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CONVERSION FACTORS

Multiply By To obtain
Length
foot (ft) 0.3048 meter
mile (mi) 1.609 kilometer
Area
acre 0.4047 hectare
square foot (ft?) 0.09290 square meter
Volume
cubic foot (ft?) 0.02832 cubic meter
acre-foot (acre-ft) 1,233 cubic meter
Flow rate
foot per second (ft/s) 0.3048 meter per second
foot per hour (ft/hr) 0.3048 meter per hour
cubic foot per second (ft¥/s) 0.02832 cubic meter per second
mile per hour (mi/h) 1.609 kilometer per hour
Pressure
millibar 0.1 kilopascal
pound-force per cubic foot (Ibf/ft}) 157.1 Newtons per cubic meter

Temperature in degrees Fahrenheit (°F) may be converted to degrees Celsius (°C) as follows:

Vil Contents

°C=(°F-32)/1.38



Full Equations (FEQ) Model for the Solution of the Full,
Dynamic Equations of Motion for One-Dimensional
Unsteady Flow in Open Channels and Through Control
Structures

By Delbert D. Franz and Charles S. Melching

Abstract

The Full EQuations (FEQ) model is a computer program for solution of the full, dynamic equations
of motion for one-dimensional unsteady flow in open channels and through control structures. A stream
system that is simulated by application of FEQ is subdivided into stream reaches (branches), parts of the
stream system for which complete information on flow and depth are not required (dummy branches),
and level-pool reservoirs. These components are connected by special features; that is, hydraulic control
structures, including junctions, bridges, culverts, dams, waterfalls, spillways, weirs, side weirs, and
pumps. The principles of conservation of mass and conservation of momentum are used to calculate the
flow and depth throughout the stream system resulting from known initial and boundary conditions by
means of an implicit finite-difference approximation at fixed points (computational nodes). The hydraulic
characteristics of (1) branches including top width, area, first moment of area with respect to the water
surface, conveyance, and flux coefficients and (2) special features (relations between flow and headwater
and (or) tail water elevations, including the operation of variable-geometry structures) are stored in func-
tion tables calculated in the companion program, Full EQuations UTiLities (FEQUTL). Function tables
containing other information used in unsteady-flow simulation (boundary conditions, tributary inflows or
outflows, gate settings, correction factors, characteristics of dummy branches and level-pool reservoirs,
and wind speed and direction) are prepared by the user as detailed in this report. In the iterative solution
scheme for flow and depth throughout the stream system, an interpolation of the function tables corre-
sponding to the computational nodes throughout the stream system is done in the model. FEQ can be
applied in the simulation of a wide range of stream configurations (including loops), lateral-inflow con-
ditions, and special features. The accuracy and convergence of the numerical routines in the model are
demonstrated for the case of laboratory measurements of unsteady flow in a sewer pipe. Verification of
the routines in the model for field data on the Fox River in northeastern Illinois also is briefly discussed.

The basic principles of unsteady-flow modeling and the relation between steady flow and unsteady
flow are presented. Assumptions and the limitations of the model also are presented. The schematization
of the stream system and the conversion of the physical characteristics of the stream reaches and a wide
range of special features into function tables for model applications are described. The modified
dynamic-wave equation used in FEQ for unsteady flow in curvilinear channels with drag on minor
hydraulic structures and channel constrictions determined from an equivalent energy slope is developed.
The matrix equation relating flows and depths at computational nodes throughout the stream system by
the continuity (conservation of mass) and modified dynamic-wave equations is illustrated for four
sequential examples. The solution of the matrix equation by Newton’s method is discussed. Finally, the
input for FEQ and the error messages and warnings issued are presented.
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1. INTRODUCTION

Most open-channel flows of interest to hydraulic engineers, hydrologists, and planners are unsteady and can
be considered to be one-dimensional (1-D). In unsteady flow, some aspect of the flow (velocity, depth, pressure, or
another characteristic) is changing with time. In 1-D flow, longitudinal acceleration is significant, whereas trans-
verse and vertical accelerations are negligible. Many problems involving 1-D unsteady flows have been approxi-
mated by assumption of steady flows (for example, constant peak discharges in flood-plain delineation studies) or
piecewise steady flows, wherein storage-outflow relations are derived for channel reaches from a steady-flow
hydraulic model and used in simple hydrologic-routing methods. Piecewise steady-flow analysis typically does not
consider all the forces acting on the flow and only partially accounts for channel-storage effects. The approximate
solutions for steady-flow and piecewise steady-flow analysis are adequate for certain simplified planning or design
problems but are inadequate for many others (for example, streams with rapidly rising and falling stage, flat slopes,
and broad flood plains where storage and acceleration effects could be substantial). No criteria are available to
guide engineers and hydrologists as to when steady-flow methods are acceptable and when a complete unsteady-
flow analysis is necessary. Further, problems such as tidally affected flows and sudden releases from power-
generation stations require 1-D unsteady-flow analysis.

With the recent increases in the calculation speed and storage capabilities of computers, simulation of 1-D
unsteady flow in a complex stream system with many hydraulic structures has become practicable. Runoff
response to rainfall in urban areas is rapid, and streams throughout 1llinois have relatively flat slopes and broad
flood plains. Thus, engineers with the 1llinois State government and rapidly urbanizing counties surrounding
Chicago, became interested in applying unsteady-flow analysis for flood-plain delineation, flood forecasting,
flood-control reservoir operation, and other applications. Because a wide variety of hydraulic structures in the
stream network could be simulated in the Full EQuations (FEQ) model, this model was selected by the
U.S. Geological Survey (USGS) and cooperating agencies for documentation and extensive testing (Ishii and
Turner, in press; Ishii and Wilder, 1993; Turner and others, 1996). The 1llinois Department of Natural Resources,
Office of Water Resources, and the County of Du Page, Department of Environmental Concerns, cooperated with
the USGS and Linsley, Kraeger Associates to document the model schematization, governing equations, mathe-
matical solution procedures, numerical characteristics, and input description for FEQ.

Development of FEQ, a numerical tool for the solution of the flow-governing equations for a system of inter-
connected channels, began in 1976. The structure of the program was designed to represent the general structure
of a stream system, so the model is highly flexible and capable of efficiently simulating a wide variety of stream
systems. Among the many hydraulic structures represented in the model are bridges, culverts, dams, level-pool
reservoirs, spillways, weirs, sluice gates, pumps, side weirs, expansions, contractions, drop structures, and flows
over roadways. Several options for the choice of the governing equations are available. Wind forces on the stream
surface can be calculated and their effects on flow momentum simulated.

1.1 Purpose and Scope

The purpose of this report is to document the stream-network visualization and schematization, flow-
governing equations, and solution procedures used in the FEQ model to simulate 1-D unsteady flow in a network
of open channels and control structures. The FEQ model and example inputs and outputs may be obtained by
electronic retrieval from the World Wide Web (WWW) at http://water.usgs.gov/software/feq.html and by anony-
mous File Transfer Protocol (FTP) from water.usgs.gov in the pub/software/surface_water/feq directory. Because
flow in a network of open channels and control structures is complex, the documentation of FEQ involves detailed
discussions of many hydraulic-engineering and numerical-analysis topics. These topics are discussed in the
following order. The basic principles of 1-D unsteady-flow modeling and the relation between steady flow and
unsteady flow are discussed to give readers who are familiar with steady-flow analysis points of reference for
understanding unsteady-flow analysis. The schematization of the stream system and the conversion of the
physical characteristics of the stream reaches, including the effects of curvilinearity, into function tables for
model applications are described. The modified dynamic-wave equation used in FEQ is developed for unsteady
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flow in curvilinear channels with drag forces on minor hydraulic structures and channel constrictions determined
from an equivalent energy slope. The equations approximating flow through various hydraulic-control structures
are presented, and conversions of the stage-discharge relations for these structures into function tables are given.
The matrix equation relating flows and depths at computational nodes throughout the river system by the continu-
ity (conservation of mass) and modified dynamic-wave equations is illustrated for four sequential examples. The
solution of the matrix equation by Newton's method is discussed. Finally, the input for FEQ and the error messages
and warnings issued in model simulation are listed.

1.2 Classification of One-Dimensional Steady Flow and Unsteady Flow

A classification scheme for steady and unsteady flow is useful in describing the flows of interest. The
simplest steady flow is uniform flow, in which no flow variable changes with distance. In a uniform steady flow,
every flow variable is a constant with respect to distance and time. If the flow is not uniform, then it is classified
as nonuniform and can be further divided into gradually varied and rapidly varied flow. In gradually varied steady
flow, the flow variables may change with distance, but all variables are constant in time. Furthermore, the varia-
tions with distance are gradual, so vertical accelerations are small. The series of backwater profiles discussed in
the typical open-channel hydraulics course or textbook (for example, Chow, 1959, p. 227-237) are all gradually
varied flows. In rapidly varied flow, substantial variations are presentin vertical and/or transverse flow. An extreme
example is a hydraulic jump below a dam. This flow can still be analyzed as 1-D flow, but the rapidly varied zone
of the flow must be recognized and isolated in the analysis. Additional examples of rapidly varied flow are flows
through culverts and bridges and over weirs and spillways.

Unsteady uniform flow is impossible, so only nonuniform unsteady flow is of interest in hydraulic analysis.
Both gradually varied and rapidly varied unsteady flows are possible, and the same general rules for analysis apply
as for steady flow. The zones of rapidly varied flow must be isolated before analysis under the 1-D flow assump-
tion; thus, the method of analysis for steady and unsteady flow is the same in this respect.

1.3 Selection of Conservation Principles

Three conservation principles—conservation of water mass, conservation of the mechanical-energy content
of the water, conservation of the momentum content of the water—are available for analysis of 1-D unsteady flow.
Conservation of thermal energy is not considered because temperature-change and heat-transfer effects do not
affect flow depth and discharge.

The first principle selected is the conservation of water mass, which becomes the conservation of water
volume if the density is constant. Equations derived from application of the conservation of mass principle are
often referred to as “continuity equations.”

The choice of conservation of momentum instead of conservation of mechanical energy of water for FEQ
was based on how well the various flow parameters and variables can be approximated and how well each partic-
ular principle works when only approximations to physical reality are possible. Both principles are exact given
precise knowledge of all the flow parameters and variables; however, precise knowledge of these is never possible.
Yen (1973) provides a detailed list of differences between the energy and momentum approaches. Many research-
ers, including Abbott (1974), Cunge and others (1980), and Liggett (1975), argue for combined application of the
conservation of mass and conservation of momentum principles as the equations of motion because this combina-
tion gives the correct wave speed and height should abrupt waves (hydraulic bores) form during the modeling of
rapidly increasing or decreasing flow. If the conservation of momentum principle is used with the continuity equa-
tion and the equations are properly approximated, then the correct wave speed and height will be computed. In
contrast, application of the conservation of energy principle provides no simple approximation that can be applied
to yield the correct wave speed and height.

In many applications, the flow in the stream channels is derived from runoff entering the channels either
overland or from storm sewers, drainage ditches, and streams too small to be explicitly represented in the model.
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These flows generally enter approximately at right angles to the main-channel flow, and complex interaction
between these flows involves considerable turbulence. Application of the energy-conservation principle would
require that the kinetic and potential energy of lateral flows be estimated, and such estimates are nearly impossible
to make accurately. The turbulence results in an unknown increase in energy dissipation. Therefore, lateral inflows
are better approximated by use of the conservation of momentum principle. Because these flows enter approxi-
mately at right angles to the main-channel flow direction, the effect is approximated in the momentum equation
without an additional requirement for estimated losses. The applicability of the conservation of momentum prin-
ciple to the solution of lateral inflow problems has been demonstrated in modeling of side-channel spillways and
wash-water troughs (Henderson, 1966, p. 268), both of which cause much greater turbulence than normally results
in unsteady flow.

Yen and others (1972) give further evidence for the choice of the momentum-conservation principle. Using
artificial rainfall on a sloping glass flume, they computed resistance coefficients for steady, spatially varied flow
for both the energy and momentum conservation principles and found that the resistance coefficient from the
momentum principle was always closer to the coefficient estimated from steady flow without lateral inflow.
Because use of Manning's equation for resistance losses yields a better estimate of the resistance coefficient for
the momentum principle than for the energy principle, methods based on momentum conservation yield better
estimates of the water-surface profile than do methods based on energy conservation, especially if Manning’s n is
calibrated to measured water-surface profiles or historic high water marks. In addition, the resistance coefficient
estimated from the momentum principle was insensitive to variations in the velocity of lateral inflow (many appli-
cations of unsteady flow involve a wide range of lateral inflow rates).

Finally, the equation obtained with the conservation of momentum principle is simpler than the equation
obtained with the conservation of energy principle. The simplicity of the equation obtained with the conservation
of momentum principle is twofold; the equation includes fewer terms, and less information is needed for each cross
section.

1.4 Major Assumptions in Unsteady-Fiow Analysis

Analysis of 1-D unsteady flow in open channels requires many assumptions. The major assumptions are the
following:

1. The wavelength of the disturbance of the flow is very long relative to the depth of the flow. This “shallow-water
wave assumption” implies that the flow is principally 1-D and basically parallel to the walls and bottom forming
the channel. Thus, streamline curvature is small; lateral and vertical accelerations are negligible relative to the
longitudinal accelerations; and, therefore, the pressure distribution is hydrostatic.

2. The channel geometry is fixed so that the effect of deposition or scour of sediment is small.

3. The bed of the channel has a shallow slope so that (a) the tangent and sine of the angle that the bottom makes
with the horizontal have nearly the same value as the angle and (b) the cosine of the angle is approximately 1.

4. The effect of boundary friction force can be estimated with a relation derived from steady uniform flow.
Nonuniformity and unsteadiness are assumed to have only a small effect on the frictional losses.

5. Channel alignment with respect to the effect of directional changes on the conservation of momentum principle
may be treated as if it were rectilinear even though the channel is curvilinear. Thus, the water surface in any
cross section of the stream is assumed to be horizontal. Super-elevation effects on the water surface in channel
bends are not considered in the analysis and are assumed to have a small effect on the results.

6. The fluxes of momentum and energy along the cross section resulting from nonuniform velocity distribution
may be estimated by means of average velocities and flux-correction coefficients that are functions of location
along the stream and water-surface elevation.

7. The flowing fluid is homogeneous (constant density).

From these assumptions, formal statements of the conservation of water volume (mass) and conservation of
water momentum can be developed. The conservation of volume (mass) principle relates to flows and changes in
the quantity of water stored in the channels and reservoirs. No forces of any kind are considered in the conservation
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of mass. Forces, momentum fluxes, and the momentum of water in storage are related in the conservation of
momentum principle. The factors involved in this equation are

1. gravity force on the water in the channel,

2. friction force on the wetted perimeter of the channel,

3. pressure force on the boundaries,

4. wind force on the water surface, and

5. inertia of the water.

Some of these factors can be omitted to simplify the unsteady-flow computations. If all these factors are
included in the analysis, the equations are referred to as the complete, full, dynamic, Saint-Venant, or
shallow-water equations. If the inertia of the water is ignored, the zero-inertia form of the motion equation is
obtained. If, in addition, the variations of pressure force along the channel are ignored because they are thought
to be small, the kinematic form of the motion equation is obtained. Reservoir routing also is a form of
unsteady-flow analysis in which the motion equation is simplified to a relation between water-surface elevation
and the flow. In a certain sense, reservoir routing ignores all four factors although some or all are implicit in the
relation between flow and water-surface elevation. In each case, at least one of the factors is dropped from the
motion equation. FEQ includes three of the four forms of motion equations for unsteady flow: (1) the full-equation
form, including all four factors, (2) the zero-inertia form, in which the inertia of the water is omitted, and (3) the

reservoir-routing form, in which the motion equation is reduced to a relation between water-surface elevation and
flow.

1.5 Examples of Unsteady-Flow Analysis

Examples of unsteady-flow analysis are easily found, only a few are mentioned here.

1. Passage of a Flood Wave. Flood-wave movement is unsteady, but in flood-insurance studies an approximate
maximum-elevation envelope resulting from a flood wave is computed under the assumption of steady flow. Lit-
tle work has been done to evaluate the accuracy of this approximation. In addition, the effect of flood-plain fill-
ing and obstruction is often analyzed by means of steady-flow analysis. Changes in the ability of the stream to
convey water are evaluated in steady-flow analysis, whereas changes in the capability of the stream to store
water are not considered in steady-flow analysis. The changes resulting from storage may be large in some
cases. Therefore, application of unsteady-flow analysis may substantially improve flood-insurance studies.

2. Operation of Irrigation and Power Canals. Unsteady-flow analysis is required to design these canals
properly because the flow variations can often be abrupt. Allowance must be made for the wave heights that
might result. Furthermore, the traveltime of transients becomes important in the design and operation of struc-
tures intended to reduce or control transients.

3. Tidal Effects. Analysis of the effects of tides on streams requires consideration of unsteady flow. Steady-flow
analysis is often used to approximate the envelope of maximum elevations; but again, little work has been done
to evaluate the accuracy of this approximation.

4. Junctions. The complex interactions at stream junctions often require unsteady-flow analysis. For example,
a large flood or failure of a dam on a tributary to a second, larger stream can sometimes result in upstream flow
at the junction in the receiving stream. This, in turn, can lead to a very rapid rise in water-surface elevation
because the influx of water serves not only as a temporary dam but also as another source of inflow.

5. Measures to Control Floods. Evaluation of the effects of proposed measures to control floods in a stream
must involve unsteady-flow analysis. Simplified methods often fail to give adequate solutions where stream-
bottom slopes are flat enough to make flow reversals possible or where flow is strongly affected by water-
surface elevations downstream.
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2. RELATION BETWEEN ANALYSES OF STEADY AND UNSTEADY FLOW

Analyses of steady and unsteady flows are similar in many ways. Because steady-flow analysis is much more
widely applied and because hydraulic engineers are generally familiar with steady flow, steady-flow concepts are
discussed first to introduce some aspects of the analysis of unsteady flow.

2.1 Channel Segmentation

In steady-flow analysis, a governing equation is given that describes flow variation. This is most often writ-
ten as an energy-conservation equation but a momentum-conservation equation also can be used. In either case,
this equation is in differential or integral form; and the solution cannot be determined without application of
numerical methods. Thus, only an approximate solution to the governing equation can be determined. To find this
solution, the channel is subdivided into short pieces called computational elements. Then, for each computational
element, the differential or integral terms in the governing equations are approximated algebraically to yield an
algebraic equation that approximates the governing equation for that element. From these computational elements,
the whole solution scheme proceeds.

The ends of the computational element, called nodes, are defined by cross sections either measured or
estimated from field measurements. The cross section is at right angles to the direction of flow as best as can be
determined. One way to visualize a computational element is as a slice of the channel whose ends are at right
angles to the longitudinal axis (fig. 1). Adjacent computational elements have a cross section and, therefore, a node
in common; thus, there will always be one more node (cross section) than the number of computational elements.

The values of interest in the cross sections are the width of the water surface, the flow area, the first moment
of area, the conveyance, and, perhaps, an energy- or momentum-flux coefficient, all computed at any given eleva-
tion. The shape of the cross section does not appear explicitly in the governing equations, but only implicitly
through these cross-sectional characteristics.

2.2 Review of Steady-Flow Analysis

In steady-flow analysis, the equation for conservation of water volume is trivial because the flow is known
at all points in the channel unless flow over a side weir is simulated. The algebraic approximations of the conser-
vation of flow momentum or energy are carefully written such that only water-surface elevation values at the ends
of the computational element are needed. Consequently, there are two unknowns for each computational element;
namely, the elevation of the water surface at each end. Given an initial elevation, the unknown elevations along the
channel can be computed sequentially, one unknown at a time. The direction of solution must be from a point of
known or assumed elevation to points of unknown elevation. In general, if the flow is subcritical, the direction of
solution is upstream; if the flow is supercritical, the direction of solution is downstream.

One of the first steps in steady-flow analysis is to locate control points; that is, points along the stream where
the elevation can be computed once the steady flow is selected. At least one point of known elevation is needed to
start the computations. For subcritical flow, this point, called an initial condition, will be the downstream boundary
of the region of interest.

The algebraic governing equation for steady flow does not apply to rapidly varied flow at bridges, culverts,
falls, rapids, dams, and other special features. Furthermore, the governing equation does not apply to junctions of
two or more channels or to abrupt changes in channel size or shape. These special features must be isolated and
analyzed with equations other than those applied for each computational element. Each special feature forms inter-
nal control points in the stream system, one upstream and one downstream. Therefore, each stream segment
between the boundary and a special feature or between special features is simulated by a separate steady-flow
analysis that requires an initial condition. The necessary initial conditions can be computed with the equations
relating flow and elevation from upstream to downstream for the special features.
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Figure 1. Branch of a stream system discretized into computational elements.

During the first run of a steady-flow analysis, one or more of the computational elements may prove to be
too long, and computational failure results. The only recourse is to subdivide the computational element into two
or more shorter computational elements and rerun the analysis.

Also during the solution process, an elevation may result such that the flow is supercritical at the upstream
end of the computational element when the elevation at the downstream end is for a subcritical flow. This result is
incorrect. In steady flow, such a pattern indicates a hydraulic jump somewhere in the computational element. The
analyst may consider three possibilities. First, the incorrect solution may be purely a computational artifact result-
ing from the failure of the solution process to determine the subcritical solution at the upstream end of the compu-
tational element. If so, the solution process should be changed to seek a subcritical solution. Second, there may be
no subcritical solution for the unknown in the computational element. This also can be a computational artifact if
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the computational element is too long and the errors in the approximation of the differential or integral terms are
distorting the solution. If so, the computational element must be subdivided and the solution tried again. Third, the
flow is physically supercritical near the computational element, yielding the incorrect solution. If so, the control
point for the supercritical flow must be found, the profile downstream from the supercritical-flow control point
must be computed, and the hydraulic jump can then be located by iterating between the downstream propagation
of supercritical flow and the upstream propagation of subcritical flow.

2.3 Basic Principles of Unsteady-Flow Analysis

The previous discussion of steady-flow analysis gives background for some concepts of unsteady-flow
analysis. Although some similarities can be expected because steady flow is a special case of unsteady flow,
differences also can be expected because unsteady flow must describe conditions not included in the steady-flow
governing equations.

In unsteady-flow analysis, two governing algebraic equations must be explicitly solved because the flow and
the elevation of the water surface are both unknown. One of the governing equations is the conservation of water
volume, and the other is the conservation of water momentum. In steady-flow analysis, the equation for conserva-
tion of water volume was trivial because the flows were constant and were used to solve for the flows everywhere
in the channel (known elevations were unnecessary). In unsteady-flow analysis, however, a governing equation of
conservation of water volume must be explicitly solved for flows and elevations.

In unsteady-flow analysis, computational elements and algebraic approximations to the differential or
integral terms in the governing equations must be used to develop two algebraic equations for each computational
element written in terms of elevations and flows at the ends of the element. These governing equations are more
complex than those for steady-flow analysis. For unsteady flow, a computational element with respect to time also
must be considered, but it is simple: the time axis is divided into finite increments that, ideally, will be short enough
so that the algebraic approximations of the differential and integral terms will be sufficiently accurate. Because of
this dependence on time, the algebraic governing equations involve not only the unknown flow and elevation at
two points along the channel but also at two points in time.

Control points with known relations between elevation and flow must be identified, as well as points of
rapidly varied flow or of interaction between channels not described by the algebraic governing equations. As in
steady-flow analysis, these points establish the limits of applicability of the governing equations with respect to
distance along the channel and provide known values for the analysis. In unsteady-flow analysis, however, a start-
ing time for the computations when all the flow values are known at the computational nodes (ends of the compu-
tational elements) must be established. Flow is assumed to be steady everywhere in the system at the starting time.
This is the first major difference between steady flow and unsteady flow: a steady-flow analysis must be completed
to establish the initial condition for the unsteady-flow analysis.

A second major difference between unsteady-flow analysis and steady-flow analysis is the information
needed at the boundaries of the stream system. In steady-flow analysis, knowledge of one elevation at the down-
stream boundary is needed to start the computations for subcritical flow or at the upstream boundary for supercrit-
ical flow. A cursory analysis of the number of equations available in unsteady flow shows that more information
is needed for unsteady-flow analysis. For example, a single channel with no special features is divided into
9 computational elements yielding 10 nodes. With 2 unknowns at each node, there are 20 unknowns but only
18 equations (2 per computational element). Thus, the unknowns cannot be determined without some additional
information at the boundaries of the system. When the flow is subcritical, information at both the upstream and the
downstream boundary of the system is needed. This information can be in one of three forms: flow known as a
function of time, water-surface elevation known as a function of time, or a relation between flow and water-surface
elevation. The upstream boundary is commonly flow known as a function of time (a hydrograph), and the down-
stream boundary is commonly a known relation between flow and water-surface elevation (a rating curve). The
information supplied at a boundary is called a boundary condition.

The information supplied at a special feature internal to the stream system is often called an internal bound-
ary condition. In unsteady-flow analysis, internal boundary conditions are approximated as steady-flow relations
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because the special features generally are short enough that the changes in momentum and volume of water within
the special features are small. The isolation and description of the special features is a major component of
unsteady-flow analysis.

The same computational problems can arise for unsteady-flow analysis as steady-flow analysis because both
analyses use algebraic approximations to the differential and integral terms. These approximations are developed
for a computational element of finite length. If the computational element is too long, an incorrect solution results.
The difference between the analyses is that in unsteady-flow analysis the computational problems are more com-
plex and more frequent than in steady-flow analysis. The increased frequency is primarily because unsteady-flow
analysis involves computations over a wide range of water-surface elevations, whereas most steady-flow analysis
involves computations over a narrow range of water-surface elevations. Furthermore, the time dimension results
in additional complications.

Similarities and differences between steady- and unsteady-flow analysis are summarized in table 1. The
motion equation in this table is expressed by use of the principle of conservation of momentum.

Table 1. Similarities and differences between steady- and unsteady-flow analysis

[Q, flow rate; A, cross-sectional area; y height of water surface above the minimum point in the cross section; x, distance along the channel;
t, time; g, gravitational acceleration; g, inflow into channel over or through the sides (lateral flow); Sy, bottom slope of the channel, positive
with decline downstream; Sf, friction slope]

ltem Steady Flow Unsteady Flow
dy dQ°/A 30 .9y  20°/a
Motion equation gA{-1;+ e gA (So_Sf) §+gA3_x +T = gA (So_Sf)
. dQ dA 90

M t -—= = — 4+ ==

ass equation o 5t o
Exact solution Not possible Not possible
Approximate solution At discrete points At discrete points
Algebraic equations Between nodes Between nodes
Channel description Cross sections at nodes Cross sections at nodes
Unknowns Water-surface elevations at nodes Water-surface elevations and flows at nodes
Control points Used to start solution Isolated in advance
Initial conditions At control points At all nodes
Boundary conditions None Required
Special features Must be isolated Must be isolated
Computational problems Computational elements too long Computational elements too long
Cross-section elements Computed as needed Placed in lookup tables

IThese control points typically are at the boundaries of the stream system and special features. Therefore, the initial conditions for
steady-flow analysis are often thought of as boundary conditions. In this report, the data required to begin the steady-flow analysis are
called initial conditions; this usage is similar to Chow’s definition (1959, p. 275) of an initial section for standard step-backwater computa-
tions of water-surface profiles in natural channels.
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3. SCHEMATIZATION OF THE STREAM NETWORK

The first step in applying FEQ to the analysis of a stream system is the development of a schematic diagram
that subdivides the stream system into a series of connected flow paths. A flow path conveys water between points
in the stream system. Examples of flow paths, as applied in FEQ, are a stream channel, canal, storm sewer, or
reservoir. Additional examples of flow paths on the stream are an overflow spillway, a swale that carries water over-
land during floods, or a breach in a levee or dam. In FEQ, these flow paths are connected by special features, which
include culverts, bridges, dams, junctions, sluice gates, and other components of the stream system that do not fit
the concept of flow paths considered in FEQ (branches, dummy branches, and level-pool reservoirs). The concep-
tual descriptions of each of the flow paths are given in sections 3.1.1-3.1.3. The primary hydraulic characteristic
that distinguishes special features from flow paths in FEQ simulation is that the special features are potentially
major flow transitions, either natural or constructed, small enough that changes in storage and momentum content
can be neglected and relations between water-surface elevation and discharge can be derived from steady-flow
principles. More than 20 special features are considered in FEQ. Thus, the stream system for unsteady-flow anal-
ysis with FEQ can be described in a schematic diagram that shows the branches, dummy branches, and level-pool
reservoirs and the connections with the special features. The flow paths and special features are discussed below
and in subsequent sections.

To draw the schematic diagram, the locations and types of special features in the stream system must be iden-
tified. Once the schematic diagram has been drawn, the flow paths must be labeled. The end nodes of a flow path
have a special status because they connect the flow path to the rest of the stream system. A flow-path end node
defines the end of the flow path. Each flow-path end node is labeled. A labeled schematic diagram is the basis for
describing the various connections of the stream system as modeled in FEQ. The schematic diagram also defines
how all parts of the stream system are to be modeled with the mathematical relations available in FEQ and the
companion utility program, Full EQuations UTiLities (FEQUTL) (D. D. Franz and C. S. Melching, in press).

A map of an example stream system is shown in figure 2, and a sample schematic for this stream system is
shown in figure 3. Each special feature has been isolated and the flow paths begin and end with a flow-path end
node. Some of the flow-path end nodes on branches have been labeled in figure 3. The rule for labeling is very
simple: The upstream flow-path end node on a branch is denoted by the letter “U” followed by the branch number,
and the downstream flow-path end node is denoted by the letter “D” followed by the branch number. Because the
rule is simple and is tied to the branch number, labels for flow-path end nodes are commonly omitted on branches
in the FEQ schematic. The nodes on a level-pool-reservoir flow path or on a dummy-branch flow path must be
labeled. The label is formed by the letter “F” followed by a number chosen by the user, as defined below. The
stream system shown in figure 2 includes two run of the river dams that are represented by branches in FEQ
simulation, as illustrated in figure 3.

3.1 Physical Features

The physical (geomorphologic) features of the stream system are divided into four categories in the stream-
network schematization applied in FEQ: branches, dunmy branches, level-pool reservoirs, and special features.
Detailed descriptions and examples of each of these categories of physical features and the methods used to
characterize these features in FEQ are given in the following sections.

3.1.1 Branches

A branch is the length of channel between special features (boundaries, junctions, and flow-control
structures). Flow through a branch is described by the governing equations described in section 5, and in this sense
every branch is identical. A branch is subdivided into computational elements for developing the approximate
algebraic governing equations (see section 6). A branch also has nodes at the boundaries of these computational
elements, each node representing an associated cross section. The nodes at the two ends of the branch are called
flow-path end nodes, and those not on the ends are called interior nodes. The branch has an upstream end and a
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branch gives the length of the computational element between the two nodes.

