuMi=0,

SIGNaw=l,

vumeq

v8QU=VS8Q/U

EMEEM#+Y,

IF (EMm,1) 243,3

CHECKS FOR Map

RMULSDLOG(U)

TERMLI=],

6o T0 4

UmMsUMsU

1F (VU".LT.‘.D';O) VU"'O.

VUMEVUMRYSQU

RMULB(UM»YUMY FEM

TERMISTERML/EM

SIGNamSIGN

SUMETERM]

TERMRTERM]

ENEOQ,

ENBEN+{,

TERMBTERMaVEQ/(ENK(ENCEM))

SUMBSUMSTERM

IF (TEST,LE,DABS(RMUL®ENATERM)) GU TO &
TRUNGATES INNER SERIES IF DUTER TERMaN«INNER TERM € 5,Ew7
SUMLESUML +SIGN*RMUL *8UM

IF (EM LT,,1) GO 0 1

IF (TEST,LE,DABS(RMUL®SUM)) GO 70 |
TRUNCATES OUTER SERJES IFf OUTER TERMwINNER 8SUM € S,Em7
S(1)naSuM]

usuyu

SERIESsS(2)=8(1)

RETURN

END

REAL FUNCTION FCT#8(X)

SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
8ER
SER
SER
8ER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
SER
8ER
SER
SER
SER
S8ER
SER
SER
SER
SER
SER
SER
SER
SER
SER
FCT

itﬁ*ttt*t*tﬂ*tﬁtﬁ‘**ﬁ"ii*'iﬂiltiﬁt****i*tit**t***i*tt**tﬂi**'*itchT

FUNCTION FCT

PURPOSE
TO COMPUTE FCT(X)SEXP(»ZwoVaw2/(X+Z))/(X+2)

FCT
FCT
FCY
FCT
FCT
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS
TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

DESCRIPTION OF PARAMETERS FCT
X = THE DOUBLE PRECISION VALUE OF X FOR WHICH FCT IS COMPUTED FCTY
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FCT
NONE FCT
METHOD FCT
FORTRAN EVALUATION OF FUNCTION FCY
FCT
AR RN AR R R AR R AR AR NN R RN RN A R AN AR AR RN R R AR AR AN RNk haFCT
REAL#%8 X,V,2,P,DEXP FcY
COMMON /CtL/ v, FCT
IF (X) 1,242 FCT
FCTs0, FCTY
GO T0 4 FCY
PaZeVang/(Xel) FCT
IF (P»S,01) 3,3,1 FCY
FCTRDEXP(wP)/(X42) FCT
RETURN FCT
END FCY
SUBROUTINE DQLI2(FCT,Y) bLie
DL12
'0!"'!'.'!.Ollt‘lil.!lQ.OQ'Q!'QOIQ!."Ill.'I.'l'"'!'.lt.!!'l...lgtis
SUBROUTINE DGLt2 oL1e
oL1g

PURPUSE OLte

TO COMPIITE INTEGRAL(EXP(eX)wFCT(X), SUMMED OVER X DL

FROM 0 TD INFINITY), bL12

DLte

USAGE DL12
CALL DQL12 (FCT,Y) DLte
PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT bLie

buie

DESCRIPTIUN OF PARAMETERS DLi2
FCT = THE NAME OF AN EXTERNAL DOUBLE PRECISIUN FUNCTION Dii2
SUBPRUGRAM USED, DL1E

Y w THE RESULTING DUUBLE PRECISION INTEGRAL VALUE, bL1e

bL1e

REMARKS OLie
NONE bL12

pL12

SUBROUTINES AND FUNCTION SUBPRUOGRAMS REQUIRED oL12
THE EXTERNAL DOUBLE PRECISIUN FUNCTION SUBPRUOGRAM FCT(X) Dtie

MUST BE FURNISHED BY THE USER, gt:g

ME THUD DLie
EVALUATION 18 DONE BY MEANS OF 12#POINT GAUSSIANSLAGUERRE bL12
QUADRATURE FORMULA, WHICH INTEGRATES EXACTLY, bLi1e
wHENEVER FCT(X) I8 A POLYNOMIAL UP TO DEGREE 23, bLti2

FUR REFERENCE, SEE oL
SHAU/CHEN/FRANK, TABLES OF ZEROS AND GAUSSIAN WEIGHTS UF bDLie
CERTAIN ASSQCIATED LAGUERRE POLYNOMIALS AND THE RELATED PLie
GENERALIZED HERMITE POLYNOMIALS, I8M TECHNICAL REPOQRT DLte

TROD, 1100 (MARCH 1964), PP,2U=2%, bL2

DL
0'0'!"'.l.lloltlQl.0"!00l'l".!'000'.!!!!!l'!l0!."'!.000'00!0.!3t§§
DLie

pLi2

DOUBLE PRECISION X,Y,FCT bL12

DLie

X®,3709912104446692 D2 bL12

Y=,814807746742624 DelSaFCT(X) bLi2

69

250
260

310
320
330
340
350
360
370
390
400
410
420
430
440



OO0 000O0NOON

70

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TABLE 4.3—Listing of program for radwal flow in a leaky artesian aquifer-—Continued

X5,28487967250980600 D2
YEY+,3061601635035021 DwiiwFCT(X)
X%,2215109037939701 D2
YBY+,1342391030515004 Dw8*FCT(X)
XB,1711685518746226 D2
YaY¢,1668493876540910 DweaFCT(X)
X=,1300605499330635 D2
YEY+,836505585681980 DeSwFCT(X)
X8,962131684245687 D
Yay+,2032315926629994 Dm34FCT(X)
X2,6844525453115177 D1

VSV - TS F.L A S-WIRN vy & SN P |
YRTPLE00ITII9MIDDDAL0 b ¥

X2,4599227639418348 DI
YaYe,2010238115463410 DmixFCT(X)
Xs,2683375{337743507 D}
YEY+,904492222116809 D=iwFCT(X)

E -V} ABLD!?LA!Q "1
l'.}:l‘"lV‘le!“ [ B Y

YaY+,2440820113198776 DOwFCT(X)
X:,bll7570645151307 Do
YeY+,3777592758731380 DO#FCT(X)
Xm,1157221173580207 0O
YuY+,26473137105544%2 DORFCT(X)
RETURN

END

SUBROUTINE BESK(X,N,BK,1ER)

&«ErYTtwy
BT wi WA

BES8K

.!'.'Ill.l..OQ"OOII".I".".I'Ol"..'l‘.ll’l.Ql.'.OOICO!l’UQ'OQOSEsK

SUBROUTINE BESK

BESX
BESK
BESK

CUMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUMENT ANL ORDERBESK

USAGE
CALL BESK(X,N,BK,lER)

DESCRIPTION OF PARAMETERS

X wTHE ARGUMENT OF THE K BESSEL FUNCTION DESIRED
N «THE ORDER UF TME K HESSEL FUNCTION DESIRED

BK wTHE RESULTANT K BESSEL FUNCTION

JER®RESULTANT ERROR CODE WHERE

JERE0 NO ERROR
JERs{ N I8 NEGATIVE

[ER=2 X 18 ZERQ OR NEGATIVE
IER=3 X ,GT, 170, MACHINE RANGE EXCEEDED

IEREG BK ,GT, 10w70

REMARKS

N MUST RE GREATER THAN DR EQUAL TO ZERO
SUBRUUTINES AND FUNCTION SUBPROGRAMS REQUIRED

NONE
METHOO

COMPUTES ZERQ ORDER AND FIRST (ORDER BESSEL FUNCTIUNS USING
SERIES APPROXIMATIONS AND THEN COMPUTES N TH URDEK FUNCTION

USING RECURRENCE RELATION,

RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE
AS DESCRIBED BY A,J M HITCHCOCK,!POLYNOMIAL APPROXIMATIONS
TO BESSEL FUNCTIONS OF ORDER ZERD AND ONE AND TO RELATED
FUNCTIONSt, M, T,A,Cyy V, 11,1957,PP,86m88, AND G,N, WATSON,
‘A TREATISE ON THE THEQRY OF BESSEL FUNCTIONS!, CAMBRIDGE

UNIVERSITY PRESS, 1958, P,

BESK
BE 8K
BE 8K
BESK
BESK
BESK
BESK
BE 8K
BESK
BESK
BE 8K
BE 8K
BESK
BESK
BE SK
BE 8K
BE 3K
BESK
BESK
BE 8K
BESK
BESK
BESK
BE 8K
BE 9K
BESK
BESK
BE SK
BESK
BESK
BE 8K

100
110
120
130
140
150
160
170
180
190
200
210
220
2%0
240
250
260
210
280
290
300
310
320
330
340
3850
360
3170
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TABLE 4.3—Lusting of program for radial flow in a leaky artesian aquifer—Continued

BESK

l.l..ll.‘UOOGOIQQCll.l.l.l'.l".'l...l..'I'.l!'..'.'l'.l.ll..!..'lBEsK

DIMENSION T(12)
BK®,0
IF(NYL0,81,11
l1ERmy

RETURN
IF(Xx)12,12+20
IERE®2

RE TURN
IF({X=170,0)22,22,2}
1ER=]

RETURN

1ER2Q
IF(X=1,)36,36,2%
ASEXP(=X)

B=l4/X

Ce8QRT(8)

T(1)=8

DO 26 Lse,i2
T(LIaT(L=1)nB
IF(Nmi)27,2%,27

COMPUTE KO USING POLYNOMIAL APPROXIMATION

GOBA®(1,2533141w,1566642«T(1)+,088111284T7(2)=,091390954T(3)
2+, 13445967 (4)® 2299850%T(5)¢,3792410nT(6)=,5247277#T(7)
34,5575368aT(B)w 4262633%T(9)4,2184518aT(10)=,06680977#T(11)
4+,009189383xT7(12))*(L

IF(N)20,28,29

BKEGO

RETURN

COMPUTE X1 USING POLYNOMIAL APPROXIMATION

G1mA%(1,2533141¢,469992T4T(1)m,1U685B3T(2)+,12806274T(3)
2m, 173643247 CU)4,2B47618wT(5)",459043424T(6)+,6263381%T(7)
3w, 663229547 (8)+,5050239%T(9)=,2561304#7(10)+,07880001%T(11)
4e,01082418%1(12))4C

IF (N=1)20,30,31

BK=G1

RETURN

FROM KO,K)] COMPUTE KN USING RECURRENCE RELATION

DN 3% Js2,N
GUS2,A(FLOAT(J)=1,)4G1/X+50
IF(GJ=1,0E70)33,33,32
TIER=Y

GO TO 34

GOz6}

G146J

BKsGY

RETURN

BmX/2,

AR, ST72157+AL0OG(B)
CzB»B

IF(N»1)37,43,37

COMPUTE K1) USING SERIES EXPANSIUN

BESK
BESK
BE 8K
BESK
BESK
BESK
BE 8K
BESK
BESK
BESK
BESK
BESK
BE 8K
BE 9K
BESK
BESK
BESK
BE 8K
HE 8K
BESK

[-¥ =gy - 47
PROR

BESK
BESK
BESK
BE 8K
BESK
BESK
BESK
BESK
BESK
BESK
BE 9K
BESK
BESK
BESK
BESK
BE 8K
BE 8K
BE 8K
BE 8K
BESK
BESK
BESK
BESK
BE 8K
BE 8K
BE 8K
BE SK
BESK
BESK
BESK
BESK
BESK
BESK
BE 8K
BESK
BESK
BESK
BESK

71

380
390
400
420
430
440
450
460
470
480
490
500
10
520
530
5S40
S50
360
870
580
590
600

610

620
630
640
650
660
670
680
690
700
710
720
730
740
780
760
770
780
790
800
810
820
830
840
8590
86d
870
880
890
900
910
920
9390
940
950
960
970
980
990
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52

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued

GOs=A

xgJusi,

FACTsY,

HJ%, 0

DU 40 J=si,6

RJE1,/FLOAT(J)
IF(X2J,LT41Emd)) XeJ=0,
PREVIOUS STATEMENT ADDED TO IBM SUBROUTINE TO CORRECT UNDERFLOW
PROBLEM ON WATFOR COMPILER
x2JexeJ»C

FACT=FACT*RJwRY

HJ=sHJ+RJ
GOEGO+X2JuFALTH(HImA)
IF(N)U3,42,43

BKEGO

RETURN

COMPUTE K1 USING SERIES EXPANSION

X2J=8

FACT=},

HI®y,

GIZTL/X+X2I%( ,S¢AmH])
pD 50 J=2,8

x2Jmx2J«C
RJwL,/FLOAT(J)
FACTSFACTaRJ¥RJ
HJBHJ*RJ
GImGLeXRIFACTH(, S5+ (AeHII*FLOAT(J))
IF{N={)31,52,31

BKuGY

RETURN

END

BESK1000
BESK1010
BESK1020
BESK1030
BESK{ 040
BESK10S0
BESK1060
BESKIOSY
BESKiIO8R2
BESKIO063
BESK{OTO
BESK1080
BESK1090
BESK1100
BESKII10
BESK1120
BESK1130
BESK1140
BESK1150
BESKii60
BESK1170
BESK1180
BESK1{90
BESK1200
BESK1210
BESKI220
BESK1230
BESK1240
BESK12%0
BESK1260
BESK1270
BESK1280
BESK1290
BESK{ 30w

TaBLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds

C ltﬂti'iiiii.tttntttittttﬂttiﬁtﬂt"ttﬁt.ﬁtltﬂ*t.ttti't!a'ta!.ttiti'LST
c LST
c PURPOSE LST
c TO CUMPUTE TYPE CURVE FUNCTIUN VALUES FUR H(U,BETA) we L1
4 HMANTUSH,M,8,,1960, MODIFICATION UF YTHE THEURY UF LEAKY LST
¢ AWUIFERST JOUR, GELPHYS, RES,, Vv, 65, NO, 11, P, 37133725, LST
c THE COMPUTATIONAL ALGURITHM wAS DEVISED AnND PRUGKRAMMED BY LST
¢ 8,3,PAPADOPULUS, L8T
4 INPUT DATA LST
c 1 CARD = FORMAT(2EL10,%) L8T7
c USMALL = SMALLEST(BEGINNING) VALUE OF 1/U, LSY
[ ULAKRGE o LARGEST(ENDING) VALUF OF 1/U, L8F
c 2 CARDS » FORMAT(BE10,5) L81
¢ BDAT e 12 VALUES DF BETA (ZERiy OR BLANK VALUES ARE L8T
o PERMISSIBLE IF LESS THAN 12 DESIRED, wILL TERMINATE LsY
¢ AT FIRST ZERD OR BLANK VALUE), L8T
c SUBROUTINES AND FUNCTIUN SUBPRUGRAMS REQUIRED L8T
C HyDQRG32,HUKR,w » MUST BE INCLUDED IN DECK, L8T
c USGRT,DEXP,DERFC,DLOG = MUST BE IN COMPUTER LIBRARY, LSt
c L8T
C *tnﬁtﬁtltﬁﬁﬁttt.ttitt'tnt*i'tttiiﬁiiﬁtlttitﬂiﬂtttti!tii!tvlllﬂttitiLST
REAL®B U,BETA,h LST
DIMENSIUN ARRAY(T73,12), Y(73), BDAT(12), YNUM(6) L8Y

DATA YNUM/Y . p14802003015¢0 7/ LST

IRLES LST

1PTEe LS8T

READ (IRD,6) USMALL,ULARGE LST

READ (IRD,6) BOAT LST
IBEGINBALLGLO(USMALL) LST
1ENUEBALUG10(ULARGE)+,99999 LS8T
ILIMITECIEND=TBEGIN) #b#1 LSy

IF CILIMITGGT,73) ILIMITSTS L87

pu 3 I=y,12 LsY

1F (BDAT(I),EQ,0,) 67 TU 2 L8y

1 CONTINUE LS87

NBE12 LST

- s et e et e e s
OD NPV E WD OD~NT U E N -

WWNNNNNNUNTUN NN
O ODNOCNEWN-O

w
L")

W
TN



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 73

‘ TaBLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds—
Continued
GO 10 3 L8T 37
2 NEmlw} L8 38
IIs0 L8T 39
300 4 IS, ILImMpY LST 4o
1EXPRIBEGING(Iw1) /6 L8T 41
118l1ey L8Y 42
IF (I1,67,06) 11:} LST 43
Y(I)BYNUMITI w10, %0 IEXP LT e
usil/Y(1) L8T 4S
00 4 Jmy,N8 L8T 4e
BETABBOAT(J) L8T 47
4 ARRAY(L,J)SH{y,BETA) L8T 48
WRITE (IPT,7) (BDAT(I),Im),NB) LST 49
on S Isi,lLIMIY L8T 50
S WRITE (IPT,8) Y(I),(ARRAY(I,J)sJ®1,NB) L8T 51
8TQpP Lar se
c LSYT 53
6 FORMAT (8E10,5) Lst 54
T FURMAT (910, 'W(U,BETAY!/107,10X,'t BETAI/Y t,6X,'1/U 1',12€10,2) L8T 5%
8 FORMAT (' 1,E50,3,12F10,4) L8T %6
END L8T

DOUBLE PRECISION FUNCTION H(U,B)
NRRERER R AR AR RN AN AR RN A RN AR R E R AR AN R R AR AR AR RARRRRA AT AR RN O ANARRAA NS

