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PREFACE

This revision marks several changes to the PHREEQE Source
Code and Data Base. The current version is written in Fortran 77
and runs on a Prime, Inc. Model 850 minicomputer. Attachment B
lists the current Fortran 77 Source Code. The convergence
criteria used in the Newton-Raphson iteration scheme have been
improved. Convergence is still not assured, but fewer problems
have been encountered in testing. A new keyword, KNOBS, has been
added which gives the user capability to adjust the convergence
criteria. KNOBS input is described under "Description of Input".
A new unit of input concentration, mmol/kg of solution, is now
accepted (IUNITS=4). The form of the analytical expression for
Log K under MINERALS and LOOK MIN input has been changed to

log K=A + BT + C/T +D log T + E/T?

and corresponding changes to the data base have been made.

Attachment A lists the current PHREEQE data base. Changes have
been made to the equilibrium constant expressions for calcite,
aragonite, strontianite, celestite, gypsum, anhydrite, siderite,
and barite. Aqueous species affected include CaHCO}, CaCO3,

CO,(aq), HCO3, CO3~, SrHCO{. SrCO$, and SrSO2. Most of these
revisions reflect two recent publications (Plummer and Busenberg,
1982; and Busenberg, Plummer, and Parker, 1984). But, in general,
the data base remains little changed. undocumented and should not
be used without careful checking. A companion program to PHREEQE
(PHRQINPT) is now available for interactive construction of PHREEQE
input data sets (Fleming and Plummer, 1983).

With this revision, only Test Problem 1 has been updated to the
current version and data base. The test results of Test Problems
2-5 given in the section "Test Problems" have not been updated.
Because of the changes mentioned above, similar, but not identical,
results can be expected for Test Problems 2-5.

Plummer, L.N., and Busenberg, E., 1982, The solubilities of calcite,
aragonite and vaterite in CO,-H20 solutions between 0 and
90°C, and an evaluation of the aqueous model for the
system CaCO3-CO,-H;0: Geochimica et Cosmochimica Acta,

v. 46, p. 1011-1040.

Fleming, G.W., and Plummer, L.N., 1983, PHRQINPT - An interactive
computer program for constructing input data sets to the
geochemical simulation program PHREEQE: U.S. Geological
Survey Water-Resources Investigations Report 83-4236, 108 p.
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Busenberg, E., Plummer, L.N., and Parker, V.B., 1984, The solubility
of strontianite (SrCO3z) in CO3-Hy;0 solutions between 2 and
91°C, the association constants of SrHCOY (aq) and SrCO$ (aq)
between 5 and 80°C, and an evaluation of the thermodynamic
properties of Sr2+(aq) and SrCOz(cr) at 25°C and 1 atm total
pressure: Geochimica et Cosmochimica Acta, v. 48, p. 2021-2035.

DLP, DCT, LNP
January 14, 1985

PREFACE FOR AUGUST 1990 REVISION

A new data base is included with this revision of PHREEQE. The
data listed in Attachment A are consistent with the data published
by Nordstrom and others, 1990. The new listing of source code is
found in Attachment B. Only minor revisions have been made to the
numerical method of the program. However, changes have been made
(1) to streamline the linear equation solver, (2) to enable the
aqueous model to be enlarged, and (3) to simplify the definition
of file unit numbers.

The linear equation solver, subroutine SLNQ, has been streamlined
to perform only Gaussian elimination (eliminating the determinant
option that was not used) and to increase execution speed.

Changes have been made in the source code to facilitate the use of
PHREEQE for problems that require larger numbers of elements and
(or) species than were previously allowed. The sizes of the data
arrays for ELEMENTS, SPECIES, LOOK MIN, MINERALS, and SUMS are now
set at compile time by one Fortran PARAMETER statement located in
the COMMON.BLOCKS file. The following parameters define the sizes
of arrays:

MAXT - the maximum number of ELEMENTS and master species.
Default is 30.

MAXS - the maximum number of aqueous SPECIES. Default is
250.

MAXM - the maximum number of MINERALS. Default is 20.

MAXLK - the maximum number of LOOK MIN minerals. Default
is 200.

MAXSUM - the maximum number of SUMS. Default is 10.
MXINSM - the maximum number of species that can be included
in any one of the SUMS. Default is 50.