Water can enter a branch in three ways: as inflow at the two ends or inflow from the area tributary to the
branch. Thus, an associated tributary area may be assigned to each branch and computational element. The
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tributary area for a computational element is the area that will contribute lateral inflow to the computational
element. Lateral inflow to a computational element may include diffuse overland flow, seepage into (or out of) the
channel, and point discharges from tributary streams or storm sewers too small to simulate explicitly. Most often
the lateral inflow from a tributary area is estimated by a hydrologic model producing unit-area values of runoff
intensity for one or more types of land cover. For example, the area tributary to a computational element may con-
sist of agricultural, forest, and urban land. Each of these land covers would have a different rainfall-runoff relation
in the hydrologic model. Therefore, it is convenient to allow the subdivision of the tributary area into the different
land-cover types used in the hydrologic model.

An additional factor to the estimation of lateral inflow into the computational element is the gage; that is,
the precipitation gage where rainfall was measured from which the runoff was computed. More than one gage may
be available in a watershed. To consider multiple gages in a watershed in FEQ simulations, the tributary area for
each computational element must be associated with the gage used to compute the unit-area runoff intensity.

A final feature of a branch required in FEQ simulation is a way of identifying and referencing the branch.
Each branch defined in FEQ must be given a positive number for this purpose. Branch numbers can be noncon-
secutive, but they have an upper limit as discussed below in the section on Flow-Path End Nodes (3.2.2).

3.1.2 Dummy Branches

A branch conveys water along a certain flow path whose characteristics include depth, area, and length.
Other flows paths have these characteristics, but these details are not of interest in FEQ application. An example
is the flow of water over the emergency spillway of a reservoir: depths in the spillway and the associated channel
are of interest when these items are designed, but only flow over the emergency spillway is of primary interest in
an unsteady-flow analysis. The water volume in the short, steep discharge channel associated with the spillway is
too small to have an effect on the results, so adummy branch is designed to represent such a flow path, as illustrated
in figure 4.

A dummy branch has two flow-path end nodes but no associated cross sections. The only values of interest
are the water-surface elevations and the flows at the nodes. For computational purposes, a small storage and fric-
tion loss must be assigned to the dummy branch, but these values are set so small that the flows and elevations at
the two nodes are nearly equal. Other examples of the application of dummy branches include flows over a levee,
multiple outflow paths through or around a dam, and intermittent flow of water over land connecting two streams
Or reServoirs.

3.1.3 Level-Pool Reservoirs

The final flow path as previously defined is a level-pool reservoir. Storage volume of a level-pool reservoir
is large enough relative to the volume of flow entering and leaving the reservoir that the water surface can be
treated as horizontal with only a small error in the results. A level-pool reservoir, like a branch and a dummy
branch, has two flow-path end nodes (fig. 5). One node represents inflow to the reservoir, and the other node rep-
resents outflow. Long and narrow reservoirs or lakes often do not conform to the level-pool assumption and should
be treated as branches in FEQ simulation because the flows result in an appreciable slope on the water surface.

3.1.4 Special Features

The identification and description of special features in a stream system is a major part of building a math-
ematical model of the stream system. A key hydraulic aspect of special features is their size; these features are so
small that storage and momentum content changes may be neglected and relations between water-surface elevation
and discharge may be derived from steady-flow principles. The variety of special features in streams systems is
endless, especially in urban streams. The following are some examples of special features:

1. Junctions between or among tributaries or distributaries. Junctions are locations where two or more chan-
nels meet and combine to form a single channel (figs. 1 and 2). Locations where a single channel splits and
forms two or more channels also are junctions. Multiple inflows for the inflow node of a level-pool reservoir
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Figure 4. Example dummy branch: (A) dam with spillways and (B) schematic diagram of dam with spillways
application in the Full EQuations model.

also can be represented by a junction (fig. 5). Junctions are always present at connections between flow paths;
they establish the relation among the flows in the flow paths at the connections.

2. Points of known water-surface elevation or of known or knowable flow. These points are generally the
logical places for boundary conditions. The values of water-surface elevation or flow can be functions of time
and need not be constants.

3. Points of known relations between water-surface elevation and flow rate, such as streamflow-gaging
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Figure 5. Example level-pool reservoir: (A) sketch of level-pool reservoir and (B) schematic diagram of a
stream system with level-pool reservoir application in the Full EQuations model.

stations. These also make good boundary conditions especially at the downstream boundary.

4. Any change in bottom slope that might be large enough to result in a critical control. Critical controls
must be isolated because branches that include supercritical flow must be treated differently than those charac-
terized entirely by subcritical flow. Locations of potential critical flow must be isolated for proper analysis of
steady or unsteady flow.
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5. Any abrupt change in channel shape or roughness. These transitions must be isolated to account for the
additional expansion or contraction losses.

6. Dams, control weirs, and large pumping stations. These and similar features can have a substantial effect
on the water-surface elevation or the amount of water flowing in the stream.

7. Drop structures, falls, or rapids. These will be control points, at least at certain flow levels. These control
points can be drowned out at high flows and reestablished at lower flows in FEQ simulation.

8. Bridges and culverts that are to be represented explicitly.

9. Points at which a special feature may be added to improve the control of the stream system.

Anything that is not a branch, a dummy branch, or a level-pool reservoir is a special feature. The list of
special features can be further grouped into the general classes of junctions, boundary conditions, and control
structures.

Control structures can be further grouped into several subclasses. A control structure is any physical feature
that exerts a measure of control on the flow. If the control of flow is complete, so that a unique relation between
flow and water-surface elevation is established by the structure, then the structure is called a one-node control
structure because only the value of flow or elevation need be known at one flow-path end node to fully define the
other value. If the control is incomplete, in that knowledge of the water-surface elevation at two flow-path end
nodes is needed before the flow is defined, then the structure is called a two-node control structure. A major
challenge of unsteady-flow analysis is often the identification and description of the control structures.

3.2 Computational Simplifications for Schematic Development

Several simplifications are applied in the FEQ schematization of the stream (open-channel) system so that
the physical properties of the open-channel system and the general movement of flow between and among the
physical features described earlier can be efficiently considered. These simplifications are described in the follow-
ing sections.

3.2.1 Functions and Function Tables

A function is a mapping from one set of numbers, called the domain of the function, to another set of
numbers, called the range of the function. For any number in the domain there must be only one number mapped
in the range so that the function will be single valued. This definition is abstract, but it is the basis for the traditional
function definition used by most engineers and scientists.

An important example from open-channel flow analysis is the top-width function for a cross section. The top
width for a cross section is the width of the water surface at any elevation in the cross section from the minimum
point to some user-established maximum point (the elevation domain). For an elevation in the elevation domain, a
single value of top width will be determined from the top-width function. Other functions associated with a cross
section include the area function, conveyance function, and the wetted-perimeter function. Characteristics of the
cross section are viewed as a function because they are the features of a cross section considered in the governing
equations.

Other functions of interest in flow analysis include stage-discharge relations at gaging stations, head-
discharge relations for a wide variety of special features, elevation-area-storage relations for reservoirs, and inflow
hydrographs. Defining these functions is one of the major tasks in the analysis of any stream. Hundreds of functions
may have to be defined for even a small to medium-sized stream system.

Most of these functions of interest in flow analysis are not known as simple mathematical expressions, so
solution of the governing equations requires description of various functions in a way that is both flexible and con-
venient. Function tables are used in FEQ simulation for nearly all functions needed in unsteady-flow analysis. A
function table consists of a set of selected argument values (the tabulated argument set) and the corresponding set
of function values, as well as a rule for defining the function values for arguments not in the tabulated argument
set. This approach is taken because most functions of interest are known only approximately, and some error can
be allowed in the function value and in the rule used to compute the values not found in the table. Consequently,
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the characteristics of the cross sections used in FEQ simulation are computed in the utility program FEQUTL
(D. D. Franz and C. S. Melching, in press) and placed in specially designed function tables called cross-section
tables. The cross section is not used in simulation except as reflected in the cross-section function table. (The need
to store cross-section characteristics in function tables is another major difference between steady-flow and
unsteady-flow analysis; the characteristics of the cross section are computed as needed from fundamental (raw)
cross-section data in many steady-flow programs.)

The cross section is normally defined by a set of selected points on the periphery of the cross section in some
convenient coordinate system; the points are measured in the field or taken from topographic maps with the
assumption that adjacent points may be connected with straight lines. The cross section may be subdivided by
vertical, frictionless, fictional walls to account for problems with application of the hydraulic radius to describe the
shape of the cross section when computing the conveyance for compound and composite channels. A compound
channel is a channel whose cross section consists of subsections of variously defined geometric shapes (Yen, 1992,
p. 64). The most common example of a compound channel is one with flood plains. A composite channel is a
channel whose wall roughness changes along the wetted perimeter of the cross section (Yen, 1992, p. 60). For
compound and composite channels, each subdivision also may be assigned a separate value of Manning’s n in
FEQ simulation to account for variations in roughness along the periphery of the cross section.

The approach of computing the cross-sectional characteristics as required from the fundamental or raw
cross-section data is not efficient for unsteady-flow analysis. In steady-flow analysis, cross-sectional characteristic
values need be computed only a few times. In unsteady-flow analysis, however, values of cross-sectional charac-
teristics may be needed many thousands of times; therefore, it is economical in terms of computer time to place
the computed cross-sectional characteristics in a cross-section function table for later access.

Many types of function tables are supported in the FEQ model. Three broad classes of function tables are
one-dimensional, 1-D (one argument, perhaps several functions), two-dimensional, 2-D (two arguments, several
functions), and three-dimensional, 3-D (three arguments, several functions). Six options are available for cross-
sectional characteristics (1-D table with several functions), three for 2-D tables, four for functions of time
(1-D table with one function) such as hydrographs, and three for other 1-D tables. Details on the arguments, the
values tabulated, and the methods applied for interpolation are given in Franz and Melching (in press).

3.2.2 Flow-Path End Nodes

Flow-path end nodes have already been defined as the nodes on ends of a branch, a dummy branch, or a
level-pool reservoir. The function of flow-path end nodes requires labeling them so that they can be referenced
later. For a branch, the flow-path end nodes will have two labels: the label for the node when it is referred to in the
schematic description of the stream system and the label that is assigned to it in the computation of the governing
equations for the branch. The label assigned for the computations for a branch must be a number, whereas the label
assigned for the node as a flow-path end node in the stream-system schematic may be a number but need not be a
number.

Two styles for the treatment of flow-path end nodes are available in FEQ because of changes and enhance-
ments to the program. In the older style, derived from earlier versions of the program, the flow-path end nodes
must be numbered in the range 1 to 1998. The numbers for flow-path end nodes on branches are limited to the
range of 1 to 999. In contrast, nodes in the new style must be labeled with alphanumeric information to make
stream-system modeling easier. In the new style (figs. 3 and 4) the upstream flow-path end node on a branch must
be composed of the letter “U” followed by the branch number with no intervening spaces. For example, the
upstream flow-path end node on branch 51 would be labeled by U51, and the downstream flow-path end node on
that branch would be labeled D51. The flow-path end-node label gives both the branch number and the location
on the branch. Under the new style, the branch numbers must be in the range of 1 to 999.

The flow-path end nodes on level-pool reservoirs and dummy branches are composed of the letter “F”
followed by a number in the new style (figs. 3, 4, and 5). The letter “F” signifies that the node is free of a branch.
The number must be in the range of 1 to 999. Consistent use of either odd or even numbers for downstream nodes
on these flow paths is preferred. If all the downstream nodes are even and all the corresponding upstream nodes
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are the preceding odd number, more information about the location and function of each node is conveyed, and
modeling is easier and less prone to errors.

3.2.3 Flow-Sign Convention

All possible stream systems can be described by the correct combination of branches, dummy branches,
level-pool reservoirs, and special features. The special features form connections between and among end nodes
on flow paths. The flow paths can be connected in any order and direction desired. The direction called downstream
is defined by the user and need not be the physically downstream direction. In some cases, flow direction is
unknown; thus, the meaning of downstream must be assigned by the user. The downstream direction on any path
is always from the upstream node to the downstream node. This direction is assigned for a branch by the order in
which the nodes on it are input to FEQ. For a dummy branch and a level-pool reservoir, the upstream and down-
stream flow-path end nodes are explicitly specified. Such specification also is done for the flow-path end nodes on
branches for the older style of input.

A precise and simple sign convention is applied in FEQ for indicating the direction of flow at a node. If the
flow is printed as a positive number, it is moving downstream. If the flow is printed as a negative number, it is
moving upstream. This also indicates that a positive flow value at an upstream flow-path end node is flow into the
path to which the node is attached. For a downstream flow-path end node, a positive flow is flow leaving the path
to which the node is attached. A negative flow gives the opposite direction at a flow-path end node.

3.3 A Physical Analogy of the Schematization of the Stream Network

The schematization of a stream network applied in FEQ simulation is analogous to a child’s Tinkertoys, a
building toy composed of slender, pencil-like sticks and round knobs with holes on the periphery and a hole in the
center of each knob. A wide variety of stick structures can be built by inserting the sticks into the holes of the knobs.
In a sense, open-channel hydraulics are conceptualized like Tinkertoys in FEQ simulation. The branches, dummy
branches, and level-pool reservoirs are like the sticks, and the special features are like the knobs. A model of an
open-channel system can be built by use of these parts. Consequently, FEQ has few predefined limits. The limit to
the complexity of the simulated stream system is usually set by the memory and computer-time requirements rather
than by structure of the program. As a result, various stream systems and conditions can be described without
requiring changes to the program.

In keeping with the Tinkertoys analogy, the parts of the system are described in FEQ simulation more or less
separately. For example, the branches are completely described in terms of nodes, stations, elevations, and cross
sections before any description of the special features is given. Furthermore, the cross sections are described only
in terms of a table number, and the contents of the table are input later. All references to functions are given by the
table number containing the description of the table. This is done to allow attention to be focused on how the
various pieces are connected without concern for the location, size, or shape of the cross sections. This layered
approach to describing the system reduces the number of details that must be comprehended simultaneously,
simplifying management of the details in the application of FEQ.
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4. DESCRIPTION OF THE CHANNEL GEOMETRY

Channel geometry—the description of the size and shape of the channels in which water flows—is often
given cursory treatment in modeling documentation although it forms the foundation of any analysis of open-
channel hydraulics. The description of the hydraulic geometry should be consistent with the demands of the
analysis and the requirements of the governing equations. Use of 1-D flow equations is assumed throughout the
analysis; therefore, an extensive review of implications for the description of the channel geometry is of great
benefit.

4.1 The One-Dimensional Assumption

Because 1-D analysis ignores accelerations and velocities other than those in the longitudinal direction,
1-D analysis in even its most complex form in unsteady flow is approximate: no flow is really one dimensional.
Nevertheless, analysts frequently lose sight of the approximate nature of 1-D methods, and focus too much ana-
lytical energy on what may prove to be trivial parts of the method. There are no easy answers in defining triviality.
The only ultimate answer is comparison to experimental measurements and for some questions that may be
difficult and expensive. In this report, judgment is used in defining what is important and in making general
recommendations on approximations. The FEQ user should weigh these recommendations on the basis of new
information either from the literature of hydraulics or measurements in the field or laboratory. Engineering
judgment is a necessary part of all analysis because problems must be solved with the information at hand and
with current tools.

Whitaker (1968, p. 212) makes a comment about this issue in a chapter on macroscopic balances (his term
for 1-D analysis):

The student should be forewarned that the methods to be studied in this chapter, and subsequent
ones, are approximate; in general, there will be no “right” answers. There will often, however, be a “best”
answer, and as often as possible we shall try to determine the best answer by comparing our results with
experiments. In attacking this chapter, we should remember the macroscopic balances are perhaps the
most powerful tool the engineer possesses for solving the often ill-defined problems of everyday practice.
Judicious application of these equations comes only with experience and practice. At best, the student can
hope to understand the development of the equations and gain some insight regarding the difficulties that
may be encountered in their application.

In the methods used in FEQ and in applications of FEQ, 1-D analysis is pushed to its limits; therefore,
simplifications involved in 1-D analysis need to be thoroughly understood. Consideration also must be given to
the requirements on the hydraulic geometry to meet the assumptions of 1-D analysis and to development of a
description of a stream channel that is consistent with these assumptions. An appreciation for the approximations
of the hydraulic geometry is necessary to prevent overconfidence in the results of the FEQ analysis.

4.2 Directional Changes

The principles of conservation of mass and momentum are applicable to any flow, and simplification to a
1-D approximation is valid if the assumptions are met. These assumptions apply to linear channels that do not
change shape rapidly. The classic example is the laboratory flume or a straight reach of a canal. A straight reach
of a natural channel is an example of a gradual change in shape and a flow that follows a virtually linear path.
However, many unsteady-flow model applications involve changes in direction of the channel. This change intro-
duces curvilinear flow, which is a violation of the 1-D flow assumptions. This curvature is in the horizontal plane,
however, and not in the vertical, so the hydrostatic-pressure-distribution assumption is still valid. The selection of
the principle of conservation of momentum now causes a problem. This principle involves the momentum of the
water and the forces exerted on the surfaces that confine it. Momentum and force are vectors, having both a
magnitude and direction. Changes in direction can be as significant as changes in magnitude. Several questions
need to be considered. First, is it valid to apply momentum conservation in a curved flow, ignoring the curvature
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and the nonhorizontal water surface in channel bends? Second, how should the distance axis be defined for a curved
channel of varying size and shape? Third, how should the channel geometry be defined so that the equations are as
simple as possible yet still retain physical meaning? For 1-D flow, distance and time are the only coordinates.
Furthermore, the functions defined must be valid in terms of only distance and time. To properly integrate and
differentiate with respect to distance along the stream, a reasonable definition of a distance axis must be estab-
lished.

The definition of a distance axis includes mathematical and physical considerations. Mathematical
considerations relate to the proper evaluation of integrals and derivatives. Therefore, careful mathematical and
geometrical analysis will provide a definition. However, the effect of ignoring directional changes in the
conservation of momentum principle is a physical question that only experimental results can answer. Miller and
Chaudhry (1989) compared a physical-model result for a dam-break flood wave in a rectangular, prismatic channel
with a 180-degree curve to the result obtained from a 1-D mathematical model that did not account for channel
curvature. In this case, the definition of the distance axis was not a problem because the channel was rectangular
and prismatic. For a prismatic channel, the distance along the centerline of the channel is the correct distance to
use for the axis with the traditional equations for 1-D open-channel flow. Miller and Chaudhry (1989) found that
the 1-D computational results with a postanalysis correction for super elevation of the transverse water surface in
the bend derived for steady flow were acceptably accurate. The wave height for both the inner and outer bank was
correctly estimated with the 1-D model if directional changes in its derivation were ignored but the super-elevation
correction was applied. These experiments indicate that curved channels with compact cross sections and no over-
bank flow may be simulated with the conservation of momentum principle and that changes of direction can be
ignored in the simulation.

The previously discussed experimental results likely apply to channels flanked by flood plains as long as the
direction of flow in the channel and flood plain are nearly the same. If these directions differ markedly, then the
effect of directional differences may be significant for certain water-surface elevations. A strongly meandering
stream set in a broad flood plain is an example where flow directions differ markedly with changes in water level.
Sometimes these can be represented by combining a 1-D model of the channel with a series of interconnected level-
pool ponds to represent the flood plain (Cunge and others, 1980, p. 152-159). This approach also has been used
with FEQ to model the complex flow paths around a series of diked islands in a braided estuary (Snohomish County
Public Works, 1989).

If the directions of flow in the channel and flood plain are not too different and if concern about the effects
of these directional differences on the momentum equation can be suppressed, then the 1-D equations can be
generalized for application to curved open channels. To do this, careful definition must be given to how the channel
size and shape should be measured and described.

421 Channel Geometry Requirements For One-Dimensional Analysis

For 1-D analysis to be valid, a three-dimensional stream system—where the flow variables are functions of
time and three spatial dimensions—must be transformed to a simplified system where all variables are functions
of distance and time. The selection of the cross-section locations and orientations and the distance axis must satisfy
the requirements of this transformation. Picking the location and orientation of these cross sections becomes
increasingly difficult as 1-D methods are applied to flow patterns that are increasingly complex. Many of these flow
patterns require two- or three-dimensional (2-D or 3-D) methods; however, as the dimension of the analysis
increases, the data requirements and computational effort also increase. The increase is not linear but steeply
nonlinear, so that a 3-D analysis, if even possible, could require on the order of 10 times the personal time and
100 times the computational effort of a 1-D analysis. A 2-D analysis might require twice the personal time and
10 times the computational effort.

For the transformation to be valid, there must be an identifiable, predominant flow direction. The flow field
in the predominant flow direction will be many times longer than the width or depth. In open-channel hydraulics,
the velocity is commonly assumed to be the same at any point in a cross section normal to the predominant flow
direction. This assumption on velocity restricts applications severely; therefore, most analyses allow for differ-
ences in the magnitude and direction of the velocity in a cross section.
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4.2.2 Orientation of Cross Sections

The cross sections of the stream selected as computational nodes are oriented so that the computation of
mass flux through a section is simplified. The mass flux through a small incremental area, AA, of a fluid of density,
p, and with a velocity, v, is pv cos 6 AA, where 0 is the angle between the direction of the water velocity and the
direction of a line normal to the incremental area. The total flux through an area, A, is _[ , pvcos 0dA , where the
angle and the magnitude of the velocity can vary over the area. To compute the mass flux, an estimate must be
made of the angle that the local velocity vector makes with the normal to the cross-section surface at all points in
the cross-section surface. The computation of the mass flux is simplified if the cross-section surface is defined to
be normal to the local velocity vector. Then, 8 = 0 and cos 6 = 1 everywhere in the cross section, so the mass flux
becomes j A pvdA.

To select the cross sections, the flow directions must be known. The problem of needing flow directions
before solving the flow equation is only apparent and is similar to the generalization from a uniform velocity in a
plane cross section to a nonuniform velocity in a plane section. This generalization forces coefficients to be intro-
duced so that expressions in which the velocity is averaged across the section give the correct flux of momentum
or energy. For example, the total flux of momentum across an area in the flow is _[ A pvsz . The momentum-flux
correction coefficient, B, is then defined by BA V= _[ A vidA , where V is the cross-sectional average velocity and
p is a constant. The local velocities appear to be needed before B can be defined, but that is not true; only knowl-
edge of the distribution of the velocity in a relative sense is needed. The actual velocities do not need to be known
and, in practice, the variation of conveyance across the stream channel is used to provide a surrogate
estimate of the velocity distribution.

When the cross sections are curved, the momentum flux also should reflect the directional nature of momen-
tum flux. The momentum per unit volume in the direction of the distance axis becomes pv cos ¢, where ¢ is the
angle between the direction of the velocity and the direction of the distance axis at the location of the cross section.
The defining equation for 3 then becomes [SAV2 = j A v2cos¢dA . The effect of the direction on the momentum
flux is small. A constant value of ¢ = 15° yields an error in momentum flux of less than 4 percent. The effect of
curvature on momentum flux is only substantial if the cross section is strongly curved. The same reasoning applied
to the integrated hydrostatic pressure on a cross section analyzed in the plan as defined here, shows that the error
in the downstream component of force also is less than 4 percent.

Although exact definition of the flow direction is impossible, reasonable assumptions can be made that
provide satisfactory results. Approximate flow directions can be defined by use of a topographic map of the stream
and flood plain, at a scale large enough to show sufficient detail. The general direction of flow when the depth of
flow is not shallow is the central point of attention. Judgment is required to (1) select the features that are to be
included in the definition of the cross-section boundary and which features are to be considered part of the rough-
ness, and (2) determine the general direction of the flow from the pattern of contour lines over a region and not at
a point. The goal is to assign the directions of flow that will be followed at each location when the flow is high
enough to minimize the effect of local features.

Determination of appropriate flow directions may depend on the water-surface elevations assumed for the
stream. An example is a strongly meandering stream with a broad, gently sloping flood plain, as sketched in
figure 6. When the flow is within the banks of the main channel, the direction of flow is the same as the direction
of the main channel. As the water level increases, water moves into the flood plain, and some water takes a shorter
route downstream. At yet higher water levels, the main channel becomes deeply submerged and the direction of
flow is affected primarily by the flood-plain topography. The principal difficulty in this example is deciding at what
water levels the change in direction results. In some streams, the directional effect of the main channel will always
be significant; in others, it will not.

The stream shown in figure 6 is the most general case, and lines showing the direction of flow sketched on
a topographic map, called flow lines, would intersect. Lines that intersect would be those applicable to the flow at
various water levels. Cross sections drawn locally perpendicular to these flow lines (orthogonal to the flow lines)
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Figure 6. Example of a strongly meandering stream for illustration of the approximations
of curvilinearity used in the Full EQuations model.

would then have curvature in the horizontal plane that changes with the water level; that is, the cross sections would
change orientation or twist as the water level increases. Hence, they become 3-D cross sections instead of the 2-D
cross sections currently used in available modeling systems. Measuring such sections in the field would be difficult,
and a detailed topographic map of the stream and flood plain would be needed to complete the cross sections.
Describing these cross sections so that the cross-sectional characteristics could be computed would be
difficult. The flow lines between sections also must be described in some way to specify the geometry. With these
practical difficulties and the theoretical difficulties of major shifts in direction and the corresponding interaction
between the flow in the main channel and the flood plain, representing a strongly meandering stream with a
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combined cross section for the main channel and flood plain seems unwise and impractical. The interaction
between the main channel and flood plain in the computation of conveyance cannot be identified in a combined
cross section. Better and perhaps simpler is to isolate this interaction and approximate this interaction explicitly
by creating a system of two or more channels, each with the cross sections orthogonal to the corresponding flow
lines, and by providing explicit interchange of flows between channels through use of flow relations that depend
on differences in water-surface elevations between channels. These relations may be difficult to select, but the
difficulty is explicit instead of implicit; this is a conceptual improvement because the uncertainties are more
explicitly recognized and, thus, more caution can be exercised in presenting and using the results.

In figure 6, one or two channels would represent flood-plain flows and one would represent the main-channel
flow. Direction of flow in each individual channel would be virtually independent of changes in water level. Thus,
sketching of the flow lines becomes easier and the cross sections can be tailored to the needs of each channel with
the cross-section spacing reflecting that channel only. The flow lines for a multiple-channel model would not inter-
sect and flow-line intersection might be a reasonable criterion for deciding if a multiple-channel model is needed.
If flow lines cannot be sketched that are, to a large degree, independent of changes in water level, then a multiple-
channel model should be considered. Each channel would have a distinct distance axis and cross-section spacing
and orientation. Computational difficulties may result for zero or near zero flow in the flood-plain channel for
multiple-channel models during low flows. These difficulties are addressed later.

Interchange of water and momentum between interacting channels would be at interaction points placed at
periodic intervals along the channels. These would approximate the continuous interchange in the stream system
by a series of discrete weirs. By careful selection of the interaction points and definition of the flows, the theoretical
basis for the results can be improved by making the interchange of momentum explicit. This multiple-channel
model, although not much different in complexity than the single-channel model with variable-curvature twisted
cross sections, nonetheless represents the strongly meandering stream more accurately with 1-D approximations
than a single-channel model does. The approximation of the system can be improved only by use of a 2-D model
at a considerable increase in time and effort.

Given the restriction that the flow lines should be independent of water-surface elevation, the cross sections
in curvilinear 1-D flow can be defined by means of the following steps:

1. Sketch several flow lines on a topographic map showing the direction that water would flow if it were suffi-
ciently deep to inundate minor topographic features. At least five flow lines are necessary: one along the
thalweg of the channel, one near each bank of the main channel, and two showing the extent of the flood plain.
Intermediate flow lines may be needed to reflect local variations within the main channel or on the flood plain.

2. Sketch the cross sections such that they are approximately orthogonal to the flow lines. If 6 = 15 degrees every-
where, then the error in the flow rate estimate is less than 4 percent, and if 6 = 30 degrees, the error is about 15
percent. (Moreover, in estimating differences between the mass inflow and the mass outflow, there is some
opportunity for compensation of errors in defining the cross-section locations.) The cross sections will be
curved surfaces, not planar. Ideally, the cross section measured in the field should follow this curved path as
closely as is practical. The curved cross sections sketched on the topographic map may be replaced by plane
cross sections if the plane sections do not intersect within the flow field and if the angles of intersection with
the flow lines are approximately perpendicular.

A hypothetical example of this process is shown in figure 7. The main-channel boundaries and the flood-
plain limits are considered to be approximate flow lines (although rigorously this is not true). The edge of the water
in the channel is a flow line, but this line depends on the variation of water-surface elevation with distance that is
unknown. Thus, the flow lines must be sketched in a general sense, with the assumption that they will apply
approximately to flow at a wide range of water-surface elevations. (That is why the lines showing the direction of
flow are referred to as “flow lines” instead of “streamlines.” To call them streamlines would make the analysis
seem more exact than is really possible.) For any real flow, some of the sketched flow lines will likely be only
partially under water; that is, one or more of the approximate flow lines will intermittently be included in the wetted
part of the channel as viewed on the horizontal plane. This should not be a problem if the direction of the flow
line is within an acceptable angle of the direction of flow when the flow line, as sketched, is inundated. What is
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Figure 7. Example definition of flow lines and cross sections as used in the Full EQuations model.

acceptable depends on the desired accuracy of the analysis. Clearly, a difference of direction of 45 degrees is
suspect, but a deviation of 30 degrees should not be of concern.
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4.2.3 Selection of Distance Axis

The flow lines and intersecting cross sections define the channel geometry in three dimensions. Transforma-
tion of this geometry to one dimension requires definition of a curvilinear distance axis. The thalweg of the
channel—that is, the locus of the minimum elevation points in the main channel-—is a convenient choice for the
distance axis. For some stream reaches, this definition applies to more than one part of the channel, but a reasonable
choice can be made for those cases where the cross sections have multiple and equal points of minimum elevation.
In the following discussion, the distance axis is assumed to be the thalweg of the channel or near to it.

Cross sections at any location along the distance axis must be defined such that they will not intersect and
will approximately meet the requirements of a simple mass-flux computation. To apply the conservation of mass
principle to the water in the stream, the volume of water between any two cross sections along the stream must be
defined. Let x denote the distance variable, y(x) denote the height1 of the water surface above the minimum point
in the cross section at the location given by x, and A[x,y(x)] denote the area of the cross section at the location along
the distance axis given by x. As x varies, the curvature of the cross section will vary. In the 1-D equations, all cross
sections must be referenced by location along the distance axis; information regarding any other distances between
cross sections is unavailable. The following is a development of a systematic method for summarizing the effects
of this distance variation on the 1-D equations.

