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Ri 3ei =
Therefore, the final leakage function is
H, - H
1 2 i.nt+l in . 1
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2 i,n+l i.n 1 2 -
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3 hi,n hi,n 3°Ri|"i,n in i,ntl i,n

The leakage process described by equation (206) is time dependent, but
linear. Therefore, equation (206) is added into equation (58), unless the
predictor-corrector method is required to include other phenomena, in which
case equation (206) is added into the appropriate predictor and corrector
equations. The coefficient of 61 is added into V for every node i where

leakage occurs, and the remaining terms are subtracted from the right-hand
side.

FINITE-ELEMENT FORMULATION IN AXISYMMETRIC
CYLINDRICAL COORDINATES

GOVERNING FLOW EQUATION AND BOUNDARY CONDITIONS

Axially symmetric ground-water flow in an aquifer is assumed to be
governed by the following unsteady-state flow equation written in
axisymmetric cylindrical coordinates (Bear, 1979, p. 116):

r ar[KrrrE;] + GZ[Kzzaz] ssat' (207)
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r finite-element mesh

Figure 17. Axisymmetric aquifer subdivided into spatial finite elements.

where the new symbols used are

r = radial (horizontal) coordinate direction [length] from the axis of
symmetry, which is vertical,
z = vertical coordinate direction [length],

Krr(r,z),Kzz(r,z) = the principal components of the hydraulic conductivity

tensor [length/time] in the radial and vertical coordinate directions,
respectively, and -1
Ss(r,z) = gpecific storage [length ~].

The orientation of the r and z axes is shown in figure 17.

The principal directions of the hydraulic conductivity tensor are
assumed to be parallel to the r and z axes in equation (207). Equation
(207) was not written in full component form like equation (1), because any
rotation of the principal directions from the r and z axes (see figure 5)
must be revolved around the z axis to maintain axial symmetry. This pro-
duces the physically unusual case of an axially symmetric rotation of the
principal directions, which seemed to the author to be an unnecessary
complication to include.

Equation (207) is subject to boundary and initial conditions analogous
to equations (2) through (5) used for equation (1). However, equations (3)
and (4) must be changed to reflect the change from flow integrated over
aquifer thickness in equation (1) to flow in a radial cross-section in equa-
tion (207). Thus, equation (3), which expresses flow continuity across a
discontinuity in the porous medium, is replaced by

ana = "nlb' (208)
where vn(r,z,t) is the normal component of specific discharge, and equation
(4), which expresses either a specified-head or Cauchy-type boundary

condition, is replaced by

v. =YV

n g+ a'(HB - h), (209)
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where e : S
(r z,t) = specified specific dlscharge normal to the boundary
[length/time] (positive for inflow), and o
a'(r,z,t) = a parameter that, like a of equation (4), approaches
infinity for a specified-head (Dirichlet) condition, is
zero for a specified flow (Neumann) condition, and is
finite and positive for a general or mixed (Cauchy)

condition [time'll.
FINITE-ELEMENT DISCRETIZATION

Finite-element discretization in axisymmetric cylindrical coordinates
is accomplished in the same manner as for the Cartesian case. An r-z plane
is subdivided into triangular elements (figure 17) over each of which the
approximate solution h is assumed to vary linearly. Because of axial
symmetry, each element is revolved around the symmetry axis so that it is a
ringlike volume with triangular cross section. The time domain is
subdivided into time elements over each of which the solution is also
assumed to vary linearly. Therefore, the approximate solution' is stated as
an equation that is analogous to equation (l4):

A A A e . c
h = ?[hi,nan + hi,n+lan+1]Ni’ i=%k,1l,m, (210)
where
NS - [a‘:’ +bSr + c?z]/er, i=k,1,m, : , (211)
i i Ui i . i
a® = r - r
k = T1%m mZ1’
e - -
by =21 - 7y
C-r -1
°k = nm 1’
ae =T z, -~ YsZ
1 mk . k"m’
be
1~ %p " %k | . o : oo (212)
-1 -r
1 k m’
ae = Y. Z - Y
m k7l T 1%k
. ‘
by = % - 8
€ ar, -1
‘h T 01 k’
e
20 = [rk - rmJ[zl - sz - (rmi- r1][zm - sz, (213)

and o and o 41 are defined by equation (13).
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DERIVATION OF FINITE-ELEMENT EQUATIONS