-vii-



The default sizes are the same as previous versions of PHREEQE
except that the number of LOOK MIN minerals has been increased
from 40 to 200. Enlarging the array sizes should cause no
problems with the execution of the program, except for the case

of MAXT. Enlarging MAXT has important consequences to the rest of
the data base. The current data base begins numbering complexes
(non-master species) at 31 (that is, greater than the default MAXT
of 30). If MAXT is made larger, then the numbering of complexes
must be changed so that all numbers of complexes are greater than
the new MAXT. A further consequence is that some MINERAL and LOOK
MIN minerals can contain complexes in their dissociation reactions.
Care must be taken to ensure that any changes to the numbering of
complexes are also applied to mineral formulas.

Another change to the source code was made to facilitate the
handling of file unit numbers by PC’s and other computers. The
three files needed to run PHREEQE are the input file, the output
file, and the data base. The Fortran unit numbers for these files
are now defined in one Fortran PARAMETER statement in the
COMMON.BLOCKS file. The parameter names and the default settings
are: IR = 5, input file; IW = 6, output file; and IDB = 11, data
base. The default settings are the same as previous versions of
PHREEQE. The three files are not opened within the Fortran code.
Either, (1) the files can be opened externally to the program at
the computer operating system level before execution (this provides
the greatest flexibility for changing the file names) or (2) the
Fortran code can be modified to include OPEN statements. The file
names could be “hard coded” in OPEN statements (changing file names
would require recompilation) or an interactive section of code could
be written to solicit the names of the files, which are then opened
with OPEN statements.

An interactive program, PHRQINPT, has been published that creates
an input file for PHREEQE (Fleming and Plummer, 1983). This
program solicits and formats the data necessary to run PHREEQE.
Help is available at each prompt to explain the type of data being
requested and the program contains error checking to ensure that
all necessary data are included.

A separate version of PHREEQE, named PHRQPITZ, has been written and
published (Plummer and others, 1988). This version uses a specific
ion interaction approach to calculate activity coefficients (Pitzer,
1979 among others). PHRQPITZ is designed to provide more reliable
geochemical calculations for brines. The current state of the
specific ion interaction approach does not allow calculations
involving redox and there are no interaction parameters for
aluminum or silicon. Plummer and others (1988) describe the
theoretical basis, review the literature values for interaction
parameters, provide directions for the use of the program, present
several sample problems, and describe the use of an interactive
input program (PITZINPT).
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Machine-readable copies of all of the PHREEQE family of programs
(including PC versions) along with copies of the reports describing
the programs are available from the National Water Information
System of the Office for Scientific Information Management of the
Water Resources Division:

National Water Information System
U.S. Geological Survey
437 National Center
Reston, VA 22092
(703) 648-5686

Fleming, G.W. and Plummer, L.N., 1983, PHRQINPT--an interactive
computer program for constructing input data sets to the
geochemical simulation program PHREEQE: U.S. Geological
Survey Water-Resources Investigations Report 83-4236,

108 p.

Nordstrom, D.K., Plummer, L.N., Langmuir, Donald, Busenberg,
Eurybiades, May, H.M., Jones, B.F., and Parkhurst, D.L.,
1990, Revised chemical equilibrium data for major water-
mineral reactions and their limitations, in Bassett,
R.L. and Melchior, D. eds., Chemical modeling in aqueous
systems II: Washington D.C., American Chemical Society
Symposium Series 416, p. 398-413.

Pitzer, K.S., 1979, Theory: Ion interaction approach, inR.M.
Pytkowicz, (ed.), Activity Coefficients in Electrolyte
Solutions, v. 1: Boca Raton, Florida, CRC Press, Inc.,
p. 157-208.

Plummer, L.N., Parkhurst, D.L., Fleming, G.W., and Dunkle, S.A.,
1988, A computer program incorporating Pitzer’s equations
for calculation of geochemical reactions in brines: U.S.
Geological Survey Water-Resources Investigations Report
88-4153, 310 p.

DLP and LNP
August 1, 1990
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PHREEQE - A COMPUTER PROGRAM FOR GEOCHEMICAL CALCULATIONS

David L. Parkhurst, Donald C. Thorstenson, and L. Niel Plummer

ABSTRACT

PHREEQE is a Fortran IV computer program designed to model
geochemical reactions. Based on an ion pairing aqueous
model, PHREEQE can calculate pH, redox potential, and mass
transfer as a function of reaction progress. The compos-
ition of solutions in equilibrium with multiple phases

can be calculated. The aqueous model, including elements,
aqueous species, and mineral phases, is exterior to the
computer code and is completely user definable. This
report (1) explains the theory and equations on which the
program is based, (2) describes the card input necessary
to run the program, (3) contains five test cases and their
results, and (4) provides listings of the computer code and
the preliminary data base.

