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Attachment 1. —Derivation of Selected Analytical
Solutions

Aquifer of infinite width and height with finite-width and finite-height solute source
Aquifer of finite width and height with finite-width and finite-height solute source
Aquifer of infinite width and height with continuous point source
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AQUIFER OF INFINITE WIDTH AND HEIGHT
WITH FINITE-WIDTH AND FINITE-HEIGHT
SOLUTE SOURCE

The following is a step-by-step derivation of the analytical solution for solute
transport in an aquifer of infinite length, width, and height containing a solute source
of finite width and finite height (patch source) in a steady flow field (eq. 121 in the text).

The governing three-dimensional solute-transport equation is

e . *C __dC _dC _aC
—_—— _+ __+ —— —— . .
p Dxaxz Dya > DZazz Vax \C (Al.1)

Boundary and initial conditions are

C=C,, x=0 and Y, < y<Y,

and Z, <z < Z, (Al.22)

C=0, x=0 and y<Y, or y>Y,
and z<Z, or z>7Z, (Al1.2b)
C(», v,z t)=0 (A1.3)
C (x, *x, z, t)=0 (Al.4)
©C(x,y, *, £)=0 (AL.5)
C& v,z 0=0 (Al1.6)

where

V is the velocity in x-direction,

Y,, is the y-coordinate of the lower limit of solute source,

Y, is the y-coordinate of the upper limit of solute source,

Z,, is the z-coordinate of the lower limit of solute source, and
Z, is the z-coordinate of the upper limit of solute source.

STEP 1.

To solve equation Al.1 for the patch source, first solve the partial differential
equation for solute transport in an aquifer with an instantaneous point source at the
inflow end (at x=0). The governing equations are identical, but the boundary condition
at x=0 (eq. Al.2) is rewritten as

C (0, y, z, t)=C, 8(y—y') 8(z—z) 3(t—t’) at x=0,

where

9 () is the dirac delta function,

y' and z’ are the coordinates of the point source, and

t’ is time at which the instantaneous point source starts and ends.

STEP 2:
A variable transformation is applied to remove the advective and solute-decay
terms, where

2.
c=C exp[—;;)x +ZDt+)\t]. (A1.7)
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The resulting transformed solute-transport equation and boundary and initial
conditions are

de__ % &e ac

=D, 2+Dyay2+D
c(o,y,2z t)=C, eXpD;t ]S(y—y’) 3(z—z") 8(t—t") (A1.8)
¢ (o, y, z, t)=0 (Al1.9)
e (x, *x, z, t)=0 (A1.10)
¢ (x,y, =, t)=0 (Al.11)
cx,vy,z 0=0 (Al1.12)

STEP 3.
The x-derivative term is removed by applying the Fourier sine transform, defined by
Churchill (1972, p. 401402) as

S [Fx)]=F (a)= J’ mF(x) sin (ax) dx (A1.13)
with inverse
-1 & 2 * = .
S [F@I=F=2 | F (o) sin (ax) da (AL14)
and with an operational property
2
s[d ;;(ZX)] = —a?F +aF(0), (A1.15)

where F(0) is the function evaluated at x=0. The transformed equation and boundary
and initial conditions are

§§+a Di- DYG; D"’ZS « D,C, exp[Z;i ]B(y—y’) 8(z—2) 3(t—t)=0 (AL16)
¢ (o, =, z, t)=0 (A1.17)
& (o, 3, =, £)=0 (AL18)
& (o, ¥, 7, 0)=0. (A1.19)

STEP 4:
The y-derivative is removed by applying the exponential Fourier transform, defined
by Churchill (1972, p. 384-385) as

E 6@)1=G®=] GG exp [-iy] dy (A1.20)

with inverse

B~ [G@)=C)=gs] G(®) exp [-iBy] dp (AL2D)

and with an operational property
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d2G<y>]
E[ dy2 [3 G(B) (A1.22)

where i=\/—1. The transformed equation and boundary and initial conditions are

2— 2
a—+oL D c+Bch DZ 2 —-a D,C, exp[Vt ]

at 4D,
[ e 3y —y") 8(z—2") B(t—t’) dy=0 (A1.23)

Z (o, B, =, £)=0 (A1.24)

€ (a, B, z, 0)=0. (A1.25)

STEP 5.