The error-functional equation in axisymmetric cylindrical coordinates
is analogous to equation (15). It is written for an r-z plane as

t A A A A A
A n+l
- de, Be . de, de def2,,
I(e) E J J[arKrrar * aszzaz * Ss[at] t ]rdrdz
0 e

+ 1 a'elrdchat. (214)
Ce

2
Minimization of equation (214) with respect to hi

A

il and separation of the

result into two parts as for equation (17) gives

t A e A e A
n+l aN; aN
e, dh i éh | i dh
Ei “n+1 J J[Niss at ' or Krr ar * 8z Kzz az]rdrdz
0 e
A
At e
A xefv. +ar[u - n)]ractae - = e Neg 4B, il gk &b
o LL'B B € Tn+l i°s at T 3r “xr or
C2 ‘ 0 Ae
6N§ oh .
+ 32 K,, 52 rdrdz - eNi[vB + a (HB - h]]rdc dt' = 0, (215)
C,

By following the procedures used in appendix A, the second part of
equation (215) can be shown to equal zero. Therefore, when the integrals

A

involving Ssah/at and a'(HB - h) are converted to diagonal form using

approximations analogous to equation (19), the following integral form of
the finite-element equations results:

t " e A e A
n+l dh 8N aN;
eq _i 1 éh  __1 dh
Ei In+l J J[Niss dt ar Krr ar * 8z Kzz az]rdrdz
0 e
e ' - ' = i =
-j eNi[vB + a [HBi - hi]]rdc dt 0, i=1,2,...,N. (216)
c

Equation (216) is analogous to equation (21). However, because the
principal axes of the hydraulic conductivity tensor were originally assumed
to be parallel to the r and z coordinate axes, no coordinate rotations are
performed.
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Equation (216) is integrated to obtain the final finite-element
equations. As before, the spatial integrations are performed first. It is
assumed that SS, Krr’ and Kzz are all constant in each spatial element, and
that Vg and a' are constant along any Cauchy-type boundary side of each

element. The extra r in the integrals presents a complication not present
for the Cartesian case. However, by writing r as the identity

e e e

r = Nkrk + Nlr1 + Nmrm, (217)

equations (24) and (25) can be used to perform the integrations. Therefore,
by substituting the appropriate expressions for h, N;, aNi/ar, and aNi/az,

i = k,1,m, the spatial integrals in equation (216) are evaluated for i = k
(for example) as

e. Iy 1 e e
NS, gt rdrdz = 1285[2rk +ry 4+ rm]A ac (218)
e

A

aNe ~ aNe aNE A aNS.  ONS.
J I——k K Qhrdrdz = J J;—k Ke [——Eh + ——lh +——mh rdrdz
rr m
Ae

ar rr dr ar dr "k dr 1 ‘or
G
e
“rr |,e e e e e e’ |-

= 4Ae bkbkhk + bkb1h1+ bkbmhm T, (219)

F) g - aNS aN: A aNS. AN,

—k dh _ _k e |k 1 _m

J Jaz Kyz 9z7drdz = J Jaz Kzz[ z e Yoz M1 +3zmhm rdrdz
G G
K:z e el e el e e |-
= ;Z; 1 Sy + ckc1h1+ ckcmhm r, (220)
' . _1 I .
J o ] (R | P N [ NP (|
ce
2
1 ' N
+ 6[2rk + rmJ[[VBLka + [a Iﬂkm[HBk - hk]]’ (221)
where Se, K , and K® are the constant values of S , K_, and K in
s’ rr zz s’ rr zz
element e, _ 1

r = S[rk +ry + rm] ) (222)

and other terms were defined earlier.
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The spatially integrated finite-element equation for node k is obtained
by substituting equations (218) through (221) into equation (216) and using
equations analogous to equations (41) and (42). The result is

A

Athtl . dhy . Y o .
. 70+1]%kk dc * [gkk + ka) b + 8Py Bl

0

R

1__I-’A N7 =\ £ N7 Y -| lrr,\ . AW o
- 6[l2rk + rlJ[VBLJkl + lirk + rmleBLkaJ - 6Lllrk + rlJla LJkl

Al ]km]HBk e’ =0, (223)
where
e 1l e e
ek = 1285(2rk + 1)+ rmJA , (224)
e l ' !
v = 2t ) [ (2t ) o L (225)
e e e
Bk T "8kl T Bkm’ (226)
(e e ]
e Y 2z -
g4 = |—b, b, + —=c,c.lr, (227)
k1l L&Ae k1 LA k lJ
4 e e 1
e rr. zZ -
g, = |—b b + —=5Zc c [T, (228)
km L&Ae k'm 48 k mJ