INTRODUCTION

This paper presents the latest in a series of computer programs
developed by U.S. Geological Survey personnel to deal with problems that
occur in surface and ground-water hydrogeochemical studies. Our purpose
is to present the code for the program PHREEQE 1/ and a sufficient theo-
retical discussion (on an elementary level) to provide the user with a
grasp of the basic chemical and thermodynamic concepts and assumptions
used in PHREEQE. We will not treat in any detail the general subject of
chemical modeling, as several recent and comprehensive reviews on the
subject are available (Leggett, 1977; Perrin, 1977; Nordstrom and others,
1979).

Earlier Geological Survey computer programs for dealing with natural
water chemistry have, in a sense, been outgrowths of the Garrels-Thompson
ion-association model for seawater (Garrels and Thompson, 1962). These
programs, which include WATEQ (Truesdell and Jones, 1974), SOLMNEQ

1/
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(Kharaka and Barnes, 1973), WATEQF (Plummer and others, 1976), and WATEQ2
(Ball and others, 1979), are designed to calculate solution speciation and
saturation states of the aqueous phase with respect to various mineral
phases, given analytical concentrations of the elements, pH, temperature,
and pe (if redox reactions are considered). A somewhat more sophisticated
program, MIX2, does not require pH as an input variable, and can simulate
heterogeneous reactions (excluding redox) and mixing of waters while fol-
lowing equilibrium with a single phase (Plummer and others, 1975). (Only
Geological Survey programs are listed; see the aforementioned references
for a general survey of the literature.)

The computer program PHREEQE is one of a smaller family of programs
that are capable of following one or more phase boundaries, and calculat-
ing pH and pe (as well as mass transfer and aqueous phase speciation) as
dependent variables in the calculations. In the geochemical literature,
these programs have largely been outgrowths of the work of Garrels and
Mackenzie (1967) and the theory and computer programs developed by
Helgeson and coworkers (Helgeson, 1968; Helgeson and others, 1969;
Helgeson and others, 1970).

PHREEQE can simulate several types of reactions including (1) ad-
dition of reactants to a solution, (2) mixing of two waters, and (3) ti-
trating one solution with another. In each of these cases PHREEQE can
simultaneously maintain the reacting solution at equilibrium with multiple
phase boundaries. The program calculates the following quantities during
the reaction simulation:

1. The pH.

2. The pe.

3. The total concentration of elements.

4, The amounts of minerals (or other phases) transferred into
or out of the aqueous. phase.

5. The distribution of aqueous species.

6. The saturation state of the aqueous phase with respect to
specified mineral phases.

In addition, the aqueous model is completely user definable with respect
to the elements and aqueous species included in the data base.

In the following sections we set out the conceptual framework of
PHREEQE and present some examples. In some cases we make simplifying
assumptions for purposes of comparison or discussion. Our purpose is to
try to present the basic concepts in PHREEQE with a minimum of formal
mathematics. For those who find this approach unsatisfactory, we refer
to the original works of Helgeson and coworkers, Wolery and Walters
(1975), or Wolery (1979).



As discussed by Nordstrom and others (1979), a distinction should
be made between the "aqueous model”, and the computer program that exe-
cutes the calculations based on the model. PHREEQE uses an ion—associ-
ation model that is based on the current aqueous models used in the USGS
programs WATEQ, SOLMNEQ, WATEQF, and WATEQ2. Although PHREEQE is linked
to the general approach of an ion-association model, the program allows
the aqueous model to be user defined through choice of input data.

Recent emphasis is being placed on new models for mixed electrolyte
solutions which, although semiempirical, are based on an equally sound
thermodynamic foundation (Reilly and others, 1971; Pitzer, 1973; Pitzer
and Mayorga, 1973, 1974; Pitzer and Kim, 1974; Pitzer, 1975; Wood, 1975).
Recent calculations (Harvie and Weare, 1980) show that some of these
models are more successful than the current ion association model used
in PHREEQE in highly concentrated solutions (brines).

EQUILIBRIUM EQUATIONS

We discuss first the basic mathematical concepts used in PHREEQE.
Because the aqueous model in PHREEQE is an extension of earlier work,
it will be only briefly summarized in this paper. For purposes of dis-
cussing the calculation philosophy of PHREEQE, we will initially ignore
the difference between the thermodynamic activity, a;, and concentration
(molality), m;, of species in aqueous solution, and, for now, refer to
[i] as the concentration/activity of species i. Although arbitrary,
this introduces no conceptual problem since for every species i, activity
and concentration, m,, are related by a; = 7v;my, where the activity co-
efficient, v;, can be defined for every species i. The arguments pre-
sented below are valid for any reaction path simulation program.