The apparently natural formula for computing the volume of water, S, in the channel between a section at x;
and one at x, is

S =[2Alxy®]ldx, o
*1

where y(x) is assumed to be a known function. Equation 1 is incorrect when applied to curvilinear channels. To
obtain the correct volume by integrating in one dimension only, the integrand must represent a volume per unit
length. The unit length is defined by the variable of integration. If the cross sections are plane and parallel, then
AAx is a valid volume increment where Ax is the distance between cross sections at x; and x,. For curvilinear chan-
nels, however, the cross sections are neither plane nor parallel. Thus, multiplication of a small distance increment
by an area yields a volume increment, but not the correct volume increment. The volume increment would be
correct if two cross sections Ax apart at the x-axis would be the same distance apart, measured parallel to the
x-axis, at all other points in the cross section. This is true if the cross sections are plane or curved. If the cross
sections are plane surfaces and the x-axis follows the path traced by the centroid of the cross sections, then it also
is valid though the distance between cross sections varies with position in the section. These are special cases,
although the latter is important because equation 1 is correct in this case if the cross sections are plane and the
distance axis is the same as the path of the centroid of the areas. This can only result for varying heights of water,
¥(x), if the cross sections are symmetrical about a vertical line and the distance axis coincides with the trace made
by the line of symmetry on the horizontal plane.

In general, stream cross sections are not symmetrical, especially in bends, and the path formed by their
centroids shifts with the water-surface profile. Thus, an approach is needed to represent the channel volume in a
set of 1-D governing equations. Using DeLong’s approach (1989), a weight coefficient is introduced so that the
product of the weight coefficient and the area will yield a valid volume per unit length along the distance axis. This
weight coefficient will vary with distance, water height, and the choice of the distance axis.

IThe water height also is called the depth. Both terms are used interchangeably in this report. Height denotes measurement from some
reference point to some other point above it. In some contexts this is the appropriate direction of measurement. In other contexts, depth,
which denotes measurement downward, is more appropriate.

4, Description of the Channel Geometry 25



The weight coefficient, M}, that will result in a valid volume per unit length when multiplied with the cross-
sectional area is defined as

) | S, (x—Ax /2, x + Ax /2)
M, (x, = lim ,
aley) = G o A,

2

where Ax; is a small increment along the distance axis of the channel, y,is a constant water-surface height, x is the
cross-section location, A(x, y,) is the flow cross-sectional area at location x for water-surface height y,, and S,(x;,x,)
is the correct volume of water between cross sections at locations x; and x,.

The computation of M, can be done at enough points at the cross-section locations in a 1-D model so that
the coefficient is defined as accurately as the area or top width. Because the weight coefficient is defined at any
point, the volume integral can be written as

Sy = [AM, 5y ()]A[xy(x) ] dx. 3)

The evaluation of the exact volume of the slice needed in the definition is presented in the development of the actual
means of computing the cross-section characteristics.

The conservation of momentum principle requires the evaluation of the change in momentum content of the
water in the stream. This also requires an integration along the distance axis and over the flow field (cross section).
This integration is complicated because the flow is not uniformly distributed along the cross section, the momen-
tum content is a vector quantity, and the direction for the vector is taken as that given by the distance axis. Thus,
to be rigorous, the analysis should include the cosine of the angle between the direction of the distance axis and
the assumed direction of the velocity at each point in the volume of water for which momentum content is esti-
mated. However, the results of the experiments of Miller and Chaudhry (1989), mentioned previously in this report,
indicate this refinement is not needed. Thus, the momentum content is considered in FEQ as if the angle were zero
everywhere.

The weight coefficient, My, that will result in a valid momentum content per unit length when multiplied
with the total flow rate through the cross section is defined as

“4)

( ) | Sq (x—Ax/2,x + Ax /2)
M, (x, = lim )
00 = 0T Qnyg Ax,

where Q(x,y,) is the total flow rate through the cross section at location x for water-surface height y, and S,(x;.x;)
is the correct momentum content of the flow between cross sections at locations x, and x,. The momentum-content
integral can be written as

Sq = K?MQ [x,y(x)1Q[x,y(x)]dx. )

The means for defining the flow per unit width is described in section 5.

These two weights, M, and M, represent the effect of curvature of the channel on the application of the
1-D principles of conservation of mass and momentum, respectively, to open-channel flow. The methods applied
to determine the exact volume by means of multidimensional integration are described later, after descriptions of
how to develop other cross-section characteristics that depend only on the cross section and not on its orientation
or the location of the distance axis.
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4.3 Characteristics of a Cross Section

The characteristics of a cross section can be placed into three classes: static, dynamic, and curvilinear. For
curvilinear characteristics, weight coefficients for integrands are derived in the previous section. The static and
dynamic characteristics of a cross section are described in the following sections.

4.3.1 Static Characteristics

The static characteristics are fixed for a given water depth at a given location along the channel. These
characteristics are the top width, the wetted perimeter, the area, and the first moment of area about the water
surface.

43.1.1 Area

A typical cross section in outline form is shown in figure 8. If the cross section was curved, the figure would
show true length along the cross section, not the projection on a plane surface. The top width, TTx,y(x,#)], is a func-
tion of the distance along the channel, x, and the height, y, of the water in the channel. The water surface is assumed
to be horizontal as required for 1-D open-channel flow. The top width is the horizontal distance across the cross
section at a given height in the plane (possibly curved) of the cross section. The area of flow in the cross section
is defined as the integral of the top-width function, resulting in

Alxy (0] = POOT(x 21 de, ©)

where z is height above the thalweg. The integrand, TTx,z], varies only with the height, z, from the minimum point
in the cross section because the location along the channel, x, and the time, ¢, are held constant during the integra-
tion.

4.3.1.2 First Moment of Area With Respect to the Water Surface

The hydrostatic pressure force on the narrow horizontal strip at height z in figure 8 is approximately
pg{y(x,1)-z}TIx,z]Az, where g is the acceleration of gravity. Thus, the pressure force, Fp, on the cross section below
y is given by the integration of the pressure forces on many small horizontal strips as

Fp=pgfy™" {y(x,0) -2} Tlx, 2] dz. @
Dividing equation 7 by pg gives the first moment of area about the water surface as
Jixyxnl = PO {yxn -2} Tlx, 2l de. ®)
Expansion of equation 8 and integration by parts yields

Jixyenl = PEYALx, 2 dz, ©)
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Figure 8. Definition of cross-section elevation characteristics.

as a simpler relation for the first moment of area. The qualifier that the first moment should be about the water
surface is now dropped, because this is the only axis where moments are determined.

The directional aspect of the hydrostatic pressure force has been ignored in keeping with the previous
discussion. If direction were to be included, the cosine of the angle between the normal to the cross-section surface
and the x-axis would have to be included in equations 7-9. However, the effect of omitting the direction is reduced
to negligible levels with the cosine function, as was the result for the computation of the mass flux through a cross
section in the flow.
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43.1.3 Wetted Perimeter

The wetted perimeter is the length of the boundary of the cross section that is under water for a given height
of water, y. It can be defined in terms of an integral involving derivatives of the boundary shape. (The mathematics
will not be discussed here because the characteristic can be simply described.) The wetted perimeter, P[x,y(x,t)],
is never less than the top width and is often nearly equal to the top width. However, there are cross sections for
which the difference between top width and wetted perimeter is substantial. Therefore, the conveyance, which
includes the wetted perimeter implicitly, is used in FEQ and FEQUTL (D. D. Franz and C. S. Melching, in press)
simulations of a channel. The conveyance is described in section 4.3.2.1.

4.3.1.4 Derivatives of Area and First Moment of Area

Partial derivatives of the area and the first moment of area are needed for some derivations and for an under-
standing of some of the terms in the equations of motion. Among these necessary partial derivatives are the rate
of change of area with distance at a fixed water-surface height and the rate of change of the first moment of area
with respect to the water surface with distance for a fixed water-surface height. The notation used should make
clear which variable is held constant. For example,

)
Sy (xn] Iy

indicates that the height, y, is held constant and that the time variable is suppressed. This does not mean that time
is held constant; on the contrary, time is ignored and the top-width function is defined by the distance along the
channel, x, and the height above the minimum point, y. A shorthand form for this notation is Ti , where the sub-
script denotes the variable used in taking the derivative and the superscript denotes the variable held constant. On
the other hand,

d
L6y (x 0]

indicates that only ¢ is held constant. The height, y, can vary so long as the time is held constant.

The derivatives of area and first moment of area with respect to the water surface with distance along the
channel may be determined by application of the Leibniz rule, resulting in

S Ay (0] = Thoy (501 2+ 4 1)

and

2 15 Y501 = Alny(nn1 2+ 1. an

The terms Ai' and Ji are not needed if the channel is prismatic. The last term in equation 11, Ji , is related to the
downstream component of the pressure force on the sides of the channel, which is given by the product of pg and
the derivative of the first moment of area at constant depth with respect to distance along the channel, that is ngi .

The effects of the curvature of the cross section and the flow in the channel are ignored in these derivatives.
Addition of the directional effect substantially increases the complexity of the analysis.
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4.3.2 Dynamic Characteristics

The dynamic characteristics of channels relate to concepts of water in motion. These include the conveyance,
the momentum-flux correction coefficient, the kinetic-energy-flux correction coefficient, and the critical flow. The
calculation of each of these dynamic characteristics is described in the following sections.

4.3.2.1 Conveyance

The conveyance is the simplest of the dynamic elements, at least if the Manning friction-loss relation is
applied. A compact channel is shaped such that the ratio of the flow area to the wetted perimeter (that is, the hydrau-
lic radius) adequately describes the effect of channel shape on the friction losses. The conveyance for a compact
channel is

K(53) = ZL2A xR, (12

where R(x,y) is the hydraulic radius, which equals A(x,y)|P(x,y); and n is Manning's roughness coefficient. If the
cross section is noncompact, it must be subdivided. The subdivision of compound and composite cross sections is
discussed in Franz and Melching (in press).

4.3.2.2 Flux Coefficients

The effects of nonuniform velocity distributions are corrected with momentum- and kinetic-energy-flux
coefficients. In 1-D flow analysis, the average velocity is used to compute the flux of momentum and kinetic
energy; however, these fluxes involve powers of the velocity at each point of the cross section (local velocities) so
that an error results if the average velocity is used. The square of the average velocity does not equal the sums of
the squares of the local velocities used to define the average.

The average velocity is defined so that continuity is preserved. That is, the flow rate Q for the cross section
is defined by

0 = [vda, (13)
A

where v is the velocity at each point in the cross section. The average velocity is then simply defined as V = Q/A.
The momentum flux through a small area, AA, is pv?AA. The sum of these fluxes for the cross section becomes

M, = pfvidA. (14)
A
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For ease of computation, the momentum flux computed by use of the average velocity should be the same as the
momentum flux computed from the point velocities in the cross section. Thus, a coefficient, 3, is introduced to
correct for the errors resulting from use of the average velocity instead of the local-velocity field in the cross
section. The defining equation for, 3, the momentum-flux correction coefficient, is then

BV2A = [v2dA, (15)
A
where p is assumed to be constant and therefore is deleted from the relation. Solving for B yields
B = oo fv2dA. (16)
ov;

The kinetic-energy-flux correction coefficient, @, is defined in a similar manner. Kinetic energy replaces
momentum in the concept development, and the defining equation is

1
o= —[V3dA, 17
QV2£ a7

where again p is deleted.
For the case where the velocities are unidirectional (all downstream) but nonuniform across the section,
Jaeger (1956, p. 115) found that

1
o-1 =3(B—1)+5‘/—2£(5v)3dA, (18)

where v = v — Vand is the deviation of the point velocity from the average velocity. Equations 16 and 17 indi-
cate that o is greater than 3.

Stream analyses have provided considerable evidence that values of o and B are significantly and frequently
different from 1. For example, 36 of 62 values of B computed by the U.S. Geological Survey from current-meter
measurements> were substantially greater than 1 for natural trapezoidal-shaped channels without overbank flow,
bridge piers, or other manmade obstructions. Thus, these channels were compact, yet f was greater than 1.1 in
more than one-half of the channels; in fact, B was greater than 1.2 for 8 of the 62 channel measurements. Further,
o was greater than 1.3 and greater than 1.5 in 30 and 13 channel measurements, respectively. The average value
of o for the 62 measurements was 1.36, and the average for [} was 1.12. These measurements show that the flux
correction coefficients may be substantially different from 1 in compact natural channels. Consideration of exten-
sive overbank flow could make the values of o and B much higher. Therefore, the effect of velocity distribution
may have to be included in the governing equations.

Recent research by Xia and Yen (1994) indicates that the effects of flow nonuniformity and of approxima-
tions of 3 may not substantially affect the calculated water-surface profile. Xia and Yen (1994) compared the
relative accuracy of the Saint-Venant equations (B = 1) with the results from the nearly exact momentum equa-
tions (Yen, 1973), including pressure correction coefficients (k and k') and B # 1. A series of numerical experi-
ments was done for various values of k, k', and B (parameter interaction was only partially considered) for flow
subject to various downstream backwater conditions. These experiments involved routing a sinusoidal stage

2The values of B were computed by Harry Hulsing and others in 1966, but the results were not published. A copy of the results was
obtained from U.S. Geological Survey personnel in Menlo Park, Calif.
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hydrograph with a peak 2.25 times the base stage, h,, through a 54-mile long channel of rectangular, wide rectan-
gular, or trapezoidal geometry. The maximum error in the computed depth was found to be 0.36 percent for

B = 1.33and 1.11 percent for = 2 for a channel with a bed slope of 0.00019 and downstream backwater ranging
from 0 to 2.53 times h,. Thus, a reasonable approximation of §§ should not result in substantial error in the
computed water-surface profile.

4.3.2.3 Critical Flow and Critical Depth

Critical flow and critical depth are important concepts in open-channel hydraulics in establishing the bound-
ary between two broad classes of flow that must often be distinguished to understand hydraulic effects and compute
estimates of the flow variables. Critical flow is adequately defined in steady flow, and unsteady flow only compli-
cates the derivations. Thus, steady flow is used in all derivations in this section. Traditionally, critical depth is
defined as the depth that minimizes the specific energy at a cross section when the flow is constant. The specific
energy, E(Q.y), is defined as the sum of the velocity head and the water-surface height of flow as

EQy=—2 . (19)
A T LA

(Explicit functional notation is applied in equation 19 to emphasize dependence on water-surface height and flow
rate. Subsequent equations will include explicit arguments only when necessary to show the functional depen-
dence. Otherwise, any cross-sectional characteristic in an equation is a function of the water-surface height in the
cross section.) If the partial derivative of specific energy with respect to water-surface height is set to zero, the

result is
_ (gAY, [sA
0 = [t88) =482, (20)

for the critical flow. Here, Q, is the critical flow rate producing a minimum in the specific energy at a given water-
surface height, y. Hereafter, for convenience, critical flow is the basis for discussion rather than the water-surface
height at critical flow. Most introductory treatments of critical flow go on to develop the concept of force plus
momentum, M, called specific force by Chow (1959, p. 53). Specific force is the sum of the hydrostatic pressure
force on a cross section and the momentum flux for the section (treating the density of water as 1 because it is
constant). Thus, specific force is defined as

My = e+Z. @D

If the partial derivative of specific force with respect to water-surface height is set equal to zero, the result is

0, = /L’fl:AJg%, (22)

which is the same as the result obtained from minimization of specific energy.

Much is made of the equivalence of critical flow defined from specific momentum and specific energy in
some introductory hydraulics texts and with good reason. If the cross sections are compact and the velocity distri-
bution is virtually uniform, then equivalence of critical flow determined from specific energy and specific force
follows. However, when the flow is sufficiently nonuniform to require values of f > 1 and o > 1 be included in
the analysis, mathematical inconsistencies can arise for steady, gradually varied, nonuniform flow. In most
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discussions, the effects of nonuniformity are not considered, and the inconsistencies resulting fromo. #f # 1 are
not recognized.

Generalizing the specific energy and the specific force values to include the flux-correction coefficients
yields

Q2
E((Q3) = 00)7 5+ (23)
and
Q2
M(Q,y) = gJ+B(y) ik (24)

As indicated in equations 23 and 24, the flux coefficients vary with the water-surface height in the cross section
(Chow, 1959, p. 43). Again, if the partial derivatives with respect to water-surface height are set to zero and the
equations are solved for the critical flow, the result is

0, = (25)

and

— 35’ (26)
BT-As=
dy
where Qp is the critical flow defined from specific energy and Q,, is the critical flow defined from specific force.
These results clearly show that the functions representing the flux-correction coefficients must follow certain
restrictions for these two values to be the same at all depths.

Jaeger (1956, p. 93-119) extensively discusses the equivalence of these two definitions of critical flow. He
includes coefficients for potential energy and hydrostatic-pressure force to correct for the effect of streamline
curvature and he is able to show that the two values of critical flow are the same. This equivalence is based on the
assumption that the appropriate correction-coefficient values have been used. In the above derivation, substantial
inconsistency may result for some flows if only the flux-correction coefficients are applied. Experiments with
steady uniform flow in a laboratory compound channel with flood plains indicate that minimization of specific
energy or minimization of specific force yielded the same values for critical flow and water-surface height (Blalock
and Sturm, 1981, 1983). In these experiments, many point measurements of velocity were made to accurately
estimate the values of o and . If the flux-correction coefficients are included in the analysis and if they are
estimated by the usual means (applying subsection conveyances as a surrogate for the velocity distribution), then
the difference in Q. and Q,  can be greater than 30 percent. It should be recognized immediately that the flux-
correction coefficients cannot be computed exactly because the calculated velocity distribution is only approxi-
mate. Thus, part of the large differences in Q. and @, reflects the approximate values of o and B.

Direct observation of critical flow in a stream is impossible. Thus, inferences about flow values must be
made from the mathematical description of the flow. Consequently, the value computed for critical flow will
depend on the governing equation selected to describe the flow. A change in the choice of the governing equation
or in the terms to be included in such an equation will change the computed value of critical flow. Furthermore,
critical flow results in mathematical problems (singularities) in the governing equations, such as division of a quan-
tity by zero. These singularities are commonly a direct result of ignoring certain terms in the governing equations.
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The classic example is the flow of water over a brink. The 1-D governing equations indicate that the water-surface
slope at the brink should be vertical and the depth should be the critical depth; however, as the flow approaches the
brink, the streamlines become strongly curved and the pressure distribution deviates appreciably from hydrostatic.
This deviation violates the assumption of the governing equation. Thus, the depth at the brink is not the critical
depth nor is the water surface vertical. The critical depth as computed from equation 20 is some distance upstream
from the brink, and the depth at the brink is appreciably less than the critical depth given by equation 20
(Henderson, 1966, p. 191).

Steady flow has been assumed in equations 19-26. Blalock and Sturm (1983), however, show that equations
25 and 26 also are obtained from unsteady-flow governing equations. These equations include the effect of velocity
distribution, but deviations from hydrostatic pressure distribution are ignored; these are the typical assumptions
made in current applications of steady and unsteady flow. The unsteady-flow governing equations applied by
Blalock and Sturm (1983) are of the same form as those developed in section 5.

Although the equations for critical flow derived from steady and unsteady flow are the same, the velocity
distribution in a channel at a given stage may not be the same for steady flow as for unsteady flow. The difference
could be substantial in a compound channel. If the stage is rising, water will be moving from the main channel into
the flood plains; whereas if the stage is falling, the water will move in the opposite direction. This flow interchange
with the flood plains must have an effect on the velocity distribution and, therefore, on o and B. This interchange
also indicates that the simple assumption that the flux coefficients depend only on the water-surface height is only
an approximation. In a compound channel, a more rigorous analysis might indicate that a rate of change of water-
surface height also must be included. No studies that examine this problem are known. Therefore, the simple
assumption is retained.

Critical flow is a function of the governing equation selected to represent the flow. The critical-flow value
used must be consistent with the governing equation to avoid improper solutions. The physical meaning and inter-
pretation of the computed critical flow must be established by observation and practice, as has been done for
compact channel shapes in steady flow. In these cases, critical flow clearly defines a boundary in the physical
system that has proven useful in describing various flow phenomena. The physical basis for critical flow computed
for noncompact channels is less clear. Blalock and Sturm (1981) and Petryk and Grant (1978) have made some
general observations, but no extensive body of experience is available to validate the physical interpretation of
these estimates.

Because the momentum-conservation principle is used in FEQ to represent the 1-D flows, Q,, is the best esti-
mate of critical flow. This estimate will be as consistent with the governing equations as possible. The effects of
unsteadiness, however, cannot be included. Furthermore, representations of special features may be inconsistent
(as described previously). The flow equations for some special features are based on energy-conservation princi-
ples. In most cases, however, the cross sections considered will be compact and simple, such as the barrel of a
culvert, so that taking oo = B = 1 will be reasonable. For flexibility, the option of applying either equation 25 or
26 is available in the utility program, FEQUTL (Franz and Melching, in press). For most flow conditions, equation
26 should be selected.

Another practical problem with the critical-flow estimates with flux-correction coefficients is that the critical
flow may become undefined. In equations 25 and 26, the estimated rate of change of the flux-correction coefficient
with respect to water-surface height may be such that the argument for the square root becomes negative. If the rate
of change in the flux-correction coefficient is positive and large enough, the numerator in these equations can
become zero or negative. The critical flow then becomes a complex number that is physically undefined. This can
be a result of large inconsistencies between the estimated value of the flux-correction coefficient and the estimated
rate of change with respect to water-surface height.
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5. FULL, DYNAMIC EQUATIONS OF MOTION FOR ONE-DIMENSIONAL, UNSTEADY
FLOW IN OPEN CHANNELS

The equations presented in section 5 include the major physical factors affecting shallow-water flows and
are thus called full equations. Various forms of the equations are shown. All are mathematical restatements of the
same physical principles, each having advantages and disadvantages as detailed in the subsections that follow.
The integral form of the equations is basic to all forms, so it is presented first. The integral form is used as a basis
for defining numerical approximations to shallow-water flows applied in the FEQ model and described in the
section 6, “Approximation of the Full Equations of Motion in a Branch.”

Detailed derivations of the unsteady-flow equations are given in Cunge and others (1980, p. 7-24),
Strelkoff (1969), and Yen (1973). Abbott and Basco (1989, p. 1-43) present a detailed mathematical and philo-
sophical discussion of these equations. The major assumptions applied in the derivation of the full, dynamic equa-
tions of motion are listed in the section 1.4.

5.1 Integral Form of the Equations

The integral form of the full equations is a macroscopic statement of the principles of conservation of mass
and momentum for what is called a control volume. A control volume is a conceptual device for clearly describing
the various fluxes and forces in open-channel flow. A conceptual control volume for open-channel flow is shown
in figure 9. The upstream face of the control volume at station x; is assumed to be orthogonal to the flow direction
at that point in the channel, as outlined previously. The downstream face of the control volume at station xz also
is assumed to be orthogonal to the flow direction. The sides and bottom of the control volume are formed by the
sides and bottom of the channel. The top of the control volume is formed by the water surface. The length of the
control volume, Axcy = xi — x;, does not have to be small and is measured along the distance axis defined previ-
ously.

The integral form of the equations can be explained simply in a 1-D approximation; therefore, the equations
are presented here without derivation, followed by discussion of what each major term or set of terms represents
in the conservation principle. To keep the details as simple as possible, the weight coefficients used to correct
certain integrands in the integral form for the effects of curvilinear flow are omitted at first. These weights are
added later when the full form of the equations is developed for curvilinear channel alignments.

5.1.1 Conservation of Mass

The conservation of mass principle for a control volume is

J'XR[A(xt ) —A(x, t,)]dx = rU[Q(x D +1(t) —Q(xp, H)]dt 27
XL U © D p ’ ' '

The time interval of integration is defined by two points in time, #,; and #;, such that ¢, > #5,. (The meaning of the
subscripts on these time points is explained in more detail in subsequent sections.) The term I(f) denotes the inflow
of water that enters the control volume over or through the sides of the channel. Density is constant and is not
shown in equation 27 because each term would have a constant multiplier that cancels from the relation. Thus, the
conservation of mass is equivalent to conservation of water volume in FEQ simulation. Equation 27 is a precise
mathematical statement of a simple concept. The left-hand side of equation 27 is the change in volume of water
contained in the control volume during the time interval (¢, t;)). The integral of flow area with respect to distance
at a fixed time defines the volume of water in the control volume at that time. The right-hand side of equation 27
is the net volume of inflow to the control volume (inflow minus outflow) during the time interval. Water enters
from upstream, Q (x,, £), leaves downstream, Q (x, f), and enters over or through the sides of the channel, I(¢).
Thus, equation 27 indicates that the change in volume of the water in the control volume during any time interval
is equal to the difference between the volume of inflow and the volume of outflow during that time interval. The
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Figure 9. Control volume in a stream for unsteady-flow equations.

term /(f) represents what is commonly called the lateral inflow, which comes from several sources: runoff from the
land surface, discharges from sewers, outflows of water from pumping, and others. If the lateral flow is out of the
channel, then I(¢) is negative.
5.1.2 Conservation of Momentum

The principle of conservation of water volume includes only the flows and changes in volumes. The conser-

vation of momentum includes the momentum flux and various forces on the boundaries of the control volume.
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Because forces are vectors, the momentum equation is vectorial; therefore, the terms are written relative to the
direction assigned to downstream flow in the channel. As discussed previously, preliminary evidence from labo-
ratory studies shows that the vector nature of momentum does not substantially affect 1-D flows; therefore, flow
is treated as if it were all in the same direction.

To satisfy the conservation principle, the change in momentum of the water in the control volume over any
time period must be equal to the net downstream impulse during the time period plus the net flux of momentum
during the time period (that is, influx minus efflux). Impulse is a time integral of a force. In most basic fluid
mechanics texts (for example, Streeter and Wylie 1985, p. 117), the conservation of momentum for a control
volume in one dimension, x, is expressed as

SF, = %J’CV pv,aV + [ pvV e dA, 28)

where

are the forces acting on the control volume, CV;

is the velocity in the x-direction;

is the volume differential;

is the velocity vector; and

is the differential area taken as a vector normal to the control surface, CS, of the control volume.
The first term on the right-hand side of equation 28 is the rate of change in momentum stored in the control volume,
and the second term is the momentum flux through the control volume.

For open-channel flow, the forces included are pressure forces on the upstream and downstream faces,
downstream component of the pressure force on the sides of the channel, gravity force, channel friction, and wind-
shear stress on the water surface. By moving the momentum stored in the control volume to the left-hand side and
the sum of forces to the right-hand side and expanding the sum of forces, the conservation of momentum for the
control volume becomes

NI e

pf" [Q (x, 1) —Q (x, 1) 1 dx= pft” [BQV (x,,1) ~BQV (x, 1) 1 dt
U R 'y
+ Jx,, )+ | J dx-J ,t:|dt
o,/ | xyp) + [ =1 e 0

+p gft” "5 Adtdx (29)
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Ipvx,

U R
T
+£D£LCD(W)an2 cosydtdx,

where
S, is the bottom slope of the channel,
T is the average shear stress on the water from the channel boundary,
C P, U2 is the wind-induced shear stress on the water surface in the direction of the wind-velocity
vector,
p, is the density of air, U is the wind velocity,
is the dimensionless drag coefficient for wind shear stress, and

y is the angle between the downstream flow direction in the channel and the velocity of the
wind.
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The integral on the left-hand side of equation 29 is a rewritten form of the change in momentum stored
in the control volume. The downstream component of the pressure force on the sides of the channel also is
given by integration with respect to distance of the force per unit length discussed previously. The gravity force is
represented by the integration of the product of fluid density and area (the mass per unit length of channel) and the
bottom slope of the channel. The friction force per unit length is given by the product of the shear stress and the
wetted perimeter. The friction force per unit length is then integrated over the length of the control volume to yield
the friction force at any time. The wind-shear stress per unit length of the channel is given by the product of the
wind-shear stress in the direction of the channel and the top width of the channel. Integration with respect to
distance yields the total wind-shear force at any time. The influx and efflux of momentum are represented by the
first integral to the right of the equal sign in equation 29. The time integration of the distance integrals for the forces
on the control volume yield the impulses from these sources. The arguments affecting the elements integrated with
respect to both time and distance in equation 29 are not shown to simplify the notation. The arguments of time and
of distance are both implicit in these instances.

Although complicated, the integral equation (eq. 29) is a precise mathematical statement of the conservation
of momentum principle; specifically, that the change in momentum of the water in the control volume is given by
the net influx of momentum and the net downstream impulse from all forces acting on the water in the control
volume. Given the selection of forces and other assumptions, equation 29 is an exact statement that applies for any
length of control volume.

The friction-force term simplifies if it is assumed that the relation between slope and boundary friction from
steady-uniform flow,

s = 2P (30)

can be generalized to unsteady flow by replacing the bottom slope, Sy, with the friction slope, S;. Applying this
definition of the friction slope and dividing equation 29 by p results in

f“ [Q(x.1) -~ Q (x,1p) ] dx = f [BQV (x;, 1) ~BQV (xp 1)1 dt
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as the integral form for the conservation of momentum equation for open-channel flow. This and related equations
are called motion equations. In equation 31, the momentum contribution from the lateral inflow is ignored.
Reliable information is rarely available regarding the velocities and depths of lateral inflows, and lateral inflows
are often nearly orthogonal to the flow in the channel. Thus, omitting the effects of lateral inflow in equation 31
should not result in substantial error.
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The friction slope must be estimated from the cross-sectional characteristics and the flow. In terms of the
total channel conveyance, K, the friction slope is computed from

_ 29
S; = = (32)

Use of the product 0l ¢linstead of Q2 as normally seen in steady-flow analysis gives the result that the friction is
aretarding force on the water in the control volume for either direction of flow. Therefore, the possibility of revers-
ing flows is simulated in FEQ.

5.2 Differential Form of the Equations

The integral form of the equations (eqs. 27 and 29 or 31) is a basis for all other forms of the governing
equations for unsteady open-channel flow. These other forms involve differential equations derived by manipulat-
ing the integral form or an approximation of it by taking limits as the time and distance intervals approach zero.
The wind-stress terms are omitted in these developments to simplify the equations because these terms are not
necessary for the general development of the differential equations of motion. Furthermore, the momentum-flux
correction coefficients are assumed to be 1.

5.2.1 The Conservation Form

Approximating the integrals in equations 27 and 31 by finite differences and taking limits yields

A . 00 _
EAk k2 9
and
aQ dJ 9 _ _ y
L+ s2+2QV) = ¢4 (5y-5) +87), (34)

where q is the lateral inflow per unit length along the channel, defined as a function of distance and time such that

I(t) = ﬁf q(x, 1) dx. (35)

Equations 33 and 34 are in conservation form because the basic variables are explicitly expressed.

The area in equation 33 should be considered the volume per unit length of channel. Thus, the time deriva-
tive of area gives the rate of change of volume per unit length. The derivative of the flow rate in the channel with
respect to distance should be considered the channel outflow per unit length of channel. All of the quantities in
equations 33 and 34 are algebraic expressions and can be positive or negative; therefore, a negative outflow is an
inflow. Equation 33 is a statement of the conservation of mass principle (with p constant) on a per-unit-length
basis.