FUNCTIUN H
PURPOSE
T0 CUMPUTE THE INTEGRAL OF
EXP(®Y)XERFC(B2SQRT(U)/SGRY(Y#(YeU)))/Y SUMMED UVER Y
FROM U TO INFINITY (FUNCTION W(U,BETA) OF HANTUSH),
DESCRIPTION UF PARAMETERS
BOTH DUUBLE PRECISION
U e Raw2w8/(unTwTIME), (RADIAL DISTANCE SQUARED * STORAGE
COEFFICIENT / (4 » TRANSMISSIVITY « TIME}, U MUST BE > 1,Deb0,
B ® (R/ZGI®(SQRT(K'wSI/(BIaTwS)ex 114801 /(B I nTw8)),
K!,8',B) = HYD, COND,, STURAGE COEFF,, THICKNESS OF
UPPER CONFINING BED,
K11,8v1,8') » HYD, COND,, STORAGE CUEFF,, THICKNESS UF
LOWER CONFINING BED,
METHOD
Is FUR U € 1,D®60, NU COMPUTATION 18 MADE,
11, FOR Beo, HW(U,0)sw(U) (THEIS wELL FUNCTION),
11ty m(U,BYm0 IF
1, U > 10,
2, B > 1 AND Bex2sxU > 300,
Iv, ERFC(ARG)=0 FOR ARG > 40 AND HM(U,B) ® H({UB,HB)
FOR U € ¥ € UB wHERE UB 18 THE U CORRESPONDING TO ARG = 40
SINCE H(UB,B) < W(uB) THEN FDR UB > 10, H(U,B) = 0,
ERFC(ARG) % | FOR ARG € 2,Ew1(p AND H(UUB,B) = wW(UUB)
WHERE UUB 18 THE U CORRESPONDING TU ARG B 2,Eei0,
1F uug > 10, H(UsB) = INTEGRAL FRUM U8 TO 10,
IF UUB € 10, H(U,8) & INTEGRAL FROM UB TO UUB ¢+ wW(UUB)

OO0 DO0OOO00000N00O000

AAR TR NN AR AN RN AR RN AN RN AN AR AR AR RN RN RN R AR R AR ANARR RN NN ART NN AN
IMPLICIT REAL#B(A®H,0=Z)
COMMON UUU,B88

EXTERNAL mLB 35
uuusy 36
sgssB 37

IF (UyGT,1,0w60) GO TO 1
WRITE (o,7)
STOP

t IF (B,E@,0,0) GO TO S

IF (U,67,10,0) GO T b 42
BusdxBwuy 43
N IF (B.GT,1,0,AND BU,GE,300,0) GO TU 6 44
- HiZ0,0 4S
uPE10,¢ 4e

UBBO,Seya(§,0¢D8RRT(1,0¢0,0252B#B/U))
IF (uB,GT,UP) GO TO 6

UUBEQ,5*Un(1,0+4D8QRT(1,0¢1,020nB84B/7U)) 49
IF (UUB,GT,uP) GO TO @ 50
Hisw(UUB) 51
uPEULB 52
2 n280,0 53
XL=zUB 54

3 XUSLO0,wXL

FY¥YIIT IIXIIIIXIIIXIIITIYIIITIIFIZIIXTYIXIXTIIXIXIITIXIIXIIIXITITIXEIIITIIXIIIIXYXITIX
w
-

IF (XU,GE,UP) XusuP 56

CALL DQG32(XL,XU,HUB,AREA) 57

H2sh2+AREA 58

XL ®XU 59

IF (XL.kQ,UP) GO TO 4 60

:I’ 6U TO 5 61
4 Hemi+H2 s

RETURMN 83

S Haw{U) 64

RETURN 65
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OO0 NO000000000O000

OO0 O00

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

Continued

& H20,0

L]

RETURN "
H

7 FORMAT (10!, 1y TUD SMALL FQR COMPUTATION') "
END H
SUBROUTINE DRG32(XL,XU,FCT,Y) DuG
DuG
l'I'l.O'lll'.tl.!l!"'!"lIlOl'l.llllQIOlIl'l.llol!.'ll!lllﬂl!!!l‘g:g
SUHROUTINE DygGle VuG
DuG

PURPDSE DuG

TO COMPUTE INTEGRAL(FCT(X), SUMMED UVER X FROM XL Tu XU) DuG

DuG

USAGE DuG
CALL DOG32 (XL,XU,FCT,Y) OuG
PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT DeG

046

DESCKIPTION OF PARAMETERS Dub

XL « DUOUBLE PRECISION LUWER BOUND OF THE INTERVAL, Du6

Xy » DOUBLE PRECISIUN UPPER BOUND OF THE INTERVAL, 036

FCT w THE NAME 0OF AN EXTERNAL DOUBLE PRECISION FUNLTION 0UG
SUBPROGRAM USED, o6

Y e THE RESULTING OOUBLE PRECISION INTEGRAL VALUE, D@6

DuG

REMARKS 06
NUNE w6

DGG

SUBROUTINES AND FUNCTION SUBPRUGRAMS REGUIRED DuG
THE EXTERNAL DOUBLE PRECISIUN FUNCTION SUBPRUGRAM FCT(X) DuG

MUST BE FURNISHED BY THE USER, DuG

DuG

METHOD a6
EVALUATION 18 DUNE BY MEANS OF 32ePOINT GAUSS QUADRATURE DGG
FURMULA, WHICH INTEGRATES POLYNOMIALS UP YO DEGREE 63 oW
EXACTLY, FOR REFERENCE, SEE 0G5

VeI KRYLOV, APPROXIMATE CALCULATION OF INTEGRALS, DG
MACMILLAN, NEw YORK/LUNDUN, 1962, PP,100w111 AND 337e340, DuG

DQG
l!ll!.l"'ll'llllllll'llll'0!'!"'0llu.llllll'l.!!".lll.il|'l|0|lgzg
DUUBLE PRECISIUN XL,XUsY,A,8,C,FCY DuG
AB 500 (XU*XL) ouG
BeXUwxi DuG
Cu,49863193092u74080048 DuG
Y8,35093050047350480e2a (FCT(A#CI+FCT(AC)) baG
C=,492805755772634200%8 DuG
YeY®,813719736545284De2n(FCT(A+CICFCT(AC)) DaG
Cw,482361127793753200%8 0uG
YEY+,12696032654631030ia(FCT(ACI¢FCT(AC)) GG
C8,4674530379688698D0#8 0uG
YEYe, 1713693145051072D=1a(FCTC(A+CI¢FCT(A=C)) 0uG
Co,44B816057788302610048 PN
YRY4,2141794901111334D= 1w (FCT(ASCIHFCT(AC)) Ou6
CB,420683806B86628500048 006
YRY4,256499029631188090=1a(FCT(A#CI+FCT(A=C)) 066
C=,39724189798397120098B DG6
Y8Y+,293420467392677T0=1a(FCTCA®C)I*FCT(ARC)) ou6
C8,36609105937014u8D0#8 DGG
¥YBY+,32911111388)18092D«ix(FCT(A+C)I+FCT(A=C)) LaG
C8,331522133465107600%8 DI ]
Yavs 30172897054420250e 2 (FCT(ASCI4FCT(AnC)) PIAA
C®,2938578786203812D0w8 DuG
YRY+,390969478935351501 4 (FCT(A+C)¢FCT(A=C)) BIET
C8,253449954460114700%8 DuG
YBY ¢, 4165596211 34T7338Deix(FCT(ACC)OFCT(AL)) oues
C8,2106756380653177008 DuG
YEYe 4382604650220191De i a(FCT(A®CI¢FCT(A=C)) Du6
C®,165934301141063800#8 DuG
YBY+,4558693934788194D=1w(FCT(A#C)I+FCT (L)) DuG
CB,119643681126068500%8 DGG
YEY4,4692219984040228Dm i w(FCT(A+C)¢FCT(AC)) OuG
t®,7223598079139820=1#8 006
YSY+,476819360039637430@in(FCT(A+CI¢FCT(A=C)) ou6
CE3,2415383284386916D=148 Due
YRBR(Y¢ 4B27004425736390D=ia(FCT(A+C)+FCT(ARC))) Du6
RETURN DuG
END DuG
DOUBLE PRECISION FUNCTION HUB(X) Hug
Q!Qll!'tltn.n.i.tt'ii!"itttﬁtt'i'tt!t.i!..!!ttﬁtlttt..!ttt'.t!lIQHUB
HUB

FUNCTYION MUB HUB
PURPUSE HUB
TO COMPUTE VvALUES UF THE INTEGRAND OF H(U,8) Hue
DESCRIPTION OF PARAMETER HuB

X = DUUBLE PRECISION, POINT AT wHICH INTEGRAND IS EVALUATED, HUB

[}
67
68
14
70=

-
DOBNO W E LN
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TaBLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds—

OO0 000000O00NO00O0O0OND0 0D

[+

[

c

c

c

C

c

c

C

4

[

4

[+
1
2
3
4

c
5

Continued
METHOD HUR [}
FurThkan EvaALUATION OF FUNCTIUN, HUB 10
Hul 11
ARRA AR A AR A A RN AN AR AR AN R R RN AN AN R AR N RN R A AN RN KRR RN AR A kh ek e R 12
IMPLICIT REAL #B(AaR,(m2) HUe 13
CUMPMUN UUU,BHB HuY 14
ARGZDSURT ((BHBWRRABAUUU) Z(X*Xex*UUU) ) RKUB 15
HUBSDEXP (=X ) #DERFC (BRG] /X HUB 16
RETURN MUB 17
END HUH 18w
DUUBLE PRECISIUN FPUnCTION wlU} wlu 1
AANK KA RRRRRRR R A RN R RN R AR AR AR AR R R AR R R R AN AR RARRARAANANKRAKRN RN AN AN RN W)
wij 3
FUNCTLIUN w wi 4
PURPLSE wit S
TO EVALUATE ThRE wkll FUNCTIUN UF THEILS, Wil [
PDESCRIPTIiN OF PARAMETER wiJ 7
U = DOUBLE PRECISIUN, ARGUMENT FUR wELL FUNCTION, WU 8
wl} 9
AR R A AR KRR AR R AR AR AN AR RN AN AR R R AR AR N AR AN AR AR TARNAR AR R RN A RRR NN RN W) 10
IMPLICIT REAL#8 (A=v,(e2) w1
IF (U LE 0,0) Gu TN 2 [V
IF (UGT,100,) GO T2 3 Wi 43
IF (U GE,1,40) GU TO Y w14
WBw ST 7R215664U*(,99999193+Ux(»,24991055+U*(,05519968+Un(=,00976004 wi 15
14,00107857%0))))eDLOGCU) wi 16
GO Tu 4 wy 17
ENUMESDEXP(eU)wl( ,26777373u34U%(B,6347608925+U%(18,0590169730+Ux(8,5 wU 18
173328740140U)))) w19
DENZUR(3,958049092284uUn(21,09965308274Un(25,632956148b+Un(9,5733223 WU 20
1484+U)))N) wit 21
WSENUM/DEN v g2
GO TO 4 ny 23
WRITE (6,5) u wU 24
STOP wu o 2%
w20,0 wly 26
RETURN kU 27
U 2R
FURMAT (10Y,5x, ' w(u) 00T DEFINED PR yz',1PDIS,H) vy 29
ENi wl 30w

TABLE 6.l.—Listing of program for partial penetration in a leaky artesian aquifer

ARARAK AR R AR AR RN RN A RAR A AR N A AR AN AR A AN RN ANRNRARARARARN AR KA RN AN KR AP P

PURPQOSE

TG CUMPUTE TYPE CURVE FUNCTION VALUES FUR PARTIAL PENETRATION

IN A

HYDRAULICS OF wELLS IN CHOW, VEN TE, ADVANCES IN HYDRUSCIENCE,

VUL.

LEAKY AQUIFER USING EG, 73 OF HANTUSH,M,8,, 1964,

11 ACADEMIC PRESS, NEw YURK, p, 2B8i=442,

INPUT DATA
i CARD = FORMAT (3FS,1,15,2E10,4)

B8 = AQUIFER THICKNESS

E = DEPTH, BELOW TOP OF AGUIFER, TO BOUTTOmM UF PUMPING
WELL SCREEN

D = DEPTH, BELOw TOP OF AGUIFER, TO TOP OF PUMPING wELL
SCREEN

NUM w NUMBER UF OBSERVATION WELLS OR PIEZUMETERS TIMES
NUMBER OF VALUES OF KZI/XR,

SMALL = SMALLEST VALUE OF 1/4 FOR wWHICH CUMPUTATION I8
DESIRED

LARGE = LARGEST VALUE OF 1/U FOR wrl(lH COMPUTATION I8
QESIRED

2 CARDS » FORMAT(BEL0,S)

BOAT w 12 VALUES QF R/BR, NUON ZERD VALUES SHOULD BE
FIRST, «#ILL TERMINATE AT FIRST ZERU (OR BLANK) VALUE,

NUM CARDS (ONE FOR EACH 0BS8, WELL OF PIEZOMETER AND FOR FACH

VALUE (JF R#SQRY(KZ/KR) = FORMAT (3F5,1)

R = RADIAL DISTANCE FROM PUMPED WELL TIMES SQRT(KZ/KR),
LPRIME = DEPTH, BELUN TOP OF AGUIFER, TU BOTYOM (OF UBS,
WELL SCREEN (ZERD FOR PIEZOMETER)

PPL
PR
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PPL
PRL
PPL
PPL
PPL
PPL
PPL
PeL
PPL
PRI
PPRL
PPL
PPL

OPRIME » DEPTH, BELOW TOP OF AGQUIFER, TO TUP OF 0BS, WELL PPL

OO ~NO N E N -
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TABLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued
SCREEN (TOTAL DEPTH FUR PIEZUMETER) PPL
SUBKOUTINES AND FUNCTION SUBPROGRAMS REQUIRED PFPL
DOL12,)SERIES,BESK,,FCT,L,FL PRL
PPL
AR AR AR RN RAR AR AR AN R A AR AR AR AR ANE RN RN AR PR RN AR AR AR RN AR AR N RNk PP
REAL#E U,V PPL
REAL#%4 L,LB,LPB,LPRIME,LARGE PPL
DIMENSION ARRAY(SS,12), ARG(6), BDAT(12), Y(S5S) PPL
DATA ARG/1491,5,2¢03415:0074/ PPL
DATA ARRAY/66Qn0,/9)Y/5520,/ PRL
IRD=S PPL
1pTE6 PPL
READ (IRD'QJ E'E‘D'NUNQSMALL'LARGE PPL
READ (IRD,14) BDAY PPL
0o 1 Isi,12 PPL
IF (BDAT(I1).,EQ,0,) GO TO 2 PPL
1 CONTINUE PPL
NBE12 PPL
G 10 3 PPL
2 NBs[w} PPL
3 LBsE/B PPL
DusD/B PPL
IBEGINSALOGLOCSMALL) PPL
IEND2ALUGLIOCLARGE) +,1 PR
JLIMITaIEND=IREGIN PPL
IF (JLIMIT,GT,9) JLIMIT=9 PPL
ILIMITSORJLINTIT+} PPL
DU 8 Ks|,NUM PPL
READ (IRD,9) R,LPRIME,DPRIME PPL
RBsR/B PPL
LPH3_PRIME/S PRL
OPBBOPRIME/E PPL
DU 4 Isl,ILIMIT PPL
INDEXI([w1) /6 PPL
IEXPSIHEGINCINDEX PRL
113I=INDEXRS PPL
YCI)SARG(IT)I»10 e+ EXP PPL
Usiqa/Y (1) PPL
00 4 Jei,nNB PPL
BETASBDAT(J) PPL
VEBETA/E, PPL
4 ARRAY(1,J)=L(uU,V)+FL(U,RB,BETA,LB,DB,LPR,DPB) PPL
IF (LPB®0,) 5,5,6 PPL
S WRITE (IPT,10) DPB,rB,L8B,DB PPL
GQo 70 7 PPL
6 WRITE (IPT,11) LPB,DPB,RH,[B,08 PPL
7 WRITE (IPT,12) (BDAT(l),I=1,NB) PPL
DU 8 Isl,ILIMITY PPL
WRITE (IPT,13) v(I),CARRAY(1,J)sJdB1,NB) PPL
8 CUNTINUE PPL
STuP PPL
PPL
PPL
9 FURMAT (3FS5,1,15,2E10,44) PPL
160 FORMAT ('11,'wlu,R/BR)+F(U,R/B,R/BR,L/B,D/sB,2/8), 2/B3',F5,2,', SQPPL
{RT(KZ/KR)&R/8s' ,FS,2,', L/Bs!,FS,2,', D/sBs!,F5,2) PPRL

11 FORMAT (419, 'w(U,R/BRIF(U,R/B,R/8R,L/8,0/B,L01/8,D't/B), L!'/Bs!,PPL
1F5,2,!, D''/Ba',F5,2,', SORT(KZ/KK)#R/Bz!,FS5,2,', L/Bs!,FS,2,', D/PPL

28z1,F5,2) PPL
12 FORMAT ('01,9x%,'1 R/BRY/) 1,8X,11/U 11,12E10,2) PPL
13 FORMAT (' ',E10,3,12F10,4) PPL
14 FORMAT (8E10,8) PPL

END PPL
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TABLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

REAL FUNCTION FLw4(U,RB,BETA,LB,08,LPB,DPB)

HRRARAARRANRAARANRAARN RN AR AN RRAARERARAR R AN AN AR ARRANRRRANANARR RN AN

FUNCTION FL

PURPUSE
TO COMPUTE DEPARTURES FROM HANTUSHeJACOB LEAKY AQUIFER CURVE
CAUBED BY PARTIA[ PENETRATION UF PUMPED WELL,

USAGE
FLIU,RE,BETA,LR,DB,LPR,DPR)