We begin our discussion with an analysis of a calculation for a
solution that does not involve redox equilibria. The information that
is needed to perform a calculation (this can represent the initial
solution composition, or a calculation at any specific point along a
reaction path) is the following:

Total Masses of Each Element in the System

These may represent analytical concentrations, real or assumed, in
a natural water, or in the case ‘of reaction paths, a new total concen-
tration dictated by a specified reaction being modeled. Whatever the
source, the total concentrations of the elements must be known for
PHREEQE to begin any given calculation at a reaction increment. The
total concentration of an element in the computer program must satisfy
mass balance. For example, mass balance on calcium is written



<
CATOT = < [Ca,]
i i

where CATOT is the total molality of calcium and ? [Cai] is the sum of

the molalities of all the calcium-bearing species in solution. (Terms
to include the calcium derived from mineral phases may also be present
in the mass balance equation, as described in Phase Equilibria below.)
Similar conservation relations are written for all the elements con-
sidered in the calculations, except H and O.

It is difficult to formulate a conservation equation for either
H or O because of the contribution of H,0. In PHREEQE we have sub-
stituted two other equations, electrica% neutrality and conservation
of electrons, for these two mass balance relations (see below).

Mass Action Equations for Ion Pairs

Except for the free ions (and mineral terms), all other terms appear-
ing in the mass balance equations for the elements are ion pairs formed
by the association of individual cations (X) and anions (Y). Thus, a
second and obvious set of data required by PHREEQE are the equilibrium
constants, K, for all the association reactions of the form

xX + yY = XXYy
(ignoring ion charge for simplicity) where K is given by the mass action
equation,

[ XXY

y ]

[x1*[Y )

The equilibrium constants are defined as a function of temperature,
K(T), either through specific empirical expressions or from the enthalpy
of reaction and the Van't Hoff equation.

The algebraic solution of a series of equations requires one inde-
pendent equation for each algebraic unknown. In the calculation problem
as we have presented it to this point, this criteria holds. That is,
for each element, i, considered, we have one mass balance equation for
one unknown concentration of the free species of each element and one
mass action equation for each unknown concentration of an ion pair.

This equality of equations and unknowns holds because we have not

yet considered H' and OH , which are not included in th$ above mass
balance equations. Thus we have two extra unknowns, [H'] and [OH ],

-



and one additional equation,

K

Hyo = [HTI[0H7]

(taking the activity of water to be unity for now), which leaves one
additional unknown, [HT] by arbitrary choice.

It is the treatment of this final wvariable that determines the
basic nature of the computer program in question. In WATEQ and its
derivative programs, pH is known analytically, input into the program,
and the aqueous speciation and degree of saturation of the aqueous
phase with respect to various mineral phases is calculated. In PHREEQE,
an additional equation is provided and pH can be calculated as a dependent
variable.

Electrical Neutrality

If pH is not input from analytical data, but is to be calculated,
another equation is required. This equation for calculating pH can be
derived from either mass balance (on O or H) or the electrical neutrality
constraint, and provides the capability for "path-following" programs.
PHREEQE uses the latter in calculation, that is, the pH of the solution
is adjusted until electrical neutrality is achieved within arbitrary
limits. Note that it is usually the effect of pH changes on other aq-
ueous species that adjusts the electrical balance rather than the molal-
ity of hydronium ion itself. (Other methods of defining electrical neu-
trality are discussed in the description of input.)

Phase Equilibria

We can now raise the question of phase equilibria (still ignoring
the question of redox reactions), and we find that conceptually, the
consideration of a mineral phase adds one algebraic unknown, MIN_ , which
is the quantity of the pth mineral phase precipitated or dissolved in a
given calculation. This term will appear in the mass balance equations
for each element in the solid phase (except H and 0). For example,
MINCaCO3 will appear as a term in both the carbon and calcium mass

balance equations. The additional equation required for each mineral
added to the system is provided by the solubility product constant for
the mineral (or a hydrolysis constant, or any other algebraically inde-—
pendent equilibrium constant) relating the mineral to the solution via
a mass action equation. So for each additional mineral, we have an
additional equation, and conceptually at least, the equations can be



solved. Thus, in PHREEQE, regardless of the number of phases considered
(provided the Gibbs phase rule is not violated), pH is ultimately speci-
fied by electrical neutrality. The available options for dealing with
chemical analyses that do not perfectly balance electrically will be
discussed later.