Similarly, equation 34 is a statement of the principle of conservation of momentum per unit length. In the
time derivative of flow, the flow rate is the momentum per unit length. The terms involving derivatives of J on the
right-hand side of the equal sign represent the net downstream pressure force per unit length. The derivative of QV,
when moved to the right of the equal sign, represents the net efflux of momentum per unit length. Finally, the term
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8A(Sy-Sy) is the net downstream force per unit length from gravity and friction forces. Thus, equation 34 (with all
terms but the time derivative of flow moved to the right-hand side) defines the time rate of change of momentum
per unit length as the sum of the net downstream forces and the net efflux of momentum.

5.2.2 The Saint-Venant Form

Expanding the derivatives in the conservation form and simplifying the equations yields

A% ay dy
Aa + VTa Ta VA (36)
and
ov a_v ihf B Vq
ot Va8 =888 -4 G7)

which is often called the Saint-Venant form of the equations of motion (Chow, 1959, p. 528). This and other similar
forms of the equations are the most common forms in the hydraulic literature. The relation between the principles
of conservation of mass and momentum and the terms in the equations has been obscured in equations 36 and 37.

5.2.3 The Characteristic Form

The final form of the equations to be presented here is obtained by transforming the Saint-Venant form so
that derivatives taken in the proper directions, called characteristic directions, can be written as ordinary deriva-
tives and not partial derivatives. The result of this transformation is

BV dxd ay dx dy c y
[at diox) e [az dta} 85, S)_ Z(VAx-q)’ (38)
and
dx _
E—Vic, (39)

where c is wave celerity, the speed of an infinitesimal disturbance in the channel relative to the water. If the flux
correction coefficients are taken to be unity, then the celerity is equal to Q |A, where Q. is given by equation 22. If
the characteristic form is derived from a mass-energy formulation, the celerity is given by Qg|A, where Q is given
by equation 25; if it is derived from a mass-momentum formulation, the celerity is given by Q,,|A, where Q,, is
given by equation 26. This relation between steady flow and unsteady flow is expected because the steady-flow
equations are special cases of the unsteady-flow equations.

The bracketed terms in equation 38 represent the ordinary derivatives of velocity and water-surface height
when these derivatives are taken in the directions given by equation 39. Then equation 38 becomes

dV+gdy

¢y _Va 5( y_)
- Yo g(So Sf) A:FA VAx q). 40)

Equation 40 is best understood as representing the rate of change of velocity and water-surface height that an
observer moving along the stream channel in the characteristic direction and with the velocity given by equation 39
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would measure. The characteristic form of the equations of motion is not applied in FEQ simulation; however, the
characteristic form of the equations is presented here because understanding the movement of waves along the
characteristic direction provides valuable insight on several aspects of unsteady-flow analysis, such as boundary
conditions, initial conditions, and solution methods, as discussed in the next section.

5.3 Nature of Shallow-Water Waves

The various forms of governing equations progress from physical to mathematical forms. The integral form
and the conservation form relate closely to the fluxes and forces acting on the flow. In contrast, the relation to the
fluxes and forces is missing in the Saint-Venant and characteristic forms. The characteristic form has lost almost
all reference to the forces and fluxes included in the equation for the conservation of momentum; however, the
characteristic form provides insight into shallow-water wave motion, which is not evident in the other forms. This
insight is vital to understanding the requirements (boundary and initial conditions) that must be met as approximate
solutions to these equations are sought. Thus, no single form of the governing equations is adequate for under-
standing unsteady 1-D open-channel flow.

The insight to be gained from the characteristic form is best visualized by tracking small but identifiable
disturbances in a stream channel. Consider a long rectangular stream channel with no special features, a branch in
the FEQ network schematization. Also, imagine that the flow is steady and subcritical but nonuniform. To intro-
duce a small shallow-water-wave disturbance, a short segment of the channel bottom is made of some flexible
material that can be given a sudden sharp but small upward displacement. This displacement disturbs the whole
column of water above the location of the flexible strip and is analogous to the mechanism thought to initiate
tsunamis in the Pacific Ocean. Because the flow is subcritical, a shallow-water wave will move upstream and
downstream. To track each of these small waves, the location of the waves along the channel is measured period-
ically. The path or trajectory of the wave or waves can then be depicted by use of a coordinate system in which
the distance along the channel, x, is shown on the horizontal axis and the time, ¢, is shown on the vertical axis, as
in figure 10. This coordinate system defines the x-¢ plane.

Suppose that the disturbance was introduced at station X; at time ¢ = ¢, Small shallow-water waves will
travel upstream and downstream from this station. The upstream wave will have a velocity V - ¢ and the down-
stream wave a velocity of V + c. The trajectory of the upstream wave is denoted as C- and of the downstream
wave is denoted as C+ in figure 10. The region of the x-¢ plane between these two trajectories is the region of influ-
ence of the disturbance at point X; at time ¢ = ¢, Outside this region, the disturbance has no effect on the flow.
Another disturbance has been introduced at a station X, some distance downstream from X;. The C+ and
C- trajectories for this disturbance also are shown on figure 10. The region of the x-¢ plane between the C+ trajec-
tory of the disturbance at X; and the C- trajectory of the disturbance at X is called the domain of uniqueness
because the flows in this region cannot be affected by disturbances upstream from X; or downstream from
Xy originating atany time ¢ > ¢,. The distance interval from X; to Xj is called the interval of dependence for point
G because the flow at point G is dependent on knowledge of the flow on this interval at time ¢ = ¢,

These features of shallow-water-wave motion are important in designing methods to compute approxima-
tions to the motion. In these methods, a known condition in the stream channel at a time ¢ = ¢,is applied, and the
conditions in the channel at some later time are computed with the equations of motion. The known conditions at
which the computations start are called initial conditions. For practical reasons, the initial flow condition is almost
always assumed to be a steady flow. To adequately estimate conditions at point G from informationat¢ = ¢, infor-
mation must be available about the flow on the interval of dependence for point G. If that information is not avail-
able, meaningful estimation cannot be made because unknown conditions have the potential to affect the values at
point G. Thus, to estimate the conditions at any point on the x- plane, information must be available about the
interval of dependence for that point.

This requirement for information on the interval of dependence for each point in the channel has implica-
tions at the boundaries of the channel. Every channel is of finite length; at some point the analysis starts and at
another it ends, so boundaries must be defined. Possible conditions at the boundaries of a channel are shown in
figure 11. If the flow is subcritical, the interval of dependence for the upstreammost point on the channel is
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Figure 10. Schematic diagram of regions of influence and domain of uniqueness for shallow-water waves in an open
channel.
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(B) supercritical flow at the boundaries.
somewhat upstream from the boundary point. Thus, estimation of flow conditions at this boundary point requires

information about the flow conditions upstream of the boundary. The C+ trajectory from upstream points affects
the flow at that point in the x-7 plane, yet the analysis for this channel stops at the boundary. Therefore, a single
condition must be specified at the boundary point. This condition, called a boundary condition, may be one of three

types: flow as a function of time, water-surface elevation as a function of time, or a relation between flow and
5.3 Nature of Shallow-Water Waves
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water-surface

elevation. This condition supplies the information that is lacking along the upstream boundary for the channel. The
same applies at a downstream boundary if the flow is subcritical. Again, part of the interval of dependence falls
outside the channel length being analyzed, and a downstream-boundary condition must be supplied.

If the flow is supercritical at a boundary, the required number of conditions changes. At an upstream
boundary, the flow and the elevation of water must both be supplied because, as shown in figure 11, the interval of
dependence of points on the upstream boundary in the x-f plane are outside the length of channel analyzed. At the
downstream end, no boundary conditions are required because the interval of dependence falls within the length
of channel analyzed. Thus, the number of boundary conditions required depends on whether the flow is subcritical
or supercritical at the boundary.

5.4 Integral Form for Curvilinear Alignment

To develop the integral form of the equations with weight coefficients to correct for channel curvilinearity,
equations 27 and 31 are restated to explicitly show the dependence on the water-surface height, y, as

[ ALy r) ) -Alsy (1) 1 dx = ﬁg [Q (1) +1(1) —Q (xgo ) 1 dt. @1)

Dropping the wind-stress term, the integral form of the momentum-conservation equation for the same control
volume is
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All the variables in equation 42 have been defined previously; but in this case, the dependence of these variables
on location, x, time, ¢, and (or) water-surface height, y, is explicitly shown.

Equations 41 and 42 are in conservation form. If the water surface is discontinuous, these equations are still
valid. However, the pressure-force terms involving the first moment of area and its rate of change at fixed water-
surface height are cumbersome. Therefore, one can deviate slightly from the conservation form by requiring that
the water-surface profile be continuous. In practice, this change has had negligible effects on results in simulating
dam-break flood waves. By expressing the difference in the first moment of area at the ends of the control volume
in differential form and by using the Leibniz rule to obtain an alternative form of the rate of change of the first
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moment of area with respect to distance, the momentum equation for the case of a continuous water-surface profile
can be expressed without reference to the first moment of area as
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Taking into account that 9 =S8y (x) = 8_W , where z,, = water-surface elevation, simplifies equation 43 to
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Any term in equations 41 and 44 requiring integration with respect to distance may require a weight coeffi-
cient when these equations are applied to a curvilinear stream channel. The weight coefficients for computing
volumes and momentum content have been developed previously. Weight coefficients have been developed for
equations similar to equations 41 and 44 by DeLong (1989) and Froehlich (1991). DeLong presented a momentum
equation that did not include a weight coefficient on any term except the momentum-content term. Froehlich
questioned this result and derived a correction factor for the friction term given by

M, = %(g)zﬂ? (5)6 (s) (q,:”((:)) )2ds, (45)

where
s 1is the offset distance across the cross section as measured from a reference point on the
channel bank,
h(s) islocal depth in a cross section at cross-section offset s,
q.(s) is the flow per unit width in a cross section at offset s,
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k(s) is the conveyance per unit width in a cross section at offset s,
O(s) is the rate of change of distance along the flow line at offset s to the rate of change of
distance along the channel axis (sinuosity at offset s), and
spand sp are the offset at the beginning and end of the wetted top width for the cross section.

DeLong (1991) pointed out that the total conveyance applied by Froehlich (1991) was not adjusted for sinuosity
and was computed assuming that the friction slope was the same for each flow line across the section. If the
total conveyance is adjusted for sinuosity and the local conveyance adjusted for sinuosity is substituted into
equation 45, then M; = 1 and, therefore, does not appear in the equations.

The omission of a weight factor on the pressure and gravity force terms in equations 41 and 44 may be
surprising; however, as equation 44 indicates, the downstream force from these two terms is determined by the
difference in water-surface elevation between two sections (that is, in the term Bzw/ ox). One of the fundamental
assumptions for curvilinear and linear flow indicates that this difference is constant for each flow line between the
two cross sections considered. Thus, the variation in the lengths of the flow-line distances makes no difference in
solving these integrals. The assumptions applied to derive estimates of g(s), k(s), o(s), and the adjusted total
conveyance are discussed in detail in Franz and Melching (in press).

Use of the results for the distance integrals in equation 44 and subsequent simplification yields
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(46)
as the equation expressing momentum conservation in 1-D unsteady flow in curvilinear channels.
The mass conservation equation becomes
X
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In equations 46 and 47, the arguments for the weight coefficients, M, and M, are omitted for simplicity.
Definitions of M, and M, are given in section 4.2.

5.5 Special Terms in the Equations of Motion

One-dimensional unsteady flow in an open channel can be simulated with the governing equations as
given here; however, certain conditions in open channels require additional terms in the equations of motion.
These conditions include the effects caused by diverging or converging channels and the effects of isolated obstruc-
tions, such as bridge piers or a pipe, in the flow. The latter effects can be isolated and treated separately from the
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governing equations, but it is often convenient to add to the governing equations the effect of simple submerged
obstructions that do not exert appreciable control on the flow.

5.5.1 Drag for a Submerged Body

Because the momentum equation involves forces, any terms added to the motion equation must involve
forces. The drag for a submerged body is

(48)

a,

1
FD = ipCDApVZ

where

Cp is dimensionless drag coefficient depending on the nature of the submerged object and the flow;

A, is the area of the submerged object projected on a cross section orthogonal to the approach

velocity; and
V, is the velocity of approach upstream from the submerged object.
In practical computations, V, is taken as the average cross-sectional velocity in the computational element.

The drag coefficient given earlier for the wind-stress term on the water surface included the factor -~ for consis-
tency with the source for wind-stress drag coefficients. Here, the traditional definition of the drag coefficient is
retained. The projected area of the submerged object is a function of the water-surface elevation near the object.
Because the density, p, is constant, it does not appear in the final forms of the equations of motion in equations 31
and 46. Therefore, the density is also dropped from the drag equation for consistency with the final forms of the
equation of motion. Thus, the adjusted drag becomes

Fp = %CDApVa|Va| , 49)

where Vz has been replaced with Va| Va| so that the drag will always be opposite the flow.

The drag is considered to apply to a point within the control volume. The location of the drag-producing
object, at x,, is needed to define the water-surface height for estimating the projected area and the drag coefficient
from the approaching flow. For simplicity, a single location is assumed to be adequate for both directions of flow.
The approach-velocity source may vary with changes in direction of flow in the control volume; this is denoted by
placing a subscript a on the location of the velocity. Thus, the full description at the adjusted drag is

Fp = 3Cp Uiy (i D14, Dxp,y (i, D1V, y (2 D1V, (2 D1 (50)

5.5.2 Transformation of Energy-Head Losses to Drags for Control Structures

Representing the effect of a complex structure—a large trash rack, for example—may be necessary or desir-
able. Typically, the effect of such structures is given as a head loss (that is, in terms of mechanical energy) and is
estimated by the product of a loss coefficient and the approach-velocity head. A head-loss term is incompatible
with equation 46 because all terms in that equation refer to momentum content, momentum flux, or forces on the
water in the control volume. The problem of incompatibility between momentum equations and energy losses
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arises because most past work in open-channel flow has used the principle of conservation of mechanical energy
for control structures, in part because simpler equations result for certain steady flows. (This is not true for unsteady
flow, as stated earlier.) The basic data used to derive the mechanical-energy-loss coefficients also could have been
developed for the conservation of momentum principle. Thus, the mechanical-energy losses that are available must
be transformed to yield reasonable estimates of drags that are suitable for use in the equation of motion. For con-
venience, the term here should be similar to that for an explicit drag so that both can be represented in the solution
process in the same manner.

In applications of the mechanical-energy balance, head losses are commonly applied at points along a 1-D
flow path even though these losses may take place over an appreciable length of the flow path. This is done for
several reasons. First, the length over which the losses take place is only approximately known. Second, the
manner in which the losses are distributed over this length is unknown. Third, the head losses are often small rel-
ative to the total head and other losses. Fourth, the length scales for the flow fields of interest are many times longer
than the structures or channel features causing the head loss. Therefore, the distortion in concentrating a loss at a
point is negligible. The transformation of the head loss to an equivalent drag needs to be located at a point in the
control volume. In the derivation of this transformation in the equations of motion, the integral of the product of a
slope and a cross-sectional area with respect to distance (when multiplied by g) gives a force term that applies to
both the friction slope and the bottom slope. Thus, a slope, S,,, is introduced to represent the loss of head, Ah,, in
the control volume where

X p _
ij S,dx = Ah,. (51)

If equation 51 is satisfied, then the drag, Fp, that represents the effect of the head loss computed for the
structure is given by

*R
Fpp=8 ijASpdx. (52)

Fpg is similar to the forces (gravity and boundary shear) computed with the other slopes in the equation of motion.
By isolating the head-loss slope effect to the immediate vicinity of the obstruction at x, and expressing the head
loss as a fraction of the approach velocity head, the drag, Fp, exerted on the flow by the obstruction at x, may be
expressed as

Fpg = 3k 1y G D1A DR,y (5, D 1VIx, ¥ (5, 01 |VIE, ¥ (2 1] (53)

where k, is the head-loss coefficient for the obstruction at x,. VIVl is used instead of V2 in equation 53 because the
drag is always opposite to the motion of the water.

A computational element in a channel may contain more than one simple structure, either constructed or
natural, for which an estimated drag must be included in the momentum equation. For one simple structure
(structure of type 1), it may be possible to estimate the drag from measured drag coefficients and the projected
area of the structure, Fj,, computed with equation 50. For another simple structure (structure of type 2), it may be
necessary to estimate the drag from an equivalent energy slope determined from a head-loss relation, Fp,
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computed with equation 53. The total drag for the computational element is given by a single integral term over
time (because equations 50 and 53 are of the same form) as

ty ( mp m,
1
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' i=1 j=1

{VIx,y (i, 01|VIx,y(x, 01|} dt,

where my, is the number of structures of type 1 present and m,, is the number of structures of type 2 present. The
total drag given in the above expression is added to equation 46 to obtain the momentum equation for the compu-
tational element accounting for the localized drags resulting from simple structures.

If this transformation seems inappropriate, consider steady flow in a rectangular, prismatic, horizontal
channel. Furthermore, assume that the friction losses are small relative to the local losses resulting from a large
trash rack in the channel. The losses for trash racks are most often given in terms of a fraction of the approach-
velocity head. If section 1 upstream from the rack and section 2 downstream from the rack are placed such that
the 1-D assumptions are valid, then the principle of conservation of mechanical energy yields

02 0? (02
+——=— =y, + +k , (54)
D2 2 25 (,n7 P28 (3,12

as the equation relating the flow and water-surface height at sections 1 and 2, y, and y,, respectively. Application
of the principle of conservation of momentum yields

g7, @ _ 8o, 22
2y1T+y1T 2y2T+y2T+ Fp, (55)

as another equation relating the flow and water-surface height at sections 1 and 2. For a given flow and approach
water-surface height, equation 54 gives the water-surface height at section 2. Substitution of these water-surface
heights into equation 55 gives a value for the drag. Equation 53 also gives an estimate of the drag.

How well does equation 53 represent the drag computed for this simple but physically realistic example? To
answer this question, the Froude number for the approaching fiow,

2
F =1V,/(y,) |; (56)
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the ratio of downstream water-surface height to upstream water-surface height, r = y,/y, ; and the drag rescaled
by the upstream hydrostatic-pressure force, F = 2F,/| gy|T | are used to convert the equations to a dimension-
less form,

F2 1
2—:2+r=1+§F3(1—kp), (57)
for the energy relation, and
2 ~
1+2F3=r2+7a+FD1 (58)

for the momentum relation. An estimate of drag is computed by solving equation 56 for the water-surface height
ratio given the Froude number and the loss coefficient and substituting the ratio into equation 57 to estimate the
dimensionless drag, Fp); . If equation 53 is applied in equation 55, the dimensionless form becomes

- 1
Fpy = 5(1+7) k,FZ, (59)

provided that the proper area is the arithmetic average of the area upstream and downstream from the trash rack or
other structure. Equation 58 defines another dimensionless drag. How does the value of Fp, compare with Fp,,
the best estimate of the drag? The absolute value of the relative error in dimensionless drag force, Fpy, , taking
Fp, as the correct value is shown in table 2.

The largest error in table 2 is about 4 percent when the approach Froude number and loss coefficient are
such that the Froude number at the downstream section is between 0.95 and 1. When the downstream flow is clearly
subcritical, the error is less than 1 percent for a wide range of flow conditions. Therefore, application of equation
53 provides a close estimate of the drag in any reasonable flow, and the area to use is the arithmetic
average of the areas in the cross sections bounding the location of the loss.

Table 2. Errorindrag estimate for an example trash rack made in simulation with the Full EQuations model to approximate
drags for simple control structures

[nc, not computed]

Approach
Froude Error, in percent, for values of loss coefficient
number 0.05 0.10 0.30 0.50 0.70
0.100 0.00 0.00 0.00 0.00 0.00
.200 .00 .00 .00 .00 .00
300 : .00 .00 .00 .00 .00
400 .00 .00 .00 .01 .03
.500 .00 .00 .03 .09 .20
587 nc nc nc nc 4.02
.600 .00 .01 17 .83 nc
625 nc nc nc 2.80 nc
.680 nc nc .00 nc nc
700 .02 .08 nc nc nc
780 nc .93 .00 .01 .03
.800 .16 nc nc nc nc
.830 .57 nc nc nc nc

50 Full Equations (FEQ) Modei for One-Dimensional Unsteady Fiow in Open Channels



5.5.3 Sudden Cross-Sectional Expansions or Contractions

The effect of converging and diverging channels on the flow is complex. Again, these effects are typically
expressed in terms of a head loss. The losses for diverging channels are larger than those for converging channels.
When the velocities are decreasing in the direction of the flow, turbulence is increased, and the water adjacent to
the sides of the channel may separate from the sides and form large eddies. The distribution of velocity becomes
highly nonuniform and is no longer predominantly affected by the shape of the boundary of the channel. When the
velocities are increasing in the direction of flow, the velocity becomes more nearly uniform and turbulence is
reduced. Estimation of these losses is difficult, and empirical relations are used for loss estimation. See the discus-
sion of the EXPCON command in the FEQUTL documentation report (Franz and Melching, in press) for a more
extensive discussion of these difficulties.

The empirical relation applied to estimate head losses in expansions or contractions takes a fraction of the
absolute value of the velocity-head difference over the length of the divergence or convergence. This relation was
developed for designed and constructed transitions in canals where transitions are relatively short and infrequent.
The same relation has been used in natural channels with irregular variations in size and shape. These irregular
natural variations reduce the accuracy of the empirical relation for head-loss estimation, but no practical alterna-
tives are available. Therefore, the velocity-head difference over the length of the control volume is taken in the
derivation here.

The head losses resulting from flow separation from the sides of the channel, sometimes called eddy losses,
are in excess of head losses resulting from boundary friction. The values of Manning’s n given in various tabula-
tions are presumed to exclude these eddy losses and, therefore, represent only the frictional effects in mostly
straight prismatic channel sections. This means that estimates of Manning’s n in natural channels derived from
measurements in the channel must be treated carefully. The value of Manning’s n could differ in response to how
the eddy losses were estimated. Available steady-flow water-surface-profile computer programs, supported by
various Federal agencies, differ in treating these losses. Thus, if each of the computer programs was used to
estimate Manning’s n from a set of careful measurements in a natural channel, different results would be produced
merely because of differences in the treatment of minor losses.

Further issues must be addressed before the head-loss equations can be presented. The standard head-loss
equation for expansions and contractions was developed for channels that are compact in shape; that is, channels
where o0 = 1. Therefore, potential effects of large values of o for natural channels are not discussed. Inclusion of
o values will require additional values in the cross-section tables when the governing equations for a branch are
approximated. In addition, the variation in the energy-flux-correction coefficients, o, over the distance of a typical
computational element is generally small. Furthermore, uncertainties in the estimation of the eddy losses are large.
Therefore, it seems reasonable to exclude o in the equations applied to estimate the eddy losses to simplify the
computation. The effect of o can be partially reflected by increasing the fraction of the velocity-head difference
used to estimate the loss. Alternatively, the roughness values in the cross-section description can be changed to
reflect the eddy losses (for an example, see Chow, 1959, p. 267). If the change in cross section is large over a short
distance, then the transition should be isolated and treated as a special feature so that a more comprehensive
evaluation of the losses can be computed.

On the basis of the assumptions discussed above, the head loss for accelerating or decelerating flow is

Ay = sign (Qp+ QDS (Ve V) 5

2g
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where

1,if (Qg+0,) 20;

-1, otherwise

sign (Qp+Q;) = [ (61)

k,if Vo=V, >0;
f(VR9VL) = (62)

k & otherwise

k, is coefficient for accelerating flow, k, is the loss coefficient for decelerating flow, and the subscripts L and R refer
to the left and right ends of the control volume. Again, the loss must change sign so that the flow will always be
retarded. Because this loss is assumed to apply over the control volume, another assumption is required to deter-
mine the direction of flow for the control volume. The direction of flow is determined in equation 59 on the basis
of the sum of flows at each end of the control volume.

In cases where flow reversal is possible (for example, in tide-affected reaches) the sum of flows for a flow
element may be zero because flow is either entering both ends or leaving both ends. When the flow is entering the
control volume from both ends, a loss for deceleration is assigned, whereas when the flow is leaving from both
ends of the control volume, a loss for acceleration is assigned. This convention seems reasonable because the
turbulence present when the flow is entering from both ends would be larger than when it is leaving from both ends.

The slope of the eddy loss distributed over the length of the control volume, S,;, can be defined as

Ah,
Set = T
R L

(63)

This slope is analogous to the friction slope and must be added in a similar position and with the same sign.

5.6 Extended Motion Equation

The terms for the minor losses, together with the wind-stress terms added to equation 46, result in the
extended-motion equation for curvilinear channels as

f’: (Mo (x, 1) ~MyQ (x, 1)1 d

[ BOGLn"  BOGREn’
" ALy G 0T T ATrgy (g 1)

) dz,,
—gELA [x,y (x,1)] [Sf[x’ Y& DT +S5g,% W] &

(64)
R pa 2
+J::L CD(W)FU MTT[x, y(x,1t)] cos¢dx

mD mP
1
2 { z CDiAPi [xD"’ y(xD ¢ t):l * j§1 kPjA I:xpj’ y(xpj, t)]}

i=1

{VIx, Y (2, 01|V %,y (x,0)]1[} }ar
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Some arguments for coefficients have been deleted to make the equation more compact. The value My is a weight
coefficient on the top width to give the correct water-surface area per unit length. It is related to volume per unit
length just as the top width is to the area; that is,

oM
M 1-a—MAA=M +A4

T = T3y e (©3)
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6. APPROXIMATION OF THE FULL EQUATIONS OF MOTION IN A BRANCH

The integral form of the full equations of motion representing flow in a branch, derived previously, must be
converted to an approximate algebraic form for numerical solution. Approximate solutions must be obtained by
applying numerical methods because exact solutions of the equations are limited to a few special cases. The
following sections describe the numerical methods available for solution of the approximated integral equations of
motion, and the four options available in FEQ for approximating the equations of motion. General rules are given
for approximate integration by weighted algebraic computation of the flow and water-surface elevation derivatives
with respect to time and space. The approximations of the equations of motion are developed for the most general
of the four approximation options. Finally, the selection of the appropriate weights for the time and distance inte-
grals are discussed with respect to the selected approximation option in FEQ.

6.1 Methods of Mathematical Approximation

Computation of solutions for the equations of motion is necessarily limited to evaluating them at a finite
number of points along the branch. The approaches to computing approximate solutions to these equations can be
divided into two broad classes: those that fix the location of the points along the channel in advance and those that
adjust the locations as needed in the solution. The latter class includes the broad range of the method of character-
istics that solve the characteristic form of the equations by explicitly tracing the trajectories defined by equations
38 and 39 in whole or in part on the x-f plane. In the method of characteristics, the locations and times at which
flows and elevations are computed are irregular and vary as the flow conditions vary. This method has some advan-
tages in accuracy, but it becomes complex and impractical for use with prototype stream systems. Therefore,
methods based on the characteristic form of the equations will not be considered further here because they are not
used in FEQ.

The class of methods that uses a fixed set of locations (nodes) along the stream channel also is broad. This
class divides into two subclasses: explicit methods and implicit methods. These methods offer practical advantages
in that the locations of solution values in space and time are fixed. Thus, analysis and presentation of the results is
simplified. In these methods, flow and elevation are assumed to be known at all locations at some initial time f,
and the equations are solved for the values at some time t; > f,. Thus, the solutions for the time period of interest
are developed stepwise in these methods.

In explicit methods, the solution at time ¢, at each node is computed in sequence with information at ¢, within
one or two distance intervals of the node. A pattern of points on the x-f plane used in some simple explicit methods
is shown in figure 12. The values are known at points x;, x; , ;, and x; , , at time #;, and the method is applied to
compute values at point G, or point G,. The dashed characteristic trajectories show that the interval of dependence
for point G, is contained within the interval defined by x; and x; , ,. Therefore, the flow conditions at point G, can
be computed. However, the interval of dependence for point G, is larger than the interval defined by x; and x; , ».
Thus, it is impossible to compute the flow conditions at G, given the information on the interval from x; to x; , ,
at time f;. The time step in the latter case is too large. In general, explicit methods have limitations on time steps.
If these limitations are exceeded, the methods and (or) the computations become unstable, and the resulting flows
and elevations will develop large nonphysical oscillations and eventually the oscillations become so large that the
computations fail because of negative depth, square root of a negative number, numerical overflow, and (or) other
causes. The method is conditionally stable, however, if the time step meets certain constraints. The condition that
generally applies is that the distance travelled by an infinitesimal wave in one time step must never exceed the
distance between computational nodes. This is the Courant condition, given by

Ax
Ve’

At< (65)

where At is the computational time step.
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Figure 12. Explicit finite-difference method on the space-time plane.

This constraint proves to be restrictive in that the time step is often limited to a few seconds, making exten-
sive unsteady-flow computations with explicit methods impractical if long time periods (greater than a few hours)
are simulated. Consequently, an explicit method is not used in FEQ.

Implicit methods solve for all of the unknowns at time #; , ; simultaneously. They are thus much more com-
plex than explicit methods, which solve each nonboundary point independently of any other nonboundary point.
The characteristic trajectories defined for an implicit method are shown in figure 13. The interval of dependence
is larger than the interval of known conditions at time ¢;, but the boundary conditions supply the needed informa-
tion. Thus, all the unknown points fall within the domain of uniqueness established by the characteristic trajecto-
ries beginning from the boundary points. Therefore, no restriction on the computational time step results from the
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Figure 13. Implicit finite-difference method on the space-time plane.

nature of the shallow-water waves as in an explicit method. Implicit methods are not subject to the Courant condi-
tion for stability, so they are sometimes called unconditionally stable.

The stability of implicit methods allows use of large time steps in the solution. The time step may still be
limited in terms of accuracy of results, but the time step can be adjusted to simulate varying flow conditions and
not be restricted by the Courant condition. Implicit methods make it possible to simulate long time periods eco-
nomically, with acceptable accuracy. Therefore, an implicit method called the Preissmann (1961) four-point
scheme or method is applied in FEQ. This scheme has been used extensively with variations from the original form.
Thus, the scheme as implemented in FEQ used only some of the concepts of the Preissmann method and might
better be described as a weighted four-point scheme.

56 Full Equations (FEQ) Model for One-Dimensional Unsteady Flow in Open Channels



6.2 Equations of Motion Options

Equations 47 and 63 are the most general form for a branch in FEQ; however, four options for the governing
equations for a branch are available. In the simplest option, denoted by STDX, the weight coefficients for curvi-
linearity are assumed to always be equal to 1. In the second option, denoted by STDW, a special user-controlled
variable weight for certain distance integrals is added to the equations applied in STDX. This variable weight is
important for simulating shallow flows. In the third and fourth options, STDCX and STDCW, the weights to
account for channel curvilinearity are added to the previous two options. These options can be selected on abranch
basis. The discussion below will be for the most general option, STDCW, because the other options correspond to
special values of selected coefficients. These equations are solved approximately by converting them to algebraic
equations using approximate integration over a computational element.