MAVF W IR [ SR W T 4

DESCRIPTION OF PARAMETERS
ALL REAL, U DOUBLE PRECISION
U s Rew2ae3/4aThTIME (RADIAL DISTANCE SQUARED » STURAGE
COEFFICIENT / 4#TRANSMISSIVITY #» TIME
RB » R/B ( RADIAL DISTANCE / AGUIFER THICKNESS )
BETA » Rw#SQRT(K!/B!'T) = (RADIAL DISTANCE = SQUARE ROOT
(HYD, COND, OF CONFINING BED/THICKNESS OF CUNFINING

BED w TRANSMISSIVITY QF AGUIFER))

LB = L/8B ( FRACTION OF AQUIFER PENETRATED BY PUMPED WELL)

OB » D/B ( FRACTION OF AGQUIFER ABOVE PUMPED WELL SCREEN)

LPB » L'/B (FRACTION OF AQUIFER PENETRATED BY uUBS, wELL, ZERC
FOR PIEZUMETER)

UP8 e Di/B (FRACTION OF AGUIFER ABQOVE
DEPTH FOR PIEZOMETER)
SUBRUUTINES AND FUNCTION SUBPRUGRAMS REAUIRED

DQL12,SERIES,BESK,FCT,L
METHOD
8UMS THE SERIES THROUGH N*Pl1xR/B EQ 20

Y=Y I

B8, WELL SCREEN, TOTAL

23RS SRR AR RIS RRARERARRER R AT R2R2RR2RaldXls22sR Tds)

REAL®8 U,V,D8QRT

REALW*4 LyN,LB,LPB

sumag,

N30,

BETSOmBETAWBETA

PIRBSA=9 ,8696044RB#RE

PILBE3, 1415938

PILBR3, 141593408

IF (LPB'O.) 1’1'“

CHECKS FUR WELL OR PIEZOMETER
PIZBa3,141593xDP8

N2N+y,
VaSORT(BETSQ¢NRN*PIRBSQ) /2,
IF (v,6T,10,) GO TO 3
TRUNCATES SERJES WHEN VX100
XelL(UpV)/N
SUN?SUN*(SIN(NﬁPILB)-SIN(NtPIDB))*CUS(N*PIZB)'X
60 To 2
FLB,6366198x8UM/(LBmDB)

G0 10 7

PILPBE3,141593n PR
PIDPB23,141593#DPR

NaN+i
VaSWRT(BETSWsNwNRPIRBSG) /2,
IF (V,6T,10,) GO 10 6
TRUNCATES SERIES WHEN VD10
Xsl(UpV)/N

SUMBZUME (SIN(NAPILB)=SIN(NAPIDHI I (SININXPILPB)«ZIN(NNPIDPB) ) *X/N
Go TO §
FL3,20206424x8UM/ ((LBeDB) ¥ (LPB=DPB))
RETURN

END

FL
FL
FL
FL
FL
FL
FL
FL
FL
i

FL
FL
FL
FL
Fi
FL
FL
FL
FL
FL
FL
FL
Fi
FL
FL
FL
FL
FL
FL
Fi
FL
FL
FL
FL
FL
FL
FL
Fi
FL
FL
FL
Fl
Fl
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
FL
Fl
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS
TABLE 6.1.—Lusting of program for partial penetration in a leaky artesian aquifer—Continued

REAL FUNCTION Lwd(U,V)
AR AARRRRH AR RR AR AR AR RN RN AR AR R AR NI RAAR AN A RRNRRRARR KA AR AR RN

FUNCTION |

PURPOSE
TO COMPUTE THE INTEGRAL( EXP(eYeVvwa2/Y)/Y) SUMMED OVER Y FROM
U TO INFINITY(WELL FUNCTION FOR LEAKY AQUIFERS),
DESCRIPTION OF PARAMETERS
BOTH DOUBLE PRECISIUN
U w Ran2w8/4nTaTIME (RADIAL OISTANCE SQUARED » STORAGE
COEFFICIENT / UaTRANSMISSIVITY » TIME
V » R/2eSQORT(K!/(TeB1))weINEeHALF RADIAL DISTANCE#SQUARE ROOY
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYXTHICKNESS
OF CONFINING BED)
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED:
PQL12,8ERIES,BESK,FCT
ME THOD
IN THE FOLLOWING FSEXP(mwYwyan2/Y)/Y

(1) U>sl, USES A GAUSSIANSLAGUERRE GQUADRATURE FORMULA TO
EVALUATE INTEGRAL(F) FRUM U TO INF,

(2) V*x2<UC), USES THE Gel QUADRATURE TU EVALUATE INTEGRAL(F)
FRUM ONE T INF AND A SERIES EXPANMSION TO EVALUATE INTEGRAL(F)
FROM U TU ONE,

(3) U<y, UCsynx2, USES THE REPRESENTATION INTEGRAL(F) FROM U
TO INF, m 2#K0(2#V)®INTEGRAL(F) FROM Van2/u TO INF,

EVALUATES THE ZERD ORDER MODIFIED BESSEL FUNCTION UF SECUND
KIND WITH IBM SUBROUTINE, EVALUATES INTEGRAL BY Gel| QUAD,

AN AN R RA KRR RN RN AR AN KR AR KRR AN RR AR AR A AR AR RARRRAR I RAANNRR RN h A
EXTERNAL FCT

REAL*B U,v,Z,F,vV,8ERIES

COMMON /C1/ VV,2

VVey

IF tu=i,) 1,2,2

CHECKS IF UL<1

Zmvwv/y

IF (Z-l.) 3""“

CHECKS IF vew2/y < |

=y

CALL DQLIZ(FCT,F)

L&F

INTEGRAL U TOD INF, EVALUATED BY GAUSS«=LAGUERRE QUADRATURE

GO TQ S

21,

CALL DQLI2(FCT,F)

LeF+8ERIES(U,vV)

INTEGRAL 1 TO INF, BY G=L QUAD,s INTEGRAL U TOQ | BY SERIES Exp,
60 T0 S

TWlvVe2 &V

CALL BESK(TWOV,0,BK,IER)

CALL DQLIRCFCT,F)

LE2  kHKaF

CKO(2VIWINTEGRAL vwa2/u YO INF,

RETURN

END

REAL FUNCTION SERIES*8(U,V)

RN KRR AR TR KRR R AR R RN AR AR A AR A AR AR R AR RR RN AR AN R AR RN AR AR RN R RN N

FUNCTIUN S8ERIES

PURPOSE

Lok el ol el kel it el ok ol ol el nl el ol ol ol el ol ol gl aall ol el el el et gl ol kol al ol ol gl kg

SER
SER
SER
SER
S8ER
SER

O ® OV e
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS
TABLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

10 EVALUATE S(1)e8(U}, WHERE 8 IS A SERIES EXPANSIUN OF SER
INTEGRAL(EXP(mYoyvex2/Y)DY/Y) GIVEN BY) Sm SUM, MEO TO INFINITY,SER
(F(MI*SUM, N30 TN INF oy (Veu(2aN)/((N})u(MEND D)) WHERE F(M)a SER

LOGCU) IF M20 AND & ((wl)waM/M)a(UnnMom(Vand/U)xnM) IF MO, S8ER
DESCRIPTION (QF PARAMETERS 8ER
BOTH DUUBLE PRECISION SER

U @ Rua2a8/4aToTIME (RADIAL DISTANCE SQUARED #» STORAGE SER
COEFFICIENT / UwTRANSMISSIVITY » TIME SER

V e R/228GRT(K'/(T#B)))w=aONE=HALF RADIAL DISTANCE#SWUARE ROOUT SER
(HYD, COND, OF CONFINING BED/TRANSMISSIVITYRTHICKNESS SER

UF CONFINING BED) 8ER
SUBROUTINES AnD FUNCTION SUBPROGRAMS REQUIRED SER
NONE SER
METHOD S8ER
SUMMATION I8 TERMINATED FOR THE INNER SERIES WHMEN A TERM SER
BECOMES LESS THAN S.E=7/N AND FUOR DUTER SEBRIES wWHEN A TERM SER
BECUMES LESS THAN S,Ee7 SER
SER

ARANARA R R R RN AN AN R R AN RNNANRRR AR RN RN AR AR AR KNRRRR A AR RN RN NI R A nSER
REAL®S OLOG,0ABS,8(2), VUM, UU SER
REAL*8 TEST,U,UM,EM,EN,8UM]1,)SUM,SIGN,V,VSUsV8IU,RMUL,TERM, TERM] SER
TEST35,0e07 SER
VSGaEVay SER
uusu SER
PO & Imi,2 SER
EVALUATES SERIES FUR LOWER LIMIT ®m U AND UPPER LIMIT = | SER
IF (1,EQ,2) u=s}y, SeR
UMs1, 8ER
EMzel, SER
Sumizo, SER
SIGNE=], 8ER
VUmsl, 8ER
v8uLUsvVSQ/U S8ER
EMSEMS], SER
IF (EMm,1) 2,3,3 8ER
CHECKS FOR M= SER
RMULEDLOG(Y) SER
TERMiag, SER
GD T0 4 8ER
UMsuMxy SER
IF (VUM LT,1,D»30) vUM=(, SER
VUMSVUMRVYEQU SER
RMULZ(UM®VUM) /EM SER
TERMI=TERM{/EM 9ER
SIGNE=m=SIGN SER
SUMSTERM] SER
TERMSTERMY SER
ENBO, SER
ENSEN®L, SEK
TERMSTERM2VSG/(ENY(ENSFEM)) SER
SUMESUM+TERM SER
IF (TESTLLELDABS(RMULWENRTERM)) G0 TO S SER
TRUNCATES INNER SERIES IF DUTER TERMRN®INNER TERM € S,En7 SER
SUMI2SUMI+SIGNNRMUL ASUM SER
IF (EM LT,,1) GO YO 1 SER
IF (TEST,LE,DABS(RMUL*SUM)) GO TO 1| SER
TRUNCATES QUTER SERIES IF CGUTER TERMRINNER SUM € S,E=7 SER
8$(I)mSUML . SER
usyy SER
SERIES=®S(2)=8(1) 8ER
RE TURN SER

END SER

79



80 TECHNIQUES OF WATER-RESQURCES INVESTIGATIONS

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

REAL FUNCTION FCT%B(X) FCTY

o} ARRRARAAN R AR R AN RARN R R AN AR AR AR AR N RN AR R R AN RSN A RANRRNAAR RN RN AR AN nFCT

o FCT

o FUNCTION FCTY FCT

c FCT

c PURPQSE FCTY

4 TO COMPUTE FCT(X)IEXP(»Z=Vawd/(X+Z))/(X+2) BCT

¢ DESCRIPTIUN OF PARAMETERS FCT

c X » THE DUUBLE PRECISIUN VALUE OF X FOR WwHICH FCT IS8 CUMPUTED FCT

¢ SUBROUTINES AND FUNCTIUN SUBPRDGRAMS REQUIRED FCT

¢ NONE FCT

c METHOD FCT

[ FORTRAN EVALUATION OF FUNCTION FCT

c FCT

C t**tt*ititt*lr*ittitii*tki**ii**itiitttii*ttt********ﬁii*tt*tttttttFCT

REAL#8 X,V,Z,P,DEXP FCT

COMMON /Ci/ V,2Z FCT

IF (X) 1.,2,2 FCT

{ FCT=0, FCT

GO TO 4 FCT

e Pulevak2/(X+1) FCTY

IF (P=S,01) 3,3,1 FCT

3 FCTSDEXP(eP) /7 (X+1) FCTY

4 RETURN FCt

END FCY
SUBROUTINE DGL12(FCT,Y) OL1e
c DLte
g .0'0'.'00l.l.o.l!'.lOO!"O'!QOll'!.a'tl.'lll!.‘ollil.Ol.'lllllllllgtig
c SUBROUTINE DaLi2 DL12
c bL12
(o PURP(OSE DLie
c TO COMPUTE INTEGRAL(EXP(wX)#®FCT(X), SUMMED OVER X oL
c FROM ¢ TO INFINITY), DLie
C oL12
¢ USAGE oL
c CALL DrLI2 (FELT.Y) DL12
c PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT bLi2
c DL12
c DESCRIPTION (F PARAMETERS pLt2
c FCT » THE NAME OF AN EXTERNAL DOUBLE PRECISIUN FUNCTION DLIZ2
¢ SUBPROGRAM USED, DL12
c Y e THE RESULTING DOUBLE PRECISION INTEGRAL VALUE, oLtz
¢ DLie
¢ REMARKS DLi2
c NONE DLie
¢ oLt
c SUBRUUTINES AND FUNCTION SUBPROGRAMS REQUIRED DLie
[ THE EXTERNAL DOQUBLE PRECISION FUNCTION BUBPROGRAM FCT(X) DL12
o MUST BE FURNISHED BY THE USER, oLte
o 0cie
c ME THOD oL12
C EVALUATION 18 DONE BY MEANS OF 12#POINT GAUSSIANLAGUERRE DL1e
c GUADRATURE FORMULA, WHICH INTEGRATES EXACTLY, bLi2
c WHENEVER FCT(X) IS A POLYNOMIAL UP TO OEGREE 23, bL12
c FUR REFERENCE, SEE PIRY
c SHAG/CHEN/FRANK, TABLES OF ZER(OS AND GAUSSIAN WEJGHTS OF bLie
c CERTAIN ASSOUCIATED LAGUERRE POLYNQMIALS AND THE RELATED pL12
c GENERALIZED MERMITE POLYNUMIALS, IBM TECHNICAL REPORT pLi2
c TR00,1100 (MARCH 1964), PP, ,24e25, DLi2
g oL12

I..'l‘!"l"l..l!l!.l'.QQQO'IOQ'l.'lll.llll'.l'..ll.IUQOQICQIIIIUODLla

. s P G el P et s P
VBN AL LGN~ OOBNTNEWN~-
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 81

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

DL12 370

PLi2 390

DLi12 400

DOUBLE PRECISION X,Y,FCT DL12 410
PDLi2 420

X®,3709912104446692 02 BLi2 430
Ya,814B07746742624 DeiSwFCT(X) DLi2 440
Xm,284879672%098400 D2 DL12 450
YaY+,3061601635035021 Dmf I «FCT(X) DL12 460
X=2,221%9109037939701 02 DL12 470
YaY+,1342391030S15004 Ow8aFCT(X) DLi2 4890
X2,1711685518746226 D2 OL1R2 490
YeY+, 1668493876540910 DepaFCT(X) DLi2 500
X®,1300605499330635 D2 DLi2 510
YeY* ,836505985681980 DwSaFCT(X) bL12 s20
X%,962131684245687 D1t OL12 S30
YeY+,2032315926629994 De3InFCT(X) DL12 %40
X% ,6844525453145177 O}y DL12 550
YEY+,2663973541865316 DmaFCT(X) DL12 560
X, 4599227639418348 DI DL12 §70
YaY+,2010238115463410 DefafFCT(X) DL12 580
Xz ,2853751337743507 D} CL12 590
YaY+,904492222116809 DeisFCT(X) bL12 600
X2,15§2610269T776419 DI bLi2 610
YsY4 ,2440B820113198776 DONFCT(X) DLie 620
X3,6117574845151307 DO DLi2 630
YaY+,3777592758731380 DORFCT(X) DL12 o4O
X3,11572211735806207 00 DLi2a 6%0
YBY+,264T7313710554432 DORFCT(X) DL12 660
RETURN DLi2 870
END DLI2 &8=
SUBROUTINE BESK(X,N,BK,IER) BESK 410
HESK 190