At this point we can conceptually specify an initial solution com
position (from analytical data), calculate an initial pH, and equili-
brate the solution with whatever phases we choose. Then, as a function
of reaction or changing conditions, changes in solution chemistry are
calculated. Unlike PATHI (Helgeson and coworkers) and related programs
which adjust the phases and the number of phases automatically, PHREEQE
requires the user to choose the exact phases present during the reaction.
(See test case 5 for use of PHREEQE in path finding problems.)

Conservation of Electrons

At this point we need to consider redox reactions, and the basic
differences between the role of H+ and e in solution chemistry. Protons,
or hydronium ions, H3O , occur as physical entities present in measurable
quantities in aqueous solutions. Electrons, on the other hand, although
their transfer is the basis for the definition of redox reactions, occur
in vanishingly small quantities under natural conditions. From a mathe-
matical point of view, the differences/similarities between H' and e are
that while the activities of either or both appear in the equilibrium
constant (mass action) equations defining activity ratios or products
of aqueous species, the H' ion appears in the electrical neutrality
equation whereas e does not because it does not occur in measurable
concentrations. (ad)

The introduction of pe (—loglo (a_-)) as a final algebraic unknown
in the set of variables requires one aﬁditional independent equation.
Again there are alternate sources for this final equation: it may be
obtained by coupling mass balance on O and H in the system with elec-
trical neutrality, or as in PHREEQE, from the fact that electrons must
be conserved in the system. By the latter statement, we simply mean
that although electrons do not appear (mathematically or physically)
in the aqueous phase, they cannot be created or destroyed in reactions.
For every molecule/ion that loses an electron through oxidation, some
other molecule/ion must gain an electron. An alternative statement of
this concept is that as long as electrons are neither added to nor
removed from the system, the net valence state of the system must remain
constant. This is basically the concept that PHREEQE uses in its book-
keeping for electrons. For example, a system composed of 1 mole of
Na2504 and 1 mole of CH4 would have a net valence sgite (excluding
agz Hy, or O, that might be present) of 1 x 6 (for S°') + 1 x (-4) (for
C" ) =+4+2. (Na' is not considered since in natural environments its

-6~



valence does not change and oxygen at a valence of -2 is not considered
by convention; see below). If sulfate reduction now occurs in this
system, and we end up with 1 mole of NaZS, 1 mole of COZ’ and 2 moles

of Hy0, we now have 1 x (+4) (for C4+) +1 x (-2) (for Sz-) = +2, and
we see that the valence state of the system is unchanged. For book-
keeping convenience in redox calculations PHREEQE keeps account only
of those species whose valence can change over the range of pe-pH con-
ditions covered by the chemical stability of water. Also for conven-
ience, PHREEQE monitors only changes in concentration of dissolved O
and Hy (not total masses of O and H), calculated from pH, pe, and equil-
ibrium with H,0. At this point we introduce the term operational
valence (OPV or sometimes the THOR) and define it for each aqueous
species. The OPV is defined to be the valence of any species which
can change valence (can be oxidized or reduced) under naturally occur-
ring conditions. The OPV of species which do not chaBge valence under
natural conditions is defined to be 0. The OPV of 0™ “ (oxygen with
valence of -2) is O and the OPV of HT is also 0. This convention
allows the masses of H,0, H+, and OH™ to be ignored in calgplations
while preserving the relative changes in valencS between H' (0 by our
convention) and H, (=2 by our convention) and 0“~ (0) to 0, (+4).

The OPV state of a solution is the sum over all species of the
molality of the species times its OPV.

Finally, there is one fundamental difference that must be men-
tioned between electrons and protons that has considerable signifi-
cance for the practical question of how the calculations are set up,
i.e. the actual running of the computer program. The potential problem
lies in how the composition of the initial solution is specified. Total
concentrations of cations and anions allow calculation of pH through the
physical requirement that the solution in total must be electrically
neutral. That is, with good chemical analyses (with or without the
assumption of mineral equilibria) the pH can be specified, that is, it
can be calculated by the computer program. This conceptually requires
only the total molalities of the elements, the physical requirement
of electrical neutrality, and definition of the aqueous model.

However, since the electron balance equation used by PHREEQE is
written in terms of changes in concentratiom, it requires a reaction
increment to occur before it can be used. The equation has no bearing
on the initial solution specified for the system. In other words, the
redox conditions in the initial solution must be specified before calcu-
lations begin. Note, for example, that if an initial solution at equil-
ibrium with pyrite and hematite is desired, the redox characteristics
of the solution prior to equilibration with the minerals must still be
specified before the pe and pH of the desired solution can be calculated.