6.3 Rules for Approximate Integration

Four points in the x-¢ plane are used in the weighted four-point scheme to define the rectangle on the x-¢ plane
over which equations 47 and 63 are approximately integrated to produce the system of algebraic equations that
must be solved for a branch. These four points are shown in figure 14. The subscripts denoting these points are
selected to assist in coding the computer program. The subscript L denotes the station on the left end of the control
volume, and the subscript R denotes the station on the right end. The subscript U denotes the time point that is up,
and the subscript D denotes the time point that is down relative to the center of the rectangular box on the x-f plane
used to define the scheme. These subscripts are applied in the computer-program code by composing variable
names for the various elements and values needed. For example, the Fortran name “ALU” specifies the area of
flow at the left end of the control volume and at the upper time. The last two letters of the variable name are
reserved to refer to the point on the x-¢ plane. This convention proves to be much simpler than use of the cumber-
some indices for subscripts that may lead to many errors. The equations are written for a typical control volume
corresponding to the computational element on the branch between adjacent cross sections.

The approximate rule of integration used in the weighted four-point scheme is the weighted-trapezoidal rule
wherein

[Lf(ydx= (b-a) [(1-W)f(a) + Wf(D)], (66)

where a and b are the boundaries of the function region integrated and W is the weight on the function at the upper
limit of the integral. The weight must satisfy 0 < W< 1. According to traditional error analysis, the most accurate
approximation results when W = 0.5; however, the most accurate value for W is not always the best value. Other
considerations enter into the choice of weight when approximating the integrals in the governing equations for
unsteady, open-channel flow. For integrals with respect to time the weight is Wy The integrals with respect to
distance will have two weights, Wy and W,. The use of these weights will be discussed later. Equation 66 is recast
so as to be more convenient in computation to

Lrxdx~ (b-a) [f(@) + W{f(h) -f(@)}], (67)

thereby reducing the number of multiplications by one.
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Figure 14. Points on the space-time plane for the weighted four-point solution method in the Full
EQuations model.

6.4 Conservation of Mass
Let Ax be the length of a typical computational element and Az be the length of a typical time increment. If

the approximate integration rule on equation 47 is applied, then the conservation of mass equation becomes

D AR
—At[QLD+ WT(QLU—QLD)] +At[QRD+ WT(QRU_QRD)] _AtIM = O, (68)

Ax[(l—WAUJMALUAL +Wy M, Apy]- Ax[(l— DJMALDAL + Wy My Agp]

where the subscript M denotes a middle or mean value and all terms were moved to the left-hand side of the equa-
tion before making the approximations. The average area at time ¢, is determined by the weight W, , and the aver-
v
age area at time 75, is determined by a different weight W, because the weight applied to distance integrals of
D

area, W,, can vary with time. The algebraic form for the conservation of mass equation on a typical rectangle on
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the x-7 plane is given in equation 68. The lengths of the computational elements may differ along the branch, and
the time increment or step may differ with time. These variations between elements and between times are impor-
tant neither to understanding the approximations nor to writing the equations. Thus, those variations are not

described.

The lateral inflow term, I, requires special treatment for storm sewers; in this case, the lateral inflow truly
refers to the surface runoff entering the sewer through catch basins and curb inlets along the path of the sewer.
Surface runoff reaching these inlets is usually estimated with a hydrologic model. The calculations done with the
hydrologic model are independent of the hydraulic routing in the storm sewer. The need for special treatment arises
when surface runoff reaches the entrance of a sewer that is flowing under pressurized conditions. In the prototype
system, water entry to the sewer is restricted, and water forms temporary ponds in streets, basements, and other
depressions or flows to the stream by some overland flow path. The ponding may further add to the pressurization
of the sewer downstream from the inlet. To consider tributary area connected to a storm sewer, an approximation
to the storage of surface runoff that exceeds the capacity of the pressurized sewer is provided in FEQ.

In the prototype system, water enters the storm sewer at discrete points, usually at curb inlet structures. It is
possible to simulate each inlet structure and specify its detailed hydraulic behavior, but this level of detail is rarely
required, and providing it would prove expensive. Some simpler representation is needed to simulate the major
factors affecting the entry of water into the storm sewer. These factors are the height of the ground surface above
the storm-sewer invert, denoted by y,;, and an effective inlet area, denoted by A;. It is assumed that the water is
stored at the height y; above the invert and that the ponding capacity is unlimited in FEQ simulation. Excess water
is stored until the conditions in the storm sewer at that point allow the water to enter.

A current maximum rate of inflow for each computational element (control volume) on a branch is computed

in FEQ simulation. Let y,, be the mean value for the water-surface height in the control volume for a time step
defined as

Ym = %[Wr(ywﬂm) + (1-Wp) pp+Yrp)] - (69)

For a storm sewer, a hypothetical thin slot is added to the top of the closed conduit to maintain a free surface, and
yu is measured in this slot to account for pressurization.

The head difference between the water-surface elevation in the assumed ponding area and in the control
volume is

Ah = Y5y, (70)

The maximum current rate of inflow, Qy4x, then is

Quax = Sign (M)A J2gIAH], (71)

where sign (Ah) is +1 if Ak > 0 and —1 otherwise.

Derivatives of equation 71 are used in the solution process in FEQ with respect to the water-surface height
in the control volume. This derivative becomes large as Ak becomes small and in the limit becomes infinite. These
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large derivatives can result in failure of the solution process. Therefore, equation 71 is linearized whenever
IAKl < Ah”, where Ah” is a small value of the head difference equal to 0.5 ft. In this case, the maximum inflow is

_ (Ah)
Opax = “yp A A2g0h* . (72)

If Iy, > Quuax then arate of lateral inflow of @Q,,x enters the sewer and the excess is added to the ponding
volume for the computational element. If [, < Qux, then the rate of lateral inflow, I, is augmented from the pon-
ded water, if any is available, to bring the rate of inflow to Q,,,x. If ponded water is not available, then the rate of
inflow is just I,. The maximum rate of inflow from equations 71 or 72 can be negative. This means that water is
leaving the storm sewer at this computational element and is being stored.

The approximation to the process of sewer surcharging is simple and requires a minimum of additional infor-
mation about the storm sewer. The ponding volume in each computational element can be only a rough approxi-
mation to the process, and the ponding volume for the entire branch is probably a better index of the surcharging
of the storm sewer. A more detailed representation of storm-sewer surcharging requires that the alternative flow
paths be defined and that the storage capacity of the ponding areas also be defined. The surcharging process can be
simulated in detail, but the data requirements are demanding.

6.5 Conservation of Momentum

For equation 63, the conservation of momentum equation, the derivation will proceed in steps to simplify
the notation. Consider an approximation to the distance integral representing boundary shear (with Sy) and gravity
and pressure forces (with dz,/dx) in the first double integral in equation 63,

. (9z,,)
A s+ = dszM(AxSfM+AZW), (73)

L

where the subscript M denotes a middle or mean value and the equivalent slope for accelerating and decelerating
flow, S, has been omitted. The averages given in equation 73 are all with respect to distance at a fixed time.

To further simplify the equations, let Pg; denote the approximation to the integral of the pressure, gravity,
and friction terms in equation 73; then equation 73 becomes

PGF = MLAxSfMAZWJ' (74)
In this equation, the average area is given by

Ay = A +W,(Ag-A4)), (75)
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and the average friction slope is

_ (Qy| Oy

£, X (76)

M

where average discharge Q,/is Q; + (Qg — O, )/2 and average conveyance K, is K; + Wy(K— K;). In this notation,
the integral of the pressure, gravity, and friction terms over the length of the computational element at #,is P ;

U
that is, the time-point designator is appended to the subscript to indicate the time point of interest.

Applying a simple arithmetic mean over time to the momentum stored in the control volume and applying
the time approximations described previously to the forces, the approximation to equation 63 is

Ax Ax
2 [MQLUQLU + MQRUQR U] T2 [MQLDQLD * MQRDQRD]

—At [BLDQLD VLD + WT (BL UQL UVLU - BLDQLD VLD) ]

amn
+At [BrpQrpVrp + Wr BruCruVru—BroCrpVrp)
+gAt [Py + WT(PGFU - PGFD)] + At(FDECM - WSM) = 0.
In equation 77, the time-averaged wind-stress term W is approximated by
M
_ Ax (w) Paq
Ws, = T(MTLDTLD + MTRDTRD)CDU ° U§1°°S‘|’U' (78)

This is the product of the wind stress in the downstream direction for the element at time ¢, and the water-surface
area of the element at time 7). The term F, EC,, is the time-averaged equivalent drag that represents the effect of
eddy losses at expansions and contractions and the effect of submerged objects in the control volume (computa-
tional element).

A definition of the location of the velocity of approach and the projected area of a submerged object (if a
drag coefficient is specified) or a cross-sectional area (if an approach-velocity head-loss factor is applied) are
required in equation 53 to obtain an equivalent drag. A rigorous approximation could apply a different approach-
velocity section depending on the direction of the flow past the obstruction; however, such rigor would complicate
the implementation unnecessarily. The approach for the equivalent drag is designed to approximate smaller
obstructions in the flow. If the obstruction is large, then the approximation is invalid because critical flow possible
near the obstruction is not considered. Thus, the part of the flow area obstructed must remain small for equation 53
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to be valid. The control volume defined by a computational element should be short, so that the velocity at any
point and time results in a reasonable approximation to the approach velocity. If these conditions are met, then the
average velocity in the control volume can reasonably be used for the approach velocity, the average water-surface
height to define the projected area, and the average area for the velocity-head loss factor.

An additional convenience is to combine the two drag terms into a single equivalent term, because both
forms of expression for the effects of a submerged object will probably not be needed in a single control volume.
The integrand for the combined drag terms is

1
> {CDMAPM+ kpAyt VM|VM| ,

where the assumptions about areas and approach velocities have been substituted. It is important in this expression
that the mean area be computed in model simulation from the cross-section description. The drag coefficient, Cp,
the velocity-head coefficient, kp, and the projected area of the obstruction will be given as functions of average
water-surface height in the control volume (computational element). Thus, the drag expression must be rearranged
so that the mean area will be separated from the other terms. This is done by normalizing the product of the drag
coefficient and projected area by the mean value of area for the computational element determined in the four-point
scheme of numerical integration; the result is

Cc, A
D, P
The bracketed term, %’ + kp , can be computed as a function of the average water-surface height and placed

M
in a table. This term indicates that the area of the obstruction relative to the mean area and multiplied by a drag
coefficient is equivalent in effect to a loss coefficient that is applied to a velocity head. In the normalized expression

for the drag terms, the value of the integrand is evaluated at a given time ¢, and the averages are taken with respect

to distance at this time.

The slope term for the effect of accelerating or decelerating flow (that is, for eddy losses), S, was not
included above. It is included here by extraction from equation 63 as

IRZYESTENITES
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Replacing S,,; with equations 59 and 62 results in

) (2)

§358n (Qp + ) (Ve V JrALxy (5,1 d.

In this expression, neither the velocity-head difference nor the sum of flows is a function of the integration variable,
and the area is the only variable subject to integration. Approximating the integral of the area by the product of the
control-volume length and a mean area results in

SAySign (Qg + 0D f (Ve V) [V~ V7).

as the approximation for the term representing the effect of eddy losses resulting from channel expansions or con-
tractions on the motion equation. This force term is similar in form to the drag resulting from a small obstruction
in the flow. Thus, the eddy-loss term may be combined with drag as a single, equivalent drag term. The factor of
1/(2g) for the velocity heads was moved from within the absolute value because it is always positive.

The expressions for the normalized drag terms resulting from submerged objects or obstructions and eddy

losses resulting from channel expansions or contractions are combined to represent the special terms in the motion
equation as

Cp Ap
Fprc = %AM[ {L—XM—“) * kp} VarlVad + sign (Qp + Q) f (Ve V) Ve - Vi|] , (79)

where Fpgis the equivalent drag expressed in similar units as in equation 63. Again, Fpgcis a value at a given
time that applies to the control volume. The time-averaged equivalent drag is then

Fpec, = Fpec,t W ( pec, ™ F DECD)‘ (80)

Equations 68 and 77 are evaluated in FEQ for each computational element in a branch to develop the equa-
tion system for a branch. These equations and the internal and external boundary-condition equations define the
unknowns at each node in the stream system.

6.6 Selection of Weights

The equations of motion have as many as three weight coefficients that must be specified. The first weight,
present in all four of the governing equation options, is W7, the weight for integration with respect to time. The
user has direct control over W, with the FEQ input parameters of BWT and DWT. The value of W, must satisfy
0.5 £ W; < 1 for stability in model simulation. For a linearized form of the equations of motion, Wy = 0.5
results in the exact numerical result; however, the nonlinear terms in streamflow conditions necessitate the use of
a higher value of W, (Lai, 1986). These nonlinear terms affect the solution most if friction losses are relatively
small. If the friction losses are small enough, then persistent, nonphysical oscillations in the solution will appear
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because the

solution process, with convective terms, tends to move truncation and roundoff errors to the shorter wavelengths
in the solution. In a stream, the energy contained in these shorter wavelengths would be dissipated by processes
that take place at a level of detail far smaller than can be resolved with the shallow-water-wave approximations.
Furthermore, there is a minimum wave length that can be resolved with the numerical solution. Therefore, the solu-
tion contains oscillations at the minimum wave length that cannot be resolved. These oscillations often persist but
do not become large enough to result in computational failure as those arising from instability will. By increasing
the value of Wy, a small amount of dissipation is introduced into the numerical solution. A number of researchers
have studied the optimum value for W;. From the standpoint of combining accuracy and stability, Fread (1974)
found W; = 0.55 to be the best value for slowly varied unsteady flow such as flood waves, Chaudhry and Con-
tractor (1973) recommended the use of W, = 0.6, and Schaffranek and others (1981) recommended the use of a
W value between 0.6 and 1. In general, values of 0.67 or less are often sufficient to eliminate the oscillations with-
out seriously affecting the accuracy of the final results. The additional dissipation introduced is generally much
smaller than the dissipation from boundary friction. In some cases, boundary friction is large enough so that a value
of W; = 0.5 can be applied.

The second weight, W,, also is present in all of the governing-equation options. It is a weight that is com-
puted internally to adjust the computation of friction losses at small depths to avoid convergence problems in
the numerical solution of the system of nonlinear equations. Following the work of Cunge and others (1980,

p. 175-178), the value of this weight is computed to obtain a single-valued solution at shallow depths. To illustrate
this approach, a simple approximation to the motion equation when all inertial terms are suppressed is considered,
resulting in

1
z, -z, |\2
0= KM[(—LM—R)] , (81)

where K,, is a mean value of conveyance in the control volume, ZWL is the water-surface elevation at the left
(upstream) end of the control volume, and sz is the water-surface elevation at the right end of the control
volume. If the elevation on the left is held constant and the elevation on the right is allowed to decrease, the flow
will increase for a time because the increase in slope more than compensates for the decrease in the conveyance.
However, when the elevation on the right decreases below some level that depends on the two water-surface
heights and the variation of conveyance, the flow will no longer increase. Thus, for a given flow, two values of
water-surface height could satisfy the equation. Thus, the numerical solution may not converge because of this
duplication of solutions at shallow depths. This convergence problem can be solved by changing the definition of
K, so that more weight is given to the upstream point and so that the partial derivative of the flow with respect to

the right-hand elevation is always negative.
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If Az, = z, —z, isthe change in water-surface elevation, Ky = K, + Wx(Kr — K) is the average
R L
value of the conveyance, and S,, = —Az,/Ax is the water-surface slope with a decline in elevation given a positive

slope, then

20 _ aKMSI/Z lKMS—l/Z

= = =— - — 82
dyp  Oypg ¥ 2AxVW (82)
- : 172 . . . .
Multiplying equation 82 by § , requiring that the rate of change of flow with change in the right-hand
w

water-surface elevation always be negative, and substituting the value for K, results in

oK K, +W (K,-K,)

R _ L xR L <0, (83)

Wy 9y p Sw 2Ax

as the defining inequality. If this inequality is not satisfied when Wy = 0.5, then the value of Wy must be changed
so that the inequality will be satisfied when Wy < 0.5. The value of Wy that will satisfy the inequality is

n (K, /2) .
*“ 9K,  Kp-K,

dyp, ¥ 2

K, +K
——RA; - L__Rop. (85)

The inertial terms have been ignored in the analysis up to this point. These are usually small when the
water-surface height is small enough for this correction to be required. To allow for some consideration of these
effects and to prevent the rate of change from becoming zero, a value of 0.8 of the right-hand side of the inequality
in equation 84 is applied as the value for Wy in the FEQ simulation. The flow of water is assumed to be from left
to right in the analysis. Similar relations are used when the flow of water is from right to left.
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The third and last weight, W,, is applied only in the options STDW and STDCW. This weight applies to
certain integrals with respect to distance to allow computation of unsteady flows at small depths. The preceding
small-depth adjustment allows receding flows to be computed to depths that are near zero; however, the computa-
- tions may fail when the flows begin to increase from small depths unless the rate of increase with time is much
smaller than for most stream rises. When the depths are small and an increase in flow begins, the errors of approx-
imation in the distance integrals can become large. If W 4y and W 4, in the conservation of mass equation 68 are
given the value 0.5, the distance integrals are approximated with the trapezoidal rule, and the integrand is assumed
to vary linearly in the integration interval. When the depths are large, a linear approximation to the variation of
flow area with distance results in a relatively small error. Equation 68 is exactly applied in the solution process, but
this may require that either the left-hand or the right-hand area be negative whenever the flow increases from a
small value. A negative area is impossible, so the computations fail. However, if the value of W, is increased, giv-
ing more weight to the downstream point, equation 68 can be satisfied without resulting in a negative area. The
value of W, will approach 1.0 when the depths are very small. High values of W, have larger apparent integration
errors than does a value of 0.5, but in most applications, the details of the flow at small depths are not of great inter-
est. Thus, some increase in error at these depths is acceptable in order to allow the computations to continue. If the
small depths are of interest, then the user must reduce the length of the computational elements so that the small
depths can be simulated without applying a variable W,.

The values for W, are defined by the user for each branch in the system. A typical depth below which the
value of W, becomes virtually 1 and a typical depth above which the value of W, becomes 0.5 must be given for
each branch. Values of the weight for depths intermediate to these two are determined by either linear or cubic
interpolation at the user’s request.
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7. EQUATIONS OF MOTION FOR DUMMY BRANCHES AND LEVEL-POOL
RESERVOIRS

The equations of motion that apply to dummy branches and level-pool reservoirs are presented and approx-
imated in this section. Examples of conditions that may be simulated with dummy branches and level-pool reser-
voirs are described in sections 3.1.2 and 3.1.3, respectively. Changes in water volume and the momentum content
of that water can be important factors in a branch; however, changes in water volume but not momentum content
are important in a level-pool reservoir, and neither changes in water volume nor changes in momentum content are
important in a dummy branch.

7.1 Approximation of the Equations of Motion in a Dummy Branch

The equations of motion for a dummy branch are simple because the storage and momentum content of a
dummy branch are negligible, so flows and elevations at the two flow-path end nodes defining the dummy branch
are virtually identical. The dummy branch is treated as a reservoir with constant surface area, no lateral inflow, and
a linear friction-loss relation between flow and elevation difference. Therefore, the conservation of mass equation
becomes

(A
—Z ) = At(QLU_QRU) s (86)

Z +2z —Z
2 (WLU Wru Wip WD

where Ag is a constant surface area and the weight for integration with respect to time has been set to 1. The left-
hand node is taken to be the upstream node for the dummy branch. The default surface area applied in FEQ is 2
but this value may be overridden by the user.

The relation between the flow and the elevation difference is

(Kp)
Z —Z = .TF(QLU-'-QRU) > (87)

where the node on the left is taken to be the upstream node. The friction loss coefficient, K, is set by default to
2 X 1073, but different values can be input. The average water-surface elevation is used in equation 86 so that the
partial derivatives of this equation will be nonzero in the nonlinear solution for the unknowns.

7.2 Approximation of the Equations of Motion in a Level-Pool Reservoir
A level-pool reservoir is similar to a dummy branch except that the storage relation is more complex and

lateral inflows are possible. The elevation of the water surface in a level-pool reservoir is, by definition, the same
at all points across the reservoir. However, it is useful to allow a small difference in elevation between the upstream
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and downstream flow-path end nodes, just as in a dummy branch. Thus, equation 87 applies as the relation between
flow and elevation change for a level-pool reservoir. The conservation of mass equation is

ST(ZWMUJ—STLZWMD) = At1Q,p+ Wr(Q 1y~ Qrp+ Iy~ Qrp~ Wr(Cry—Crp) ] (88)

where

N
1l

z, +z /2;
Wmu LWLU WRU) ’

Wup (ZWLD+ZWRD)/2; and

ST(z,,) is storage capacity of the reservoir at water-surface elevation z,,.

N
|

Again, the average water-surface elevation of the two nodes is used to define the storage so that all the partial deriv-
atives will be nonzero for equation 88 in the nonlinear solution for the unknowns. The lateral inflow, /,,, is com-
puted for level-pool reservoirs in the same manner as for branches. One or more outflow relations can be associated
with a level-pool reservoir. These relations are, however, viewed as internal boundary conditions for the stream
system simulated with FEQ and not as part of the reservoir. The level-pool reservoir equations describe only the
storage of water in the reservoir.
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8. BOUNDARY AND INITIAL CONDITIONS

Simulation of unsteady flow in a stream segment (branch) requires information on the discharge and water-
surface elevation at the boundaries of the segment throughout time and at all points in the system at some initial
time, as described in section 5.3 “Nature of Shallow-Water Waves.” For a network of open channels, the flow
paths—branches, dummy branches, and level-pool reservoirs—are separated by special features such as junctions
and hydraulic-control structures. Therefore, the system requires internal boundary conditions at the flow-path end
nodes connected to special features, as well as external boundary conditions. Internal boundary conditions, which
are typically determined from the hydraulic characteristics of the special features, are available for a wide variety
of special features simulated in FEQ. This section details the internal and external boundary conditions and the
initial conditions simulated in FEQ.

The special features in the stream system are considered small relative to the branches and level-pool
reservoirs, so the storage and momentum content in the special features are negligible. Therefore, the equations
of motion describing the hydraulic characteristics of flow through the special features that compose the internal
boundary conditions are all steady-flow relations. For some special features—a long culvert is a simple
example—this assumption is not valid. This culvert may have to be represented as a branch in the form of a storm
sewer, not as a culvert, even though it has the physical form of a culvert. The concern in simulation of unsteady
flow, however, is not on the physical form but on the effect that the feature has on the flows of interest.

8.1 Internal Boundary Conditions

The flow paths, each having two equations that describe the motion of water, are connected by special
features. These special features compose the internal boundary conditions for the solution of the matrix describing
the flow and connections in the stream system. Each internal boundary connects two or more flow paths because
a special feature comprises a junction among at least two branches, dummy branches, and (or) level-pool
IeServoirs.

In the input to FEQ, the various internal and external boundary-condition options are referenced by a
combination of a Network Matrix Control Block code number and a type number as listed in table 3. The details
of the Network Matrix Control Block input are given in section 13.6, but table 3 is presented here to provide an
overview of the following sections. In each heading in table 3, a listing of the codes and types is given for conve-
nience in cross-referencing to the input description, the input, or the source code of the FEQ program.

The internal boundary conditions all reference flow-path end nodes on branches, dummy branches, and
level-pool reservoirs. On the flow path, each end node has a nominal designation of upstream or downstream;
although the water may flow in either direction, the designation of the end node stays the same. The same rules
apply to internal boundary conditions; for some conditions, nominal designation of one end node as upstream and
another as downstream is appropriate for convenience in referring to the end nodes and the application of values
at those nodes. If it is necessary to refer to an end node in relation to the direction of water flow, then an adjective
can be used to distinguish the nominal use of the node from the actual use. Finally, the designation attached to the
node also is context relative. When referring to an internal boundary condition, the designation of a node is relative
to the special feature of the stream system for which the condition is required. For example, consider a junction
between two branches consisting of two flow-path end nodes, one from each of the branches. The junction is used
in simulating an overflow dam at the junction. In describing the flow over the dam, one of the nodes in the junction
is designated as the upstream node and the other as the downstream node. It is not important what node is selected
for each use; but once selected, that designation must be applied consistently for the dam. Typically, the upstream
node for the dam also will be the downstream node on the branch bringing water to the dam. In the same way, the
downstream node for the dam also will be the upstream node for the branch taking water away from the dam. In
some cases, to simplify the equations, this order must be maintained for a special feature. In other cases, however,
the order is not prescribed.

The mathematical notation for the hydraulic characteristics in this section on internal boundary conditions
becomes complex because many concepts must be distinguished. To simplify the notation, the arguments for the
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Table 3. Description of Network Matrix Control Block used to represent codes and types of internal and external boundary
conditions in the Full EQuations model

[--, not applicable]

Code

Type Description

Remarks (explanation and examples)

1

-- Branch

Two externally generated equations for a branch are placed
into the matrix.

2

- Number of nodes at a junction

Continuity equation for flows at internal boundary condi-
tions (junctions).

- Equality of water-surface elevation between nodes

The water-surface elevation set equal for all nodes at a
simple junction. This option can lead to improper energy
relations in flow contractions.

H

One-node head-discharge relations

1 Flow over a weir

Standard weir flow equation; user-input weir coefficient,
weir length, and weir-crest elevation.

2 Table relating discharge and head

Most general option allowing the user to compute a table of
flows that could represent the combination of flow
through several parts of a control structure—orifice and
weir or spillway.

A~

3 Channel control of flow

Normal-depth rating curve among other conditions.

4 Structure capacity as a function of time

Variable-geometry one-node control structure for which the
opening fraction (that is, proportion of maximum flow
rate) is known beforehand. This option is applied in
model calibration.

5 Structure capacity varies dynamically

Variable-geometry one-node control structure for which the
opening fraction (that is, proportion of maximum flow
rate) is determined iteratively in model computations.
This option is applied in the design of gate-operation
rules.

6 Pump capacity limited by tail water

Flow rate is determined as a function of only upstream head
and the maximum flow allowed for the given tail water
level. Actual flow rate is the lesser of these two flows.

Two-node head-discharge relations

1 Expansion or contraction with critical flow

Locations along the stream where the change in cross
section is abrupt enough to potentially result in critical
flow. This option is used only for expanding flow and (or)
contractions that do not result in critical flow.

2 Bidirectional flow in tables plus pumping

The pump in this option is constant flow independent of
head with simple rules for starting and stopping. This
option is used for modeling evacuation of offline flood-
control reservoirs.

3 Variable-speed variable-head pump

The pump-characteristic curve is used to simulate the varia-
tion of head that the pump can supply as the flow varies.

4 Bridge with flow over roadway

Bureau of Public Roads bridge-loss routines, from Bradley
(1970). These routines include numerous problems, so
use of the bridge-loss routines in the Water Surface
PROfile (WSPRO) model is preferred (see Franz and
Melching, in press).

5 Abrupt expansion with inflow or outflow

Increase in width, drop in bottom, or both with possible
inflow or outflow.

6 Two-dimensional tables

Tables with two independent variables. For example, piezo-
metric head at two nodes yielding flow rate at flow node,
or piezometric head at downstream node and flow at flow
node yielding piezometric head at the upstream node.
Examples include culvert flow, bridge flow (WSPRO),
embankment flow, weir flow, channel rating, and transi-
tions.

W

7 Variable-height weir

w

8 Sluice gates at McHenry Dam, 1ll.

9 Underflow gates tables

Multiple two-dimensional tables are used to provide
maximum generality.
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Table 3. Description of Network Matrix Control Block used to represent codes and types of internal and external boundary
conditions in the Full EQuations model—Continued

Code Type Description Remarks (explanation and examples)
6 1 Flow boundary Flow as a function of time.
6 2 Head boundary Water-surface elevation as a function of time.
7 -- Level-pool reservoir Two externally generated equations for a level-pool
reservoir are placed into the matrix.
-- Critical depth --
11 - Conservation of momentum or constant elevation When this code is applied, momentum is conserved if there

is an inflow of water between two nodes, and water-sur-
face elevation is constant if there is an outflow of water
between two nodes.

12 - Match average elevation at two nodes When this code is applied, a weighted average of the
upstream and downstream elevations is used as the eleva-
tion that affects the flow in a side channel.

13 -~ Conservation of momentum or energy When this code is applied, momentum is conserved if there
is an inflow of water between two nodes, and energy is
conserved if there is an outflow of water between two
nodes.

14 -- Side-weir flow --

15 -- Dummy branch Two externally generated equations for a dummy branch are
placed in the matrix.

cross-section characteristic functions—area, conveyance, and so forth—are often omitted when the subscript on
the element symbol makes the argument clear. In all cases, the subscript on the symbol denotes the cross-section
location for the characteristic denoted by the symbol. For contexts where the argument-value location differs from
the location given by the subscript on the symbol, the argument is given.

The internal boundary conditions can conveniently be divided into two classes: those that relate to the
conservation of mass and those that relate to water-surface elevations and flows. This classification is done because
the conservation of mass must be satisfied at all junctions. In contrast, numerous choices are available for the
relations between water-surface elevations and flows.

8.1.1 Conservation of Mass: Code 2

As mentioned previously, the physical size of the special feature represented with the internal boundary
condition is small relative to the physical size of the branches, so changes in volume of water can be ignored in
model simulations. Thus, in accordance with the conservation of mass relation, the sum of flows of water at any
internal boundary must be zero if the flows are properly signed. By convention, a sign is given to each flow-path
end node in a schematized stream system. The downstream end node is positive, and the upstream end node is
negative. The conservation of mass (continuity) equation at each internal boundary is then

n.
J

Y SigniQEXi =0, (89)

i=1

where Q. is the flow at the ith flow-path end node, #; is the number of flow-path end nodes at the junction, and
the sign function for the flow-path end node, sign,, is taken as —1 for an upstream end and +1 for a downstream

end. Equation 89 is applied at each internal boundary.
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8.1.2 Elevation-Flow Relations

Only one conservation of mass relation or equation is needed at each internal boundary, but many water-
surface elevation-flow relations are possible. The number of these relations depends on the number of flow paths
that form the junction. If n; flow-path end nodes are at the junction, then n;—1 relations between elevation and flow
must be given. Adding the conservation of mass relation to these yields a total of n; relations for a junction
connecting n; flow paths. All that these relations have in common is that a relation between water-surface eleva-
tions at an internal boundary is provided. The flows for one or more connecting flow paths also are involved in
many of the relations. For convenience the relations can be divided into groups based on how many flow-path end
nodes are involved and whether fixed- or variable-geometry relations are involved.

8.1.2.1 Fixed Geometry

A fixed-geometry elevation-flow relation results at a structure or natural feature in the stream at which the
relation between flow and elevation is independent of time. In FEQ, these are described as control structures even
though no physical structure may be present. This is done because the hydraulic effects are the same whether the
feature is natural or constructed.