R R N NI INmNnIIImmmmmmmIIIIIeEII I - L 1
BESK 30

SUBRUUTINE BESK BESK 40
BESK S0

COMPUTE THE K RESSEL FUNCTION FOR A GIVEN ARGUMENT AND ORDERBESK 60

BESK 70

USAGE BESK 80
CALL BESK(X,N,BK,IER) BESK 90

BESK 100

DPESCRIPTION OF PARAMETERS BESK {10

X wTHE ARGUMENT OF THE K BESSEL FUNCTION DESIRED BESK {20

N w»THE ORDER OF THE K BESSEL FUNCTION DESIRED BESK 130

BK »THE RESULTANT K BESSEL FUNCTION BESK 140
JERwRESBULTANT ERRDOR CUDE wWERE BESK 150

IER®O NI} ERROR BESK 160

IER®sy N I8 MEGATIVE BESK 170

IERZ2 X IS8 ZERD QR NEGATIVE BESK 180

1ER=3 X ,G7, 170, MACHINE RANGE EXCEEDED BESK 190

lIER=z4 BK ,GT, 10#n70 BESK 200

BESK 210

REMARKS BESK 220

N MUST dE GREATER THAN OR EQUAL TQ ZERO BESK 230

BESK 240

SUBRULTINES AND FUNCTION SUBPRUGRAMS REQUIRED HESK 250
NONE BESK 260

BESK 270

METHUD BESK 280

COMPUTES ZERU ORDER AND FIRSY ORDER BESSEL FUNCTIUNS USING BESK 290
SERIES APPROXIMATIONS AND THEN COMPUTES N TH URDER FUNCTION BESK 300
USING RECURRENCE RELATION, BESK 310
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82 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued
RECURKENCE RELATION AND PULYNOMIAL APPRUXIMATION TECHNINUE BESK
AS DESCRIBED BY A,J,M,HITCHCOCK,'POLYNUMIAL APPROXIMATIUNS BESK
TU BESSEL FUNCTIONS OF (QRDER ZERD AND ONE AND TO RELATED BESK
FUNCTIONS!, M, T,A,C,y V, 11,1957,PP,B86=88, AND G,N, wATSUN, BESK
'A TREATISE ON THE THEORY 0F BESSEL FUNCTIONS', CAmBRIDGE BESK
UNIVERSITY PRESS, 1958, P, &2 BESK
BESK
'.'..'"'"...‘....l""’.'.l.l.".'...9.".'.|.'.'..'Il"."0"lla€sn
BESX
DIMENSION T(12) BESK
BKe, 0 BESK
IF(N)10,11,11 BESK
{0 TERSY BESK
RETURN BESK
11 IF(X)12,12,20 BESK
12 lER=2 BE Sk
RETURN BESK
20 1F(Xmi70,0)22,22,21 BESK
21 lER3} BE 8K
RETURN BESK
22 lER®Q BE SK
IF(Xm},)36,36,2% BESK
2S ASEXP(esX) BE SK
Bml /X BESK
CaSWRT(8) BESK
T(1)=8 . BESK
DQ 26 Lm2,12 BESK
26 T(L)sT(L=1)#*B BESK
IF(Ne1)27,29,27 BESK
BESK
COMPUTE KO USING PULYNOMIAL APPROXIMATION 88 8K
BESK
27 GOSA(1,2533141w,15660424T(1)+,088111284T(2)~,09139095#T(3) BE 8K
20.1344596#T(0)-.2299850*T(5)+.3792410‘7(6)..5247277*T(7) BESK
34,55753684T(8)w, 42626332T(9)¢,21845184T(10)=,0506B8097T7#T(11) BESK
44,009189383#T(12))4C BESK
IF(N)20,28,29 BESK
28 Bk=GO BE 8K
RETURN BE SK
BESK
COMPUTE KJi USING POLYNOMIAL APPROXIMATION BESK
BESK
29 G13AR(1,25331414,46999274T(1)w,1468583#T(2)+,12806272T(3) BESK
20, 17364320T(4)+,284T761B2T(S)m U5943U20T(6)¢,6283381%T(7) BESK
3'.6632295*Y(B)*.SOSQZiOtT(9)-.2581300«7(103+.07380001tT(11) BESK
4o 010824184T(12))nC BESK
IF(N*1)20,30,31 BESK
30 BKuGH BE 8K
RETURN BE SK
BESK
FROM KO,K! COMPUTE KN USING RECURRENCE RELATION BESK
BESK
31 DO 35 Jsg,N BESK
GJS@ *(FLUAT(J)ml ) *G1/X+G0O BESK
IF(GJ=1,0E70)33,33,32 BESK
32 IER=4 BESK
60 T0 34 BESK
33 GonG1 BE 8K
35 G1mGJ BE SK
314 BKEGYJ BESK
RETURN BESK
36 Baxse, BESK

320
330
340
350
3160
370
380
390
400
420
430
440
450
460
4790
480
490
500
S10
520
530
540
550
sS60
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
73¢0
740
750
760
770
780
790
8400
810
820
830
840
850
860
870
880
8990
900
910
920
930
940
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued

A ,5TT721S57+ALNG(R)
C=p«B
IF(Nm1)37,43,37

COMPUTE KO USING SERIES EXPANSIUN

GOSwmA

x2Jsi,

FaCT=i,

HJ® ¢ 0

DO 40 J=i,e

RIS, /FLOAT(J)
IF(X2J,LT,1,Emd0) x2Jm0,
PREVIOUS STATEMENT ADDED TU IBM SUBROUTINE TO CORRECT UNDERFLOW
PRUBLEM ON WATFOR COMPILER
X2J3xaJxC

FACTRFACTARJARY

HJaHJ+RJ
GORGO+X2JRFACTa(HJwA)
IF(N)U3, 42,43

BKEGO

RETURN

CUMPUTE K1 USING SERIES EXPANSIUN

x2J28

FACT={,

HJZ],

Gial , /XeX2Jn( S+Amt])
DO $0 J=32,8

XxaJexaJxC
RJSL,/FLOAT(J)
FACTRFACTRRJI*R/J
HJsMJ+R)
GIaGI+XQJaFACTA(,S+(A=HJ)*FLOAT(J))
IF(N»{)31,52,3)

BKBGY

RETURN

END

83

BESK 950
BESK 960
BESK 970
BESK 980
BESK 990
BESK1000
BESK1Q10
BESK1020
BESK1030
BESK1040
BESKI0SO
BESK1I060
BESK1061
BESK1062
BESK1063
BESK1070
BESK]1080
BESK109¢
BESK1100
BESKI110
BESK1120
BESK{130
BESK1140
BESK11S0
BESK1160
BESK11790
BESK1180
BESK1190
BESK1200
BESKI210
BESKt220
BESK1230
BESK1240
BESK12S0
BESK{260
BESKIR270
BESK12680
BESK1290
BESK]|30m

TaBLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer

NARRA AR R NN RN RN RR AR NN R A AR AR AR AR AR R AN A ANRRANANAANN AN R AARANRR AR NN

PURPOSE
T CUMPUTE A TABLE OF FUNCTION VALUES FOR DRAWDOWN IN A
LEAKY ARTESIAN AQUIFER IN RESPONSE TO A STEP CHANGE IN
WATER LEVEL IN THE CONTROL WELL, FUNCTIUN VALUES ARE
EXPRESSED A8 A FRACTION OF DRAWDOWN N CONTROL WELL (8/8w),
REFERENCE = HANTUSH,M,8,, 1959, NONSTEADY FLOW TU FLUWING
WELLS IN LEAKY AQUIFERSt JOUR, GEOPHYS, RESEARCH, V, 64,
NO, 8, P, 10431052,
INPUT DATA
1 CARD « FORMAT(ZEL0,5)
TSMALL w» SMALLEST VALUE OF ALPHA FOR WHICH COMPUTATION
I8 DESIRED,
TLARGE w» LARGEST vALUE OF ALPHA FOR WHICH COMPUTATION
18 DESIRED,
1 CARD » FORMAT(13F5,0)
BDAT « {3 VALUES UF Rw/B, NON ZERQ VALUES SHOULD BE GE 1§
AND LT 10, FIRST ZERUO (OR BLANK) WILL TERMINATE THE
LI8T, AT LEAST ONE NON ZERO VALUE MUST BE CODED, INPUT
VALUES ARE MULTIPLIED BY POWER OF TEN DETERMINEDL BY
PROGRAM FROM ALPHA,

O® 2O N N
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TasLe 7.2.—Listing of program for constant drawdown in @ well in an infinite leaky aquifer—Continued

1 CARD = FORMAT(10F8,2)
RW » RADIUS OUF CONTROL WELL,
RDAT w 9 VALUES OF RADIAL DISTANCE UF OBSERVAYTION PUINTS
FRUM CONTYRQL wELL, SHOULD HBE CODED wITH SMALLEST NUMBER
FIRST, THEN BY INCREASING DISTANCE, THE FIRST ZERU
(UR BLANK) VALUE wILL TERMINATE COMPUTATION,
METHOD
EVALUATES EG, 13 UF MANTUSH, EVALUATION OF BESSEL FUNCTIUNS
BY SUBRUUTINES BESK AND BESY AND FUNCTION JO0, EVALUATES
INTEGRAL By 8UM, I®1 TO 8000, FU(DELTA U)w(I=,S))#(DELTA U),
CHOOSES INITIAL DELTA U 3 ,001/3GRT(SMALLEST ALPHA) AND USES
THIS VALUE FOR ALL Rw/B GE 10x(DELTA U), FOR SMALLER Rw/B,
DIVIDES DELTA U BY 10 AND MULTIPLIES SMALLEST ALPHA BY 100,
REMARKS
SMALLEST RuW/8 GE ,01/8URT(SHMALLEST ALPHA)
SUBROUTINES AND FUNCTIUN SUBPROGRAMS REQUIRED
BESK,BESY,J0

ﬁttt*tt**tt*tatQﬂii*ﬁ*ttt*i*tt*ti*t*itt*i**ttttti*ti*tlttititi*titt
REAL®8 SUM1,SuM2

REAL#*4 KOBP,K(B,J0sJOPU, JOUY(B8000),J(8000),F(BO00)FT(BOOL),
1 FB(BOO0D),RDAT(9), TOAT(6) BDAT(L3),ARRAY(25,9,13),8(13),7(29%)
DATA FT/BOOO®0,/,FB/8000®0,/

DATA RDAT/9%),/

DATA ARRAY/Z2925#0,7,TDAT/1 911450241 34¢54¢74/

1RD=S

1PT=6

READ (IRD,24) TSMALL,TLARGE

READ (IRD,23) BOAT

READ (IRD,22) RwW,RDAT

IBEGINBALOGLO(TSMALL)

TIENDSALOGLO(TLARGE) +,99999

1F (CIBEGIN/2%2) LT, IBEGIN) IBEGINSIBEGIN=I
ISPANSIEND®IBEGIN

MLIMITB(ISPANS1)/2

COMPLUTES INITIAL DELTA U (DU) = ,001/8SQGRT(SMALLEST ALPHA)
DUBL001/SART(TDAT(LINI0 **IBEGIN)

EXPONENT (JBEGINY OF SMALLEST Rw/B 18 COMPUTED FROM EXPONENT
(IBEGIN) OF SMALLEST ALPHA,

JBEGINS»[HEGIN/2e2

DO 1 I®1,13

IF (BDAT(1),EQ,0,) GO TO 2

CONTINUE

NEELY

60 T0 3

NBB]®}

CONTINUE

DO 4 I=21,9

IF (RDAT(I) EQ,0,) GO TO S

RDATCI)SROAT(I)/Rw

NRE9

GO TO &

NREIw}

DO 21 Mz, MLIMIT

NUM3B8000

START=eDUL/2,

JzSTARTY

DO 7 1=1,NUM

Usu+DU

CALL BESY(U,0,Y(1),IDUMY)

JeIy=Jo(u)

DU 19 IR®{,NR
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TasLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

RHOBRDAT(IR)

UeSTARY

DD 8 Isi,NUM

VsU+DY

CALL BESY(RHO»U,0,Y0PU,IDUMY)
JOPUBJO(RHO®U)

JoumJ(l)

yousy(]l)

FUL)=(JUPU*YDUeYDPURJLU) / (JOURJIDUSYOURYOU)

DO §9 IT7.1,25
INDEX®(ITwl) /6
LEXPRIBEGIN®INDEY
I1Is]TwINDEX®0
TAUSTDAT(II)#10,##1EXP
TCIT)sTAU

URSTART

NUMTaNUM

DD 9 l=si,NUMT

usy+DU

FYESTaF(I)

IF (ABS(FTEST),LT,1,E=30) GU TO 10
XTESTBwTAUNURY

IF (XTEST#69,) 10,10,9
FTI(I)RFIESTHEXP(XTEST)

GO 70 {1

NUMTs]e}

FT(l)=0,

DO 19 l8=1,13
JNDEXa(IBel)/NB
JEXPEJBEGIN®JNDEX
JIoIBwJINDEX&ND
BETASBDAT(JJ) w10 xnJEXP
B(lB)®BETA

UsSTART

BSG=HETAWBETA

NUMBENUMT

DO 12 Isi,NUMB

Usu+DU

FTESTEFT(I)

IF (ABS(FYEST),LT,1,E®30) 60 710 13
FRC(L)SFTYEST/Z(U+BSN/U)

GO TO 14

NUMBz]lw}

Fe(I)=0,

SuMiEQ,

sSymeaQ,

DO 15 Isi,NUMB,2
SUMlBSUMI+FB(Y)
SuUM2=8UMR+FB(I+1)
XINTs(SuMl+8UuM2)xDU

CALL BESK(RHO=BETA,0,KUBP,I0UMY)
CALL BESK(BETA,0,K0B,I0UMY)
RATIO®O,

IF (KOBP,GT,0,) RATIQaKOAP/KOB
XTESTEwTAU®BSG

IF (XTEST+30,) 16,17,17
XPY®Q,

GO T0 8

XPTSEXP(XTEST)

ZIRATIO® ,6366198xXPTAXINT
IF ‘(ZILT.O.).‘ND'(z.GT.'S.E.S)) Z=O|Eo
ARRAY(IT,1R,18)32

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TABLE 7.2.—Lusting of program for constant drawdown in a well in an infinite leaky aquifer—Continued

DO 20 Ks1,NR

WRITE (IPT,25) RDAT(K),B

WRITE (IPT,26) (TCI),(ARRAY(I,KsL),LB1,13),121,25)

CONTINUE

EXPUNENT UF SMALLEST Rw/H DECREASED By ONE EACH TIME THROUGH LOOP
JREGINSJBEGINW]

EXPONENT OF SMALLEST ALPHA INCREASED AY TwO EACH TIME THROUGH LOOP
I1BEGINSIBEGING

DELTA U (DU) 18 DIVIDED BY 10 EACH TIME THRUUGH THE LUUP

DUs, 1"DU

STUP

FURMAT (10F8,2)

FORMAY (13F5,0)

FORMAT (RE10,5)

FORMAT (11V,'2(ALPHA,R/RW,RW/B), R/RWRY ,F6,0/10!,9%X,') Ru/BV/(V 1,
13x, VALPHA |',13£9,2))

FURMAT (} 1,E10,3,13F9,3)

END

REAL FUNCTION JOx4(x)
*t**tt**tt**tttt*t**t*ﬁ*i*k*i***it*kﬂ**ii*ﬁﬂw**t**tttﬂi*t*tk!**i*t

FUNCTION JoO

PURP(SE
TO CUMPUTE THE ZER( URDER J BESSEL FUNCTION FOR A GIVEN
ARGUMENT,
USAGE
Jo(x)
DESCRIPTIUN (OF PARAMETER
X » REAL*4, ARGUMENT OF JO BESSEL FUNCTIUN DESIRED,
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
NONE ,
ME THOD
POLYNUMIAL APPROXIMATIUN FOR X<4 AND ASYMPTOTIC SERIES FOR
X GE 4, THE POLYNOMIAL APPROXIMATION IS8 THE FIRST 10 TERHMS OF
THE POWER SERIES PUR JO(X) (MILLER, K,S,, 1957,
ENGINEERING MATHEMATICS1 RINEMART AND CO,9 INC,y NEw YORK,
P, 120), THE ASYMPTOTIC EXPANSION QOF JO(X) 18 GIVEN ON P, 82
UF BUWMAN, FRANK, 1958, INTRODUCTION TO BESSEL FUNCTIONSH
DGVER PUBLTICATIONS INC,s NEW YORK, THE TERMS P ('AwPQ') AND
Q@ ('eBxB0'Y (OF THE ASYMPTOTIC EXPANSION ARE COMPUTED BY AN
ALGURITHM FROM I8M SUBROUTINE BESY,

tt***tt**tt*ti*tt*t**ktﬂtt**it**ttii**tt*tt!*iit*t*iiilttiﬁtttl*t!
IF (X'an) ‘5353

COMPUTE JO BY FIRST 10 TERMS OF PUWER SERIES

ABmXaX/U,

By,

Do 2 I=1,10

Call,=1

Bel*Ba(A/(CHC))

Joed

GU T 4

COMPUTE JO BY ASYMPTOTIC SERIES

Tisd, /X

T2BT1*TY

POBC(({» 000003700630T24,0000173565)nT2%,0000487613)%T2+,00017343)%
172%,001753062)%12+,3989423
00BC(((,0000032312%722,0000142078)#72+,0000342468)%T2»,0000869791)
{aT2+4,0004564324)%xT2=,01246694

AZ2,0/8LRT(X)

MNNNNANNNNRNNRNNNRNNNNRNN
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TaBLE 7.2.—Lusting of program for constant drawdown tn a well in an infinite leaky aquifer—Continued

BeAwT] Jo
CaXe, 7853982 Jo
JOSAXPO*COS(C)=B*R0*SIN(C) Jo
RETURN Jo
END Jo
SUBROUTINE BESY(X,N,8Y,lER) BESY
BESY
...'Q.'..Q..'..""l'ﬂ....l.'.’l"......'ll.l.'ill..'..Q.’O...l..’SEg:
SUBROUTINE BESY BESY
8E8Y
PURPUSE BESY
COMPUTE THE Y BESSEL FUNCTION FUR A GIVEN ARGUMENT AND ORDERBESY
8E8Y
USAGE BESY
CALL BESY(X,N,BY,IER) BESY
BESY
DESCRIPTIUN OF PARAMETERS BESY
X wTHE ARGUMENT OF THE Y BESSEL FUNCTION DESIRED BESY
N wTHE ORDER OF THE Y BESSEL FUNCTION DESIRED BESY
BY «THE RESULTANT Y BESSEL FUNCTION BESY
IER=RESULTANT ERROR CUDE WHERE BESY
IERsD NO ERROR BESY
JIER=y N 18 NEGATIVE BESY
IER®2 X I8 NEGATIVE OR ZERQ BESY
IERe3 BY HAS EXCEEDED MAGNITUDE OF 10wa70 BESY
BESY
REMARKS BESY
VERY SMALL VALUES OF X MAY CAUSE THE RANGE OF THE LIBRARY BESY
FUNCTION ALOG YO BE EXCEEOED BESY
X MUST BE GREATER THAN ZERD BESY
N MUST BE GREATER THAN OR EGQUAL TO Z2ERO BESY
BESY
SUBRUUTINES AND FUNCTION SUBPROGRAMS REGUIRED BESY
NONE BESY
BESY
METHOD BESY

RECURRENCE RELATION AND PULYNOMIAL APPROXIMATION TECHWNIQUE BESY
AS DESCRIBED BY A.J M HITCHCOCK,'POLYNOMIAL APPROXIMATIONS BESY
TO BESSEL FUNCTIUNS OF URDER ZERD AND ONE AND TO RELATED BESY
FUNCTIONSY, M,T,A,Cqp V,11,1957,PP 8688, AND G,N, WATSON, BESY
'A TREATISE ON THE THEORY OF BESSEL FUNCTIONS!', CAMBRIDGE  BESY