Comment

It is convenient to associate the equations and unknowns as follows:
With each activity of free (uncomplexed) ion, a mass balance equation may
be associated; with each ion pair, a mass action equation is associated;
with each phase (other than the aqueous) a mass action equation can be
associated; [OH™] is “"determined"” by KHZO; pH is "determined” by electri-

cal neutrality; and pe is "determined” by conservation of electrons.

"We now enter the real world and consider the fact that the
thermodynamic activity and concentration are not, in general, equal.
In fact, for each aqueous species we need to determine both the con-
centration (as molality) and activity. Thus we need one more equation
for each aqueous species. The additional equations are provided by the
activity-concentration relations for each species: a; = yym;, where

a; = thermodynamic activity
Yy < activity coefficient
m. = molality.

Additional computational difficulties are provided by the fact that the
mass balance, charge balance, and electron balance equations sum molal-
ities, while the mass action equations require thermodynamic activities.

Equations

In this section we formally list the equations used in PHREEQE.

To facilitate this discussion, we need to introduce the concept of the
"master species"” as they are used in the computational sequence. For
each element in the (computational) system, there may exist a number

of aqueous species. For computational purposes, one species containing
a given element must be chosen and used exclusively in writing all mass
action equaglons for spec1es that contain the element in question. For
example, Ca®’ and CO3 , the master species chosen in our example data
base (Attachment A) for Ca and C, respectively, would be used to write
the mass action equations for the formation of species such as CaHCO§

o -~
CaC0j, Ca(OH)+, HCO4, CH,, CaCO3(gy), and COZ(g)' As a more complete

2~ 2-
example, consider the formation of S from SO « Sulfate ion is the
arbitrarily chosen master species for the element sulfur. The reaction
is



2-

SO4

+ 8e” + 8H' = 527 + 4H,0 .

For the species SZ— the coefficients and association constant for this
reaction must be entered in the data base. Each species is assigned an
index number and the lowest numbers are used for master species. H', e ,
and H%O are master species with index numbers 1, 2, and 3 respectively,

and a

1 other master species must have index numbers between 4 and 30,

inclusive. Only master species may appear in the association reactions
for aqueous ion pairs.

The equations used by PHREEQE are as follows:

Electrical neutrality (one equation).

Conservation of electrons (one equation). The sum of the OPV of aqueous
species equals initial total plus contribution from phases other than
aqueous. This equation is only used in determining the speciation in
reaction solutions, not initial solutions.

1 P
2 V:; . m; = 0PV + 3 u. . MINp

Mass balance (one equation for each element except H and 0). The sum
of aqueous species equals initial total plus contribution from phases
other than aqueous.

2 i,3 i i . bp,j . MINp for each j

N~

[¢]

=]

i

=

o

—

+

o

"™

Mineral equilibrium (one equation for each mineral phase).

. bp,j . log(aj) = log(Kp) for each p

YRS

J

Mass action equations for aqueous species (one for each aqueous
species other than master species; written as association reactions).




J
log(ai) = log(K;) + > €43 . log(aj)

j=1
.. .th . .
a; activity of the i~ ion-pair.
. s .th .
aj activity of the j~ master species.
bp i stoichiometric coefficient of the jth master species in the
b

pt mineral (zero if mﬁster species is not present in mass
action equation for p- mineral).

¢y j stoichiometric coefficient of the jth master species in the
? it aqueous species (zero if master species is not present
in mass action equation for the it th species).

I number of aqueous species.
J number of master species.
Ki egulllbrlum constant for the mass action equation for the
aqueous species.
K eguilibrium constant for the mass action equation for the
p
phase.
m lality of the il i
i molality of the i~ aqueous species.

MINp moles of the pth mineral transferred into (+) or out of (-)
the aqueous phase. )

I

OPV 2: Vi o.My, calculated from the speciation of the initial
i=1 solution or the mixture of two initial solutionms.

P number of mineral phases.

TOTj Total concentration of the element corresponding to the jth
master species preceding any mineral dissolution or precipi-
tation.

u sum of the OPV's of the constituents in the pth ;i ora1.

Ex. uFeSz = 0 and uFe(OH)3 = 43,

_lo_



Operational valence (OPV) of the ith aqueous species. The nu—-
merical values are assigned arbitrarily for bookkeeping con-
venience; they are self-consistent in terms of correctly de-
fining electron transfer in redox reactions, but may or may
not correspond to the true chemical valence for the entities
involved.

Vi

[

0 for "non-redox" species (those whose valence does not
change within the stability range for water).