8.1.2.1.1 One-Node Control Structures: Code 4, Types 1-3; Code 8

The simplest relations are those involving the elevation at a single flow-path end node and the flow at that
node or, in some cases, at another flow-path end node. Use of a one-node relation implies that conditions at other
end nodes in the junction have no effect on this relation. An example of a one-node relation is flow over the spill-
way on a dam that is so high that the tail water does not affect the discharge. Thus, the control is complete, meaning
that knowledge of the water-surface elevation at the flow-path end node completely specifies the value of the flow
at that node. In the general case, the flow-path end node specifying the elevation of the water surface and the flow-
path end node specifying the flow can be distinct. To denote these nodes clearly, g is the subscript for the flow-path
end node at which the flow is defined, and 4 is the subscript for the flow-path end node that defines the head for
the relation between elevation and flow. The generic equation for all one-node relations is

Qg=To 2, ) = O (90)

where f p zwh is the function defining the flow for each water-surface elevation. The source of this function
depends on the situation. It could represent flow over a weir, flow over a spillway, a stream-gage rating curve, a
normal-depth rating curve, a critical-flow rating curve, or some other condition. The source for defining the func-
tion is not needed in equation 90. As outlined later, various options for the source of the function in equation 90
are provided in FEQ.

Equation 90 does not include information on the direction of the flow. Information on direction of flow in a
branch, a dummy branch, or a level-pool reservoir is contained in the sign of the flow at the end nodes on the flow
path. If the sign of the flow is positive, then the flow is from upstream to downstream. If the sign of the flow is
negative, then the flow is from downstream to the upstream. However, the sign must be specified in the model when
the flow is leaving or entering the discharge node for the control structure. The numbers tabulated in a 1-D function
table (sections 3.2.1 and 11.1) to represent the function f, in equation 90 do not specify a direction relative to the
discharge node. The user must specify the direction of flow that the numbers in the table represent. Direction is
given as —1 if a positive number in the flow table represents flow out of the flow path where the discharge node is
located and as +1 if a positive number in the flow table represents flow into the flow path on which the discharge
node is located. If D, is the direction of flow specified by the user and D, is the flow-node sign computed in FEQ
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simulation, then the sign the flow at the discharge node must have is D, = -D DDq , and equation 90, expanded
to represent the flow direction as well as the flow magnitude, becomes

Q, —Dquszh) =0. 2y

8.1.2.1.2 Two-Node Control Structures: Codes 3 and 5

For one-node control structures, the relation between elevation and flow is not affected by changes down-
stream from the special feature (no backwater effects from the tail water). In many real-world cases, however,
backwater does affect flow at control structures, so simulated control structures are provided in FEQ that are
subject to effects from a downstream water level. One of the two flow-path end nodes included in the structure
must specify the flow through the structure. This end node is called the discharge node because the flow that passes
through, under, or over the structure is specified at this node. The upstream node and the downstream node for two-
node control structures are specified by the user. If D is the control-structure sign, then D is +1 if the discharge
node is the upstream node and D is —1 if the discharge node is the downstream node. A flow sign is defined in the
model for two-node control structures, but it differs slightly from the flow sign for a one-node control structure. If
Dy is +1, then the flow is from the upstream node to the downstream node; otherwise, the flow is from the down-
stream node to the upstream node.

8.1.2.1.2.1 Same Elevation: Code 3

In the simplest two-node relation, the water-surface elevation must be the same at the flow-path end nodes
at all times and for all flows; that is,

where the subscripts L and R denote the two flow-path end nodes. This relation is useful for a simple junction.

Forcing the water-surface elevations to be the same at the flow-path end nodes with this code must be done
with care. If the velocity head at the node downstream from the junction is greater than that at the node upstream
from the junction, then energy is not conserved. Normally, the downstream flow area should be greater than the
upstream flow area, and, if the flows do not differ markedly at the two nodes, a small amount of energy will be lost
between the two nodes; this computational result is physically realistic. Otherwise, if the downstream flow area is
smaller, then mechanical energy will be added to the system; this result is physically unrealistic. If this addition is
large enough, the computations will fail. In other cases, incorrect answers will result because the internal boundary
condition is unrealistic.

8.1.2.1.22 Flow Expansion. Code 5, Type 1

In the motion equation for a branch, the loss terms that relate to the additional losses (in excess of those from
boundary resistance) represent the effects of gradual changes in cross section. The possibility of critical depth
within a branch is not checked. Locations along the stream where change in section size is large enough to poten-
tially result in critical flow must be isolated and represented as special features. If the flow expands in area as it
moves from the upstream node to the downstream node of the control structure, the transition sign, Dy is set to +1;
otherwise, Dy is —1. It is convenient to define yet another sign for two-node control structures; this is the system
sign, Dg, which equals D, D. If Q, is set equal to the flow value at the discharge node, then Dy equals sign(Q,)Ds.
This establishes the direction of flow relative to the upstream and downstream nodes of the control structure.

If the flow is expanding, the losses will be larger than if the flow is contracting. Therefore, the user must
supply the transition sign, Dy, and the values of the loss coefficients to be applied for each direction of flow in
the control structure. Let K, equal the head-loss coefficient when the flow is from the upstream node to the down-
stream node for the control structure (D; = +1) and K_ equal the head-loss coefficient when the flow is from the
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downstream node to the upstream node for the control structure (D = -1). Further, let K equal DzDK, if D > 0
and K equal DD K_ otherwise. With these terms defined, the equation defining the relation between variables at
the upstream node and the downstream node for the control structure when the flow is subcritical is

v v 2 (v
ZWL+yL+0LL% = zWR+yR+aR(?d—:J+KE[aL(2;)—(xR(2§)]. 93)

Here the subscripts L and R refer to the upstream node and downstream node for the control structure, respectively.
Recasting equation 93 into a more symmetrical form results in

%) )

? = ZWR+yR+ (l—KE)(xR—,

zwL+yL+(1—KE)(xL 22

the equation used in FEQ simulation when the flow is subcritical. The left-hand side of equation 94 is denoted by
2, and the right-hand side by z,,,,. Values for these variables are used later in this section in checking for submer-
gence of critical flow.

Critical flow can result in a transition at the smaller section. If the flow is expanding, then the critical section
will be at the inflow cross section; and if it is contracting, the critical section will be at the outflow cross section.
The following is done in simulation, given the information at only two flow-path end nodes:

1. The critical flow is detected, and the relation defining the flow is changed to represent critical flow.
2. The condition at which critical flow is drowned by downstream conditions is detected, and the relation is
changed to represent subcritical flow.

If the flow is expanding, then two flow-path end nodes are sufficient for the functions listed above. The
critical control is at the smaller section, and critical flow can be forced at the inflow end node. The outflow end
node, at the larger section, reflects the conditions downstream and is used to detect submergence of the critical
control. No expansion losses result when critical control is present because the water-surface elevations at the two
flow-path end nodes are independent.

A classic example of flow expansion is an abrupt drop in the channel, such as at a drop structure, a waterfall,
or a steep but short rapids. At low flows, critical control is present at the head of the drop; however, as the flow
increases, tail water may eventually drown the critical flow section. When the critical control is present, the eleva-
tion of the water at the foot of the drop is determined by conditions downstream. Thus, only two flow-path end
nodes are needed to both detect the formation of the critical control and detect its submergence.

If the flow is contracting, however, two flow-path end nodes are not sufficient for simulation of critical
control. In a contracting flow, the water-surface elevation may decline substantially as the water accelerates to the
smaller section. Substantial energy losses also may occur in the contraction. To include both of these effects, both
nodes must be used: one for the conditions at the larger section and the other for the conditions at the smaller
section. However, once the flow becomes critical at the outflow end node, there is no way to detect when the flow
will be drowned because both flow-path end nodes are already in use and no node is available to represent tail water
at the critical control. Rather than add some special nodes, the critical control is represented in both cases with only
two flow-path end nodes. The representation of the critical flow in a contracting flow does not include the contrac-
tion losses or the decline in water-surface elevation. Therefore, contractions where critical flow may be present
should not be represented with equations 93 and 94. An alternative representation that applies an explicit descrip-
tion of the flow through the transition for all conditions of flow is provided in FEQ and is discussed below in
section 8.1.2.2.2.1. The alternative representation of contracting flow should be applied for all cases where critical
flow is possible, and it is generally recommended for contracting flows subject to a wide range of flows.

To detect critical flow, the critical flow is estimated in simulation as equation 94 is solved. If the flow at the
discharge node is greater than the estimated critical flow, a critical control is applied in the model at the node
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upstream from the control structure, using the cross-sectional characteristics from the smaller of the two cross
sections. If the subscript ¢ denotes the values at critical flow, then application of

2 3
T,0, -g4, =0 (95)

results in the flow at the discharge node being equal to the critical flow in the critical section. In computing the
critical flow, it is assumed that § = 1.

The state of the transition (critical or subcritical) is recorded internal to the model simulation. If the state is
subcritical, flow conditions are checked to determine whether the transition should be switched to critical as just
outlined. If the state is critical, then the critical control is checked to determine whether it will be drowned from

downstream. Let z , be the water-surface elevation at the critical control. If D, > 0 (meaning flow from upstream

c

node to downstream node for the control structure), then the control is drowned if z , . >z . For flow in the other

c

direction (D < 0), the control is drowned if z ths > % -

The equations outlined here function properly only if the transition does not change; that is, if the user
denotes the transition as an expansion, then the flow must expand for all flows. This assumption is violated for
some transitions. For example, consider the flow in the departure reach of a culvert. At low flows, the channel
downstream from the culvert may be smaller than the cross section of the culvert barrel. Thus, a flow contraction
results at low flows, whereas a flow expansion results at higher flows and defines the dominant transition at this
location. In such cases, computational convergence problems may result, or the computed solution may not be
valid. As already noted, this approach should not be used if a contracting flow becomes critical or if the variation
of B affects the value of critical flow. For these cases, an alternative is provided in section 8.1.2.2.2.1.

8.1.2.1.2.3 Bi-Directional Flow with Pump or Simple Conveyance: Code 5, Type 2

This option is used to represent the flow of water between the main stream channel and storage areas adja-
cent to the stream. These storage areas may be natural slack-water areas that fill during high flows or constructed
offline flood-control reservoirs.

Constructed offline flood-control reservoirs are typically connected to the stream by flow over a side weir,
spillway, roadway embankment, or similar structure. The flow over this structure is approximated by a weir equa-
tion. During a flood, flow at this structure may be out of the stream as stage increases and into the stream as stage
decreases. The bottom of the reservoir typically will be deeper than the normal water-surface elevation in the
stream to maximize flood-control effectiveness. Therefore, pumps must be used to completely drain the flood-
control reservoir after the flood has passed. This flood-control method can be represented with the bidirectional
flow with pump option. In this option, only pumps that yield constant flow independent of head with simple rules
for starting and stopping can be simulated.

Flow over the weir, Q,,, is specified by use of tables given by the user. Four tables must be given; two for
each direction of flow. The first of the two tables lists the flow as a function of head, and the second lists the
submergence factor as a function of submergence ratio. If z,, is the minimum elevation of the weir, A,, is the
piezometric head on the weir, and d is the piezometric head of the tail water on the crest of the weir, then for flow
from upstream node to downstream node for the weir (left to right), hw = ZWL -2, andd = ZWR —Z,- The defin-
ing equation for flow over a weir is

Qw _Dszud(hw)fSud(hi) =0, (96)

8.1 Internal Boundary Condition 75



where f,,; denotes the table of flow and f;,, denotes the table of submergence factors for flow from upstream node
to downstream node. For flow in the opposite direction the equation changes to

Q, +Dszdu (hw)deu( hi) =0, 7

where f,,, denotes the table of flow and f,, denotes the table of submergence factors for flow from downstream

node to upstream node. In this latter case, the heads become &, = z,, —z,  and d = z, —Z,-

Pumping is specified when a pumping rate is input, Q p #0.If Q: is greater than zer;, then the pumped flow
is from the upstream node to the downstream node of the pump; otherwise, the pumping is in the opposite direction.
If the pump is on, then the pumped flow, with the proper sign, is added to the flow computed over the weir. If the
pump is off, then it is turned on whenever water is available at its source node and capacity is available at the
destination node to accept water. If the pump is on, then it is turned off if the water is no longer available at the
source node or if capacity is no longer available at the destination node to accept water. The values controlling the
pump are supplied by the user and are described in the “Input Description for Full Equations Model” (section 13.6).

Natural storage areas may be represented by level-pool reservoirs where the inflow and outflow is controlled
primarily by boundary friction in the channels connecting the storage areas to the stream. The effects of inertia in
the connecting channels are negligible. Thus, a connecting channel can be represented with the simple conveyance
option.

A table describing the conveyance function and the distance for converting the difference in elevation
between the upstream and downstream nodes for the conveyance channel to a water-surface slope must be input
in the simple-conveyance option. If Ax, is the distance between the two nodes, S, = (zw -z, J/ Ax, is the

L R
negative of the water-surface slope between the two nodes, z,, = 0.5 z, +z, | istheaverage water-surface
L R
elevation between the two nodes, and fi(z,,) is the conveyance function for the flow path between the two nodes,

then the flow is defined by

Qq—sign (S,) D, f (z,) M =0, 98)

if |S,>1x 10" and
0,- 100D, £, (z,)S,, = 0 (99)

otherwise. Equation 99 is applied to linearize the near-zero flows to avoid convergence problems at small water-
surface slopes.

8.1.2.1.2.4 Abrupt Expansion with Lateral Inflow/Outflow: Code 5, Type 5§

Abrupt expansions are sometimes used to reduce the velocity of water in a stream channel so that water can
be diverted more easily. Because the expansion is abrupt, the conservation of momentum principle can be applied
to describe the flows. The abrupt expansion can be either an increase in width, a drop in the bottom of the channel,
or both. The following conditions apply to the relations used in FEQ simulation:
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No reverse flow is possible at the upstream node; however, the flow can reverse at the downstream node.

. End nodes on branches must be specified such that the upstream node of the control structure is the downstream
end node on the branch bringing water to the structure, and the node specified as the downstream node of the
control structure is the upstream end node on the branch taking water from the control structure.

3. Friction and gravity forces are ignored in the control volume describing the abrupt expansion for the momentum

balance.

4. The node designated as the discharge node must be the upstream node for the structure.

5. The diversion channel is assumed to be perpendicular to the flow through the control structure. The mouth of
the diversion channel is designed to minimize separation of the water from the wall of the channel as water
flows into it.

As the water enters the diversion channel, it must change flow direction by 90 degrees. This change is
accomplished over some distance in the source and diversion channels. In this region, the velocity is constantly
changing direction as well as magnitude, so estimating the streamwise momentum flux that enters the diversion
channel cannot be done simply. Therefore, the boundaries of the control volume (fig. 15) for application of the
momentum balance must include some part of the diversion channel. The control volume must include sufficient
length of the diversion channel so that the velocity in the channel is again adequately described as 1-D. One prob-
lem is exchanged for another in this control-volume choice because the water in the diversion channel will have a
cross slope on the surface for some distance downstream from the mouth. The cross slope results in an upstream
component of hydrostatic-pressure force in the direction of application of the momentum balance. Including this
force in the balance is difficult because no methods have been established for estimating it. Therefore, in this
simple analysis, this force is omitted. A well-designed entrance will reduce the length of flow required for the
velocity to become virtually parallel to the diversion walls and, as a consequence, will reduce the magnitude of the
neglected hydrostatic-pressure force.

Application of the momentum balance to the control volume shown in figure 15 yields

N

8J R(ZWL) + BL%E = gJR(sz) + BRf—j':, (100)

where Jp, is the first moment of area function at the downstream node (cross section). If water is being diverted or
added, Q; # Qp . Equation 100 is applied when no critical control is present. A critical control, if present, will be
at the upstream node. In all cases, the user must supply a 1-D table (section 11.1) defining a function specifying
critical flow at the upstream node. This function is denoted by f, ZWL) .

If Q, is greater than f, 2, | then critical flow is established af the upstream node by requiring that
0, -1, ZWL = 0 and the state of the flow is changed to critical. The critical flow is drowned in model simulation
if the water-surface elevation at the downstream node becomes too high. Two criteria are used for determining
whether critical flow is drowned: one criterion is quick and easy but not always correct, and a second that is more
complex but is always correct (given the assumptions above). The first criterion is that if 2, is greater than or
equal to sz , then critical flow is retained; that is, the tail water elevation must become higher than the elevation
of the water surface at critical depth before the critical control is drowned. If the tail water is higher than the

critical-flow water surface at the upstream node, equation 100 is applied to define the residual function

2 2
F(ZWL, sz,QL, QR) = g[JR(zwL)—JR(sz)] + BL(fz)—BR(f:). (101)
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Figure 15. Control volume (A) plan view and (B) three-dimensional view for abrupt expansion with a
diversion channel in a hypothetical stream.

The second criterion is that if F] ( ZWL , sz, Q; Qg | < 0, where the subscript ¢ denotes the critical state, the
<

critical flow is drowned and the flow state is changed to subcritical in the FEQ calculations.

8.1.2.1.2.5 Explicit Two-Dimensional Fiow Tables: Code 5, Type 6

Certain special features are difficult to represent within an unsteady-flow analysis because the hydraulics of
those features are not well understood. The values of flow computed with the appropriate equations at a boundary
between two flow types often are substantially different. This difference presents little problem for manual com-
putations because the analyst merely smooths over the discontinuity. Such smoothing, however, is difficult to do
properly within the computational scheme of a computer program for simulation of unsteady flow. The relations
used for special features in FEQ are derived from steady flow. In principle, these relations can be computed over
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the necessary range of the independent variables to define the relation in tabular form. Thus, the computations are
done only once instead of possibly thousands of times during the computation of the unsteady-flow resuits.

In the approach applied in FEQ simulation, FEQUTL or some other means is used to compute tables of
numerical values, arranged in a predefined order, so that the values needed in the computations can be quickly
found. The resulting tables are called 2-D tables because they include two independent variables. The tables
referenced earlier are 1-D tables because they include only one independent variable. Two types of 2-D tables are
supported in FEQ: the first, given the table type number 13, uses piezometric head at two nodes to estimate the
flow rate at the discharge node, and the second, given the table type number 14, uses piezometric head at the down-
stream node and the flow at the discharge node to estimate the piezometric head at the upstream node.? The goal
of using explicit 2-D tables is to circumvent the difficult task of providing the smooth flow relations needed to
avoid convergence problems in the iterative solution process. Thus, the source of the information in these tables
is not needed in FEQ simulation. The tables can be computed in FEQUTL, in some other computer program, or
even manually.

Any smoothing of the transition between flow types or classes is done at the time the 2-D table is computed.
The facility to create these tables is available in FEQUTL (Franz and Melching, in press) for flow over complex
weirs, flow through culverts, flow through expansions and contractions, and flow through prismatic channel
segments. Details of these computations and of the definition of the format and logical structure of 2-D tables is
contained in the “Input Description for the Full Equations Model” (section 13).

The defining relation for the tables having arguments of piezometric head (type 13) is

m

Q,-D; i fi(hL; hR,.) =0, (102)

i-1

where

fi is the function giving flow through structure i that conveys flow between the
upstream and downstream nodes of a special feature in the stream system;

h; =2z, —z, isupstream piezometric head relative to the head-reference point, z p.» for structure ;
: , ;
w. — 2y is downstream piezometric head; and
R
m, is the number of control structures conveying water between the two nodes.

The flow paths through the structures at the special features are in parallel and the flow in any specific path is not
retained in the simulation. All flows are automatically summed to the value of flow at the discharge node. One
application of multiple flow paths in parallel is the hydraulic representation of a multibarrel culvert with barrels of
different diameter, invert elevation, and composition. Thus, one barrel could be flowing full while another is flow-
ing partly full. One way of representing such a culvert in FEQ would be to compute a 2-D table having arguments
of piezometric head (type 13) for each barrel, prepared by use of the options in FEQUTL. Each table can be com-
puted independently. In the model, the flows will be allocated to each path according to the characteristics of each
table. Care must be taken in applying this method if the approach velocity to the culvert is a significant factor in
the capacity of the culvert.

The defining relation for tables having arguments of downstream piezometric head and flow at the discharge
node (type 14) is

3Two-dimensional tables of type 6 are supported in the FEQ computer code; however, support of such tables is maintained in the FEQ
computer code for the benefit of users who have prepared models of a given stream system with earlier versions of the FEQ computer
code. Tables of type 6 are equivalent to tables of type 13 but have a different format. Users of FEQ are encouraged to adopt tables of
type 13 for all new applications of FEQ to stream systems. No information on the preparation or formatting of tables of type 6 is given in
this report or in the documentation report for FEQUTL (Franz and Melching, in press).
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fia(hp Q) +2,-z, =0, (103)

where f}, is the function that yields the head at the upstream node given the piezometric head at the downstream

node and the flow at the discharge node. In this option, only one structure can connect the two flow-path end nodes
because head, unlike flow, is not additive. This option is complicated by a special case that must be isolated and

treated separately; neither piezometric head may be above the head-reference point. This head relation indicates

that the flow at the discharge node is zero, but this situation is not described in equation 103. In this special case,
the relation becomes simply, @, = 0

8.1.2.1.2.6 Conservation of Momentum/Constant Elevation: Code 11

In this option, momentum is conserved if there is an inflow of water between the two flow-path end nodes,
and water-surface elevation is constant if there is an outflow of water. The assumptions for this option are the
following:

1. The cross sections at the two flow-path end nodes are identical.
2. The bottom-profile elevations for the cross sections at the two flow-path end nodes are identical.

3. The inflow of water is perpendicular to the flow direction between the two flow-path end nodes. Any forces in
the flow direction originating from the channel providing inflow are ignored.

4. Friction and gravity forces are ignored in the momentum balance.
If there is inflow, the defining relation is

o
L R
o) B ) i =
L Ap
and if there is outflow, the relation is
ZWL—ZWR = 0. (105)

This option could be used to represent an inflow of water to the stream that flows over a high spillway or
waterfall and then enters the stream. As stated in section 1.3, conservation of momentum is the preferred method
in this case.

8.1.2.1.27 Conservation of Momentum/Energy: Code 13

In this option, momentum is conserved if there is an inflow of water between the two flow-path end nodes,
and energy is conserved if there is an outflow. The assumptions are the same as in the preceding section. The
momentum balance is equation 104. The energy-balance relation is

2 2
0r Ok
zwL+ocL—2—sz—0LR—2 = 0. (106)
2gAL 2gAR

Flow over a side weir is commonly approximated by assuming that the specific energy is unaffected by the outflow
of water because the outflow is smooth. Therefore, flow over a side weir is simulated with this option, in conjunc-
tion with codes 2 and 14.
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8.1.2.1.3 Three-Node Control Structures

Many physical features in a stream system can be represented with one- and two-node control structures, but
certain features will require access to more than two flow-path end nodes at one time. Simulation of these features
is discussed in this section.

8.1.2.1.3.1 Average Elevation at Two Nodes: Code 12

When water enters a stream perpendicular to the flow, use of the option for conservation of momentum/ele-
vation or momentum/energy may result in differences in the water-surface elevation at the two flow-path end nodes
bounding the special feature. If the inflow enters from a channel that is affected by the water-surface elevation in
the receiving stream, then a choice must be made as to which of the two elevations should be used. An average
value of these two elevations may be used in this code as the elevation that affects the flow in the side channel.
The average is specified by a user supplied weight, W, that applies to the elevation at the upstream node. The
weight must be 0 < W; < 1 to yield a valid average. In the following discussion, the upstream node and the down-
stream node for the special feature continue to be denoted by the subscripts L and R, respectively. The third node
is denoted by the subscript M, indicating a middle location. The equation used for this code is then

z —WEzWL— (I—WE)sz = 0. (107)

Wm

8.1.2.1.3.2 Flow Over a Side Weir: Code 14

Side weirs are sometimes used to divert water from streams during high flows to reduce flood damages
downstream. The diverted water may enter a reservoir or an additional channel that conveys the water around the
protected area before rejoining the stream. The general character of these flows is understood (Henderson, 1960,
p. 273-275); however, quantitative values for key coefficients are not well known. The only side-weir flows of
interest in FEQ simulation are those that maintain subcritical flow throughout all flow conditions. (Cases of super-
critical flow and of hydraulic jumps along the side weir are excluded from analysis because of their complexity.)

Flow of water over a side weir is generally smooth and gradual, so energy loss is minimal. In addition, if the
channel slope is near zero and the channel resistance is small, the energy content per unit volume of water in the
channel is changed little by the loss of water over the side-weir crest. This observation indicates that the specific
energy of the water in the channel is virtually constant along the weir. Because the flow is decreasing in the down-
stream direction, the water surface must rise to maintain the constant specific energy with a decreasing velocity
head. The velocity distribution in the source channel undergoes a change along the weir. As water is removed, the
velocity on the bank opposite the weir is retarded; and, if the diversion over the weir is more than about 50 percent
of the approaching flow, separation occurs near the downstream end of the weir and a reverse eddy forms, at least
in the surface layers of the flow (El-Khashab and Smith, 1976; Tynes, 1989). Measurements made by El-Khashab
and Smith (1976) indicated that o and [ increase along the side weir in the direction of flow. They also noted that
the higher velocity zones of flow in the source channel, which carry greater energy content per unit volume over
the weir, are removed by the weir. This preferential removal of high-energy-content water leads to some reduction
in the specific energy of the flow remaining in the source channel. Therefore, El-Khashab and Smith (1976) argued
for the application of momentum conservation as the preferable alternative to specific-energy conservation. The
momentum content removed by the water leaving the channel must be estimated for application of the momentum-
conservation principle. El-Khashab and Smith developed simple means for estimating the momentum flux over
the weir, but the results were for a sharp-crested weir and are of limited utility in applications to prototype stream
systems.

Most of the work reported on flow over side weirs is for sharp-crested weirs, whereas most prototype
systems use broad-crested weirs, at least for flood-control structures. Only the report by Tynes (1989) contains
measurements for flow over a broad-crested side weir; however, his analysis was limited, and most of his results
are specific to the particular configuration tested. Data on the performance of broad-crested weirs of the type most
likely to be represented in applications of FEQ are scarce. Therefore, the techniques outlined here are best used in
preliminary analyses. Whenever possible, physical-model tests should be made on side weirs to ensure that they

8.1 Internal Boundary Condition 81



will function as planned. The work by Tynes (1989) also could be used if the characteristics of the side weir are in
the range of variables tested.

This brief discussion indicates that flow over a side weir is one of the more complex flows to simulate in
1-D, unsteady-flow analysis. Various approximations have been applied, but no consensus is apparent in the liter-
ature about the best method. Head will vary along the weir, but in FEQ simulation, a detailed integration along the
side weir cannot be done; however, the major features of side-weir flow for subcritical flow along the weir are
included in FEQ simulation.

In theory, the flow over the side weir, Qgy, may be computed as

Q5w = f’c} dgw(Ddl = Iécsw(l) hgw (D 21, (108)

where [ is the distance measured along the side weir with / = 0 at the upstream end of the weir; Agy(l) is the head

on the side weir given by y(I) — Hgy{1), where y(I) is height of the water surface above the channel bottom and

Hgy(1) is the height of the weir crest above the channel bottom; Cgy(l) is the side-weir coefficient, which varies

with distance; gsy/(/) is the rate of outflow per unit length of side weir; and L is the length of the side weir.

In steady-flow analysis, equation 108 is combined with some form of the energy- or momentum-
conservation equation to solve for the water-surface profile along the weir and the flow over the side weir. Esti-
mating the momentum content of the water flowing over the side weir is difficult, especially with broad-crested
side weirs. Therefore, conservation of specific energy is probably the best choice for estimation of flow over a side
weir. The integral in equation 108 is approximated by dividing the length of the weir into intervals. Within each
interval, the flow is estimated by use of the midpoint head value in that interval. For example, if a single interval
is used, the head at the midpoint of the weir is used to estimate the flow over the weir. To obtain the value of the
head at the midpoint, a junction between branches is placed there so that the flow over the weir is simulated in the
Junction. (Side-weir flows are not permitted to enter the interior of a branch in model simulation.) This process can
be refined so that the weir is divided into many intervals. In this way, the variation of head along the weir can be
approximated. This process proceeds as follows:

1. The number of equal-length segments applied to represent the side weir is selected. The number selected should
be a small integer power of 2. More than eight segments makes the model input too complicated. No guidelines
are available for deciding the best number of segments.

2. The midpoint of each segment of the weir is marked.

3. A junction is placed between branches at each midpoint. For a single interval, there will be two branches: one
coming from upstream to the midpoint and the other leading downstream from the midpoint. For two intervals,
there will be three branches: one coming from upstream to the upstream midpoint, one connecting the two mid-
points, and one leading downstream from the downstream midpoint. The branches represent the channel shape
and frictional characteristics. At each junction between branches, code 13 (conservation of momentum or
energy) is applied to include the effect of water leaving or entering the channel. If water is leaving the channel,
the specific energy is assumed to be conserved, so an increase in the elevation of the water surface will result.
Although this increase results over the length of each weir interval, the increase is approximated as taking place
at the midpoint of the weir interval in FEQ simulation. The head on the weir is computed from the average
water-surface elevation at the ends of the two branches at each weir interval midpoint. The flow over the weir
is given in a 2-D table that contains flows over the weir interval, computed under the assumption that the water
surface is horizontal and that the weir is perpendicular to the flow. The velocity of approach is forced to be small
in this computation. The flow over the side weir is different from the flow over a normal weir for the same water-
surface elevation because the component of velocity along the side weir retards water from flowing over the
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weir. Thus, a correction must be made that depends on the flow characteristics at the midpoint of the weir
interval.

4. Code 14, for side weirs, is used to compute the flow for each weir interval and collect these flows by means of
dummy branches in a manner appropriate to the application. Code 13 (conservation of momentum or energy)
and code 2 (conservation of mass) are used to complete the description at each junction.

In FEQ simulation, the correction developed by Hager (1987) is applied to the normal weir coefficient to
approximate the coefficient for each location along a side weir. This factor, @, is

2
3Fw+2

where F,, is the Froude number of the channel flow relative to the head on the side weir, V (1) / /gh sw (D) - The
correction was derived and tested by Hager on a sharp-crested weir, but Hager felt that it also would apply to a

broad-crested weir. Tynes (1989) did a rough test of the Hager correction factor and concluded that results were
erratic when applied to broad-crested weirs; however, Tynes found that the performance of the correction factor

averaged over many tests reliably estimated the average value.

Application of the correction factor computed in equation 109 is most accurate when the bottom slope of the
channel is small and the channel along the weir is prismatic. The 2-D tables for flow over a normal weir reflect the
nature of the weir crest and possible weir crest slope along the channel. The correction factor adjusts for the state
of the flow at the midpoint of each weir interval. Continuous variation of the hydraulic characteristics along the
side weir is approximated in FEQ in a series of steps. The correction factor is always less than 1.0, and, therefore,
the flow over the side weir is always less than the flow over a normal weir for the same upstream head.