UNIVERSITY PRESS, 1958, P, 62 BESY

BESY
0!"000.!OOI!l'v.!'lIlilwlﬂbt'!'li"lctll!llOl!!'ll'l.t..!!ll.loligg:;
BESY

CHECK FOR ERRORS IN N AND X BESY
BESY

IF(N)180,10,50 BESY
IER=( BESY
IF(X)190,190,20 BESY
BESY

BRANCH IF X LESS THAN OR EQUAL 4 BESY
BESY

IF(Xud0)40,40,30 BESY
BESY

COMPUTE Y0 AND Y1 FOR X GREATER THAN 4 BESY
BESQY

Tim4,0/% BESY
T2uT1#T] BESY

POR((((m,00000370434T2+,0000173565)xT2m,0000487613)2T2 BESY

87
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320
330
340
350
360
370
380
390
400
420
430
440
450
460
470
480
490
500
510
520
S30
sS40
SS0
560
S70
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TABLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

1 ¢,00017343)nT2%,0017530062)wT2+,3989423
QOE((((,0000032312%T2=,00001420768)%T2+,0000342U468)%12
I #,0000869791)uT2+,0004564324)2T2%,01246694
PIN((((,0000002414nT2=,0000200920)%T24,0000580759)=T¢2
1 =,000223203)%T2+¢,002921826)xT2+,3989423

G130 (((»,0000036594nT24,00001622)%T2=,0000398708)2T2
{1 +,0001064741)2T2«,0006390400)nT2¢+,03740084
An2,0/8URT(X)

BzAxTY

Caxe, 7853982

YORARPORSINCC)Y+BxG02C08(C)
YimwAXPLaCOS(C)+BRQIWSIN(C)

GO TO 90

CUMPUTE YO AND Y1 FOR X LESS THAN OR EQUAL TOU 4

XX%X/2,

X2EXX#*XX

TRALOG(XX)+,5772157

SuMEg,

TERM=Y

YosT

DO 70 Lai, 15

IF(L®1)50,60,50

SUMBSUM+ L, /FLOAT(Le1)

FLEL 'y
T3 TeSUM

IF(ABS(TERM),LE,{,E=d40) TERM=mO,
TERME(TERM® (mX2) /FLan2)% (L, =1,/ (FL*TS8))
YORY0+TERM

TERM & XX#(1=,S)

SUMs0,

Yi{=TERM

DO 80 LE2,16

SUMBSUMS L (/FLOATIL=1)

FLsL

FL1SFLwl,

TSeTw8UM i
IF(ABS(TERM) LE, 1 ,E=40) TERM=O,
TERMB(TERMA (wX2) /(FLI®FLII®( (TS S/FL)/(T8¢,S5/FL1))
Y1sY1+TERM

Plras 6366198

YOEPI2YO

Yi3=Pl2/X+PIawY}

CHECK LF UNLY Y0 OR Y! 18 DESIRED
IF(Ne1)100,100,130

RETURN EITHER YO0 OR Yi{ AS REQUIRED
IF(NYL110,120,810

Bysyy

GO TO {70

BY=zY)

60 TO 170
PERFORM RECURRENCE OPERATIONS TO FIND YN(X)
YARY(

YBmY{
K=}

BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
sESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY
BESY

580
590
600
610
620
630
640
650
660
670
680
690
700
710
729
7%0
740
750
760
770
780
790
800
810
820
830
8490
841

850

860
870
880
890
900
910
920
930
940
941
950
960
9r0
980
990

BESY1000
BESY1010
BESY1020
BESY1030
BESY1040
BESY1050
BESY1060
BESYLO0TO
BESY1080
BESY1090
BESY1100
BESY1110
BESY1120
BESY1130
BESY1140
BESY1180
BESY116V
BESYI17¢
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 89

TaBLE 7.2.—Listing of program for constant drawdown tn a well in an infinite leaky aquifer—Continued
140 TwFLOAT(2%K)/X BESY{180
YCBTwYBrYA BESY1190
IF(ABS(YC)=1 ,0ET70)145,145,141 BESYL200
141 IER=3 BESY{210
RETURN BESY1220
145 KuK+i BESY1230
IF(KaN)150,160,150 BE8Y1240
150 YAsSYB BESY1250
YHeYC BESY1260
GO TO 140 BESYI270
160 BYSYC BESYi280
170 RETURN BESY1290
180 IERsS| BESY1300
RETURN BESY1310
190 IER=2 HESY1320
RETURN BESY1330
END BESY114w
SUBROUTINE BESK(X,N,BK,]ER) BESK 410
BESK {0
e mmInImnmmMmIoIomm Mmooy
BESK 30
SUBRUUTINE BESK BESK 40
BESK 50
COMPUTE THE K BESSEL FUNCTIUN FOR A GIVEN ARGUMENT AND QRDERBESK 60
BESK 70
USAGE BESK 80
CALL BESK(X,N,BK,IER) BESK 90
BESK 100
DESCRIPTION OF PARAMETERS BESK 110
X wTHE ARGUMENT OF THE K BESSEL FUNCTIUN DESIRED BESK {20
N «THE ORDER OF THE K BESSEL FUNCTION DESIRED BESK 130
BK «THE RESULTANY K BESSEL FUNCTION BESK 140
JERWRESULTANT ERRUR CUDE WHERE BESK {50
IERBO ND ERROR BESK 160
IERzy N 18 NEGATIVE BESK 170
IERz2 X 18 ZERQ OR NEGATIVE BESK 180
IERsY X ,GT, 170, MACHINE RANGE EXCEEDED BESK 190
IER=4 BK 6T, 10wn70 BESK 200
HESK 210
REMARKS BESK 220
N MUST BE GREATER THAN QR EQUAL TO Z2ERD BESK 230
BESK 24y
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED BESK 250
NONE BEIK 260
BESK 274
METHUD BESK 280
COMPUTES ZERD ORDER AND FIRST ORDER BESSEL FUNCTIUNS USING BESK 2990
SERIES APPROXIMATIONS AND THEN CUMPUTES N TH URDER FUNCTION BESK 300
USING RECURRENCE RELATION, BESK 310
RECURRENCE RELATION AND POLYNOMIAL APPRUOXIMATION TECHNIGQUE BESK 320
AS DESCRIBED BY A, J M MHITCHCOCK, 'POLYNDMIAL APPROXIHMATIONS HESK 339
TU BESSEL FUNCTIONS OF URDER ZERQ AND ONE AND TU RELATED BESK 340
FUNCTIONSY) M T,A,Cyy V,11,1957,PP,86=88, AND G,N, WATSON, BESK 350
A TREATISE NN THE THEORY OF BESSEL FUNCTIONS!, CAMBRIDGE BESK 360
UNIVERSITY PRESS, 1958, P, 62 BESK 370
BESK 380
eI It et et a Rt EsI NN eIttt ettt stensssnstnanannarasasenyBESK 390
BESK 400
DIMENSIUN T(12) BESK 420
BKZ,0 BESK 430
IF(N)10,11411 BESK 440
10 JER=] BESK 450
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

TaBLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued

RETURN
11 IF(X)12,12,20
12 IeRsp
RETURN
20 IF(Xw»170,0)22,22,21
21 IERS3}
RETURN
22 lERSD
IF (X~1.)36036.25
25 ASEXP(w=X)
Bel,/X
C28URT(B)
1(i)=h
PO 26 L=e,12
26 T(L)=T(L=1)28
IF(Nw1)27,29,27

COMPUTE KO USING POLYNOMIAL APPRUXIMATION

27 GOBAX(1,253310U1m,15666424T(1)+,08811128#T(2)",09139095*T7(3)
24,13445964T(4)w,2299B504T(5)+,3792410wT(06)=,524T7277*T(7)
34,5575368aT(8)w 4R6263347(9)+,2184518aT(10)w,066809774T(11)
44,009189383T(12))*C

IF(N)20,28,29

28 BKkeGQ

RETURN

COMPUTE X1 USING POLYNOMIAL APPROXIMATION

29 G1EANC],25331414,4699927#T(1)m,10685832T(2)+,12804272T(3)
2w, 1T36U32AT(A)+,2B07618T(5)= 4594342aT(6)+,6283381xT(7)
3e,66322954T(8)+,50502394T(9)=,25813042T(10)+,07880001#T(11)
4a,01082418wT(12))%C

1F(Ne1)20,30,31
30 BK=G}
RETURN

FROM KO,K1 COMPUTE kN USING RECURRENCE RELATION

31 DO 3S Je2,N
GJS2 X (FLUAT(J)w1,)#G1/X+G0
IF(GJIm»! ,0E70)33,33,32
32 lER=4
GD TD 34
13 GOBG}
35 GiEGJ
34 BKEGJ
RETURN
16 BzX/2,
A 5T72157+ALNG(B)
CsBxB
IF(N®1)37,43,37

COMPUTE KO USING SERIES EXPANSION

37 GOoEwA
X2Jds1,
Factel,
HJ8,0
DO 40 J=i,6
RJEL,/FLOAT(J)
!F(XZJ|L7|1|E.“0) XZJ'OQ
PREVIOUS STATEMENT ADDED TO I8M SUBROUTINE TO CORRECT UNDERFLOW

BESK
BE 8K
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BE 8K
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BE 8K
BESK
BESK
BESK
BESK
BESK
BE 8K
BESK
BES3K
BESK
BESK
BESK
8E 8K
BESK
BESK
BESK
BESX
BESK
BESK
BE 8K
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK
BESK

460
470
480
499
500
510
s20
S30
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
75¢0
760
770
780
790
800
aio0
820
830
840
8s0
860
870
880
890
900
910
920
930
940
950
860
970
980
990

BESKi000
BESKIO010
BESK1020
BESK1030
BESK1040
BESK10S50
BESK1Q60
BESKio6!
BESK1062
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43

50
52
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TaBLE 7.2.—Listing of program for constant drawdown 1n a well in an infinite leaky aquifer—Continued

PROBLEM ON WATFDOR CUMPILER
Xx2JmxeJdnC

FACTuFACT2aRJaRJ

HIsHJeRJ
GOBRGO+X2JnFACTA(HJwA)
TF(NYE3,42,4%

BKRGO
RETURN
COMPUTE K{ USING SERIES EXPANSION
X2J=8g

FACT=1,

HJs Y,

GImi /X4X2Jr( ,S+Amh])

DO 50 J=2,8

X2JaxaJnl

RJIZL,/FLOAT(S)

FACTaFACTRRJI&RJ

HJsHJ*RJ

GImGI+X2JInFACTH(,S+ (AeHJIAFLOAT(J))

IF (Ne1)31,52,31
BKeG1

RETURN

END

BESK1063
BESK10T0
BESK1080
BESK1090
BESK1100
BESK1110
BESK1120
BESK1130
BESK1140
BESK1150
BESK1 160
BESK11T0
BESK1180
BE8K1190
BESK1200
BESK1210
BESK1{220
BESK1230
BESK1240
BESK1250
BESKI260
BESK1270
BESK1280
BESK{290
BESK130w

TABLE 8.2.—Listing of programs for constant discharge from a fully penetrating well of finite diameter

PURPQSE

COMPUTES FUNCTION VALUES OF F(U,ALPHA,RHU) FUR RHO > | =

PAPADUPULOS, 1,8, AND COOPER,H,
A WELL OF LARGE DIAMETERE WATER RESOURCES RESEARCH,

ND. ll P. 2“1'2”“.
PRUGRAM BY 8,8,PAPADUPULUS,
INPUT DATA = nNE QR MORE GRUUPS,

} CARD = FORMAT(2EL10,5)
ALPHA =

1967, DRAWDUWN N
Vs

HerdRar
3

EACH GRUUP COUDED A8 FOLLUWS

RWax2%3/RCnxx2 » RADIUS OF wELL (SCREENW

OR OPEN BORE IN AGUIFER) SQUARED = STURAGE
COEFFICIENT / RADIUS OF CASING (OVER INTERVAL UF

WATER LEVEL CHANGE)

SQUARED,

RHO = R/Rw =» DISTANCE FROM PUMPED WELL / RADIUS OF
wELL (SCREEN OR OPEN BORE IN AQUIFER), MUST BE

GREATER THAN (NE,
1 CARD » FORMAT(16ES,0)

Ue 16 VALUES UF U = R2a#228/(UxToTIME) w» DISTANCE FRUM

PUMPED wELL SQUARED

4 x TRANSMISSIVITY # TIMg,

* BYTORAGE COEFFICIENT ¢/
IF LESS THAN 16 DESIRED,

BLANK (R ZERQ VALUES MAY BE CUDED FOR THE KEST,
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
PEAK,)SIMP,)APEKE,EXBSLYL,JY0,JYL,RUNTS « MUST BE I DECK,

DIMENSIUN V(40,40 oUC16)
COMMON XPK, YPK
COMMON/PBLK/A,B, RHO

EXTERNAL EXBSL1

READ (S,16,ENDZ15) ALPHA,RRO
IF (ALPHA) 15,15,2

AR AR RN RN R R AR AN AR RN RN KR AR AR RN AR KRR R R AR RARR AT AR A NN RR N RN Ak kaF AR

FaAR
FAR
FAR
FAR
FAR
FAR
FaAR
FAR
Far
FAR
Far
FAR
FaR
FAR
FAR
FaR
FAR
FaAR
FAR
FAR
FAR
FAR
FAR
FAR

P e
W= O OO U & W R

FAR
FAR
FAR
Far
F AR
FAR
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10

1

1e

13

14
15
16
17
18

19

TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

WRITE (6,17) ALPHA,RHO

WRITE (6,18)

READ (5,19 U

DO 14 I]ls},16

IF CUCII)) L1104

ABALPHASALPHA

Be0,25/7U(11)

callL APEKE(EXBSL1)

CALL PEAK(EXBSL1)

IF (XPKw}],0E=B) S,6,6

WRITE (6,20) XPK,U

60 10 3

IF (xPK=3,0) 8,7,7

WRITE (&6,21) XPK,U

60 1o 3

EP830,0000601

HBARSO , 007 #XPK ,
CALL SIMPS(0,0,XPK,ERPS, HBAR,SUM,DEL ,EXBSLY)
XMl!((3.10159265*7.0)/(S.Oi(RHO-l.))*1.5:6)#RHO/2.
DX1EXMiw{1,0Em6) *RHO
0XN§(2.0#3.10159265tRHU)/(5.ﬁ(ﬁH0~1.))
DLE3,14159265wRHO/ (RHUmL )

CALL ROOTS({XM1,DX1,RTL,EXBSLL)
HBARSQ ,007T#(RT1mXPK)

CALL SIMPS(XPK,RT1,EPS,HBAR,TRM1,ERRL,EXBSLY)
SUMBSUM+TRM]

DELSDEL+ERRY

X{3RT1

=1

XMEX1+DL

CALL ROOTS(XM,DXN,XR2,EXBSLY)
HBARZ0,007%(X2mX1)

CALL SIMP3(Xi,X2,EP3,HBAR,TRM,ERR,EXBS8LY)
V(1,1)BABS(TRM)

DEL=DEL+ERR

Isl+t

1F (I=d40) 10,10,114

Xizxg

GO T0 9

EST=0,0

DO 12 K=2,40

MadiwmK

DO {2 Jsi,m

V{KpJ)av(Km]l, Jei)eV(Kn],J)

DO 13 N21,40

LaNw]

DELY= (@0, 5)ww| aV(N,1)
ESTREST+(0,5)*DELY

SUMETSUM=EST .