0 for H+,

0 for OH™,

-2 for HZ(aq)’

+4 for OZ(aq)’

the formal elemental valence for aqueous redox species
(or the sum of the formal valences of the constituents

of an agueous complex, exgluding H and 0). Ex. VEe2+ =
+2, VSO[‘_ = +6, and vFeSO4 = +8.

charge on the ith species.

-11~-



NUMERICAL METHOD

PHREEQE solves a set of non-linear equations using a combination
of two techniques: (1) a continued fraction approach, as in Wigley
(1977), is used for mass balance equations, and (2) a modified Newton-
Raphson technique is used for all other equations. The independent
unknowns are:

1. aH+

2. ag-

3. The activity of one aqueous species for each element, called
the master species. (The master species of an element is Biu_
ally chosen to be the free ion of that element, such as Ca
for calcium. All other aqueous species must have only master
species in their association reactions.)

4., the amounts of mineral mass transfer to the aqueous phase.

All other unknowns, activities of other aqueous species, activity co-
efficients, molalities,  and the activity of water are calculated from
these independent variables. The activities of aqueous species are
calculated from their mass action equations, which involve only master
species and an equilibrium constant. Activity coefficients are calcu-
lated from either the Debye-Hickel or Davies formulation. The activity
of water is calculated as in WATEQ (Truesdell and Jones, 1974).

The equations which correspond to this reduced set of variables
are:

1. Electrical neutrality

2, Electron balance

3. Mass balance (one for each element other than H and O)
4, Mineral mass action equations (one for each mineral).

PHREEQE solves a set of algebraic equations using iterative tech-
niques to approximate the solution to the equations. Unlike PATHI (Hel-
geson and others, 1970), the estimates at each iteration need not be exact
but only good enough to ensure that the sequence of estimates converges
on the algebraic solution. Thus it is possible to make the crude approx-
imations of (1) constant activity coefficients and (2) no interdependence
of species when changing activities of several master species simultane-
ously, at any one iteration without loss of accuracy in the final solution.

_12_



The two techniques used by PHREEQE differ fundamentally in that
the continued fraction approach calculates new estimates for the master
species directly while the Newton-Raphson approach actually calculates
changes in ag+, ag~, and mineral transfer which, when added to the old
estimates, gives the new estimate.

In the numerical scheme, there are two possibilities for each iter-
ation. The master species are adjusted using the continued fraction
method and then (1) if the mass balance equations are not satisfied within
at least 20 percent, a new iteration is begun, or 2) if the mass balance
are satisfied the Newton-Raphson matrix is solved and new ay+, a,-, and
mineral transfer estimates are made. The pH, pe, and minerals may be held
constant for several iterations (especially in the initial iterations) and
are changed only when the mass balance criteria are nearly satisfied.

The following method is used to refine the estimates of the activities
of the master species. It assumes that the molality of each species of
an element is proportional to the activity of the.master species of that
element. This implies that activity coefficients are constant and the ac-
tivities of other master species are constant. For element j the formula
is:

TOTALj
aj = a
(N + 1)

N indicates thaﬁ all molalities, activities, and totals are those calcu-

lated at the N'! jteration. Totalj is calculated from the initial
N)

total plus the sum of all the mineral transfers from all the previous

iterations; other notations are the same as in the previous list of

equations.

There is an oscillatory effect if this technique is applied to all master
species simultaneously. However, by first correcting the positively charged
master species, then redistributing all the species, and finally reesti-
mating the negatively charged master species the effect is minimized. If a

large fraction of the jth element is tied up in species in which cy, s >1,
then a quadratic formula is used,
_Bj+ JBj Bj+4 Aj TOTALj
aj = aj - .
(N + 1) (N) 2 Aj
)

where,

-13-



I
. = . ° . PN 1
Aj 121 M1, for eg,3 > 1o
I
Bj = 121 my ci,j for ci,j = 1,
N P
TOTAL . = TOTAL . + z 2 AMIN « b,
I Joy  m=1 |pst Py P

The other unknowns (pH, pe, MIN, and ALK) are not adjusted until the
mass balance criteria are satisfied within at least 20 percent.

The variables other than the activities of the master species of
the elements are adjusted using a matrix technique. A modified Newton—
Raphson method is used to linearize the set of nonlinear equations. The
change in molality of each species relative to the changes in activities
of the master species is given by taking the differential of the equations
for the molality of species. If

J
Am; = ¥ m; " c, s ° for each i.

This formulation for the change in molalities of each aqueous species
is linear in the quantities

The differential of the electrical balance equation (equation 1 in
the previous section) is:

I
AELECT = Z 2z, ° Am
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At each iteration A ELECT must be the charge imbalance calulated from
the distribution of species.