Letz = Wgz, + (1-Wp)z  betheaverage water-surface elevation in the source channel defined by the
L R

user supplied averaging factor, W, h=z-z2 sy DE the average piezometric head in the source channel, and z,,

be the elevation of the datum for defining heads. The middle node is the node on the flow path that receives the

water flowing over the weir. Therefore, the middle node becomes the discharge node, as in a two-node control

structure. Let the sign of this node be D, in keeping with the notation used earlier. Also, let by, =z -z, =
M

the head at the middle node. The relation defining flow leaving the source channel is

@, ( B hyg |+ D Qg0 = 0. (110)
where ® is the Hager correction factor for side-weir flow computed at the average values at the upstream and

downstream nodes and fw h,h M is the function defined by the 2-D table for outflow over the weir.
The equation for flow in the opposite direction is

f,(hMﬁJ—DquwM =0, (111)

where f I( h M h | is the function defined by the 2-D table for inflow over the weir. No correction for side-weir flow
is given in equation 111 because flow over the weir from the diversion channel is perpendicular to the weir.
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8.1.2.2 Variable Geometry

For variable-geometry control structures, the relation between flow and water-surface elevation or the
elevation of the reference point may change with time. This variation is specified in some cases before simulation.
In other cases, the variation is determined during simulation on the basis of conditions detected at nodes within the
modeled stream system. Some control-structure options support both modes of operation, but not simultaneously.
It is convenient to divide the options on the basis of the number of flow-path end nodes needed to specify the flow.

Variation of the geometry of control structures can take many forms. A control structure on a stream may
consist of several devices for regulating the flow of water; for example, turbines, sluice gates, and overflow gates
at a single structure. In some cases, each of these devices would have to be modeled separately; however, specifi-
cation of the rules of operation for all of these devices would be complex and would require that special-purpose
programming be added to the software. To avoid this, simpler approaches producing adequate results are applied
in FEQ simulation.

Often, the control of the flow in the model needs merely to be similar to what is possible or feasible in the
prototype stream. Devices used to regulate the flow do not need to be specifically described in the model. The open-
ing of sluice gates or overflow gates commonly has the same hydraulic effect and attains the same flow-
regulation goal. Therefore, the kind of gate opened is a detail that can often be ignored in the analysis without
negative effects on the results. For proper simulation, the operational rules must be stated in terms of the objectives
to be met, not in terms of rules for specific gates. Given such operational rules, the flows that are possible must be
determined in the simulation of the control structure. At least one configuration of gate openings that will match
the flow at the control structure computed in the stream model must be possible.

8.1.2.2.1 One-Node Control Structures

To represent one-node control structures of variable geometry, the flow through the control structure is
approximated as the product of two functions. The maximum-capacity function, f,,(z,), gives the maximum flow
that can pass the control structure for a given upstream water-surface elevation. This maximum usually results
when all gates are at the limiting position to pass maximum flow or when a pump is operating at maximum speed.
The maximum-capacity function is the summation of all flows through the control structure at a common value of
upstream water-surface elevation. A second function provides the proportion of maximum capacity presently used.
This is the opening-fraction function, p(¢), with an argument of time and a value that ranges from zero (when no
flow results) to 1 (when the flow is at maximum capacity). The flow at the control structure, Q.,, at any time, ¢, and
any upstream water-surface elevation, z,,, is p(¢)f,(z,)-

A simple pump with rate limited by tail water (section 8.1.2.2.1.3) is an exception to the general approach
to simulating variable-geometry structures as the product of two functions. For these pumps, the maximum-
capacity function is compared to a flow-limit function resulting from tail-water effects, and the smaller flow from
the two functions is applied in FEQ simulation.

8.1.2.2.1.1 Opening Fraction Given Beforehand: Code 4, Type 4

In this code, the opening-fraction function must be supplied as part of the input. The control-structure
capacity will be varied as a function of time without regard to the flow conditions anywhere in the stream-system
model. Consequently, this option should be used only when simulating the prototype system if the actual gate
operation is known; for example, in simulation of historic floods. The defining equation is a simple modification
of the equation for fixed geometry,

Qq—DFp(t)szwh) =0. (112)

8.1.2.2.1.2 Opening Fraction Computed in Full Equations Model: Code 4, Type 5

The applications in which the opening-fraction function for the control structure is known before simulation
are limited to calibration of the stream model. Examination of design alternatives or operation-rule evaluations
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require that the opening fraction be computed in FEQ. This option is identical to code 4, type 4, except that the
opening fraction is computed internally according to a set of rules given in an Operation Control Block
(section 8.1.2.2.3). These blocks are discussed in sections that follow.

The governing equation for this option is

Qq—pDFf(zth =0, (113)

where the opening fraction, p, is not shown as an explicit function because it is computed in FEQ from rules given
in the input.

8.1.2.2.1.3 Simple Pump with Rate Limited by Tail Water: Code 4, Type 6

The last variable-geometry one-node control structure consists of a simple pump. The pump capacity is a
function of upstream water-surface elevation only, but the pumping rate may be limited by tail-water elevation.
Local drainage to a leveed stream often must be pumped into the stream because the levees or the current water
level in the stream prevents gravity drainage. The rate of pumping into the stream may be regulated to prevent
increases in the flooding. If this is the case, one or more detention ponds will hold the water from local drainage
until it can be pumped.

In this option, the tail water is not simulated; rather, it is specified from some other source. The information
on the tail water must be specified as a time series giving the tail-water condition used to control the rate of pump-
ing. The tail-water condition can be flow, water-surface elevation, or water-surface height. Let £, (¢) be the function
that gives the tail-water condition at any time ¢, and let 0, equal the allowed pumping rate. The tail-water-conver-
sion function, f,,,(x,,), where x,, is the tail-water condition, also must be supplied in the input. The tail-water-
conversion function represents the limits on pumping rate resulting from tail-water effects as a maximum flow rate
for a given tail-water condition. If the flow capacity for a given water-surface elevation at the head node, f,, 2y, |
is greater than £, [f,,(1)], then Q, = f,,[f..(8)]; otherwise Q, = me 2z WhJ . Then, the flow at the discharge node
must be equal to the given pumping rate,

0 -0 =0. (114)

8.1.2.2.2 Two-Node Control Structures

Variable-geometry structures whose flow properties are affected by both headwater and tail water (condi-
tions at two flow-path end nodes) are common in river systems. Examples of such structures are sluice gates,
variable-height weirs, and low-head spillways. The operation of variable-speed pumps is similar to that of vari-
able-geometry control structures. The basic equations describing flow through these devices are presented in the
following sections.

8.1.2.2.2.1 Explicit Two-Dimensional Flow Tables: Code 5, Type 6

Two-dimensional flow tables have already been discussed under “Fixed Geometry” because they are most
often applied for that condition. However, two optional input items are provided in FEQ that can vary the geometry
as a function of time. The first optional input specifies a 1-D table defining a function of time giving a multiplying
factor to apply to all flow values derived from the 2-D table denoted by p(#). This optional input is appropriate only
for 2-D tables of type 13 that return a value of flow. The second optional input specifies a 1-D table defining the
elevation of the reference point for head as a function of time denoted by z,(¢). The same governing equations are

8.1 Internal Boundary Condition 85



used as for fixed geometry except that the heads are computed with z,(¢) as the reference level and the flow from
the table is multiplied by p(#) before it is used in the equation.

Explicit 2-D tables with geometric variations as a function of time are useful for simulating conditions
during a flood. The failure of parts of a levee can be approximated by varying the elevation of the reference point
for head. The variation can be estimated from reports of the details of the flooding. The flow over the levee will be
subject to submergence effects. The computation of the 2-D table must reflect the geometry of the levee and the
assumed breach characteristics. Emergency measures during a flood can often involve installation of pumps and
the installation of new flow paths, such as openings in levees, the addition of culverts to levees, and so forth. These
special features change the stream, and the changes take place during the time period simulated. The function, p(?),
allows these features to be placed in the model but keeps them inactive until they have been installed. The status
and condition of these special features can be varied by properly defining p(#).

8.1.2.2.22 Variable-Height Weir: Code 5, Type 7

Several types of overflow gates can be approximated by a variable-height weir. The characteristics of a
particular gate including the length, L, and five functions describing certain characteristics (described below)
must be specified in this option.

The first function is the gate-position fraction, denoted by p(#), where 0 < pg(#) < 1 specifies the gate
position. When p(#) = 0, the gate is fully raised, and the minimum value of flow is simulated for a given upstream
condition. When p(#) = 1, the gate is fully lowered, and the maximum value of flow is simulated for a given
upstream condition.

The second function is the gate-crest-elevation function, f,.(ps), which specifies the elevation of the gate
crest for each value of the gate-position fraction. When p; = 1, the gate is at the minimum crest elevation, and
when p; = 0, the gate is at the maximum crest elevation.

The third and fourth functions specify the weir coefficients for each gate-position fraction. C,[pg) is the weir
coefficient when the flow is from the upstream node to the downstream node, and C,,(p;) is the weir coefficient
when the flow is from the downstream node to the upstream node.

The fifth function specifies the submergence factor, fi(r;,), for flow over the gate, where ry, is the ratio of
upstream piezometric head to downstream piezometric head.

For low weirs, the importance of the velocity head of the approach flow on discharge over the weir is greatly
increased. A user-specified multiplier, K,,, is applied to the velocity head, computed by taking o = 1 in the
approach channel to account for the increase in the energy head because of converging flow in the immediate vicin-
ity of the weir. Streeter and Wylie (1985, p. 374) state that a multiplier value of about 1.4 is typically assumed in
hydraulic engineering.

The governing equation for flow from upstream node to downstream node for the special feature (where
upstream and downstream denote the dominant flow direction) is

V2

3/2
DC Lld +K 6 L @) _ 0 115
Qq_ P ud(pG) Lt Vh2_g fs "‘1‘1‘2 = U, (115)

whered, = z,, - fgc (pg) dr = 2, - fgc (pg) > and V, is the mean velocity in the approach channel. The value
L R

of the gate-position fraction is either specified in a user-defined table or by a user-specified Operation Control

Block (described in section 8.1.2.2.3). The governing equation remains the same for either source. For flow in the

opposite direction, the governing equation becomes
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where Vy is the mean velocity in the approach channel.

8.1.2.2.2.3 Sluice Gates at Stratton Dam at McHenry, lil.: Code 5, Type 8

FEQ includes a special purpose set of subroutines for simulation of the hydraulic performance of the five
sluice gates at Stratton Dam at McHenry, Ill., which are 13.75 ft wide and have a maximum opening of 9 ft. The
gates at the dam close on a sill that is 1 ft above the approach and departure aprons. The relations used are a
combination of empirical equations fit to measurements; conservation of energy and momentum are both applied
to compute submerged-flow values.

8.1.2.2.2.4 Underflow Gates: Code 5, Type 9

Complex problems can result when representing the hydraulic performance of sluice gates. Multiple 2-D
tables are used in FEQ simulation to provide maximum generality in hydraulic performance. There are four flow
types with sluice gates and the transitions between them are often difficult to define; therefore, engineering judge-
ment in the development of the 2-D tables is critical for obtaining adequate results. The four flow types for sluice
gates are given below (Fisk, 1988).

1. Free-orifice (FO) flow, determined from the upstream head only.

2. Submerged-orifice (SO) flow, in which the gate opening is submerged on both sides and the flow is determined
from upstream and downstream head.

3. Free-weir (FW) flow, in which the gate lip is free of the water surface and the water flows through the sluice
openings. The flow is determined from the upstream head.

4. Submerged-weir (SW) flow, in which the gate lip is free of the water surface and the flow is determined from
upstream and downstream heads.

If f,(hy, hg,w,) is the function defining the flow through the sluice-gate opening, where w, is the opening
distance of the sluice gate, then the governing equation is

Q,~D,f,(hy hg,w,) = 0. (117)

Again, the gate opening is specified by a gate-position fraction given either in an input function of time or in an
Operation Control Block (section 8.1.2.2.3).

If w, is held constant, then f,(h;,hg,w,) is the same as for a 2-D table in which the flow rate at the discharge
node is estimated from piezometric head at two flow-path end nodes (type 13). As shown in the documentation for
FEQUTL (Franz and Melching, in press), the variation of flow with gate opening, w,, is approximately linear.
Furthermore, once the gate lip is free of the water, the gate opening no longer affects the flow. Therefore, careful
use of linear interpolation on w, between a series of 2-D tables using piezometric head at two nodes (type 13) will
result in a reasonable approximation to a wide variety of sluice gates and other underflow gates (for example,
Tainter gates). Other means can be used for preparing a set of 2-D tables of type 13 in the proper format in addition
to application of FEQUTL.

8.1.2.2.2.5 Variable-Head Variable-Speed Pump: Code 5, Type 3

A constant-flow pump for all heads is represented with the Bidirectional Flow with Pump option (code 5,
type 2). A constant-flow pump is of limited usefulness if the flow varies appreciably with the pumping head. The
pump-characteristic curve is used in code 5, type 3 to include the variation of the head that the pump can supply
as the flow varies.

Let f,(Ah,) equal the flow rate delivered by the pump operating at relative speed, n,, which is equal to 1,
against the head difference across the pump, Ah;, which is equal to h; — hjy. Relative speed is taken with respect
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to the standard operating speed of the pump. Thus, setting 7, equal to 1 indicates that the pump is operating at stan-
dard speed. For a constant-speed pump, this is the only speed. For a variable-speed pump, however, useful
efficiency over a range of speeds is possible, so it is convenient to define the function, fj, at the maximum speed
of the pump. Then, the maximum relative speed is 1.0, the minimum is 0.0, and the entire speed range is normalized
to the interval (0.0, 1.0). In representing the performance of the pump by means of a function, a unique value of
flow is assumed to result for every head through the pump. Certain pumps operate outside this assumption, but they
are normally operated in a head range such that a unique flow results for each head.

The head change across the pump when the flow is from upstream node to downstream node and the outlet
is submerged is

2 2
0. ug0p
Ahy = ff(|Qq|) +K, 2
A2 g4 (2
264, 28442,

)2 +E(QR, ZWR)—E(QL, ZWL)’ (118)

where ff(|Qq|) are head losses resulting from separation at the entrance to the pump intake conduit, from flow
resistance in the intake conduit, and from the flow resistance in the outlet conduit; K, is the exit-loss coefficient;
A, is area of pump outlet conduit at the exit; and E(Q,z,,) is elevation of the total energy line for water-surface
elevation z,, and flow Q. The equation for free flow is defined such that K, = 1.0 and 2, is at a level correspond-
ing to free discharge at the pump outlet conduit. The equation for the head difference for flow in the opposite direc-
tion is obtained by an appropriate change in subscripts and order of terms. The absolute value appears in the
argument to f;because the argument must always be positive for this function. The flow at the discharge node may
be negative depending on the relation of the pumping direction to the upstream and downstream nodes.

The governing equation for the pump then becomes

Ah,

Qq_Dst”er(_z] =0, (119)
n

:

where D, is pumping direction such that D, = 1 denotes flow from upstream node to downstream node and
D, = -1 denotes flow from downstream node to upstream node. The head and flow for a variable-speed pump are
estimated by use of the similarity relations outlined by Daugherty and Franzini (1977, p. 443-445).

Flow opposite the direction given by D, is permitted if defined by f,,; however, the entrance and exit losses
will not be properly represented in equation 118. Reverse flow can result whenever the head across the pump is
larger than the shutoff head; but normally, pumps have a check valve or flap gate to prevent reverse flow. To
represent the condition of no reverse flow, £, is set to zero for all heads above the shutoff head for the pump.
Negative heads—that is, operation as a turbine—also can be represented if f;, is defined for negative values of head
difference.

The control of the pump is similar to the control of a gate, but differences between the two are important.
Pumps are most often constant speed, less commonly multispeed, and seldom variable speed. Efficiency of a vari-
able-speed pump is often low when the pump is operated far from the optimum speed. Therefore, the speed of a
pump is often constant or follows a series of discrete values. Furthermore, the pump can operate only when water
is present to pump and when the destination node igable to accept the flow. These and other problems are discussed
in the next section.
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8.1.2.2.3 Operation Control Blocks

The Operation Control Block is a part of the input to FEQ (described in section 13.12) where the user spec-
ifies rules for the operation of variable-geometry control structures that refer to such a block. Operational rules in
practice become quite complex; often, functions of information external to the flow in the stream system are used.
Measured or predicted rainfall, for example, are used in planning the operation of control structures in many stream
systems. Current operational rules simulated in FEQ are functions of information computed for the stream-system
model. Changes to the software would be required to apply external information. Such changes could be imple-
mented, but they would likely be specific to a particular stream system. The operational rules supplied here have
been applied with success in several applications to determine the general nature of how a structure should be oper-
ated to obtain maximum flood-control benefits.

It is assumed that each control structure will be affected by one or more control points established at flow-
path end nodes in the stream system. Either the flow or the water-surface elevation is monitored at each control
point (a node in the stream system). A recommended action is determined on the basis of the value at the control
point. If different actions are determined from values at different control points, the action simulated is determined
on the basis of priorities assigned to each control point by the user. At the start of each time step, the control points
are checked in the model simulation for each control structure to determine the appropriate action in changing the
control-structure setting. Once the action is selected, the control-structure setting is changed and held constant
throughout the following time step. No changes in control-structure setting are made during the computations for
the time step. Changes in settings can be completed only between time steps.

The control-point information must be transformed into a change in the setting for the control structure. The
nature of this transformation depends on the type of control structure. If gates are operated, then the setting of the
gates has a continuous range, and small changes in gate setting are appropriate. If pump operations are simulated,
however, small changes in setting may not be appropriate. The approach taken for gates is to specify the rate of
change of the gate-position fraction directly from information at the control point. For pumps, the setting is spec-
ified directly with user-defined functions.

8.1.2.2.3.1 Gate Control

The approach applied in FEQ for gates is that a rate of change in the gate-opening fraction, p, is specified
directly from information at the control point or points. This rate of change, p, is then multiplied by the length of
the time step to estimate the change in p to apply at the start of that time step. The form of the control function,
illustrated in figure 16, consists of three regions: the region below the null zone, the null zone, and the region above
the null zone. The lower limit of the null zone is denoted by CL;, and the upper limit of the null zone is denoted
by CL,,. The slope of the line in the region below the null zone is given by M; , and the slope for the line in
the region above the null zone is given by M,. The values of CL; , CL,, M, , and M, are specified by the user
(section 13.12). The value of p is unchanged if the stream level is in the null zone. Outside the null zone, the rate
of change of p, p, is proportional to the deviation of the discharge or water-surface elevation (depending on which
is monitored at the control point) from the closest null-zone boundary.

The null zone is needed to prevent numerous adjustments of gate settings even though the water level at the
control point is reasonably stable. If the null zone is too small and the conditions are changing rapidly, adjustments
of the gate setting will still be numerous. Other constraints must be applied to the rate at which the setting is
changed to make the operation sensible and stable.

If the gate setting is always changed when CL is outside the null zone, the setting may oscillate between
fully open and fully closed in model simulation. Oscillations result when a long time is required for the effect of
the gate change to be detected at the control point. Therefore, the user also must specify the minimum acceptable
rate of movement toward the null zone to avoid frequent changes to the setting. Let CL,,;,, denote the minimum
rate of water-surface elevation or discharge movement (depending on which is monitored) at the control point

toward the null zone for which the gate setting remains the same, and CL = (CL ,—CL,_,)/At where CL, is the
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cL, CL, CL, WATER-SURFACE

ELEVATION OR DISCHARGE,
DEPENDING ON WHICH IS
MONITORED AT THE
CONTROL POINT

CHANGE OF THE FRACTION OF MAXIMUM
DISCHARGE CAPACITY FOR A SIMULATED GATE

EXPLANATION

CL, LOWER LIMIT OF NULL ZONE DENOTING UNCHANGED GATE PLACEMENT
CL,, UPPER LIMIT OF NULL ZONE DENOTING UNCHANGED GATE PLACEMENT

ML RATE OF CHANGE OF THE FRACTION OF MAXIMUM DISCHARGE CAPACITY
FOR A SIMULATED GATE WITH THE WATER-SURFACE ELEVATION OR
DISCHARGE AT THE CONTROL POINT BELOW THE NULL ZONE

MU RATE OF CHANGE OF THE FRACTION OF MAXIMUM DISCHARGE CAPACITY FOR A
SIMULATED GATE WITH THE WATER-SURFACE ELEVATION OR DISCHARGE OF
THE CONTROL POINT ABOVE THE NULL ZONE

Figure 16. Example of a typical gate-control function at a control point, as simulated in the Full EQuations model.

level (water-surface elevation or discharge) at the current time ¢ and CL,_; is the level at a time one time step (Af)
before the current time.

Limiting the rate of change for the setting also is useful to help prevent erratic setting changes when condi-
tions at the control points change rapidly. The absolute value of the maximum rate of change is givenby p, .

Finally, the user must establish the relative priority of the action determined on the basis of the level at each
control point when the level is in each of the three regions of the control function. When the level is below the null
zone, the priority is PR;; when in the null zone, PRy; and when above the null zone, PRy. The priorities are in a
simple ordinal relation; that is, priority level 1 is higher than 2, but how much higher is of no concern. The action
finally simulated is the action with the highest priority across all control points connected to the control structure.

For a given level at time ¢, CL,, at a control point, the processing takes the following general series of steps:
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If CL, < CL; (the level at the control point is below the null zone), then:
g . M, (CL,-CL
1. Check for rate of movement in the correct direction. If CL, < CL, _, +AtCL,_ . ,thenp =
otherwise, p = 0.

L
At ’

2. Check for the rate of change of the setting. If |p| > p,, ., then p = sign(p)p,, ;otherwise, p = p.
3. Set the priority, PR,, for this control point.
If CL, > CLy (the level at the control point is above the null zone), then:

1. Check for rate of movement in the correct direction. If CL (<CL, | -At CLmin , then
M (CL-CLy) ,
p = A7 ; otherwise, p = 0.

2. Check for the rate of change of the setting. If |p| > Ppax> then p = sign(p)p,, . ; otherwise, p = p.
3. Set the priority, PRy, for this control point.

If CL; < CL,< CLy; (the level at the control point is in the null zone), then:

1. Specify no change to the setting, p = 0.
2. Set the priority, PRy, for this control point.
The action is determined from the control point with the top priority. The equation for the setting change is

p[ =pt_1+ﬁAt’ (120)

where
p; is the new value of setting,
D1 is the old value of setting, and
At is the time step, in hours.
The new setting must always satisfy 0 <p <1.

The determination of the null zones and the priorities depends on the nature of the application. It is common
to have levels at one control point indicate an increasing gate opening and levels at another indicate a decreasing
gate opening. The assignment of priorities resolves this discrepancy. In general, gate settings should be changed
slowly. Rapid changes can result in oscillations in the solution scheme and inefficient gate operation. Furthermore,
because the gate setting could potentially be changed every time step, the time step used should be representative
of the gates and the objective of the operation and simulation. In some cases, controlling the time step becomes
difficult. In certain applications, the complexity of the operational rules may have to be increased so that the gate
setting is changed only after sufficient time has elapsed since the previous change.

8.1.22.3.2 Pump Control

The speed of pumps is set with user-defined control functions in model simulations. The same code can be
used to represent constant-speed, multispeed, or variable-speed pumps. Options are supplied for designing the con-
trols of the pump. For example, the direction of movement of the level at the control point under the gate-control
option (section 8.1.2.2.3.1) does not change the control function, only its application. For pumps, however, the
direction of movement of the level may be used to specify a different control function for the pump.

A control function for a pump, f,,,, is given explicitly in a 1-D table; it is not defined by the slopes above and
below a null zone as for gate control. The pump-control function follows several rules:

1. The argument of the control function, CL,, must be the level that is controlled, either flow or water-surface
elevation.
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2. The value determined from the control function, n,, must be a speed in the same units as the speed for the pump
so that n is equal to £, (CL,,).

3. If fcp (CLC ) <0, where CL,, is the level (flow or water-surface elevation) monitored at the control point, then
the pump is turned off (if it is on; otherwise, it remains off).

4. If fcp (CL,) = 0, then the level is in the null zone and the pump state is not changed. If it is off, then it
remains oft];) and if it is on, it remains on and at the current speed.

5. 1f f., (CL_.)) >0, then the pump is turned on if it is off and the speed is set to the value of f_ (CL _ ) .Ifthe

p . cp . cp cp
pump is on, the speed is set to the value of fcp (Cch) .
This function, fcp (Cch) , is similar to the control function for a gate but has a more flexible form. The null

zone is that range of the function argument for which the function is zero. The zone where the pump is off will
have negative function values. The magnitude of the function values in this zone is not important. The zone where

the pump is on will define the pump speed at each level in the pump-operation zone.

The example in figure 17 illustrates the case where the level of the water-surface elevation at the control
point indicates turning a pump on when water is present and when the destination node is able to accept the water.
The water must reach the level where the function becomes positive before the pump is turned on. Once on, the
pump is not turned off until the water-surface elevation falls below the level at which the control function becomes
negative. The null zone between the levels of turning on and turning off the pump must be used to avoid simulating
a continuous sequence of pump cycling. The null zone must be large enough so that the action of turning the pump
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Figure 17. Example of a typical pump-control function at a control point, as simulated in the Full EQuations model.
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on does not drop the water-surface elevation to the level for turning the pump off at the end of the next time step.
Therefore, the size of the null zone must be selected with consideration of the characteristics of the pump and the
source node.

The user has the option of assigning various control functions, depending on the direction of movement of
the level sensed. However, a null zone with regard to changes in direction of movement also must be present. If a
directional null zone is not present, then endless cycling between off and on could easily result. The directional
null zone is given by CL,,;, and is defined as for operation of a gate. If 8ts is the time elapsed since the setting
was changed and |CL, - CL, _ 1| <& C L, » then the direction of motion will remain unchanged for the selection
of the control function to use. If the directional null zone is too small, the action of changing the pump setting may
result in a change back to the other control function at the earliest opportunity. Such changes could result in

unrealistic variation in pump speed and computational failure.

The priority scheme for gate operation also applies to pumps. Conflicting specifications for pump operation
must be resolved because the destination node may not be able to accept the flow at the time when water-surface
elevation at the source node indicates that the pump should be turned on. The rules for turning the pump on or off
may be set on the basis of the purpose of the pump in the priority scheme. In some cases, turning the pump off may
have top priority. For example, in an off-channel flood-control reservoir, the pump should be off either if there is
no water to pump or if the stream is still at or near flood stage. Thus, the off regions for the two control points
should have a priority rank greater than the on or null regions. Various rules can be devised by a careful selection
of the priority rank.

8.2 External Boundary Conditions

External boundary conditions must be given at every flow-path end node not connected to a special feature.
Three external boundary conditions are possible: flow as a function of water-surface elevation, flow as a function
of time, and water-surface elevation as a function of time.

8.2.1 Flow as Function of Water-Surface Elevation: Code 4 and Code 8

Any one-node control structure can serve as an external boundary condition. These structures express the
flow as some function of the water-surface elevation, as has already been discussed in section 8.1. The only
difference at an external boundary is that the node providing the water-surface elevation (the head node) and the
node providing the flow (the discharge node) must be the same. At an internal boundary, they can be different or
the same, depending on the situation. The previous equations for internal boundaries apply with this difference
considered.

Cunge and others (1980, p. 36) note that flow as a function of water-surface elevation cannot be used as an
external upstream boundary, because the flow would increase without bound. This results because an increase in
flow at an external upstream boundary will cause an increase in stage, and this increase in stage will cause an
increase in flow from the one-node control-structure relation. Therefore, this boundary condition can only be used
as an external downstream boundary.

8.2.2 Flow as Function of Time: Code 6, Type 1

Flow as a function of time at an external node is denoted by f,,(#), where subscript gb denotes the external
node. The governing equation for flow as a function of time is

Q= DPplpp (M =0, (121)
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where D, =1 if positive values from f, enter the stream system at this external boundary node and D, = -1 if
positive values from f,, leave the stream system at this external boundary node. This specification of flow at the
node will be met for all conditions in the modeled stream system.

Improper use of a boundary of this type can result in gross errors. Typically, flow as a function of time is
given at the upstream (inflow) node of a flow path as an external boundary. This implies that downstream condi-
tions do not affect flow at that node. If an effect from downstream is evident, then the boundary point must be
moved farther upstream to a region outside the effect. If the boundary point is not moved, a value of flow will be
forced in simulation at the external upstream boundary that could not occur at that point.

As outlined by Cunge and others (1980, p. 36), this boundary condition at the downstream end of a stream
system must be applied with care. First, the imposed flow may exceed the capacity of the channel to deliver water
to that node. Second, if flow is specified as a function of time at both the external upstream and downstream bound-
aries for a model simulation, then any errors in the values of these flows will be reflected in the water levels. In
some cases, the stream system may be partially or completely dewatered because of these errors.

8.2.3 Water-Surface Elevation as Function of Time: Code 6, Type 2

If the flow at the external boundary node is subcritical, then the governing equation for water-surface
elevation as a function of time is

z, —f,() =0, (122)
b

where 2, is the elevation of the water surface at the external boundary node and f,(¢) is the water-surface elevation
imposed at the external boundary node. The imposed water-surface elevation may result in a depth of flow that is
too small for the flow to remain subcritical at the external boundary. This condition is checked for in FEQ, and
critical flow is forced in the computations to prevent supercritical flow at the external boundary. The state of the
flow at the external boundary is maintained in simulation as for code 5, type 1 (expansion), discussed previously.
If flow at the external boundary is critical, then the control is drowned whenever the imposed water-surface
elevation exceeds the water-surface elevation at the node at critical flow. In the computation of a critical flow,

it is assumed that o = = 1; however, if the cross-section table at the external boundary node contains tabulated

values of critical flow (table types 22 and 25, see section 11.1.5), then the tabulated value of critical flow is used.

8.3 Initial Conditions

Aninitial value of flow and water-surface elevation must be known at every node in the stream model before
the unsteady-flow computations can begin. These initial values are provided through a steady-flow water-surface
profile computation. A steady-flow analog of the unsteady-flow governing equations for branches is used in the
steady-flow water-surface profile computations. Most control structures are not represented in these computations.
An estimate of the initial conditions is obtained from the steady-flow computations so that the unsteady-flow
computations can start. Consequently, an option is provided for holding the boundary conditions and the simulation
time constant while initial values of water-surface height are computed. This option is called frozen time. If the
frozen-time option is selected by the user, the changes in water-surface height and flow that would take place over
a time step are computed, but then the simulation time is reset to the starting time. Normally, only a few frozen
time steps must be computed to dissipate transient conditions resulting from the change from steady flow to
unsteady flow. If the frozen-time option is selected, a maximum of nine frozen time steps will be computed. In
most cases, nine frozen time steps will suffice to reduce computational transitions; however, for simulations of
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tidally affected flows or streams with many control structures, the computational transients can be particularly
strong. In these cases, boundary conditions may have to be held constant (using a hypothetical period of constant
conditions) during the start of the unsteady-flow computations (after frozen time) for a period long enough to
dissipate the transients induced by the approximate initial condition.