The exponential Fourier transform is applied again to remove the z-derivative. Also,
by definition, the integral of a function multiplied by the dirac delta function (last term
in eq. A1.23) is equal to the function evaluated at the coordinate of the point source;
that is

J FEB¥E—-xNdx=F(x’). (Al.26)

Thus, the transformed equation and initial condition are given by

d= 2 2 2 } |:V2t s /}. =
dt ( D,+B°D,+vy°D a D,C, exp aD. iyz' {*8(t—t")=0 (A1.27)
@ (a, B, v, 0)=0. (A1.28)

STEP é6: _
The transformed ordinary differential equation is solved for ¢ using an integrating
factor; that is, given a differential equation of the form

W, gw=h(t), (A1.29)
the solution is given by
p(t)
W= f p() h) dr+ w5, (A1.30)
where the integrating factor p(t) is given by
p®)=exp[[g(v)dr]. (Al1.31)

Applied to equation A1.27, this yields

aD,C, exp[—iBy’—iyz'] [ 2 2
= +p%D, +
exp[otszt+ BZDyt+,y2DZt]f0 eXp a Dx B D}; ’Y 4D

ol

}1’ 8(t—t') dr.(A1.32)

Integrating equation Al1.32 and grouping like terms gives ——

_ 2
=aD,C, exp[v +)\t’—asz(t-—t’)—iBy’—BZDy(t—t')—iyz’—'yzDz(t—t’)]. (A1.33)
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STEP 7
The inverse Fourier sine transform (eq. Al1.14) is applied to remove the a term; that
is

241

¢=D,C, exp[v +)\t’—i[3y’—BZDy(t—t’)—i'yz'-'yzDz(t—t’)]

4D,

. s—l{a exp[—asz(t—t’)]} . (A1.34)
From a table of inverse Fourier sine transforms given in Churchill (1972, p. 424, eq.
D.1.26)

ool ()
S7 a exp| —ax —mxp T ) (A1.35)
Applied to equation A1.35, this yields
= Vzt‘, s ’ 2 ' S ! 2 '
¢ =C, exp D +\t/ =By’ —B"D, (t—t")—iyz' -y D, (t-t")
X -x2 ]

. e . Al.3

2(t—t")\/7D(t—t) exP[4Dx(t—t’) (A1.36)

STEP 8:
The inverse exponential Fourier transform (eq. A1.21) is applied to remove the B
terms; that is

c= COX Vzt, 1 2 X2 <y 2 4 :|
¢~ 2(t-t) /D -t expLDme D) Y D,(t—t")
.E_l . 2 ,
exp| —iBy’—B® D,y (t—t) |f. (A1.37)

Multiplying through by 2Y7Dy(t—t)
2/mD, (t—t)

and using the shift theorem (Churchill, 1972, p. 471, eq. C.1.5) given by
E Y{expliaBlG(B)|=G(y+a) (A1.38)

and equation C.1.20 from the table of inverse exponential Fourier transforms
(Churehill, 1972, p. 472) given by

E~Y2v/ma exp[—aBZ]}=exp[_4ﬁa] , (Al1.39)

yields

- _ Cox I:V_Ztl r__ x2 S’ a2 _ /:| [_ (y_y’)z :|
c—4————w(t_t,)2\/mexp D +at AD(t—t) iyz' —y“D,(t—t') | *exp 4—_Dy(t—t’) . (Al40)

p.9
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STEP 9:
Next multiply through by 2_1//_% and apply the inverse exponential Fourier
D (t—
transform (eq. A1.21) to remover the y terms; that is
_ C.x Vi , x2 (y—y')? ]
=8 9 (g o2 \/DXDYDZ"""LDXJ”‘t D (t—t) 4D,t—t)

. E'1{2\/tz(t—t’)exp[—iyz’ —-yzDZ(t—t’)ﬂ . (Al1.41)

Applying the shift theorem and inverse transform (eqs. A1.38 and A1.39) yields

COX I:V2tr x2 (y_yl)Z (z—z’)2

g sE(g—t')o2 \/DnyDzexp +At'— ] . (Al.42)

4D, 4D,(t—t") 4Dy(t—t) 4D,(t—t)

STEP 10:
The transformed variable is converted back from ¢ to C by multiplying both sides of
equation Al.42 by

(see eq. Al.7) to yield the analytical solution to the solute-transport equation for an
nstantaneous point source