As before, equation (223) must apply to all N nodes of the finite-element
mesh. These N equations are written in matrix form as equation (45), where

Cij’ Vij’ and Gij are given by equations (47) through (49), and
1 '
B, = §1{6?’[2ri + rj,][[vBL)ij, + [a LJij,HBi]}. (229)
Specified-head boundaries are handled using equation (51).
To perform the final time integration, parameters Ss’ Krr’ Kzz’ and a'

are all assumed to be constant in time, and specified boundary flux Vg is

assumed to be linearly variable through each time element. Thus, the time
integrated finite-element equations for axisymmetric flow are given by
equation (58) with B replaced by B defined by equation (62). No nonlinear
or other extensions are used. )
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FINITE-ELEMENT FORMULATION FOR STEADY-STATE FLOW

By definition, steady-state flow occurs when hydraulic heads do not
vary with time, or 8h/3t = 0 in equation (1) or (207). Steady-state flow
equations are obtained by setting S or Ss to zero and letting all quantities

in equations (1) through (4) or (207) through (209) be time invariant.

LINEAR CASE

The finite-element equations for steady-state confined flow in the
absence of any of the nonlinear source-sink functions may be derived from

A

equation (56) by setting c (which contains S or § ) to zero and setting hn+1

- bn = h. The resulting equation is

A

Ah - B, (230)
where A = G + V. As for unsteady flow, round-off error may be minimized by
solving for head change rather than head Thus, by defining this head
change, §o’ as N

§ =h-h_, (231)

-0 - -o

A

where bo is an arbitrary initial set of heads close to b, equation (230) is

modified to become
Ab, = B - ah.. (232)

To solve a linear, steady-state flow problem, first equation (232) is solved

for §°, then equation (231) is solved for h. Mass balance components are

obtained from equation (232) using analogous procedures to those used for
unsteady-state flow.

NONLINEAR CASE

If steady-state flow is unconfined or a nonlinear source-sink function
is employed, then A and B are functions of h and a nonlinear problem
results. In the case of unconfined flow, an off-diagonal entry of G is

A

given by equation (74) in which bi = hi ESNE The particular form of the

nonlinear source-sink term incorporated into V and B is dependent on the
type of function: point head-dependent dlscharge, areal head-dependent
leakage, areal head-dependent discharge, or line head-dependent leakage.

The general algorithm used to solve the nonlinear problem is derived

before stating the specific terms used for unconfined flow and nonlinear
sources and sinks. For nonlinear problems, equation (230) is restated as

A[ﬁ]ﬁ - B[}}], (233)

where the notation é[b] and §[b] signifies that A and B are functions of h.

An iterative solution method for equation (233) may be derived by adding and
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subtracting é{@] to the right-hand side, then restating the result ‘as an

iteration equation of the form

é&JbH1=é&Jbg+§&J 'é&dby

or
B85 =1y (234)
where £ is the iteration index, and
a, - alny). (235)
92 =B bz , (236)
§p = Bpan - By (237)
r, =38, - Agh,. (238)

Head-change vector ék in equation (234) frequently requires damping to

reduce undesirable oscillations from one iteration to the next. ‘Addition of
a damping parameter Py (0 < Py = 1) to equation (237) yields the following

iteration algorithm: N

ty = By - Aghy .

-1 - :

§£ = éi r, £=0,1,... (239)

hoyp = Pelp t 0y
The iterations are terminated when

max 6? < e, ' ©(240)
i i s .

where 6§ is a component of §£ and €q is a small number about an order of
magnitude smaller than the desired accuracy in h.
An effective empirical scheme for computing p, was developed by Cooley:

(1983, p. 1274). It is given in three steps. Let e, be the value of Sﬁ

that is largest in absolute value for all i =1,2,...,N, andhlet € ax be
the largest value of |e2| permitted on any iteration. Then,
Step 1.
e
- 5 L— p>1
£-17£-1 (241)
p=1 , £ =1
Step 2
p*:‘gﬁ—%,p_-l ' .
1P (242)
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Py, = p*, p¥le )| < e
2 l Zl max (243)

*
p |e2| > em

ax

©
>
4
o
o

A good trial value for e is about half the maximum value of |h . - h.l
max -oi -i
expected (where boi is a component of the initial head wvector). Much

smaller values may be needed for highly nonlinear problems.