PUARS4 , O%ARRHOWSUM/ 3, 14159265

WRITE (6,22) UCI1),8UM,DEL,PUAR
CONTINUE

60 TO 1

STUP

FURMAT (2E10,9)

FURMAT ('1',VF(U,ALPHA,RHG) FOR ALPHMA=!',1PE13,5,', Rrus!,1E13,5)

FAR
FAR
FAR
FAR
FAR
FAR
FAR
FAR
Fan
FAR
Far
FAR
FAR
FAR
FAR
FAR
FAR
FAR
Far
FaR
FaR
FAR
FAR
Far
FAR
Fawr
FAR
FAR
FAR
FAR
FAR
FAR
FAR
Far
FAR
Fawr
FAR
FAR
FAR
FAR
Far
FAR
FAR
FAR
FAR
FAR
FAR
FaRr
FAR
FAR
FaR
FAK
FAR
FaRr
FaAR
FAR
FAR

FORMAT (1HO, 12X, 1HU, 16X, BHINTEGRAL ,9X, 14HINTEGRAL ERRUR,6X, 1 4MF (U, FAR

{ALPHA,RHU) /1K )

FORMAT (16ES,0)

FaR
Far
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20 FORMAT (Sn XPXE,E15,8,3%,16HT0 SMALL FOR Us,E10,3) FAR

21 FURMAT (SH XPK8,E15,8,3X,16HTO0 LARGE FOR U=,E10,3) FAR

22 FORMAT (¥ ,1{PH4E20,8) FAR
END Far
FUNCTION EXYSLI(X) Eut
Cti*****i**t***tiittﬁtt**t*ﬁiti'ﬁ**ﬁ***tt't*t*i*tt*ﬁ*tt**i**tﬁ*i**tit*ti*ﬁﬂ1
E8y

o PURPQSE Eul
¢ COMPUTES VALUES OF THE INTEGRAND FOR F (U, ALPHA,RHO) Est
c DESCRIPTIUN OF PARAMETER €nl
c Xe REAL = ARGUMENT 0OF INTEGRAND Eet
c EBt
Ctti*t*tth*ﬂ*****ittttt*.t****tt**ttiﬁ*ttt***t*t*tﬁ****tt*ﬁt**ttwti**ittﬁd1
COMMON/PBLK/ZA,B,R EH

IF (x) 1,142 EBy

1 ExsSLi=0, EH1

GU TO 8 BBy

2 W3X/R EBY

IF (wel ,0E7) 4,4,3 EHY

3 FNUSANCOS(Wa(Re] ,0))=WhSIN(NR(Rm},0)) EH1
DEE(WakeSQRT(R)I M (WaWsANA) Eut
EX8SL18FNU/DE st

GO TO B EHi

4 YzBrXeX EB1

IF (Y"0.0l) 5'5'6 EB‘

S EXPOsY#(],0myYa(0,Seyn((1,0/6,0)=Y%x(},0/24,0)))) Edt

6O TQ 7 EB1

6 EXPUSL,0eEXP(mY) EBt

T CALL JYO(N,NJO'WYO) Eﬁl
CALL JYL(wWeWJ1,wY]) £81
AWSNENYOmARKY ] Eul
BWeSWRNJOwARW]Y ER1

CALL JYO(X,BJO,BYOD) EBL
FNUMSEXPOR (AwwBJO0mBuxBYO) EBY
DENSXAXN(AWRAWNSBWREW) Ebt
EXBSL1sFNUM/DEN EBY

8 RETURN E#y

END EB1
SUBROUTINE ROQTS(XM,DX,R0OQT,F) ROID
Cit**ti**tti*it***iitt*it*ﬁt***iiiit****t**ti**t***tttitt*ttttﬁtﬁﬁﬁt*ti*ﬂ()o
RUD

o PURPUSE RUD
c SEARCHES FUR RDOT OF F IN THE INTERVAL XMwDX TQ XM+DX, RLO
c DESCRIPTION OF PARAMETERS = ALL REAL RO
¢ XM » CENTER OF INTERVAL SEARCMED, ROO
c OX = HALF wIDTH OF INTERVAL SEARCHED, ROO
c ROOY » RETURNED RQUT LOCATIOUN, ROO
¢ F = FUNCTIUN REFERENCE, ROQ
c ROO
AR R AR RN R R R A AR AR AN AR RN AR R R RN R KR RA AR R R AR RRANARN R R AN R AR RNRN ARk kW v kRO
XL EXMeDX RUQ
XREXM$DX ROO

YLSF (XL) ROO

YReF (XR) ROD
EP20,000001%ABS(YL) ROU

DO 9 Imi,200 RO

YMBF (XM) ROY
UP3ABS(YM) ROLO

IF (UPLLTEPJANDUP,LT,1,0De7) GO TO 1 ROO

IF (vyM) 2,1,2 RO
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{ RUOOT=XM ROO

GO TO 10 ROO

2 IF (YMaYL) 7,3,4 ROQ

3 ROUTEXL RO

GO TO 10 RUD

4 IF (yMwYR) 8,58,6 RUO

5 ROOT=XR ROO

GO TO {0 RUN

6 WRITE (0,11) xL,XR RUQ
8TaP RGO

7 XRaXM ROO
YREYM ROO

GO0 TQ 9 RGO

8 XLaxMm ROL
YLEYM ROO

6 XME(XL+XR)/2,0 ROO
ROOTaxMm ROO

10 RETURN ROO

c ROO
11 FORMAT (iH ,10%X,27HNO ROOT IN INTERVAL XMeDX 3,1PE20,8,5X,11HAND XROO
iMeDX =,{PE20,8/) ROO

END ROO
SUBRUUTINE APEKE (EXBSL) APE
CRNAAARR AR RN AR R R R A RANR AR AR R ERRRRANNR AR AR R AR R AR AR KRR AN R AR RRKNRRANNANAARAPE
c APE
C PURPOSE APE
o4 GETS FIRST APPROXIMATION TO PEAK POSITION APE
c APE
AN A RKRRRRAR AR AR AR AR AR RA AR AR AN AAR AR AN RN R R AR AR ANAR KRRk A A APE
COMMON XPK, YPK APE
XPK=20,0 APE
YPKZ(,0 APE

PO 2 Isi,\7 APE
X810,04x(Iw9) APE
YsEXBSL (X) APE

IF (YeYPK) 3,3,1 APE

1 XPKsX APE
ypK=Yy APE

¢ CONTINUE APE

3 RETURN APE

END APE
SUBROUTINE PEAK(EXBSL) PEA

AR RN AR AR AR R AR AR RN RN RANR AN RANR AN RKANAN R RN RN NI RRA AR RN NR RN ARRAN RN N AR RN APEA
c PEA
o PURPOSE PEA
¢ ATTEMPTS TO FIND POSITION UF MAXIMUM FOR INTEGRAND PEA
c PEA
Ct***t**iitntitﬁittﬁ#ﬁtit*ttt*hhﬁthtﬁtiiﬁiﬂt!i*tt*t!tittt*ﬂiﬂ*ﬁiﬂﬁtt*t**?ﬁ‘
COMMON XPK,YPK PEA
YPKBEXBSL (XPK) FEA

pD 13 Le1,200 PEA
OXSQ,01wXPK PEA
XLoXPKwDX PEA
YLBEXBSL(XL) PEA
XRaXPK+DX PEA
YRBEXBSL (XR) PEA
DENBYR¢YLoYPKeaYPK PEA

IF (DEN} §,9,1 PEA

1 XsXPK®0,S54(YRaY| )#DX/DEN PEA

2 IF (X) 3,4,4 PEA

23
eu
2%
26
27
28
29
30
31
32
33
314
35
36
37
38
319
40
41
42
43
Giw

OO® VO N L W

e
-

[ ol R I
omuomcumufmﬂombum



USES SIMPSON'S RULE TO COMPUTE A SuM APPRUXIMATING THE INTEGRALSIM
USES INTTIAL Hs(Reiw)/2, COMPUTES A SEQUENCE OF SuUMS BY HALVING SIM

H EACK TIME, COMPUTES ESTIMATE OF ERROR (DEL) AS (PREVILUS
SUM = CURRENT SUM)/15, COMPUTATIUN STOPS wHEN 1) HCKHBAR,

2) ABS(OELICABS(EPIACURRENT Sum), IF HMBAR I8 LE 0,

THEN HBARE 007%(R=W),

SIm
SIm
SiM
SIm
81m
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3 x30,0 PEA 20
4 YEEXBSL(X) PEA 21
IF (YReY) 6,6,5 PEA 22
5 yYsyYR PEA 23
XEXR PEA 24
& IF (YL=Y) 8,8,7 PEA 28
7 Y=Yl PEA 26
XaXxL PEA 27
B IF (YwYPK) 14,14,12 PEA 28
9 IF (YReYPK) 11,10,10 PEA 29
10 X=XPK+DX+DX PEA 30
GO TO 2 PEA 31
11 XzXPK=DXwDX PEA 32
GO TO 2 PEA 33
12 YPK=Y PEA 34
XPKEX PEA 3§
13 CONTINUE PEA 36
14 RETURN PEA 37
END PEA 38
SUBROUTINE SIMPS(Q,R)EPS,HBAR,AREA,DEL,F) SIM 1
R AR R R AR A RN RA N R AR AR AAN N AR AR R AR AN AR AR RRRAR AN AR AR AR AR AR FRRAN AN ARSI M e
¢ 8Im 3
c PURPOSE SIm 4
c TO DETERMINE THE INTEGRAL OUF A FUNCTYION, F, FROM Q@ TU R, 8Im ]
c USING SIMPSON'S RULE, S1m 6
c DESCRIPTION OF PARAMETERS SIM 7
c ALL REAL SIm 8
c 0O = LOWER LIMIT DF INTEGRAL 81m 9
c R = UPPER LIMIT UF INTEGRAL SIM 10
, C EPS = DESIRED ACCURACY 314 11
o HBAR = MINIMUM DIVISION QOF THE INTERVAL SIM 12
o AREA o CUMPUTED VALUE OF INTEGRAL BETWEEN @ AND R 31 13
c PEL = COMPUTED ESTIMATE UF ERROR SIM 14
o Feo THE INTEGRAND (FUNCTIUN REFERENCE) 31 18
c ME THOD Sin 16
¢ 17
c
C
c
¢
c
c
c

!}

HER=Q

IF (H) 141,82
AREAZ0,0
DEL=0,0

G0 10 10

C R MUST BE GREATER THAN @

2

8Psy,0E3S
$3%0,0

SIBF (Q)+F (R)

IF (nBAR) 3,3,4
HBAKS0,007%H
8280,0

XU+, SuN
S2x32¢4,02F (X)
XBX+H

IF (X=R) 5.5,6
SCo(81+492+83)wHu0,16666667

AR AR R KRN AR RA R AR R AR A AR AR R AR AR AR AN A AR AN AN RRARR AN A ARNR AR AR AN RN RARS M

SIm
SIm
SIim
SIm
Sim
SImM
Sim
Slm
31M
SImM
Sim
SIm
SIM
S
1M
Sim
S
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TABLE 8.2.—Lusting of programs for constant discharge from a fully penetrating well of finite diameter—Continued .

DEL®0, 066666667 %x(5P=8C) SIm 42

IF (ABS(DEL)=ABS(EP3S%S8C)) 7.,8,8 8Im 43

7 AREAaSCeDEL 8IM 44

GO TO 10 SIM 45

8 833883+0,5%32 SIM  4s
HE0,5%H 8Im 47

IF (H=HBAR) 7,9,9 SIM 48

9 §PeSC SIM 49

GL 1O 4 8Im 590

10 RETURN SImM 81
END SIM S2e
SUBRUUTINE JYC(X,J0,Y0) Jyo 1
C*‘t**ﬁ**.****ﬁ**ﬁ*tﬁ**iﬁ*'*ﬁ*t**tﬁ*t!ﬁ***ﬁﬂi‘.ﬁ*.**i*ﬁ‘ﬁﬁ****'*tﬁ*ﬁ*ﬂti*«'vo 2
JYO 3

c PURPOSE JYo 4
c COMPUTES BESSEL FUNCTIUNS OF THE FIRST AND SECOND KIND, JYO 5
c ZERO ORDER, FOR PUSITIVE ARGUMENTS, JYO ]
c SEE NBS AMS8 55, P, 369370, JYO 7
c DESCRIPTIUN OF PARAMETERS = ALL REAL JYO 8
c Xe ARGUMENT, ™MUST BE >0 JYO 9
c JO » RETURNED FUNCTION VALUE, JO()X) Jyge 10
c YO » RETURNED FUNCTION VALUE, YO(X) JYO i
c Jyo 12
CARMRKNARRANARRRA KRR RAR RN AR AR KRR NAAANR IR AN RN RRRARRRARRRRAR AR AR R Ak nJYO {3
REAL JO JYO 14

IF (X®3,0) 1,2,3 Jyo 1§

1 IF (X) 4,4,2 JYO 6

e Z8(0,33333333aX)nn Jyo 17
JOSY ,0mZa(2,2049999 2% (1,26562080Z%(0,3163866mZ%x(0,0444479=2%(0,00JY0 18
139444m0,00021%23)))) JYe 19

Y030,63661977TRALOG(O,SAXI&J0+0,36T46691+4Zx(0,60559366e2#(0,7435038JY0 20 .

L1UwZN(0,25300317mZn(0,04261214mZn(0,00427916w0,00024B46%2))))) Jyo 24
RETURN JYo 22

1 283,0/X% JYyg 23
FRO,797884S6mZhk(0,TTER6+Z%(0,0095274+Z%(0,00009512=Z%(0,00137237=2JY0 24
§%x(0,00072805=0,000144762%2)))1) JYo 2%
Pu0,78539816+Z%(0,04166397+Z#(0,00003954wZ*(0,00262573=Z%(0,000541JY0 26
1254Z%(0,00029333%0,00013558%2))))) Jyo 27
BeSURT(1,0/X) Jyo 28
JOBWAFxCOS(Xep) JYo 29
YORQRF S IN(Xwp) JYo 30

4 RETURN Jyo 31
END JYO 32w
SUBROUTINE JY1(X,J1,Y1) Jvi o
CRREAKRRE RN R AN AR AR AR AR A RN RN RARKRRARAARA R RARNRANKARAR R AR AR R ARk h ek nJY ] 2
c Jyiy 3
C PURPOSE Jrg 4
C CUOMPUTES BESSEL FUNCTIONS OF THE FIRST AND SECUND KIND, Jyi 5
c FIRST URDER, FOR POSITIVE ARGUMENTS, Jyi &
C SEE NBS AMS 58, P, 370, Jyi 7
c DESCRIPTION OF PARAMETERS » ALL REAL Jyi 8
[ Xw ARGUMENT, MUST HE >0 JY! 9
c Ji = RETURNED FUNCTION VALUE, J1(X) Jyir 10
c Y} = RETURNED FUNCTIUON VALUE, Y1(X) Jryt 11
c Jri  té
c***ﬁ**t****iiittﬁt'**ii't*t**i**ﬁ*i*itti*ﬁtﬁtt***'i*ii***ﬂtiﬁit*ﬁ*'*t**JYl 13
REAL J1 JYyt {4

IF (X=3,0) 1,42,3 JYyy 1§

{ IF (X) 4,4,2 Jyy 16

2 I2(0,33333333a4X) 42 Jyi 17
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1Z%(0,00031761m0,00001109%2))))))

3

4

JIBXH (0,52 (0,562499882Zn(0,21093573wZ%(0,03954289»Z%(0,00443319eJY}

AR

Y120,6366197TwALOG(0,SeX)*J1+(w0,0636619842Z%(0,2212091+2Z%(2,1682709JY1

RETURN
I83,0/X

1wZ%(1,3164827m2%(0,31239510Z#(0,0400976=0,00278734Z)1))))/X

Jyi
Jys
Jyy

Fap,797884564¢Zw(0,156EwS+Zu(0,01659667+42%(0,000171052Z%(0,00249513JY1}

122#(0,00113653«0,0002003342)3)))

Jyy

PRO,TBS39816m7%(0,124996124Z%(0,0000565=2w(0,00637879=Zw(0,0007434JY1

18+4Z%(0,00079824w0,00029166%2)))))

GESART(1,0/X)
JISQaFaSIN(Xep)
Y18=QuF2COS(XwP)
RETURN

END

Jyi
JYt
JYy
Jyt
JY1
Jyi

AR AR AR AR R AR A NR AR AR AR KRN AR RN R AR R R R R A RN RRANRRARAANRARRRRN RN RN AR nF A

c
¢
¢
¢
¢
¢
¢
¢
¢
¢
¢
¢
¢
¢
c
c
c
c
¢
c
¢

PURPQSE

COMPUTES FUNCTION VALUES OF F(UW,ALPHA) =
PAPAROPULODS,I,8, AND COOPER,HoH,pJRyy 1967, DRAWDUWN IN
A WELL OF |LARGE DIAMETERS WATER RESOURCES RESEARCH, v, 3,

NO, 1, P, 241=244,

PRUGRAM BY 8,8,PAPADUPULOS,
INPUT DATA = ONE OR MORE GROUPS,

1 CARD = FQORMAT (E10,5)

EACH GROUP CUDED AS FOLLOWS

8 ® (ALPHA) = RWwa2aS/RCa%2 w RADIUS OF WELL (SCREEN
OR OPEN BORE IN AQUIFER) SQUARED % STORAGE
COEFFICIENT / RADIUS UF CASING (OVER INTERVAL UF
WwATER |LEVEL CHANGE) SOUARED,

1 CARD » FORMAT(16E%5,0)

U= 16 VALUES UF UW » RWwa2a8/(dxT+TIME) » RADIUS OF
PUMPED wELL SQUARED * STORAGE COEFFICIENT /
4 % TRANSMISSIVITY » TIME, IF LESS THAN ]6 DESIRED,
BLANK OR ZERO VALUES mMAY BE CODED FOR THME REST,
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
PEAK,8IMP,APEKE,EXBSL2,JYO0,JY) e MUST BE INCLUDED IN DECK,

FUA
FUA
Fua
FUA
FuA
Fua
Fua
Fua
FuA
FUA
Fua
Fua
Fua
FUA
FUA
Fua
FUA
Fua
FUA
FuA
FUA

KRR AR AR R AT AN RN AR R AR AR R AAN R AR A AN R AN NN NAANAR A AN RA RN RRRRAR AR A AR vk ke F A

F 4

~N v

COMMUN XPK, YPK
CUMMUON/PBLK/A,B
EXTERNAL EXBSLe
DIMENSION Ulis)
EPS8®0,0001

READ (S,313,enDB12) 8
IF (8) {,1.,2

READ (S7314) v

WRITE (6,15) 8§

DO 11 I=y,16

uney(l1)

IF (UW) 1454,3
B=0,25/7Uw

A=8+8

CALL APEKEC(EXRSL2)
CALL PEAK(EXHSL2)

IF (xPKw} ,0E=8) 4,5%,%
WRITE (6,16) UW,8,XPK,YPK
60 TO 14

IF (XPKw1,0EB) 7,7,6
WRITE (6,17) UN,;S,XPK,YPK
6U TO 11t
HEBARE0,007%XPK

FUA
Fua
FUA
Fua
FUA
FUA
Fua
Fua
Fua
Fua
Fua
FUA
Fua
FUA
FUA
Fua
Fua
FUA
Fia
Fua
FUa
FUA
FUA

18
19
20
el
22
23
24
25
26
v
28
29
30
31
AY-LJ

VOO N =W —
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CALL SIMPSCO0,0sXPK,EPS,HBAR, SUM,DEL,EX88L2) Fua