The equations for the steady-flow analysis are not presented here because they are a special case of the
governing equations for unsteady flow. A subcritical solution to the governing equations is sought, but (as outlined
in section 2.2) a subcritical solution may not exist. If a subcritical solution cannot be computed, then the iterative
solution procedure will fail and computations will stop in FEQ. The user must then determine why supercritical
flow results. Is the distance step too long or is the slope too steep for subcritical flow? Details of this determination
are given in section 13.
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9. MATRIX SOLUTION AND NUMERICAL PROPERTIES OF THE FINITE-DIFFERENCE
SCHEME

The equations previously developed in sections 6, 7, and 8 describe the flow and water-surface height in a
network of open channels. The nature of the stream system and the choices made by the user determine which of
the equations are included in a model stream system. Once selected, these equations must be solved simulta-
neously. The initial conditions define the flows and water-surface heights at some starting time. The unknowns are
the flows and water-surface heights at the end of the next time step. At the end of the computations for this time
step, the unknowns become the initial values for the following time step. Thus, the equations of motion are solved
many times. To be useful, a computer program for simulation of unsteady flow in a network of channels must
include an efficient means for solving a system of nonlinear equations.

9.1 Newton’s Iteration Method for Solution of Nonlinear Equations

In general, even a single nonlinear equation cannot be solved without some numerical method to approxi-
mate the solution to the equation. The example of a single equation illustrates some of the problems that are
considered in FEQ simulation. Thus, Newton's iteration method for solution of nonlinear equations is initially
described and illustrated for the case of a single nonlinear equation. The discussion of Newton’s method is then
expanded to the simultaneous solution of many equations.

9.1.1 Application to a Single Equation

If a direct solution to the nonlinear equation is not possible, then some indirect approach must be applied.

For a single nonlinear equation, this is done by approximating the residual function over an interval by another

simpler function that can be solved directly and easily. The residual function is simply the equation describing the
process of interest, organized such that the sum of the relevant factors equals zero. Thus, the residual function of
the continuity equation is given by equation 68, and the residual function of the conservation of momentum equa-
tion is given by equation 77. If the approximation of the residual function is close, then the solution to the simpler
equation will be a close approximation to the solution of the nonlinear equation. In Newton's method, the approx-
imating function is the line tangent to the residual function, F, at some point, it , where ito is close to the location
of aroot. Let F,/ (1) denote the derivative of the function Fy atany point u. Expanding Fy in a Taylor series about

A~

&1, and discarding nonlinear terms yields

Fy(a) = Fy(a) +Fy (a,) (u-i,), (123)

where F n (&) is the value on the line tangent to Fy, the point of tangency being & . Solving equation 124 for u

where F v (#) =0 yields the root for the tangent line,

Fy ()

= By— =
0 Fy (@)

i, (124)
where i, is the root of the tangent line, which becomes the next approximation to a root of the equation. This pro-
cess can be repeated until the approximations to the root approach some limit or until the value of the function Fy

becomes acceptably small. Equation 124, rewritten to show this process, becomes
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B, o= h— (125)

where i=0, 1, 2, . . . Various applications of Newton’s method are shown in figure 18.

Cases that can result in problems in the convergence of Newton’s method are shown in figure 18b—d. In the
first case, the root is near a point of inflection so that the iterations oscillate and convergence is impossible. In the
second case no root is possible: Newton’s method will not converge because there is no root to converge to. In the
third, the derivative is zero at a root, so the method may not converge or will converge slowly. Hamming (1973,
p. 70-72) and Dennis and Schnabel (1983, p. 21-23) discuss means for detecting these problems for a single equa-
tion.

9.1.2 Application to Simultaneous Equations

The single-equation Newton’s method forms the basis for the method extended to simultaneous nonlinear
equations. Instead of a curve with a tangent line, Newton’s method for simultaneous equations is based on an
n,-dimensional plane tangent to an n_-dimensional surface, where n, is the number of equations. At each iteration,
instead of solving a single equation in a single unknown, a linear system of n, equations in n, unknowns must be
solved. Let F 1 (u) be the residual function of the kth equation in the system, where u is the vector of unknown
values. For a stream system simulated with FEQ, the residual function for the continuity equation is given by equa-
tion 68, conservation of momentum equation is given by equation 77, and external boundary conditions are given
by equations 91, 121, and 122. To keep the notation compact, let F;’ denote the partial derivative of Fy with respect
to the jth variable in the vector of unknowns, u. The steps followed are analogous to those for a single variable.
The equation for the approximation to the functions is determined about some initial point, and the root of the
approximation as an estimate of the root of the equation is then determined.

As an example of the application of Newton’s method, consider two equations and two unknowns. To dis-
tinguish the iteration number from the number used to denote the variable, let a superscript denote the iteration
number, and not an exponent. If there are exponents, they must be set off with parentheses. For example, “(1)
denotes the initial value for the first unknown in the vector u, u:;' denotes the second iteration as it affects the first
unknown, and (ug)z denotes the square of the value of the second unknown at the second iteration. Discarding

all nonlinear terms from a Taylor series expansion about the point u° yields two equations:

. 0 0 0)., 0., (0 O
Fy (ul, u2) = Fl(ul, u2j+(u1—uljF 11+(u2—-u2JF 12("1’"2J (126)

and

A 0 O 0 , 0 0 0 . 0 0

F, (“1’ u,) = Fz(ul, “2) + ("1 - uIJF 21(u1, uZJ + (u2 - u2)F 22(u1, u2J . (127)
Setting each of these equations to zero and solving for the unknowns gives the first-iteration results for the roots
of F and F, as for a single equation. Two linear equations in two unknowns result. However, the notation becomes

unmanageable as the number of equations increases. FEQ simulation can involve several thousand equations and
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Figure 18. Examples of Newton’s method of iterative solution for the value of
root, X, that results in a function, F(X), value equal to zero (A} under favorable
conditions for convergence to the desired root, (B) near point of inflection, (C) with
no root, and (D) with root near zero slope.
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as many unknowns. Matrix notation makes for a more compact and more general display of the equations and the
solution process. Equation 123 in matrix notation is

Fu = F(uOJ+J(uOJLu—u0), (128)

where u is the vector of values on the tangent planes, F(u) is the vector of values of the residual functions for the
equations, and J(u) is the matrix of partial derivatives of the residual functions, called the Jacobian matrix. If
n, = 2, then

F = , (129)
£y
F
F = , (130)
F2
and
F. . F
J=| none (131)
Fy Fyp

In equation 128, the argument list following a vector or matrix symbol is applied to each element of the vector or
matrix.

Letting £ (u) = 0 and solving for the approximation to the root results in

Aut=ulouT —J“(u"“JF(u"“J, (132)

as the final form of the iteration for a simultaneous system of nonlinear equations by means of Newton’s method.
In equation 132, J! denotes the inverse matrix for the Jacobian of the system of equations. Dennis and Schnabel
(1983, p. 21-23) discuss the conditions for convergence of Newton’s method for a system of nonlinear equations.
The convergence is quadratic if the first derivatives are sufficiently smooth and the initial point is not too far from
one of the roots of the equations.

Obviously, the solution of a system of nonlinear equations is much more complex than for a single equation.
Similar convergence problems may result, but now no simple geometric visualization is possible. Furthermore,
Dennis and Schnabel (1983, p. 9) point out that problems involving 50 or more equations are difficult to solve
unless a good estimate is available before iteration. However, this is only true for systems in which the Jacobian
matrix is filled, or nearly so, with nonzero elements. In one-dimensional, unsteady-flow analysis, the Jacobian has
a special structure and contains many zeros. For large stream systems, less than 1 percent of the elements in the
Jacobian will be nonzero; all other elements are known in advance to be zero. This structure is used in FEQ
simulation to reduce the complexity and number of computations.
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9.2 Solution of a Sparse, Banded Matrix

Repeated solution of the linear equation system by Newton’s method results in a sequence of corrections that
decrease to an acceptable value. Criteria are needed to determine when the corrections are small enough to end the
iterations. A variety of problems may arise in the search for a solution and techniques for improving the conver-
gence to a solution, so an evaluation of the solutions to these problems is needed.

The coefficient matrix for Newton’s method for the system of nonlinear equations describing a stream net-
work is banded, but the bandwidth is not constant. The equations for a branch have a constant bandwidth, but the
algebraic relations for the special features add variability to the bandwidth at every junction (see section 10.3). The
computation time for the solution of the linear equation system produced with Newton’s method is reduced to a
feasible value in FEQ by taking advantage of the band structure. A direct method based on the Crout variant of
Gaussian elimination is used in FEQ simulation. The method as outlined here is derived from Zienkiewicz and
Taylor (1989, p. 479-483).

The system of equations to be solved is

Ju=», (133)

where

J is a Jacobian matrix of coefficients for the linear system,

u is the vector of unknowns, and

b is the right-hand-side vector of residuals.
To solve this system efficiently, let J = LU, where L is a lower triangular matrix and U is an upper triangular matrix.
A triangular matrix is a square matrix in which all elements above or below the main diagonal are zero. Requiring
the values along the main diagonal of L to be unity makes the two triangular matrices unique. To solve the system
of linear equations, let Uu = w. The unknowns are then found by first computing w by use of the process of forward
elimination. Once w is known, the next step, back substitution, solves for u as follows:

wy = b

i—-1
(wi =b,- 2 Lijwj, i=23,.. .,neJ (134)

i=1

U, = W"e/ U"e"e
ne
u;, = (wi- Y Uijuj]/Ul.i, i = ne—l,ne—2,...,1. (135)
j=i+1

The factoring of the matrix can be done in place; that is, the elements of the coefficient matrix are replaced
by the factor of L or U as computed because the diagonal elements of L and the parts of L and U known to be zero
are not stored. In-place factoring is assumed in the following equations. Thus, the same subscripts on any of J, L,
or U refer to the same physical location in the stream system. The value that is needed will be at the location when
reached. A row of L to the left of the diagonal (the diagonal element is 1.0 by definition) is calculated in the com-
putations, followed by the column of U at and above the main diagonal. This is done for each row of L and column
of U until all are computed; thatis, for j=2,3, ..., n,,
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(136)

The best way to visualize these operations is to partition the coefficient matrix into three parts: the reduced
zone where L and U are already computed, the active zone that is currently computed, and the unreduced zone of

the coefficient matrix. These zones are shown in figure 19.

jth row Active zone

jth column

Unreduced

zone

Figure 19. Working zones for lower (L) and upper (U) factoring of the coefficient matrix in Full EQuations model

simulation.

These equations are written with the assumption that all the equations are stored with all the zero and non-
zero coefficients. However, the vector inner product for the element of L in the jth row and the ith column involves
only elements to the left of the ith column in the jth row and in the ith column at and above the main diagonal, as
shown in figure 20. The pattern for the vector inner product for the element of U in the ith row of the jth column
includes only elements to the right of the main diagonal in the ith row and above the ith row in the jth column, as
shown in figure 21. The banded structure of the Jacobian matrix as developed previously is preserved with this
pattern. This preservation of the banded structure results only if no row or column interchanges are made to prevent
a zero divide in equation 136. The zeros within the band limits may become nonzero, but the zeros outside the band
limits must remain as zeros. Therefore, both zero and nonzero coefficients, within the band as shown previously,

are stored.
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Figure 20. Typical vector inner product for row of the lower diagonal matrix in Full EQuations model simulation.

The band of the Jacobian matrix has constant width and pattern within branches. The junctions cause the
band of the Jacobian matrix to be of variable width (section 10.3). Therefore, if enough nodes are in a branch,
explicit computation of the vector inner products without iteration is worthwhile; that is, the pattern of the
summation is constant for each element, so the summation is written explicitly. This technique is known as loop
unrolling in algorithm design. Two block types are available in FEQ computations: a variable-band block and a
fixed-band block for the branches. Use of loop unrolling greatly reduces solution time for factoring the matrix so
that a fixed-band matrix can be factored with the variable-band algorithm at nearly the same speed as for a fixed-
band algorithm.

9.3 Stopping Criteria for Newton’s Method

The Jacobian matrix is solved by use of a direct method based on a variant of Gaussian elimination, as
described in the previous section, to compute the successive corrections to the estimated unknowns. Criteria are
needed to determine when to stop the iteration. Selection of stopping criteria is difficult, as indicated by Hamming
(1973, p. 68-70) and Dennis and Schnabel (1983, p. 159-161), because determining an acceptable difference
between iterations is complicated. Under good conditions, the corrections from Newton’s method should decrease
rapidly. This usually results when the conditions for convergence of the method are met. In other cases, however,
the corrections may not decrease or may decrease slowly, so alternative actions must be taken in applying FEQ to
successfully complete the computations.

Two forms of convergence criteria, relative and absolute, can be used. A relative criterion involves the size
of the correction or the size of the residual function relative to some other quantity. An absolute criterion directly
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Figure 21. Typical vector inner product for column of the upper diagonal matrix in Full EQuations model simulation.

involves the size of the correction or the residual function. No one criterion will work for all flow conditions. A
combination of relative and absolute criteria is applied in FEQ simulation.

A relative criterion for closeness works well in FEQ simulation if the quantity tested is not small. If the quan-
tity tested becomes too small, then the relative convergence criterion is supplanted by absolute criteria in FEQ
simulation so that computational convergence is obtained. For example, the relative change in flow rate is mean-
ingful so long as the flow does not become too small. Obviously, a flow of zero cannot be used to define a relative
correction. The user must define what flow is too small because FEQ could be applied to simulate the lower
Mississippi River or it could be applied to simulate a 5-ft wide brook. Thus, the user specifies a value called
QSMALL that is added to the absolute value of the flow to yield the quantity defining the relative change in flow
given the correction to the flow rate from Newton's method. If QSMALL is too small, and the user-specified
relative change criterion, EPSSYS, is too small, then the criteria for stopping will not be met, and the time step
will be reduced in FEQ simulation as described later in this section. QSMALL is usually some small fraction of
the flow range of interest. For example, if the flows of interest are greater than 100 ft*/s, then a value of QSMALL
of 0.1 ft3/s would not be appropriate because the flows are only known at best to within 5 percent. Use of a
QSMALL value of 5 to 10 percent of the maximum flows of interest has worked well in typical applications of
FEQ. This means that the relative change accepted for the low flows might be considerably larger than EPSSYS.

The stopping criterion for water-surface-height values at locations having a cross-sectional area is defined
in terms of the relative change in area. This criterion works well if the depth and area are not too small. The stop-
ping criteria for small flow areas are considered differently than for small flows. If the correction to water-surface
height is less than an input value, ABSTOL, then the computations have converged at that point and the relative
change is taken as zero. Otherwise, the relative change in the area is computed and must be less than the value of
EPSSYS before convergence is achieved. Again, this means that the relative change in area accepted for small
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areas is larger than for large areas. The elevations at the flow-path end nodes on dummy branches are subject to the
relative criterion of change in elevation divided by the current depth at the node.

Relative and absolute criteria also are used for level-pool reservoirs. The relative criterion is 3 |dS Rl / SR ,
where Sy is the storage volume in the level-pool reservoir. The absolute criterion is fixed internally at 0.001 ft. The
change in storage is given by the product of the correction in water-surface elevation and the current surface area
of the reservoir. The storage volume in the reservoir can become quite small. Thus, a lower limit on the value of
storage used in calculating the relative convergence is set in FEQ. This lower limit is the larger of 1,000 ft® or the

volume of 1 ft on the current surface area of the reservoir.

The criteria are applied to each unknown in the equation system. The rule for convergence for the equation
system is that all unknowns must satisfy convergence criteria simultaneously. Thus, the maximum value of all
relative changes must be less than EPSSYS before convergence is achieved. Experience has shown that, in some
cases, only one or two variables will prevent convergence, whereas relative changes in all other variables are only
a small fraction of EPSSYS. This is often the case when convergence is slow and the time step is being reduced to
solve some computational problem. To increase the robustness of the solution scheme, another convergence crite-
rion is added. Convergence may be declared with this criterion if no more than a user-input number, NUMGT, of
unknowns does not meet the current convergence criteria but do meet a less restrictive, secondary convergence
criterion. Thus, EPSSYS and ABSTOL together become the primary convergence criteria. NUMGT and the
secondary relative change criterion become the secondary criteria for convergence. The number of unknowns not
meeting the primary convergence criteria is output at each iteration in model simulation.

In most cases, all unknowns meet the convergence criteria, but disregarding local convergence problems
greatly increases the robustness of the unsteady-flow analysis when flows and depths are small. Because the
affected flows and depths are small relative to the flows and depths of primary interest, the effect of these additional
convergence criteria on the final results is small. Results from several tests have shown that the maximum flows
and stages obtained are usually the same or are within the uncertainty implied by the convergence criteria.

If the convergence criteria are not met within a user-supplied maximum number of attempts, the time step is
reduced with a user-supplied factor, the integration weight, Wy, is incremented, again with a user-supplied factor,
and a solution is computed again. This process continues until the time step becomes too small to continue or until
the convergence criteria are met. The minimum time step is specified by the user. A weighted average of the num-
ber of iterations to convergence is maintained, and the average is used to increase or decrease the time step. A max-
imum time step, a minimum time step, and several weights to control the time step are specified by the user. Thus,
the time step is under model control during the computations and will vary as the rate of convergence to a solution
varies throughout a simulation.

The value used for EPSSYS must reflect the estimation of the stopping criteria based on the results of the
most recent correction. All computed corrections are used. Because Newton’s method converges rapidly when the
root is approached, a 5-percent relative correction made to an unknown value often implies a relative correction of
one-tenth or less of that amount in the next correction. Experience with FEQ simulation has supported this conclu-
sion. A reduction of EPSSYS by a factor of 5, from 0.05 to 0.01, generally makes little difference in the results
because most of the time steps have converged to a relative correction of 0.01 or less. Run time increases of about
30 percent have been typical with reduction in the system relative tolerance by a factor of 5 or more. Moreover,
the stopping criteria are applied to the maximum value anywhere in the model. Commonly, most of the unknowns
have relative corrections of a factor of 10 or more smaller than the maximum relative correction in the system.

9.4 Stability, Convergence, and Accuracy of the Solution Scheme
The results of any computation in steady or unsteady flow is an approximation of flow in a stream system.
The accuracy of the approximation and the required accuracy for application in decision making, design, or plan-

ning are complex questions. Several concepts that relate to these questions are discussed in this section.
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The acceptability of the results must be considered in an implicit comparison; that is, comparison of the
results with some other set of results either real or, if hypothetical, at least obtainable if sufficient resources are
available. The performance of the mathematical model of the stream system developed and computed with FEQ
may be evaluated in the same way as for measurements that have been made or could be made on the prototype
system. The key question relates to accuracy. How close are the results to some standard? A related but distinct
concept is that of precision, the degree of refinement in the result. A value can be precise without being accurate,
and an accurate result can be imprecise by certain standards. A typical example relevant to open-channel flow anal-
ysis is the reporting of elevations in surveys of stream cross sections. Modern semiautomatic surveying systems
commonly report elevations to the nearest one-thousandth of a foot. At first glance, the surveyed channel-bottom
elevations appear accurate; yet, in many cases, the elevations are only known within about one-half foot because
the leveling rod was placed on mud on a channel bottom. On the flood plain, moving the point of measurement a
few feet will change the elevation by much more than the precision of the measurement indicates.

The accuracy of the results is the primary interest, and precision is usually not a limiting factor. However,
accuracy can be viewed as absolute or relative. Absolute accuracy is of interest when the model is expected to
reproduce the result as measured in the prototype. For example, if measurements for a major flood on a stream are
available and are simulated in the model, absolute accuracy is sought. Relative accuracy, on the other hand, is
applied for comparing differences between two outcomes. An example would be evaluating the change in water
level resulting from the construction of one or more reservoirs in a watershed. Computing the change in water level
resulting from different structures on the stream can usually be done more accurately than computing the water
level. Typical applications of unsteady flow often involve questions about the changes in flows and water-surface
elevations that result from planned changes to watersheds or stream channels (for an example, see Knapp and
Ortel, 1992).

9.4.1 Truncation Errors

Every time a differential or integral equation is replaced with an algebraic equation, a truncation error
results. This is called a truncation error because the infinite series has been truncated; this also could be called the
error of approximation that is introduced because a finite number of terms is used to represent a value requiring an
infinite series solution. Finite steps are taken in space and in time, and these errors relate to the size of these steps
and to the nature of the approximations used to convert the continuous equations to discrete equations. The trun-
cation error is one of several attributes associated with a numerical method.

A numerical method (also called a scheme) is consistent if the continuous governing equations are obtained
as both the time and space increments approach zero. A numerical method is convergent if the results obtained as
both the time and space increments are reduced approach a limiting value and that value matches the true solution
of the governing equations. Consistency relates to the equations and convergence relates to the solutions of these
equations. A numerical method is computationally stable if roundoff and truncation errors do not accumulate such
that the solution diverges.

A relation results among these concepts when the governing equations are linear. In this special case, a
stable, consistent numerical method also is convergent. This is an important result because it is often easier to
demonstrate stability and consistency than it is to demonstrate convergence. In unsteady-flow analysis, however,
the governing equations are not linear, so this result does not rigorously hold. Nevertheless, the numerical method
used in FEQ simulation is consistent and stable. Comparison of results as the time and distance step are reduced
can empirically verify if the numerical method is convergent and that the time and distance steps are small enough
for the application.

For each branch in the model, one or more nodes within each computational element defined in the branch
description input can be added with the ADDNOD option. If one node is added, each computational element length
is reduced by half. Thus, the maximum time step should also be reduced by one-half. Empirical tests for conver-
gence involve computing a series of solutions, denoted by ¥ (A) , where A is a measure of the size of the time and
distance steps. If A denotes the base level at which the process of reducing the time and distance steps begins, then
the next level would be A/2 where the time and space increments are one-half the base values. This process can in
principle continue to A/4, A/8, and so on. Values can be compared at node locations common to all solutions to
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determine a trend toward a common value. A trend provides empirical evidence that the scheme is convergent. This
process also can be applied to adjust the time and space increments to reduce the truncation errors if values are too
high.

In terms of storage requirements, model size grows in inverse proportion to the size of the time and distance
steps. Thus, if the step size is one-fourth the base value, then the storage requirement is increased about four times.
The run time for a simulation increases in inverse proportion to the square of the step size. If the step size is again
one-fourth of the base value, then the run time will be about 16 times longer than that for the base step. Therefore,
limitations on computational time and storage capacity are quickly encountered. A way is needed to use only two
such runs to obtain some insight into the effect of varying the time and space steps.

The Richardson extrapolation can be used with results from just two model simulations for which time and
distance steps one-half the size of the first simulation are applied in the second simulation. The approximations
applied in FEQ computations result in a truncation error being approximately proportional to the square of the time
and distance steps. A reduction by half of both the time and distance steps should reduce the errors by about one-
fourth. This is true for the time increment only if the value of the temporal integration weight, Wy, is close to 0.5.
Let y be the true solution at a given location; then,

§(0) -y~ (137)

gives an estimate of the error, where K is a constant of proportionality. In the Richardson extrapolation, this con-
stant is assumed to be independent of the step size. Use of this assumption results in

YA/2) —y= vc(?»/2)2 (138)

for the estimated error for the solution with the reduced step size. This error is one-fourth the first error. Eliminating
the unknown constant of proportionality in equation 138 results in

4(Y(A2) -7 =¥ (M) -v. (139)

Solving this equation results in

Y=10:/2) +3(A/D -7(1) . (140)

Therefore, a better approximation than either ¥ (A/2) or ¥(A) can be determined by correcting ¥ (A/2) .

Application of equation 140 results in an error in the solution with a corrected ¥ (A/2) that is about one-
third the difference between the two solutions. The error in the solution for the larger time and distance steps also
can be estimated because, as shown in equations 137 and 138, it is about four times the error in the solution for the
reduced time and distance steps. This cannot be used as a correction as in equation 140, but it may demonstrate
that the error in ¥ () is small enough so that the model can be applied for the intended purpose. This error is
approximately 4/3 of the absolute value of the difference between the two solutions. If this error is acceptable, then
the time and distance steps as related to the truncation error also are acceptable.

In the empirical convergence analysis applying the Richardson extrapolation, the proportionality constant is
assumed to be virtually independent of the step size and neglected higher-order terms are assumed to be small. This
applies if the initial step sizes are not too large. General guidelines for selecting the initial time and distance steps
are described in the next few paragraphs.

Linear variation of values over each time and distance step is assumed in FEQ computations. Appropriate
step sizes should be selected for this linear variation to be reasonable. The matrix-solution method applied in FEQ
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computations is unconditionally stable with respect to time step but not unconditionally accurate. Small variations
in the values of flow at a boundary are often omitted when large time steps are used. For example, if an inflow
hydrograph has a 1-hour duration of substantial flow, values for most of the hydrograph will be missed if a 1-hour
time step is applied. Therefore, the maximum time step must be selected on the basis of knowledge of expected
flow variations.

The distance steps must be related to the water-surface height of interest. A distance step appropriate for a
small stream with a maximum water-surface height of 3 ft will be much too small for the main stem of a large river.
On the lower Mississippi River, distance steps of several miles may be suitable because the variations in time and
space are gradual and the stream is more than 100 ft deep in many places. The spacing of the nodes should be
smaller where the water-surface height is expected to vary rapidly; for example, near points of critical or near-
critical flow. Node spacing near critical flow may be in the tens of feet or less. The spacing of nodes also should
be smaller where the channel changes shape or roughness rapidly. The CHKGEO option in FEQ can be used to
identify possible regions of large variation in the channel geometry. Initial steady-flow computations will fail
where the distance step is too long. If these requirements for cross-section spacing are met and the frequency of
culverts and other controls in urban streams is considered, then the distance steps for models of urban streams will
likely be in the appropriate range for accurate simulation.

Generally, the distance steps should be in the range of 100 to 300 times the water-surface heights of concern.
Other previously discussed constraints take priority over this range. Choice of a time step such that 10 or more
points are within every flow event of concern also is appropriate. Once an initial selection of time and distance
steps has been made, the empirical convergence testing can be applied to a typical part of the stream to determine
if the truncation errors are acceptable. If model simulation is within the computational capacity of the computer,
full convergence testing of a typical event also could prove useful.

9.4.2 Verification of the Accuracy and Convergence of the Full Equations Model

Typically, the accuracy and convergence of numerical models are verified by use of simplified problems for
which analytical solutions are available. For unsteady flow, such analytical solutions are not available. In the fol-
lowing paragraphs, the accuracy and convergence of FEQ are demonstrated for unsteady, free-surface flow in a
sewer pipe by comparison with unsteady-flow data collected in carefully controlled laboratory experiments done
at the Wallingford Hydraulics Research Station in England (Ackers and Harrison, 1964). Two sets of simulations
and experiments are considered, one with raw data (experiment 115) and the other with scaled data (data collected
in the 0.25-ft diameter pipe and scaled up to a 1-ft diameter pipe by Froude number equivalence principles). The
scaled data were derived by Ackers and Harrison (1964) to verify their method of characteristics model of unsteady
flow in open channels.

Hydraulic characteristics of the experiment and scaled experiment used to verify FEQ are listed in table 4.
For fully turbulent flow, Manning’s  is virtually constant for a wide range of flow depths. The experiments done
by Ackers and Harrison (1964), however, include flow in the transition region between laminar and fully turbulent
flow. Thus, Manning’s n varies for the peak-flow and base-flow conditions, as indicated in table 4. At present, vari-
ations of Manning’s n with depth are not considered from a rigorous fluid-mechanics viewpoint in FEQ computa-
tions because, for general applications, variations have negligible effects on the accuracy of the overall routing of
a flood wave. The results of FEQ simulations discussed subsequently use the Manning’s n corresponding to the
base flow. For the scaled experiment, the difference in the n values is negligible, whereas for experiment 115 the
wave is rapidly attenuated and flow is simulated acceptably for all downstream locations by use of the higher n.
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Table 4. Hydraulic characteristics of the unsteady-flow experiments in sewer pipes done
by the Wallingford Hydraulics Research Station, England

[ft, feet; ft>/s, cubic feet per second; s, second]

Sewer characteristics and units Experiment 115 Scaled experiment
Diameter, ft 0.25 1

Length, ft 300 1,000

Slope .001 .001
Roughness (k), ft .00004 .002
Manning’s n (peak flow) .0091 .0116
Manning’s n (baseflow) .0095 .0115
Base flow, ft>/s 0189 176
Peak inflow, ft*/s 0532 66
Inflow duration, s 36.7 132

Shape of inflow hydrograph Symmetric trapezoid Symmetric trapezoid
Duration of peak inflow, s 33 12

The results of the FEQ simulations are shown in a series of graphs. The available data confine consideration
to the wave-peak depth and timing as the key test parameters. The wave-peak depth plotted with distance is shown
for experiment 115 in figures 22-24. The convergence of FEQ calculations as a function of the computation time
step, At, is shown in figures 22 and 23. The magnitude of the wave-peak depth is accurately simulated for At values
of 6 seconds or less; thus, the model converged to the measured depth with a At as large as one-sixth of the duration
of the input hydrograph. The convergence of the FEQ calculations as a function of the computational distance step,
Ax, is shown in figure 24. The magnitude of the wave-peak depth is accurately simulated for Ax values of 50 ft or
less. Thus, the model computations converged to the measured depth with a Ax as large as one-sixth of the entire
length of the test section. The convergence of the FEQ calculations in terms of the timing of the wave peak as a
function of the computation distance step, Ax, is shown in figure 25. Even though the Ax of 50 ft yielded accurate
results for the wave-peak magnitude, the results are somewhat inaccurate in the simulation of the timing of the
wave peak.

The instantaneous depth and time for five data-collection locations in the scaled experiment are shown in
figures 26 and 27. The agreement between the measured and the simulated depth at distances of 28.4 and 255.7 ft
from the inlet is similar to that achieved by Ackers and Harrison (1964) using their method of characteristics
model. Ackers and Harrison’s model performs somewhat better in depth simulation than FEQ for the more down-
stream locations, because of a combination of the depth-variable roughness and possible scaling problems.

The results presented here demonstrate that the numerical scheme used in FEQ can converge to an accurate
result with relatively large space and time increments for unsteady flow in a single branch. These computational
results for single-pipe laboratory experiments are encouraging with regard to applications of FEQ to large,
multiple-branch, real-world stream networks.

9.4.3 Verification of the Full Equations model on the Fox River, lllinois

The accuracy of FEQ simulation also has been tested and verified with field measurements for several stream
systems. A particularly thorough evaluation of the simulation accuracy involved an application of FEQ to a
30.7-mi reach of the Fox River in northeastern Illinois (fig. 28), reported by Ishii and Turner (1997). FEQ was
tested and verified with stage, discharge, and dye-transport data collected during a 12-day period of unsteady flow
induced by operations at the upstream boundary, a sluice-gate control at Stratton Dam. The reach includes
19 bridges and 4 low-head overflow dams, including the dam at the downstream boundary. The channel-bottom
profile is shown in figure 29. The reach is effectively split into two subreaches on the basis of slope. The upstr<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>