At the beginning of each iteration £, A, and B,

using the newly computed values of bz. The way in which A, and B, are

must be recomputed

recomputed depends on the source of the nonlinearity. Nonlinearity from
A
unconfined flow results when hi <z To allow for the possibility of

unconfined flow, off-diagonals of G are computed from equation (74) written
for iteration £ as

L l[b’.z + b?]D.., (244)
ij 2171 i) ij
where A
L 4-1 2-1 "2
bi =b + p£61 , hi < z s
' ~ (245)
by =2y -2y 0 by oz

Nodes that go dry are treated in the same manner as explained for
unsteady-state flow. The head is allowed to decline below the base of the
aquifer at a dry node i, but horizontal flow in the aquifer is allowed
between adjacent nodes i and j unless node j also goes dry. If a dry node i
becomes surrounded by dry nodes during the iterative solution process, then
Gii = 0 and flow can only take place vertically through an underlying
confining unit or across a Cauchy-type boundary at the dry node. If there
is no confining unit or Cauchy-type boundary so that Vii is also zero, then
Aii’ which is Gii + Vii’ is zero so that the head at node i is undefined and
must be removed from the solution. This is accomplished by setting Aii to
1030 and setting the right-hand side of the equation to zero, which holds
the head constant at the last computed value. If the sum of the known
fluxes is negative at a dry node, this sum is reduced by 1/2 at each

iteration until the node remains saturated. As discussed earlier, this
tells the user the approximate discharge that can be sustained at the node.

Nonlinear source-sink functions require reevaluation of yz and @2. For

point head-dependent discharge functions, reevaluation is based on equation
(106) written for iteration £ as
I 1[Z i h§+1]' By >z
Q. =4 PP n L (246)
pi 0 hl
1

y
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The terms that add into equation (234) are found by converting Qpi to

residual form using equation (237). That is, if hﬁ > zpi’ then

£+1]=-C.8}.Z+C
pi’i

. -¢ .[z .- 1l .[z - h?] (247)
pi pil“pi i pilfpi i

so that C . is added into V?. and C .[z . - hg] is added to the
pi ii pil’pi i

., then no terms are added.

right-hand side. If hﬁ < zpl

Use of the other nonlinear source-sink functions is analogous. For
areal head-dependent leakage, equation (118) for iteration 2 is

2 Cai[ﬂai - hf+1]’ hﬁ > Zey
Qt, - .y (248)
Coi (Maz = Zet) » M1 = %ea
so that, when h? >z, .,
1 tl
. = ¢ .[H - h?*ll —-c .t +c .[H - h?]. (249)
al al al 1 ali 1 al al 1

Therefore, when h? > z_,, equation (234) is modified by adding C,; into vi,

ti’
. "2 . . Y.

and adding Cai[Hai - hi] to the right-hand side. When hi < Zi s

C .[H . - Z .] is added to the right-hand side and V?. is not modified.

ail ai ti ii

Likewise, for areal head-dependent discharge functions, equation (131) is
written for iteration £ as

A
CoilZei ™ Zei ) Pi Z Zes
Q£. =4C .|z . - h?+1 , 2 . < hg < z_. (250)
el el el 1 el 1 t1
0 , hg <z .
1 el
so that, when z . < h? <z .,
el 1 t1
2 A g4l £ ~ g
Qi = Cei[zei - by ] = - Ceyb; Cei[zei - hi]' (251)

Substitutions into equation (234) are analogous to the previous case.
Finally, for line head-dependent leakage functions, equation (154) is
written for iteration £ as

2 Cri[ ri hf+1]’ by >z
Qri = ~ g (252)
C .[H . - Z .] , h; < z_.
ril ri ri i ri
so that, when hg >z .,
i ri
2 ~ o+l 2 "0
Qi = Cri[Hri - hy ] = Crisi + Cri[Hri ) hi]‘ (253)
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SOLUTION OF MATRIX EQUATIONS

Some of the symbols used in previous sections are redefined in this
section to avoid complex or nonstandard matrix-solution terminology. Thus,
symbols defined in this section are for use in this section only.