X233 XPK FUA
DX3XPK FUA

8 DX310,0%bX Fua
X{sX2 FUA
X28X1+DX FUA
YSEXBSLZ2(X2) Fua
HBAR=0,007#DX Fua

CALL SIMPS(X1,X2,EPS,HBAR, TRM,ERR,EXBSL2) FUA
JUMESUME TRM FUA
DELSDEL+ERR Fua

IF (X2m1,0E9) 9,10,10 FUA

9 YTR1,5707963/Xx24%4 FuUA

IF (ABS(Y=YT)/YTw0,5E=6) 10,8,8 FuA

10 ESTS0,52359878/X2%#3 FuA
SUMSSUMSEST FuA
FUNSB3,2422779%3x8x3UM FLIA

WRITE (6,18) UW,SUM,DEL,FUNS,XPK,YPK FUA

11 COMTINUE FUA

GO 10 FUA

12 STOP FUA

¢ FUA
13 FORMAT (E10,%5) Fua

14 FORMAT (16E5,0) FUA

1S FORMAT ('1','F(uUW,ALPHA) FOR ALPHAR!, 1PE1G4,S/7101,7X)'UW', 12X, VINTEFUA
{GRALY )SX, "INTEGRAL ERRORY ,SX, VF(UW,ALPHA) 1, 8X, ' X(PEAK)'p10X, 'Y(PEAFUA

TS RNANED! FUh

1o FORMAT (iH ,1PE14,7,9X,34HVALUES UF DUMMY VARIABLE TOD SMALL,IPE25FUA
1.7/1PELT,T) FUA

17 FORMAT (iH ,1PE14,7,9X,34HVALUES OF DUMMY VARIABLE TOO LARGE,{PE2SFUA
1.7T¢1PELT,T) Fua

18 FORMAT (in ,1PE14,5,1PSEL7,5) Fuh
END Fua
FUNCTION EXBSL2(X) (1-F]
C*itt*t*t*t*tttttiti*tﬁii**th***ititiiﬁ***ttﬁi**i**ﬁitttt*t*ﬁiﬁti*ﬁitii*ﬁaa
EB2

c PURPOSE £82
c COMPUTES VALUES OF THE INTEGRAND FOR F(UMW,ALPHA) ERn2
o DESCRIPTION OF PARAMETER EB2
c Xe HEAL = ARGUMENT OF INTEGRAND EB2
¢ E82
CRMNAR AR AR AN R AR AR AR R AR AR AN R AN AN R AR AR A RN R NRRRRANANR AN R R AR RNk AR xEB2
COMMON/PBLK/A,B £82

IF (X) 1,12 EB2

1 EX88L230, £82

60 10 8 EB2

2 IF (Xm{ E+7) 4s4,3 EB2

3 EXBSLR®L 5707963/ Xnnl £82

60 TO 8 £82

4 YuBaxXwx EB2

IF (Yw,01) 5,5,6 Ese

S FNUMBYwR(l,oYR( ,SaYw((1,/6,)noYx(1,724,)))) €82

G 10 7 EB2

& FNUMB] =EXP(mY) EB2

7 CALL JYO(X,BJ0.RYD) EB2
CaLbh JY1(x,8J1,8Y1) ER2
DENEBC(XNBIOmARBIL Jaw24 (XwBYOmARBY ) an2) aXund EB2
EXBSL23FPNUM/DEN EBR

8 RETURN EBe

END €82

471
48
49
50
51
52
53
54
55
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AR R AR RIRAN AN R RN R AR AR RANN AR RARRANNR IR RANRRNANRARRRANRNAAARA AN RN s FPA |
c FBA 2
c PURPQSE FBa 3
c COMPUTES FUNCTION VALUES OF F(BETA,ALPHMA) » THE SLUG TEST FBA ]
c FUNCTION = COOPER,H,H,,JR,, BREDEMDEFT,J,D,» AND PAPADOPULOS, FBA 5
c i.s.. 1967, RESPONSE OF A FINITE=DIAMETER WELL TOU AN FBA 6
¢ INSTANTANEQUS CHARGE OF WATERY WATER RESQURCES RESEARCH, FBA 7
C Y, 3, NO, 1, P, 263m269, FBA 8
c PROGRAM BY 8,8,PAPADOPULOS, FBaA 9
¢ INPUT DATA FBA 10
c 1 OR MORE CARDS = FORMAT(F{6,5) FBa i
¢ A = (ALPHA) = RWaw2#8/RCan2 e RADIUS OF WELL (SCREEN OR FBA {2
c OPEN BORE IN AQUIFER) SQUARED # STORAGE COEFFICIENT FBA 13
c / RADIUS OF CASING (OVER INTERVAL OF WATER LEVEL FBA 14
c CHANGE) SGUARED, FBA {5
¢ SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FBA 36
[ PRX,0JY0,DJY1,D8IMPS « MUST BE INCLUDED IN DECK FBA 17
c METHUD FBA 38
c THIS PROGRAM CALCULATES THE SLUG TEST FUNCTION, F(BETA,ALPHA), FBA 19
4 FOR VALUES OF BETA RANGING FROM 0,001 TO 1000,0 BY INCREMENTINGFBA 20
c BETA ACCORDING TU DATA ARRAY BB(I), AVERAGE CUMPUTATION TIME FBA 2%
c I8 ABOUT 30 SECONDS PER VALUE UF ALPHA ON IBM 360/15%, FBa 22
c FBa 23
CRRR AR AR RN R AR A RN R AR AN AN AR AR RRRANRANRANRANR DR AARRRRRRRANRANRR NNy FRA 24

DOUBLE PRECISION A,8,Plo2Z)EPBsY X1 ,X2,TERM,FAB,DATAN,DEL ,HBAR FBA 25

DIMENSION Z2(40), BB(39) FBA 26

COMMON A,8,P1 FBA 27

EXTERNAL PRX FBA 28

DATA ZZ/0,0¢0,1,Dw10,1,0=9,1,0%8,1,0=7,1,D0%6,},Dw5,1,Dné, FBA 29

1 14003,1,092,1,001,2,D%1,3,0%1,4,0y,5,0"1,6,D21,7,0~},8,D=y, FBA 30

@  9,Del,1,D%0,2,D00,3,D%0,4,D¢0,5,040,6,040,7,0¢0,8,040, FBA 31

3 9,0¢0,)1,0¢1,2,0¢1,3,D¢1,4,041,5,0%8,6,D¢1,7,0¢1,8,D¢1, FaA 32

4 9,0¢1,1,0¢2,1,250%2,1,5D¢2/ FBa 33

DATA BB/,008,,002s.008,4006ys008,,01s,02s,08,,06)e08501s02008,06s,FBA 34
18,0 0vRer 300ty Ser600TesBer9gpl0,420,930,540,+50,,604470,,80,+90,,1FBA 35

200,72004+400,,600,+800,,1000,/ FBA 36
PIE4 #DATANC],0D+00) FBa 37
EPS®0,0000) FBa 38

{ READ (5,6) A FBA 39
1F (A,LE,0,0) 6O TO 5 FBA 40
WRITE (6,7) A FeaA 41
WRITE (6,8) FBA 42
DO 4 I=1,39 FBA 43
BaBB(1) FBA 44
Y80,0 , Fea 45
DD 2 Lai,39 FBA 46
X1mZZ (L) Faa 47
XeslZ(L+1) FBA 4B
HBARSO, FBA 49
CALL DSIMPS(X},X2/EPS,HBAR, TERM,DEL,PRX) FBA 50
YEY+TERM FBA §1
IF (L,GT,20,AND,TERM,LT,EPS) GO TO 3 FBa 82

2 CONTINUE FBA 53

3 FABBG,*AxY/(PI¢P]) FBA 54

4 WRITE (6,9) B,FAB FBA 5%
GO TO % FBA %6

5 8TUF FBA §7

€ FBA 58
c FBA &9

6 FORMAT (F16,5) Feh 60

7 FORMAT ('14,04X,'F(BETA,ALPHA) FOR ALPHAS!,1PD9,2/) FBa 61

B FORMAT (101,53X,tBETAY, 13X, 'H/HO1/) FBA 62

9

FORMAT (' 1,51{X,1P08,2,10X,0PF6,4) FBA 63
) END FRA 6dU»
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

Continued

DOUBLE PRECISION FUNCTION PRX(X)

PURPQOSE

COMPUTE VALUES OF THE INTEGRAND FOR F(BETA,ALPHA)
DESCRIPTIUN OF PARAMETER
X = DOUBLE PRECISION w ARGUMENT OF INTEGRAND

AN RARAR R R AR KRR ARR AR R R RN RARRRAARRAARR AR N AR ARNRNR AR AR AR RRRANK A AN R R AR A AR RN

DOUBLE PRECISION AsB,PI XX, X,CpF1,F2,J0,Y00J1,Y¢
DOUBLE PRECISION DLOG,DSQGRT,DEXP

COMMON A,B,PI

XXSDSURT(AxX/B)

IF (X) 6,1.,2

§ PRXS(PI#®PI)/(16,%A%B)

GO T0 6

2 IF (X,LT,150,) GO TQ 3

PRX20,0
Gu TU 6

3 IF (xX,6T7,0,0001) GO TO 4
CaDEXP(5,772156649Dw01)/2,
FisPInxn(],=A)

FesXaDLOG(CHCrAaX/B) ¢4, %8B
PRXZB(BRPI«PIwNEXP{*X) )/ (Ax(Fi1xF+F2%F2))

GO 10 6

4 IF (XX,L7,80,) GO TD S
PRXE(PIWDEXP(wX)) /(2 AXXR(X+U ,#AXE))

GO To e

S CALL RJYO(XX,J0,Y0)
CALL DJYI(XXpJi,Y1)
Fis(XxaJ0w2 nAn]l)
FAR(XXnYQw2,%A®y])
PRXEDEXP(uX) /(X (FiaF1+F2%F2))

6 RETURN
END

SUBROUTINE DJYO(X,J0,Y0)
CRARARAARRARRRRARNR AR R AN R ANN AR N AR AR I AR A RR RN ARRRARN R AR RN AN Rkt arnD ]

PURPOSE

COMPUTES BESSEL FUNCTIONS OF THE FIRST AnD SECOND KIND,

ZERD QRDER, FOR POSITIVE ARGUMENTS,
DESCRIPTION OF PARAMETERS = ALL DOUBLE PRECISION

Xe ARGUMENT, MUST BE >0

JO = RETURNED FUNCTION vALUE, JO(X)

YO « RETURNED FUNCTION VALUE, YO(X)

PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
FRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRX
PRrRX
PRX
PRX
PRX
PRX
PRX

0Jo

bJo
DJo
DJo
DJo
DJo
pJo
bJo
DJo
DJo

AR RNE R R AR AN R A ANRR RN AR R R AR AR NA AN KRR AR AN RARAN RN AR R R AT ARk k vk JO

DOUBLE PRECISION Z,J0,Y0,F,P,Q,U,WyX,0L06,DC08,D8IN,DBART

IF (X=3,0) 1,2,3

1 IF (x) H,4,2
2 Ze(X/3,0)xn2

DJo
bJo
D40
DJO

JOu1,00Z%(2,2499997wZ2(1,2656208eZn(0,31638006mZn(0,0444479=Z(0,000J0
139444=0,0002142))) 1))

W (0,500) =X

DJo
pJo

Y030,636619T74DLUGCW)AJO®0,36746691+424(0,60559366mZn(0,74330384mZaDJQ

100,25300{{7wZw(0,04261214wZn(0,00427916%0,00024846%2)))))

RETURN
} Zw3,0/X

BJo
DJo
bJo

Fe0,79788u56eZa(0,770mb+Za(0,0055274+42%(0,000095120Z%(0,00137237«20J0
1#(0,00072805=0,00014476%2)))))
PE0,78539816+2%(0,04166397+Z%(0,00003954=2%(0,00262573=2#(0,0005480DJ0
12542%(0,00029333#0,000135%8%2)))))

bJo

DJoO

OB ATWVME NN
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Us(l,0D0)/x DJo 28
Q=DSQRT(U) DJo 29
JOBURF*DCUS(XwP) DJo 30
YORURFADIIN(XwP) DJO 3%
RETURN bJo 32
END DJO 33=
SUBRUUTINE DJIYI(X,J1,Y1) DJ1 i

AR R R AR R AR R R AN R AN R AR RN AN AR R R ANR AR R AR AR AR RARRR R AR AR I ARN AR AR w] ] e
DJ1 3

c PURPOSE 0J1 4
c COMPUTES BESSEL FUNCTIONS 0OF THE FIRST AND SECOND KIND, bJ} 5
o FIRST ORDER, FOR PUSITIVE ARGUMENTS, bJ1 6
c DESCRIPTIUN OF PARAMETERS = ALL DOURBLE PRECISION £J1 7
c Xe ARGUMENT, MUST BE >0 DJ1 8
c Ji = RETURNED FUNCTIUN VALUE, J1(X) DJ1 9
[ Y1 = RETURNED FUNCTION VALUE, YI(X) DJ1Y 10
C bJ1 14
AR AR AR R RN R R AR AR R R AR AR R R AR R R R AR AR R A TR RN ARR AN R ARRN AR AN AR AR A e kD J] 12
DOUBLE PRECISION XoJirY19Z,w,DL06,F,P,U,Q,080RT,D8Iv,0CUS DJ1 13

IF (x=3,0) §1,2,3 PJ1 14

1 IF (X) 4,4,2 bJ1 1%

2 Zs(X/3,0)xw2 bJl 16
JI8XK(0,5mZ%((0,56249985«7%(0,21093573mZn(0,03954289=Z2n (0, 0044331900 {7
12#2¢0,00031761«0,00001109%2)))))) DJY 18

we (0,500)eX DJI 19
Y120,636061977aDL0G(w)*Jie(m0 ,636619B¢2%(0,221209142%(2,1682709aZ%(DJ} 20
11,316U827«Z%(0,3123951wZ#(0,0400976=0,002787322))))))/X DJ1 2%
RETURN DJy 22

3 Z=3,0/X% DJd1 23
FRO, 7978845647 %(0,156Dw5¢Z#(0,016%59667+2%(0,00017405«Z%(0,002495110J1 24

’ 1#2%(0,00113653»0,00020033#2))))) DJ1 25
P30,78539816w2n(0,124996124Z%(0,0000565=Z4(0,00637879=22(0,0007434DJ1 26
18+42%(0,0007982um0,00029166%2))))) DJ1 27
us(i,000)/X DJl 28
e=D8RRT(U) DJt 29
JIBURF DS IN(XmP) DJY 30
YiseQuF#DCOS(X=P) DJt 3%
RETURN bJ1 32
END 0Jt 33e
SUBROUTINE DSIMPS(A,B,EP3,HBAR,AREA,DEL,F) D8l 1

R R RN AR R AR AN R R R R AN RRAR AR AR R R R AR A KRR AN AN AR ARARRAARARR A AR R AR R A kA n kDG 2
o D8I 3
c PURPOSE pal 4
[ TO DETERMINE THE INTEGRAL OF A FUNCTION, F, FROM A TU 8, DSl 5
c USING SIMPSON!S RULE, D81l 6
c DESCRIPTION UF PARAMETERS 08l 7
[« ALL DOUBLE PRECISIOUN LD 8
o A w LOKER LIMIT OF INTEGRAL b8l 9
c B « UPPER LIMIT OF INTEGRAL D81 1o
c EPS » DESIRED ACCURACY bsr i1
c HBAR = MINIMUM DIVISION OF THE INTERVAL Ds1 12
¢ AREA = COMPUTED VALUE OF INTEGRAL BETWEEN 4§ AND R 08I 13
c DEL = COMPUTED ESTIMATE UF ERRUR ps! 4
C Fm THE INTEGRAND (FUNCTION REFERENCE) D8I 15
c METHOD DSI 16
c USES SIMPSON!S RULE TO COMPUTE A SUM APPROXIMATING THE INTEGRALDSI 17
C USES INITIAL H=(BwA)/2, COMPUTES A SEQUENCE OF SUMS BY HALVING DSI 18
c H EACH TIME, COMPUTES ESTIMATE OF ERRDOR (DEL) A8 (PREV]IOUS PS8t 19
C SUM = CURRENT SUM)/15, COMPUTATION STOPS WHEN 1) HCHBAR, 081 20
C 2) ABS(DEL)CABS(EPS«CURRENT SUM), IF HBAR IS LE 0, 08I 2%
c THEN HBARN 007w (BwA), DSl 22
c D81 23
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TaBLE 9.2.—Listing of program to compute change in water level due to sudden injection of a slug of water into a well—

Continued

c'iii*tk*tﬁliittiﬁit*tt*ﬁ*lii'i*'*iiﬁﬁﬁ*'i*tii*ii*t*i*t*ﬁii**i**ﬁﬂ'tiiﬁﬁbsl

¢
4

AR AR RN AR RN R A AR R R AN R RN RN AR RN TN T RN KA NRARRNRA AR AR RN RARNARANRRAANAR

OO0 OO0O0O0O0O0

DOUBLE PRECISION W,MBAR,AREA,DEL,81,52/83,8C,5P,X,A,B,EPS,F,0ABS

AREA OF F FROM A TQ B,EPS IS DESIRED ACCURACY, HBAR THE MINIMUM
ALLOWABLE INTERVAL, DEL THE ESTIMATE OF THE ERROR

10

HaBwA

IF (H) 1,142
AREARQ, O
DEL®0,0

Go to 10

SP=i, 0035
8380,0

S1sF (A)+F(B)
IF (HBAR) 3,3,4
HBAR®O,007#M
8280,0

XSA¢(0 ,SaH
82382+4,0%F (X}
XaxX+H

IF (x=B) %,5,6

SCE(S1482+83)aHn0,16666666667

DEL®0,0666b60660667%(8P=8C)