Cox VAt-t) N VX x2
C_81'r T t—t) " \/DnyDZeXP[_ 4D, At—t )+2Dx D)
G-y)? __@-z) ]
D, (t—t) 4D t—t)|" (A1.43)
STEP 11:

The equation for an instantaneous line source of finite length along the y-axis is
derived by integrating equation A1.43 from y'=Y, to y'=Y,; that is

_ Cox CVEE-t) L Vx xP @z’ }
C= g (—py" vD,D,D," [ ., MYn D) 4Dt
~fY2exp|:——(Xﬁ]dy’. (Al.44)
- 4D, (t—t")

The integral in equation Al.44 can be found in a table of integrals by Abramowitz and
Stegun (1964, p. 303, eq. 7.4.32) given as

2_ -
fexp[—(ax2+2bx+c)]dx=%\/gexp[b aac]°erl(\/ax+</b—5)+c, (AL45)

where erf(x) is the error function, and C is an arbitrary constant. Letting

Y

1 -
X:y” T]=4Dy(t_t,), a':ﬁ’ bz?y, and c:;’

the integral in equation A1.44 can be simplified to
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\/ﬁ{erf(Yz—y) erf(Yl—y)}
I= 2 V) L Al.46
2 vn Vv ( :
or

=TS _u_]_ [_Y—y_]}

I ‘\/’ITDy(t t){erfc[z\/D—y(t—__‘t—,) erfe 2\/ﬁ—y(t——t3 y (A1.47)

where erfc is the complementary error function, 1- erf(x); thus, the analytical solution
for an instantaneous line source is given by

B C.x VE(t—t) . Vx X2 (z—2z')? ]
C_Sw(t—t')“\/DxD;xP[ ap, MOt T —t) 4D&-t)

. Y-y }_ [ Yoy ]}

{erfc[Z\/Dy(t—t’) erfe 2\/Dy(t—t’) . (A1.48)
STEP 12:

The z' terms in equation Al.44 are integrated similarly from z'=Z, to z'=Z, to
obtain the solution for an instantaneous patch source using equation A1.47; that is

- Cox VEA-t) o VX <2 ]{ [ Y-y ]
OV -t ex‘)[ PR XY § Ll Py =)
- _—YL——___Y_]}.{ [_Zl__z__]_ { Z,—z ]}
erfc[zx/Dy(t—-t') ertel D) lavD, -t ) (A1.49)
STEP 13:

To derive a solution for a continuous patch source, integrate equation Al1.49 from
t'=0 to t'=t. To simplify the integration, let 7=(t—t’) and dr=—dt’; that is

C.x exp [VX

ZDJ jt -3/

VZr x? Y,-y) Yo—-y)
C=—__ " | exp[— —\7— ]°{erfc[—~l= —erfe| —=—
8v/mD, o 4D, 4D, 7 2V/Dy7 2\/Dy1

. Z-2| [ (@Zs:-2)
{erfc[z——\/D—zTJ erfc[2 \/B}]}dm (A1.50)

Equation A1.50 is identical to equation 121a in the text. The integral in the solution
could not easily be simplified further and must be evaluated numerically.
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AQUIFER OF FINITE WIDTH AND HEIGHT .
WITH FINITE-WIDTH AND FINITE-HEIGHT
SOLUTE SOURCE

The following is a step-by-step derivation of the analytical solution for solute
transport in an aquifer of infinite length and finite width and height containing a solute
souree of finite width and finite height (patch source) in a steady flow field (eq. 114 in
the text).

The governing three-dimensional solute-transport equation is
aC #C . ¥C. 2C aC

=Dy 5+ Dzt Digz— Vo -AC. (A1.51)

Boundary and initial conditions are

C(o,y,z t)=C,, forY,<y<Y,
7,<z<Z, (Al1.52)

C (o, y, z, =0, for y<Y, or y>Y,
z<Z, or z>Z,

c, -0, y=0,y=W (A1.53)
5
c, =0, 2=0,2=H (A1.54) .
aC_ _
¢, Lo, x=w (AL.55)
C (x, y, z, 0)=0, (A1.56)

where

V is the velocity in x-direction,

Y, is the y-coordinate of the lower limit of solute source,
Y. is the y-coordinate of the upper limit of solute source,
Z, is the z-coordinate of the lower limit of solute source,
Z, is the z-coordinate of the upper limit of solute source,
W is the aquifer width, and

H is the aquifer height.