DEFINITION OF MATRIX EQUATION

Equation (58) must be solved for each time level of a linear, unsteady-
state flow problem, and equations (76) and (80) (the predictor-corrector
equations) must be solved sequentially at each time level of a nonlinear,
unsteady-state flow problem. Likewise, equation (232) must be solved for a
linear, steady-state flow problem, and equation (234) must be solved for
each 1terat10n of a nonllnear, steady-state flow problem. All of these

- q, (2564)

where definitions of the coefficient matrix A, the known vector d, and the
unknown vector x depend on the equation belng solved. For example, for
equation (58),

C
A= — +G6+V, (255)
8- e FETE
X =5, (256)
a-8- [+, (257)

Thus, A is an N X N matrix, and x and d are N-vectors.

The location of nonzero entries in matrix A depends on the finite-
element mesh. Each row i of A contains nonzero “entries only corresponding
to nodes in the patch of elements for node i. Therefore, unless N is very
small, A is sparse in that most entries in any row are zero. Also, if the
nodes are numbered so that the difference between the largest and smallest
node numbers in the patch is small compared to N, then A is banded, which
means that all nonzero entries in each row are clusterea near the main
diagonal. Because A is derived from the positive definite forms in equation
(15) or (214), it is symmetric and positive definite. Finally, as discussed
previously, if all internal angles of the spatial elements are acute, A is a
Stieltjes matrix. Additional information on finite-element matrices can be
found in Desai and Abel (1972, chap. 2).

If node i is a specified-head node, equation i of equation (254) is

2 A
X; =3 H ] for unsteady-state flow and x5 = HBi - hi for steady-

i [ Bi,n+l ~ Pi,n

state flow. Because Xs is known at all specified-head nodes, all of the

corresponding equations may be eliminated from equation (254). This may be
accomplished as a partitioning operation by numbering all specified-head
nodes in the finite-element mesh last, which is accomplished automatically
in the code. Terms in the remaining equations that contain values of X for

the specified-head nodes are then transferred to the right-hand sides of
these equations to become part of the known vector. In the remainder of
this section, equation (254) is regarded as the reduced equation resulting
from this partitioning operation.
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SYMMETRIC-DOOLITTLE METHOD

The first of two alternative matrix-solution procedures is discussed in
this section. This method is referred to as symmetric-Doolittle decomposi-
tion (Fox, 1965, p. 99-102, 104-105) and is generally the preferred direct
solution method for finite-element equations (Desai and Abel, 1972, p. 21).
It is a direct method because the solution is found directly in three steps
as opposed to iteratively in an unspecified number of steps required by the
second method. Direct solution is usually efficient whenever there are
fewer than about 500 nodes (Gambolati and Volpi, 1982).

The symmetric-Doolittle method is based on the fact that the symmetric
matrix A can be uniquely factored into the product of three matrices ‘(Fox,
1965, p. 105), so that T

A= U, (258)

where superscript T stands for transpose, U is upper triangular of the form

¥ N

“11 Y12 Y13 Y1N
0 a u
22 Uyg 2N
U - : (259)
= 0 0 aqq Uqy
I 0 0 0 NN |
and D is diagonal of the form
l/ayy O 0 e 0
0 l/a22 0 e 0
D = . (260)
= 0 0 1/aq, ... 0
i 0 0 0 e l/aNN_

Factorization, which is the first step of the three-step solution, is

accomplished by forming the product matrix U DU, setting each entry of this
matrix equal to the corresponding entry of A “then solving for the unknown
values of u1J and @, entry by entry.

Solution of equation (254) using the factorization given by equation
(258) is accomplished as follows. By defining a vector y by

Ux = vy, . (261)

the combination of equations (254) and (258) can be written as
u'py - 4. (262)
The lower triangular form of U and the upper triangular form of U permit

equations (262) and (261) to ea31ly be solved for y and x, respectlvely, as
the second and third steps of the solution procedure. By forming the

product U Dy, it can be seen that the first equation in equation (262)
contains only y, as an unknown, the second ¥q and Yoo and so forth, so that
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the first equation may be solved for ¥y which is used in the second to
solve for Yoo and so forth. Solution vector x is found in exactly the

opposite way. The last equation in equation (261) contains only the last

unknown, X the second from the last Xy and X9 17 and so forth, so that the
last equation is solved for X which is used in the second from the last to
solve for X 1 and so forth.