I
AELECT = X 2z, ° m,
i=

Taking the differential of the electron balance equation (equation
2) gives:

4~

P
= - > *
A THOR Z vyt OAMING + T vy
p=1 i=1

Ami

where A THOR is the difference between the OPV state of the solution at
a given iteration and the OPV state the solution should have at that
iteration, V.

I
ATHOR = V - 3 vi'mi
i=1
and
N P
VvV = 0PV + > z uP' A MIN
- - p
n=1 p=1 (n) .

V is the OPV state of the initial solution plus the change resulting
from the precipitation or addition of minerals.

The differential of a mass balance equation is:

I P

ATOT:.| = 121 ci,j y Ami - p2=1 b )3 g AMINp .

At each iteration ATOTj is known to be:
I

A'TOTj = TOTALj(N) - izl ci,j . my ®

where,
N P
TOTALj(N) = TOTALj(O) + nzl pzl bp,J AAMINp(n)
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That is, TOTALj is the initial total concentration of j plus any of
N)

the jth element which has dissolved or precipitated in the previous

iterations.

The mineral equilibrium equations are linearized by taking the
total differential of the equation for the IAP of a mineral. That
equation is:

J
log IAPp = ? bp,j log aj
j=1
and the differential is:
J Aaj
Alog IAP_ = X b_ . °
P .1 P»]
=1 aj .
Equilibrium imposes that
KP
Alog IAP_ = log K - log IAP, = log s
P P Y ——
IAP
Y
therefore
J Aaj Kp
z bp i * = log for each p.
j=1 aj IAP
Aaj
Now, because the Auﬁ are linear with respect to , all of the equations
a.
Aaj ]
of differentials are linear in AMINp and . The coefficients
a -
J

for these variables are computed in the subroutine AQMOD. The system of
equations is solved in SLNQ, and RESET computes new values for the major
variables except for the activities of master species of the elements.
For example,

Aaygt
ayt = gt M I
(N+1) () ayt
Q)

and
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MIN = IN +
p M p AMINp

(N+1) (N) (N+1) .

There are restrictions placed on the calculated deltas. The AMIN are
reduced so that no negative total concentrations result. The pH and
pe are not allowed to change more than 0.5 units. The_total concen-
tration of an element is not allowed to drop below 107~ moles.

In some cases it is desirable to be able to adjust the initial so-
lution to electrical neutrality at a constant pH. This can be achieved
by setting IOPT(2) = 2. (See input section for details.) To solve this
case, the program first solves the initial solution as if IOPT(2) = 0
(no adjustments for electrical balance) in order to determine the sign
of the charge imbalance. Then, the electrical balance equation is used
to calculate the activity of the properly charged species from NEUTRAL
input which produces electrical neutrality. The mass balance equation
for this species is not included in the set of equations which are
solved. The total concentration for the NEUTRAL species used is deter-
mined by summing all the aqueous species for that element after elec-
trical balance has been achieved.

When alkalinity is given instead of total carbon, the problem is
again formulated slightly differently. In place of a mass balance on
carbon there is an equation for alkalinity,

N4
>

. m; = ALK
i=1 1
where Ai is the number of equivalents contributed to the total alkalinity
by a mole of the it aqueous species and ALK is the given total alkalinity.
The values of A; are by necessity an arbitrary approximation. To truly
calculate the total carbon from alkalinity, the endpoint of the alkalinity
titration must be known and all of the other analytical data must be
perfect. Given imperfect analyses there is no way to distinguish the
true alkalinity from the charge imbalance due to analytical error. In
our data base (Attachment A) we have chosen pH 4.5 as our end point to
agree with the USGS standard methods. We have arbitrarily included in
the alkalinity only species with an ut dissociation reaction pK greater
than 4.5. This is only an approximation since some species (Al(OH)3°,
for example) would not be completely dissociated at pH 4.5 even though
their entire molalities were considered as contributing to the alkalinity
at the original solution pH. The program will accomodate different end-
points and different choices in alkalinity species via the input ALKSP
(for each aqueous species) in the data base. This approach is satisfactory
if the carbonate system dominates the measured titration alkalinity, but
we emphasize that it is only a compromise for solutions in which the
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measured titration alkalinity contains significant contributions from
species of iron, aluminum, or other elements.

One further caution concerning alkalinity should be noted. It
is not possible to input the total alkalinity and then adjust the
solution to electrical neutrality using pH. This is a theoretical
impossibility, not a program limitation. Since alkalinity is in a
sense a measure of negative charge, by fixing the alkalinity the
total negative charge is fixed and, through the other analyses, the
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