STEP 1:
To solve equation A1.51 for the patch source, a variable transformation is applied to
remove the advective and solute-decay terms, where

2
e=C exp[ 2\8( ZDt ] (A1.57)

The resulting transformed solute-transport equation and boundary and initial

conditions are ‘

ac ac e 620
2Dyay2
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2
¢ (o, y, z, t)=C, exp[V t

]’ for Y,<y<Y,

4D,
7.,<z<Z, (A1.58)
o o _o0, y=

& oy~ YO y=W (A1.59)
¢, ‘;C 0, 2z=0,z=H (A1.60)
e, = x=0 (A1.61)

1ex '
c(x,y, z, 0)=0. (A1.62)

STEP 2:
The x-derivative term is removed by applying the Fourier sine transform as defined by
Churchill (1972, p. 401-402); that is

S [F(x)]=F(e)= f “F(x) sin (ax) dx (A1.63)

with inverse

S (@)]=F®)= 2 Fa sin («x) da (AL64)
and with an operational property

2
S[%%’Q]=—azﬁ+a14‘(0), (A1.65)

where F(0) is the function evaluated at x=0. The transformed equation and boundary
and initial conditions are

ac 3% ac
—+0LDc D,—

3t voy2 Digz@Dx ¢ (0, y, 2, H=0 (A1.66)
dc_ PO

g, @—0 y=0, y=W (A1.67)
a—az = =

¢ 5% 0 z=0, z=H (A1.68)

¢ (o, y, z, 0)=0, (A1.69)

where ¢ (0, y, z, t) is the patch source boundary condition specified in equation A1.58.
STEP 3:

The y-derivative is removed by applying the finite Fourier cosine transform as
defined by Churchill (1972, p. 354-356); that is

— W
F[G(y)]=Gm)= j G(y) cos (n—{;’vl)dy (A1.70)



with inverse .

F. ' [Gm)= G(y)—G(O) 22(}() os( ) (AL.T1)

and with an operational property

de(y)] 4G G 2=
F[ dy2 (- 1) w dy 1o TVZ—G (A1.72)

The transformed equation and boundary and initial conditions are

o=

%§+a2DXE+nZDy?—DZZ7‘;—aDX jwc ©,y, z, t) cos (ny) dy=0  (ALT3)
T, —=0, z=0,z=H (A1.74)
¢ (o, 1, z, 0)=0. (A1.75)
where ﬂ=%-

STEP }:
The finite Fourier cosine transform is applied again to remove the z-derivative. Note
that when equation A1.58 is used to define the patch source boundary term, the ’
integral in equation A1.73 has a nonzero value only over the interval from Y, to Y, and
from Z, to Z,. Thus, the transformed equation and initial condition are given by

de 2 2 2 )= [Vzt ] Za Yz -
dt ( D,+n°D,+{"*D aD,C, exp aD, onlecos(ny) cos({z)dy dz=0 (A1.76)

% (a, n, m, 0)=0, (ALTD
where gz%ﬁ.

STEP s: _
The transformed ordinary differential equation is solved for € using an integrating
factor (see eqs. A1.29 to A1.31); that is

2

aD,C,L,, o \% ]
S t]f exp[ D+n'Dy+E*Dt oA [rrdr,  (ALTS)

expla®D,t+m°Dyt+ ¢

%:
where
Zz (Y,
L, = f j cos(ny) cos({z) dy dz.
Z,’ Y,
Integrating equation A1.78 over time gives

aD,C,l,,

2.
= 72 {expliZDt + )\t] —exp[ ~a?D,t—n*Dyt— §2th]}. (A1.79)
(aZDx+n2Dy+§2Dz+4D +§ x

X

oll
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STEP 6:
The inverse Fourier sine transform (eq. A1.64) is applied to remove the o term; that
is

2

c=C,L,, exp[ZDt + M;]S' !