For N equations with N unknown values in x, the calculations may be
stated in algorithmic form as

“

i-1
%11 7 %11 7 % Vet
i-1
= i=1,2,
uij = aj_j - kzl ukiukj/akkrj — i+1.i42.... N, (263)
Uij T %43/% J
i-1 \
y; =d. - b) y
oot kluk1k>1=1,2, N, (264)
yi - yi/ ii J
N
X, = y( - 5 u! i= N,N-l”."l' (265)
t bok=i+l 1kxk

Equation (263) is known as the factorization step, equation (264) is the
forward substitution step, and equation (265) is the backward substitution
step.

When the above algorithm is applied to the banded matrix A, entries in
U outside of the band are always found to be zero. However, U has mostly
nonzero entries within the band, even if the corresponding entries in A are
mostly zeros. Therefore, the algorithm can be coded to operate on and store
only entries within the band. Storage of A for efficient computer
application of the solution algorithm is explalned in part 3.

As with any direct solution method, the above method can generate
inaccurate solutions for poorly conditioned equation systems, such as can
occur when A is not diagonally dominant, or has weak diagonal dominance,
and(or) has highly variable entries. Matrix A can have weak diagonal
dominance if all internal angles in spatial elements are acute but R, S, and
a in equations (1) and (4) (or Ss and a' in equations (207) and (209)) are

zero and there are few specified-head nodes. Matrix A may not be diagonally
dominant if R, S, and a are zero, and one or more elements has an obtuse
internal angle. Entries in A can be highly variable if values of
transmissivity or element shapes are highly wvariable. An inaccurate
solution generally results in a large mass imbalance.
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MODIFIED INCOMPILETE-CHOLESKY CONJUGATE-GRADIENT METHOD

If N is large or the direct solution method produces large mass balance
errors, then an iterative method should be used. An iterative solution
method called the generalized conjugate-gradient method (GCGM) has been
found by Gambolati and Volpi (1982) to be more efficient than the direct
method for solving sets of finite-element equations when N > 500. The
iterative method used here is a combination of a variant of GCGM by
Manteuffel (1980) with a preconditioning method by Wong (1979) designed to
enhance the convergence rate.

Generalized conjugate-gradient method

The iteration equation for the GCGM method is derived by replacing A
with a coefficient matrix M that is similar to A but much easier to invert
(Concus and others, 1975). Matrix M, known as a preconditioning matrix, is

defined from the fact that A can always be split into the sum of two
matrices, M and N (Varga, 1962, p. 87-93), so that

A=M+N. (266)

Therefore, because the combination of equations (254) and (266) gives

Mx = d - Nx, (267)
the iteration equation is
M1 = da - Nx, (268)
or, written in residual form,
oo = e (269)
where
s = X - X,
-k+1 -k+1 -k (270)
re =4 - ax..

The GCGM algorithm based on iteration equation (269) can be stated as
(Concus and others, 1975, p. 7-8)

-1
s, =M"7r
ko= ckly _ o,
Py = S5
-1 ]
S = M 1
T
b - “k Tk Pk =1,2,..., (271)
k ST r
k-1 Tk-1
B = Skt PiPie1
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Equations (271) can be derived using the idea that, if a set of
linearly independent vectors Py k=1,2,...,N, can be obtained, then the

solution x can be written as a linear combination of the pk's because this

set of vectors spans the N-dimensional space. Such a set of linearly
independent vectors can be obtained by constructing them to be A-conjugate,

that is, so that pgépj — 0 if and only if i # j (Beckman, 1967, p. 63).
Coefficients ﬂk are calculated to construct this set of vectors. The proper
linear combination of the py Vvectors to give the solution X is obtained by
minimizing the error in the solution along the line %, * ap, at each itera-

tion (Beckman, 1967, p. 64). The value of "a" that minimizes this error is
given by -

In the absence of round-off error, the exact solution x is obtained in
N iterations. Thus, if nearly N iterations were actually needed to obtain a
good approximation of x, the method would not be useful for large systems of
equations. Concus and others (1975) argued that the method can be
considered to be a general iteration method that permits the gradual loss of
A-orthogonality from round-off error and never converges to the exact

solution. They showed that the weighted error function [x - Xk]Té[X - gk]

is reduced at each iteration if M and A are symmetric and positive definite,
and that the method has certain opt1ma11ty properties, so that, for a good
choice of M, it usually converges to the desired accuracy in far fewer than
N iterations.

Modified incomplete-Cholesky factorization

Modified incomplete-Cholesky factorization is an extension of a method
introduced by Meijerink and van der Vorst (1977) known as incomplete-
Cholesky factorization.! The extension is a combination of methods from
Wong (1979) and Manteuffel (1980).