IF (DABS(DEL)«DABS(EP3#S8C)) 7,8,8

AREABSCeDEL

60 70 10
$3883+0,5482
H'°|S.H

1¥ (HeMBAR) 7,9,9
SpaSC

GO 7O 4

RETURN

END

TABLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer

PURPOSE

COMPUTES CHANGES IN WATER LEVEL, H(R,T), IN RESPUNBE TO
VARYING DISCHARGE USING THE CONVOLUTION INTEGRAL FUR
LEAKY AQUIFERS = EW, 3 OF MOENCH,ALLEN,1971, GROUNDeWATER

FLUCTUATIONS IN RESPONSE TO ARBITRARY PUMPAGE: GROUND WATER,

V.9| NU‘Z'P.“'&.
INPUT DATA = ONE OR MORE GROUPS, EACH GROUP CODED A8 FOLLOWS
{1 CARD » FORMAT(2E10,5,4%X,11,5X,E10,5)
TBEGIN o SMALLEST VALUE OF TIME FOR QUTPUT,
TEND = LARGEST VALUE OF TIME POR QUTPUT,
I0 » INDICATES FORM OF DISCHARGE FUNCTION, G(T),
1021,2,3 REFER TO DISCHARGE FUNCTIONS IN

HANTUSH M, 8,

1964, HYDRAULICS OF WELLS IN CHOwW,

VEN TE, ED,y ADVANCES IN HYDROSCIENCE, VUL, 1%
ACADEMIC PRESS INC,, NEW YORK, P, 281s442,
101, OCT) IS AN EXPUNENTIAL FUNCTION, CASE A,
P, 343 OF HANTUSH,

10=2,

P

G(T) 18 A HYPERBOLIC FUNCTION, CASE B,
344 OF HANTUSH,

1683, G(T) I8 AN INVERSE SQUARE ROOT FUNCTION,
CASE C, P, 344 QF HANTUSH,

D81
D31
D81
D8]
081
D81
Ds1
D8}
D81
D8]
b8l
D81
081
D1}
ps1
bsl
D8l
D8l
b8l
bsI
WM
DSI
Ds1
DSI
DSl
081
P8l
D81
081
D81l

HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HETY
KRY
HRT
HRT
HRT
HRT
HRT
HRT
HRY
RRT
HRT
HRT
HRT
HRT

24
es
26
7
28
29
30
31
32
33
34
35
36
37
38
39
40

-
OO N NN & w iy

-
-

b e b e h n s
OB E WY

NN
WO
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TaBLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued

1Gmd, Q(T) I8 A FIFTHeDEGREE POLYNOMIAL,
1amS, Q(T) I8 A PIECEWISE LINEAR FUNCTION OF
TIME (EIGHT BEGMENTS),

QR e REFPERENCE DISCHARGE, ZERD QR BLANK FUR PROJECTION,

1 OR 4 CARDS, DEPENDING ON 10Q,

IF IGmi,2,3 » | CARD = FORMAT(3E10,3)
Q8T = EVENTUAL CONSTANT DISCHARGE,
DELTA « RATE PARAMETER,
TS8TAR e TIME PARAMETER,

IF 10m4 » { CARD =« FORMAT({6EL10,3)
AQC6) = & VALUES = THE POLYNOMIAL COEFFICIENTS

WITH A0 FIRST AND A% LAST,
IF 1G%S =« 4 CARDS « FORMAT(6EL0,3)

TICI) o ATCL),BICI),TI(T01) AT(1e1),BI(1¢1),181,3,5,7

PARAMETERS OF THE PIECEWISE (INEAR FUNCTION
(8 SEGMENTS), CODED 2 SEGMENTS PER CARD, FIRST

HRT
HRT
HRY
HRT
HRT
HRY
HRT
HRY
HRY
HRT
HRT
HRY
HRT
HRT
HRT
HRT

AND SECOND SEGMENTS (N FIRST CARD, THEN SEQUENTIALLY HRY

ON BUCCEEDING CARDS, EACH SEGMENT HAS THREE
PARAMETERS WHICH ARE IN CODING ORDER

TI » ENDING TIME OF THE SEGMENT,

Al = DISCHARGE AT BEGINNING QF SEGMENT,

Bl » RATE OF CHANGE IN DISCHARGE DURING S8EG,

THE DISCHARGE FUNCTION IN EACH SEGMENT HAS THE

FORM G(T) = AI(1)+BI(1)w(TwTI(I=1)), IF LESS THAN 8

SEGMENTS ARE NEEDED, BLANKS CAN BE CODED FOR
SUCCEEDING SEGMENTS,
€ OR MURE CARDS « FORMAT(4EL(QI)
R = RADJAL DISTANCE FRUM PUMPED WELL, BLANK OR ZERO
S8IGNALS PROGRAM A8 END TO GROUP OF DATA,
§ = S8TORAGE COUEFFICIENT
T o TRANSMISSIVITY
PM ® (P1/M!) e HYD, COND, OF CONFINING 8ED DIVIDED
BY THICKNESS OF CONFINING BED,
SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED
CONVOL,Q » MUST BE INCLUDED IN DECK,

AR RTRAARARRAR IR AN R R AR RANR R RN R A RN R R AN RN RN AR AR AR AR AR RANANRANRRAR AN
DIMENSION D(12),TEX(12),X(6),H(12,6)s08(12,06),CP(12),CT(L2)

DIMENSION HL((2),H2C12),G1(12),G2(12)

DIMENSION H3I(12),H4(12),03(12),u4(12)

COMMON AG(O),TI(9),AL(9),B1(9),Q3T,DELTA,TITAR

DATA CP/12»!  Ta!/,CT/71200 8 /Unt/,D/120 100wt/

DATA Hizigw! S('/,HR/12%'R,TIV/,01 /12! t/,G2/712%%Q(T) '/
DATA H3/12wn? SY/,HA/42%10(T)V /7, u3/71240 Q(TV/,04/82%0)/QRY Y/
DATA x/1.01.5;2.03.(5.'7'/

TIC(1)s0,

N850

READ (5,1B,END®YT) TBEGIN,TEND,IW,GR

IF (IQ.LT.4) READ (5,19) QST,DELTA,TSTAR

IF (1Q,EQ,4) READ (5,19) AgQ

IF (IW,EW,5) READ (5,19) (TICI),AI(I),BI(1),182,9)

WRITE (6,24)

READ (5,19) R,8,7T,PM

IF (R,EQ,0,) GO TO |

ASRWRXS/ (4, 2T)

BapPM/8

YSALOGLO(TBEGIN)

HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HMRT
HRT
HRT
HRT
HRT
HRT
HRT
HRY
HRY
HRY
HRT
HRT
HRT
HRTY
HRY
HRT
HRT
HRT
HRT
HRT
HRY
HRT
HRT
HRT
HRT
HRY
HRT
HRT
HRT
HRT
HRT
HRT
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TasLe 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued

IF (v) 3,5,4

Yay= 00}

Ga T0 5

Y=Y+, 001

JBEGINBY

YaALOGIO(TEND)

IF (Y) 6,8,7

YaYe 001}

GO TO 8

YysY+,001%

IENDRY

MIIENU=]IBEGINSI

IF (MyGT,12) M=212

DO 10 Ial,m

JEX(I)=IBEGINS]Iw]

YE10 *# (IBEGIN+]e])

PO 10 Jsi,6

TIME=X(J)wY

IF (QR,GY,0,) TIME=ZAxTIME

CALL CONVOL(TIME,A,B,N,]10,3UM)

IF (QR,GT,0,) GO TO 9
H(IsJ)BSUM/(12,5664nT)

R3(1,J)8Q(TIME,1Q)

60 TO 10

HCI,J)B3UM/QR

QS8(1,J)sQ(TIME,IQ)/0R

CONTINUE

KaM

IF (M,6T,6) Kub

IF (QR,GT,0,) GO TO 114

WRITE (6,20) A)B,(CPCI),0(1),IEXC(]),1I31,K)
WRITE (6,21) (HM1(1),H2C1),Q1C1),Q2(1),1I=1,K)
GO 10 12

WRITE (6925) AsBsQR,(CT(I)IDCI)IEX(T) 1B oK)
WRITE (&6,21) (H3C(I),H4(1),03(1),04(1),181,K)
DO 13 Jei,6

WRITE (6422) X(J)o(H(1,J),88(I,J),1I=1,K)
CONTINUE

IF (M LE,86) GN TO 2

KisKe}

IF (QR,GT.0,) GO TO t4

wRITE (6,23) (CPUIN),D(I),IEX(I),18K]),™)
WRITE (6,21) (HICI),HR(I),01C1),0G2(C1),1aK1,M)
GO T0 IS

WRITE (6426) (CTLI),DUI) IEX(I)  IBK] M)
WRITE (6s21) C(H3CI),RACI)},03(1),04(1),I8K]i,M)
DO 16 J=i,h

WRITE (6,22) X(J)o(H(I,J),)Q8(1,d),18K1,M)
CONTINUE

60 T0 @

$TOP

FORMAT (2E10,5,4X,11,5X,E10,9)
FORMAT (6£10,3)

HRT
HRY
MRT
HRY
HRT
HRT
HRT
HRTY
MRT
HRT
HRT
HRT
HRT
HRT
HRT
HRTY
HRT
HRT
HRY
HRT
HRT
HRT
HRT
MRT
HRYT
HRT
HRT
NRT
HRT
HRT
HMRT
HRT
HRT
HRTY
HRT
HRT
MRT
HRT
MRT
MRT
MRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
HRT
MRT

FORMAT (00, 'Rwa2W3/(4nTRANS)®) ,IPEL0,3,", XK'V /(SxB11)at,EL10,3/101HRTY

12XV T1,5%,6(2A4,12,9X))
FORMAY (! Y, ax,6(244,2X,2A491X))

HRT
HRT

107
108
109
{10
114
112
113
114
115
ite6
117
118
119
120
121
122
123
124
128
126
127
128
129
130
131
132
133
134
138
136
137
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TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS

TABLE 11.1.—Lusting of program to compute the convolution integral for a leaky aquifer—Continued

22 FURMAT (1 ' ,Fy,1,6(0PF8,3,1FE11.3))

23 FORMAT ('00,2x%,'T',5%,6(244,12,9X))

24 FORMAT (iH1)

25 FORMAT ('01,'Raw2a8/(UwTRANS)S' ) 1PEL10,3,%, Kt1/(SaBIY )=t ,E10,3,!,
{ORST E10, 371010, 1X, 47U ,4X,6(244,12,9X))

26 FORMAT (107,1x,01/0U0,4X,6(2A4,12,9X))

END
SUBROUTINE CONVOLITIME,A,B,N,1u,8Un)

PURPOSE

COMPUTES VALUES OF THE CONVOLUTION INTEGRAL FUR LEAKY

AQUIFERS, THE INTEGRAL 18, FROM 0 10 T, OF

QUTeTH)/TIaEXP(=A/T ' wBaT!)nDTH,
DESCRIPTIUN OF PARAMETERS

AyBySUM AKE REALj) NyIQ ARE INTEGER,

A ® Ran2x8/(4wT) » RADIAL DISTANCE SQUARED & STURAGE

COEFFICIENT / 4 # TRANSMISSIVITY,

B e P1/(SaM!) = HYD, COND, UF CONFINING HED DIVIDED BY
AQUIFER STORAGE CUEFFICIENT w THICKNESS OF CONF, BED,
N = NUMBER OF INCREMENTS FOR EACH INTERVAL OF THE SUM,

10 » INDICATES FURM OF DISCHARGE FUNCTION,
SUBROUTINES AND FUNCTION SUBPRUGRAMS REQUIRED
@
METHOD

APPROXIMATES INTEGRAL BY SUMMING THE TRAPEZOIDAL RULE APPLIED
TO A SEQUENCE OF SEGMENTS, LUWER LIMIT OF FIRST SEGMENT 8

PICKED AT POINT wHERE EXPONENT > w={00

L]
IF SUCH A PUINT DOES NOT EXIST (A%B > 2500) A FUNCTIUN VALUE
UF 0 I8 RETURNED, UPPER LIMIT a3 10 » LOWER LIMIT FUR EACH
SEGMENT, USES INCREMENT OF DELTA T!' & (UelL)/N WHERE N 18 THE
NUMBER OF INCREMENTS IN THE CALL, CEASES SUMMATIUN WHEN

EXPUONENT < w»{0Y ,

AR R R R RN AR AN R R R AR R R R RN AR A RAN AR AR RARR KRR AR KRR RR KRR RARR RNk Ak

REAL®#8 DSUM
REAL®G NEWTyNEWTP,NEWX ) NEWF
D3UME( D40

13%0

INITIAL T! COMPUTED FROM A,B
ABEARE

IF (AB,GE,2500,) GO TO 7

IF (B,61,0,) 6O TO 2

OLDT=:,ufwA

60 10 3
OLDTE(1,wSGRT(1,=AB/2500,))%50,/8
1F (ULDT,EQ,D,) GO TO 1§

INITIAL TeT!

OLDTPET IMEwDLDT
OLOXS=A/0OLDTwB*OLDT
OLDF=G(OLDTP, IQ) *EXP(DLOX) Z0LDT
END DF SUMMATION SEGMENT I8 10 TIMES THE BEGINNING
ENDT=Z10,%0LDT

IF (ENDT,LT.TIME) GU TO 5

1F (OLDT,GE,TIME) GO TO 7

1831

ENDTBTIME

HRT
KrT
HRT
HRT
HRT
HRT
HRT

CON
CON
CUN
CON
CUN
CON
CON
CON
CON
Cun
CON
CON
CON
CUN
CON
CON
CON
CON
COn
CUN
COUN
CON
CON
CON
CON
CON
CON
CON
CON
CON
CON
CON
CON
CUN
CON
CON
CON
CON
Cun
CON
CONn
CON
CUN
CON
CUN
CON
CON
CON
CuN
CUN

105

138
139
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142
143
l44e
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TasLe 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued

c DELTA T' I8 COMPUTED FROM LENGTH AND NUMBER UF INCREMENTS
S DELTS(ENDT=OLDTI/N
DO 6 lEi,N
¢ T! 18 INCREMENTED By DELTA T!
NEwTaOLDT+DELTY
NEWNXBwA/NEWTwBANEWT
c TERMINATES SUMMATION WHEN EXP(wA/T'eBaT!) € §,37E=dd
IF (NEWX LT,=101,) GO TO 7
NEWTPBTIMEwNEWT
NEWFEG(NEWTP, IQ)IWEXP (NEWX ) /NEWT
DSUMBDSUMe (NEWF $+OLDF)I*DELT
OLOTaENEWT
OLDFSNEWF
6 CONTINUE
IF (18,G67,0) 6O 10 7
¢ IF T! < T, BEGINS A NEW SEGMENT
60 TU 4
7 sSUMEDSUM/2,D+0
RETURN
END

FUNCTION Q(TIME,IQ)
Rk NN RA R R AR R AR AN AR AN AR AR AR RN R A RN A RN R AR RN R R RN AU RARRR AN

o PURPOSE

c COMPUTES THE DISCHARGE FUNCTION, Q(T)

c DESCRIPTIUN OF PARAMETERS

c TIME w» REAL o ELAPSED TIME SINCE BEGINNING OF DISCHARGE,

c 16 = INTEGER = INDICATES FORM OF DISCHARGE FUNCTION,

€ 16m1,2,3, CASES A,B,C, RESPECTIVELY, OF HANTUBH,M,8,,

¢ 1964, MYDRAULICS OF wELLS IN CHOW, VEN TE, ED,»

c ADVANCES IN HYDROSCIENCE, VvOL, 1t ACADEMIC PRESS,
c NEw YORK, P, 343,344,

c 1084, DISCHARGE I8 A FIFTH DEGREE POLYNOMIAL OF TIME,

c IusS, DISCHARGE IS A PIECEWISE LINEAR FUNCTION OF UP 10
c B SEGMENTS,

c METHOD

c FORTRAN EVALUATION DF FUNCTIOUNS,

c
¢

ARRAERRAR AR NNAA N R IR A RRNRNAN AR TR TR NA R A RA N AR RN RN R RANRRAARR R ARKARR AR RAR

COMMON AQ(O),TI(9),AI(9),B1(9),G8T,DELTA,TSTAR
6O TO (1,2,3,4,5), 10

1 OuQ8Tw (]}, +DELTAREXP(=TIME/TSTAR))
RETURN

2 OnQSYH (1 ,+DELTA/(1,+TIME/TETAR))
RETURN

3 OmQSTw (] ,¢DELTA/SQRT(1,+TIME/TSTAR))
RETURN

4 QAUCI)*TIMEN(AR(2)+TIMERCAQ(I)*TIMEN(AQCU)ITIMEX(AG(S)+TIME®AQ(S)
13)))
RETURN

S D0 6 I=2,9
IF (TIMELLE,TI(I)) GO TO 7

6 CONTINUE
=9

7 QuAICII+BICI)w(TIMETI(Iw]))
RETURN
END

GPO 689-143

CUN
CON
COnN
CON
CON
CON
CON
CONn
CuNn
CON
CUN
Cun
CON
CON
CON
CON
COnN

CON
CON
CUN

D00 RLIDOHOLOHCRLDLDCECELDDDED DR ERDRP DO O

51
52
s3
84
58
56
57
58
59

61
62
63
64
65
6b
87

68

70w
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