—exp[—'nszt— Lzth]S_1 (A1.80)

The first inverse transform can be evaluated using equation D.1.16 in the table of
inverse Fourier sine transforms in Churchill (1972, p. 474), where

S‘l[a2:b2]=exp(—bx). (AL81)

Unfortunately, the second inverse transform cannot be found in the tables. Instead, it
can be determined by performing the integration as defined in equation A1.64, where

S_l[[aexp[—aaz]]_2 r aexpl—aa’]

i el e e

sin axda. (A1.82)

The integral in equation A1.82 is given in Gradshteyn and Ryzhik (1980, p. 497, eq.
3.954); that is

I=- —exp[abz]{2smh(xb)+exp[ xb]erl{b\/ \/] exp[xb]erf[b\/a+7]}, (A1.83)

where sinh(xb) is the hyperbolic sine. When written in terms of the complementary
error function, erfe, the inverse Fourier sine transform can be written as

S_l[aexp[—aaz]]

%exp[abz]{exp[ xb]erfc[b\/a——-]

o®+b? 2V/
—exp[xb]erfc[ b\/a+ 5v/a ]} (Al1.84)
§2D V2 12
Letting a=D,t and b= ( D +=—= D, 2t —— D2 D ) , equation A1.80 can be evaluated as

= V& Bx] 1 [Vzt Bx] [Bt x]
c‘C°IZY{‘°’X"[4D 2D 27°Pl4D 2. || 2vDt

1 [va Bx] [Bt+x ]}
+§eXp[4D 2D, 1 2D (AL85)

where B=[V?+4D,(\+7?D,+{*D,)]"”. The second term in equation A1.85 can be
rewritten using the identity erfc (—x)=2—erfc(x) to cancel the first term, yielding
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L, [V& —Bx] [x Bt] [Bx] [x+[3t ]}
C"_2X'3""[41Dx ]{e"p[sz erfe o b.t) o0 ap [ sy (L8O

STEP 7:

The inverse finite Fourier cosine transform (eq. A1.71) is applied to remove the n
terms; that is

oll
]

é:

c
W L WZC(n)cos(ny) (A1.87)

Integrals involving n in the term I, are also evaluated at this point to give

o (Y- V3 -yt
c=C( 2 1)f cos(@z)dz*exp[ 1D, Hexp[ 21; ]erfc[z)i/g—xt]

vt (1, G, oY) —sin(nY
+exp[2§ ]erfc[gi/g t]}+W cos(gz)dz Zl[sm(’ﬂ z)nsm(n 1)]

V3t
-cos(ny)exp[ iD, Hexp[ 28 }erf [2 \/S t]+ XP[Z%(] rfc [2}:/’-1? t]} (A1.88)
1

where
y=[V2+4D,(\ +{ZD)]*2.

STEP s:
Apply the inverse finite Fourier cosine transform to remove the m terms; that is

G| (Wu-Y)| @-2Zp] [V, ]{ [m] [x—mt]
”2[ W ][ 0 ]e"pLDx'“ °*P| 2D, |2 Dt

x+ot zz—zl) = [sin(nYz)—sin(nYl)]
+eXp[2D ]eﬁc[zx/DTt]} +C°( ) - cos my

n=1

V2t € Xx+et
'expLDx ]{exp[zD Je"f [ZVD t]“xp{zn ]e"f [2\/D t]}

. CO(YZWY )Z [sm(;zzin sm(gzl)] cos((2)

m=1

. o 3 2 el 5 o
exp[ iD. +At [ exp 2D erfe 3vDt +exp D erfe 2Dt

+ac, i [sin(gZz)—-sin(gzl):'coscz.i [ sin(nY,) —sin(nYl)]cos ()
m=1 n

mr | nw
V2t [3] [x Bt | [B ] [X+Bt]}
exp[ iD, ]{exp[ZD erfe avD.L) +exp 2D erfe VX (A1.89)
where w=(V2+4\D,)"2

and e=[V?+4D,(\+7*D)]"2.
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STEP 9:
Multiply both sides of equation A1.90 by

Vx V&% ]
exp[sz— 4Dx—)\t

to convert the transformed variable ¢ back to C (see eq. Al1.57) which yields

G, (YZ—YI)][(ZZ—ZI)]{ [x(v—w)] [x—wt] [x(vm)] [x+wt ]}
c—z[ W H exp 2D erfe 2Dt +exp 2D, erfc VDt

(Zo—Z) <[ sin(nY,)—sin(nY,)
+C, 2H 1;[ 2 1

]cosmy)

nmw

x(v—e) x—et x(v+e) x+et
'{exP[ 2D, ]e"fc[zvﬁ,j]“x"[ 2D, }erfc[Z\/D—xt]}

(Y,-Y)~ [sin(gzz)—sin(gzl)
+C, W mz=l

]cos(@z)

mm

. X(v—") x—vt x(v+y) X+t }}
{exp[ 2D, }er‘fc[2 \/D_,J;]+exP[ 2D, ]erfc[2 \/—'E

+ac, z [sin(CZZ:; :in(gzl)]cos 2 Z [sin(nYz) —sin(nYl)]cos )
m=1

n
n=1 1T

- —Bt + +Bt
. {exp[x(;DxB)]erfc[ Z)i/lg_xt] + exp[x(;DxB)]erfc[ Z)i/lg—xt]}’ (A1.90)

Equation A1.90 represents a final form of the analytical soltuion for the patch source.