Wong’'s (1979) method, known as row-sums agreement factorization, is
developed from incomplete-Cholesky factorization as follows. Let matrix
entries located at (i,j) be those entries corresponding to nonzero entries
of A, and let U be an upper triangular matrix with the same form as U,
except that the only nonzero entries of U are located at (i,3). Flnally,
let D be a diagonal matrix with the same form as D. Then an approximate
(incomplete) factorization of A is defined by

lMeijerink and van der Vorst (1977) used an approximate factorization that is more like
the symmetric-Dolittle method than the Cholesky method. However, it is still called

incomplete-Cholesky factorization.
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where M will generally contain nonzero entries in addition to nonzero
entries at the (I,j) locations because of fill-in generated by forming the

product ET

E g Both incomplete-Cholesky and row-sums agreement
factorization

are based on equation (272).

For incomplete-Cholesky factorization, entries of E and E are obtained

T
L

by equating entries of U'D U with nonzero entries a,, of A and rearranging
the results, so that - = 1] -
~ i-l ~ ~ —
. = a5, - kzl ukiuki/akk’ i=12,...,N, (273)
J - 2 uklukj/akk’ (i,j) belongs to (1,3) 278
o , (i,j) does mnot belong to (i, 7.

It can be verified by direct calculation that entries of M and A located at
(i, j) are identical. The two matrices differ because of fill-in in M. By
assigning the mnegatives of the fill-in entries in M to N and letting all
other entries in N be zero, A =M + N, as required.

An ideal modification would make N near zero, but this is not possible
using equation (272) without adding nonzero entries to U It is possible to
modify N to have the property of a zero matrix that the sum of entries of
each row (a row sum) of N equal zero. This is Wong's (1979) row-sum agree-
ment factorization. To develop this method, each row sum of A is set equal
to each row sum of M using equations (273) and (274) to deflne entries of M.

Because aiJ = aJl entries of A below the main diagonal where ulJ 0 are
_ i-1_
given from equation (274) as aij = uji + k? uk uk /akk so that a row sum is
i-1 N

a.. + 2 a; s + Z a; .
-1 N jeian M

_ i-1 i-1 [ i-1
magp B gt/ T Uyt B Ut/

k=1 j=1
N i-1
+ = 0., 4+ = u..u./a.]|. (275)
jeitl 1 0 w1 uklukJ kk]

The factorization is obtained from equation (275) by computing all values of
uij using equation (274), so that all nonzero off-diagonal entries of A

cancel with their corresponding entries of M. Thus, the only remaining
entries in the sums on j in equation (275) result from fill-in, for which
uij = 0, so that
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- i-1 i-1 N
a,, =a,, + 2 w /e + 2 Of.. 4+ 2 £, (276)
ii ii © YkiYki/ Fkk j=1 ji j=i+1 ij

where fij is a fill-in entry of M defined by

i-l

- /o ., (i,j) does not belong to (i, 5D

fij k— uklukJ kk (277)
0 , (i,j) belongs to (i,3).
Diagonal entry 5iiis calculated from equation (276) as
_ i-1 i-1 N
a,. =a,, - X . fo,, - T E.. - T f. (278)
ii it . Yitki/ “kk j=1 ji j=itl ij-

Comparison of equations (273) and (278) shows that diagonal entries of A no
longer equal diagonal entries of M defined by equation (272).

The method from Manteuffel (1980) forces M to be positive definite, as
required by the generalized conjugate-gradient method. If A is not a
Stieltjes matrix, then M as defined using incomplete-Cholesky factorization
may not be positive definite (Meijerink and van der Vorst, 1977), which
means that a; computed by equation (273) will not be p051t1ve In this

case, M as computed for row-sums agreement factorization also may not be

positive definite because a, . calculated using (278) may be even smaller.
Manteuffel (1980) showed that computation of al 0 for incomplete-Cholesky

factorization of finite-element matrices can be prevented by adding the
product of an empirically determined, small positive number, §, and a;; to

the right-hand side of equation (273). The analogous modification of
equation (278) is

_ i-1_ i-1 N
a.. = (1 + 8)a - Z /a - S f,. - > f,.. (279)
ii uklukl kk =1 ji jeoitl ij

The matrix approx1mately factored by this modification of row-sums agreement
factorization is thus A + 61 (where 1 is the identity matrix), which is more
diagonally dominant than A.