Tt can also be written in a form similar to that of Cleary and Ungs (1978, p. 24-25) and
equation 114 in the text; that is

C=COZ ZLmnOmPn cos({z) cos(ny)

m=0n=0 .
x(v—B)] [x—st] [x(vﬂﬂ [X+Bt ]}
. |+ — .
{ex"[ 2D, |V an, [T el -
where e m=0, and n=0
1 m=0, and n>0
L,,=<1 m>0, and n=0
2 m>0, and n>0
*Z Z
2]:[ 1 m=0
Om_< . .
K[[sm (ger)n;sm (;Zl)] >0
(v,-Y
2W 1 n=0
Pn=< . )
\ [sm (nY,)—sin (nYl)] >0

nw

75
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AQUIFER OF INFINITE WIDTH AND HEIGHT
WITH CONTINUOUS POINT SOURCE

The following is a step-by-step derivation of the analytical solution for solute
transport in an aquifer of infinite length, width, and height containing a continuous
point solute source injecting solute with a concentration C, at a rate Q in a steady flow
field (eq. 105 in the text).

The governing three-dimensional solute-transport equation is

2 2 2
4C_, #C, o FC aC V&_h0+9_c SE-X)8y-Y)8z-2Z). (A1.92)

Bt a ax2 Dyayz
Boundary and initial conditions are
C, =0,  x=tw (A1.93)
C, %= , Y=o (A1.94)
C, =0, =2 (A1.95)
Ckxy,z 00=0 (A1.96)

where
V is the velocity in x-direction,
Qdt C, is the mass of solute injected into aquifer over the time period dt,
n is the aquifer porosity,
X,,Y.,Z, are the coordinates of the point source, and
3( ) is the dirac delta function.

STEP 1:

To solve equation A1.91 for the continuous point source, first solve the partial
differential equation for solute transport in an aquifer with an instantaneous point
source. The governing equation is rewritten as

2 2 2
aC_ 9 C +D C 8 C VaC )‘c"'th

RD yy2 x

where t' is time at which the instantaneous point source starts and ends. Boundary
conditions remain the same.

Cod(x—X)8(y—Y)8(z—Z)d(t~t"), (A1.97)

STEP 2.
A variable transformation is applied to remove the advective and solute-decay
terms, where

2
vt ] (A1.98)

\%
C C exp[—£+ﬁ+)\t

The resulting transformed solute-transport equation and boundary and initial
conditions are
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T e R A
«8(x—X)8(y~ Y )8(z—Z)d(t—t") (A1.99)
¢, X0, X=+00 (A1.100)
c, g—;=0, Y=o (A1.101)
¢, %=, z=o0 (A1.102)
¢ (x, 7y, z, 0)=0 (A1.103)

STEP 3.
The x-derivative term is removed by applying the exponential Fourier transform as
defined by Churchill (1972, p. 384-385); that is

E[F®)]=Fa)= ffmF(x)exp[—iax]dx (A1.104)

with inverse

E[F@)=F&)=ps|  Faexpliaxlda (AL.105)

and with an operational property

d°F -
E[ (zx)}=-a2F(a), (A1.106)
dx
where i=/—1. The y- and z-derivatives can be removed similarly yielding the
transformed equation and initial condition

T N I (LRI
+[a D,+p°D,+y°D, |c o C exp +At f_wf—mf_mexp iox 2D, iBy—ivyz

at 4D,
3(x-X)8(y-Y)8(z—Z)8(t~t")dx dy dz=0 (A1.107)
T (o, B, v, 0)=0. (A1.108)

By definition, the integral of a function multiplied by the dirac delta function (last term
in eq. A1.107) is equal to the function evaluated at the coordinate of the point source.
Thus, the transformed equation is given by

g_—? 2 2 2 E_% |:V2t 3 _VXc : 3 :I Yy —
dt+((! D,+B"D,+y"D,)ec = C.exp 4DX+M iaX, 2D, iBY . —iyZ, 3(t—t")=0(A1.109)
STEP 4:

The transformed ordinary differential equation is solved for ¢ using an integrating
factor (see eqs. Al.29 to A1.31); that is
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%Coexp[—iaXC—VXC—iBYc—iyZC]
L 2D, ex [aZD +8%D
exp(oDt+B2D, t+v7D,t] SR ¢ TR Yy

c=

ery L V7 ]
+ ——+\ [ord(r—t")dr.
¥“D,+ 1D, A [o7d(r—t")dr

(A1.110)
Integrating equation A1.110 and grouping like terms gives

241

=thco p[ZDt +)\t’—iaXc—Z§°—a2Dx(t—t’)—iBYc—Bsz(t—t’)—i'ch

olll

—yzDz(t—t')}.

(Al1.111)
STEP 5:

The inverse exponential Fourier transform (eq. A1.105) is applied three times to
remove the «, B, and vy terms; that is

_Qdt . [V“’t’. ,_ch}, { [_. oDt ]}
== _~Coexp 4Dx'M 2D, E™{exp| —iaX.—a“D,(t—t")

°E’l{exp[—iBYc—Bsz(t—t’)J}°E_1{exp[—i-ch—'yzDz(t—t’)]}.

(A1.112)
Multiplying through by
2\/wD,(t—t")s2\/7D (t—t')+2\/mD (t-t")
8w32 (t—t')**v/D,D,D,
and using the shift theorem (Churchill, 1972, p. 471, eq. C.1.5) given by
E " Yexpliaa]F(a)}=F(x+a) (A1.113)

and equation C.1.20 from the table of inverse exponential Fourier transforms
(Churchill, 1972, p. 472) given by

2
E—1{2\/waexp[—a(a)z]}=exp[—:—a], (Al1.114)
yields
. Qdt C, ox p[Vzt;',)\t,_vxc =X G-Y)? (-2 ](Al 115)
snm**(t—t)**\/D,D,D, 14D, ~ 2D, 4D,(t-t) 4D (t—t) 4D, (t—t)]

STEP 6:

The transformed variable is converted back from c to C by multiplying both sides of
equation Al.115 by

Vx V% ]
exp[ZDx— iD, At

(see eq. A1.98) to yield the analytical soltuion to the solute-transport equation for an
instantaneous point source (similar to eq. 104 in the text); that is
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- Qdt C, [ VA=) ) gy 4 VXD x-X)? (=Y.
8nm%(t—t')**/D,D,D, 4D, 2D, 4D (t—t") 4D (t-t")
(z—zc)z]
oDl (A1.116)
STEP 7:

To derive a solution for a continuous point source, integrate equation A1.116 from
t'=0 to t'=t. To simplify the integration, let r=(t—t’) and dr=—dt":

C. Qexp [V( X)]
’ 2D, ). [_ e, [ G-XF G-V @ZJ

C= —
8n173/2\/DnyDz ) ¥l 4D, 4D 7 4D,7

2
_(Z‘I’)_H) ]dT. (AL117)

The integral in equation A1.117 can be evaluated by first reversing the limits of
integration and then using an indefinite integral given in a table by Cho (1971, eq.
2.9.5), where

) _
j t-r_s’zexp[ —%——b%]d-m%—}{exp[ —Zab]erfc[—\j—f—bx/f} +exp[2ab]erfc[—\a;—£+b\/ E]} (A1.118)

D D 1/2
Letting y=[(x—Xc)2+—x(y—Yc)2+—x(z—Zc)z]
D, D,
and B=(VZ+4D N2
the integral can be rewritten as

_VaD, 8 v—Bt] [VB] [_vﬂ]}
1= " {exp[ 2D ]erfc[2 VDt +exp 2D erfe svD.t)) (A1.119)

Substitutirig in equation A1.117 yields the final closed form of the analytical solution for
a continuous point source (similar to eq. 105 in the text); that is

Co Q expl:V()z{]; XC):|

8nmy\/D,D,

C=

5 pox ] [VB] [ . H
{exp[ 2D ]erfc[2 VioK: +exp erfe SvD.i (A1.120)
At steady state, the solution is given by

_C.Q [V(X—Xc)—vﬁ]
" dnmyV DyD;Xp 2D ) (al.121)

X
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