The above method is implemented here as follows. If aii < 0 is

detected during factorization, then factorization is stopped and a new value

of §, 6new’ is computed from the old value, Sold’ using the empirical
equation 3
8new 28 14 + 0.001, (280)

where the initial value of § is zero. Factorization is then reinitiated,

old
and equation (280) is applied again if E.i = 0 is detected again, and so

forth. This process is continued until a large enough value of § is
computed that all a, ii > 0.
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Gustafsson (1978, 1979) also presented a method that yields equations
having forms similar to those of equations (274), (277), and (279).
However, his method applies to finite-difference approximations for which A
is a Stieltjes matrix so that the motivation and method of choosing § are
different.

Based on equation (272), the solution of equation (269) is obtained
using the forward and backward substitution steps of the symmetric-Doolittle
method as

T. (281)
5k T Yk
where entries of ﬁ and D are computed using equations (274) and (279),

respectively. The remaining part of the algorithm implied by equations
(281) 1is

uij = uij/aii’ (1,j) belongs to (i,]), (282)
yk - X 1élﬁ’ yk
Y At S R YR (283)
gk
Yi Yi/%i4
N
st =yF - = Wt i=NN,LL L (284)
1 2=i+1

In applying the above algorithm, note that the factorization step to
compute D and U is only done once before applying the generalized conjugate-
gradient algorithm (equations (271)). At each iteration, Si is computed
using only equations (283) and (284). The factorization, forward
substitution, and backward substitution steps are all fast and require
little computer storage because U is sparse like A. This combination of
GCGM and modified incomplete-Cholesky factorization is called the modified
incomplete-Cholesky conjugate-gradient method (MICCG method).

Stopping criteria

One stopping criterion is to terminate the algorithm whenever the

maximum value of x§+l - x? becomes small, or whenever
max xk+1 - x?l = max |a pgl < ¢, (285)
i i i k¥i

where x? is an entry of X p? is an entry of Py and ¢ is a small positive

number, such as 10-4. The value of max xk+1 - x?

1

is usually assumed to be

a rough measure of the error max
i

X - X

i i in the solution. However, the
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. . . . . | k+1 k|
conjugate-gradient algorithm can sometimes yield a value of max x? L x;

1

that is small even when the solution is inaccurate. Thus, another criterion

is employed.

k
X, - X,
i i

that is also a rough measure of max
i

The residual given by equation (270) can be written for any row 1 as

k k k k
ail[x1 - Xl] + aiZ[XZ - x2] + ... + aiN[xN - XN] =r; (286)

Thus, because ass is positive,

la, a. a, rk
all Xy - X§| + 12 9 " xgl + .+ l;lﬂl Xy - x§| = lzi—l, (287)
ii ii ii ii
or
k
1 ¥ e _ I
— 2 {a..[max|x. - x.u = . (288)
a,. . ijl; i i a,.
ii j=1 i ii
N
The sum X aijl/aii is generally in the range of 1 to 2, so is assumed to
j=1
be unity. Therefore, a rough measure of max Xg - Xy is r? /aii’ and the
additional stopping criterion is *
k ;
m?x ry /aii < €. (289)

Note that if MICCG is used to solve the nonlinear equation (234), then
there will be an inner MICCG iteration loop and an outer loop on the
nonlinearity. An efficient way of employing MICCG for these problems is to
set the convergence criterion ¢ to be larger than normal (say, larger than
€q by about an order of magnitude) to reduce the number of inner iterations

taken at each outer iteration. Good accuracy is achieved by requiring close
convergence of the outer iteration sequence.

COMPARISONS OF NUMERICAL RESULTS WITH ANALYTICAL SOLUTIONS

Results of simulating some simple ground-water flow problems for which
analytical solutions have been presented in the literature are given here to
demonstrate the accuracy of the finite-element code (MODFE). Each simula-
tion is designed to test specific computational features that were discussed
in preceding sections and to verify that MODFE can accurately represent the
physical processes. To demonstrate that any consistent system of units may
be used with MODFE, both English and metric systems of units are used in the
example problems.

THEIS SOLUTION OF UNSTEADY RADIAL FLOW TO A PUMPED WELL
MODFE is used with axisymmetric cylindrical coordinates to compute
unsteady flow to a well located in a confined nonleaky aquifer having homo-

geneous and isotropic hydraulic properties and an infinite areal extent.
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